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Introduction

Bernstein (1967) first described the redundancy problem 
that the human central nervous system (CNS) must resolve 
for movement control. For arm movement, the three-
degree-of-freedom task of positioning the wrist in space is 
redundant in that it requires control of (at least) four joint 
variables—three characterizing shoulder movement and 
one characterizing elbow movement. The optimal control 
view of motor control holds that the CNS resolves motor 
redundancy by optimizing some measure of movement cost 
(Todorov 2004), and several kinematic measures such as 
minimum-jerk (Flash and Hogan 1985) and dynamic crite-
ria such as muscle fatigue (Prilutsky and Zatsiorsky 2002) 
have been experimentally verified. Observed consisten-
cies or invariant attributes of movement are often critical 
in the identification of these potential cost functions. For 
example, the concept of minimizing the net jerk of the hand 
trajectory directly arose from the desire to explain straight-
line wrist paths in horizontal reaching (Flash and Hogan 
1985). Identifying invariant movement characteristics is 
therefore important, and this paper focuses on identify-
ing geometric invariant characteristics in spatial reaching 
motion.

A host of motion studies have identified a number of 
invariant characteristics in human reaching. Wrist-path 
shape in pointing movements has been shown to be inde-
pendent of movement speed in horizontal-plane (Morasso 
1981; Soechting et  al. 1995) and vertical-plane (Atkeson 
and Hollerbach 1985) studies. Paths were straight in the 
horizontal plane and curved in the vertical plane. The tan-
gential speed of the hand has a single, bell-shaped curve 
regardless of its magnitude (Atkeson and Hollerbach 1985; 
Flash and Hogan 1985; Morasso 1981; Soechting and 
Lacquaniti 1981). In handwriting and drawing, tangential 
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velocity is proportional to the radius of curvature of the 
trajectory such that the angular velocity takes on several 
distinct, constant values during the movement and the cor-
responding movement segmentation is independent of the 
total duration—the so-called two-thirds power law (Lac-
quaniti et al. 1983; Viviani and Terzuolo 1982). Piano play-
ing is another skilled task in which the set of ratios between 
interstroke intervals is independent of the duration (Soec-
hting et al. 1996). Human subjects proved to be incapable 
of adapting to robot-applied force fields that depended 
explicitly on time rather than motion variables (Conditt and 
Mussa-Ivaldi 1999), but successfully generalized adapta-
tion to motion-variable-dependent fields across different 
movements to the same regions of the fields (Conditt et al. 
1997).

The above evidence for invariant kinematic patterns 
in planar motion is substantial and mostly convergent. A 
notable exception is the work of Papaxanthis et al. (2003), 
which reports a speed effect on wrist-path shape during 
sagittal-plane reaching. For spatial reaching, however, the 
evidence is not convergent. Schaal and Sternad (2001) 
demonstrated systematic violations of the two-thirds power 
law for unconstrained, rhythmic, spatial arm movements. 
Adamovich et al. (1999), Nishikawa et al. (1999), and van 
der Well et  al. (2010) found wrist-path shape in spatial 
reaching to be speed independent, whereas Breteler et  al. 
(1998) report the opposite.

The invariant bell-shaped wrist-speed profile is a robust 
characteristic of arm movement that has been observed 
for both planar and spatial movement, but, similar to path 
geometry, exceptions can be found. Multi-modal wrist-
speed characteristics close to movement termination is a 
well-studied phenomenon (Dounskaia et  al. 2005; Meyer 
et  al. 1988), and similar deviations have been observed 
for timed slow movements (Isenberg and Conrad 1994) 
and untimed movements for a rather limited set of spatial 
movements (Messier et al. 2003).

One possible explanation for the conflicting results 
regarding which motion characteristics actually are invari-
ant with movement speed is that the pointing movements 
in previous spatial arm-motion studies (Adamovich et  al. 
1999; Breteler et al. 1998; Nishikawa et al. 1999; van der 
Well et  al. 2010) encompass only limited portions of the 
workspace [see Ambike (2011) for details]. The present 
paper explores this potential explanation by seeking regu-
larities in the output-space kinematics of spatial arm move-
ments that encompass a large portion of the subject’s out-
put space (see “Results” section for details). The target 
locations used in this work ensure that (a) the wrist paths 
are longer than in previous studies, (b) both initial and final 
target locations are changed across tasks, (c) movements 
involve different changes in wrist elevation so that the 
influence of gravity differs across tasks, and (d) movements 

require significantly different shoulder- and elbow-joint 
excursions (Ambike and Schmiedeler 2013).

