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Abstract: In this paper, we show the existence and uniqueness of local regular solutions
to the initial-Neumann boundary value problem of the Schrodinger flow from a smooth
bounded domain  C R? into S?(namely Landau-Lifshitz equation without dissipation).
The proof is built on a parabolic perturbation method, an intrinsic geometric energy
argument, the symmetric (algebraic) properties of S* and some observations on the
behaviors of some geometric quantities on the boundary of the domain manifold.It
is based on methods from Ding and Wang (one of the authors of this paper) for the
Schrodinger flows of maps from a closed Riemannian manifold into a Kihler manifold as
well as on methods by Carbou and Jizzini for solutions of the Landau-Lifshitz equation.

1. Introduction

In this paper, we are concerned with the existence and uniqueness of strong solutions to
the initial-Neumann boundary value problem of the following Schrodinger flow from a
smooth bounded domain  C R3 into S?

ot = u X Au,

where “x” denotes the cross product in R3. It is well-known that this equation is also
called the Landau-Lifshitz equation with a long history (see [28]). The solvability of
such a Landau-Lifshitz equation with natural boundary condition is an important and
challenging problem, and by the knowledge of authors there were few results on its
well-posedness in the previous literature if the dimension of the domain €2 denoted by
dim(€2) is greater than one.
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1.1. Definitions and background. In physics, the Landau-Lifshitz (LL) equation is a
fundamental evolution equation for the ferromagnetic spin chain and was proposed on
the phenomenological ground in studying the dispersive theory of magnetization of
ferromagnets. It was first deduced by Landau and Lifshitz in [28], and then proposed by
Gilbert in [22] with dissipation. It is well-known that the Landau and Lifshitz system
is of fundamental importance in theory of magnetization and ferromagnets, and has
extensive applications in physics.

In fact, this equation describes the Hamiltonian dynamics corresponding to the
Landau-Lifshitz energy, which is defined as follows. Consider a ferromagnetic body
occupying a bounded, possibly multi-connected domain  of the Euclidean space R>.
We neglect mechanical effects due to magnetization (magnetostriction) and assume the
temperature to be constant and lower than Curie’s temperatures. Let u, denoting magne-
tization vector, be a mapping from €2 into a unit sphere S*> C R3. The Landau-Lifshitz
energy functional of a map u : @ — S? is defined by

1 1
Eu) :=/ @(u)dx+—/ |Vu|2dx——/hd~udx.
Q 2 Ja 2 Ja

Here V denote the gradient operator and dx is the volume element of R3.

For the above Landau—Lifshitz functional, the first and second terms are the anisotropy
and exchange energies, respectively, and ® (u) is a smooth function on S?. The last term
is the self-induced energy, and &4 («) is the demagnetizing field, which has the following
form

ha(w)(x) = V /Q VNG — yu(y)dy.

where N(x) = — ﬁ is the Newtonian potential in R3.
The Landau—Lifshitz (for short LL) equation without dissipation can be written as

oru=—uxh (1.1)
where the local field & of £(u) can be derived as
8E(u)
Su

In this paper we want to consider the existence of regular solution to equation (1.1).
Since the anisotropy term @, non-local field i, () and the negative sign“—"" in equation
(1.1) do not affect on our analysis and main conclusions, for the sake of convenience and
simplicity, we only consider the classical Schrodinger flow into S? (Landau—Lifshitz)

h:=— =Au+hy —V,P.

0w =u X Au.

Intrinsicly, “u x”" can be considered as a complex structure J on S2, which rotates
anticlockwise the tangent space at u by an angle of 7 degrees. Therefore, we can write
the above equation as

dru = J(u) P(u)(Au),

where P (u) : R — T,S? is a standard projection operator.
From the viewpoint of infinite dimensional symplectic geometry, Ding-Wang [18]
proposed to consider the so-called Schrodinger flows for maps from a Riemannian



Existence and Uniqueness of Local Regular Solution 393

manifold into a symplectic manifold, which can be regarded as an extension of LL
equation (1.1) and was also independently introduced from the viewpoint of integrable
systems by Terng and Uhlenbeck in [47]. Namely, suppose (M, g) is a Riemannian
manifold, (N, J, w) is a symplectic manifold, the Schrodinger flow is a time-dependent
map u : M x R* — N < R™* satisfying

o = J(u)t(u)
where
T(u) = Agu+ A(w)(Vu, Vu)

is the tension field of u, where A (u)(-, ) is the second fundamental form of N in R"*k,
Here we always embed isometrically (N, J, @) in an Euclidean space R"** where n =
dim(N).

A great deal of effort has been devoted to the study of Landau-Lifshitz equation
defined on an Euclidean spaces or a flat torus (closed manifold) in the last five decades.
One has made great progress in the PDE aspects of the Schrodinger flows containing
the existence, uniqueness and regularities of various kinds of solutions. Now, we recall
some known results which are closely related to our work in the present paper.

