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Abstract: We consider stability of rotating gaseous stars modeled by the Euler—Poisson
system with general equation of states. When the angular velocity of the star is Rayleigh
stable, we proved a sharp stability criterion for axi-symmetric perturbations. We also
obtained estimates for the number of unstable modes and exponential trichotomy for the
linearized Euler—Poisson system. By using this stability criterion, we proved that for a
family of slowly rotating stars parameterized by the center density with fixed angular
velocity, the turning point principle is not true. That is, unlike the case of non-rotating
stars, the change of stability of the rotating stars does not occur at extrema points of the
total mass. By contrast, we proved that the turning point principle is true for the family
of slowly rotating stars with fixed angular momentum distribution. When the angular
velocity is Rayleigh unstable, we proved linear instability of rotating stars. Moreover, we
gave a complete description of the spectra and sharp growth estimates for the linearized
Euler—Poisson system.

1. Introduction

Consider a self-gravitating gaseous star modeled by the Euler—Poisson system of com-
pressible fluids

o+ V- (pv) =0,

p(+v-Vv)+Vp=—pVV, (1.1)
AV =4mp, lim V (t,x) =0,
|x]—00

where x € R3, 1 > 0, p(x,1) > 0 is the density, v (x,t) € R3 is the velocity,
p = P(p) is the pressure and V is the self-consistent gravitational potential. Assume
P (p) satisfies:

P(s) = C'(0,00), P’ >0, (1.2)
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and there exists yp € (g, 2) such that

lim s'77P/(s) = K > 0. (1.3)
s—0+
The assumption (1.3) implies that the pressure P(p) ~ K p° for p near 0. For physical
equations of states of Newtonian stars such as white dwarf stars and in the limiting case
of extreme nonrelativistic, yy = % (see [6,37]).

The Euler—Poisson system (1.1) has many steady solutions. The simplest one is the
spherically symmetric non-rotating star with (pg, vo) = (oo (|x|), 0). We refer to [29]
and references therein for the existence and stability of non-rotating stars. A turning point
principle (TPP) was shown in [29] that the stability of the non-rotating stars is entirely
determined by the mass-radius curve parameterized by the center density. In particular,
the stability of a non-rotating star can only change at extrema (i.e. local maximum or
minimum points) of the total mass.

We consider axi-symmetric rotating stars of the form

(po, Vo) = (po (r, 2) , rwo () €p) ,

where (r, 6, z) are the cylindrical coordinates, w (r) is the angular velocity and (e, ey, ;)
denote unit vectors along r, 6, z directions. We note that for barotropic equation of states
P = P (p), it was known as Poincaré-Wavre theorem [45, Section 4.3] that the angular
velocity must be independent of z. The existence and stability of rotating stars is a clas-
sical problem in astrophysics. For homogeneous (i.e. constant density) rotating stars, it
had been extensively investigated since the work of Maclaurin in 1740s, by many people
including Dirichlet, Jacobi, Riemann, Poincaré and Chandrasekhar etc. We refer to the
books [7,20] for history and results on this topic. The compressible rotating stars are
much less understood. From 1920s, Lichtenstein initiated a mathematical study of com-
pressible rotating stars, which was summarized in his monograph [26]. In particular, he
showed the existence of slowly rotating stars near non-rotating stars by implicit function
theorem. See also [14,17,18,41] for related results. The existence of rotating stars can
also be established by variational methods ( [2,5,9-11,25,30,32]), or global bifurcation
theory [1,42,43]. Compared with the existence theory, there has been relatively few
rigorous works on the stability of rotating stars. In this paper, we consider the stability
of rotating stars under axi-symmetric perturbations. There are two natural questions to
address: 1) Does TPP still hold for a family of rotating stars? 2) How does the rotation
affect the stability (instability) of rotating stars?

The answers to these two questions have been disputed in astrophysical literature.
Bisnovaty-Kogan and Blinnikov [4] suggested that for a family of rotating stars with
fixed angular momentum distribution per unit mass and parameterized by the center
density u, TPP is true (i.e. stability changes at the extrema of the total mass). They used
heuristic arguments (so called static method) as in the non-rotating case. Such arguments
suppose that at the transition point of stability, there must exist a zero frequency mode
which can only be obtained by infinitesimally transforming equilibrium configurations
near the given one, without changing the total mass M (). Hence, the transition point
is a critical point of the total mass (i.e. M’ (i) = 0). It is reasonable to study the family
of rotating stars with fixed angular momentum distribution, which is invariant under
the Euler—Poisson dynamics. In [4], they also considered a family of rigidly rotating
stars (i.e. wo is constant) for a special equation of state similar to white dwarf stars. By
embedding each rigidly rotating star into a family with the same angular momentum
distribution and with some numerical help, it was found that the transition of stability
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is not at the extrema of mass. In [40], for a family of rotating stars with fixed rotational
parameter (i.e. the ratio of rotational energy to gravitational energy), similar arguments
as in [4] were used to indicate that TPP is true for this family and their numerical results
suggested that instability occurs beyond the first mass extrema. However, up to date
there is no rigorous proof or disproof of TPP for different families of rotating stars.

The issue that whether rotation can have a stabilizing effect on rotating stars has long
been in debate. For a long time, it was believed that rotation is stabilizing for any angu-
lar velocity profile. This conviction was based on conclusions drawn from perturbation
analysis near neutral modes of non-rotating stars, which was done by Ledoux [24] for
rigidly rotating stars and by Lebovitz [23] for general angular velocities. However, the
later works of Sidorov [38,39] and Kihler [21] showed that rotation could be destabi-
lizing. Hazlehurst [13] argued that the advocates of destabilization of rotation had used
an argument that is open to criticism and disagreed that rotation could be destabilizing.

In this paper, we answer the above two questions in a rigorous way. To state our
results more precisely, we introduce some notations. Let (pg (7, z) , W = rag (r)eg)
be an axi-symmetric rotating star solution of (1.1). The support of pg is denoted by €2,
which is an axi-symmetric bounded domain. The rotating star solutions satisfy

0 - V) + VP (pg) + VV =0in Q, (1.4)
V =—lx|"" % ppin R?, (1.5)
equivalently,
.
® (pg) — |x| ! *,00—/ g (s)s ds +co = 0in , (1.6)
0

where cg > 0 is a constant and the enthalpy ®(p) > 0 is defined by

r P’(S)d
s.

®(0)='(0) =0, P'(p)= f

0

Let Ry be the maximum of r such that (r, z) € €. We assume wg € C1[0, Rg], 92
is C? with positive curvature near (R, 0), and for any (7, z) near 92

po(r, z) ~ dist((r, z), Bﬂ)ﬁ, (1.7)

which are satisfied for slowly rotating stars near non-rotating stars as constructed in

2 .
[14,17,18,41]. Let X = LG, x Ly and Y = (L )", where Ly, and L7, are axi-

symmetric weighted L? spaces in  with weights ®”(pg) and pg. Denote X := X x Y.
- (w3r)

Define the Rayleigh discriminant Y'(r) = —3—.
For Rayleigh stable angular velocity wq satisfying Y'(r) > 0 for r € [0, Rp], the
linearization of the axi-symmetric Euler—Poisson system at (0g, Up) can be written in a

Hamiltonian form
d (u; Ui
—_ =JL , 1.8
dt (Mz) 1 (uz (18)

where u; = (p, vg) and up» = (v, v;), and p, (v, vg, v;) are perturbations of den-
sity and (r, 8, z)-components of velocity respectively. In the linearized Euler—Poisson
system, the steady density po and the perturbations dp have the same support. This is
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reasonable because of the underlying Lagrangian formulation of the problem (see the Ap-
pendix in [29] for the derivation of the linearized Euler—Poisson system for non-rotating
stars). The operators

(0, BY. o« (L, 0}, «
J'_<—B/, O).X — X, L'_<O, A).X—>X, (1.9)

are off-diagonal anti-self-dual and diagonal self-dual operators respectively, where

_ L0, *

]L—(O A1>.X—>X, (1.10)
with

L=ad"(py) —4m (=)', (1.11)

9 2
B=(Bi,B)', Bj=-V, B, = _r(a)—or)er’ (1.12)
rpo
A= and A = dogripo Ao More precise definition and properties of these
= 00, 1= Bt X0 P prop

operators can be found in Sect.2.2.
Our main result for the Rayleigh stable case is the following.

Theorem 1.1. Assume wy € C'[0, Ryl, Y(r) > 0, (1.7), dQ is C? and has positive
curvature near (R, 0). Then the operator JL defined by (1.9) generates a C° group
"L of bounded linear operators on X = X x Y and there exists a decomposition

X=E"®E DE’,
of closed subspaces E™* satisfying the following properties:
i) E¢, E*, ES are invariant under L,

ii) E* (E®) only consists of eigenvectors corresponding to positive (negative) eigen-
values of JL and

dim £ = dim E* = n~ (Liggg;) =1~ (Klrn)
where (K-, -) is a bounded bilinear quadratic form on L%D,, (00) defined by

for s fjgj 8p (s, Z)dzds)2
r [*% po(r, 2)dz

R
(/cap,ap>=<L3p,5p)+2n/ OT(r)( dr, (1.13)
0

forany dp € L%D,,(po) andn~ (ICIR(B,)) denotes the number of negative modes of (IC-, -)
restricted to the subspace

R (B)) = {8,0 € L3y | /Q(S,odx = 0} . (1.14)

iii) The exponential trichotomy is true in the space X in the sense of (2.2) and (2.3).
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Remark 1.1. The perturbations 8p(r, z) € L2, y and Svg(r,z) € L%O imply that

@ (po
supp(p, vg) C Q. But for convenience of notations, we use fjgz odz for ff;g; odz

where (r, £Z(r)) € 092, “o” represents an integrand supported in 2. Here, it should be
understood that the integrand function is extended by 0O outside the support 2.

Corollary 1.1. Under the assumptions of Theorem 1.1, the rotating star solution (pg, Vo)
is spectrally stable to axi-symmetric perturbations if and only if

(Kép, sp) = 0,

forall §p € L%D”(p()) with [o 8pdx = 0.

Theorem 1.1 gives not only a sharp stability criteria for rotating stars with Rayleigh
stable angular velocity, but also more detailed information on the spectra of the linearized
Euler—Poisson operator and exponential trichotomy estimates for the linearized Euler—
Poisson system. These will be useful for the future study of nonlinear dynamics near
unstable rotating stars, particularly, the construction of invariant (stable, unstable and
center) manifolds for the nonlinear Euler—Poisson system.

