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Abstract: The structure and representations of the quantum general linear supergroup
GLq(m|n) are studied systematically by investigating the Hopf superalgebraGq of
its representative functions.Gq is factorized intoGπq G

π̄
q , and a Peter–Weyl basis is

constructed for each factor. Parabolic induction for the quantum supergroup is developed.
The underlying geometry of induced representations is discussed, and an analog of
Frobenius reciprocity is obtained. A quantum Borel–Weil theorem is proven for the
irreducible covariant and contravariant tensorial representations, and explicit realizations
are given for classes of irreducible tensorial representations in terms of sections of
quantum super vector bundles over quantum projective superspaces.

1. Introduction

Quantized universal enveloping superalgebras [1, 2] (which will be called quantum su-
peralgebras for simplicity) represent the most important generalizations of the Drinfeld–
Jimbo [3] quantized universal enveloping algebras. Their origin can be traced back to the
Perk-Schultz solution of the Yang–Baxter equation and also the work of Bazhanov and
Shadrikov [4]. However, systematical investigations of such algebraic structures only
started about six years ago, but in an intensive manner. By now the subject has been
developed quite extensively: the quasi-triangular Hopf superalgebraic structure of the
quantum superalgebras was investigated [5]; the representation theory of large classes
of quantum (affine)superalgebras and super Yangians was developed [6, 7]; applications
of quantum superalgebras to two dimensional integrable models in statistical mechanics
and quantum field theory were extensively explored [1, 8]. Quantum superalgebras have
also been applied to the study of knot theory and 3-manifolds [9, 10], yielding many
new topological invariants, notably, the multi-parameter generalizations of Alexander–
Conway polynomials.

Closely related to the Drinfeld–Jimbo algebras are the quantum groups introduced
by Woronowicz and Faddeev–Reshetikhin–Takhatajan [11], which are, in the spirit of
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Tannaka–Krein duality theory, the “groups” associated with the quantized universal en-
veloping algebras. One very important aspect of quantum groups is their geometrical
significance: they provide a concrete framework for developing noncommutative geom-
etry [12], in particular, for investigating notions such as quantum flag varieties [13] and
quantum fibre bundles.

Our aim here is to study the structure and representations of the quantum general
linear supergroupGLq(m|n) in a systematical fashion by investigating the algebra of its
representative functions. We start in Sect. 2 with a concise treatment of finite dimensional
unitary representations ofUq(gl(m|n)). Results will be repeatedly used in the remainder
of the paper. In Sect. 3 we define the quantum general linear supergroupGLq(m|n), or
more exactly, the superalgebraGq of functions on it. This is done by first defining the
bi-superalgebrasGπq andGπ̄q , which are respectively generated by the matrix elements
of the vector representation and its dual irreducible representation. Peter–Weyl type of
bases for these bi-superalgebras are constructed. TheGq is defined to be generated by
Gπq andGπ̄q with some extra relations. It has the structures of a∗-Hopf superalgebra,
which separates points ofUq(gl(m|n)), and factorizes intoGπqG

π̄
q . Section 4 treats the

representation theory of the quantum supergroup, and in particular, parabolic induc-
tion. The geometrical interpretation of induced representations is discussed, leading
naturally to the concepts of quantum homogeneous spaces and quantum super vector
bundles. A quantum analog of Frobenius reciprocity is obtained; and a quantum version
of the Borel–Weil theorem is proven for the irreducible covariant and contravariant ten-
sorial representations. Section 5 gives the explicit realizations of two infinite classes of
irreducible tensorial representations in terms of sections of quantum super vector bun-
dles over the quantum projective superspace. In doing this, we also treat the quantum
projective superspace in some detail.

2. Unitary Representations ofUq(gl(m|n))

The finite dimensional unitary representations ofUq(gl(m|n)) were classified in [15].
Here we will reformulate the results on the covariant and contravariant tensor repre-
sentations so that they can be readily used in the remainder of the paper. The material
presented here also heavily relies on references [6] and [14].

2.1. Hopf∗-superalgebras and unitary representations.LetAbe aZ2-graded associative
algebra over the complex fieldC. Its underlyingZ2-graded vector space is the direct
sumA = A0 ⊕ A1 of the even subspaceA0 and the odd subspaceA1. We introduce
the grading index [ ] :A0 ∪ A1 → Z2 such that [a] = θ if a ∈ Aθ. We will call
A a Z2-graded∗-algebra, or∗-superalgebra, if there exists an even anti-linear anti-
automorphism∗ : A → A such that∗ ◦ ∗ = idA. We will denote∗(a) by a∗. Needless
to say,∗(ab) = b∗a∗, a, b ∈ A.

An important new feature of theZ2-graded case is that for a given∗-operation ofA,
there exists an associated∗′ such that

∗′(a) = (−1)[a]a∗, (1)

for a being homogeneous, and extends to the whole ofA anti-linearly. There also exist
the so-called graded∗-operations, which, however, are not useful for this paper, and thus
will not be discussed any further.

Let A andB be twoZ2-graded∗-algebras. ThenA ⊗C B has a naturalZ2-graded
∗-algebra structure, with the∗-operation defined for homogeneous elements by
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∗(a⊗ b) = (−1)[a][b]a∗ ⊗ b∗,

and for all the elements by extending this anti-linearly.
Consider aZ2-graded Hopf algebra (also called Hopf superalgebra) H, with multi-

plicationm, unit 1H , co-multiplication1, co-unitε and antipodeS. We emphasize that
the antipode is alinear anti- automorphism of the underlying algebra ofH. In particu-
lar, for homogeneousa, b ∈ A, we haveS(ab) = (−1)[a][b]S(b)S(a).H will be called a
Z2-graded Hopf∗-algebra, or Hopf∗-superalgebra, if the underlying algebra ofH is a
∗-superalgebra such that1 andε are∗-homomorphisms, i.e.,

∗ ◦ 1 = 1 ◦ ∗, ∗ ◦ ε = ε ◦ ∗.

These properties together with the defining relations of the antipode

m ◦ (S ⊗ id)1 = m ◦ (id⊗ S)1 = 1Hε

imply that

S ◦ ∗ ◦ S ◦ ∗ = idH .

Let V be a leftH-module. If there exists a non-degenerate sesquilinear form (, ) :
V × V → C, such that

(i). (av, u) = (v, a∗u), ∀u, v ∈ V, a ∈ H,

(ii). (v, v) ≥ 0, (v, v) = 0 iff v = 0,

we callV and the associated representation ofH unitary.
Unitary representations have the following important properties:

i) A unitary representation is completely reducible;
ii) The tensor product of two unitary (with respect to the same∗-operation) represen-

tations is again unitary;
iii) If a representation is unitary with respect to∗, then its dual is unitary with respect

to ∗′.

All the three assertions are well known, but there are some related matters worth
discussing. One is concerned with the requirement that two representations must be
unitary with respect to the same∗-operation in order for their tensor product to be
unitary as well. The tensor productV ⊗CW of twoH-modules has a naturalH module
structure

a{v ⊗ w} = 1(a){v ⊗ w}
=

∑
(a)

(−1)[a(2)][v]a(1)v ⊗ a(2)w.

