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Abstract: We consider a system of N hard spheres sitting on the nodes of either the
FCC or HCP lattice and interacting via a sticky-disk potential. As N tends to infinity
(continuum limit), assuming the interaction energy does not exceed that of the ground-
state by more than N/ (surface scaling), we obtain the variational coarse grained model
by I'-convergence. More precisely, we prove that the continuum limit energies are of
perimeter type and we compute explicitly their Wulff shapes. Our analysis shows that
crystallization on FCC is preferred to that on HCP for N large enough. The method is
based on integral representation and concentration-compactness results that we prove
for general periodic lattices in any dimension.

1. Introduction

A fundamental problem in crystallography is to understand why ensembles of large num-
ber of atoms arrange themselves into crystals at low temperatures. From the mathematical
point of view, proving that equilibrium configurations of certain phenomenological in-
teraction energies exhibit these structures is referred to as the crystallization problem
[8].

At zero temperature the internal energy of a configuration of atoms is expected to
be solely governed by its geometric arrangement. Within the framework of molecular
mechanics [1,26,34], one identifies each ensemble of atoms with its atomic positions
X ={x1,...,an} C R3 and associates to it a configurational energy of the form

1
EX) =5 ) Vs —xjD),
i#]

where V: R — R U {+00} is an empirical pair interaction potential (the factor % ac-
counts for double counting). Such potentials are typically repulsive at short distances
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Fig. 1. The sticky disc interaction potential V

and attractive at large distances. While clustering is favored by long range attraction, the
density of a cluster cannot get too large due to short-range repulsion.

Notably, even under simplifying assumptions on the interaction potentials, the math-
ematical literature on rigorous crystallization results is scarce. In fact, for finite N, only
results in one and two space dimensions are available. For example, if V is of Lennard—
Jones type, crystallization has been proved only in one space dimension [28]. In higher
space dimensions only partial results are available. Most notably, in [22,35,44] it has
been proven that crystalline structures have optimal bulk energy scaling. In two dimen-
sions, only results for (some variants of) the sticky disc potential (see Fig. 1)

+oo ifr <1,
Vi) =3-1 ifr=1, (D)
0 otherwise

are available [18,31,33,40].

More recently, crystallization results have been proved for ionic compounds [23,24]
and carbon structures in [39]. The potential given in (1) models the atoms as hard spheres
that interact exactly when two of them are tangent. In R” the kissing number k(n) is
the highest number of n-dimensional spheres of radius % which are tangent to a given
sphere of the same size. It is well known that k(2) = 6 and k(3) = 12, see [42]. For a
given configuration of non-overlapping equal balls centered at X = {xj,...,xy} C R",
N € N U {+oo} the coordination number of x € X is the number of spheres centered at
y € X\{x} and tangent to the one centered at x. In two dimensions there is a unique (up
to a rigid motion) configuration made of infinitely many particles such that all atoms
have as coordination number the kissing number. Such a set X is the triangular lattice
with lattice spacing one. In three dimensions the problem is much more intricate. In
fact, there exist infinitely many configurations (even distinct up to rigid motion) with
constant coordination number equal to k(3). An infinite class of configurations can be
obtained by stacking in an appropriate way layers of triangular lattices. A remarkable
result by Hales [30] shows that all such structures solve Kepler’s conjecture, which
is to say that they have the maximal packing density in R?. Two notable cases of the
aforementioned structures are the face-centered cubic lattice Lpcc and the hexagonal
closed-packed lattice Lycp (see (6)—(8) for their precise definition) which are the most
prevalent among the crystalline arrangements in the periodic table of elements.
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In this paper we want to investigate already crystallized configurations, i.e. config-
urations X C £ where £ = Lrcc or L = Lycp, see (5)—(8) for their definitions. For
such X = {x,...,xy} C L, fixing the lattice spacing to be 1, we have

1 N
EX) =2 Vxi—xj) ==Y #N@)NX),
i#j i=1
where N(x) ={y e L: |[x —y| =1}.

As described above the minimal energy per atom is —k(3) = —12. Further information
on £ as N grows can be obtained by referring it to the minimal energy per atom and
calculating the excess energy Ey (X) defined below. More precisely, in Theorem 2.3, we
carry out a rigorous variational asymptotic expansion (see [12]) of £(X), by considering

N
EnN(X)=N"?3EX)+12N) = N~2/3 2(12 —# N (@) N X)) )

i=1

and calculating its I"-limit [9,15] as N tends to infinity. This analysis has been done in
two dimensions for configurations confined to the triangular lattice [7] as well as without
any confinement assumption [25]. Note that the scaling factor N~2/3 is used in order
to keep the energy bounded as the number of atoms grows. In fact, given a low energy
configuration of N atoms, the number of those contributing to the energy scales like
N?/3 for N large. By associating to each configuration its rescaled emprical measure

N
1
un(X) = N ;SNA/%[ ,

we show in Theorem 2.3 (i) that the sequence of rescaled energies (2) is equi-coercive
with respect to the weak*-convergence of the associated empirical measures. In Theorem
2.3 (ii), (iii) we exploit integral representation theorems [2,3,5] to show that the limit
energy is finite on the set of measures u = +/2£3|y, where V C R is a set of finite
perimeter, on which the energy takes the form

Ep(u) = /o R 3)

Here, 9*V denotes the reduced boundary of the set V, v(x) denotes its unit outer normal
at the point x € 0*V and ¢, is an anisotropic surface energy density depending on
the underlying lattice £. In the case of multi-lattices, like the HCP-lattice, this integral
representation result has not yet been proven in the literature. We defer to Sect.5 for
a proof of this result whose main ingredient is the integral representation theorem in
[3]. Furthermore, in the same section we prove general compactness and concentration
lemmata that ensure the convergence of the rescaled empirical measures of minimizers
of the discrete problem (2) to the Wulff shape (up to a constant density factor) of the
associated limiting anisotropic perimeter energy (21). Such kind of result was previously
known only in two dimensions [7]. Its extension to higher dimensions, see Lemma
5.16, requires more refined tools from geometric measure theory that, to the best of our
knowledge, are exploited in this setting here for the first time. We would like to point to
[10,11,20,29] for some recent work on the study on crystalline Wulff shapes stemming
from discrete systems on Bravais lattices as well as on quasicrystals. The main body
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of this work lies in the calculation of the surface energy density ¢, : R3 — [0, +00)
both for the FCC and the HCP lattices. Here, we take advantage of a recently proved
finite cell formula [13]. Finally, for both lattices, we solve the associated isoperimetric
problem [21]

mp = min{/ or(W)dH?: |V] = 1} 4)
a*V

by calculating the (up to translation unique) set realizing the minimum in (4), also
known as the Wulff shape [45]. We show that mrcc < mycp which also implies (since
I"-convergence and coercivity implies the convergence of minimum values) that, for large
number of atoms, crystallization on the face-centered cubic lattice is preferred to that on
the hexagonal-closed packed lattice. This result supports the very recent experimental
findings on crystallization in colloidal matters [41]. We finally mention [6] for some
preliminary computations on the Wulff shape of the FCC and HCP.

In contrast to the uniqueness of the Wulff crystal in the continuum setting, minimizers
to the discrete isoperimetric problem [32] are non-unique [19]. Over the last years there
has been a remarkable interest in establishing fluctuation estimates between different
minimizers, i.e., estimating (several notions of) distances between different minimizers.
Maximal fluctuation estimates between two minimizers have been first conjectured in
[7] in the case of the crystallization on the triangular lattice and have been later proved
in [17,43]. The same estimates have been proved in [16,23,24,37] for the square and the
honeycomb lattices, respectively. A general approach linking the quantitative anistropic
isoperimetric inequality to such fluctuation estimates has been set up in [14] by two
of the authors. In dimensions larger than two these fluctuation estimates have been
only established for the cubic lattice in [36] and for Z% in [38]. In order to establish
the aforementioned fluctuation estimates, however, an understanding of the limiting
macroscopic Wulff shape is essential. Since the present work yields these shapes for the
FCC and HCP lattices, it is our opinion that it may be considered an indispensable first
step to prove fluctuation estimates also for such lattices.

The article is structured as follows. In Sect. 2 we introduce the necessary mathematical
preliminaries, the model, and the main results. In Sect.3 we prove Proposition 2.4 and
2.5, by calculating the surface energy density as well as the Wulff crystal associated to
both the FCC and the HCP lattices. In Sect. 4 we prove the main I"-convergence Theorem
2.3. The latter is a consequence of a more general theory for discrete perimeter energies
on general periodic lattices developed in Sect. 5.

2. Setting and Notation

Given a set of vectors V C R" we denote by span; V the set of finite linear combinations
of elements of V with coefficients in Z. We denote by 91 the collection of all Lebesgue
measurable subsets of R”. Given V € 91 we denote by | V| its n-dimensional Lebesgue
measure, i.e., |V| = L*(V), and HF its k-dimensional Hausdorff measure. Given a
countable set X, we denote by #X the cardinality of X. Given a, b € R" we denote
by (a, b) their scalar product. We denote by S"~! the set of unitary vectors in R”. For
any v € " !let {vy, ..., v, = v} be an orthonormal basis of R”, and let Q" := {x €
R™: [{x,v;)] < 1/2,i = 1,...,n} be a unit cube centered at the origin with faces
parallel and orthogonal to v. For T > 0 and x € R" we set Q% (x) = x + T Q" and
we write Q% = Q%(0). Forr > 0 and x € R" we denote by B, (x) the n-dimensional
Euclidean ball of radius r centered at x (for x = 0 we write B, in place of B, (0)) and
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we set w, = |Bi(x)|. Forr > 0and A C R" weset (A), = A+ B,.For0 <r; <nr
we define A, ,, := B,,\B,, and for x € R" we set A, ,,(x) = Ay, + x. Given
A C R” open, we define the set of non-negative Radon measures by M, (A). We say
that {ur}x C My (A) converges to u € M, (A) with respect to the weak star topology

. ko
and we write p; — u if

lim odug = / pdu forall ¢ € C.(A).
k—oo J A A

We denote by BV (A) the space of functions of bounded variation in A and we denote by
BVioc(A) = {u € LIIOC(A): u € BV(K)forall K CC A, K open}. Given a function
u € BV (A) we use the notation of [4] for the jump set J, and the measure theoretic
normal v, : J, — S" L. For V. C A, V € 9 we denote the relative perimeter of V in
A by

Per(V, A) = sup {f divvdx:v e Cf,’o(A; R™), [vlleo < 1} .
%
In Sects.2-4 we setn = 3.
Definition of HCP and FCC lattices. In the following we define the face-centered cubic

lattice (short FCC-lattice) and the hexagonal closed-packed lattice (short HCP-lattice).
To this end, we introduce the vectors

1 (! e 1 (Y
by =—\1]|, bp:=—|0), b3:=—1|1 5)
V2 \o V2 \i V2 \i
and
1 ! 2 I I
e1:=10], e2:==|V3|, e3:=2v6[0], vi:==(e1+e2)+—e3.
2 3 3 2
0 0 1
(6)
We define the FCC-lattice as
Lrcc = spang {by, by, b3} (7
and the HCP-lattice by
Lucp := spang {e1, ez, e3} U (spanz {e1, er, e3} + Ul) . ®)

The two lattices are illustrated in Fig. 2. We shall write £ to generically denote one of
the two lattices defined above. We define the neighborhood of a point x € Lrcc as the
set

Nrce(x) == {£b1, £bs, £b3, £(b1 — by), £(by — b3), £(by —b3)} +x . (9)

Similarly, for a point x € Lycp we define its neighborhood as follows: if x €
spany{eq, e2, e3} then

Nucp (x) := {%eq, Les, £(e1 — €2), vi, v1 — e, V1 — €2, V1 — €3,



2936 M. Cicalese, L. Kreutz, G. P. Leonardi

Fig. 2. On the left: The FCC-lattice. On the right: The HCP-lattice. Pairs of points at distance one are connected
via the dashed lines

v —ep —e3 vy —ex—e3f+x, (10)
while if x € spany{eq, e2, e3} + v; then

Niucp(x) := {£ey, Ler, £(e; —e2), —vi, 1 —v1, €2 — V1, €3 — v,
e1+e3 —vi,ex+e3 —vil+x. (11

Note that MNrcc(x) = Necc(0) + x for all x € Licc, while this is no more the case for
x € Lycp. Also for N' we omit the subscript if we do not need to distinguish between
FCC and HCP. It is straightforward to check that for all x, y € L,

xeN(y) < |x—y|l=1.
Given L we define the Voronoi cell of x € L (with respect to £) by
Ve(x) = {yeR3: ly —x| <|y—z|forallz € L}. (12)

Accordingly, given ¢ > 0 we write V, - (x) for the Voronoi cell centered at x € e£ with
respect to the scaled lattice e£. Given X C e£ we say that y € N (x) if and only if
ey e N7 ).