The sharp stability criterion in Corollary 1.1 is used to study the stability of two
families of slowly rotating stars. For the first family of slowly rotating stars with fixed
Rayleigh stable angular velocity and parameterized by the center density, we show that
TPP is not true and the transition of stability does not occur at the first mass extrema.
More precisely, for fixed wg (r) € chB (B e (0,1), satisfying Y(r) > 0 and «
small enough, by implicit function theorem as in [14,18,41], there exists a family of
slowly rotating stars (pwc, Krawg (1) 69) parameterized by the center density u. We
show that the transition of stability for this family is not at the first extrema of the
total mass M, ,. In particular, when yy > %‘, the slowly rotating stars are stable for
small center density and remain stable slightly beyond the first mass maximum. This
is consistent with the numerical evidence in [4] (Figure 10, p. 400) for the example
of rigidly rotating stars and an equation of state with yy = % It shows that Rayleigh
stable rotation is indeed stabilizing for rotating stars. By contrast, for the second family
of slowly rotating stars with fixed monotone increasing angular momentum distribution
(equivalently Rayleigh stable angular velocity), we show that TPP is indeed true. More
precisely, for fixed j (p, ¢) € C!F (R* x R*) satisfying 3,2 (p,q)) > 0,j(0,9) =
0,7(0,g) = 0 and ¢ sufficiently small, there exists a family of slowly rotating stars
(pu,g, f j (m e M ,L,g) eg) parameterized by the center density u, where

r 00
mpu,s(r) Z/(; s/—oo IOI/L,(;‘(S! z)dsdz

is the mass distribution in the cylinder and M,  is the total mass. We show that the
transition of stability for this family of rotating stars exactly occurs at the first extrema
of the total mass M, .. This not only confirms the claim in [4] based on heuristic
arguments when j (m, M) = % J (57). but also can apply to other examples studied in
the literature, including j (m, M) = j (m) (see [2,18,30,31]) and j (m, M) = j(%)
(see [34)).

The issue of TPP is also not so clear for relativistic rotating stars. For relativistic
stars, TPP was shown for the secular stability (with dissipation) of a family of rigidly
rotating stars ( [12]), while numerical results in [44] indicated that the transition of
dynamic instability (without dissipation) does not occur at the mass maximum (i.e. TPP
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is not true) for such a family. Our approach for the Newtonian case might be useful for
studying the relativistic case.

For the Rayleigh stable case, the stability of rotating stars is studied by using the
separable Hamiltonian framework as in the non-rotating stars [29]. However, there are
fundamental differences between these two cases. For the non-rotating stars, the stability
condition is reduced to find n™ (L [R( Bl))’ that is, the number of negative modes of (L-, -)
restricted to R (B1), where L and R (Bj) are defined in (1.11) and (1.14) respectively.
We note that the dynamically accessible space R (Bj) (for density perturbation) is one
co-dimensional with only the mass constraint. For the rotating stars, by using the sepa-

rable Hamiltonian formulation (1.8), the stability is reduced to find n™ (H"'W>’ where

L, B are defined in (1.10) and (1.12) respectively. Here, the dynamically accessible space
R (B) (for density and #-component of velocity) is infinite co-dimensional, which corre-
sponds to perturbations preserving infinitely many generalized total angular momentum
(2.11) in the first order. It is hard to compute the negative modes of (IL-, -) with such
infinitely many constraints. A key point in our proof is to find a reduced functional C

defined in (1.13) for density perturbation such that n™ (le) =n" (IC| R( Bl))’ where

R (B1) denotes the density perturbations preserving the mass as in the non-rotating case.
Therefore, the study of negative modes of L|zy with infinitely many constraints is re-
duced to study K|g(p,) with only one mass constraint. This reduced stability criterion
in terms of KC|g(p,) is crucial to prove or disprove TPP for different families of rotating
stars.

Next we consider rotating stars with Rayleigh unstable angular velocity wg (). That

. . . O (w3r* .
is, there exists a point 9 € (0, Rg) such that Y (ro) = % rery < 0. In this case,

we cannot write the linearized Euler—Poisson system as a separable linear Hamiltonian

. 4023 £0
PDEs since A| = —2
S since A B2

order system for ur = (vy, v;)

is not defined at r¢. Instead, we use the following second

dur = —(Ly + Lo)us := —Luo, (1.15)
where I = L+ 1o,

Lius = V[ (00)(V - (pou2)) — 47 (—=A) " (V - (pou2)l,
Loty — (T(gm)’

are self-adjoint operators on Y. The following properties of the spectra of L are obtained
in Proposition 4.1: 1) o,y (]fJ) = range(Y (r)) = [—a, b], where a > 0,b > 0; ii)
There are finitely many negative eigenvalues and infinitely many positive eigenvalues
outside the interval [—a, b]. In particular, the infimum of o (H;) is negative, which might
correspond to either discrete or continuous spectrum.

Define the space

7 = {u2 €Y | V- (pouz) € L%D”(po)} ’
with the norm

luzllz = lluzlly + IV - (pou)ll 2~ . (1.16)
" (pp)
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Theorem 1.2. Assume wy € C'[0, Rol, (1.7) and %(r)lf;e ]T(r) < 0. Let no < —a be
relu, Ko

the minimum of ) € U(IEJ). Then we have:
i) Equation (1.15) defines a C° group T(t), t € R, on Z x Y. There exists C > 0
such that for any (up (0),uz: (0)) € Z x Y,

lua (D17 + lluze Olly < CeY ™™ (luz 0)ll 7 + lluz: O)lly), Ve > 0. (1.17)
The flow T (t) conserves the total energy
E(ua, uz) = lluz |y + (Luz, u2). (1.18)

ii) For any & € (0, —no), there exists initial data u$ (0) € Z, u5, (0) = 0 such that

[[u5 (r)||Y 2 eV U (0) ||Z, Vi > 0. (1.19)

The above theorem shows that rotating stars with Rayleigh unstable angular velocity
are always linearly unstable. The maximal growth rate is obtained either by a discrete
eigenvalue beyond the range of Y (7) or by unstable continuous spectrum due to Rayleigh
instability (i.e. negative Y (r)). In [23], it was shown that for slowly rotating stars with any
angular velocity profile, discrete unstable modes cannot be perturbed from neutral modes
of non-rotating stars. However, the unstable continuous spectrum was not considered
there.

We briefly mention some recent mathematical works on the stability of rotating
gaseous stars. The conditional Lyapunov stability of some rotating star constructed by
variational methods had been obtained by Luo and Smoller [30-33] under Rayleigh
stability assumption, also called Solberg stability criterion in their works.

The paper is organized as follows. In Sect.2, we study rotating stars with Rayleigh
stable angular velocity and prove the sharp stability criterion. In Sect. 3, we use the sta-
bility criterion to prove/disprove TPP for two families of slowly rotating stars. In Sect. 4,
we prove linear instability of rotating stars with Rayleigh unstable angular velocity.

Throughout this paper, for a,b > 0 we use a < b to denote the estimate a < Cbh
for some constant C independent of a, b, a & b to denote the estimate Cja < b < Czb
for some constants Cy, C» > 0 and a ~ b to denote |a — b| < € for some € > 0 small
enough.

2. Stability Criterion for Rayleigh Stable Case

In this section, we consider rotating stars with Rayleigh stable angular velocity pro-
files. The linearized Euler—Poisson system is studied by using a framework of separable
Hamiltonian systems in [29]. First, we give a summary of the abstract theory in [29].

2.1. Separable linear Hamiltonian PDEs. Consider a linear Hamiltonian PDEs of the

separable form
u 0 B LO u u
()= (o)) (0)=n() e

where u € X, v € Y and X, Y are real Hilbert spaces. We briefly describe the results in
[29] about general separable Hamiltonian PDEs (2.1). The triple (L, A, B) is assumed
to satisfy assumptions:
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(G1) The operator B : Y* D D(B) — X and its dual operator B’ : X* > D(B') —
Y are densely defined and closed (and thus B” = B).

(G2) The operator A : Y — Y* is bounded and self-dual (i.e. A" = A and thus (Au, v)
is a bounded symmetric bilinear form on Y). Moreover, there exist § > 0 such
that

(Au,u) > 8 |ul3, Yu €Y.

(G3) The operator L : X — X* is bounded and self-dual (i.e. L’ = L etc.) and there
exists a decomposition of X into the direct sum of three closed subspaces

X=X_@®kerL® X,, dimker L < oo, n (L) £ dimX_ < oo,

satisfying
(G3.a) (Lu,u) <Oforallu € X_\{0};
(G3.b) there exists § > 0 such that

(Lu,u) > 8 |lul)?, forany u € X,.

We note that the assumptions dim ker L < oo and A > 0 can be relaxed (see [29]).
But these simplified assumptions are enough for the applications to the Euler—Poisson
system studied in this section under the Rayleigh stability assumption (i.e. Y (r) > 0 for
all r € [0, Ro)).

Theorem 2.1. [29] Assume (GI1-3) for (2.1). The operator JL generates a C° group
"X of bounded linear operators on X = X x Y and there exists a decomposition

XZEu@EC@ES,

of closed subspaces E"*¢ with the following properties:

i) E€, E*, ES are invariant under ¢"-.

ii) E* (E®) only consists of eigenvectors corresponding to positive(negative) eigen-
values of JL and

dim E* = dim E* = n~ (L|W> ,

wheren™ <L|W) denotes the number of negative modes of (L-, -) |W‘ Ifn~ <L|W) >
0, then there exists M > 0 such that

M ps| < Me™™ >0, |eMpu| < MM, 1 <0, 2.2)

where L, = min{A | A € o (JL|gx)} > 0.
iii) The quadratic form (L-, -) vanishes on E**, i.e. (Lu,u) = 0 for allu € E**,
but is non-degenerate on E* @ E*, and

EC={ueX|(Lu,v)=0, Vve E*®E"}.
There exists M > O such that
le M el < M1 +|t))3, forallt € R. (2.3)

iv) Suppose (L-, -) is non-degenerate on R (B), then |etJL|Ec| < M for some M > 0.
Namely, there is Lyapunov stability on the center space E€.
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Remark 2.1. Above theorem shows that the solutions of (2.9) are spectrally stable if and
only if L|W > 0. Moreover, n™ (L|W) equals to the number of unstable modes.

The exponential trichotomy estimates (2.2)—(2.3) are important in the study of nonlinear
dynamics near an unstable steady state, such as the proof of nonlinear instability or
the construction of invariant (stable, unstable and center) manifolds. The exponential
trichotomy can be lifted to more regular spaces if the spaces E*-* have higher regularity.
We refer to Theorem 2.2 in [28] for more precise statements.