If both V andW are equipped with sesquilinear forms (, ) : V × V → C, and
( , ) : W ×W → C, we can define a sesquilinear form ((, )) : (V ⊗C W )×2 → C by

((v1 ⊗ w1, v2 ⊗ w2)) = (v1, v2)(w1, w2).

Now if bothV andW are unitary with respect to the same∗- operation, then ((, )) is
clearly positive definite and nondegenerate. Furthermore,
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((v1 ⊗ w1, a{v2 ⊗ w2})) =
∑
(a)

(−1)[a(2)][v2] ((a∗
(1)v1 ⊗ a∗

(2)w1, v2 ⊗ w2))

= ((a∗{v1 ⊗ w1}, v2 ⊗ w2)).

Therefore,V ⊗C W indeed furnishes a unitaryH-module. On the other hand, if, say,V
is ∗-unitary, whileW is ∗′-unitary, then one can easily see that the above calculations
will fail to go through.

The other concerns the third assertion, the validity of which actually requires some
qualification, namely, the Hopf *-superalgebraH in question must admit an even group
like elementK2ρ satisfying

K∗
2ρ = K2ρ, S

2(a) = K2ρaK
−1
2ρ , ∀a ∈ H. (2)

LetV be a locally finite module overH, which is unitary with respect to the sesquilinear
form ( , ) : V × V → C. For everyv ∈ V , we definev† by v†(w) = (v, w), ∀w ∈ V ,
and denote the linear span of all suchv† by V †, which is a subspace of the dual vector
space ofV . TheV † has a naturalH module structure, with the action ofH given by

(av†)(w) = (−1)[a][v†]v†(S(a)w), w ∈ V.

Unitarity of V leads to

av† = (−1)[a][v] (∗S(a)v)† .

We define a sesquilinear form (, )′ : V † × V † → C by

(v†, w†)′ = (K2ρw, v).

It follows from the properties of the original form onV that (, )′ is positive definite and
nondegenerate. A straightforward calculation shows that

(av†, w†)′ = (v†, ∗′(a)w†)′,

where∗′ is defined by (1).

2.2.Uq(gl(m|n)). Throughout the paper, we will denote byg the complex Lie super-
algebragl(m|n), and byU (g) its universal enveloping algebra. As is well known, there
are the Drinfeld and Jimbo versions of the quantized universal enveloping algebraUq(g)
of g, which, though, have very similar properties at genericq.

It is the Jimbo version ofUq(g) that will be used in this paper. NowUq(g) is aZ2-
graded unital associative algebra overC(q, q−1), q being an indeterminate, generated by
{Ka, K

−1
a , a ∈ I ; Eb b+1, Eb+1,b, b ∈ I ′}, I = {1, 2, ...,m + n}, I ′ = {1, 2, ...,m +

n− 1}, subject to the following relations:

KaK
−1
a = 1, K±1

a K±1
b = K±1

b K±1
a ,

KaEb b±1K
−1
a = qδab−δa b±1

a Eb b±1,

[Ea a+1, Eb+1b} = δab(KaK
−1
a+1 −K−1

a Ka+1)/(qa − q−1
a ),

(Emm+1)
2 = (Em+1m)2 = 0,

Ea a+1Eb b+1 = Eb b+1Ea a+1,

Ea+1aEb+1b = Eb+1bEa+1a, |a− b| ≥ 2,

S (+)
a a±1 = S (−)

a a±1 = 0, a 6= m,
{Em−1m+2, Emm+1} = {Em+2m−1, Em+1m} = 0, (3)
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whereqa = q(−1)[a]
,

S (+)
a a±1 = (Ea a+1)

2Ea±1a+1±1 − (q + q−1)Ea a+1 Ea±1a+1±1 Ea a+1

+ Ea±1a+1±1 (Ea a+1)
2,

S (−)
a a±1 = (Ea+1a)2Ea+1±1a±1 − (q + q−1)Ea+1a Ea+1±1a±1 Ea+1a

+ Ea+1±1a±1 (Ea+1a)2,

andEm−1m+2 andEm+2m−1 are thea = m − 1, b = m + 1, cases of the following
elements [16, 6]:

Ea b = Ea cEc b − q−1
c Ec bEa c,

Eb a = Eb cEc a − qcEc aEb c, a < c < b.

The Z2 grading of the algebra is specified such that the elementsK±1
a , ∀a ∈ I , and

Eb b+1,Eb+1b, b 6= m, are even, whileEmm+1 andEm+1m are odd. Above, we have also

used the notation [a] =

{
0, if a ≤ m,
1, if a > m.

On the other hand, the Drinfeld version ofUq(g) is defined overC[[~]], q = exp(~),
and is completed with respect to the~-adic topology ofC[[~]]. It is generated by
{Ea a, a ∈ I ; Eb b+1, Eb+1,b, b ∈ I ′}, subject to the same relations (3) with

Ka = qEa a
a .

It is well known thatUq(g) has the structure of aZ2 graded Hopf algebra, with a
co-multiplication

1(Ea a+1) = Ea a+1 ⊗KaK
−1
a+1 + 1⊗ Ea a+1,

1(Ea+1a) = Ea+1a ⊗ 1 +K−1
a Ka+1 ⊗ Ea+1a,

1(K±1
a ) = K±1

a ⊗K±1
a ,

co-unit

ε(Ea a+1) = ε(Ea+1a) = 0, ∀a ∈ I ′,
ε(K±1

b ) = 1, ∀b ∈ I ,

and antipode

S(Ea a+1) = −Ea a+1K
−1
a Ka+1,

S(Ea+1a) = −KaK
−1
a+1Ea+1a,

S(K±1
a ) = K∓1

a ⊗K∓1
a .

At genericq, the Jimbo version ofUq(g) has more or less the same representation
theory as that of the Drinfeld version [6]. Let{εa|a ∈ I} be the basis of a vector space
with a bilinear form (εa, εb) = (−1)[a]δab. The roots of the classical Lie superalgebra
gl(m|n) can be expressed as

εa − εb, a 6= b, a, b ∈ I .

For later use, we define
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2ρ =
∑
a≤b

(−1)[a]+[b] (εa − εb).

From [6] we know that every finite dimensional irreducibleUq(g) module is of
highest weight type and is essentially uniquely characterized by a highest weight. Let
W (λ) be an irreducibleUq(g) module with highest weightλ =

∑
a λaεa,λa ∈ C. There

exists a unique (up to scalar multiples) vectorvλ+ 6= 0 inW (λ), called the highest weight
vector, such that

Eaa+1v
λ
+ = 0, a ∈ I ′,

Kbv
λ
+ = qλb

b v
λ
+ , b ∈ I .

W (λ) is finite dimensional if and only ifλ satisfiesλa − λa+1 ∈ Z+, a 6= m, and in that
case, it has the same weight space decomposition as that of the corresponding irreducible
gl(m|n) module with the same highest weight.