Definition of the energy. Given X C £ and A C R3 we define the configurational
energy of X localized to the set A as

1 1
Ec(X,A):= 5 Z #(./\/'(x)\X)+§ Z #N () NX). (13)

xeXNA xe(L\X)NA
Note that, if A = R3 we have that

D HW @) NX) =#{(x,y): x € L\X,y € N(x) N X}

xel\X

=#{(x,y): y e X, x e NO\X} = )_#W(\X),

yeXx
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and so (13), up to the scaling factor N —2/3 agrees with (2) if A = R3. In the formula
above we can interpret the set X as the occupancy of the crystal L, i.e., the set of those
nodes of £ occupied by atoms. The quantity #(N (x)\ X) is also known as the valence
of the point x with respect to X, i.e., the number of neighbours missing in X in order to
have a neighbourhood of maximal cardinality. Note that we can also rewrite the localized
energy as

1
Ec(X,A) =7 D7 D el nlxx() = xx )l

xelNA yel
where

1 ifye Nx),

. (14)
0 otherwise.

clx,y) = {

Periodicity of the interaction coefficients. By definition
Lrcc = Lrcc + b1 = Lrcc + b2 = Lrcc + bs.
As a consequence of that, for any x, y € Lpcc it holds that
cx+b1,y+b)=cx+br,y+by) =c(x+b3,y+b3) =c(x,y).

According to the last two equalities, we say that the lattice Lrcc as well as the interaction
coefficients of its configurational energy are periodic with periodicity cell

Trcc = {AM b1 + Apby + A3b3: X; € [0, 1)}, (15)

or simply that they are Trcc-periodic. Similarly, we observe that Lycp and its interaction
coefficients are Tycp-periodic, where the periodicity cell is defined as

Tucp = {Ae1 + Arer + Azez: A; € [0, 1)}. (16)

Surface scaling of the configurational energy. For ¢ > 0 and X C £ we consider the
energy

Gre(X) =6 ) #N:(0)\X).

xeX

Assuming that X C &£ and #X = &3 the volume occupied by the union of the spheres
centered at x € X with diameter ¢ is of order one. Thus, the scaling factor ¢2 in the
energy functional is denoted by surface scaling. We also define the rescaled empirical
measures associated to the configuration X as

Ue =& Z Sy . (17)

xeX

Upon identifying X C £ with its empirical measure 1., we can regard these energies
to be defined on M, (R3) by setting

Ep () = Gre(X) ifu= He given in (17) for some X C L, s)
’ +00 otherwise.
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The coarse grained continuum energy. For L we define the homogenized surface energy
density ¢ : R3 — [0, +0c] as the convex positively homogeneous function of degree
one such that for all v € S? we have

o) = TETOO %inf {Ec(X, Q%) : X C L, xx(i) = uy(i) fori € £L\Q} 5} ,
(19)

where u, is given by

1y (x) = 1 if (x,v) >0;
"7 10 otherwise.

In order to be able to apply [13, Proposition 2.6] and eventually obtain an alternative
representation of ¢, (up to a coordinate transformation and reparametrization of the
interaction coefficients), we define foru: £ — R, A C R3 the energy

1
Feu A= 5 30 Y el i) —u@)l.

xeLNA yel
We are now in position to state [13, Proposition 2.6].

Proposition 2.1. Let c(x, y) be as in (14). Then

1
or(v) = m inf{Fe(u,Tz):u: L— R,u(-) — (v, -)is Tg-periodic} . (20)
With the definition of surface energy density at hand we can define the coarse-grained
continuum energy Ep: M,(R3) — [0, +00] as

Jyey @) dH? if o = V2L3 |y, xv € BVige(RY),

21
+00 otherwise.

Ep(u) = {

with ¢ given by (19). Here, 3*V denotes the reduced boundary of the set V, v its outer
normal and {2, as noted at the beginning of this section, stands for the 2-dimensional
Hausdorff measure in R3 (cf. [4], Chapters 2.8 and 3.5).

The Wulff crystal. In this section we calculate the Wulff crystals of the coarse grained
FCC and HCP lattices. To the best of our knowledge, this is the first time that such
a calculation has been carried out in a rigorous analytical way. In what follows we
introduce the notion of Wulff shape in the general case of R"”. While in the rest of this
section we limit ourselves to the case n = 3, in Sect. 5 we consider general n.

Given ¢: R" — [0, +00) convex, non-degenerate, (i.e. there exist 0 < ¢ < C such
that ¢ < ¢(v) < C for all v € S"~!) positively homogeneous of degree one, we define
the Wulff set of ¢ by

={t eR": °(1) = 1}, (22)

where ¢°: R" — [0, +00) is defined as

9°(() = sup w. <)
veSn-1 (ﬂ( )
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Thanks to the anistropic isoperimetric inequality (cf. [21]), we have that W, is the unique
(up to rigid motions) minimizer of

min{/ e()dH" ' A = |W¢,|} .
0*A

1/n
Given A > 0 we set W), = A ) W, so that |W), | = A and, by scaling, it solves the

G
minimum problem above among all sets A C R” with |A| = A.

Definition 2.2. Let (X, 7) be a topological space and let Fy: X — [0, +00]. For x € X
we set

[-lim sup Fy(x) = inf {lim sup Fy(xr): xx 5 x}

k—+00 k—+00

and
I-liminf Fi(x) = inf {liminf Fr(xp): xp — x} )
k—+00 k—+00
If there exists F: X — [0, +o0] such that

F(x) = I'-limsup Fy(x) = I'-liminf Fy(x),
k—+00

k—+00

we say that Fj I'-converges with respect to T to F' and we write
F(x) =T- lim Fg(x).
k—+00
If we have (Fg)e~0: X — [0, +00] we say that F, I"-converges with respect to t to F
if Fy, I'-converges with respect to t to F for all &g — 0.
The following variational coarse-graining result is proved in Sect. 4.

Theorem 2.3. Let ¢ — 0, and let E . and E 1 be the energy functionals defined in (18)
and (21), respectively.

(i) (Compactness) Let {j1s}s C M, (R3) be such that
sup Eg ¢ (i) < +00.

e>0

Then there exists V. C R3 such that xy € BViee(R?), u = ~/2L3|v, and a subse-
quence (not relabeled) such that e A . Furthermore, if |1 is such that

Ee(ue) =inf {Exo(): v e Mu(®), [p](R) = 'n. |,
with £3ng — ~/2v, then, up to translation, 1 = /2L nggﬁ, where W(Zﬁ = AW,,
[defined in (22)] for A > 0 such that |W(;’£| =.
(1) (Liminf inequality) Let e, 1 € M, (R3) be such that e A wnase— 0. Then
Ep(n) <liminf Eg ¢ (i) -
e—0
(iii) (Limsup inequality) Let i € My (R3). Then there exists {j1¢}s C M4 (R?) such that
jte = wand
Ep(un) = limsup Eg ¢ (i) -

e—0
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Fig. 3. The Wulff Crystal of the FCC-lattice on the left and of the HCP-lattice on the right

%

Fig. 4. The sublevel set {ppcc < 1} on the left and the sublevel set {¢ycp < 1} on the right

Explicit formula of the surface energy densities. Taking advantage of the representation
formula (20) stated in Proposition (2.1), we provide the explicit formulas of the surface
energy density ¢ and ¢z,.,. Their sublevel sets are depicted in Fig. 4. With the
two explicit formulas at hand we can calculate the polar functions of both densities, the
associated Wulff shapes and the surface energy per unit volume of both the FCC and
HCP crystals. In order not to overburden the reader with notation, we write ¢rcc and
pucp for ¢ and ¢y, as well as Wrce and Wycp instead of Wy, - and W, .
Wrcc and Wycp are depicted in Fig. 3.

Proposition 2.4. The following formulas hold true.
grcc(v) = v+ 2|+ [vi + 3|+ [v2 + v3] + (V1 — vl + [V — V3] + |v2 — 3], (23)

and
R 1 1
Prcc(§) = max leé“lloo, gllé“lll ~ 24
In particular, Wrcc is a truncated octahedron and its surface energy per unit volume is

|Wrce| ™23 / grec(v) dH? =323 . 64173 (25)

0*Wrcc
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Proposition 2.5. The following formulas hold true.

oncp(v) = V2 (I{e1, )| + [(e2, >I+|(e1—62,V)|)+L|(€3,U>I
V2 (26)

++/2max {[{e1, V)1, [{e2, V)|, I{e3, V)1, [{e1 — e2, V)I}

and

2
wﬁcp(;>=max{7f <|;1|+f|;z|+2f|;3|> 2f|;3|
1221, g2l +

27

1
W_ N_ 14['“' w5 (|§1|+ﬁ|§2|>}

In particular, Wycp is a truncated elongated hexagonal bipyramid and its surface energy
per unit volume is

|Wacp|~%/? / oncp(v) dH? = 3. 22/3 . 651/3 (28)
9*Wncp

Remark 2.6. Our main results imply that there exists N € N such that, for the Hard-
Sphere model and for configurations whose cardinality exceeds N, crystallization on
the FCC-lattice is energetically favorable to crystallization on the HCP-lattice. Indeed,
given ¢ — 0 and {n.}. C N such that &n, — V/2v, Theorem 2.3, (21), together with
the anisotropic isoperimetric inequality implies

lim inf Ep,(v)= min Eg(u) = Es(2xwe ). (29)
e=>0ve M, (R3) HeEM, (R3) e
[vl=¢3ne lul=v2v

Now, in particular for n — +oo and ¢, = n~ 13 we have egn = 1 and thus v = 271/2,
Therefore, given X C L such that #X = n, its empirical measure 1, (X) (defined in

(17)) minimizes E ,-1/3 subject to the constraint || (R3) = 1, and we obtain
;nclg Ep p-13(un(Y)) = Eg -13(1n (X)) = EL(\/EXW,EE) +o(l).
#Y=n

Thus, using (2), (25), and (28), for minimizing configurations X rcc € Lrcc and
Xficp € Lucp such that #X g~ = #X{j-p = n we obtain

min EX)=EXfee) == Y #(N) N Xfee)
FCC n
X XE€XFec
— _12n+n2/3 (6 64173 4 0(1))

and

min £(X) = EXfiep) =— > #(N®) N Xficp)

XCLucp "
#X=n YeXijcp

= —12n+n2/3 (6 65173 +o(1)) .
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Thus for n big enough

min E(X) = —12n +n?3 (6 653 4 0(1)) > —12n +n?/3 (6 6413 4 0(1))
XCLucp
#X=n

= min &(X).
XCLrcc
#X=n

This shows that crystallization on the FCC-lattice is preferable to crystallization on the
HCP-lattice.

3. Proof of Propositions 2.4 and 2.5

In this section we prove Propositions 2.4 and 2.5. To this end, we use Proposition 2.1 to
note that ¢ is given by (20).

Proof of Proposition 2.4. We divide the proof into several steps. First, we calculate
@rcc. Then, we calculate g~ . Lastly, we calculate (25). Recall (5).

Step 1 (Calculation of grcc) We make use of Proposition 2.1 in order to calculate ¢pcc.
First of all, owing to (15), we note that

1 1
ITrecl = 3V6 V3 =2V2. (30)

Given u: Lpcc — R such that u(-) — (v, ) is Trcc-periodic we have that u(x + b;) =
u(x) + (b;, v) forall i = 1,2, 3. Therefore, u is an affine function of the form u(x) =
(x,v) +c,x € Lrcc for some ¢ € R. Lastly, note that Lrcc N Trcc = {0}. Using (20)
and (30), we obtain

1 1
grec(v) = 5V2 )0 u®) —u©)] = v2 3 E v
£eNrce geNrce

Employing now (9), we obtain (23).
Step 2 (Calculation of gp~) Let G be the isometry group on RR? whose elements g € G
are the linear isometries g : R3 — R3 defined by g(vi,v2, v3) = (B1Vr,, P2Vrys B3Vrs)
where 7 is a permutation on {1, 2, 3} and g; € {—1, 1}. Since ¢rcc(g(v)) = ¢rcc(v)
forallg e G,v € R3, we infer that

o -1
(¢):= max ({,v)= max (£, g7 (v))
“rcclé veR3 3 veR3 68
¢rcc(v) =1 prcc(g ™ (w1
= max (g(0),v) = ¢pcc(8(Q)),
veR3
yrcc(v) =1

also relying on the property g7 = g~!. Therefore, we can assume that 0 < ¢; < £ < 3.
Thus, if we want to maximize (¢, v) under the condition prcc(v) < 1, we can as well
assume that 0 < v; < vy < v3, so that condition grcc(v) < 1 becomes equivalent to

4dv3+2vy < 1.
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V3

N

V2

N[=

Fig. 5. The set {0 < vy < v3} N {4v3 +2v] < 1} depicted in gray

Therefore, noting that any linear function attains its maximum at the extreme points of
a convex set and referring to Fig. 5, we obtain

max {ivp+8ua+83v3 = max ({1 +4)vo + {303
0<vi=v=v3 0<vy=<v3

4v3+21<1 4v3+21<1

1 1
= max {153, 5(4“1 +4+ 53)}

. 1 1
_max{ZHé'”oo, 6”;”1} .