2.2. Hamiltonian formulation of linearized EP system. Consider an axi-symmetric ro-
tating star solution (pq (7, 2) , 76 = vpep = rwo (r) ep). The support of density pg is
denoted by €2, which is an axi-symmetric simply connected bounded domain. Let Ry
be support radius in r, that is, the maximum of r such that (r, z) € Q2. We choose the
coordinate system such that (Rg, 0) € 9S2. We make the following assumptions:

i) wp € C'0, Ro] satisfies the Rayleigh stability condition (i.e. Y(r) > 0 for r €
[0, RoD);

i) 32 is C? near (Rp, 0) and has positive curvature (equivalently €2 is locally convex)
at (Ro, 0);

iii) pg satisfies (1.7).

The following lemma will be used later.

Lemma 2.1. Under Assumptions ii) and iii) above, for ¢ > 0 small enough we have
oo a oyl
/ P (r, 2)dz ~ (Ry — r)7=1"2,
—00
forany . > 0andr € (Ry — ¢, Ro).
Proof. By (1.7), we have
+00 L
/ P (r, 2)dz ~ / dist((r, 2), 92 -1 dz.
—00 (r,2)e2

First, we consider the case when €2 is the ball {r2 +72 < R%}. Then for r close to Ry

3 ,/szrz A
/ dist((r, z), 3Q) "0Tdz = 2/ ’ (Ro —Vr? +12) 7l dz 2.4)
(r,2)€Q 0
/,/R(z)—rz (

0

Gk (L
= (Rg - r2) 0 / (1 - u2) 0 du
0

a4l
~ (Ro—r)n-!t 2.

%

A
proe
R% —r2 - zz) "7 dz

For general €2, let % > 0 be the curvature of 92 at (Rg, 0) and

I' = [(r,z) | (r—R0+r0)2+12=r3}
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be the osculating circle at (R, 0). Then near (Ry, 0), 9€2 is approximated by I" to the
2nd order. For any r € (Rg — €, Rp), let (r, —z1 (r)), (r, z2 (r)) be the intersection of
92 with the vertical line r’ = r, where z1 (r), z2 (r) > 0. Then for ¢ small enough, we
have

2 (). 20) = g = (r = Ro+70) +0 (\/rg — - R0+r0)2>-

For (r,z) € Q withr € (Rg — &, Ryp),

dist((r, z), 02) = dist((r, z), I') + o (dist((r, 2), "))
= (70 — \/(r — R0+r0)2+Z2> +o0 <<r0 —\/(r - R0+r0)2+Z2)> .

Then similar to (2.4), we have

A 5
—+ A 1
-1t2

+00
| pbade (-0 = Rown?) T~ (R -1y

—00

Bf—

Let Xy i= L}, . Xo = L2, X 1= X1 x X3, ¥ = (L2,)* and X := X x Y.

The linearized Euler—Poisson system for axi-symmetric perturbations around the
rotating star solution (pq (7, z) , wo () reg) is

dv, = 2wo (r) vg — 3, (D" (p0)p + V(p)),

3tvz = —32(43//(:00):0 + V(,O)),

=i 0 (2.5)
vy = —13-(worH) vy,

dp =—=V-(pov) =—=V-(0o(vr,0,0,)),

with AV = 4mp. Here, (p, T = (v, vg, v;)) € X are perturbations of density and
velocity.
Define the operators

L:=®"(pp) —4n(-=AN)"": X1 > (X1)*, A=po:Y — Y*,

_ 4a)gr3p0 . 4a)g,oo

Ap: 1 Xy = (X2)¥,

S @iy Y
and

where

v 0y p
Bl 7)==V-(,,0,v,), Bip=."), 2.7
1 <vz> (vr 2) 1P (81,0) 2.7
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and
9 2 _ dr(wor?)
B <v,> = —Mvr, (B2) vy = ( rpo v(’) . (2.8)
vz 00 0

Then the linearized Euler—Poisson system (2.5) can be written in a separable Hamiltonian

form
d (up\ _ ui
dt (uz) =JL <M2> ’ 2.9)

where u1 = (p, vyp) and u» = (v,, v;). The operators

{0, B\ .« _ (L, 0Y. .
J._(_B,’ O).X — X, L._(O’ A).X—>X,

are off-diagonal anti-self-dual and diagonal self-dual respectively, where

_ (L. 0. *
H“_(O, A]).X—>X.

First, we check that (I, A, B) in (2.9) satisfy the assumptions (G1)-(G3) for the
abstract theory in Sect.2.1. The assumptions (G1) and (G2) can be shown by the same
arguments as in the proof of Lemma 3.5 in [29] and the fact that B; is bounded. The
Rayleigh stability condition Y (r) > 0 implies that the operator A; is bounded, positive
and self-dual. By the same proof of Lemma 3.6 in [29], we have the following lemma.

Lemma 2.2. There exists a direct sum decomposition X1 = X_ @ ker L & X, and
8o > 0 such that:

i) dim (X_),dimker L < o0;
ii) Llx_ <0, L|x, = dpand X_ L X, in the inner product of X.

The assumption (G3) readily follows from above lemma. Therefore, we can apply
Theorem 2.1 to the linearized Euler—Poisson system (2.9). This proves the conclusions in

Theorem 1.1 except for the formula 1~ (Lizgg;) =1~ (Klrcs). which will be shown

later. Here, R (B) is the closure of R(B) in X, and the operators B, B are defined in
(2.6)—(2.8).

Remark 2.2. In some literature [30-33], the Rayleigh stability condition is Y (r) > 0 for
all r € [0, Rg]. Here, we used the stability condition Y () > O for all » € [0, Ry] as in
the astrophysical literature such as [4,46]. If Y'(r) > O forallr € [0, Rg] and Y'(r) =0

2

only at some isolated points, let A (r, z) = 4;)%0 and the operator Aj : L%\ — (Li)*
is bounded and positive. The linearized Euler—Poisson system can still be studied in the
framework of separable Hamiltonian systems and similar results as in Theorem 1.1 can

be obtained.
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2.3. Dynamically accessible perturbations. By Theorem 1.1, the solutions of (2.9) are
spectrally stable (i.e. nonexistence of exponentially growing solution) if and only if
L'W > 0. More precisely, we have

Corollary 2.1. Assume wo € C'[0, Ry, (1.7), and %(I)lfR ]T(r) > 0. The rotating star
relV, Ko

solution (,00 (r,2), 06 = rawo (r) eg) of Euler—Poisson system is spectrally stable if and
only if

(L8p, 8p) + (A18vg, Svg) = O for all (8p, Svy) € R(B). (2.10)

In this section, we discuss the physical meaning of above stability criterion by using
the variational structure of the rotating stars.

For any solution (p, v) of the axi-symmetric Euler—Poisson system (1.1), define the
angular momentum j = vgr and the generalized total angular momentum

Ag(p,vo) = /RS pg(ver)dx, 2.11)

for any function g € C' (R).

Lemma 2.3. Forany g € C L(R), the Sfunctional Ag(p, vg) is conserved for the Euler—
Poisson system (1.1).

Proof. First, we note that the angular momentum j is an invariant of the particle trajec-
tory under the axi-symmetric force field —VV — V®'(p). Let ¢ (x, t) be the flow map
of the velocity field v with initial position x, and J (x, #) be the Jacobian of ¢. Then
plpx,0),0)J (x,1)=p(x,0)and

Ag(p, vg) (0) = /R3,o(x,0)g(j (x))dx

= fRS p(y,1)g(j(¥)dy = Ag(p, vg) (1)

O

The steady state (pg, woreg) has the following variational structure. By the steady
state equation (1.6), we have

1 2.2 / —1 2 — s Q 2 12
Ea)or + ®'(pg) — |x| *p0+g0(wor)+co_01n , (2.12)
where cp > 0 is the constant in (1.6) and gg € C I(R) satisfies the equation

g <w0 (r)r2) — —wo(r), Yrel0 Rol. (2.13)

The existence of go satisfying (2.13) is ensured by the Rayleigh stability condition
Y (r) > 0 which implies that wq (r) r2 is monotone to . The equations (1.6) and (2.12)
are equivalent since

2 1 2.2 " 2
20 (wo ryr ) = —Ewor —/0 wy(s)s ds,
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due to (2.13) and integration by parts. Denote the the total energy by

1 1
H(,O,U)=/ —pv? + @(p) — —|VV|2dx, AV =4mp,
R3 2 8

which is conserved for the Euler—Poisson system (1.1). Define the energy-Casimir func-
tional

H.(p,v) = H(p,v)+00/ de+/ pgo(ver) dx,
R3 R3

where cg and g are as in (2.12). Then (pg, worey) is a critical point of H.(p, v), since
1
(DH¢(po, woreg), (8p, 8v)) 2/3 [Ew(z)rz + @' (pg) + V(po) +co + go(worz)} Sp dx
R

+ /]R* [powor + pog(’)(worz)r]évg dx =0

by equations (2.12) and (2.13). By direct computations,

(D*H.(p, v)[po, woregl(8p, 8v), (8p, 8v))

= /R (@ (po) (8p)? — 4m(—=A8p)8p + po (8v,)* + po (8v;)* dx

+ / po(1 + g (wor?)r?) (8vg)* dx
R3
= (L3p, 8p) + (A18vg, Svg) + (A (Sv,, Sv;) , (Suy, Svy)), (2.14)
where we used the identity

whr? 4ar3 4w?
1+ g"(a)()rz)r2 =1- 0 = 0 = 0.
’ 0or?) (gt YO

The functional (2.14) is a conserved quantity of the linearized Euler—Poisson system
due to the Hamiltonian structure (2.9). We note that the number of negative directions
of (2.14) is given by n™ (L).

Lemma 2.4. It holds that

R(B)) =R (B)) = {8,0 € L (po)

fapdxzo}.
Q

Proof. Since ker B| = ker V is spanned by constant functions, we have

/ Spdx =o}.
Q

It remains to show R (B1) = R (Bjp) which is equivalent to show R (B1A) = R (B1A).
By Lemma 3.15 in [29], we have the orthogonal decomposition

Ewra~ad 1
R(B)) = (ker B})™ = {8,0 € Ly (po)

L? =ker (BjA)® W,
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where W = {w = Vp € L2 }. Forany 8p € R (B;A), by the proof of Lemma 3.15 in
[29], there exists a unique gradient field Vp € LIZ,0 such that

BiAVp =V - (poVp) = ép.
By Proposition 12 in [19], we have

VPl SUV-(GoVPllz, — =ldpll2, (2.15)
0 D" (pg)

@ (pg)

For any u € D (B1A), let v € W be the projection of u to W. Then above estimate
(2.15) implies that

dist (u,ker (B1A)) = inf - = < ||B1A .
ist (e ker (BA) = __int e —zlig = lvllg S IB1Aula,
By Theorem 5.2 in [22, P. 231], this implies that R (B1) = R (B1). O

Definition 2.1. The perturbation (§p, §vg) € X is called dynamically accessible if
(8p, dvg) € R(B).