In 1986, P.L. Sulem, C. Sulem and C. Bardos in [45] employed difference method to
prove that the Schrodinger flow for maps from R” into S? admits a global weak solution
or a smooth local solution under suitable initial value conditions. Moreover, they also
addressed the existence of global smooth solution if the initial value map is small. In
1998, Y.D. Wang (the second named author) [49] obtained the global existence of weak
solution to the Schrodinger flow for maps from a closed Riemannian manifold or a
bounded domain in R” into S? by adopting a more geometric approximation equation
than the Ginzburg-Landau penalized equation used for the LLG equation in [1,7,46].
Later, Z.L. Jia and Y.D. Wang [25,26] employed a method originated from [20,49] to
achieve the global weak solutions to a large class of generalized Schrodinger flows in
more general setting, where the base manifold is a bounded domain Q C R"(n > 2)
or a compact Riemannian manifold M” and the target space is S or the unit sphere
Sy in a compact Lie algebra g. However, the existence of global weak solution for the
Schrodinger flows between manifolds are still open.

The local existence of the Schrodinger flow from a general closed Riemannian man-
ifold into a Kihler manifold was first obtained by Ding and the second named author of
this paper in [18]. By using a parabolic approximation and the intrinsic geometric energy
method, they proved that, if M is an m dimensional compact Riemannian manifold or
the Euclidean space R™ and the initial map ug € Wk2(M, N) withk > [m /2] +2, then
there exists a local solution u € L*°([0, T), Wk*z(M , N)). The local regular(smooth)
solution to the Schrodinger flow from R” into a Kéhler manifold was also addressed by
Ding and Wang in [19] (Later, Kenig, Lamm, Pollack, Staffilani and Toro in [27] also
provided another different approach). Furthermore, they also obtained the persistence of
regularity results, in that the solution always stays as regular as the initial data (as mea-
sured in Sobolev norms), provided that one is within the time of existence guaranteed
by the local existence theorem. In proving its well-posedness, the heart of the matter is
resolved by estimating multi-linear forms of some intrinsic geometric quantities.

For low-regularity initial data, the initial value problem for Schrédinger flow from an
Euclidean space into S has been studied indirectly using the “modified Schrodinger map
equations" and certain enhanced energy methods, for instance, A.R. Nahmod, A. Ste-
fanov and K. K. Uhlenbeck [35] have ever used the standard technique of Picard iteration
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in some suitable function spaces of the Schrodinger equation to obtain a near-optimal
(but conditional) local well-posedness result for the Schrédinger map flow equation from
two dimensions into a Riemann surface X, in the model cases of the standard sphere
X = $? or hyperbolic space X = H?. In proving its well-posedness, the heart of the
matter is resolved by considering truly quatrilinear forms of weighted L?-functions.

For one dimensional global existence for Schrodinger flow from S' or R! into a
Kihler manifold, we refer to [13,36,39,52] and references therein. The global well-
posedness result for the Schrodinger flow from R” (n > 3) into S? in critical Besov
spaces was proved by Ionescu and Kenig in [24], and independently by Bejanaru in
[3], and then was improved to global regularity for small data in the critical Sobolev
spaces in dimensions n > 4 in [4]. Finally, in [5] the global well-posedness result for the
Schrodinger flow for small data in the critical Sobolev spaces in dimensions n > 2 was
addressed. Recently, Z. Li in [29,30] proved that the Schrodinger flow from R” with
n > 2 to compact Kéhler manifold with small initial data in critical Sobolev spaces is
also global.

On the contrary, F. Merle, P. Raphaél and I. Rodnianski [33] also considered the
energy critical Schrodinger flow problem with the 2-sphere target for equivariant initial
data of homotopy index k = 1. They showed the existence of a codimension one set of
smooth well localized initial data arbitrarily close to the ground state harmonic map in
the energy critical norm, which generates finite time blowup solutions, and gave a sharp
description of the corresponding singularity formation which occurs by concentration of
a universal bubble of energy. One also found some self-similar solutions to Schrodinger
flow from C" into CP" with local bounded energy which blow up at finite time, for
more details we refer to [17,21,34].

As for some travelling wave solutions with vortex structures, F. Lin and J. Wei
[31] employed perturbation method to consider such solutions for the Schrodinger map
flow equation with easy-axis and proved the existence of smooth travelling waves with
bounded energy if the velocity of travelling wave is small enough. Moreover, they showed
the travelling wave solution has exactly two vortices. Later, J. Wei and J. Yang [50]
considered the same Schrodinger map flow equation as in [31], i.e. the Landau—Lifshitz
equation describing the planar ferromagnets. They constructed a travelling wave solution
possessing vortex helix structures for this equation. Using the perturbation approach,
they give a complete characterization of the asymptotic behaviour of the solution.