Thus, the objectives of this research were to ascertain for 
spatial reaching motion (a) which, if any, geometric prop-
erties of the wrist path are invariant with movement speed 
and (b) whether the shape of the wrist-speed profile is 
invariant with movement speed. While not a comprehensive 
search for regularities, this work goes beyond the common 
practice in prior work to examine just up to the second-
order geometric property of wrist-path curvature. Here, the 
third-order path property, torsion, is also analyzed.

Methods

Subjects and tasks

Nine subjects, five females and four males, with no history 
of physical or neurological disorders participated in the 
study. Eight subjects were right-handed, and one was ambi-
dextrous. Subjects were between 20 and 33  years of age 
[mean = 23.22 years, standard deviation (SD) = 3.9 years] 
and naive to the purpose of the experiment. All subjects 
gave their informed consent prior to inclusion in the study. 
This research received approval from the appropriate Insti-
tutional Review Board.

The subjects sat in and were strapped to a chair with a band 
passing over the chest and under the arms to minimize move-
ment of the thorax. Eight colored tennis balls serving as tar-
gets were arranged around the subject on stands made of PVC 
pipe, as shown in Fig. 1. Table 1 specifies the locations of the 
targets relative to the subject’s right shoulder (median values).

The following eight pointing tasks, consisting of the 
subject pointing from an initial target to a final target with 
the right arm, were used in the study.

T3

T5

T7

T2T1

T4

T6

T8

Fig. 1   Location of targets relative to subject’s right shoulder. Tennis 
balls covered with colored paper serve as targets mounted on PVC 
pipe frames. Dotted lines indicate spatial locations of targets (color 
figure online)
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Task 1:	� T1 → T8, short contralateral movement, decreas-
ing elevation.

Task 2:	� T3 → T6, long ipsilateral movement, increasing 
elevation.

Task 3:	� T1 → T5, short ipsilateral movement, horizontal.
Task 4:	� T2 → T7, long contralateral movement, decreas-

ing elevation.
Task 5:	� T2 → T6, long contralateral movement, increas-

ing elevation.
Task 6:	� T2 → T5, long contralateral movement, horizontal.
Task 7:	� T4 → T7, long contralateral movement, horizontal.
Task 8:	� T3 → T7, short ipsilateral movement, horizontal.

Tasks 1 through 6 are depicted1 in Fig.  2. All eight 
tasks required movement away from the body and full 
extension of the elbow. Each began with the subject in the 
neutral position with the hands resting on the knees. The 
following instructions were given to the subject. The 
experimenter will name the initial target. Point to the ini‑
tial target with your forefinger close to the target and 
remain in that position. The experimenter will then call 
out a speed cue, followed by the final target. The speed 
cue will be either ‘slow,’ ‘normal,’ or ‘fast.’ Interpret the 
speed cue in a consistent fashion for various tasks. Move 
your head to locate the position of the final target (if nec‑
essary) and then point to the final target at the appropri‑
ate speed. Move the entire arm, i.e., the shoulder and the 
elbow, such that the elbow is maximally extended in the 
final position. Remain in the final position until the exper‑
imenter says the word ‘neutral.’ Return to the neutral 
position and wait for the specification of the next task. 
Keep the wrist rigid, and focus more on producing smooth 
movements rather than the accuracy of the final position 
of the finger. 

1  Tasks 6 and 7 and Tasks 3 and 8 are similar. The wrist paths of 
these two sets of movements are similar, and so Tasks 7 and 8 are not 
included in the data analysis of this paper.

Each subject performed 220 pointing motions. Of these, 
the first 20 involved all tasks performed at all three speeds 
to acquaint the subject with the procedure. The actual exper-
iment was comprised of the next 200 motions presented 
in pseudorandom order such that Tasks 1 through 6 were 
repeated ten times at each of the three speeds and Tasks 
7 and 8 in combination were repeated a total of 20 times. 
To minimize fatigue, breaks of approximately 5  min were 
enforced after the 80th,  130th,  170th, and 200th motion. 
None of the subjects reported feeling fatigued during the 
experiment.

Data recording

Electromagnetic sensors (Flock-of-Birds, Ascension 
Technology Corporation) were taped onto the subject’s 
right wrist, right upper arm, right scapula, and spinous 
process of the seventh cervical vertebra. Sensor loca-
tions were related to various body-segment locations via 
a digitization protocol recommended by the International 
Society of Biomechanics (Wua et al. 2005). The X, Y, and 
Z position coordinates were sampled at 100 Hz and low-
pass filtered using a fourth-order, zero-lag, Butterworth 
filter with a cutoff frequency of 1.5 Hz. The wrist posi-
tion and velocity were computed in The MotionMonitor 
software (Innovative Sports Training, Inc.). To isolate the 
smoothest portion of the motion, movement onsets and 
end points were identified as the points in time when 
10 % of the peak wrist speed attained during the particu-
lar trial was first reached (onset), and next reached (end 
point). All analyses were confined between these two 
points.