This is the desired formula (24) and concludes Step 2.
Step 3 [Calculation of (25)] Note that the set Wy is the intersection of a cube
I¢loc < 4 with an octahedron ||¢||; < 6, see Fig. 3. Its boundary has 6 square faces,
where v = (1,0, 0) (resp. £(0, 1,0) or (0, 0, 1)) and 8 hexagonal faces, where
v = \%(:i:l, +1, £1). First, we consider the set where v = (1, 0, 0), the other cases

where pp--(¢) = JT ¢l = 1 contributing with the same value. The square is given by

1 1 1
ST=1{(4,0,85): 10+l <2} = {Z||§||oo =z6= 1} N {EHCIIl =< 1} -

Therefore, HZ(ST) = 8 and ¢rcc((1, 0, 0)) = 4. Similarly, we obtain the same measure

and value of grcc for the other squares S|, S;,S;[, where v is (up to sign) one of the
coordinate unit vectors. Hence,

3 3
Z/ chc(v)dH2+Z/ orcc() dH? =6-8.4=73.25. G1)
im1 VS i=1Si

Next, we consider the contribution of a hexagon. We consider the hexagon contained
in the set ¢; > O for all i. Here, we have v = %(1, 1, 1) and ¢pcc(v) = 24/3. The

6 sides of the hexagon have all side-length 2+/2. To see this, there are sides of the
form (4,2 —t,1),t € [0,2] or (4 —1,0,2+1),t € [0, 2] and their permutations (up
to identifying ¢ with 2 — ¢ in the first case and 4 — ¢ and 2 + ¢ in the second case).
An equilateral hexagon H of side-length 2+/2 satisfies H>(H) = 12+/3. Labeling the
hexagons by H;,i =0, ...,7, we obtain

1

7
§/H orce(v) dH2 = 8- H2(Hy) - prec (ﬁ

(&1, 1, :l:l))
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=8.124/3.2/3=32.2°. (32)
Using (31) and (32), we obtain

/ grec(v)dH? =3-2043%2.20 =3.28, (33)
dWrcc

Let C:={¢ € R3: ¢ > Oforalli = 1,2,3and §[{llec = ¢lI¢]1} and C¢ == {¢ €
R3: ¢ > Oforalli = 1,2,3and 1)|¢[lc < £l¢]11}. We split the calculation of the

volume W N {¢ € R3: ¢ > 0 for all i} into the set C N Wgcc and C¢ N Wgce. Noting
that on this set |Vop~-(0)| = % £3-a.e. on C, due to the coarea-formula, we have

1
1(C N Wece)| = 4 / VRl e = 4 / HA(C N {gfee(@) = s)ds
CNWgcc 0

1
=/ 4.5%.6ds=38.
0

Here we used that, C N {@gc-(¢) = s} = s(ST U ST U ST) N {g > 0} and the scal-
ing properties of the 2-dimensional Hausdorff-measure. On the other hand, using that

|V‘Ppcc(§)| = [:3 -a.e. on C¢, we have

1
{C N Wree) = 2V/3 IVgpec(©)lde = 2J§/0 HA(C N {pgcec(@) = s} ds

C°NWrcc
1
:2«5/ s2-124/3ds =3.2%.
0
Taking into account also the sets {£¢; > 0}, we obtain
[Wree| = 8(8+3-23) =28,

Now, this together with (33) yields (25). O

Proof of Proposition 2.5. We divide the proof into several steps. First, we calculate
¢ucp.- Then, we calculate gf-p. Lastly, we calculate (28).

Step 1 (Calculation of gcp) We make use of Proposition 2.1 in order to calculate gycp.
First of all, due to (16), note that

|THCP|=§\/—-%«/§=«/§. (34)

Given u: Lycp — R such that u(-) — (v, -) is Tycp-periodic we have that u(x + ¢;) =
u(x)+{e;,v)foralli = 1,2, 3 and LycpNTacp = {0, v1}. Hence, there existcy, c» € R
such that

@) (x,v)+c1 x €spang{ey, ez, €3} ;
u(x) = .
(x0, V) +c2 x =x0+v1, withxg € spany {e1, e2, e3} .

Setting ¢ — ¢1 = t, recalling (10) and (11), we therefore obtain

Fryep (u, Tacp) = 2 (I{e1, V)| + [(e2, v)| + [{e1 — e2, v)]) + [t] + |7 — (e, v)[ + |1 — {e2, V)|
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+lt—A(e3, )+t —(e3+er, V)| +]t — (e3 +e2,v)].

Employing Proposition 2.1 and (34), we have
(V) = V2 (I{er, v)| + | {e2, v)| +|{e1 — e v)|)+imin (0 (35)
¢Hcp(V) = 15 25 1 25 Noks: 8gvll),

where
(@) =[t| + [t — (e1, V)| + [t — (e, V)| + |t — {e3, V)]
+ |t —(e3+er, )|+t —(e3+e2, V).
Next, we show that

min g, (1) = [{e3, v)| +2max{|(e1, V)|, [{e2, V), [{e1 — ez, V), [{es, v)I}. (36)

Note that if (36) is shown, (26) is proven and Step 1 is concluded. In order to prove
(36), we first note that g, (¢) is a piecewise affine function such that g, (f) — +o00 as
|t| — +00. Hence, it attains its minimum at a point of non-differentiability. The function
gy 1s not differentiable for ¢ € {0, (e1, v), (e2, V), (€3, V), (e3 + €1, V), (e3 + €2, V)} and
therefore

min g, (1) = [{e3, v)| +min{fi(v): k € {0,.... 5}

where
Jow) = [{e1, v)| + [{e2, v)| + [(e3 + e1, V)| + [{e3 + €2, V)|,
J1(w) = [er, v)[ + [{e1 — ez, V)| + [{e3 — ey, V)| + [{e3 +e2 — e, V)],
f2v) = [{e2, V)| + [{e1 — ez, v)[ +[{e3 — ez, V)| + [(e3 + €1 — €2, V)],
S3) = [{e1, v)| + [{e2, )| + (€3 — €1, V)| + [{e3 — €2, V)|,
Ja) = [{e1, v)| + [{e1 —e2, V)| +[(e3 +e1, V)| +[{e3 +e1 —e2, V)],
fs) = [{e2, v)| + [{e1 — ez, V)| + (€3 + €2, V)| + [{e3 + €2 — €1, V).

It is easy to see that
%%}gu(t) = |(e3, V)| +min {|(e1, Rxv)| + [(e2, Rkv)| +|(e3 + e1, Rv)|
+|(€3+€2,Rkv)|:kE{O,...,S}},

where Ry is the rotation of angle k7 /3 around the x3-axis. This identity can be easily

verified by noting that e3 is an eigenvector of Ry forall k € {0, ..., 5}, by using complex
coordinates in the complex plane, and setting w = ¢/™/3. Then Ryx = *x forall x € C
and it suffices to observe that for each f; there is a unique k; € {0, ..., 5} such that

k k,‘+l

ki kl' 1 i

Ji) = (@, v} + [ ™, v)| + [(e3 + ™, v)| + [{e3 + @, V)],

where we identified each vector o* with the corresponding vector unit vector in R? given
by

a)ozel, a)1=e2, wzzez—el, a)3=—e1, w4=—e2, a)5=e1—ez.
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Noting also that minscr g, (f) = minser g—y(7), it is not restrictive to assume that
(e1,v) > 0, (e2,v) > 0, (e3,v) > 0. We only consider the case, where (e, v) >
(e2, v) > (e3,v) > 0, the other being dealt with in a similar fashion. In this case we

have fo(v) > f3(v), fa(v) = f5(v), and

S1(w) = (e1,v) +{e1 —e2,v) +{e1 —e3,v) +[{e3 +e2 — e, V)|
=2(e1,v) +{e1 —ex —e3,v) +[{e3 +ex — ey, V)| = 2{e, v);
fo(v) =({ez,v) +{e1 —ep,v) +(e2 —e3,V) + (e3 +e1 — ez, V) = 2{ey, v);

S3(v) = (e1,v) +{e2, v) + (e1 —e3,V) + (€2 — €3, V)
= 2(e1, v) +2{e2, v) — 2(e3, v) > 2(e1, v);

f5(v) = (e2,v) +{e1 —e2,v) +{e3+e2, V) +|{e3 +e2 —e1, V)]
=2{e1,v)+(e3+ex —eq,v) +|{ez3+ex —er, V)| = 2{er, V).

Hence, we see that (36) holds true. This together with (35) establishes (26) and concludes
Step 1.

Step 2 (Calculation of ¢fp) In order to calculate pf-p, we exploit the symmetries of
@pep- Let T; R? — R3 be the isometry reflecting the i-th coordinate defined by

—y; ifi=7j,
Tv); =1 /
v;  otherwise.
It is easy to verify that
oucp (v) = gucp (T;v) foralli =1,2,3. (37

Given ¢ € R* wecan find R = T 0 T,? o Ty, o; € {0, 1} such that (R¢); > 0 for all
i. Thus,

Yhep(@) = max (v,¢)= max (Rv, R¢)

pucp(v)<1 pucp(v)<I1 (38)
= max <U, R§> = max <V, R;) = (p]?ICP(R{) .
pucp(R~1Tv)<1 pucp(v) <l

It therefore suffices to calculate ¢fp for ¢ € R3 such that ¢; > 0. This together with
(37) implies that if v = (vy, v2, v3) is such that pgcp(v) < 1 and

(v, ¢) = nggilw, ¢),

then v; > O for all i. As the objective function (v, ¢) is linear and the set {¢pcp(v) < 1}
is convex it attains its maximum at one of the extreme points. These are contained in the
set of points where gycp is not differentiable. Therefore, referring to (26) and recalling
that v; > O for all i = 1, 2, 3, there are the following (exhaustive) cases to consider:

(@) (e —ez,v) =0;

(b) (e1 —e3,v) =0, (e; —e2,v)
(c) (e2—e3,v) =0, (e3 —e1, V)
(d) (e3,v) =0;

(e) {e1,v) =0.

> 0;
>0;
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In the subsequent cases we will rewrite the scalar product between v and ¢ as an affine
function over some parameter contained in some compact interval each time chosen to
take care of the constraints (a)—(e). Note that with such a choice of parameters such an
affine function attains its maximum at one of the extreme points of the interval. Recall
that in all case distinctions we have that v; > O foralli =1, 2, 3.

Maximum of case (a). Since (e; —e2, v) = 0, wehavev; = \/gvz.Hence, v = (t, %t, s)
for some ¢, s > 0. Now, using (26), we have

1 2
oacp(v) = V2 (21)1 + g\/6v3 + max {vl, g\/gw}) .

Case (a.l)t > z«/_ 6s: Since the maximum is attained for ggcp(v) = 1, we have

t_v— 1x/_s Now, t > 0 together with ¢ > 3\/_s1rnpl1eSO<s < 7 Thus

(v ;)—t(g +L§)+s§ —(L—lx/és>(; +L§>+s§
s = 1 \/32 3= 3ﬁ 9 1 \/52 3.

As this is an affine function of s, we have

2 1 3 1 1
0= (00 e s s (00 75 @

—*/75 Now, t > 0

|._‘

Case (a2)t < %\/Bs: Using (pHcp(U) = 1, we obtain t =

S

2
together with < %«/gs implies W <s < [ Noting that

(v ;)—r(g +i;>+s§ —(L—l\/ﬁs)(g +L§‘)+s§
s = 1 \/§2 3= 3\/5 9 1 \/§2 3,

we obtain

max (v,¢) = 40)

2 1 3 1
, ) = max , —— .
v sat. (a.2) { 72 <{1 f 2f > 23 & }
Maximum of case (b). Since (e; — e3,v) = 0, we have v| = % 6v3. Hence, v =
(t,s, %gt) for some ¢, s > 0. Now using (26) and (e; — e>, v) > 0, we have

7
YHcp(V) = Eﬁw .

Hence, since the maximum is attained for gycp(v) = 1, wehave v; = % Additionally,

. 2 3
since {(e; —ea, v) > 0, we have v» < —==, and due to the form of v, we have V3 = ——.
(e1—e2v) = NG 3T s

This implies

max (v,¢) =

2 1 3
— o+ ——0) . 41
v sat. (b) V2 (a ¥ \/§§2+ 2 6€3) @b

Maximum of case (c). Since (e; — e3, v) = 0, we have %vl + %\/gvz = 2\/6\)3. Now
using (26) and (e3 — e1, v) > 0, we have

7 14
wucp(v) = 5@(@3, V) = ?«/3\;3.
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Hence, since the maximum is attained for gycp(v) = 1, we have v3 = m f Addition-

ally, since (e3 —eq, v) > 0, we have v < % Due to the form of (ex — e3, v) = 0, we

have vy, = %6 — \%vl. Note that v, > 0 forall 0 < vy < % Therefore
v, &) =vig1 + <i - LVl) o+ LQ.
V6 V3 143
This implies
4 3 2 1 3
VISIC}EF((C)(V {) = aX{7%§2 + 14«/§§3’ 7 <§1 + ﬁ§2+ mﬁ)} N C2))

Maximum of case (d). We have vz = 0 and therefore

eHCP(V) = V2 ({e1, V) + (€2, v) + |{e1 — €2, V)| + max{(er, ), (e2, v)})
We distinguish two cases

(d.1) {e1 —ez,v) = 0;
(d.2) (e —ea2,v) <O0.

Maximum of case (d.1). In the case (e1 — e3,v) > 0 we have gycp(v) = 34/2v; and
therefore, since <pHcp(v) =1,v = The inequality (e; — e2, v) > 0 implies that

\l[ v = %f Hence,

1 1
vs{g%’&)( v, ) = m <§1 + E{z) . (43)

Maximum of case (d.2). In the case (e; — ez, v) < 0 we have

erep(V) = 3v2(e2, v) = V2 (%Vl + %ﬁvz) )

g

372
0<wn=

This, together with gncp(v) = 1, implies, v = 5 \/» — /3v, and therefore v, < %6'
Additionally, since (e; — ez, v) < 0, we have #6 < vy. Therefore,
(v.¢) = vig) + g <2 ﬁ)uc
v,0)=vili+wmhH =—=—V3n |l +nH.
3J2
This implies
v,¢) = {2; 1(;+1¢)} (44)
v max { ——{p, —— — .
v sat. (4.2) 36 32 TR

Maximum of case (e). In the case v = 0 we have
1 3 2
oucp(v) = V2 («/gvz + 5«/5\13 + max {\/7—1)2, 5%1}3}) .