On the other hand, since the seventies of the 20th century magnetic domains have been
the object of a considerable research from the applicative viewpoint (e.g., see [42,48]),
especially because of invention of “magnetic bubbles" devices and their use in computer
hardware. In the literature, physicists and mathematicians are always interested in the
Landau-Lifshitz-Gilbert system with Neumann boundary conditions(see [10,40]), for
instance, Carbou and Jizzini considered a model of ferromagnetic material subject to an
electric current, and proved the local in time existence of very regular solutions for this
model in the scale of H* spaces. In particular, they described in detail the compatibility
conditions at the boundary for the initial data, for details we refer to [11]. Roughly
speaking, Carbou and Jizzini showed that

ou = —u x (ux Au)+ou x Au, (xt) e Q x R*,
fu =0, (x,t) € 9Q x R*,

u(x,0) =ug:Q — S?,

admits a very regular solution if #( meets some compatibility conditions at the boundary,
where o is a real number.
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A natural problem is if the following

oru =u x Au, (x,t) € Q x RT,
fu =0, (x,t) € 992 x RY,
u(x,0) =up: Q2 — S?,

where v is the outer normal vector on 2 and uy is the initial value map, admits a strong or
regular solution? The results on the existence of global weak solutions proved by Wang
in [49] hints us that the initial-Neumann boundary value problem of the Schrodinger
flow should be posed as follows

oru =u X Au, x,t) €  x R*,
u =0, (x,0) € 99 x RY, (1.2)
w(x,0)=ug: Q — S, Wop0—0.

Our goal of this paper is to prove the above problem (1.2) admits a local in time strong
(regular) solution. The above Schrodinger flow with starting manifold is a bounded
domain 2 C R” with n > 2 is a challenging problem, there is few results on the
well-posedness of initial-Neumann boundary value problem (1.2) in the literature.

1.2. Strategy and main results. In the present paper, we are intend to studying the local
well-posedness of the above equation (1.2). However, the method involving harmonic
analysis in R” used in [2-6,24] may not be effective for the equation in a bounded
domain or a complete compact manifold. And hence, we still apply a similar parabolic
perturbation approximation and intrinsic geometric energy method with that in [18]
since Carbou and Jizzini [11] have shown that the corresponding problem of the approx-
imating equation is well-posed. More precisely, we will employ the following parabolic
perturbation equation to approximate (1.2)

due = e(Aug + |Vug|Pug) + ue x Aug,  (x,0) € Q x R,
e =0, (x,t) € Q2 x R¥, (1.3)
ue(x,0) =ug: Q — S2, %hm:o

where ¢ € (0, 1) is the perturbation constant, since the perturbed equation and the
Schrédinger flow into S? (Landau—Lifshitz equation without dissipative term) share the
same compatible conditions of the initial data.

Because of the space of test functions associated to equation (1.2) is much smaller
than that for the setting in [18], it is more difficult for us to get the desired geometric
energy estimates on the solutions of (1.2). We need to overcome some new essential
difficulties caused by the boundary of domain manifold.

Our main conclusions can be presented as follows.

Theorem 1.1. Let Q2 be a smooth bounded domain in R3. Assume that the initial value
maps uo € H%(Q 82) with = ”0 lag = 0. Then, there exists a positive number Ty > 0
depending only on |lug|| g3 and the geometry of 2 such that the equation (1.2) admits
a unique regular solution u € L*®([0, To], H> (2, $?)) N C°([0, Ty, H*(, S?)) with
initial value uy.

Remark 1.2. 1. Theorem 1.1 still holds for the case of €2 being a smooth bounded domain
in R? (also see [37,38]).
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2. If the initial map u( satisfies some furthermore compatibility and applicable regularity
conditions, we also prove (1.2) admits a unique smooth solution u# with initial value
uo. We will present these results in another paper [15].

3. In forthcoming papers we will extend the results in Theorem 1.1 to the case the
starting manifold of the Schrodinger flow is a 2 or 3 dimensional compact Riemannian
maniflod with smooth boundary and the target manifold is a compact Kdhler manifold.

4. It s still open for the case the dimension of the starting manifold is greater than three.

On the other hand, we recall that the self-induced vector field is defined by
ha(u) = Vf VN (x — y)u(y)dy
Q

in the sense of distributions. Hence, the following estimates of 44 is a fundamental result
in theory of singular integral operators, its proof can be found in [10,11,14].

Proposition 1.3. Let p € (1, 00) and Q be a smooth bounded domain in R3. Assume that
u € WP (Q, R?) fork € N. Then, the restriction of hy (1) to Q belongs to WP (Q, R3).
Moreover, there exists constants Cy, p, which is independent of u, such that

Iha @) llwr@) < Cr.plullwerg)-

In fact, hy : wkp(Q, R3) — WkP(Q, R?) is a bounded linear operator.

With Proposition 1.3 at hand, we take an almost same argument as that in the proof
of Theorem 1.1 to conclude the following result.

Theorem 1.4. Let Q be a smooth bounded domain in R3. Assume that the initial value
maps ug € H3(Q, S?) with % lag = 0, and ® € C°°(S?). Then, there exists a positive
number Ty > 0 depending only on |\ug|| g3 and the geometry of 2 such that the initial-
Neumann boundary value problem of equation (1.1) admits a unique regular solution
u € L¥([0, Tol, H3 (2, $?)) N C°([0, To), H*(2, S?)) with initial value uy.