In the next lemma, we give two equivalent characterizations of the dynamically
accessible perturbations.

Lemma 2.5. For (§p, dvg) € X, the following statements are equivalent.
(i) (5p, Svg) € R(B);
(ii)

/ g(wor2)5,0 dx +/ porg’(a)orz)(Svg dx =0, Vg € c! R); (2.16)
Q Q

(iii) [ 80 dx = 0 and for any r € [0, Ro),

+00 9, (w0r2) r +00
/ Svgpo (r,z2)dz = r—2/0 s/ dp (s, z)dzds. 2.17)
—0o0

—00

Proof. First, we show (i) and (ii) are equivalent. We have R(B) = (ker B’ )L, where the
dual operator B’ : X* — Y is defined in (2.7)—(2.8). Let (p, vg) be a C ! function in

ker B’, then
, 2
B/<p>= arp_%ve Z(O).
Vg a,p 0

Since 3,p = 0 and wor? is monotone to r by the Rayleigh stability condition, we can
3 (wor?)

write p = g (wor?) for some function g € C'. Then 8,p — o

vg = 0 implies that
vg = porg (wor?). Thus ker B’ is the closure of the set

[(5 (@) pors'@or) . g e C' B},

in X*. Therefore, (30, dvg) € R(B) = (ker B')" if and only if (2.16) is satisfied.
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Next, we show (ii) and (iii) are equivalent. If (ii) is satisfied, by choosing g = 1 we
get f 8p dx = 0. Then by (2.16) and integration by parts, we have

Ro +00 r +00
/ [ﬂ / Svo po(r, 2)dz — 3 (wor?) < f s f 8p (s, z)dzds>i| ¢ (wor®)dr = 0.
0 —0 0 —0

which implies (2.17) since g € C' (R) is arbitrary. On the other hand, by reversing the
above computation, (ii) follows from (iii). O

The statement (ii) above implies that for any (6p, Svg) € R(B), we have
(DAg(po, wor), (8p, Svg)) =0,

where the generalized angular momentum A, is defined in (2.11). That is, a dynami-
cally accessible perturbation (8p, §vy) must lie on the tangent space of the hypersurface
Ag(p,v9) = Ag(po, wo(r)re). Since g is arbitrary, this implies infinite many constraints
for dynamically accessible perturbations. The stability criterion (2.10) implies that rotat-
ing stars are stable if and only if they are local minimizers of energy functional H (p, v)
under the constraints of fixed generalized angular momentum A for all g. This contrasts
significantly with the case of non-rotating stars. It was shown in [29] that non-rotating
stars are stable if and only if they are local minimizers of the energy functional under
the only constraint of fixed total mass. The stability criterion (2.10) for rotating stars
involves infinitely many constraints and is much more difficult to check. In the next
section, we give an equivalent stability criterion in terms of a reduced functional (1.13)
under only the mass constraint.

Remark 2.3. For non-rotating stars, the dynamically accessible perturbations are given
by R (B1) = R (B}) which consists of the perturbations preserving the mass (see Lemma
2.4). For rotating stars, the dynamically accessible space R(B) is different from R (B).

2.4. Reduced functional and the equivalent stability criterion. In this section, we prove

the formula n~ (L|W> =n" (K|r(,)) and complete the proof of Theorem 1.1.
Lemma 2.6. For any p € R (By), define

Lo _ Brlwor?) Jo s 730 8p(s. 2)dzds
’ r? [T po(r,)dz

(2.18)

Then (8,0, ugp) € R(B) and

s
u S el
0 L2 Lo

Proof. We have

2

e S5 J732 8p(s, Ddzds | ko (Ji 5 S22 00(s. 2)dzds )

Hue H R §/ 00 oo dx—271/ o dr
Ly, ~ e r 7% po(r, z)dz 0 r 7% po(r, 2)dz

2 2
Ro—¢ (for s sz 8p (s, z)dzds) Ro (for s sz Sp (s, z)dzds)
= 271/ 10 dr +27r/ v

0 r [Too po(r, 2)dz Ro—e 1 [To0 po(r,2)dz

=I1+11,
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where ¢ > 0 is chosen such that Lemma 2.1 holds. Since the function i (r) =
fjgj po(r, z)dzhas apositive lower bound in [0, Ry — €]and iy (r) = f+g§ mdz

is bounded, by Hardy’s inequality (see Lemma 3.21 in [29] or [3]) we have

Ro—e r +00 2
1 5/ r2 ([ s/ 8p(s,z)dzds> dr
0 0 —00
Ro—¢ +00 2
5/ r? (/ Sp(r, z)dz) dr
0 —00
</R0€r2(/+oocb”( ) (8p)% (r )d)(/wo;d >dr
~Jo S AV N PR

Ro—e¢ +00 5 )
5/ V/ " (o) (80)" (r, D)dzdr S 15pll7 >
0 —0o0

" (pp)

By Hardy’s inequality and Lemma 2.1, we have

Ry r +OO8 ’ dzd 2
112271/ (fosf—+o§O IO(S Z) Z S) dr
Ro—e r [Z o po(r, 2)dz

R (fo s J732 00 (s, D)dzds)”
S / dr
R

)
0=e (Ro —r)n-t2

Ry +00 2 1,3
§/ (/ 5p(r,z)dz> (Ro —r) W=1"2dr
Ro—¢ —00
Ro +00 +00 1 __1 .3
< / ( / cb”(po>(6p)2dz) ( / ; dz) (Ro—r) ™1 2dr
Ro—& \J—o00 —o00 P"(p0)

R +00
< fR i ( / @/’(poxap)zdz) (Ro — r)dr
0—¢& —00

2
Sl
@ (pg)

~

where we used the estimate

+00 1 +00 22y 1
2—y Jo—1t2

—dz%/ py dz~ (Ro—r)n ' 2,
/_oo " (o) oo 0

since ®” (s) & s0~2 for s small. This proves ||ugp||Lz Slépll2 .
P (o)

The statement <8p, ug'o ) € R (B) follows from Lemma 2.5 since fQ 8p dx = 0 for
8p € R (By) and uzp obviously satisfies (2.17). O
With the help of Lemma 2.6, we can finish the proof of Theorem 1.1.

Proof of Theorem 1.1. We only need to show n™ (IL|W> =n" (IC|R(BI)). First, we
have

<]L <5p> , (‘3" )> > (KC8p, 8p), Y (8p,8vg) € R(B), (2.19)

Svg Svg
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since

4w} Ro 402 [+
(A18vg, Svg) =f —0 po (Svg)? dx = 2;1/ 0 00 (8vg)>dz dr
Q 0

Y(r) T(r) J -
Ry 4 2 +00 2
= an " £0 (ugp) dz dr
0 T(r) —00
Ro 40%’, +00 5 2
+2m 00 (81}9 — uy ) dzdr
o Y()J-w
Ry 4 2 +00 2
> 271/ D" £0 (ugp) dz dr
o YT J-x

Ro "s [ 80(s. 2)dzds 2
:271'f wr(r)(f0 f‘fjo ple.Ddzds) |
0 r [ po(r. 2)dz

In the above, we used the observation that
+00 s +00 s +00
/ 00 (81)9 - ue'o) dz = / podvedz — uy’ (r)/ podz =0,
—0Q —0o0 —0o0
since
+00 50 +00 9, (w0r2) r +00
[ Podvedz = uy (r)/ podz = —2/ s/ 8p (s, z)dzds
—00 —00 r 0 —00

due to (2.17) and (2.18). Since §p € R (By), it follows from (2.19 ) thatn™ (K|gs,)) =
n- (MW)' On the other hand, we also have n™ (K|gs,)) < n~ (IL|W) , since

) )
o (5) ()

Thus n™ (’ClR(B.)) =n" (MW)‘ This finishes the proof of Theorem 1.1. |

3. TPP for Slowly Rotating Stars

In this section, we use the stability criterion in Theorem 1.1 to study two families of
slowly rotating stars parameterized by the center density.

3.1. The case of fixed angular velocity. Inthis subsection, we consider a family of slowly
rotating stars with fixed angular velocity.

Under the assumptions (1.2)—(1.3), for some pmax > 0, there exists a family of
nonrotating stars with radially symmetric density o, (|x|) parametrized by the center
density u € (0, imax). We refer to [29] and references therein for such results. Let R,
be the support radius of o, and B;, = B(0, R,) be the support of p,,. The radial density
Py satisfies

A(®'(py)) +47p, =0, in By,
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with p,(0) = . For the general equations of state satisfying (1.2)—(1.3) with yp > 4/3,
it was shown in [15] that pumax = +00.

Letw(r) € C1P[0, co) be fixed for some B € (0, 1). We consider a family of rotating
stars for the Euler—Poisson system with the following form

{po==puw(nz)==pu<g@1<o:z»»
—
vy = krw (r)eg,

where the dilating function is

G
=x|1+>-=]),
S ( X2

and ¢, . (x) : B, — Ris axi-symmetric and even in z.
The governing equation of rotating stars (pu,,(, krow (r) 09) turns out to be:

,
—K2f @ (5)sds + D (Pui) + Vi + e = 0100 Qs
0
Vi = =17 % ppu e in R?, 3.1)

where ¢, « is a constant and 2, « = g, (By,) is the support of the density p, , of the
rotating star solution.

Remark 3.1. We consider rotating stars near a family of non-rotating stars parameterized
by center density. In the literature, the constructions are mostly near a non-rotating star
with a fixed center density [14, 18] or a fixed total mass [41].

By similar arguments as in [14,18,41], we can get the following existence theorem.

Theorem 3.1. Let v € [po, 1] C (0, umax), P(p) satisfy (1.2)—(1.3), and w(r) €
CLB[0, 00). Then there exist & > 0 and solutions Puxof B.1)forall || < k, satisfying
the following properties:

1) puic € CE(R3), where a = min(f/o__y(l), D).

2) pu.« is axi-symmetric and even in z.

3) Pux(0) = p.

4) pu.xc = 0 has compact support g, . (B,).

5) Forall i € [0, (1], the mapping k — py, « is continuous from (—k , ) into CCl (R3).
When k =0, py.0 = pp(|x]) is the nonrotating star solution with p, (0) = u.

Now we use Theorem 1.1 to study the stability of above rotating star solutions
(Pp, ko (r)reg), for € [0, 1], k small enough, and w € c-P|o, 00) satisfying the
0 (?r%)
3

Rayleigh condition Y'(r) := > 0. First, we check the assumptions in Theorem
1.1. Let R,  be the support radius in r for 2, . = g, (By). Since g¢, € C2(BM)
dependents continuously on «, it is easy to check the assumptions on €2, , for k¥ small
enough. That is, 92, , is C 2 and has positive curvature near (R, ., 0). Next, we check

the assumption (1.7). For nonrotating stars, it is known ( [6,16,27,29]) that

1
o, z) = (R — v r2 +z2)n=T) for vr2 + 72 ~ R,.