2.3. Unitarity of covariant and contravariant tensor representations.From this section
on, we will assume thatUq(g) is obtained from the Jimbo algebra by specializingq to a
real positive parameterdifferent from 1. To construct a∗-operation forUq(g), we first
consider the Hopf subalgebra generated bye = Ea a+1, f = Ea+1 a, andk = KaK

−1
a+1,

for a fixeda 6= m. It is not difficult to show that∗(e) = fk, ∗(f ) = k−1e, ∗(k±1) = k±1

defines a∗-operation for thisUq(sl(2)) subalgebra. Possible generalizations of this to
Uq(g) are

∗(Ea a+1) = (−1)(θ+1)δmaEa+1aKaK
−1
a+1,

∗(Ea+1a) = (−1)(θ+1)δmaK−1
a Ka+1Ea a+1,

∗(K±1
a ) = K±1

a , (4)

whereθ = 1 or 2. It is quite obvious that the “quadratic” relations of (3) are preserved
by the∗-operations, and we have also explicitly checked that the “Serre relations” are
preserved as well. We will call the∗-operations type 1 and type 2 respectively when
θ = 1 and 2.

It is also well known that

K2ρ =
∏
a<b

(
KaK

−1
b

)(−1)[a]+[b]

satisfies Eq. (2).
Now we consider the irreducible covariant and contravariant tensor representations

ofUq(g). The vector representationπ ofUq(g) is of highest weightε1. The corresponding
moduleE has the standard basis{va|a ∈ I}, such that

Kavb = qδab
a vb,

Ea a±1vb = δb a±1va.

Define a sesquilinear form onE × E by

(va, vb) = δab

a−1∏
c=1

q−1
c .
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Then it is straightforward to show that with respect to the type 1∗-operation, we have

(Ea a±1vb, vc) = (vb, E
∗
a a±1vc),

(Kavb, vc) = (vb, Kavc).

Therefore, the vector representation is unitary of type 1.
TheUq(g) modulesE⊗k, k ∈ Z+ (E0 = C), obtained by repeated tensor products of

the vector module with itself can be decomposed into direct sums of irreducible type 1
unitary modules, and we will call each direct summand an irreducible contravariant ten-
sor module, and the corresponding irreducible representation an irreducible contravariant
tensor representation.

The irreducible contravariant tensor representations can be characterized in the fol-
lowing way. LetZ+ be the set of nonnegative integers. Define a subsetP of Z+

⊗(m+n)

by

P = {p = (p1, p2, ..., pm+n) ∈ Z+
⊗(m+n) | pm+1 ≤ n, pa ≥ pa+1, a ∈ I ′}.

We associate with eachp ∈ P a λ(p) =
∑m+n
a=1 λaεa defined by

λa = pa, a ≤ m,
n∑
µ=1

λm+µεm+µ =
n∑
ν=1

pm+ν∑
µ=1

εm+µ.

Introduce the set

3(1) = {λ(p) | p ∈ P}. (5)

From results of [6, 14] we know that an irreducible representation ofUq(g) is a con-
travariant tensor if and only if its highest weight belongs to3(1). Needless to say, all
such irreducible representations are type 1 unitary.

LetW (λ) be an irreducible contravariant tensorUq(g) module with highest weight
λ ∈ 3(1). We defineλ̄ to be its lowest weight, and setλ† = −λ̄. An explicit formula
for λ† was given in [14] (Sect. III. B.), where a more compact characterization was also
given for the sets3(1) and

3(2) := {λ† | λ ∈ 3(1)}. (6)

We refer to that paper for details. Now the dual moduleW (λ)† of W (λ), which we will
call a covariant tensor module, has highest weightλ†. All irreducible covariant tensor
modules are unitary of type 2. The most important example is the covariant vector
moduleE†, which is the dual of the vector moduleE. Its highest weight is given by
−εm+n.

We summarize our discussions in the following

Proposition 1. 1. EachUq(g) moduleE⊗k (resp.(E†)⊗k), k ∈ Z+, can be decomposed
into a direct sum of irreducible modules with highest weights belonging to3(1) (resp.
3(2)).

2. Every irreducibleUq(g) module with highest weight belonging to3(1) (resp.3(2))
is contained in some repeated tensor products ofE (resp.E†) as an irreducible
component.
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More detailed structures of the irreducible covariant and contravariant tensor repre-
sentations can be understood, e.g., their characters and super characters can be computed,
the Clebsch-Gordan problem of irreducible representations within a given tensor type
can also be resolved by using the supersymmetric Young diagram method. Here we
elucidate some general aspects of the Clebsch-Gordan problem, which will play an
important role in the remainder of the paper.

Denote by [λ] the equivalence class of irreducible representations with highest
weight λ. For λ andλ′ both belonging to3(1), we interpret [λ] + [λ′] as the equiv-
alence class of the direct sum representations, and [λ] · [λ′] as that of the direct products.
Let

[
3(1)

]
be theZ+ module with a basis{[λ] | λ ∈ 3(1)}. Then the “·” operation defines

a multiplication on
[
3(1)

]
. Clearly [λ] · [0] = [0] · [λ] = [λ]. Furthermore, from Sect. V

of [14] we can deduce that if [λ] · [λ′] = [λ1] + [λ2] + ... + [λk], then none of theλi is
zero unless bothλ andλ′ are zero. This is in agreement with the fact that

3(1)
⋂

3(2) = {0}.

The discussions above can be repeated word by word for the irreducible representations
with highest weights belonging to3(2).

3. Quantum General Linear SupergroupGLq(m|n)

For compact Lie groups in the classical setting, there exists the celebrated Tannaka-Krein
duality theory [18], which enables the reconstruction of a group from the Hopf algebra
of its representative functions. The theory of quantum groups [11] makes essential use
of a quantum analog of the duality [17], and is formulated entirely in terms of the
algebra of functions. We will adopt the same philosophy here to formulate and study
quantum supergroups. However, we should mention that Lie supergroups are much more
complicated than ordinary compact Lie groups in structures; at the best, the Tannaka-
Krein duality holds in a restricted sense for Lie supergroups even at the classical situation,
though we have not come across any treatment of the problem in the literature.

3.1. Subalgebra of functions associated with the vector representation.As before, we
denote byπ the vector representation ofUq(g) relative to the standard basis{va | a ∈ I}
of E. Then

xva =
∑
b

π(x)b avb, x ∈ Uq(g).

Let (Uq(g))0 be the finite dual ofUq(g). Consider the elementsta b, a, b ∈ I of (Uq(g))0

satisfying

ta b(x) = π(x)a b, ∀x ∈ Uq(g).

It is easy to show that theta b indeed belong to (Uq(g))0. Also note thatta b is even if
[a] + [b] ≡ 0(mod2), and odd otherwise.