We distinguish between two cases:
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(e.l) (e2,v) =
(e.2) (e2,v) = (e3,v).

Maximum of case (e.1). In this case, we have
3 1
oacp(v) = \/5 Ex/gvz + gx/avg .

Therefore, since pgcp(v) = 1, we have vy = Lf — —\/— 2v3. Hence, v3 < % Addi-
3

tionally, since (ex — e3, v) > 0, we have v3 < A Therefore,

2 2
(v, &) =l +v3l3 = (ﬁ ~35 ZV3> H+v33.

Hence,

2 4 3
L) = ) ) 45
USrant'a()él)(v Z) max{3\/6§2 7«/5§2+ 14«/§§3} 45)

Maximum of case (e.2). In this case, we have

orcp(v) = V2 (\/gvz + \/5\)3) .

Therefore, since gucp(v) = 1, we have vy = JL@ — \/5\@. Hence, v3 < ﬁg Addition-

ally, since (e; — e3, v) < 0, we have v3 > ﬁ?' Therefore,

(v, &) = +v383 = <% - ~/§V3> D+,

Hence,

max (v, ) (46)

4 3
vsat e ) 0T { 23 «/5§2+14\/§{3}'

Exploiting (39)—(46), and (38), we obtain (27). This concludes Step 2.
Step 3 (Calculation of (28)) In order to calculate (28), we split the calculation of
0" Whcep = {¢fcp(¢) = 1} into different sets, where the maximum of ¢gp is attained.
We consider the following cases

@ A= {¢ € R giep(©) = 75161 = 1)

(b) Ap = {{ € R*: gicp(¢) = %ngl =1}

(© Ac = {6 € R gficp() = Fzl0l + 7101 = 1

@ Ag:={¢ € R%: 9ficp(0) = 550611 + J5leal) = 1);

© Aci=1{5 € R 0icp(®) = 7551011+ 1ol + 575160 = 1.

&3,
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In each of the cases, one can determine the area, shape and normal of the set, by invoking
the condition that the maximum for ¢}p is attained for the respective function and
therefore all the other functions f in the definition of @fp satisfy f < 1. In the
following, we only collect the results, since the calculations are elementary (but very
long).

Calculations for case (a). In this case, we see that v = (0, 0, 1) H?-a.e., since this set
is contained in the level set of the function |¢3]| = ¢ for some ¢ > 0. Additionally, we
see that the set is a union of two hexagons of side length 2+/2. Therefore, for each of
the two hexagons H; we have H2(H;) = 12+/3. Furthermore, oucp(v) = 24/3. Hence

/ oncp(V)dH? =2 124/3 - 24/3 =2% . 32, (47
Aa

Calculations for case (b). In this case, we see that v = (0, £1, 0) ‘H2-a.e., since this set
is contained in the level set of the function |{>| = ¢ for some ¢ > 0. Additionally, we see
that the set is a union of two rectangles with side lengths 3+/2 and %‘ﬁ . Therefore, for

each of the two rectangles S; we have HZ(S,-) = 44/6. Furthermore, oucp(v) = %«/5
Hence

3
/ oHcp(V) dH? =2 44/6 - §¢6:23.32. 48)
Ap

Calculations for case (c). In this case, we see that v = (3/41)!/2(0, :|:8/«/5, +4/3)
H2-a.e., since this set is contained in the level set of the function #8 [&o ]+ ﬁ &3] =c¢

for some ¢ > 0. Additionally, we see that the set is a union of four trapezoids with height
(41/6)'/? and two parallel sides o lengths 3+/2 and 2+/2. Therefore, for each of the four
trapezoids 7; we have HA(T}) = %(%1)1/2. Furthermore, pgcp(v) = 14(%)1/2. Hence

5 5 741\ 3\,
dH =42 (—) -14(=) =22.5.7. 4
/AC(PHCP(V) H 2<3> (41> 5 (49)

Calculations for case (d). In this case, we see that v = %(:i:«/g, +1,0) H?%-a.e., since
this set is contained in the level set of the function |¢1] + % |&2| = ¢ for some ¢ > 0.
Additionally, we see that the set is a union of four rectangles with side length 3+/2 and
%\/g . Therefore, for each of the four rectangles R; we have H>(R;) = 4+/6. Furthermore,
oacp(v) = 3./6. Hence

/ oHcp(V) dH? = 4-44/6- %\/6 =2%.32, (50)
Aa

Calculations for case (e). In this case, we see that v = 2(6/41)1/2(+1, :l:%, ﬁg) H>-
a.e., since this set is contained in the level set of the function |1 |+ \/Lg |&2] + ﬁé s3]l =¢
for some ¢ > 0. Additionally, we see that the set is a union of eight trapezoids with height
(41/6)'/? and two parallel sides of lengths 3+/2 and 2+/2. Therefore, for each of the

eight trapezoids Z; we have HZ(ZI-) = %(%)1/2. Furthermore, ¢pcp(v) = 14(%)]/2.

Hence
5 /41\'/? 3\ !/?
dH? =8 .= — 4= =23.5.7. 51
//;eﬁl’HCP(V) H 2<3) <41) (51)
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Taking into account (47)—(51), we obtain
/ PV dH? =22 .32 423 .32 422.5.742%.32423.5.7=780. (52)
9* Wycp

Next, we need to calculate | Wycp|, since Wacp = {¢fcp < 1IN(C,UC,UCUCLUC,),
where

Cu= 12 € R gip(@) = %mu,
Cp:=1{¢ € R*: gfiep() = iflizl},
Ce:={¢ € R: gficp(¢) = 7f|§2| f|;3|}
Ca =10 € R: pfcp() = mqm + ﬁmm,

Co:=1{¢ e R?: pfiep(Q) = —=(lt1| + 123D} -

2 1 3
(6l + —= 16l + ——=
72 VRN
Note that H*(Cy N {@fcp(¢) = s}) = s2H?(Ay) forall @ € {a, b, c,d, e}. In the set
C, we have that |[Vogep(£)] = 5 [ L3-a.e.. Due to the coarea formula, we have

|Ca N Wicpl = 2V/3 IVopep(©)1dg
CaNWhcp

1
= 2@/ HA(Coa N {@ficep(Q) = s} ds = %ﬁHZ(Aa) =24.3
0

(53)
In the set Cp, we have that [Vogqp(0)| = %6 £3-a.e.. Due to the coarea formula, we
have
3 o
ICy N Wicp| = 26 IVeficp(©)] dg

CpNWhcp

1
= %«/5/ H2(Cp N {gfiep(@) = s} ds = %«/EHZ(AI,) _ 3.3
0
(54

Inthe set C,., we have that [Vogcp(0)] = ﬁ (41/3)1/2 £3-a.e.. Due to the coarea formula,
we have

3\ 1/2
|Ce N Whep| = 14 (H) / [Vorep (O] dg
CcNWhcp

12
14( > / H? (Ce NM{epep(2) = s ds (55)

_ (3 I/ZHZ(A)_22.5-7
34l cT 3
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Fig. 6. Left: the Voronoi cell Vicc of the FCC lattice. Right: the Voronoi cell Viycp of the HCP lattice

In the set Cy4, we have that |[Vogep(£)] = % L£3-a.e.. Due to the coarea formula, we

have

3 o
|Ca N Wicp| = 5@ IVoiep(©)dg
CaNWucp

1
- gﬁf H(Ca N {¢ficp(¢) = 5)) ds (56)
0
= %%Hz(fm =2*.3.

Inthe set C,, we have that [V -p(0)] = 1—14 41/3) 1/2 £3_a e.. Due to the coarea formula,
we have

3\ 1/2
|Ce N Whcp| = 14 <H> / IVorep(§)]dg
CeNWhcp
3\1/2 1
14 <H> f HA(Co N (@ep (@) = 5)) ds (57)
0
1 3\ /2 23.5.7
=_14(— 2(Ae) = .
3 <41) H(4e) 3
Using (53)-(57), we obtain |Wgcp| = 260. This together with (52) yields (28). O

4. T'-Convergence Analysis on the FCC and HCP Lattices

In this section we prove Theorem 2.3. Its proof relies on the theory that will be developed
in Sect. 5 as well as some elementary geometric facts, that will be derived in this section.
In order to prove the compactness statement, we provide some preliminary lemmata
about the shape of the Voronoi cells of the FCC-lattice as well as the HCP-lattice (see
Fig. 6). In what follows we use the notation Nrcc = Nz (0) and Ncp = Ny (0).

Lemma 4.1. (Voronoi cell in the FCC-lattice) Let us take x € Lrcc. Then

beNFrcc

1
Vivee X) = x + Vecc,  where Vicc = {y eR?: max (b, y) < 5} . (58)
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Given by € Ngcc the face

1
Spy = {y eR3: max (b, y) = (by,y) = —} (59)

bE./\/ FCC 2

is a rhombus with Hz(SbO) = }‘«/5 Moreover;, for each by € Ngcc the face Shy of

Vrcc(0) is shared with the Voronoi cell Vrcc(bo). Lastly, we have |Vycc(x)| = %\/5
for all x € Lrcc.

Lemma 4.2. (Voronoi cell in the HCP-lattice) Let us take x € Lycp. Then

x+ Vicp if x € spangfe, ez, €3},
. _ 60
Crcp (X) {x — Vicp ifx € (v1 +spangley, ez, e3}) , (60)
where
3 1
Vicp :== 1y e R°: ,nax (b,y)fz .
HCP
For by € Nycp we set
1
Sp = {y eR3: , Imax (b, y) = (bo, y) = 5} : (61)
HCP

Ifby € {xey, Lep, E(e1 —e2)} the face Sy, is a trapezoid of area }‘\/Z Ifby € {vy, v1 —

er, V] — ey, V] —e3, V] —e| — e3, V] — ey — ez} the face Sy, is a rhombus of area %«/6
Moreover; for each by € Nycp the face Sy is shared with the Voronoi cell V., (bo).
Lastly, we have |V, (x)| = %\/Efor all x € Lycp.

Proof of Lemma 4.1. We split the proof of the lemma into four steps. First, we prove
(58). In the second step, we show that each face is a rhombus and calculate its area.
Lastly, we show that each neighboring Voronoi cell Vicc(b), b € Nrcc shares one face
with the Voronoi cell Vicc(0).

Step 1 [Proof of (58)] To check (58), since Lrcc is a Bravais-lattice [see (7)], it suffices
to consider the case x = 0. Let V... (0) denote the Voronoi cell of Lrcc at x = 0
defined according to (12).

Step 1.1 (Vo (0) C Viee) Let y € Vg (0). By the very definition of Voronoi cell
we have that for all b € Ngcc it holds |y| < |y — b|. Noting that |b| = 1 for all
b € Nrcc C Lrcc, we have

’

N =

Iyl <ly—bl & |yP* <ly—b>=1y*=2(b,y) +|b]* < (b,y) <

that is the inclusion V... (0) C Vgcc.
Step 1.2 (Vecc C Vigee(0)) We show that for y € Vicce we have |y| < |y — z| for all
z € Lpcc. This is equivalent to

y € Veice = (v,2) < %[z]* forallz € Lpcc . (62)

We first observe that if z € Ngcc, (62) is trivial since |z| = 1. Next, we prove (62) for
all z € Lrcc\NEcc. We distinguish two cases:

(@) z=A1bj+roby,forry, hy € Z, j k€ {1,2,3}, j #k;
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(b) z=A1b1 +A2by + A3b3, for Ay, Ar, A3 € Z.

Proof in case (a). We only show the statement for z = A1b1 + A2b; for Ay, Ay € Z, the
cases with any other combination of two vectors being analogous. If A;A, > 0, since
(b1, ba) > 0, we have

1 1
(3,2) = {3, b1 +Aaba) < S abi P+ S [Aaba?
1 2 1 L)
= zlklbl +A2b2|” — AAa(by, b)) < §|)\1b1 +Aoby|” = §|Z| .

On the other hand, if A;A, < 0 and without loss of generality |A;| < |Az|, noting that
b1 — by € Nrcc, we have

—~

(¥, 2) = (¥, Mb1 + Aab2) = (y, (A2 + A1)b2 + A1 (b1 — b2))

=<

1
|(h2 + A1)b2 ) + S b1 = by)?

—_— N | =

1
= 5 lhbn +abo|? — A O + A1) {((by — b), ba) < St + by

Here, the last inequality follows, since |bi| = |b>| and therefore A1(Ay + X1)((b1 —
by), by) > 0. This concludes case (a).

Proofin case (b). We now show that (58) holds true in the case of b = A1b1 +A2b2+A3b3
with A; € Z. We restrict to the case A1 > 0, A» > 0 and A3 < 0, since if all A; are of the
same sign, (58) can be deduced from the fact that it holds true for b € NVgcc and the fact
that (b;, br) > 0. Without loss of generality, we assume |A2| < |A3]. Hence, observing
that by — b3 € Npcc, noting that (62) holds true for z € Nrcc, and using case (a), we
have

(v, 2) =y, A1b1 + Aaby + A3b3) = (y, A1b1 + (A3 + A2)b3 + Ao (b2 — b3))

=<

1
|hb1 + (3 + A2)b3|* + S W2 (b2 = b3)|?

N = N —

= —|A1b1 + Aaby + A3b3|* — ((h1b1 + (A3 + A2)b3), Aa(by — b3))
1
= S 1hbi+32bs + A3bs|* — (A3 + A2) 2 (b2 — b3, b3) < SWib1+3abs + A3bs|*.