To prove the above conclusions we need to overcome two essential difficulties. One is
how to find test functions which are compatible with Neumann boundary condition (i.e.,
these test functions produce vanishing boundary terms when integrations by parts are
taken) and the other is how to get a uniform H 3 Sobolev norm estimate of i, (“uniform”
means “independent of ¢ € (0, 1)”’). We will make full use of the geometric structures
of the Schrodinger flow to overcome the two difficulties. Our proofs provided here are
based on the following two crucial observations:

1. By L?-estimate of Laplacian operator with Neumann boundary condition (i.e.
% lag = 0) and the equation (1.3), we can infer the following critical equivalent norm
estimate:

2 2 2 33
luellys <= CA + luellyp + 10iuelly)°
H H H

where C is independent of &, namely Lemma 3.6. In order to show uniform H3 norm
estimate, the above equivalent norm inequality implies that it is enough to get a uniform
bound of

2 2
lloee lly2 + 119ruee |1 -

2. By the orthogonality of t (i) and u, x Au,, we can see that d,u, and t (u,) satisfy
the Neumann boundary conditions in the sense of distribution, which are induced by
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Jue

5-lag = 0 (i.e. Lemma 3.5). This implies that d,u,, Ad;u, and At (u.) are suitable
candidates for test functions compatible with Neumann boundary condition.

Therefore, in order to derive required energy estimates on the solutions to Schrodinger
flow as ¢ — 0, we should consider the equation satisfied by 9d,u. and choose 0,u,,
Ad:u, and At (u.) as the test functions of the equation satisfied by d;u. such as (3.7)
and (3.8). We will see that one can use the facts |u.| = 1, (R3, x) is a Lie algebra and
J(u) = ux : T,S? — T,S? is a integrable complex structure on S2, i.e. VS'J = 0,
to infer a concise intrinsic equation of d;u. (i.e. Formula (1.4)), from which it is not
difficult to show 0,u, satisfies an extrinsic parabolic-type equation (i.e. Formula (3.7))
and another key fourth order differential equation (i.e. Formula (3.8)).

Concretely, the proof of Theorem 1.1 is divided into three steps. In the first step, we
consider the parabolic perturbation approximation equation (1.3). Recall that the local
well-posedness for this parabolic system is established recently in [11], which can be
formulated as the following proposition (also see our recent work [14]).

Proposition 1.5. Suppose that uy € H 3(Q, S?), there exists a positive number T, de-
pending only on ¢ and |lug| 2 such that the equation (1.3) admits a unique regular
solution ug on 2 x [0, T¢) which satisfies for any T < T, that

I lug(x,t)] =1 forall (x,t) € Q x[0,T];
2. up, € L°°([0, T, H3(Q)) N L2([0, T1, H*()).

In Sect. 3, we will extend 7 stated in this proposition to the maximal existence time
of solution u, satisfying the above properties.

In the second step, we get the uniform H3-energy estimates of u, with respect to €.
Our basic idea is to make full use of the integrality of complex structure to get higher
geometric energy estimates of solution u, to

oru = et(u) + J(u)t(u)

as in [18]. Inspired by this idea and the above two new observations, we consider the
corresponding equation of d;u, from the viewpoint of intrinsic geometry. For simplicity
we let M be a bounded domain 2 C R” and choose the natural coordinates x =
{x1,...,x,} on Q. Noting that VJ = 0, we take a simple calculation to show

Vardgue + (1 — ) Vi Vi(t(ue)) — 267 (ue) Vi Vi (T (1))
= &” RN (¢ (ug), Viug) Vite +eJ (u) RY (v (ug), Viug) Vite
+ e RN (J (up)T(ue), Vi) Viug +J (up) RY (J (e) T (), Viug) Vitte.  (1.4)
Here, V; = v{yl and R is the Riemannian curvature tensor of N.
In particu]a:;: if the target manifold N = S? with the complex structure J(u) = ux

foru e S?, then it is not difficult to show that u satisfies the following extrinsic formula
(to see Formula (3.8) for precise form)

Bzug
ot2

9 )
= s{§(|wg|2u8) — 2div(Vue x VZup) + e X A(|Vug|>ug)}

+ (1 —eDHAT(up) — 26 A(up x Aug)

+6|Vue|Pue x Aug + A(|Vug|Pup) — 2divZ (Vi@ Ve ))ue
—z(kusﬂ, wg> — 2 (Aute, Vitg) - Vitg — |V | Aug (1.5)
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by using the fact |u| = 1 and
REX.Y)Z=(Y,Z)X —(X.Z) Y

for any X, Y and Z in ['(TS?).
Let ¢ = 0. After contracting some terms in the above extrinsic formula, we obtain
again the nice equation in [45] (also to see Formula (3.14))

92 ) )
a—t;‘ + A%u = — 2divZ((Vu®@Vu)u) + 2div(Vu®@Vu) - Vu)

—div(|Vu|*Vu). (1.6)

Then, by taking d;u, and d;Au, as test functions to the extrinsic equation (1.5)
respectively, we can obtain the desired H3-estimates of u, on a uniform time interval
[0, Th] with 0 < Ty < T by a delicate complicated computation and by using the
folgowing essential geometric information from the target manifold (S?, J = ux) —
(R, x):

(1) The cross product (R, x) additionally satisfies the Lagrangain formula
ax ((bxc)={a,c)b—{a,b)c

for any vectors a, b, ¢ € R3.
(2) Anyu € S?* C R3 canbe considered as a vector in TMJ-SZ. Namely, forany X € 7,S?,
we have

(u, X) =0.