Standard Hopf algebra theory asserts that (Uq(g))0 is a Z2 - graded Hopf algebra
with its structures dualizing those ofUq(g). Consider the subalgebraGπq of (Uq(g))0

generated byta b, a, b ∈ I . The multiplication whichGπq inherits from (Uq(g))0 is given
by
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〈t t′, x〉 =
∑
(x)

〈t⊗ t′, x(1) ⊗ x(2)〉

=
∑
(x)

(−1)[t
′][x(1)]〈t, x(1)〉〈t′, x(2)〉, ∀t, t′ ∈ Gπq , x ∈ Uq(g). (7)

To better understand the algebraic structure ofGπq , we recall that the Drinfeld version
of Uq(g) admits a universalR matrix, which in particular satisfies

R1(x) = 1′(x)R, ∀x ∈ Uq(g). (8)

Applying π ⊗ π to both sides of the equation yields

Rπ π(π ⊗ π)1(x) = (π ⊗ π)1′(x)Rπ π, (9)

whereRπ π := (π ⊗ π)R. The universalR-matrix ofUq(g) can be extracted from the
Khoroshkin-Tolstoy paper of [5] by appropriately adjusting the conventions. We can
then applyπ ⊗ π to R to getRπ π. The matricesRπ̄ π andRπ̄ π̄ which will be used
later, can also be obtained similarly. However, the explicit form of these matrices can be
extracted more easily from the results of [16]. Here we copyRπ π from that reference

Rπ π = q
∑

a∈I
ea a⊗ea a(−1)[a]

+ (q − q−1)
∑
a<b

ea b ⊗ eb a(−1)[b] .

We may also mention thatRπ π is the infinite spectral parameter limit of the Perk-Schultz
R-matrix.

It is important to realize that Eq. (9) makes perfect sense within the Jimbo formulation
of the quantized universal enveloping algebraUq(g), even whenq is specialized to a
real parameter. We can re-interpret the equation in terms of theta b. Then by setting
t =

∑
a,b ea b ⊗ ta b, we have

Rπ π12 t1 t2 = t2 t1R
π π
12 . (10)

The co-multiplication1 of Gπq is also defined in the standard way by

〈1(ta b), x⊗ y〉 = 〈ta b, xy〉 = π(xy)a b, ∀x, y ∈ Uq(g).

We have

1(ta b) =
∑
c∈I

(−1)([a]+[c])([c]+[b])ta c ⊗ tc b. (11)

Gπq also has the unitε, and the co-unit 1Uq(g). Therefore,Gπq has the structures of a
Z2-graded bi- algebra. However, it does not admit an antipode, as we will explain later.

Let π(λ) be an arbitrary irreducible contravariant tensor representation ofUq(g). We
may also regardπ(λ) as a representative of [λ], whereλ ∈ 3(1). Define the elementst(λ)

i j ,
i, j = 1, 2, ..., dimCπ(λ), of (Uq(g))0 by

t(λ)
i j (x) = π(λ)(x)i j , ∀x ∈ Uq(g).

It is an immediate consequence of Proposition 1 thatt(λ)
i j ∈ Gπq , for all i, j andλ ∈

3(1), and everyf ∈ Gπq can be expressed as a linear sum of these elements. From
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the representation theory ofUq(g) we can deduce that these elements are also linearly
independent. Introduce the vector spaces

T (λ) =
dimπ(λ)⊕
i,j=1

Ct(λ)
i j .

Then

Proposition 2. As a vector space,

Gπq =
⊕
λ∈3(1)

T (λ).

To return to the question whyGπq admits no antipode, we consider an arbitraryt(λ)
i j

∈ Gπq with λ 6= 0. Denote also byS the antipode of (Uq(g))0. Then

S(t(λ)
i j )(x) = t(λ)

i j (S(x)), ∀x ∈ Uq(g).

That is,S(t(λ)
i j ) are the matrix elements of the dual irreducible representation ofπ(λ), the

highest weight of which is not contained in3(1) unless the irreducible representation
π(λ) is trivial, i.e.,λ = 0. Therefore,S(t(λ)

i j ) 6∈ Gπq .
Let us now recapitulate thatGπq is defined as the sub bi-superalgebra of (Uq(g))0

generated by the matrix elements of the vector representation ofUq(g). Equation (10)
is a set of relations satisfied by thetab as elements of (Uq(g))0. However, we may also
consider a bi-superalgebraTq generated byτab, a, b ∈ I , subject to the same relations
as (10) but witht replaced by

∑
a,b ea b ⊗ τa b, and with a similar co-multiplication as

(11). Clearly, the bi-superalgebra map

ψ : Tq → Gπq ,

τab 7→ tab,

is surjective. Now a natural and important question is whetherψ is also injective. The
answer to this question is affirmative, as can be shown by adapting the method of
Takeuchi [19] to the present situation. The question is also closely related to the problem
of “connectedness” of quantum supergroups (see [19] about the corresponding problem
for ordinaryGLq(n)), which will be treated in detail on another occasion.

3.2. Subalgebra of functions associated with the dual vector representation.Let{v̄a |a ∈
I} be the basis ofE† dual to the standard basis ofE, i.e.,

v̄a(vb) = δa b.

Denote by ¯π the covariant vector representation relative to this basis. Lett̄a b, a, b ∈ I ,
be the elements of (Uq(g))0 such that

t̄a b(x) = π̄(x)a b, ∀x ∈ Uq(g).

Note that̄ta b is even if [a]+[b] ≡ 0(mod2), and odd otherwise. These elements generate
aZ2-graded bi- subalgebraGπ̄q of (Uq(g))0 in the standard fashion. Here we merely point
out that they obey the relation
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Rπ̄ π̄12 t̄1 t̄2 = t̄2 t̄1R
π̄ π̄
12 , (12)

with

t̄ :=
∑
a,b

ea b ⊗ t̄b a, Rπ̄ π̄ := (π̄ ⊗ π̄)R.

The following explicit form ofRπ̄ π̄ is obtained from [16]

Rπ̄ π̄ = q
∑

a∈I
ea a⊗ea a(−1)[a]

+ (q − q−1)
∑
a>b

ea b ⊗ eb a(−1)[b] .

Also, the co-multiplication is given by

1(t̄a b) =
∑
c∈I

(−1)([a]+[c])([c]+[b]) t̄a c ⊗ t̄c b.

Denote by ¯π(−λ̄) the irreducible representation dual toπ(λ), λ ∈ 3(1), in a given
homogeneous basis. Introduce the elementst̄(−λ̄)

i j , i, j = 1, 2, ..., dimCπ(λ), of (Uq(g))0

such that

t̄(−λ̄)
i j (x) = π̄(−λ̄)

i j (x), ∀x ∈ Uq(g).

Then it follows from Proposition 1 that these elements form a basis ofGπ̄q . Set

T̄ (µ) = ⊕i,jCt̄(µ)
i j .

We have

Proposition 3.

Gπ̄q =
⊕
µ∈3(2)

T̄ (µ).

3.3. AlgebraGq of functions onGLq(m|n). We define the algebraGq of functions
on the quantum general linear supergroupGLq(m|n) to be theZ2-graded subalgebra
of (Uq(g))0 generated by{ta b, t̄a b | a, b ∈ I}. The ta b and t̄a b, besides obeying the
relations (10) and (12), also satisfy

Rπ̄ π12 t̄1 t2 = t2 t̄1 R
π̄ π
12 , (13)

whereRπ̄ π := (π̄ ⊗ π)R. Equation (13) arises by first applying ¯π ⊗ π to both sides of
(8), then interpreting the resulting equation in terms of theta b andt̄a b. The following
explicit expression ofRπ̄ π is extracted from [16],

Rπ̄ π = q−
∑

a∈I
ea a⊗ea a(−1)[a]

− (q − q−1)
∑
a<b

eb a ⊗ eb a(−1)[a]+[b]+[a][b] .