Here, the last inequality follows from |b,| = |b3| and A3 + Ap < 0 whereas the equality
in the last line is due to (b1, by) = (b1, b3) = (by, b3). This concludes case (b) and with
that Step 1.2.

Step 2 (The faces of the Voronoi cell) To show that each face of the Voronoi cell Vrcc
is a rhombus with area 4—1‘\/5 we first exploit its symmetries. Let i € {1, 2, 3} and let
T;: R3 — R3 be the linear mapping that flips the i-th entry, i.e.

—x; ifi=j,

(i) = xj  otherwise.

We observe that

T:Nrcc = {T;b: b € Ngcc} = Nice, foralli € {1,2,3).
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Moreover, given a permutation w € S3 we have that
7 Nrcc = {mb: b € Nrcc} = Nrcc -

It therefore suffices to restrict only to the case in which the vector by agrees with the
vector by € Ngcc. We claim that this face has corners given by

e1 = (%\/5,0,0) ey = (0,%&,0) ey :%(«/5,\/5,\/5) ,
m:%(ﬁ, V2, —ﬁ). (63)

Note that, if this were true then it is easy to see that Sp, is a rhombus and ’HZ(SbO) =
4—1‘«/5. It remains to prove (63). Let us denote by y a corner of Sp,. We can assume
that y;, y2 > 0. Were this not the case, then there could be ' € Ngcc such that
(b', y) > (b, y), thus contradicting the definition of S, in (59). If y; = 0 (or yo = 0),
then y, = %ﬁ (resp. y; = %ﬁ) and since (b', y) < % for all ' € Ngcc we have
y3 = 0. Hence, we find the two corners with coordinates (%ﬁ 0, 0) and (0, lﬁ, 0).
Now, if y; > 0 and y; > 0, then assuming that y3 > 0 we have that the corner is equal
to (b1, y) = (b2, y) = (b3,y) = % Thus, necessarily y; = y» = y3 = %ﬁ If instead
3 < 0, then the corner is equal to (b1, y) = (b2, y) = (b1 — b3, y) = % which implies
Y=Y =—y3 = ‘—11\/5 Hence (63) holds true and this concludes Step 2.

Step 3 (Neighbors share faces) We want to show that for each by € Nrcc we have that
the face Sp, of Vgcc(0) is shared with the Voronoi cell Vicc(bp). By the symmetries
shown in Step 2 it suffices to prove this statement only for by = b;. Using (63) we see
that the corners of the face Sy, of the Voronoi cell Vrcc(0) coincide with the corners of
the face S_p, + bg of the Voronoi cell Vicc(bo).

Step 4 (Volume of the Voronoi cell) In order to calculate the volume of the Voronoi
cell we note that Lrcc is a Bravais-lattice with spanning vectors by, b», b3. Since the
Voronoi cells of all the points are the same, it suffices to calculate the fraction of points
per unit volume. This, then gives also the volume per point. Since the Voronoi cells are
space filling, the volume per point is equal to the volume of each Voronoi cell. Due to
(15) we have that

1
|Trccl = Eﬁ'

Furthermore, we have that

U & +Trco) =R?, and Lrce N Tree = {0} .

xeLrcc

Hence, each points of the lattice occupies a volume | Trcc| = %«/5 and the volume of the
Voronoi cell must be the same. This concludes Step 3 and thus the proof of the lemma. O

Proof of Lemma 4.2. We split the proof of the lemma into four steps. First, we prove
(60). In the second step, we show that 6 of the faces are thombi, the 6 other faces are
trapezoids, and we calculate the area of each face. Lastly, given x € Lycp, we show that
each neighboring Voronoi cell V., (¥), ¥ € Nucp(x) shares a face with the Voronoi
cell VHCP(X)-
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Step 1 (Shape of the Voronoi cell) The purpose of this step is to prove (60). Here, we
only show this equality in the case that x = 0, the case x # 0 being treated in a similar
fashion.

Step 1.1 Viyep(0) C Vaep) Given y € Vi (0) we have that [y| < |y — b|. Now,
noting that |b| = 1 for all b € Mycp C Lucp, we have

V2 < |y —bl* = |y> =2(y,b) + b|* <= (b, y) <

This concludes Step 1.1.
Step 1.2 (Vucep C Viyep (0)) We show that for y € Vycp we have |y| < |y — z|, for all
z € Lycp- This is equivalent to

y € Vicp = (y.2) < 51z forallz € Lucp. (64)

Since, |b| = 1 for all b € Nucp (64) is true for all b € Nycp. Next, we prove (64) for
all z € Lycp\Nucp. We distinguish several cases:

(@) z =Aiep +Azxen, A1, My € Z;

(b) z = Arer + hpep + Azes, A, Ao, A3 € Z;

(c) z=1v1+A1e] +rrex, A1, 2 €Z;

(d) z=v1 +Aie] + Ayex + A3ze3, A1, Ao, A3 € Z.

Proof in case (a). If A1, Ay > 0, using that (e, e2) > 0, we have
1 2, 1 2
(y,2) = {y, A1re1 + ze2) < §|)\]€1| + Elkzezl
1 2 1 LY
= zlklel + Aex|” — Aho(er, e2) < Epvlel +Aer|” = §|Z| .

On the other hand, if A1A2 < 0 and without loss of generality A; > |A;| > 0, noting that
e, —e1 € Nycp, we have

(y,2) = (y, Arer + Aze2) = (y, Aa(ex —e1) + (A1 + A2)eq)

1 ), 1 2
< 5|>»2(82—61)| +§|()»2+/\1)€1|

1 2 1 L)
=§I)»1€1+)»262| —)»2()»1+)»2)(62—€1,61)§§|k161+?»2€2| =§|Z| .

Here, the last inequality follows, since 1> < 0 < A1 + A and (ex — e, €1) < 0. This
concludes case (a).

Proof in case (b). We first show that (y, e3) < %|e3|2. Using that vy, v] —ej, v —e3 €
Nucp, that 3v; —e; — ez = %63, (6), (64), and the fact that (e3, e1) = (e3, e2) = 0, we

have
2

(y,e3)=§(y,v1+v1—el+v1—ez)
< L ven| | her 20| +|her = 26| )+ Ler] < Lreap
=3 361 €2 36’2 €l 36’1 €2 233 _263 .

Here, the last inequality follows by calculating the norms of e + €3, €] — 2e2, €2 — 2ey
and e3 by using (6). Note that now, the case of z = Ajej +Xrez + Aze3 follows from case
(a) using that (e3, e1) = (e3,e2) = 0.
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Proof of case (c). Let z = v1 + A1eg + Azer. If A1, X2 > 0 we have
1 2, 1 2, 1 2
(v,2) = (y, v1 + A1e] + Agep, ) < §|Ul| + §|)\lel| + Elkzezl

2 1 2
< =|v| +§|)»1€1+K262|

—_ DN =

1

= §|vl +h1er +Aealt — (v, her +Aaer) < §|U1 +hrer +Aeal*.

The second inequality uses that (e, e2) > 0 and the last inequality uses that (v1, e1), (v1,
er) > 0. Now assume that A; > 0, A» < 0. Then, since ((v; — e2),e;) = 0 and
(v] — e2, e2) < 0, again exploiting that v| — e» € Nucp, by (64) and case (a), it holds
that

1 2 1 2
(y:2) =(y, (v1 —e2) +Aje1 + (A2 + Dea) < §|U1 —e|”+ EMlel + (A2 + Dea|

1
= §|U1 +Are1 +Apea|? — (v — ez, Aiep + (A + 1)er)

IA

Lor + Arer + Azes? = L2

—|v e e = - .

v 1€1 +A2e2 > z

The case where A1 < 0, Ay > 0 (resp. A1, Ap < 0) is being treated in a similar fashion
by replacing v; — ey with vy — e (resp. v — e; — e2).

Proof of case (d). Here, we only treat the case of z = vy + Aje] + Azer + A3e3, Az > 0.
Since (v; + A1eq + Aoen, e3) > 0, case (b), and case (c), we have

1 1
(v,2) = (¥, v1 + Are; + Aoex + A3e3) < §|U1 + el +aea|’ + EI)»383|2

1
= §|U1 +A1el +Azex + Aze3]* — (vg + Arer + e, €3)

IA

1 2 1 2
§|v1 +Arer + Aep + Aze3|” = E|Z| .

The case of A3 < 0 follows by replacing v; with v; — e3 in the last two cases (c) and
(d). This concludes Step 1.2 and, together with Step 1.1, shows (60).

Step 2 (The faces of the Voronoi cell) In order to calculate the faces of Viycp we use
(60) and exploit its symmetries. We note that if R € SO(3) is any rotation of integer
multiples of 277 /3 around the x3-axis we have that

RNtcp = {Rb: b € Nucp} = Nucp - (65)

Moreover, if T3 : R3 — R3 is the reflection with respect to the (x1, x2)-plane, i.e.

X; =1,2,
(T3x); == { i (66)
—-x3 j=3,
we have that
T3Nucp = {T3b: b € Nucp} = Nucp - 67)

Exploiting (65) and (67), it suffices to find the corners of S, in (61) for
(@ bp=e, (b) bop=—er, (c) bp=v.
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Corners in case (a). We claim that in the case of by = e that the corners of Sj,, are given
by the points

11 1 11 1
== 2V3. —V6 == V3. ——V6
“l <2’ 6[’ IZI) ' (2’ 6\/_’ 12f> ’

(68)
1 1 1 1 1 1
=\5 "7 3 s 6 ) =\5 "7 s T 6 .
o (2 L3 6[) 9 (2 L 6f)
In particular, the face Sy, is a trapezoid with two bases of length %«/6, % 6 and height

%\/3 Hence, Hz(Sbo) = %\/5 It remains to prove (68). Let y € Sy, be a corner. Due
to (67), we can assume that y3 > 0, since the other corners are just found by applying
the mapping 73 (see (66)) to the corners with positive coordinates. By the definition
of Sp, we have that (y, e;) > (y, e; — ep) which is equivalent to (y, e2) > 0. Now, if
(y, e2) > 0, then y is given by (y, e1) = (y,e2) = (¥, v1) = % This linear system has

a unique solution given by ¢; = (%, é 3, 11—2 6). On the other hand, if (y, e;) = 0,
then y is given by (y, e2) =0, (y, e1) = (y, v1) = % The unique solution of this linear
system is given by ¢3 = (%, —%«/5, %\/6) This shows (68) and concludes case (a).

Corners in case (b). We claim that in the case of by = —e; that the corners of Sy, are
given by the points

11 1 11 1
] = (_57 gﬁ’ E\/g) , 02 = (_57 6\/35 _E\/g> )

1 1 1 1 1 1 (69)
=\—5-—7 31_ 6 ) =\—5—7 [ 6 .
c3 ( 5 6f 6f) ¢y ( 5 6f 6f)
. . . . 1 1 .
In particular, the face Sp, is a trapezoid with two bases of length 3\/6, 5\/6 and height

% 3. Hence, H2(5b0 = 1/2. Tt remains to prove (69). Let y € S, be a corner. Due
to (67), as in case (a), we can assume that y3 > 0. By the definition of S;, we have
that (y, —e1) > (v, e2 — e1) which is equivalent to (y, e2) < 0. Now, if (y,e) = 0,
then y is given by (v, e2) = 0, (y, v —e1) = (y, —e1) = % We see that the unique
solution of this linear system is given by ¢ = (—%, é 3, % 6). On the other hand,
if (y, e2) < 0, then y is given by (y, v1) = 0, (y, —e1) = (y, —e2) = % The unique
solution is now given by c3 = (—%, —%ﬁ , %\/3) This shows (69) and concludes case
(b).
Corners in case (c). We claim that in the case of by = v; that the corners of Sy, are
given by the points
11 1 1
¢ = (5, 8«/§, EJE) e = (0, 0, ZJE) ,
(70)
1 1 1 1 1
= O’ 5 y 6 5 = s — = 3, - 6 .
e < 3f6f> ¢y (2 6f6f>

In particular, the face Sy, is a rhombus. Hence, H2(Sh0) = %\/6 It remains to prove
(68). Let y € Sp, be a corner. By the definition of S;, we have that (y, vi) > (y, vi —
e1), (y, v1 — e2) whichis equivalent to (y, e1), (v, e2) > 0. Now if, (y, e2) > O then the
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corner solves the linear system (y, e;) = (y, e2) = (y, v1) = % Its unique solution is
c] = (%, é 3, %«/6) On the other hand if (y, e2) = 0, then the corners are given by
those y such that (y, e2) =0, (y, e1) = (y, v1) = % or (y,e1) = (y,ez2) =0, (y,v1) =
%. These points have coordinates ¢; = (%, —%\/g, %«/5) andc3 = (0,0, l«/6). Finally,
if (y,e;) = 0 and (y, ez) > O, then y is obtained by solving (y, e;) = 0, (v, e2) =
(y,v1) = % Hence it has coordinates ¢4 = (0, ¢T§ %). This proves (70) and concludes
Step 2.

Step 3 (Neighbors share faces) We want to show that for each by € Nycp we have
that the face Sp, of V., (0) is shared with the Voronoi cell V. (bo). By Step 1 we
have that V., (0) = Vucp and Vi, (bo) = bo — Vucp. Hence, they share the side
(¥, bo) = 3 = {bo = . bo).