Stability of Rotating Gaseous Stars 1743

For « small enough, by the definition of the dilating function g, ,, we have

P (D) = puley (1, 2))
~ (R, — g () )
~ dist((r, 2), 98¢, (B,L))ﬁ,
for (r, z) near (R «,0) = 8tun (R, 0).

Below, for rotating stars (o, krw (r) €g) we use X, e, X|"°, Yyues Ly, APS,

B, B}, K, «, etc., to denote the corresponding spaces X, X1, Y, and operators L,
A1, B1, By, K etc. defined in Sect. 2.
By Theorem 1.1, the rotating star (o, kw(r)rey) is spectrally stable if and only if

(Jo s 722 8p(s. 2)dzds)’

r [T pu(r, 2)dz

Ry«
(Kys0.89) = (Lisdp.30) 426 [ 1) dr >02)
0

for all

8p € R(B"™) = [8,0 € X’f*“]/ Spdx = 0} )
Qi

Moreover, the number of unstable modes equals n~ ( Kkl g Bl )>. From the stability
criterion, we can obtain the following instability result.

Theorem 3.2. (Sufficient condition for instability)
Let I C [po, ;1] be an interval such that the non-rotating star (py, 0) is unstable for

any v € 1. Then for any w € CL-B0, o0) satisfies Y (r) > 0, there exists kg > 0 such
that the rotating star (o, kw(r)reg) is unstable for any 0 < k < ko and p € I.

Proof. The instability of (o,, 0) implies that n_(L“’()'R(BfL‘O)) > 0 for u € I. Thus

there exists some € > 0 (independent of w) and 8p,,0 = Spu,0(x]) € R(B{L‘O) such
that (L 080,,0, 8pu,0) = —2€ < Ofor u € I. Let

fBu 8pu.0(|x|) det Dgg,  (x)dx
M/l.,l(

8pux (1, 2) = 801,0(8¢,,.. (1, 2)) — Pux(r:2),

then 8, (r, z) € R(B}""). Noticing that
lim / 3p,0(]x]) det Dg;w (x)dx = / 3o, 0(xNdx =0,
k=0 B,

By,

we have

Lim (L, 800, 80u0c) = (L1,0001,0, 8pu,0) = —2€ < 0.

k—0

Thus, there exists k¢ > 0 such that when 0 < ¥ < K
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(KM,K‘SIOM,K: 5Pu,l<)

. 5 Ry (fo f 8o i (s, z)dzds)
= (Lyuk80u i 8pp i) + 2671 Y(r)
0 f—oo Puk (1, 2)dz

dr < —e < 0.

The linear instability of (o, ., k@ (r)reg) follows. O

Let fi be the first critical point of the mass-radius rati

and set i = +00 if % M has no critical point. Consider the rotatlng stars (0, Kw(r)reg)
for u € [o, n1] C (0 ) and k small. We have the following sufficient condition for
stability.

Theorem 3.3. (Sufficient condition for stability)
Suppose P(p) satisfies (1.2)~(1.3), and w € C" ‘3[0 o0) satisfies Y (r) > 0. For any

u.)(

w € [po, 1] C (0, 1) and x small enough, zf > 0, then the rotating star

(pp, kwrey) is spectrally stable.

For the proof of above Theorem, first we compute n~ (L, «|x,,. ). Let H) and
H a_xl be the axi-symmetric subspaces of H'(R3) and H~1(R3) respectively. Define the
reduced operator D, , : Hl. — H_ ! by
D e —A 4
e qy,(P,u,K) '
Then

_ S v
(Dyu i, ¢>—/R3IVWI dx 4nfR3 P v € Hy,.

defines a bounded bilinear symmetric form on I-'Ialx. By the same proof of Lemma 3.7 in
[29], we have

Lemma 3.1. It holds thatn™ (LM,K |X;IL.K) =n" (ch) anddimker L, , = dimker D, .

Since the rotating star solution (o, «, k@ (r)reg) is even in z, we can compute

n- (L K |X§m) andn™ (DM, K) on the even and odd (in z) subspaces respectively. Define

X0 ={p e X\ p(r.2) = —p(r, —2)}, XU :={p e X{"" | p(r.2) = p(r, —2)},
H .= {p e H., |p(r,2) = —o(r, —2)}, H® :={p € H. | ¢(r,2) = o(r, —2)}.
(3.3)

Lemma 3.2. Assume P(p) satisfies (1.2)~(1.3), @ € CY#[0, 00) satisfies Y(r) > O.
Then for any n € [pno, m1]1 C (0, it) and k small enough, we have n™ (L, ) =
n~(L,0) = 1andker L, , = span{d;p, }. Moreover, we have the following direct
sum decompositions for Xk and X g a’,'( :

Bk _ MoK s : wk
X0 =XT, © Xy, dimXZ, =1,
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and

XD = span{0.pu.} ® X\

+,0d’
satisfying: i) Ly | xyme < 0;
—,ev
ii) there exists § > 0 such that

2 K K
(L,L,Ku, u) >4 ”u”Liu( ) foranyu € Xff,e,, &) X’:’Ud,
P,k

where § is independent of L and k.
The same decompositions are also true for K, , on X B and X g“ f. In addition, for
AV (0,2, )

any i € [po, 1, it holds that < 0 for k small enough.

Proof. It was showed in [29] that: for any u € (0, i), we have n™ (D, o) = 1 and
ker D, o = span{d,V, } in the axi-symmetric function space. Here, V,, = —lx] 7% Puis
the gravitational potential of the non-rotating star. Since 9, V), is odd in z, it follows
that for any u € (0, 2): i) on H®”, n= (Do) = 1, ker D, o = {0}; ii) on H,
ker D0 = span{d;V,} and n~ (D, o) = 0. Moreover, for u € [uo, 1] C (0, 1),
there exists 8o > O (independent of w) and decompositions H¢¥ = H @ H{" and
H! = span{d,V,} @ H?? satisfying that: i) dim H® = 1, D, olge» < —30; ii)
Dyu.0l yevgs o = So. Since 8;Vyu« € H* Nker Dy, c and

4 4
CD//(IOM,K) CD//(:O;,L)

2

3 3

4 4 2 ’
< _ d 2
’V(/R<¢pro @%p@) x) 1l

S 0WIIVYl;, — 0, ask — 0,

((Du,/( - Du,o)w, 1//) = / < ) 1//2dx

by the perturbation arguments (e.g. Corollary 2.19 in [29]) it follows that for u €
[0, 1] and « sufficiently small, the decompositions H” = H®’ @ H{" and H od —

span{d;V, .} @ H{' satisfy: 1) dim H®” =1, D, «|ger < —%80; ii) DM,KlHEU@Hfd

v

1
580.
2
By the proof of Lemma 3.4 in [29], for any p € X’f’K we have

1 1
— 2 vrll2
<LM,K10’ 10) ”p”XlllK 47 ” w”LZ = 47 (DM,va l/f)’ (34)

where Y = #A‘l,o. We note that 9,0, € ker L, , ﬂXfi}K and9,V, , = %A‘lpugk.
The existence of decompositions for X%,* and X"* as stated in the lemma follows readily

from (3.4) and above decompositions for H od and He.
Since

(Lo = Kpes) 2 £)| S OGP ol - Vo € X,

and 3. p, « € ker K, « N X51°, we have the same decompositions for K, , on X4, and
X
od *
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Since yp € (6/5, 2), it is known that (see [29])

dVM(O,Rﬂ)__i M, <0
du T du R, ’

for p small. Recall that /& is the first critical point of Ig—;‘. Therefore, when u € [, (1] C

(0, 1), we have W

‘dvu,K(o,zu,K) _ dVu(O,Ry)

< —eq for some constant €g > 0 independent of w. Since
AV, (0,Z,0)
d

M M = O(k), we have < O for any € [uo, 1]

and « small enough. This finishes the proof of the lemma. |
Proof of Theorem 3.3. The spectral stability of (o, ., kwreg) is equivalent to show
n- (KM»K|R(B{“K)) = 0. By Lemma 3.2 and the fact that K, = L, , on ng, we
have

n_(KM,leg(}KﬂR(B{l’K)) = n_(LLL,K|XZ'{‘lKﬁR(B;L'K)) = n_(LM,K|X5a;K) =0.

Since Ky« = Ly on X 55 due to Y(r) > 0, for spectral stability it suffices to show
n- (LM,K|X§‘,;”0R(BW) =0.
Applying ﬁ to (3.1), we obtain that

dp i _ _dcu,,(

T du -

From (3.1) we know that ¢, , = =V, (R, 0). By Lemma 3.2, d;‘;" > 0 for u €
[0, ;1] and « small enough. Therefore,

d
XEENR(B) = {8,0 e XK | <L“’“Z_ZK’ 5p> = 0} :

i.e. §p is orthogonal to d’;ﬁ” in <LW<', )

M,
When dl’:”‘ > (, we have

<L dpu,/c dpu,K> _ _dC/L,K f dp/l.,l( dx — dVM,K(Oﬂ Zu,x) dM,u,/( <0
A dp diw Jp, By di dpu du

Combining above with Lemma 3.2, we get n_(Ll/«Jflxé‘,;KﬂR(Bf"")) = 0. Hence we get
the spectrally stability.

When My

e .
7 = 0, since

dM,, i 2/ d'o“’de=O,
du R3S du

we have dZ‘;’" € Xé‘,}KﬂR(B{L’K). Meanwhile, sinceker L, , = {0} on X5, by the same
argument as in the proof of Theorem 1.1 in [29], we have n™ (L, |X§‘v’”mR(B§“)) =0.

The spectral stability is again true. O
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It is natural to ask if extrema points of the total mass M, , of the rotating stars
(op.i> kwreg) are the transition points for stability as in the case of nonrotating stars.
Below, we show that this is not true.

First, we give conditions to ensure that the first extrema point of total mass M,  is
obtained at a center density uf before ji (the first critical point of M, /R,). Assume
P (p) satisfies the following asymptotically polytropic conditions:

HI1)

P(p) =c_p"(1+ O0(p™)) when p — 0, (3.5)
for some yy € (%, 2)and c_, ag > 0;
H2)
P(p) = cip” (1 + O(p~ %)) when p — +00, (3.6)

for some yoo € (1,6/5) U (6/5,4/3) and ¢4, aco > O.