Equation (13) enables us to factorizeGq into

Gq = Gπq G
π̄
q . (14)

As bothGπq andGπ̄q areZ2-graded bi-algebras,Gq inherits a natural bi-algebra structure.
It also admits an antipode. By considering

(xv̄a)(vb) = (−1)[x][a] v̄a(S(x)vb), x ∈ Uq(g),

where{va} is the standard basis of the vector representation, and{v̄a} is the basis of
the covariant vector representation dual to{va}, we arrive at
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Lemma 1. The antipodeS : Gq → Gq is a linear anti-automorphism given by

S(ta b) = (−1)[a][b]+[a] t̄b a,

S(t̄a b) = (−1)[a][b]+[b]q(2ρ, εa−εb)tb a. (15)

Therefore,Gq has the structures of aZ2-graded Hopf algebra.
Furthermore,∗-operations can also be constructed forGq, thus turning it into a Hopf

∗-superalgebra. We have

∗(ta b) = (−1)(θ+[a])([a]+[b]) t̄a b,

∗(t̄a b) = (−1)(θ+[a])([a]+[b])ta b,

whereθ ∈ Z2.
An important property ofGq is that it separates points ofUq(g), that is, for any

nonvanishingx ∈ Uq(g), there existsf ∈ Gq such thatf (x) 6= 0. As a matter of fact,
Gπq by itself separates points ofUq(g). Put differently, for anyu ∈ Uq(g), if u 6= 0, then
π⊗p(u) 6= 0 for somep ∈ Z+.

To verify our assertion, we first consider the corresponding proposition in the clas-
sical situation ofU (g) in detail. LetE(0)

a b, a, b ∈ I , be the standard generators ofg

embedded in its universal enveloping algebra. In the vector representationπ(0), one has

π(0)(E(0)
a b) = ea b.

We isolate theu(1) subalgebra ofg with the generator

Z (0) =
∑
a∈I

E(0)
a a,

and denote byX (0)
A , A = 1, ...., (m + n)2 − 1, the elementsE(0)

c c − E(0)
c+1 c+1, c ∈ I ′, and

E(0)
a b,a 6= b, in any fixed ordering. Then a Poincaré–Birkhoff–Witt basis forU (g) is given

by,

{B(0)
k, A1...Al

= (Z (0))kX (0)
A1
...X (0)

Al
| k, l ∈ Z+, Ai ≤ Ai+1, Ai 6= Ai+1 if [X (0)

Ai
] = 1}.

Setπ(0)(X (0)
A ) = eA. Denote byM the vector space of (m + n) × (m + n) matrices, and

define

Rk =
k−1∑
i=0

M ⊗ ...⊗ M︸ ︷︷ ︸
i

⊗I ⊗ M ⊗ ...⊗ M︸ ︷︷ ︸
k−1−i

.

Let

bA1 ... Ak
=

∑
σ∈Sk

(−1)|σ{A}|eAσ(1) ⊗ eAσ(2) ⊗ ...⊗ eAσ(k) ,

where|σ{A}| is the number of permutations required amongst odd elements in order to
changeXA1 ⊗XA2 ⊗ ...⊗XAk

toXAσ(1) ⊗XAσ(1) ⊗ ...⊗XAσ(k) . Clearly, the elements

{bA1 ... Ak
| k ∈ Z+, Ai ≤ Ai+1, Ai 6= Ai+1 if [XAi ] = 1}
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are linearly independent inM⊗k, and we will denote byLk their linear span. By con-
sidering the trace (not the supertrace!) on each factor ofM⊗k, we can easily see that
Lk intersectsRk trivially. Therefore,

(π(0))⊗(k+p)(B(0)
0, A1...Ak

) =
(
(π(0))⊗k ⊗ (π(0))⊗p

)
(B(0)

0, A1...Ak
)

= bA1 ... Ak
⊗ I⊗p + rk, p, rk, p ∈ Rk ⊗ M⊗p,

are linearly indepenedent as elements ofM⊗(k+p).
Consideru ∈ U (g) given by

u =
K∑
k=0

L∑
l=0

∑
{A}

Ck, A1...Al
B(0)
k, A1...Al

, Ck, A1...Al
∈ C.

Using
(π(0))⊗p(Zk) = pk I⊗p,

we immediately see that (π(0))⊗p(u) = 0,∀p > L, requires

K∑
k=0

pkCk, A1...Al
= 0, ∀p > L,

which forces all theCk, A1...Al
to vanish. This completes the proof for the classical case.

Remarks.There is something slightly unnatural about our proof, that is, the combination
E(0)
mm−E(0)

m+1 m+1 does not belong tosl(m|n) ⊂ g, and this in turn forced us to consider
the ordinary trace instead of the supertrace in provingLk∩Rk = {0}. We can avoid this
unnaturalness whenm 6= n by usingE(0)

mm +E(0)
m+1 m+1 instead, but not whenm = n.

With the above preparations we can now readily prove our assertion for the quantum
superalgebra. We first consider the Drinfeld version ofUq(g). Similar to the classical
case, we set

Z =
∑
a∈I

Ea a,

and denote byXA, A = 1, ...., (m + n)2 − 1, the elementsEc c − Ec+1 c+1, c ∈ I ′ and
Ea b, a 6= b, in a fixed ordering. Then

{Bk, A1...Al
= ZkXA1...XAl

| k, l ∈ Z+, Ai ≤ Ai+1, Ai 6= Ai+1 if [XAi ] = 1}

forms a Poincaŕe–Birkhoff–Witt basis forUq(g) [6]. Given

u = ~k(u0 + ~u1 + ~2u2 + ...),

where eachui is a finiteC-combination of someBk, A1...Al
, andu0 is assumed to be

nonzero. Then it follows from the classical case that there exist infinitely manyp ∈ Z+
such that

π⊗p(u) 6≡ 0(mod ~k+1).

For the Jimbo algebra, we observe that ordered monomials inEa b, a 6= b, andK±1
a

form a basis ofUq(g). Given u ∈ Uq(g), and a positive integerp, we consider the
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matrix elements ofπ⊗p(u)|q=exp(~) as a power series in~. π⊗p(u) 6= 0 if and only if
some of these power series do not vanish identically. Now for the purpose of computing
π⊗p(u)|q=exp(~), we can make the identification

π⊗p(Ka) =
∞∑
k=0

(−1)k[a]~k

k!
ea a(p)k,

ea a(p) =
p−1∑
i=0

I ⊗ ...⊗ I︸ ︷︷ ︸
i

⊗ea a ⊗ I ⊗ ...⊗ I︸ ︷︷ ︸
p−i−1

.

This takes us back to the Drinfeld algebra situation, and we have already shown that in
that situation theπ⊗p, p ∈ Z+, separates points ofUq(g).

We summarize the discussions of this section into a proposition, points ii) and iii) of
which may be considered as a partial generalization of the classical Peter-Weyl theorem
to the quantum supergroup in an algebraic setting:

Proposition 4. (i) Gq is a∗-Hopf superalgebra;
(ii) Gq separates points ofUq(g);
(iii) The following elements spanGq:

t(λ)
i j t̄

(µ)
i′ j′ , i, j = 1, 2, ..., dimπ(λ), λ ∈ 3(1),

i′, j′ = 1, 2, ..., dimπ̄(µ), µ ∈ 3(2).