Step 4 (Volume of the Voronoi cell) In order to calculate the volume of the Voronoi cell
we note that Lycp is periodic with respect to the vectors ey, e2, e3. Since the Voronoi
cells of all the points occupy the same volume, it suffices to calculate the fraction of
points per unit volume. The inverse of this number is the volume per point. Since the
Voronoi cells are space filling the volume per point is equal to the volume of each Voronoi
cell. Due to (16) we have that

| Thee| = V2.

Furthermore, we have that

U (x + Tucp) = R*, and Luce N Trce = {0, v} .

xespanyfey,ez,e3}
Hence, the volume per point is %lTHCp| = %\/5 and it agrees with the volume of the
Voronoi cell. This concludes Step 4 and thus the proof of the lemma. O
We are now in the position to prove Theorem 2.3.

Proof of Theorem 2.3. All the statements are consequences of Proposition 5.10, Lemma
5.11, Theorem 5.14 and Lemma 5.16 once we show that Lrcc and Lycp are peri-
odic admissible sets (according to Definitions 5.1 and 5.8) and we observe that, due
to Lemmas 4.1 and 4.2, Ngcc(x) = NN (x) (in the sense of Definition 5.2) as well
as Mucp(x) = NN (x) in the respective cases. We first show that both lattices are
admissible sets. Let us first observe that

(Tecc+x)N Lrcc #@ and (Tygcp +x) N Lycp # W forall x € R3.
Therefore, (L1) is satisfied for both Lrcc and Lycp with

3 3
R := max{diam(Tgcc), diam(Tpcc)} < max !Z lexl, Z |bk|} < +00,
k=1 k=1

where we recalled Definitions 15 and 16. On the other hand, (L.2) is satisfied withr = 1,
see the discussion at the definition of the FCC and HCP lattice in Sect.2. Concerning
periodicity: We observe that for all z = (z1, 22, 23) € 73 we have

3 3

Lrcc = Lrcc + Y 2kbi . and Lucp = Lucp + Y 2xek
k=1 k=1

and thus both Lpcc and Lycp are periodic according to Definition 5.8. The statement
follows by Theorem 5.14 with ¢, (x) = 1. O
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5. General Periodic Lattices

This section deals with integral representation and concentrated-compactness properties
of energies defined on general periodic lattices.

Definition 5.1. Let ¥ C R” be a countable set of points in R". We call ¥ an admissible
set of points if the following two conditions hold:

(L1) There exists R > 0 such that inf,cgre #(X N Br(x)) > 1;
(L2) There exists r > 0 such that dist(x, X\{x}) > r forall x € X.

Definition 5.2. We define the Voronoi cell of x € X as
V() ={zeR": |x—z|<|y—z|forally € ¥}. (71)
The set of nearest neighbors of X is defined by
NNE) ={(x,y) €2 x Z: K" 'Vx) N V() > 0},

We set NN (x) = {y € Z: (x,y) € NN(2)}. Given ¢ > 0 we denote by ¢X :=
{ex: x € T} and for x € ¢ we set V,(x) = £V (¢~ 'x) the Voronoi cell of x € ¢X, and
NN:(x)={y eeX: el (x, y) € NN(Z)} the set of nearest neighbors of x in £ .

We now define for u: ¥ — {0, 1} the two energy functionals given by

Feu, A= Y " epx — y)lulex) — uey))| (72)
@ ENN (D)
exeA
and
Few, A= Y " onx — y)lulex) — uley)l, (73)
x,y)eENN(T)
ex,eyeA

where ¢, : R” — [0, +00] satisfies

C ' <epmx) <C, forallx e R". (74)

When A = R” we omit the dependence on it and write F,(u) = F,(u, R") and I:"e(u) =
Fo(u, RM).

Remark 5.3. (Difference between F, and E =) We want to point out the difference between
F and F: In the formula defining F, the sum is taken over all (x, y) € NN (X) such

that ex € A. Instead in the case of 1:"‘s the sum takes only those (x, y) € NN (Z) such
that both ex € A and ey € A. The functional F,(u, -) is an additive set function on
disjoint sets, i.e., given A, B C R” such that A N B = @, we have

Fe(u,AUB) = F(u, A)+ F.(u, B),

whereas Fj (u, -) is only super-additive on disjoint sets. Our I"-convergence result will

be stated for the functional F. The reason for us to introduce I:"g is that our proof will
use the integral representation result proven in [3], see Theorem 5.7. However, we will

show later on that the I"-convergence of F; is equivalent to that of F.
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Given X C ¢X we write with a slight abuse of notation
Fe(X, A) = Fe(Xe-1x, A) .

Hypothesis (74) corresponds to [3, Hypothesis 1] in the case that, according to the
notation in [3, Equation (5.23)], ¢}, (x, ¥) = cua(x — y) and ¢}, (x, y) = 0. It is worth
observing that in [3] a more general class of functionals was investigated, namely those
for which also certain long-range interactions between points in X contribute to the
energy, i.e., ¢j-(x, y) # 0. For the sake of exposition and simplicity, here we consider
the case ¢;, = 0, that is the energy accounts only for the nearest neighbor interactions.
However, with some more involved multi-scale constructions, all the statements below
extend to the more general case where also long-range interactions are considered.

Definition 5.4. Given X C &£ we define the rescaled empirical measures associated to
X as

pe=e") bx. (75)
xeX
Furthermore, recalling (71), we define
VeX) = | J Vo). (76)
xeX

Henceforth, we drop the dependence on X and simply write V.. Given A C R" open with
Lipschitz boundary, with slight abuse of notation we define F,: Mi(A) — [0, +00]

(similarly F, : M, (A) — [0, +o00]) by

Fe(X,A) puisgiven by (75) forsome X C eL;
+00 otherwise.

Fe(u, A) = {

Additionally, we define F;: Llloc(A) — [0, +00] (similarly ﬁg: LIIOC(A) — [0, +00])
by

F.(X,A) u= yy, and V; is given by (76) for some X C ¢£;
+00 otherwise.

Fe(u, A) = {

It is necessary for us to introduce two different domains of definition for the extended
functional Fg, since we want to make use of [3, Theorem 5.5]. As it will turn out the
two types of extension are equivalent, cf. Lemma 5.11 and Corollary 5.12.

Let (2, P, F) be a probability space. Hereafter we recall some definitions from [3]
(Definition 5.1 and Definition 5.4):

Definition 5.5. We say that a family (t;),ezn, T,: Q — R, is an additive group action
on Q if

Tg4z = Tz 0Ty forallzy, zo € Z".
Such an additive group action is called measure preserving if
P(t,B) =P(B) forall Be F,ze€Z".
If in addition, for all B € F we have
(;(B) =B forallz € Z") = P(B) € {0, 1},

then (t;),ezn is called ergodic.
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Definition 5.6. A random variable £: @ — RN, » > L(w) = {L(®)(0)}iczris
called a stochastic lattice. We say that L is admissible if L(w) is admissible in the sense
of Definition 5.1 and the constants r, R can be chosen independent of w P-almost surely.
The stochastic lattice £ is said to be stationary if there exists a measure preserving group
action (t;);ez» on 2 such that, for P-almost every w € Q, L(t;w) = L(w) + z. If in
addition (t;).ez» is ergodic, then L is called ergodic, too.

We now state a simplified version of [3, Theorem 5.5] which is enough for our
purposes.

Theorem 5.7 (Stochastic homogenization of spin systems). Let L be a stationary and

ergodic stochastic lattice and let F, be defined by (73). Let A C R" be open and bounded
with Lipschitz boundary. For P-almost every w the functionals F¢(w) I'-converge with
respect to the strong L! (A)-topology to the functional Fyom : L'(A) = [0, +00] defined
by

Juna Phom() dH" ! ifu € BV (A;{0,1)),

Fhom(u, A) := { .
+00 otherwise.

The function ghom: R" — [0, +00] is given by

—+00

u@i) = u, (i) fori € L)\Qy_;, } dP(w),

hom(V) = lim ;_l/inf{F(u, 07): u: L(w) — {0, 1},
T " Q

where lr — +oo and ly /T — 0as T — +oo.

Definition 5.8. Let £ C R” be an admissible set of points. We say that L is periodic if
there exists a basis {ey, ..., e,} C R" such that

L+e,=Lforallk=1,...,n.

We set (G, +) to be

n
G .= [Zkkek: M € Zfork = 1,...,n}
k=1

with the usual addition in R”. We denote its fundamental domain by Q := R"/G and
we assume that

n
0= {Zkkek:0§kk<1fork=1,...,n}

k=1

and call it the periodicity cell of L.Fork € R" and s > 0 we denote by Q;(k) = sQ +k
the scaled periodicity cell centered at k. We set

_#LNO)

= —". 77
10| 7n
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In the following we assume, up to a change of coordinates that {ey, ..., e,} is the
standard orthonormal basis of R”.

In order not to overburden with notation, given X C e£, we write X N A and A\ X
for XN ANeL and (A NeLl)\X, respectively.

We collect the following general properties of periodic admissible set of points.

Lemma 5.9 (Properties of periodic admissible sets). Let L be a periodic admissible set
of points. The following holds true:

(i) Brj2(x) C V(x) C Br(x) forall x € L;
(ii) NN (x) C Bag(x) forall x € L;
(iii) There exists C = C(n,r, R) € (0, +00) such that sup #N'N (x) < C. In particular,

xel
dV(x) is made out of finitely many (n — 1)-dimensional polyhedral faces;
(iv) There exists C > 0 such that for all A C R" and all X C &L there holds

CT' Y TIHWNO\X) S Fo(X, A) <C Y " HWN(0)\X).

xeXNA x€XN(A)2Re
(v) There exists C = Cp > 0 such that for all X C eL and A C R”" there holds
Fe(X, A) < CPer(Ve, (A)3ge) and Per(Ve, A) < CFe(X, (A)Re) .

Proof. Apart from (iv) and (v) all of these facts are classical. We collect their proof here
for completeness.

Proof of (i), (ii): Let x € L. The inclusion B,/2(x) C V(x) follows from (L2) since for
all y € B;p(x) and z € L\{x})

z—=yl>lx—zl=lx—=y|>r—r/2=r/2>|x—Y]|.

As for the inclusion V(x) C Bg(x) assume that there exists y € V(x)\Bg(x). We have
for all z € £\{x}

ly—zl=ly—x|=R.

This implies that Bg(y) N £ = @ contradicting (L1). Finally N A (x) C Bog(x) since
for y € NN (x) we have that V(x) N V(y) # @ which implies Bg(x) N Br(y) # @.
Proof of (iii): Due to (i) and (ii) we have that B,/»(y) N By2(z) = @, y,z € NN (x),
y # zand B./2(y) C Bogsr(x) forall y € NN (x). Therefore
o (3) #AN@ = 182001 = |Barer (0] = 0, QR +1)"
yeNN (x)

and thus the claim follows with C = (2+4R/r)".
Proof of (iv): First of all, observe that, by (74), we have

c! Z E"THWN(0)\X) + Z STHWN ()N X) | < F.(X,A) (78)

xeXNA xeA\X

C Z e HNN L (0)\X) + Z e HWNN ()N X) | = F.(X,A). (79)

xeXNA xeA\X
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As both terms on the left hand side of (78) are positive, the first inequality of (iv) follows.
In order to prove the second inequality of (iv), we claim that

Yo THWN.@NX)<C Y THWN\X). (80)

xeA\X xexN(A)2Re

To see this, note that if x € A\X such that # (NN (x) N X) > 0, there exists y €
NN(x)NX C Bage(x) N X and x € NN (y)\X. Now summing over all x € A\X
and noting that, by (iii), #{x € A\X: y € NN (x)} < #N N (x) < C we obtain (80).
Finally, (79) and (80) yield the second inequality of (iv).

Proof of (v): The desired inequalities follow from the following observation: Given
x € X, we have that

H ' We(x) NAVe) >0 & NN(O\X # 0. (81)

Additionally, we note that, for x € X such that NN (x)\X # @, there exists C > 0
such that

c et <H T W.(x)NaV,) < Ce" L. (82)

Now, summing over all x € X N A and noting that each Voronoi cell intersects only a
finite number of other Voronoi cells, using (81), (82), (i), (iii), and (iv), we obtain

F(X,A)<C ) @ HNN\X)<C Y HTV@naV)

xeXN(A)age X€XN(A)2Re
< CH" ' (3V: N (A)3ge) = C Per(Ve, (A)3re) -

This yields the first inequality in (v). On the other hand, owing to (i) we have dV, N A C
UxeXQ(A)RS (Ve(x) N 3Vy), and thus, by (81) and (82),

Per(V,, A) = H"_I(Z)Vg NA)< Z 'H"_I(Vg(x) Naovy)
x€XN(A)ge

< Cce" ! Z H#FWNN()\X) < CF:(X, (A)ge) -

x€XN(A)ge

This shows the second inequality in (v) and concludes the proof. O

Proposition 5.10 (Compactness of the piecewise-constant interpolants). Let L be an
admissible periodic set of points and F defined in (72) with L in place of ¥. Let
A C R" be open and let { X}, C eL be such that

sup Fe (X, A) < +00.

e>0

Then there exists a set of finite perimeter V. C A and a subsequence (not relabeled) such
that xy, — xv with respect to the strong L]IOC(A)—topology.
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Proof. Let X, be as above and let A’ CcC A with Lipschitz boundary be such that
(A")gre C A. We observe, due to the second inequality of Lemma 5.9(v),

Per(Ve, A/) < CF.(X,, (A/)Ra) <Cr:(X;,A) <C.
Therefore
vl + 1Dxv, [(A") < C(IA'| + Per(V,, A')) < C.