It is worthy to point out that we use the geometric and algebraic structures ( i.e., the
antisymmetry of J = u X, the above properties (1) and (2) on Lie algebraic structure)
associated with this system to eliminate some terms involving high order derivatives of
ue in the process of getting uniform H?>-estimates, hence the remaining terms can be
well-controlled by applying Lemmas 2.1 and Lemma 3.6 on equivalent Sobolev norms.
For more details we refer to Sects. 3.1 and 3.2.

Therefore, by letting ¢ — 0, the existence part of Theorem 1.1 is proved.

In the last step, we show the uniqueness of the solution # we obtained by adopting
the intrinsic energy method introduced in [32,44].

1.3. A related problem. Recently, Chern et al [16] described a new approach for the
purely Eulerian simulation of incompressible fluids. In their setting, the fluid state is rep-
resented by a C2-valued wave function evolving under the Schrédinger equation subject
to incompressibility constraints. The underlying dynamical system is Hamiltonian and
governed by the kinetic energy of the fluid together with an energy of Landau-Lifshitz
type. They deduced the following

oru+ Lyu =a(u x Au),

where & is a real number, u : 2 x [0, T) — S? and L, is the Lie derivative with respect
to the field v on @ with div(v) = 0. They called this dynamical system as incompressible
Schrodinger flow.
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If Q c R3 is a smooth bounded domain, L, is just the V,, and hence the above can
be written as

oru + Vyu = a(u x Au),
with div(v) = 0 on Q.

For simplicity, we let @ = 1 and consider the following initial-Neumann boundary
value problem of incompressible Schrodinger flow

oru+Vyu =u x Au, (x,t) €  x R*,
u =0, (x,) € 92 x R*, (1.7)
u(x,0) =up: Q- 8%, Fopg =

Here we always suppose that the field v is smooth enough and div(v) = 0 on €2.
In order to prove the local in time well-posedness, the first thing that needs to be done
is to establish the local existence to the following approximation problem

Ou =cet,(u) +u x (Au+u x Vyu), (xt) € Q xR,
fu =0, (x,t) € 92 x R*, (1.8)
u(x,0) =ug: Q@ — S?, o0 =0,

where we denote
Ty(u) =t(u) +u x Vou = Au + |Vu|2u +u x Vyu.

It should be noted that the two terms in the right hand side of the above equation are
orthogonal.

Then, by letting ¢ — 0 we can also obtain some similar results as that for (1.2) and
the proof goes almost the same as that stated in Theorem 1.1 except for that we need to
treat the term V,u. Since div(v) = 0 on €2, and if we additionally provide that v satisfies
the boundary compatibility condition

(v, V) [haxrr =0,

the term V,u does not cause any essential difficulties. In a forthcoming paper we will
study this problem and elucidate the details.

It is worthy to point out that Huang [23] has ever considered the coupled system
of Navier—Stokes equation and incompressible Schrodinger flow defined on a closed
manifold or R”, and shown the local in time existence of the initial value problem of
this system in some suitable Sobolev spaces.

The rest of our paper is organized as follows. In Sect. 2, we introduce the basic nota-
tions on Sobolev space and some critical preliminary lemmas. In Sect. 3 and Sect. 4, we
give the proof of local existence of regular solution to (1.2) stated in Theorem 1.1. The
uniqueness will built up in Sect. 5. We close with two “Appendices”. First, this is the lo-
cally regular estimates of the approximate solution u,. Secondly, it is the characterisation
and formulation of the Schrodinger flow in moving frame and parallel transport.
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2. Preliminary

In this section, we first recall some notations on Sobolev spaces, which will be used in
whole context. Let u = (uy, ur, uz) : Q — S?2<s R3bea map. We set

HYQ,8%) = {u e WF2(Q,RY) : u| =1 forae. x € Q).

Moreover, let (B, ||.||p) be a Banach space and f : [0, T] — B be amap. Forany p > 0
and T > 0, we define

T P
Vo s = (/ ||f||gdt> ,
0

LP([0,T],B) :={f :[0,T]1 = B : | fllLrqo,11,B) < 00}

In particular, we denote

and

LP([0, T1, H*(Q,$%)
={ue LP(0,T], HY(Q,R¥) : ju| = 1 forae. (x,t) € 2 x [0, T]},

where k, I e Nand p > 1.

Next, we need to recall some crucial preliminary lemmas which we will use later. The
L? theory of Laplace operator with Neumann boundary condition implies the following
Lemma of equivalent norms, to see [51].