Under assumptions H1)-H2), it was shown in [15] that the total mass M, of the
non-rotating stars p, := p, 0 has extrema points. Moreover, the first extrema point of
M, which is a maximum point denoted by ji,, must be less than [t (see Lemma 3.14 in
[29]). For any po < ps < p1 < ft, we have My — M, in C! [mo, 1] when k — 0.
Thus when « is small enough, the function M, . has the first maximum pf € (o, 1)
and lin}) s = W« By Theorem 3.3, the rotating stars (o, ., kw(r)reg) are stable for

K—>

u e [MO, u’;] It is shown below that the transition of stability occurs beyond pf.

Theorem 3.4. Suppose P(p) satisfies (3.5)~(3.6), o € CLP[0, 00) satisfies Y (r) >
0. Fixed « small, let [i, be the first transition point of stability of the rotating stars
(Ppucs kw(r)reg). Then for any k # 0 small enough, we have L, > ps.

Proof. As in the proof of Theorem 3.3, the spectral stability is equivalent to show
Kue > 0on X5 N R(B{L’K). Suppose the maxima point pf of M, , is the first
transition point for stability, then we have
K op,
inf (Ko P) 3.7)
peXbF NR(BI*) ”'O”Li/,(pﬂm)

By Lemma 3.2, when « is small enough, we have the decomposition

K Kk K K K K . K Kk
Xeo = X0 @ XV, dim XM =1,

satisfying: i) Kﬂiﬂxﬂiw < 0; ii) there exists § > 0 such that

—,ev

2 s
(Kuseo. p) = 8110112, forany p € X47% .

4
@ (ﬁﬂf;v,{)

By using above decomposition, it is easy to show that the infimum in (3.7) is obtained
by some p* € xXhn R(Bil*’K). Then

(Lyc o p*, p*) < (Kpe op™, p*) = 0.
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On the other hand, we have

Lo« dppt,K| dpu,lci _deL,K(Os Z;L,K)| de.,K|
Hos ke du n=pk’ du u=pk [ T du H=pk dp 'm=Hx

and

dpu,x dVM,K (0, Zyx)
LI‘L’:“K T |;L=[1'; ’ ’O* = |,u:l/"; ,o*dx =0.
dp dp Qi

C d . .
This implies that p* = ¢ Z‘;’K | 4=y for some constant ¢ # 0. Since otherwise,

=<0 <0 N
n (LMQ,HXZ;,K) =n <L“§’K|span dpp.k uu’;""*]) =2.

du

which is in contradiction to n=°(L w5 il out ) = 1. Thus, we have
* ng*

dpy, dpy,
0= <Ku'i,KdLMK|M=Mi’ ﬁ|u:ui>
dpe 2
5 [ Rk (for s fjgj Z_I;/:|M=Mi (s, z)dzds)
=2k f Y(r) 5
0 r ./—oo puk « (r, 2)dz
and consequently
+00 d
/ Pk (r2)dz =0, Vr e [0, Ry.]. (3.8)
oo du

Nevertheless, it is not true as shown below.
For non-rotating stars (o, (r), 0), we have

1 /
A= (r2 (Vu(r))/) = d7p,.

where r = +/r? +z? and V,(r) is the gravitational potential. Applying % to above

equation, one has
1 N\
1 (2 (LYY _ g
r2 du du
d

dp/; (r) = 0 we have

Whenr > R, since
av,\’ av,\’ Ru d M

2 (E) =R (S (R = 471/ 2P (yds = L0

du B\ du 0 du dp

and consequently
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Since lim y& = . we have lim % (u%) = "Mﬂ (1) = 0. Thus
k—0 Kk—0

av, amM 1
d—lf(RM)m:M; =- du“ (%) i 0, ask — 0.

Define y, (r) = V,(R,) — V,u(r) = ®'(p,). Then by Lemma 3.13 in [29], we have

dy d (M, dv,
d_:(Ru”u:ui = <_) lp=ps — M(RM)UL M

dp
d M
d,u lu=p, #0,as k — 0. (3.9)
Thus by (3.9), we obtain
d 1 d 2=y
() = DU (1) % 21 & (R, — 1)1
dp D" (pu) du "

forr ~ R, and u = pf. By (3.36) and (4.78) in [41], we know

-1 1

g7 g K g L, K
e <y>' = | lim () < i,
du e N Ty

for some constant C independent of © and «. Therefore,

-1
g,
e D

—1
doa dpu(s;! ) dp, dp,. (1)
dp T T a T S

~ gy, ()T = puc(r )P

for g;jK (r,z) ~ R, and u = pf. By Lemma 2.1, we have

+00 dpM P +00 5 2‘&.@
/ d —— | pu=pur (r, 2)dz ~ / P (r, 2) Wiz a2 (Ry< « — r)n-172 £,
—00 128 00

for r ~ R« .. This is in contradiction to (3.8) and finishes the proof of the theorem. O

3.2. The case of fixed angular momentum distribution. Let j(p,q) : R*> — R be a
given function satisfying

j(p,q) € CHP(RY x R*) and j(0,q) = 8,/ (0,q) = 0. (3.10)
Define J (p, ¢) = j>(p. q). We consider a family of rotating stars of the following form

Pue(r2) = pu(gg! (),

- Jmp, o (1) M)
Uy,e = 21—y,
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where

r o
Cpe(x)

and ¢, (x) : B, — R is axi-symmetric and even in z. The Euler—Poisson system
satisfied by (Pu,s, Uy, 5) is reduced to the following equations:

,

D (pue) + Vie — 82/ J(mp,  (s), Mye)sds +cpe =0, inQpu, (3.11)
0

Vie = —lx| 7" ppue in R, (3.12)

where €, » = g¢, . (By) and ¢, . is a constant.

Although (3.11) is a little different from the steady state equations in [14], the key
linearized operator at the point ¢ = 0 is the same as [14]. By similar arguments as
[14,41], we can get the following existence theorem.

Theorem 3.5. Let v € [po, 1] C (0, wmax), P(p) satisfy (1.2)—=(1.3) and j(p, q)
satisfy (3.10). Then there exists € > 0 and solutions p,, ¢ of (3.11) for all |e| < &, with
the following properties:

1) pue € CE*(R3), where a = min(i;_y?, D).

2) pu,e is axi-symmetric and even in z.

3) Pu.e(0) = p.
4) pu.e = 0 has compact support g¢, . (B,).

5) Forall v € o, (111, the mapping e — p,. ¢ is continuous from (—&, £) into Cc1 (R3).
When & =0, py0(x) = pu(|x|) is the nonrotating star solution with p, (0) = .

Now we use Theorem 1.1 to study the stability of rotating star solutions
(Pu,es €] (mpw(r), M, ¢)/req), where ¢ is small enough, j(p, g) satisfies (3.10) and
the Rayleigh stability condition d,,J (p, q) > 0 (i.e. jd,j > 0). Asin Sect. 3.1, the as-
sumptions in Theorem 1.1 can be verified. Thatis, 982, ¢ is C? and has positive curvature
near (R, ¢, 0) and (1.7) holds for any p € [10, (¢1] and & small enough.

Below, for rotating stars (0., €] (mp, ,(r), My ¢)/reg) we use X, ¢, X’f’ » Yie,
Ly, A‘f’g, Bim, Bg’e, K, ¢, etc., to denote the corresponding spaces X, X1, Y, and
operators L, A1, By, By, K etc. defined in Sect.2. Again, we denote [t to be the first
critical point of M, /R, for non-rotating stars. Define the spaces X4;° and X4;° as in
(3.3). By the same proof of Lemma 3.2, we have the following.

Lemma 3.3. Assume P(p) satisfies (3.5)—(3.5) and j(p,q) satisfies (3.10) and
Bp(j2 (p,q)) > 0. Then for any u € [no, u1] C (0, &) and & small enough, we
have n~ (K, ¢) = 1 and ker K, ; = span{9,p,.¢}. Moreover, we have the following
direct sum decompositions for Xby° and X15°

&

RE _ yHE o€ . we
X0 = X2 0y & Xy, dimX7, =1,
and
wie e
X, =span{d;py.c} ® D AP

satisfying: i) KM,8|X51‘;‘1, < 0;
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ii) there exists 5§ > 0 such that

(Kppew,u) = 8lul?, — VueXisoxts

L +,0d°
¢‘ (Pp,e)

where § is independent of |1 and €.

dVy, E(RM £,0)
dn

In addition, for any u € o, 11), it holds that < 0 for & small.

By Theorem 1.1, we get the following necessary and sufficient condition for the
stability of rotating stars (o, e, &j (mp, ,(r), My ¢)/reg) :

(Ku,e8p,8p) = (L .00, 8p)

RI.F a M
+2£2n/ " (m,,/“(r) ee) (/ / 3p(s, z)dzds) dr >0,
0

for all 8p € R(BI"®) = {5,) € X1 [, . dpdx = 0}

The following Theorem shows that the stability of this family of rotating stars can
only change at the mass extrema.

Theorem 3.6. Assume P(p) satisfies (3.5)—(3.6), and j(p,q) satisfy (3.10) and
op (j2(p,q)) > 0. Let n*(w) be the number of unstable modes, namely the total al-
gebraic multiplicities of unstable eigenvalues of the linearized Euler—Poisson system
at (pp.e, €j (myp, , (r), My ¢)/reg). Then for any € [no, n1] C (0, i) and & small

enough, we have
am
1, when —*£ < 0,
n' () = i
" {O, when % > 0.

Proof. By the same arguments in the proof of Theorem 3.3, we have

nu('u) =n" (KM,6|X5';SQR(B{"3)) .