We use [4, Theorem 3.39] to deduce that there exists a subsequence (depending on A”)
and a set of finite perimeter V such that xy, — xy in L'(A’). By a diagonal argument
on a sequence A;C 1 A as k — +00, we obtain the claim. O

Lemma 5.11 (Equivalence of convergences). Let L be an admissible periodic set of
points and Fy defined in (72) with L in place of . Let A C R" be open and let V C A
be a set of finite perimeter and let {X.}. C eL for each ¢ > 0 be such that

sup Fe(X., A) < +00. (83)

e>0

Then, setting ne and Vg as in (75) and (76), the following are equivalent:

1) pe A W with respect to the weak star topology of measures and u = pL" | y.
(ii) xv, — xv with respect to the strong LI]OC(A)-topology.

Proof. We proceed in two steps. First, we construct a sequence of auxiliary measures
v and show that its weak*-convergence is equivalent to the weak*-convergence of the
sequence of measures (.. Then, for this sequence of measures we show that its weak*-
convergence is equivalent to (ii).

Step 1 (Construction of the auxiliary measure) Let {X.}. be as in the assumptions of
the lemma and let v € C.(A) such that suppv CC A. We assume that ¢ > 0 is small
enough such that for all k € ¢Z" there holds

Qa+r)e(k) Nsuppy # 0 = Q@i+r)e(k) CC A, (84)

recall Definition 5.8. Fix Ry > 0 such that supp v C Bg,. Since v is uniformly continu-
ous, it admits a modulus of continuity w = w, : [0, +00) — [0, +00), i.e., an increasing
function such that w(0) = 0 and

lv(x) —v(Y)| < w(]x — y|]) forall x, y € R". (85)
We set
I = (k€ eZ": Qarr)e (k) N Xe = Qasr)e (k) NeL),
I = {k € 6Z": Qarye (k) N X =0},
and Il?ad = 1{k € eZ": Q@E+R)e(k) Nsuppv # ﬂ}\(Iguu U Iﬁm"ty). We now set
ve= Y "H(LN Q).
kEI{.““

Our goal is to show that

* . * .
e — o in the sense of measures <= v, — p in the sense of measures.
(86)
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First of all we claim that
#72 < celm (87)
In fact, due to its definition and (84), we have that for all k£ € Igad there exists x €

X N Q@+r)e(k) C A such that #NN(x)\X) # 0. Therefore, since for k € £Z" fixed
O 3+R)e (k) N O i34R)e(j) # ¥ for only finitely many j independent of ¢, we have

el < Y > E"TIHWN(O\X) < CF(Xe, A) .

keZbad xeQiip)e (K)NX

Using (83) yields (87). Let now k € Zf*". Then

/ v(x)dve(x) = v(k)e"#(LN Q) = Z "v(k)
Q¢ (k)

xeQ:(k)NeL
= Y v+ Y k- vk)
xeQ:(k)NX x€Q:(k)NeL
— [ wdemr Y m - v,
Q: (k) x€Q. (k)NeL

Thus,

< Y k) — v < 0Edn) Qe k)]

‘/ v(x) d(ve — pe)(x)
e(k) xe0: (NeL

and, recalling that suppv C Bg, and (85), we have for ¢ > 0 small enough

< w(e/n)|Bagy| - (88)

/ 0() d(vs — o) ()
Q¢ (k)

full
keZ™

Noting that both |, | (Q¢ (k)) and |ve|(Q, (k)) are bounded above by e"#(LN Q) < Ce"
for all k € ¢Z", using (87), we observe

< 2||vllo#ZPMe" (LN Q) < Cellvllos.  (89)

/ v(x) d(ve — pe)(x)
Qe (k)

keZbad

Therefore, noting that .| g, k)= velg.(k)= 0 fork € I:mpty, using (88) and (89), we
obtain

‘/Rn V() d(ve = pe) ()| < w(ev/n)|Barl + Ce vl oo -

This shows (86).
Step 2 (Equivalence of convergence) We now prove that

. * .
Xv. = Xv in LIIOC(A) < v, — u in the sense of measures.
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First of all, recalling p defined in (77), we note

#(LN
[ vav= ¥ erwenowi = "0 Y 10wl
! keTful 12l keZfull
‘ ‘ (90)
=p / v(y)dy +p / (v(k) —v(y))dy.
kElZ;:u“ e (k) ke;éﬁm Q¢ (k)

Now, due to (85), we have for ¢ > 0 small enough

> /Q(k)w(k)—v(y))dy < Z/ lv(k) — v(y)|dy < Cer(e/n)| Bag,|.

keful kezun ¥ Qe ®)
o1
Note that, by Lemma 5.9(i), we have
Py / v dy=p Y / v(y)dy 92)
ket e (k) keZtul e (k)NVe
and also V. N Q. (k) =@ fork € Igmpty. Note that by (87) we have
3 / Nl dy = T ol < Cellvloe 93)
Q¢ (k)

keZbad

Due to (90)—(93), we obtain that
* . * .
pXv. — u inthe sense of measures <= v, — p in the sense of measures.

Now clearly (ii) implies (i), since the LllOC (A) convergence of the characteristic functions
implies their weak* convergence as measures. As for the implication (i) to (ii) we proceed

as follows. Let V. C A be a set of finite perimeter and assume that p A o and
uw = pL"|y.By Step 1 this is equivalent to v, A W, hence to p xv, A o xv in the sense

of measures (which is to say that yy, A xv). Take now an arbitrary subsequence (not
relabeled) of { X }.. We show that there exists a further subsequence (again not relabeled)
such that xy, — xv with respect to the strong LlloC (A)-topology. Since the Llloc(A)-
topology satisfies the Urysohn property this implies the claim. By the compactness
statement in Proposition 5.10 we have that there exists a set of finite perimeter V' C R"
and a further subsequence {X,, }x C {X.}, such that xy, — xy- with respect to the
strong LIIOC(A)-topology. Since this implies their weak* convergence as measures and
we already know that the whole sequence converges to yy we deduce V = V' which

implies the claim and concludes the proof of the lemma. O

Corollary 5.12. (Equivalence of I'-convergence) Let L be an admissible periodic set of
points and let F, be defined in (72) with L in place of . Let A C R" be a bounded
open set with Lipschitz boundary. Then the following statements are equivalent:
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(1) Fe: My(A) — [0, +oo] I'-converges with respect to the weak* convergence of
measures to the functional Fyom: My (A) — [0, +00] defined as

fa*vnA Ghom (V) AH"™V if = pL |y ;
+oo otherwise.

Fhom (i, A) := {

>i1) Fg: L]OC(A) — [0, +00] I'-converges with respect to strong L}
functional Fpom : LIOC(A) — [0, +00] defined as

(A)-topology to the

loc

Fhom(u, A) 1= fd*VﬁA @Yhom (V) dH"™ 1 ifu= xy and xy € BV(A);
’ +00 otherwise.
Proof. The statement follows directly from Lemma 5.11. O

Remark 5.13. The analogous statements are true for F, as well.

Theorem 5.14 (I"-convergence for periodic admissible lattices). Let L be an admissible
periodic set of points and let Fg be defined by (72) with L in place of X. Let A C R" be
a bounded open set with Lipschitz boundary or A = R". The functionals F; I'-converge
with respect to weak* convergence of measures to the functional Fhom: My(A) —
[0, +o0] defined by

fa*va Yhom (V) dH" ™ 1 ifi=pLly:;

From(n, A) = otherwise.

The function ghom: R" — [0, +00] is given by

. 1 ; . o )
Prom(v) = _lim ——inf {F(X, Q7): X C L, xx(i) = u,(i) fori € L\Q} .},
T—+o0 T"

where lr — +oo and ly /T — 0as T — +oo.

Proof. Step I (Probabilistic setup) We exploit the integral representation result (Theorem
5.7) to obtain the specific form of the I'-limit. We fix (2, F, P) = ({0}, {{0}, ¥}, o) tobe
a probability space and a trivial additive and ergodic group action (see Definition 5.1 in
[3]) 7.: {0} — {0}, z € Z3 given by 7,(0) = 0. With respect to this group action £(0) =
L is an admissible stationary and ergodic stochastic lattice according to Definition 5.6.
In fact, since L is periodic according to Definition 5.8, for all z = (z1, 22, 23) € 73 we
have

LO)=L, L(0)=LO)=LO)+ Y zxex-
k=1

Therefore, all conditions of Theorem 5.7 are satisfied. This shows that for F Ll
[0, +o0] we have

(A) —

loc

I'- lim ﬁg()(v, A) = Fhom(xv, A)
e—0

for all A C R" with Lipschitz boundary we have that xy € BV (A, {0, 1}). Note that,
by Corollary 5.12, this is equivalent to saying that for F,: M (A) — [0, +o0] we have

- lim Fe(it, A) = Fhom(it, A) .
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This concludes Step 1.

Step 2 (I'-convergence of F;) We use the I'-convergence of F, obtained in Step 1 in
order to prove the I'-convergence of F. Let us first prove the result for A C R” open
and bounded with Lipschitz boundary. We note that

Fe(X, A) < Fe(X, A)

and therefore for all . A i, we have

lim inf F (iz¢, A) > lim inf Fe(ite, A) = Fhom(1t, A).
£~ £—>

Therefore I'- lim inf,_, o Fe (i, A) > Fhom (i, A) . Next, we show the Limsup-inequality.
Let V C A be such that

From(pxv, A) < +00 (94)

since otherwise there is nothing to prove. Using Lemma 5.9(v), we obtain that Per (V, A) <
+00, i.e., V is a set of finite perimeter. In particular, by [27, Theorem 1.3] (noting that
the boundary of A is Lipschitz implies that A is an extension domain), there exists an
extension V. C R" such that

(i) VeN' A=V N Aupto a set of zero L"-measure;
(i) Per(Ve, R") < CPer(V, A);

(iii) H4 1 (3*V.NdA) = 0.
Now (ii) together with (94) implies, again by Lemma 5.9(v), that

Fhom (0 XV R") = / @hom (V) dHn_l < +00.
9*Ve

Fix § > 0 and let ué = pyy. in M,((A)s) be such that

lim sup Fe (12, (A)s) < Fhom(pxv,, (A)s) .

e—0

Note that, due to Lemma 5.9(ii), for every ¢ < §/(2R) we have that
Fo(X, A) < Fo(X, (A)s).
Therefore, recalling Definition 2.2, we obtain,

T-limsup Fe(oxv, A) < limsup F, (2, A) < limsup F; (12, (A)s)

e—0 e—0 e—0

=< Fhom(ﬂXVy (A)s) .

Sending § — 0 we obtain

I-limsup Fe (pxv, A) < Fhom(pXVes A) = Fhom(0Xves A) = Fhom(pxv, A),

e—0

where the last equality follows by properties (i) and (iii) of V;. This shows the desired
integral representation for all A C R” with Lipschitz boundary.
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Step 3 (Integral representation on unbounded sets) It remains to prove the integral rep-
resentation of the I'-limit for R”. The Liminf inequality follows by monotonicity since
forall R > 0 and X C &£ we have

Fe(X, BR) < Fe(X)

and therefore, given 1, A pPXv, we have
liminf Fg(ue) > liminf Fe (e, BR) > Fhom(pXv, BR) .
£—0 e—>0

The claim follows by taking the supremum over R > 0. We now turn our attention to
the Limsup inequality. We can assume without loss of generality that V. C R”" is a set
of finite perimeter and

CPer(V, ") < / o) dH"™ = From(pxv, R") < 400 (95)
o*V

since otherwise there is nothing to prove. By the isoperimetric inequality there exists
C > 0 such that

min{|V|, [R"\V[}*7 < CPer(V, R").

Without loss of generality we assume that |V| < +o0o. By the Fleming-Rishel formula
we can find {Ry}x C (0, +00) such that Ry — +00 and

1 X 1
i H*" ' vn 0Bg,) < % and (i) |V N B;ek| < T (96)
We define Vi = V N Bg, . Then, thanks to (96)(ii), xv, — xv in L'(R™) and thus also
PXV; A pxv. Furthermore, (96)(i) implies that

lim Fhom(PXVk) = Fhom(pxv) .
k—+00

It therefore suffices to construct the recovery sequence for pxv,. Let Sy = Ry + 2R
and let {11}, be the recovery sequence constructed in Step 2 such that ;s — pxy, in
L'(Bs,) and

lim sup F¢(tte, Bs,) < Fhom(0 XV, Bs,) - o7)

e—0

We modify . such that

Fe(ug) < Fe(ue, Bsk)+0(1), (98)
and this, by (97), proves the statement. By Lemma 5.11, there exists . — 0 such that
[Ve M AR,.s.| < ne with V; defined in (76). Now, let us take k € {f% +3R],..., L% —

5R|} =: K. Noting that #X, ~ ¢~!, Lemma 5.9(i) implies that there exists k € K¢
such that

"\ n-i N
Wp (5) e"TH(Xe N Ak, —2R)e, (ke+5R)e) < Wy (E) € Z #(Xe N Ak—2R)e, (k+5R)e)
kel

< ClVe VAR, 51 = Cpe .
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Here, we have used that for k € K, fixed

AG—2R)e,(k+5R)e N A(j—2R)e,(j+5R)e = ¥

for finitely many indices j independent of ¢ (clearly for j > k+ 7R or j < k — 7R

the intersection is empty). We can therefore define X.=X.N By, and employ Lemma
5.9(ii1),(iv) to obtain

Fo(Xe) = Fe(Xe, By,) < Fe(Xe, Br,) +emax #NN )" H#(Xe 0 Age—2re, o +5Rre)
X
< F¢(X¢, Bs) + Cng,
which proves (98) and with it the claim. |

In the following we show that for minimizing sequences we can improve Proposition
5.10 to obtain strong L'(R") compactness. This implies that the rescaled empirical
measures of such sequences converge to a suitably normalized Wulff shape for the
limiting perimeter energy.