However, we should point out that these elements arenot linearly independent.

4. Induced Representations ofGq

We will develop parabolic induction for representations ofGLq(m|n) in this section.
Recall that corresponding to every locally finite right co-moduleω : W → W ⊗ Gq
overGq, there exists a unique leftUq(g) moduleUq(g) ⊗ W → W with the module
action defined by

xw = ω(w)(x), x ∈ Uq(g), w ∈ W.

A similar correspondence exists for leftGq co-modules and rightUq modules. Therefore,
we can describe the representation theory ofGq in both theGq co-module language and
Uq(g) module language, depending on which one is more convenient in a given situation.
We will largely use the latter here.

4.1. Parabolic subalgebras ofUq(gl(m|n)). Let 2 be a subset ofI ′. Introduce the
following sets of elements ofUq(g):

Sl = {K±1
a , a ∈ I ; Ec c+1, Ec+1 c, c ∈ 2};

Sp+ = Sl ∪ {Ec c+1, c ∈ I ′\2};

Sp− = Sl ∪ {Ec+1 c, c ∈ I ′\2}.

The elements of each set generate aZ2 -graded Hopf subalgebra ofUq(g). We denote by
Uq(l) the Hopf subalgebra generated by the elements ofSl, and byUq(p±) the Hopf sub-
algebras respectively generated by the elements ofSp± . In the classical limit, the Hopf
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subalgebrasUq(p±) coincide with the universal enveloping algebras of parabolic subal-
gebras of the Lie superalgebrag. Therefore, we will callUq(p±) parabolic subalgebras
of Uq(g).

LetVµ be a finite dimensional irreducibleUq(l) module. ThenVµ is of highest weight
type. Letµ be the highest weight and ˜µ the lowest weight ofVµ respectively. We can
extendVµ in a unique fashion to aUq(p+) module, which we still denote byVµ, such
that the elements ofSp+\Sl act by zero. Similarly,Vµ also leads to aUq(p−) module,
on which the elements ofSp−\Sl act by zero. It is not difficult to see that all finite
dimensional irreducibleUq(p±) modules are of this kind.

Consider a finite dimensional irreducibleUq(g) moduleW (λ) with highest weightλ
and lowest weight̄λ.W (λ) can be restricted into aUq(p+) orUq(p−) module in a natural
way, and the resultant module is always indecomposable, but not irreducible in general.

Consider first the case ofUq(p+). We wish to examine theZ2-graded vector space
HomUq(p+)(W (λ), Vµ), which graded-commutes withUq(p+), namely,

p φ− (−1)[p][φ]φ p = 0, p ∈ Uq(p+), φ ∈ HomUq(p+)(W (λ), Vµ).

Because of the irreducibility ofVµ, every non-zeroφ ∈ HomUq(p+)(W (λ), Vµ) must be
surjective, and thusVµ ∼= W (λ)/Kerφ. As aUq(p+) module,W (λ) is indecomposable,
and contains a unique maximal proper submoduleM such that the lowest weight vector
w− ofW (λ) does not belong toM . Therefore,Kerφ = M , andVµ = φ(Uq(l)w−). This
forcesλ̄ = µ̃, and all elements ofHomUq(p+)(W (λ), Vµ) are scalar multiples of one
another. It is worth observing that the mapφ may be odd. In fact its degree is given by
[φ] ≡ [w−] + [φ(w−)] (mod2). The case ofUq(p−) can be studied in exactly the same
way. To summarize, we have

Lemma 2.

dimC HomUq(p+)(W (λ), Vµ) =

{
1, λ̄ = µ̃,
0, λ̄ 6= µ̃.

dimC HomUq(p−)(W (λ), Vµ) =

{
1, λ = µ,
0, λ 6= µ.

4.2. Induced representations and quantum superbundles.Let us first introduce two types
of left actions ofUq(g) onGq, which correspond to the left and right translations in the
classical situation.

Define a bilinear map· : Uq(g) ⊗Gq → Gq by

x⊗ f 7→ x · f
=

∑
(f )

〈f(1), S
−1(x)〉f(2), (16)

which can be easily shown to satisfy

(x · f )(y) = (−1)[x][y]f (S−1(x)y),

x · (y · f ) = (xy) · f, x, y ∈ Uq(g), f ∈ Gq.

(We assume that the elementsx, y ∈ Uq(g) andg, f ∈ Gq are homogeneous for the
sake of simplicity. All the statements below generalize to inhomogeneous elements in
the obvious way.) Therefore, this defines a left action ofUq(g) onGq, which corresponds
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to the left translation of Lie groups in the classical situation. It is worth observing that
we may replaceS−1 in the above definition, and arrive at a different left action.

Another left action “◦” of Uq(g) onGq can be defined by

x ◦ f =
∑
(f )

(−1)[x]([f ]+[x]) f(1)〈f(2), x〉. (17)

Straightforward calculations can show that

x ◦ (y ◦ f ) = (xy) ◦ f ;

(x ◦ f )(y) = f (yx),

(idGq
⊗ x◦)1(f ) = 1(x ◦ f ).

This corresponds to the right translation in the classical theory. It graded-commutes with
the action “·’, namely,

x ◦ (y · f ) = (−1)[x][y]y · (x ◦ f ).

Let Uq(p) denote eitherUq(p+) or Uq(p−). Given any finite dimensional leftUq(p)
moduleV , we form the tensor productV ⊗C Gq, which is a subspace of functions
Uq(g) → V :

ζ =
∑

vi ⊗ fi ∈ V ⊗Gq,

x ∈ Uq(g),

ζ(x) =
∑

fi(x)vi.

The left actions “·” and “◦” of Uq(g) onGq can be extended in an obvious way to actions
onV ⊗C Gq,

x · ζ =
∑

(−1)[x][vi]vi ⊗ x · fi,

x ◦ ζ =
∑

(−1)[x][vi]vi ⊗ x ◦ fi, x ∈ Uq(g).

Furthermore, there also exists a co-actionω ofGq onV ⊗CGq defined byω = idV ⊗1′,
where1′ represents the opposite co-multiplication ofGq.

Consider the subspace ofV ⊗C Gq defined by

OV = {ζ ∈ V ⊗C Gq | p ◦ ζ = (S(p) ⊗ idGq
)ζ, ∀ p ∈ Uq(p)}. (18)

Lemma 3. OV furnishes a leftUq(g) module under “·’, and at the same time a right
Gq co-module underω.

Proof. The lemma can be confirmed by direct calculations. Forx ∈ Uq(g), p ∈ Uq(p),
ζ ∈ OV , we have

p ◦ (x · ζ) = (−1)[x][p]x · (p ◦ ζ)

= (S(p) ⊗ idGq
)(x · ζ);

( p ◦ ⊗idGq )ω(ζ) = (p ◦ ⊗idGq )( idV ⊗ 1′)ζ
= ( idV ⊗ τ )( idV ⊗ idGq

⊗ p◦)( idV ⊗ 1)ζ

= ( idV ⊗ τ )( idV ⊗ 1′)(p ◦ ζ)

= ω(S(p) ⊗ idGq )ζ,

whereτ is the flip mapping.
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We callOV the inducedUq(g) module, and also the inducedGq co-module, which
gives rise to a co-representation ofGq.