Thus it is reduced to find the number of negative modes of the quadratic form (K e >
restricted to the even subspace of R(B“ ).
Applymg ap to (3.11), we obtain that

dpu & 2/ Mpe —3
L — = 3 J M d
0, d & ) (mpﬂg(s) pLa) du s
dc
2 M,y e §—3 e
+&2 | 0,0(mp, (), M y M e 5y ene (3.13)
/0 & T dp du
where
dey, d o [Fue -3
d‘l‘f = <—Vu,8(RM,€,0)+e /O J(mp, ,(s), My s ds
AV e(Rye, 0) 2/R“ dmp, (s )
= e Tme 7 9,J M —d
du € o P (m,o,u(s) ) ———— du N
,dM,, dRye

+e Bue(Ryue)+e” T(My e, My )R, 3

du du
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By integration by parts and (3.13), we obtain that

Ry.e ) 3 r poo dpp.e ro poo
271/ ev|0pJ(mp, (r), My )r— <[ / si’dzds> (/ / sgodzds) dr
0 [ P e e ] 0 Joo dn 0 J-co

=& f ’ 3 J(m ( ) M ) “Fd / (de
14 Pre\T )l 14
0 1 du Q

L€

RP«S 00 2 ,0/1 e (s) -3
— 27 3 BpJ(mpM L(8), My, )7 ds |redzdr
0 —00 0 du

Ryue dm d
2 " -3 Pu.e cQ
=¢ OpJ(mp, (r), My o)r > ———dr / <pdx—<—,g0>
[/0 PP, foe du Qe du

dpp.e 2dMye [ [T -3
_<Lu,g dp ,(p>—8 du /anJ(mpﬂys(s),MM,g)s ds, ¢

dVie(Ry.s,0) 2 _3dRy ¢ 2 dMy, ¢ /'
= (et tme T 25 My, . My )R e (R d
< dn e J(Mye, My e)R,, dn —€ dn e (Rue) M(/’ X

dppe 2dMy
— (L —, —¢ — (K , Q).
< H,€ dn 2 dn ( w.e8u,e ‘P)

Here, in the above we used
" 3
Ry e(r) :f 0qJ (mpﬂ_s(s), M,w)s_ ds,
0

and g, . =K, h w.e- The inverse operator

-1 . L&\ * 2 .
K/L,S : (nga) - L% - ngs
" (&)
exists and is bounded by Lemma 3.3. Since g7r— ( has compact support and ®” (s) ~

s=2 for s ~ 0%, we have

‘/gﬂ edx

Therefore, we have

dpp.e 2 dMy e
<Ku,s|: dn +e du 8. |»®

1

h2 2
S /%dx < 400.
Q" (pp.e)

Slswelzz, S [Kik
" (pp,

7 (ppie)

AV e(Rue, 0
(7’”( 1.8 )+0(s2))/ pdx,
du Qe

(3.14)

for any ¢ € X45°.
By (3.14) and the fact that
small, we have

) dp £, sz
xg,me(st)z{5pexg,f|<1(ﬂ,8( d’; m “gue ). 80)=0¢.

M + 0(¢?) < 0 when u € [io, 1] and € is
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On the other hand, we have

d dM d dM
o () (b )

du du du
dV, (R, 0 d dM
= (WViue(Rpe 0) )+0(52) / Pe 28708 0 ) dx
du R3\ du du ’
_ d‘//t,é‘(R;L,an)_i_O(gz) dM;l.,S.
du du

By Lemma 3.3, n™ (K, 6| yne) = 1 and ker Ky elxme = {0}. We consider two cases:

1) d%j’s # 0. A combination of above properties immediately yields

aM
1 when —*= < 0,

I L
mn

n"(u) =n" (K/L,8|ngmR(3{‘-€)> = {

2) When dﬁ;’—l’:" = 0, as in the proof of Theorem 3.3, we have

n'(w) =n" (K/L,s|x5L;sﬂR(B{"€)) =0.
This finishes the proof of the theorem. O

Remark 3.2. The above theorem implies that for a family of rotating stars with fixed
angular momentum distribution j(m, M), the transition of stability occurs at the first
extrema of the total mass. That is, the turning point principle (TPP) is true for this
family of rotating stars. This contrasts greatly to rotating stars of fixed angular velocity,
for which case TPP is shown to be not true (see Theorem 3.4).

In the literature, there are three common choices of j (m, M) in the study of rotating
stars.

i) (Fixed angular momentum distribution) The most common one is j(m, M) = j(m).
See for example [2,18,30-33];
i) (Fixed angular momentum distribution per unit mass) j(m, M) = j(m/M). See for
example [34];
iii) (Fixed angular momentum distribution with given total angular momentum) j (m, M) =
ﬁ j(m/M). See for example [4]. We note that for this case, the total angular mo-
mentum given by

[t Geyam= [ tmyan’ (o= 5.

is a constant depending only on j.

In the rest of this subsection, we use Theorem 3.6 to study two examples of rotating
stars with mass extrema points.

Example 1. Asymptotically polytropic rotating stars

Assume P (p) satisfies assumptions (3.5)—(3.6). By the same arguments as in the case
of fixed angular velocity, when ¢ is small enough and u € [uo, n1] C (0, &), the mass
M, ¢ of the rotating stars (o e, &j(mp, . (r), My, ¢)/reg) has the the first maximum
s € (o, w1). Then by Theorem 3.6, the rotating stars are stable when w € [uo, p1g]
and unstable when p goes between pf and the next extrema point of M, ¢ in (Mi, ,ul).
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2.10

log u

-4 -3 -2 -1 0

2.05

Fig. 1. The dependence of the mass M () on the center density u for y = % and the angular momentum
distribution j (m, M) = - [1 — (1 — #)2/3]. From Bisnovatyi-Kogan and Blinnikov [4]

Example 2. Polytropic rotating stars

Consider the polytropic equation of state P(p) = p” (y € (£,2)). The non-rotating
stars (i.e. Lane-Emden stars) with any center density u are stable when y € (4/3,2)
and are unstable when y € (6/5, 4/3). In particular, M, = Cy/ﬁ@”_“) is a monotone
function when y # ‘—3‘ and there is no transition point of stability.

However, polytropic rotating stars with fixed angular momentum distribution
J (m, M) can have mass extrema points, which are also the transition points of stability.
One such example was givenin [4] fory = ‘3‘83 3 Land j(m, M) = 1= (1=2)273].
With numerical help, it was found (see Figure 1 below taken from [4]) that there isa
mass minimum point p* for the total mass M (u). This is the first transition point of
stability. In particular, rotating stars with center density u beyond u* become stable

(Fig. 1).

Remark 3.3. Tt can also be seen from above Example 2 that the critical index y* for the
onset of instability of rotating polytropic stars is not %‘. Ledoux [24], Chandrasekhar and

Lebovitz [8] indicated that the critical index y* is reduced from to y* % %‘LIUWII for

small uniform rotating stars, where / > 0 is the moment of mertla about the center of
mass and W is the gravitational potential energy. For more discussion about the critical
index y* of rotating stars, see [13,21,38,39].

4. Instability for Rayleigh Unstable Case

Consider an axi-symmetric rotating star (pp, ) = (po (r, ), wo(r)reg), where the
angular velocity wq(r) satisfies the Rayleigh instability condition [35,45,46]. That is,
there exists a point ry € (0, Rp) such that

B (3t

T(”O) - I"3

< 0. 4.1)
r=ro
For incompressible Euler equation, it is a classical result by Rayleigh in 1880 [36] that
condition (4.1) implies linear instability of the rotating flow Uo) = wo(r)reg under axi-
symmetric perturbations. In this section, we will show the axi-symmetric instability of
rotating stars with Rayleigh unstable angular velocity.
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From the linearized Euler—Poisson system (2.5), we get the following second order

) v
equation for uy = <vr>’

z
dur = —Lup = —(Ly + Lo)us, 4.2)
where L;, L, are operators on Y = (Lf)o)2 defined by
Liuz = BiLBA = V[®" (p)(V - (pou2)) — 4 (—=A) ' (V - (pou2)],

and

Loz = (7).

Lemmad4.l. Lisa self-adjoint operator on (Y, [, -1) with the equivalent inner product

[-,-]= <A.’ )

Proof. By Lemma 2.9 in [29], L; is self-adjoint on (Y, [-, -]) with the equivalent inner
product [-, -] := (A-, -). Since L, is a symmetric bounded operator on (Y, [-, -]), L =
L + L, is self-adjoint by Kato-Rellich Theorem.

O

The next lemma on the quadratic form of I will be used later.

Lemma 4.2. There exists constants m > 0 such that for any u, € Y, we have

T 2 2
[z, wz ]+l = 19 - Gpoun) 12
@ (po)

Proof. Since
[iuz, Mz] = [Lquz, uz] + [Louz, us],

2

and obviously [[Lousz, us]| < |luz ||L2 , it suffices to estimate
po

[Liuz. u] = (LB Auz. BiAuz) = |V - (poua) |3 —4nf IVV|*dx,
" (pg) R3

where —AV = V - (pou2). By integration by parts,

1 3
/ YV dx = _/ pout - VVdx < (||u2||2y)2 </ |VV|2dx> ,
R3 ]R3 R3

which implies that fR3 |VV|2 dx < |luz II%. This finishes the proof of the lemma. O

The study of equation (4.2) is reduced to understand the spectra of the self-adjoint
operator L. First, we give a Helmholtz type decomposition of vector fields in Y.
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Lemma 4.3. There is a direct sum decomposition Y = Y1 @ Ya, where Y1 is the closure

of
{u €Y |u= Vp, for some p eC! (Q)},

inY and Y; is the closure of
1 2
{ue (c (Q)) mY|v.(p0u)=0},

inY.
The proof of above lemma is similar to that of Lemma 3.15 in [29] and we skip. Denote
P;: Y+~ Yyand P, : Y — Y5 to be the projection operators. Then ||Py]|, ||P2]| < 1.
Forany uy € Y, letupy = vy +vp where vy = Pyuy € Yy and vy = Prup € Y>. Since

]]:uz = ]L]U] +IP’1]L2v1 +P1L2v2 +P2L2v1 +P2]L2U2,

the operator L:Y—Yis equivalent to the following matrix operator on Y7 x Y>
L, C\ (v
C*, Ly v2
_ ]il , C + 0, 0 V1
a 0, Hh;z (C*v 0 v2

= (T +A)v,
where
Ly =Ly + PPy Yy — Yy, Ly = PolloPs : V) — Yo,
C=PLP:Y, = Y|, C* =PI, P : Y] — Yo,
and

T:(Hal’ﬂi),AZ((g; 8) YI XY, —> Y X V).

Lemma 4.4. The operator A is T-compact.
Proof. For any v = (vy, v2) € D (T), the graph norm ||v||7 is defined by

vl = lvlly + 1Ty

~ |lvlly + [Livilly = [[v]ly + [[Livi]ly.

It is obvious that D(A) D D(T). To prove A is T-compact, we need to prove A :
(D(A), I'll7) = (Y, |l - lly) is compact. By the definition of A, we notice that Av =
0, PalLpvy) : Yy x Yo = {0} x Y». Forv; = V& € Y7,

lvillz =1V - (GpovDll 2, +lvilly =1V - (oVEIl2 ~ +IIVElly,
" (pg) " (pg)
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as defined in (1.16). By the proof of Lemma 4.2, we have

IV GoovDIl2,  +llvilly S (Lavi, vi) +2m oy
@ (pg)
S L lg + il ~ ol -
Thus |lvillz < llvllz. Since the embedding (Y7, ||Ilz) < (Y1, | - lly) is compact
by Proposition 12 in [19] and P, L, are bounded operators, it follows that A :
(DA, [Il7) = (Y. |l - ly) is compact. o

The above lemma implies that the essential spectra of L is the same as L.
Lemma 4.5. 0,55 (L) = 0,55 (o).