Lemma 5.15 (Nucleation Lemma). For every (po, vg) € (0, +00)? there exists m =
m(po, vo) > 0 such that if V.C R", Per(V,R") < po, |V| > vo, then there exists
x € R" such that

VN Bi(x)| =m.
Proof. Set

W= sup |V N B1()] € [0, w,l.
xeR”

If © > w, /2 there is nothing to prove. Assume thus that m < w, /2,1i.e. |V N By(x)| <
p < wy/2 for all x € R". Then, noting that x,)(y) = xB, () (x) forall x, y € R",
we obtain

V| =/ / Xv(X)xB 0 (y)dydx = / XvNB(y) (x) dy dx .
xeR" JyeR? yeR?

99)

xeRn

Due to the assumption we have |V N Bi(x)| < w and therefore due to the relative
isoperimetric inequality and Fubini’s Theorem, we obtain

/ / anBI<y)(x>dydx=/ V0 By dy
xeR” JyeR? yeR?

1
su””/ VN Bi(x)['"r dy (100)
yeR"

1/n
< Ik

- CB yGR”

HN@*V N B1(y) dy,

where Cp > 0 denotes the relative isoperimetric constant of Bj. Now, again due to
Fubini’s Theorem, we obtain

H'H@*V N B () dy = / X8, () dH" ™ 5oy (x) dy
yeR? yeR" JxeR”
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- / / X1y () dy AH" Loy ()
xeR" JyeR?

= w,H" 1 (8*V)
This together with (99) and (100) leads to
Ml/n
V] < Per(V,R").
B
Then, we conclude that i > (Cg|V|/Per(V, R"))" > (Cpvg/po)" and thus it suffices
to choose m (vg, pg) < min{w, /2, (Cpvo/po)"}. O

Lemma 5.16 (Concentration Lemma). Let {X.}. and {n.}. C N be such that for all
e>0X, CeLl, #X, = ng, nge" — pvase — 0, and

Fe(Xe) = #I)?Brlz Fe(X).

Then, there exists {t.}s C R" such that 1. € e spangfeq, ..., e}, and pus(- — %) X
pxw, where W is the Wulff shape of pnom defined in Theorem 5.14 and such that |W| = v.

Proof. Let {X.}, be as in the assumptions of the Lemma.
Step 1 (Energy bound) We first show that

sup Fo(X,) < 400 (101)

>0

To this aim, for each ¢ > 0 we construct a competitor Y, such that F.(Y,;) < C for some
constant C > 0 independent of €. To this end let r, > 0 be the maximal s > 0 such that

#(BsNel) <ng.

Due to Lemma 5.9(i), we have that r, < rg < +00 and

ry\” _
wn (3) €% (Ans2er ML) < [Ar—erppisser] < Cerl™ < Ce. (102)

By the maximality in the choice of r, we have #(B,, +sr N €L) > n, and thus
ne —Ce'™ < #(B,, NeL) <ng.

Weset Y, = (B, NeL)U Yg, where Yéf) C &L\ By, such that #Y, = n,. Due to Lemma
5.9 (ii), (iii), the minimality of X, and (102), we have
Fe(Xe) < Fe(Y)

< Y RN )\X) + Ce" Y
xeeLNB,,
< Ce" (A, rerNeL) < C.
This shows (101) and concludes Step 1.

Step 2 (Nucleation) We show that if (101) holds, then there exist v; > 0 and {tg1 }le CR”
such that rgl € espangley, ..., e,} and, up to subsequences,

e — 1'81) A pXv, in the sense of measures, (103)
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where | V| := vy € (m, v], with m = m(pg, v1) > 0 given by Lemma 5.15. In fact,
due to (101) and Lemma 5.9(v) there exists pg > 0 such that Per(V,, R") < pq for
all ¢ > 0. Additionally, due to Lemma 5.9(i) and the fact that n.¢" — pv > 0, we
have that |V;| > v; > O for all ¢ > 0 small enough. Thus, by Lemma 5.15 there exists
m = m(po, v1) and {r}}; C R? such that

Ve N Bi(tH| = m. (104)

Actually, by lowering m a bit we can assume without loss of generality that 181 €
espangfleq, ..., e,}. By (104), (101), Proposition 5.10, and Lemma 5.11, we get (103)
up to passing to a subsequence.

Step 3 (Splitting of the energy) We show that for any 0 < § < |Vi] there exists S5 =
Ss(V1) > 0 big enough and S; € (Ss, Ss + 1) such that, for ¢ > 0 small enough, there
holds

#(X: N Bsy) = 0, 'R7"(IVi| —8)e™" and #(Xe N As, 2re.s.45:8) < 88! .
(105)

First of all, we find Ss such that for ¢ > 0 small enough
[Vi N Bss—Rrel > Vi N Bs;—1| > [Vi] — /2 and |Vi N Ag; s5+1] < [Vi\Bs;—re| < 3/2.

Note that, due to Step 1 and Step 2, XVo(—tl) = XV in LI(BS{SH). Due to Lemma
5.9(31), we have for ¢ > 0 small enough

wne" R™(X, 0 Bsy) > |Ve N Bs,_gel = [Vi] — 8 (106)

r\n
wne" (5) #(Xe N AssiRe, Ss+1-Re) < |Ve N Ag; 55411 < 6. (107)

Next, we find S; by averaging: We choose k, € {(% +3R],..., L% — 6RJ] =: K,

(note that K, # @ and actually #/C, ~ g for ¢ > 0 small enough) such that for some
C>1

"X, N Ak, —2R)e, (ke+5R)e) < C Z e"#(Xe N Ak—2R)s, (k+5R)s)
kekC, (108)

< Ce"#(Xe N AgsiRe,5541-Re) < C8.
In the latter estimate, we have used (107) and that, for k € C, fixed, we have

Ak—2R)e,(k+5R)e N A(j—2R)e,(j+5R)e = ¥

for at most a finite number of indices j independent of ¢ (clearly for j > k + 7R or
j < k — 7R the intersection is empty). Up to replacing § by C~'§ and choosing § > 0
sufficiently small, (106) and (108) give (105) and this concludes Step 3.

In the next steps we use the following notation. For any A > 0 recall W, defined right
after (22) and let X* C (W5); be such that, setting V* = V. (X2), we have Xvi = Xw;

in L'(R"), and

lim Fe(X) = lim sup Fe(X7) = lim sup Fe (X;, (W)1) = From(pxw;) - (109)

e—0 e—0
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Step 4 (Identification of Vi) We claim that V| = Wy, up to null sets, where W,,, is the
Waulff Shape of Fhom such that |W,, | = vi. Assume by contradiction that this were not
the case. By the anisotropic isoperimetric inequality we have that

1
0< E (Fhom(val) - Fhom(pXWUl)) =n.

Up to translating, we may assume that rgl = 0. Then, there exists Sp > 0 big enough
such that for all § > Sy we have W, CC Bg and

From(pxvy, Bs) = Fhom(pxv;) — 1.
By Theorem 5.14, we have that
h?l}gf F:(X¢, Bs) — Fhom(pXWv1 , Bg) > Fhom(pXVI’ Bg) — Fhom(;OXWU1 , Bs)

> Fhom(oxvy) —n — Fhom(pXWvl) >n>0.
(110)

We now construct a competitor X ¢ for ¢ > 0 small enough such that #X, = n, and
Fe(Xe) < Fe(Xe). (11

This contradicts the assumptions of the Lemma on the minimality of X, and therefore
Vi = Wy, up to null sets. Let us take § := §, = (2C max, e #NN(x))~!n with C as
in (74) and let Ss, S; € (S5, Ss + 1) be as in Step 3 with S5 > diam W, + 2. We define

~

Xe = X" U(X\Bs,)U Z;, (112)

where #X ¢ = #X,. In what follows we assume for simplicity that Z, = @. Otherwise,
one chooses Z. such that its contributions to both energy and volume are negligible as
& — 0. First of all note

Fo(Xe) = Fe(Xe, Bs,) + Fe(Xe, As, s,43re) + Fe(Xe, B 35,) - (113)
Then, by noting first that X, = )Afg on (B§s+3€R)£R, we have

Fe(Xe, B iage) = FeRe, BS yap0) - (114)
Furthermore,
Fo(Xe, Bs,) = Fe(X}", Bs,) = F(X") . (115)
Lastly, due to Lemma 5.9(iii),(iv) and the choice of §, and (105), we have
Fe(Xe, As, 5,43¢R) < C max HNN (x) €" " #(Xe N As,—2Re.5,45Re)
<n/2. (116)

Comparing this to the energy of X, also noting that S5 > diam W,, + 2 and, using
(113)—(116), we obtain

Fe(Xe) = Fe(Xe, BSE) + Fe(Xe, AS,;,Sg+3R£) + Fe(Xe, B§£+3Rg)
> Fe(Xe, BS@) + Fe(Xe, B§g+3Ra) = Fs()%e) - 77/2 + Fe(Xe, BS@) - Fs(Xgl)
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Therefore, using (109) and (110), we obtain
liminf (Fe(X,) — Fe(Xp)) > n/2 > 0.
e—0

This yields (111) for & > 0 small enough.
Step 5 (v = v) Assume by contradiction that v; < v. We repeat Step 2 and Step 3 for
X\ (Wy, (rsl))l to find 182 such that

Ue(- — %2) A P Xv, in the sense of measures, (117)

where |V = v > 0. Note that we can assume |t} — 72| — +00 since this would

otherwise contradict (- — ral) A pxv. By Step 4, we observe that V, = W,,. Note
that v — Fpom(Wy) is strictly concave in v. In fact there holds

n—1

Frhom(Wy) = v m Fhom(W1) . (118)
Therefore, given vy, v» > 0, forv = Avl + (1 —X)vy for A € (0, 1), using (118) and the
strict concavity of the function v +— v “&", we have

n=1
Fhom(Wy) = Fhom Wiy +(1-2)v,) = (Avr + (1 = Dwv2) 7 Fhom (W)

- (xvf"l (1 - A)J) Fhom(W1) = 2 From(Way) + (1= 2) From (W)
Since Fhom(Wp) = 0, this in particular implies that v > Fom (W,) is strictly subaddi-
tive, 1.€.,
Fhom (Wy,+0,) < Fhom(Wy,) + Fhom (Wy,)
for all vy, vo > 0. Set
1 = Fhom(Wy;) + From (Wy,) — Fhom (Wy,4v,) > 0.

Due to Step 3 applied with § = 8, := (3C max, <, #N N (x))~'n and Step 4 we have
that

1, * 2y *
pe(-— 1) = pxv; and pe(-—17) = pxV,
and

#(Xe N As, s.430(T) < 8ye' ™" and #(Xe N Ag 5 3.0 (7)) < 836",

where S‘g is associated with r82 by following the same procedure to X\ Bs, (rgl) as in
Step 3. We can therefore define

Xe = (X)™ + 1)) U (X \(Bs, (7)) U By (7)),

(here we assume that S, is such that X2+ Bs,) and without loss of generality (see

Step 4) we can directly assume #X, = #X,. Now the argument follows very much in
the spirit of Step 4. We first observe that

Fe(Xe) = Fe(Xe, Bs, (t)) + Fe(Xe, By, (z1)) + Fe(Xe, As, 54368 (z))

> 2 o 1 ey 119
+ Fe(Xe, As, 5.43¢r (7)) + Fe(Xe, (Bs,43:r (T, ) U By 5, (7)) -
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Then, by noting first that X, = X, on ((Bsg+3gR(r€1) U B§F+3€R(r§))c)g;g, we have

Fe(Xe, (Bs,43¢r (7)) U Bg_3, g (T )eR)
= Fe(Xe, (Bs,43:r (1)) U By 3, g G))eR) - (120)

Furthermore,
Fe(Xe, Bs, (7)) = Fe(X!") and Fo(Xc, By (1)) = Fe(X?). (121)
Lastly, due to Lemma 5.9(iii)(iv) and the choice of §, we have

Fe(Xe, As, 5,43:8(t))) < C max #AN () e"H(Xe N As,—2Re.5,45R:(T))) < 1/3
X
(122)

and

F.(Xe, A§S,§£+3€R(r3)) < Cmeaé #NN (x) " #(X, N A§€’§£+3SR(182)) <n/3.
X

Comparing this to the energy of X, we obtain, using (119)—(122), as in Step 5,

lim inf (F (X) — Fe(X:) > 1/3 > 0.
e—>

This is a contradiction and therefore v; = wv. Setting 7, = rsl this concludes the
proof. O

Remark 5.17. We want to observe that Lemma 5.16 can be extended to the setting of
[3] in which the functional F; also accounts for long-range interactions. In order to
adapt the proof to the general case, the annulus A,, ;. 43g, must be replaced by A, .15,
where s, = kg¢ (here k, is such that k, — +00 and k.& — 0). This choice ensures that
X ¢ N B,, and X e\Br.+s. (resp. X N By, and X\ B,,.s,) are sufficiently distant such
that the energy contribution that accounts for the interactions crossing the annulus are
negligible as ¢ — 0.
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