Data analysis

Wrist‑path length

The mean and SD of the linear distances traveled by the 
wrist from the initial to the final target position were com-
puted for each task. Data were pooled across subjects and 
speeds.

Average speed

To determine whether the speed commands elicited move-
ments of distinct speeds, the average speed of each move-
ment, defined as the wrist-path arc length divided by the 
movement time, was computed.

Wrist‑path planarity

Figure  3 shows a hypothetical but typical wrist path 
that resembles those observed in this study. Wrist paths 

Table 1   Target locations relative to right shoulder

Distances are accurate to 0.05 m and angles to 5°

Target Distance from  
shoulder (m)

Azimuth (°) Elevation (°)

T1 0.45 −20 10

T2 0.50 45 10

T3 0.55 0 −35

T4 0.65 45 −35

T5 0.90 −60 0

T6 1.40 −60 50

T7 1.0 −60 −30

T8 0.95 30 −25
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appear as nonlinear curves that tend to lie in ‘wrist 
planes’ that have variable orientations relative to the 
horizontal plane. Therefore, principal component analy-
sis (PCA) was used to fit planes to the 3D wrist-position 
data. The PCA approach to obtain a linear regression 
model is appropriate because the wrist-position coordi-
nates cannot be naturally categorized into predictor and 
response variables. The eigenvectors of the covariance 
matrix of the data set comprised of the wrist positions 
for a pointing task are the principal components (PCs) 
for that task. The first PC points roughly in the direction 
of the pointing movement, the second in the direction of 

the greatest deviation from the direction of the pointing 
movement, and the third in the ‘out-of-plane’ direction. 
The first two PCs define the plane of movement, termed 
the wrist plane, which is also the best-fit plane in a least-
squares sense.

The eigenvalues of the covariance matrix describe the 
amount of variance explained by the corresponding PC. 
Therefore, the sum of the two largest eigenvalues obtained 
from the PCA serves as a goodness-of-fit metric. A value 
of one indicates planar data, and it decreases for non-
planar data. Another measure of the fit is the ratio of the  
mean absolute distance of data from the fit plane to 

T6

T2T2

T1

T8

Task 1 Task 2

T3

T6

Task 3 

T1

T5

T7

Task 4 Task 5 Task 6 

T2

T5

T1
T8

T6T3 T1

T5

T2 T2 T2

T6 T5T7

Fig. 2   Two views of each 
pointing task, one from behind 
subject and one overhead (color 
figure online)
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the linear distance between the end points of the path 
(Breteler et al. 1998). This metric will be zero for planar 
data, and it increases for nonplanar data. Both metrics 
were computed.

Wrist‑path linearity

The spatial wrist paths were projected onto the correspond-
ing wrist planes, and a scale-invariant linearity metric was 
applied to quantify the global curvature of the planarized 
wrist paths. The linearity metric, introduced by Atkeson 
and Hollerbach (1985) and employed in other studies (Ada-
movich et al. 1999; Nishikawa et al. 1999), is the ratio of 
the maximum normal distance between a wrist path and a 
straight line joining the initial and final points on the path 
to the length of that line. The metric value is zero for a 
straight-line wrist path and increases with deviation from a 
straight line. Note that here ‘linearity’ and ‘curvature’ refer 
to opposite trends describing the same second-order prop-
erty of the path.

Orientation of the wrist planes

Each wrist plane is characterized by a (unit) vector normal 
to it given by the third PC of the corresponding wrist-path 
data. Ideally, for all repetitions of a task, the normals would 
lie in a single plane called the plane of normals. This plane 
in turn is characterized by the unique movement-direction 
vector that points along the line joining the initial and final 
points on the wrist path, as shown in Fig.  3. However, 
there is some variability in the orientation of the individual 
movement-direction vectors of all repetitions of a task. The 
average of all movement-direction vectors across all sub-
jects and speeds serves as the movement-direction vector 
representing the particular task, as shown in Fig.  4, and 
defines the plane of normals. All individual wrist-plane 
normals are projected onto the plane of normals and are 
called the planarized normals. The planarized normals 

for a given task are chosen such that the variability in the 
angles between these normals is minimized. The choice is 
between a normal and its negative, both of which character-
ize the same wrist plane, as shown in Fig.  3. The gravity 
vector is also projected onto the plane of normals. Then, the 
normal angle is the angle from the projected gravity vector 
to a planarized normal in the plane of normals, measured 
positive counterclockwise when viewed from the wrist-
path end point, and it quantifies the relative orientation of 