A conceptual understanding ofOV can be gained by considering its classical analog,
which was investigated by Manin [20] and Penkov [21]. Very briefly (precise and exten-
sive treatments can be found in the references just given.), ifP is a parabolic subgroup of
the complex Lie supergroupSL(m|n), andE a finite dimensional representation ofP ,
thenSL(m|n)×P E, the quotient space ofSL(m|n)×E under the equivalence relation
(g, v) ∼ (gp, p−1v) for all p ∈ P , defines a super vector bundle over the supermanifold
SL(m|n)/P . A function f : SL(m|n) → E satisfyingf (gp) = p−1f (g), ∀p ∈ P
defines a section of the bundlesf : SL(m|n)/P → SL(m|n) ×P E. Analogously, we
may regardOV as the vector space of sections of a quantum super vector bundle over
the quantum counterpart ofSL(m|n)/P .

It is of great importance to systematically develop the theory of quantum homoge-
neous super vector bundles, and we hope to return to the subject in the future. In this
paper, we will restrict ourselves to issues directly related to representation theory, and
will not further ponder noncommutative geometry, except for the last section, where we
will discuss in some detail quantum projective superspaces when dealing with explicit
realizations of the irreducible skew supersymmetric tensor representations and their
duals.

We have the following quantum analog of Frobenius reciprocity.

Proposition 5. LetW be a quotientUq(g) module of
⊕∞

k,l=0 E⊗k⊗ (E∗)⊗l (the restric-
tion of which furnishes aUq(p) module in a natural way). Then there is a canonical
isomorphism

HomUq(g)(W, OV ) ∼= HomUq(p)(W, V ). (19)

Proof. We prove the proposition by explicitly constructing the isomorphism, which we
claim to be the linear map

F : HomUq(g)(W, OV ) → HomUq(p)(W, V ),

ψ 7→ ψ(1Uq(g)),

with the inverse map

F̄ : HomUq(p)(W, V ) → HomUq(g)(W, OV ),

φ 7→ φ̄,

whereφ̄ is defined by

φ̄(w)(x) = (−1)[x]([w]+1)φ(S(x)w), x ∈ Uq(g), w ∈ W.

As for F , we need to show that its image is contained in HomUq(p)(W, V ). This is
indeed the case, as

p(Fψ(w)) = (p · ψ(w))(1Uq(g))

= (−1)[ψ][p]Fψ(pw), p ∈ Uq(p), w ∈ W.

In order to show that̄F is the inverse ofF , we first need to demonstrate that the image
Im(F̄ ) of F̄ is contained in HomUq(g)(W, OV ). Note thatIm(F̄ ) ⊂ HomC(W, V ⊗Gq),
sinceW is a subquotient of

⊕∞
k,l=0 E⊗k⊗(E∗)⊗l. Some relatively simple manipulations

lead to
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(y · φ̄(w))(x) = (−1)[y][ φ̄]+[x]([w]+[x]+[y])φ(S(x)yw)

= (−1)[y][ φ̄]φ̄(yw)(x),

(p ◦ φ̄(w))(x) = (−1)[x]([w]+1)+[p][φ]φ(S(p)S(x)w)

= S(p)(φ̄(w)(x)), x, y ∈ Uq(g), p ∈ Uq(p), w ∈ W.

Therefore,Im(F̄ ) ⊂ HomUq(g)(W, OV ).
Now we show thatF andF̄ are inverse to each other. Forψ ∈ HomUq(g)(W, OV ),

andφ ∈ HomUq(p)(W, V ), we have

(FF̄φ)(w) = (F̄ φ)(w)(1Uq(g))

= φ(w),

(F̄Fψ)(w)(x) = (−1)[x]([w]+1)(Fψ)(S(x)w)

= (−1)[x]([w]+1)ψ(S(x)w)(1Uq(g))

= (−1)[x]([ψ(w)]+1)(S(x) · ψ(w))(1Uq(g))

= ψ(w)(x), x ∈ Uq(g), w ∈ W.

This completes the proof of the proposition.

4.3. Quantum Borel–Weil theorem for the irreducible covariant and contravariant ten-
sor representations.In this subsection we study in detail the irreducible covariant and
contravariant tensor representations ofUq(g) within the framework of parabolic induc-
tion. Our main result here will be a quantum version of the Borel–Weil theorem for these
irreducible representations.

For the classical Lie supergroups, the program of developing a Bott–Borel–Weil
theory was initiated and extensively investigated by Penkov and co-workers [21, 22],
although much remains to be done on the subject. Their program has also revealed a very
rich content and various interesting new phenomena. It appears that the Hopf algebraic
approach to the Bott–Borel–Weil theory developed here is also worth exploring at the
classical level, and is likely to provide a new method complementary to the geometric
approach of [21].

LetV be a finite dimensional irreducibleUq(p) module, with theUq(l) highest weight
µ andUq(l) lowest weight ˜µ. For the purpose of studying the tensor representations, we
need to consider

O(µ) = OV ∩
(
V ⊗Gπq

)
,

O(µ) = OV ∩
(
V ⊗Gπ̄q

)
. (20)

Let us studyO(µ) first. A typical element ofO(µ) is of the form

ζ =
∑
λ∈3(1)

∑
α,β,i

cλαβ, i vi ⊗ t̄(λ
†)

αβ ,

where{vi} is a basis ofV , and thecλαβ, i are complex numbers. Thēt(λ
†)

αβ are elements
of the Peter-Weyl basis forGπ̄q , which, needless to say, are polynomials int̄ab, a, b ∈ I .
The property that (p ◦ ζ) = (S(p) ⊗ idGq

)ζ, ∀p ∈ Uq(p) leads to∑
γ,i

(−1)[p]([γ]+[vi])cλαγ, i t
(λ)
γ β(p)vi =

∑
i

cλαβ, i p vi, ∀p ∈ Uq(p). (21)
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LetW (λ) with the basis{wα} be the irreducibleUq(g) module associated with the
irreducible representationt(λ). We define the linear maps betweenZ2 gradedvector
spaces

φ(α)
λ : W (λ) → V,

wβ 7→
∑
i

cλαβ, i vi.

There is no particular significance attached to the maps at this stage, apart from the mere
fact that they can be employed to re-express Eq. (21) as∑

γ

(−1)[p][φ(α)
λ

]t(λ)
γ β(p)φ(α)

λ (wγ) = p φ(α)
λ (wβ).

We emphasize that this equation is entirely equivalent to (21). Now something of crucial
importance appears: this equation requires that eachφ(α)

λ be aUq(p) module homomor-
phism of degree [φ(α)

λ ]. Lemma 2 forces

φ(α)
λ = cα φλ, cα ∈ C,

andφλ may be nonzero only when

i) λ̄ = µ̃, if Uq(p) = Uq(p+),

ii) λ = µ, if Uq(p) = Uq(p−).