Lemma 2.1. Let Q be a bounded smooth domain in R™ and k € N. There exists a
constant Cy_p, such that, for all u € H**?(Q) with g—l’flag =0,

lull g2k @y < Crom(lull2@) + 1 Aull gr(q))- 2.1
Here, for simplicity we denote HY(Q) := L*(Q).
In particular, the above lemma implies that we can define the H**?>-norm of u as
follows
lull grea @y == llull2@) + 1AUl i ()

In order to show the uniform estimates and the convergence of solutions to the ap-
proximate equation constructed in the coming sections, we also need to use the Gronwall
inequality and the classical compactness results in [8,41].

Lemma 2.2. Let f : [0, 00) — [0, 00) be a nondecreasing continuous function such
that f > 0 on (0, 00) and | loo %dx < 00. Let y be a continuous function which is

nonnegative on [0, T') and let g be a nonnegative function in Lllo . (RY). We assume that
there exists a positive number yo > 0 such that for all t > 0, we have the inequality

' 1
sy <0+ [ e+ [ oo
Then, there exists a positive number T* and a constant C(T*), which both depend only

on yo, g and f, such that for all T < min{T’, T*}, there holds true
sup y(t) < C(T™).

0<t<T
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Lemma 2.3 (Aubin-Lions-Simon compact Lemma, see Theorem I1.5.16 in [8] or [41]).
Let X C B C Y be Banach spaces with compact embedding X — B.Let1 < p, q, r <
0. For T > 0, we define

df ,
Epr ={f € L((0. 7). X). 50 € L'((0. 7). V).

then the following properties holds

1.If p < ooand p < g, the embedding E,, N LY((0,T), B) in L°((0,T), B) is
compact forall 1 <s < q.
2. If p=oc0andr > 1, the embedding of E, , in ([0, T1, B) is compact.

Lemma 2.4 (Theorem I1.5.14 in [8]). Let k € N, then the space

0
Exnr = {f € L*((0,T), H**(Q)), 8—{ € L*((0, T), H*(2))}

is continuously embedded in co(o0, T1, H**1()).

To end this section, we briefly introduce the notations of Galerkin basis and Galerkin
projection. Let  be a smooth bounded domain in R”, A; be the i’ eigenvalue of the
operator A — I with Neumann boundary condition, whose corresponding eigenfunction
is f;. That is,

) afi
(A=Dfi =—\fi with Elagzo.

Without loss of generality, we assume {f;}7°, are completely standard orthonor-

mal basis of LZ(Q, RY). Let H, = span{fi, ... fu} be a finite subspace of L%, P, :
LZ(Q, R]) — H, be the canonical projection. In fact, for any f € L2, we define

fr=Puf =) _{f fid2 fis
1

then,

lim |[f = fall2 =0.
n—oo

3. Parabolic Perturbation to the Schrodinger Flow

In this section, we consider the parabolic perturbation to the Schrodinger flow (1.2):

Qe = e(Aug + |Vue|Pug) + ug x Aug,  (x,t) € Q x RY,

Jue — 0, (x,0) € 9Q x R*, (3.1)
e (x,0) =up: @ — S, Yoo —

Here ¢ € (0, 1) is the perturbation constant. The local in time regular solution to equation
(3.1) is established in [10,11,14] by virtue of Galerkin approximation method in the
following theorem, the proof of which can also be found in [14].
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Theorem 3.1. Suppose that ug € H 3(Q). Then there exists a maximal existence time T,
depending on ||uo|| g2 such that equation (3.1) admits a unique regular solution u, on
Q x [0, T,) which satisfies that for any T < T,

1. lug(x, )| = 1 forall (x,1) €0, T] x
2. u, € L®([0, T1, H3()) N L%([0, T], H*(Q));

3. %e e 1[0, T1, H' () N L*([0, T1, H*(Q)) and 3 Ele e L2([0, T1, L2(Q)).

Moreover, there exists a constant C(T, €) > 0 such that

Sup(”ué‘”HS(Q) ” ”Hl(Q))
P o dr < C(T
(””5||H4(Q) ” ||H2(Q) + ”W”L2(Q)) 1= ( P 8)- (32)
Proof. Let ul! be the solution to the Galerkin approximation equation to (3.1):
oiul = eAug +8P,1(|Vug|2ug’) + Py (u? x Aul),  (x,t) € Q x RY, (3.3)
uf (x,0) =370 [ (uo, fi) dxfi(x), X € Q. '

By establishing some delicate energy estimates and taking a process of convergence
for uf} as n — 0o, we can obtain a solution u to equation (3.1) on  x [0, 77) for some
T1 > 0depending only on ¢ and ||ug|| H2(Q) which satisfies estimate (3.2) forall T < T
(cf. [11,14]).

Without loss of generality, we assume that 77 is not the maximal existence time, then
the solution u satisfies

Sup(”’/ll”H%(Q) ” 9t ”H](Q))

t<T
h 2 2
+ (””1”114(52) + ”?”HZ(Q) + ”W”L%Q))dl‘ < 0.
It implies
uy € CU([0, 11, H* (), (34)
o € (0, 11, H (), (3.5)

by applying Lemma 2.4. Then, there exist maps ur, (x) € H3(2) and vy (x) € H'(Q)
such that

lim Jlui(-, 1) —u 3 =0,
T lui (1) T1||H?(Q)

and
Tli—I>nT1 101 (-, 8) — vry | g1 () = 0.