Plane of normals

Planarized normal

Wrist path 

Horizontal plane

Movement direction 
vector

Viewing direction

Initial target

Wrist plane

Final target

Fig. 3   The plane of normals is 
viewed along the movement-
direction vector and from 
the wrist-path end point. The 
bidirectional green line in the 
plane of normals represents the 
two choices for the planarized 
normal to characterize the wrist-
path plane (color figure online)

Fig. 4   Movement-direction vectors (blue dashed lines) and planar-
ized normals (green solid lines) for Task 5, all subjects and speeds. The 
black thick line is the average of the movement-direction vectors and 
represents the movement direction for the task. It also defines the plane 
of normals onto which the wrist-plane normals are projected. The red 
solid line is the gravity vector, acting downward, and the red dotted line 
is its projection onto the plane of normals (color figure online)
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the wrist plane. The projected gravity vector is a consistent 
datum for measuring the normal angles so that they can be 
compared across tasks. Figure  4 illustrates this procedure 
for all repetitions of one task. 

Wrist‑speed profile

All wrist-speed profiles were normalized for peak wrist 
speed and movement time, and the average of all 60 nor-
malized wrist-speed profiles of the same speed was 
constructed as the reference profile for that speed. The 
deviation of each of the 60 wrist-speed profiles from the 
reference profile was calculated with the similarity metric 
developed by Atkeson and Hollerbach (1985). Let A and B 
be the areas under the reference profile and an experimental 
profile, respectively. Then, A∪ B is the total area contained 
beneath both curves, and A ∩ B is the area common to both 
curves. The similarity metric is

The value of w is zero for identical profiles and increases 
as the profiles become more dissimilar.

A local maximum in the wrist-speed curve was consid-
ered a peak in the profile. This definition was used to deter-
mine the number of peaks in the wrist-speed profiles.

Statistical analysis

The linearity metric was subjected to a two-way repeated-
measures ANOVA (TASK  ×  SPEED), and the average 
speed and similarity metric were subjected to one-way 
repeated-measures ANOVAs with SPEED as a factor. Data 
were pooled across subjects. Post hoc analysis was con-
ducted when necessary using pairwise comparisons with 
Bonferroni corrections. All statistics were performed with 
SPSS statistical software using an α-level of 0.05. Mauch-
ly’s sphericity tests were performed to verify the validity 
of using repeated-measures ANOVA. The Greenhouse–
Geisser adjustment to the degrees of freedom was applied 
whenever departure from sphericity was observed. The 
linearity metric was also regressed against the movement 
time.

The normal angles are drawn from a semicircular distri-
bution since the normal vector and its negative define the 
same plane. To apply circular statistical methods, they are 
multiplied by a factor of 2 (Jones 1968). The Rayleigh test 
for circular uniformity was used to ensure that the (dou-
bled) normal angles belonged to a unimodal distribution. 
The main effects of SPEED and TASK on the (doubled) 
normal angles were investigated by using the Watson– 
Williams procedure for multisample testing (Zar 1999).

(1)w :=
A ∪ B − A ∩ B

B
.

Results

Wrist‑path length

The linear distances traveled by the wrist for Tasks 1 
through 6 are (mean ± SD) 0.49 (±0.06), 0.92 (±0.07), 0.39 
(±0.05), 0.85 (±0.08), 0.77 (±0.07), and 0.83 (±0.09) m, 
respectively.

Average speed

The speed commands elicited movements with distinct 
average wrist speeds.

Significant effect of SPEED was observed on the 
average speed [F(2,16)  =  147.7,  p  <  0.01]. Post hoc tests 
revealed that average speeds for all levels were signifi-
cantly different from each other. The mean (± SD) values 
were 0.29 ±  0.2, 0.48 ±  0.3, and 0.72 ±  0.3 m/s for the 
slow-, normal-, and fast-speed movements, respectively.

Wrist‑path planarity

Wrist paths for spatial pointing movements tend to lie in 
planes.

The goodness of fit obtained from PCA was greater than 
0.996, and the maximum mean deviation from the fit plane 
was less than 2.5 % of the linear distance between the path 
end points for all tasks and subjects.

Wrist‑path linearity

Wrist paths for a spatial pointing task tend to curve more 
for slower and longer-lasting movements. Therefore, wrist 
paths are not speed invariant, in general.

The two-way ANOVA revealed significant effects 
of SPEED [F(2,16)  =  35.27,  p  <  0.01) and TASK 
[F(5,40) = 23.53, p < 0.01]. Post hoc analysis revealed that 
faster speeds always produced significantly lower lin-
earity metric values, and TASK effect was not significant 
for the pairs Task 1–Task 3, Task 2–Task 4, Task 2–Task 
5, Task 2–Task 6, Task 4–Task 6, and Task 5–Task 6. The 
unbalanced effects of TASK and SPEED on the met-
ric resulted in significant interaction between the factors 
[F(10,80) = 6.48, p < 0.01].