Proof. We have o, (i) = 0e5s(T + A) by the definition of the operator 7 + A. By
Lemma 4.4 and Weyl’s Theorem, we have o, (T + A) = 0,45 (T). By Theorem 2.3 v) in
[29] and the compact embedding of (Y1, ||-||z) < (Y1, || - |ly), the spectra of I on Y
are purely discrete and 0,55 (IL1) = @. By the same arguments as in the proof of Lemma

4.4, ]I:l is relative compact to L1 and as a result o, (H:l) = 0,55 (IL1) = @. Since the
matrix operator 7 is upper triangular, it follows that

Oess (T) = Gess(]l:l) U O'ess(]IZZ) = O'ess(H:Z)'
O

We study the essential spectra of L, in the next two lemmas. By the Rayleigh
instability condition (4.1) and the fact that Y (0) = 4wp(0)2 > 0, we know that
range (Y (r)) = [—a, b] for some a > 0, b > 0.

Lemma 4.6. 055 (L2) D range(Y(r)) = [—a, b].

Proof. Forany A € (—a, b), letrg € (0, Ro) be such that A = Y (rp). Choose (79, z0) €

2 and gp small enough, such that (r,z) € Q when |r —rg| < g9 and |z — z0| < 8(2).

Choose a sequence {&,},2; C (0, &o) with lim &, = 0. Let ¢(r), ¥ (z) € Cg°(—1, 1)
n—oo

be two smooth cutoff functions such that ¢(0) = ¥ (0) = 1. Define §v¥" = (§v;", Sv:")

with
En r —ro Z— 20
Svir = — ! ,
= (50 ()
and
1 r—ro Z— 20
- ()9 ()
" A, por €n &2
where
P &n , T —T0 Z—20 2 1 r—ro.,, 2—20 2
Ap = £0 @ ( W(——=)| +|—9¢( Wi(——5—)| |dx
R3 por &n & por &n &,

n

1o (2l Oy +|e@v ()]
= 27‘[82/ / ( | ] | )dtds =0 <83) .
—1J-1

p0r|(r,z)=(et+r0,e%s+z())
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Then ||§v® ||y = 1 and §v®" € Y, owing to
& & 1 & &
dp™ = B1ASv™ = =0, (rpodv,") + 9;(podv,") = 0.
r
We will show that {§v®} is a Weyl’s sequence for the operator L, and therefore A €
Oess (L2).

First, we check that v®" converge to 0 weakly in Y;. For any & € Y, since Sv®" is
supported in €2, = {|r —rol < é&n,lz— 20l < 8,%}, we have
1

ro+en Zo+8% 2
, |27 f / pol€Prdrdz| — 0,
ro—en Jzo—e}
when g, — 0. _
Next, we prove that (L, — 2)§v®" converge to O strongly in Y. We write

e

[0, )] = v

Noticing that ||P;|| < 1 and

”‘SU? Y A2

then we have

PR A ol 0 e

1L —M)8v[§ < max (Y (r) — T(ro))* | Sver
(er)EQEn

< max (YO)—Y(r0)2+0 (;;3) )

T (e,

as &, — 0. This shows that §v®" is a Weyl’s sequence for Iﬁz and A € 0. (]I:z). Thus
(—a, b) C 0e55(L) which implies [—a, b] C 0,55 (IL2) since 055 (LL2) is closed.
O

Lemma 4.7. 0 (Ly) = 055 (L2) = range (Y (r)) = [—a, b].
Proof. Fix A ¢ [—a, b]. For any u = (u,, u;) € Y>, we have

[(La — M, u] = [(Ly — Mu, u]
= [(T(}’) - )V)ura ur] - [)V”z, uz]

= / po(Y(r) — Muldx + / (=) poudsx.
Q Q
Since a > 0, b > 0, we have
I[(La — Au, ull = 1 ul},

where ¢; = min {|A — b|, |a + A|} > 0. Thus ||(Iﬁz — AMull > ¢ |lully, which implies
that (L, — ) ™! is bounded and A € p(L). Therefore, o (L») C [—a, b]. This prove the
lemma by combining with Lemma 4.6. O
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The following proposition gives a complete characterization of the spectra of L.

Proposition 4.1. Under the Rayleigh instability condition (4.1), it holds:

i) Oess (L) = range(Y(r)) = [—a, b].

ii) o(IL) N (—o00, —a) consists of at most finitely many negative eigenvalues of finite
multiplicity.

iii) o (L) N (b, +00) consists of a sequence of positive eigenvalues tending to infinity.

Proof. The conclusion in i) follows from Lemmas 4.5 and 4.7. This implies that any
A € o (L) in (—o0, —a) or (b, +00) must be a discrete eigenvalue of finite multiplicity.

Proof of ii): Suppose otherwise. Then there exists an infinite dimensional eigenspace
for negative eigenvalues in (—oo, —a). We notice that

]I:+a1=]Ll+]Lz+aI > Ly,

since Lo + al is nonnegative. It follows that n~ (IL1) = oo since n™ (H: +al ) =
This is in contradiction to that n~ (IL;) < n~ (L) < oo.

Proof of iii): Suppose otherwise. Then there exists an upper bound of o (L), denoted
by Amax = b. Thus L < A4 I which implies that

Li < —Lo+Apaxd < (@ + Apax) 1.

Consequently the eigenvalues of | cannot exceed a + A4y . This is in contradiction to
the fact that L has a sequence of positive eigenvalues tending to infinity. O

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Denote ) € L (X) (A € R) to be the spectral family of the
self-adjoint operator L. Let {u; 172, be the eigenvalues of Lin (b, 00). If (L) N
(=00, —a) # @, we denote the eigenvalues in (—oo, —a) by v; < --- < vg where
K =dim(R(w—y)).Forl <i <oo, 1 <j <K,let P" =my,4 —m,,_ and Pj_

= 7y;+ — Ty;— be the projections to ker (]I: — il ) and ker (H: —v;l ) respectively,

and Py = mp+ — mo— be the projection to ker L. By Proposition 4.1, we have

/Adm_zulpuzwp +/ AdTT.

For any initial data (2 (0) , ua; (0)) € Z x Y, the solution to the second order equation
(4.2) can be written as
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[e.¢]

us (1) = Z [cos(mz)Pi+u2 0) + J% sin(/1it) P ua; (0)}

1
+ Z |:cosh ( /—v;t) P uz (0) + = sinh (\/Tv]t) P uy (O):|

/ cos(v/At)dmu(0) + / — sin(v/At)drun: (0)
0

0 0
+/_a cosh(«/—)\t)dmuz(O)+/_a \/l__ksinh(\/—kt)dn,\uZI(O)
+ Pyuy(0) + t Pouos (0). 4.3)

If a(]I:) N (—oo, —a) = &, the solution u; (¢) is obtained by removing the second term
above. B
Denote the minimum of A € o (IL) by no, that is,

Mo = min ][ v, vl

_|-a, ifo@)N(-co,—a)=2
)y, ifa(Iﬁ) N(—o0,—a)={v; <--- <vg}

By the formula (4.3), it is easy to see that ||uz(¢)|y < eV ™™ for t > 0. To estimate
llua(t)|lz, we note that by Lemma 4.2

lualy ~ [Laez, uz ] + 2muz 3. (44)

By using (4.3), we have

[z 0, u2 0] 3 [ | Pruz O3 + | Pz 03]

= K 2 2
+ 2Vt Z |:H P uz (0) HY + H Pj uar (0) HY]
=

b

b
. /O d (2(0), u2(0)) + /0 d (102(0), 31 (0))

0
+ 2 [/ d(muz(O),uz(O))"‘/

—a

0
d (m5u2:(0), uy; (0))]

S 2T ([ Lz (0,12 )]+ mlluz ©) 13+ luze ©) 1)
< VT (s (0) 13 + ez ) 1)

This implies
2 )z S €Y7 iz O 12+ Nz O) 1),
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by using (4.4) and the estimate for ||u»(¢)|]y. Since

o]

wy (1) = Y [ =/ sin(y/mit) PFuz (0) + cos(/1tit) P ua; (0)]

i=1
K
Z[ /v sinh (/=0;1) P ua (0) + cosh (/=v;1) P ua, (0)]
b
+ f —V A sin(v/At)dmus (0) + f cos(v/At)dmyua; (0)
/ V= sinh(vV/=At)d7m,us(0) + / cosh(v/—A1)dm; uz; (0) + Pou (0),

—a

by similar estimates as above for ||u> (¢) ||z, we obtain

luze )y < €Y (lua (0 [l 2 + lluas (0) Ily) -

This finishes the proof of the upper bound estimate (1.17). It is straightforward to show
that the energy E (u2, us,) defined in (1.18) is conserved for solutions of (4.2).

Next, we prove the lower bound estimate (1.19) in two cases.

Case 1: O'(]i) N (—o0, —a) # @. We choose u3(0) = ¥ and uy,(0) = /—v1y
where ¥ € Z is the eigenfunction of I corresponding to the smallest eigenvalue vy in
(—00, —a). Then

(u2(0), w20 (1)) = (/71 /=0 Wy )

which clearly implies [|u2 () ||y = eV |luz (0)]| 7.

Case 2: O'(H:) N(—o0, —a) = @. Since oess(]]:) = [—a, b], for any ¢ > 0 small there
exists a nonzero function ¢ € R(w—_44¢ — T—q) C Z. Choose the initial data u(0) = ¢
and u2;(0) = 0. Then the solution u; (¢) for the equation (4.2) is given by

us (1) = / - cosh(v/—At)dmy .

—dad
Thus

—a+e

lua ()13 = / T cosh (VR (s ) 2 eV e / d (3¢, ¢)

a —a

Z eV g,

This finishes the proof of the theorem. O

Remark 4.1. By Theorem 1.2, the maximal growth rate of unstable rotating stars can be
due to either discrete or continuous spectrum. Consider a family of slowly rotating stars
(pe, Ve = eray (r) €g) near a non-rotating star (,oo (Ix]), vo = 6) with wg (r) satisfying
the Rayleigh instability condition (4.1). If the non-rotating star is linearly stable, then for
sufficiently small &, the linear instability of (o, V) is due to the continuous spectrum.
On the other hand, if the the non-rotating star is linearly unstable, then for sufficiently
small &, (o, Ue) remains unstable and the maximal growth rate is due to the discrete
eigenvalue perturbed from the unstable eigenvalue of the non-rotating star.
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Remark 4.2. In [23], Lebovitz indicated that for slowly rotating stars with any angular
velocity profile wo(r), discrete unstable modes cannot be perturbed from neutral modes
of non-rotating stars. More precisely, Lebovitz showed the stabilizing influence of rota-
tion on the fundamental mode (corresponding to the first eigenvalue of the operator L in
(4.2)) even when wq(r) does not satisfy the Rayleigh stability condition. However, this
does not imply the stability of the rotating stars since the unstable continuous spectrum
was not considered in [23].
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