Next, we need to show that u7, (x) satisfies the Neumann boundary condition, i.e.,

8147"1
av

lae = 0.
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Since B”‘B(f’t) laexo,7;) = 0, it follows that

T T
/ / (Auy, ¢) dxdt +/ / (Vuy, Vo) dxdt = 0,
0 Je 0 Ja

for all ¢ € C®(Q x [0, T))). In particular, if we choose ¢ (x,1) = f(x)n(¢) for all
f e C®(Q)and n € C*°[0, T}), and denote g(¢) = fQ (Auy, f)+(Vuy, V f)dx, then
g() € €10, 7] and there holds

T
/0 gtn(t)dt =0,
which follows g(¢) = 0, that is
/ (Aur. ) +(Vuy, V f)dx = 0.
Q

And hence we get
dur
av
as t — T). Here we have used the fact (3.4).
Therefore, by taking the same argument as that in above, we conclude that there exists
a regular solution w; to equation (3.1) on © x [T}, T>2) by replacing uo with u7,. Thus,
it is not difficult to show the map

lag =0

ui(x,t) (x,t) e Qx|[0,T),

uz(-xa t) = {U)l(xv t) (_x’ t) e Q X [T11 T2)7

is a solution to equation (3.1) on 2 x [0, T3) satisfying Estimates (3.2) on 2 x [0, T»),
since we have the compactness (3.4 and 3.5). By repeating this process, we can get a
maximal solution u, on  x [0, T,), which satisfies Estimate (3.2).

Finally, asin[11, 14] we can finish the proof of uniqueness by considering the equation
of the difference of two solutions and applying a direct energy method. O

Remark 3.2. 1. Since T, is the maximal existence time, if 7, < 0o, then we have

ou

2 €2

sup (||u + || —
[<TE(” 8”[_13(9) ” ot ”HI(Q))

T 2
wtim [ (uelBee + 12212, 122412, ary = oo
T, Jo N T gy THA®) T g2 T '

2. Let {T;} be the existence times of Galerkin approximation solution constructed in the
above Theorem 3.1. If we set

S:={N.T,....T;, ...},

then for all [T, T'] C [0, T,) \ S, the estimates in [11,14] also imply the Galerkin
approximation solution u}, satisfies

8 n
2 e 2
sup (Jlugll +l—I )
rarsr @ ar "H'®

/ ou”
ny2 &2
o [ i g+ 155 gy < 0.
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Next, we show the uniform energy estimates of the solution u,, which is independent
of ¢, and hence obtain a regular solution to the Schrodinger flow (1.2) by taking limit of
the sequence of approximation solutions {u.} as ¢ — 0.

First of all, by choosing u, and —Au, as test functions for equation (3.1), we can
show the uniform H !-estimates as follows.

9
—/(|u€|2 + |Vug|?)dx +2e/ lug x Aug|>dx = 0. (3.6)
at Q Q

3.1. Uniform H?-estimates. However, to show directly the further uniform H?-estimate
on u, by usual energy estimates seems difficult, because of the spin term of

Ug X Alg.

To proceed, we need to show the following formulas to parabolic perturbation of the
Schrodinger flow in the below lemma, which is mentioned in Sect. 1.

Lemma 3.3. Let u. be the regular solution to equation (3.1) obtained in the above. Then
the following properties hold true

1. Fora.e. (x,t) € Q x [0, Ty), we have

0%u, du,
=¢e(A
ar? &( ot

0 u ou
+ E(|wg|2u€)) + 8—: X Alg + g X A a;; (3.7)

2. Fora.e. (x,t) € Q x [0, Tg), we have

82
(1= A — 26 A0 X Aug)

9 )
= 8{5(|vu8|2u8) — 2div(Vue x VZug) + us x A(|Vug|*ug)}

+ 6| Ve [Pup X Aug + A(|Vug|*ug) — 2div: (VuQViue))ue
— 2<V|ws|2, w8> — 2 (Aup, Vi) - Vitg — |Vue 2 Au,

(3.8)
where
3
div(Vue X V2ug) := Y 8;(djue x djue).
ij=1
and
3
div’ (Ve ®Vue)ue =y 0 ((diue - jue))ue.
ij=1

Proof. The formula (3.7) is given directly by equation (3.1). We need only to show (3.8)
presented in the above. A simple calculation gives
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9%u,
912

3
= 8{5(|w8|2u8) + Ae X Aug) +up x Aug)

— szA(AuS + |Vug|2u€)

+e{up X A(|Vue|Pue) + |Vue|Pue x Aug)
H(ue X Atg) X Atp +up X (g x A%ug) +2up x (Vg xVAug))
=el+11 (3.9)