The linearity metric was regressed against the move-
ment time. The error bar plots of the confidence inter-
vals on the residuals (not included) showed a random 
distribution about a zero mean, validating the normality 
assumption for all 54 cases. Of these, 46 cases showed 
significant, negative correlation between linearity metric 
and movement time. This indicates that the wrist paths 
tend to get more curved as movements become slower 
and longer.
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Orientation of the wrist‑path plane

The orientation of the wrist-path plane is task dependent. 
However, it does not change with movement speed.

The maximum and mean (±SD) angular rotation for 
a normal during the projection onto the plane of normals 
were 26° and 4.2 (±3.9)°, respectively, for all subjects and 
tasks. These angles provide a sense of the variability in the 
movement direction. The loss of information associated 
with this projection is negligible.

The Rayleigh test confirmed that all samples were 
drawn from unimodal circular distributions. The Watson–
Williams test failed to reveal a significant effect of SPEED 
[F(2,159) = 0.8, p = 0.45] and revealed a significant effect 
of TASK on the normal angles [F(5,156) = 22.03, p < 0.01]. 
The circular mean and SD of the (doubled) normal 
angles for slow-, normal- and fast-speed motions were 
−0.83  ±  0.9,  −0.72  ±  0.9, and −0.5  ±  0.9 radians, 
respectively. These values were 0.40 ± 1.1,  −0.91 ± 0.5,   
−0.43 ± 1.2,   −0.90 ± 0.8,   −0.72 ± 0.7,   −0.73 ± 0.7 
radians for tasks 1–6, respectively.

Wrist‑speed profile

The variability in the shape of the normalized wrist-
speed profile reduces as movement speed increases. The 
wrist-speed profile starts to deviate from the unimodal 
bell shape for low movement speed and long movement 
duration.

The metric w was significantly affected by SPEED 
[F(2,16)  =  41.6,  p  <  0.01]. Post hoc tests revealed that 
the profiles became more uniform as movement speed 
increased. The metric values for slow movements were 
significantly different from the values for the other two 
speeds. The mean ± SD for w were 0.17 ± 0.1, 0.1 ± 0.09, 
and 0.09  ±  0.07 for the slow-, normal-, and fast-speed 
movements, respectively.

Figure  5 shows two kinds of wrist-speed profiles 
observed in this study. Normalized time and wrist speed 
are plotted on the x and y axes, respectively. All profiles 
for fast movements are unimodal and resemble the profile 
shape reported in the literature. Almost 50 % of the profiles 
for slow movements, and some profiles for normal-speed 
movements, show multiple peaks.

Examples of multimodal wrist-speed profiles were found 
for all subjects and for all tasks, suggesting that the phe-
nomenon may be task independent. All subjects together 
performed 540 movements at each speed. Of these, 251 
slow-speed movements, 39 normal-speed movements, and 
zero fast-speed movements were multimodal. Except for 
Task 3, the number of repetitions with multimodal profiles 
tends to be roughly independent of the task. The number 

also varies with subject and depends on the subject’s inter-
pretation of ‘normal’ and ‘slow’ for performing those 
movements. Typically, slower movements that last longer 
are more likely to display multimodal wrist-speed profiles 
(Ambike 2011).

Figure  6 plots average movement speed against the 
movement time for all tasks and subjects, wherein tests 
that exhibit unimodal profiles are indicated as crosses 
and those with multimodal profiles are indicated as cir-
cles. Only unimodal profiles lie to the left and above the 
overlaid rectangle, and only multimodal profiles lie to the 
right of it. Both unimodal and multimodal wrist-speed pro-
files appear within the rectangle, so it represents a transi-
tion zone in the speed-movement duration space wherein 
the unimodal bell shape of the wrist-speed profile begins 

Task1 Task2 Task3

Task4 Task5 Task6

Task1 Task2 Task3

Task4 Task5 Task6

(a)

(b)

Fig. 5   Individual plots of normalized wrist speed against normalized 
time. The plots demonstrate examples of two qualitatively different 
profiles of wrist speed, unimodal (a) and multimodal (b). The blue, 
red, and green curves represent fast-, normal-, and slow-speed move-
ments, respectively. Subject JR (color figure online)
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to break down. A rough characterization of the transition 
zone is as follows:

•	 Movement duration between 1.5 and 3.7 s.
•	 Average wrist speed less than ≈0.5 m/s.

Discussion

There are four main findings of this study. First, wrist paths 
in spatial reaching movements tend to lie in planes. Second, 
the wrist-path shape is speed dependent. Third, the planes 
in which wrist paths lie are independent of movement 
speed. Fourth, the shape of the normalized wrist-speed pro-
file, which is known to be a robust invariant characteristic 
of reaching motion, becomes variable as movement speed 
reduces, and it becomes multimodal for slow and long-
lasting reaching movements. Thus, two speed-invariant 
wrist-path characteristics were obtained in this study: path 
torsion and the orientation of the wrist-path planes. These 
findings are now interpreted in the context of prior methods 
to characterize wrist paths and in light of current views on 
motor control.