In these cases,O(µ) is spanned by

ζα =
∑
β

φλ(wβ) ⊗ t̄(λ
†)

αβ ,

which are obviously linearly independent. Furthermore,

x · ζα = (−1)[x][φλ]
∑
β

t(λ)
β α(x) ζβ , x ∈ Uq(g). (22)

The case ofO(µ) can be studied in exactly the same way. To summarize, we have the
following quantum analog of the Borel–Weil theorem for the irreducible covariant and
contravariant tensor representations

Proposition 6. AsUq(g) modules,

O(µ) ∼=

W ((−µ̃)†), if µ̃ ∈ −3(2), Uq(p) = Uq(p+),
W (µ), if µ ∈ 3(1), Uq(p) = Uq(p−),
{0}, otherwise.

(23)

O(µ) ∼=

W ((−µ̃)†), if µ̃ ∈ −3(1), Uq(p) = Uq(p+),
W (µ), if µ ∈ 3(2), Uq(p) = Uq(p−),
{0}, otherwise.

(24)

In the proposition, the notationW (λ) signifies the irreducibleUq(g) module with highest
weightλ.
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Remarks.O(µ) andO(µ), which form irreducibleUq(g)-modules, are proper subspaces
of OV . AlthoughOV itself also furnishes a leftUq(g)-module, it is not irreducible in
general. This fact differs drastically from the ordinary quantum group case, where the
counter part ofOV , which may be regarded as the quantum analog of the sheaf of
holomorphic sections of a homogeneous vector bundle, forms an irreducible module
over the corresponding quantized universal enveloping algebra.

5. Quantum Projective Superspaces and Skew Supersymmetric Tensors

We will apply the general theory developed in the last section to study two infinite classes
of irreducible representations, namely, the irreducible skew supersymmetric tensor rep-
resentations and their duals. Explicit realizations of these irreducible representations will
be given in terms of sections of quantum super vector bundles over quantum projective
superspaces.

5.1. Quantum projective superspaces.LetUq(g′), g′ = gl(m|n− 1), be the subalgebra
of Uq(g) generated by the following elements:

{Ka, a ∈ I ′;Ec c+1, Ec+1 c, c ∈ I ′\{m + n− 1}}.

ClearlyUq(g′) is a Hopf subalgebra. Define

A+ = {f ∈ Gπq | f (xp) = ε(p)f (x), ∀x ∈ Uq(g), p ∈ Uq(g
′)},

A− = {f ∈ Gπ̄q | f (xp) = ε(p)f (x), ∀x ∈ Uq(g), p ∈ Uq(g
′)}.

The Hopf algebra structure ofUq(g′) implies that bothA+ andA− are subalgebras of

Gq. Together they generate another subalgebra ofGq, which we will denote bySm|n−1
q .

Set

za = ta m+n, z̄a = t̄a m+n, a ∈ I .

Thenza and z̄a are conjugate to each other under the∗-operation withθ = 0. More
explicitly,

∗(za) = z̄a, ∀a ∈ I .

Now Sm|n−1
q is generated by thez’s andz̄’s, which satisfy the following commutations

relations:

za zb = (−1)[za][zb] q zb za, a < b,

(zc)
2 = 0, c ≤ m;

z̄az̄b = (−1)[z̄a][ z̄b]q−1 z̄bz̄a, a < b,

(z̄c)
2 = 0, c ≤ m;

z̄a zb = q(−1)[z̄a][zb]zb z̄a + δa b
{

(1 − q−1
a )z̄a za

− (−1)[z̄a] (q − q−1)
∑
c<a

z̄c zc

}
, ∀a, b ∈ I ,∑

c∈I

z̄c zc = 1.
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It can be shown that the last two equations imply that∑
c∈I

q(2ρ, εc) zc z̄c = q(2ρ, εm+n).

Sm|n−1
q furnishes a rightGq co-module algebra, with the co-module actionω : Sm|n−1

q

→ Sm|n−1
q ⊗Gq defined by

ω(za) =
∑
c∈I

zc ⊗ ta c,

ω(z̄a) =
∑
c∈I

z̄c ⊗ t̄a c.

Also, Sm|n−1
q gives rise to a rightUq(g) module algebra with the module action “◦” de-

fined by (17). This module algebra structure restricts naturally to a module algebra struc-
ture overUq(g′)⊗Uq(gl(1)), whereUq(gl(1)) is generated byK±1

m+n. The action ofUq(g′)
onSm|n−1

q is trivial following the definitions ofA±; Uq(gl(1)) also acts in a very simple
manner. To be explicit, we introduce the notations that forL = (θ1, ..., θm; l1, ..., ln) ∈
{0, 1}⊗m ⊗ Z⊗n

+ , |L| =
∑m
i=1 θi +

∑n
µ=1 lµ. Set

ZL = zθ1
1 ...z

θm
m zl1m+1...z

ln
m+n,

Z
L

= z̄θ1
1 ...z̄

θm
m z̄l1m+1...z̄

ln
m+n. (25)

Then for anyk ∈ Z, andp ∈ Uq(g′), we have

(pKk
m+n) ◦ (ZL Z

L′
) = ε(p)qk(|L′|−|L|)ZL Z

L′
. (26)

We will define the quantum projective superspaceCPm|n−1
q to be theUq(gl(1))

invariant subalgebra ofSm|n−1
q , namely,

CPm|n−1
q =

(
Sm|n−1
q

)Uq(gl(1))
. (27)

5.2. Irreducible skew supersymmetric tensor representations and their duals.We spe-
cialize Uq(p+) andUq(p−) to the case with2 = I ′\{m + n − 1}. Consider a one-
dimensional irreducibleUq(p+) moduleV+ = Cv such that

Eb b+1v = Ec+1cv = 0,

Kbv = v,

Km+nv = q−kv,
k ∈ Z+, b, c ∈ I ′, c < m + n− 1,

and denote the associated representation byφ. Define

Ok =
{
ζ ∈ V+ ⊗Gπq | (p ◦ ζ)(x) = φ(S(p))ζ(x), ∀x ∈ Uq(g), p ∈ Uq(p+)

}
.

Direct calculations can show that

Ok =
⊕
|L|=k

Cv ⊗ ZL, (28)
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whereZL is defined by (25). ThenOk gives rise to the rankk irreducible skew super-
symmetric tensor representation ofUq(g), with the highest weight

λ =

{∑k
i=1 εi, k ≤ m,∑m
i=1 εi + (k −m)εm+1, k > m.

Now letV− = Cw be a one dimensional irreducibleUq(p−) module such that

Ec c+1v = Eb+1bv = 0,

Kbv = v,

Km+nv = qkv,

k ∈ Z+, b, c ∈ I ′, c < m + n− 1,

and denote the corresponding irreducible representation byψ. Define

Ok =
{
ζ ∈ V− ⊗Gπ̄q | (p ◦ ζ)(x) = ψ(S(p))ζ(x), ∀x ∈ Uq(g), p ∈ Uq(p−)

}
.

Then

Ok =
⊕
|L|=k

Cw ⊗ Z
L
. (29)

This timeOk yields an irreducible representationwith highest weight

λ = −kεm+n,

which is dual to the rankk irreducible skew supersymmetric tensor representation.
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