Characterizing wrist‑path geometry

Curves in three-dimensional space are characterized locally 
by their differential geometric properties. Position is the 
zeroth-order property, path tangent is the first-order prop-
erty, path curvature is the second-order property, and torsion 

is a third-order property of a spatial curve.2 Wrist paths are 
clearly three-dimensional curves, and their shape is charac-
terized up to the third order in this paper, using nonlocal 
equivalents of the differential geometric properties. The 
first-order geometric property of the path, the movement 
direction, was a controlled variable. The second-order path 
property, path curvature, decreases as movement 
speed  increases. Since wrist paths were planar, the third-
order path property, path torsion (‘out-of-plane’ movement 
of a curve), was close to zero. Most prior work on wrist path 
concentrates on the second-order property, path curvature.

Speed-dependent wrist-path shapes contradict the obser-
vations of Adamovich et  al. (1999) and Nishikawa et  al. 
(1999) who use the same linearity metric, but it supports 
the findings of Breteler et al. (1998) despite their use of a 
different metric. One reason why speed dependence was 
not observed in some previous work may be the lengths of 
the reaching paths studied. There is significant variation in 
the lengths of the various tasks in this study (see “Results” 
section), and four of the six tasks in this study are longer 
than any task required in previous spatial reaching stud-
ies (Adamovich et al. 1999; Breteler et al. 1998; Haggard 
and Richardson 1985; Nishikawa et al. 1999; van der Well 
et al. 2010). The target placement in the present study also 
requires movement through a larger region of the subject’s 
workspace than previous studies. More details regarding 
the comparison of the reaching tasks in prior studies are 
available in Ambike (2011).

Planarity of wrist paths has been observed before by 
Atkeson and Hollerbach (1985) and Breteler et al. (1998). 
However, in Atkeson and Hollerbach (1985), the target 
placement alone explains arm movement being predomi-
nantly in a para-sagittal plane. In Breteler et  al. (1998), 
the arm movements were less varied compared to those in 
this study, and screens placed within the subject’s work-
space constrained the movements. Thus, the planar nature 
of wrist paths for unconstrained, spatial pointing motions is 
established herein for movements spanning a large portion 
of the subjects’ extra-personal space.

What affects the wrist‑path shape?

As per one opinion in the motor control community, some 
observed characteristics of human movement, such as the 
wrist-path shape, are consequences of a process of opti-
mization of some perceived cost of movement (Todorov 

2  The rate of curvature change with respect to the arc length is the 
‘in-plane’ third-order geometric property of a curve. This property 
has not been studied in this work or elsewhere in the motor control/
biomechanics literature. Together with torsion, it provides a complete 
third-order local characterization of a spatial curve.
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Fig. 6   Average wrist speed versus movement time for all tests and sub-
jects. Crosses indicate tests with unimodal wrist-speed profiles, and cir‑
cles indicate tests with multimodal profiles. The rectangle at the center 
of the figure describes a transition zone with both unimodal and multi-
modal profiles. The blue, red, and green colors represent fast-, normal-, 
and slow-speed movements, respectively (color figure online)
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2004). Another opinion is provided by Loeb (2012) who 
points out that movement organization may resemble a 
constraint-satisfaction process more than an optimiza-
tion process; animals may be motivated by ‘good-enough’ 
rather than optimal behavior. From this point of view, one 
can argue that the speed dependence of the wrist path is 
an ‘acceptable’ deviation from some optimal path shape 
(which may be explicitly specified, like a minimum-jerk 
solution, or a consequence of some other optimal policy), 
since the effects of these deviations are not large enough to 
affect the task, damage the hand, demand too much energy, 
etc.

Several motor control theories postulate that the CNS 
specifies an ideal wrist trajectory for reaching movements. 
According to the time-invariance hypothesis (Ambike and 
Schmiedeler 2006), the CNS specifies the wrist path to 
which the movement timing is added, and the resulting tra-
jectory is then tracked by specifying muscle forces that are 
computed by internal models in the CNS. Internal models 
are neural mechanisms that mimic the input-output rela-
tions of the motor apparatus (Atkeson 1989; Kawato 1999). 
Alternatively, according to the referent-configuration 
hypothesis, which is an extension of the equilibrium-point 
hypothesis (Feldman 1986, 2011), observed movements are 
consequences of shifts in referent body configurations (i.e., 
a referent trajectory) and environmental factors. Referent 
configurations are defined as configurations at which all 
muscles are at their respective activation thresholds via the 
tonic stretch reflex.

If the variable path curvature is indeed a deviation from 
some ideal path/trajectory, one possible cause for this devi-
ation is gravity. Gravitational influence is movement-speed 
dependent, with the limb segments experiencing larger 
gravitational impulses (time integral of gravitational force) 
in slower movements. These are coupled with compara-
tively small inertial accelerations for slow movements. It 
has been suggested (Atkeson and Hollerbach 1985; Holler-
bach and Flash 1982; Soechting et al. 1986) and experimen-
tally verified (Flanders and Herrmann 1992; Yadav 2010) 
that the CNS computes the gravity- and motion-dependent 
muscle forces separately. Additional evidence is provided 
by Gentili et al. (2007) who show that opposite kinematic 
patterns emerge for upward and downward arm movement, 
suggesting that the motor plan is strongly dependent on 
the direction of gravity, exploiting it to decelerate upward 
movements near their end point and to reduce muscle force 
required for downward movements. The same asymmetry 
is not seen in horizontal reaching or in vertical reaching in 
the absence of gravity (Papaxanthis et al. 2005). Therefore, 
the wrist-path curvature patterns may result from the inabil-
ity of the CNS to accurately compensate for gravity effects, 
or from the purposeful exploitation of gravity to minimize 
muscular effort.

Note that since the slow movements are considered 
deviant and since the slower paths are more curved, the  
composed wrist path must be straight. This prediction 
is consistent with the observed, speed-invariant, straight 
wrist paths in gravity-free, horizontal-plane reaching stud-
ies (Morasso 1981; Papaxanthis et  al. 2005; Soechting 
et  al. 1995), as well as the work of Wolpert et  al. (1995) 
who showed that the desired trajectory for two-joint planar 
reaching is a straight hand path in the visual space.

Alternatively, for the referent-configuration hypothesis, 
gravity effects constitute an environmental factor that inter-
acts with the system to produce the observed wrist path. It 
is argued that greater interaction of gravity with the system 
for slower movements leads to greater wrist-path curvature. 
Again, the (ideal) referent trajectory must be straighter than 
the observed one.

Another explanation is provided by Dounskaia (2007) 
who suggested that invariants in hand motion (the straight 
path, bell-shaped velocity profile, etc.) are a consequence 
of the geometry of the arm and of sinusoidal joint motions. 
Deviations of joint motions from sinusoids may account for 
the increased path curvature and multimodal speed profiles 
during slow movements observed in the present study.

Wrist‑path planes

The tendency of wrist paths to lie in planes may also be a 
consequence of some optimal policy. The speed-invariance 
of the wrist-path planes is another interesting finding of this 
study that may be an artifact of the gravitational influences 
on reaching motion. These phenomena warrant further 
study.

Wrist‑speed profiles

The occurrence of peaks in the wrist-speed profile close 
to movement termination is a well-studied phenomenon 
(Dounskaia et  al. 2005; Meyer et  al. 1988). In contrast, 
multiple peaks in the wrist speed appear far from move-
ment termination in Fig.  5b. This phenomenon was not 
observed in previous work on spatial human reaching, pos-
sibly because the studied movements were not sufficiently 
slow and/or long-lasting. A detailed comparison of move-
ment times and speeds for the present study and previous 
work is presented in Ambike (2011).

Multiple modes in wrist-speed profiles have been 
reported earlier for temporally constrained movements 
(Isenberg and Conrad 1994; van der Well et  al. 2010). 
The conditions in the present study are different, though, 
since the movement time is chosen by the subject and not 
externally constrained. Messier et  al. (2003) conducted 
a similar spatial reaching study with target placement in 
3D space, but used movements that did not cover a large 
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portion of the subject’s workspace. Therefore, the present 
study reports multimodal wrist-speed profiles for externally 
untimed arm movements in a large portion of the subject’s 
extra-personal space.

Multiple peaks in the wrist-speed profile indicate the 
presence of submovements. Liao et  al. (1997) define 
a submovement as a brief episode in which the abso-
lute velocity of movement increases and then decreases. 
Motions with submovements were previously observed 
for spatially constrained tasks in which subjects per-
formed accurate, discrete, target-acquisition movements 
while simultaneously minimizing movement time. Fitts’ 
law (Meyer et al. 1990) captures a compromise that exists 
between movement speed and accuracy, and normative 
theories explaining Fitts’ law choose submovement dura-
tions that optimize the total movement duration and the 
variability in the final position (Liao et  al. 1997; Meyer 
et al. 1990). The tasks in the present study do not resem-
ble spatially constrained tasks because the motions were 
not performed to minimize total movement time. These 
motions resemble temporally constrained tasks in which 
subjects are required to perform accurate, discrete, target-
acquisition movements in a self-selected time that was not 
rigorously controlled.

Meyer et  al. (1988) define a submovement as any one 
of three events: wrist velocity zero-crossing from posi-
tive to negative (type 1), wrist-acceleration zero-crossing 
from negative to positive (type 2), and zero-crossing of the 
third wrist displacement derivative (jerk) from positive to 
negative values (type 3). Type 1 submovements are inter-
preted as an overshoot (typically close to the target), type 
2 as undershooting and re-accelerating to the target, and 
type 3 as slight decreases in the rate of deceleration. The 
multimodal wrist-speed profiles for slow and long move-
ments in this study do not represent type 1 submovements, 
since there are no velocity zero-crossings. These are wrist-
acceleration zero-crossings, and since they occur far from 
the time of movement termination, the movements are re-
accelerations toward the target.

Occurrence of submovements in these tasks is attributed 
to the workings of an internal clock. The CNS perceives 
longer time intervals with greater variability (Ivry and 
Hazeltine (1994). It is proposed that the subject estimates 
the total time for the current task based on the speed cue. 
For slow movements, this interval is often large. Conse-
quently, the estimate is vague, and this translates into diffi-
culty in selecting the average motion speed. If the subject’s 
selected average speed is low, the error may become appar-
ent after crossing the first peak in the wrist-speed profile 
when the drop in speed is sensed, but the target is not suf-
ficiently close. At this point, a submovement is appended 
to the first submovement, thus adding another peak to the 
wrist-speed profile.

A similar explanation is offered by van der Well et  al. 
(2010) for the occurrence of submovements in temporally 
constrained motion at low metronome rates. The CNS 
can establish a pattern of occurrence of a periodic, exter-
nal stimulus, such as a metronome, only when the stimuli 
occur ‘sufficiently’ fast. Consequently, human response to 
the external stimulus is anticipatory for the high-frequency 
stimuli, and a reaction otherwise (Engströ m et  al. 1996). 
The movements in the present study were not timed with a 
metronome; therefore, the subjects were not reacting to an 
external, experimental stimulus after a movement had com-
menced. Regardless, the subjects produced submovements 
for several slow- and normal-speed movements.

Note that the idea of the CNS using an internal model 
for time estimation is consistent with the time-invariance 
hypothesis (Ambike and Schmiedeler 2006), which pro-
poses that the CNS composes movement geometry and 
appends movement timing to the geometric plan. This 
explanation is similar to the theories of Meyer et al. (1990) 
and Liao et  al. (1997). Both explanations hinge on the 
selection of movement time; however, the accuracy-influ-
enced movement duration for spatially constrained tasks is 
near optimal, whereas in the present work, submovement 
timing is selected to meet a vague temporal constraint.

Optimization approach to motor control

The results of this work suggest the characteristics that the 
results of optimization procedures should display. Previ-
ously suggested objective functions should be tested for 
these characteristics, and/or new objective functions can be 
proposed.

It is relevant to mention here some drawbacks of the 
optimization approach to motor control. First, there is no 
accepted standard on what to consider a successful predic-
tion of an optimal policy (Prilutsky and Zatsiorsky 2002). 
Secondly, if voluntary movements are ‘good-enough’ rather 
than optimal (Loeb 2012), then there is a low possibility 
of isolating the actual cost that the animal may be (almost) 
optimizing. (Presumably, ‘good -enough’ behavior is in an 
acceptable neighborhood of some optimal solution.) The 
results of this paper may eliminate some candidate cost 
functions (like, somewhat trivially, the minimum-jerk cri-
terion which predicts straight-line wrist paths), but they do 
little else to single out the costs of movement that the CNS 
may be (almost) minimizing.

Conclusions

Geometrical analysis of the wrist movement during spa-
tial reaching revealed that wrist paths tend to lie in planes 
whose orientation is movement-speed independent and 
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the wrist-path shape within these planes is speed depend-
ent, with slower movements being more curved. The 
wrist-speed profile resembles the classical bell shape for 
fast- and normal-speed pointing movements, but high vari-
ability in unimodal wrist-speed profiles and multimodal 
profiles was observed for long-lasting and slow untimed 
arm movements. Thus, two speed-invariant wrist-path 
characteristics were obtained in this study: path torsion 
and the orientation of the wrist-path planes. Explanations 
for most of the observed features of the wrist path and 
wrist speed are offered based on separate existing motor 
control theories. However, a unified explanation of all 
observed movement features is lacking. The dependence 
of wrist path on movement speed may be due to gravity 
effects which dominate the inertial effects at lower move-
ment speeds. The variability in the wrist-speed profile 
could result from inaccuracies in the CNS’s estimate of 
longer time intervals.
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