For the term u, x A%u, in part I, there holds
e X Aue = AQue x Aug) — 2div(Viue x VZug).
Next, we turn to presenting the calculation of 7 1. By applying the Lagrangian formula
ax (bxc)={a,c)b—{a,b)c
and
(axb)yxc={a,c)b—(b,c)a
for any vectors a, b, ¢ in R3, we have
(ue X Aug) X Aug = (ug, Aug) Aug — |Aug|2u5
= — |Vue | Aug — | Augue, (3.10)
Uy X (g X Azus) =<A2u€, u5>u8 — Azug
= — (|Aug|® + 2|V?up)? + 4 (VAug, Vue)ue — Aup, (3.11)
and
3
ug X (VuegxVAug) :Zue x (Bjug % 0; Aug)
tjl
=D (0 A, ug) due — (e, ue) ; Au
i=1
=(VAug,ug)Vu,
—_ <V|w€|2, v%) — (Aue, Vi) - V.

(3.12)
Here, we have used the fact |u.| = 1.
Moreover, we have
<A2u8, u8> — AU = = 20 Aug P + Vg +2 (Y Aug, Virg))
= — 2div*(Vu,®Vu,). (3.13)

By combining the above equations (3.10)-(3.13) with (3.9), we get the desired formula
(3.8). O
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Remark 3.4. Let ¢ = 0, we have

82u 2 .2 . 2
T3+ A% = — 24 (Vu@Vi)u — 2<V|Vu| , w>

—2(Au, Vu) - Vu — |Vul*Au.

And hence, a tedious but direct calculation again gives the fourth order differential
formula of the Schrodinger flow in Sect. 1:

92 ) )
8—5 + A2 = — 2diVA(Vu@Viu) + 2div(Vu®@Va) - Vi)
— div(|Vul*Vu). (3.14)
Here
3
diV2((Vu®Vu)u) = Z 0;j((Oju - ju)u)
ij=1

and

3
div(Vu@Vu) - Vu) := Y 3 (B - 0j1)dju).
i, j=1

In the following context, we will need to use the following compatibility conditions
on the parabolic boundary 92 x [0, T,) which is satisfied by u, in the sense trace, and
to adopt an equivalent H>-norm of the solution u, to equation (3.1) which is related to
the H'-norm of %.

Lemma 3.5. The solution u. satisfies the following compatibility conditions on the
boundary:

d Oug _
3y 3¢ leex0,1,) = 0,
ot (ue)

3.15)
3 laex(0.1,) =0

in the sense of trace.

Proof. By using the results in Theorem 3.1 and the estimates in Remark 3.2, without
loss of generality, we assume the Galerkin approximation solution u} satisfies

n
duy dug
—_ N

Jt Jt

forany [T, T'] C [0, T:) \ S. B
Let ¢ be a given function in C*°(2 x [0, T¢)). Since

weakly in L2([T, T'], HX(Q)),

0 ou”

&

v ot

,¢>dxdt+/TT//;z<V

laaxir,71 =0,

it follows that there holds

AL

du” du”
. Y V¢ )dxdr = 0.
ot ot
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Letting n — oo, we can see immediately that

T’ P T/ P
/ /<A£,¢>dxdz+/ f<vﬁ,v¢>dxdr=o.
T Q ot T Q ot

Since B”‘ e L? ([0, T,), H*()), it follows for any 0 < T < T, there holds

loc
T 9 T 0
/ / Ade dxd;:_/ / v ve)dxdt, (3.16)
o Jo\ 0t o Jal 9
that is
0 Jdug | 0.
oy 97 199xI0.T:) =

In consideration of the fact that Vt (u,) is orthogonal to u, x Vt(ug), we can see
that the equation

oug
ot

=et(ug) +ue X t(ug)

37( L)

implies laex[0,7.) = 0 in the sense of trace, since B‘j laaxo.1.) = 0.

df( e)

Now we prov1de the details of the proof for laex0,7.) = 0. By the equation

oy
ar =et(ug) +ue X t(ug)

we can show that
T T
LHS of (3.16) = 8/ / (Ar(ug),¢)dxdt+/ / (A(ue x t(ug)), ¢)dxdt
0o Ja 0o Ja
T
=/ / (eAT(ue) + Aue x t(ue), ¢) dxdt
0o Ja

T
+/ / (2Vue x Vt(ue) +ue x At(ug), ¢)dxdt
0 Q

and

RHS of (3.16)

ar(Mg)
—8/ f Ar(ue)q‘)dxdt—s/ / < >d dt
s\ 0

/ / (Vug, V(t(ug) x ¢)) dxdt +f / (Vuge, Vt(ug) x @) dxdt

Q

T 3T(Ms)
+/ / (div(u, x V), ¢)) dxdt — / / < ,¢>)>dxdt
0 Jo FI9) v
T
e/ / At(ug),qb)dxdt—/ / <88T(u8)+u€xat(ug),¢>dxdt
0o Ja o Joo av v

T
+/ (Aug X T(ug) +2Vue x Vt(ug) +ue X At(ug), ¢)dxdt.
0

K)
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Then, the fact “LHS = RH S” leads to

T 9 9
/ / £ v(ue) +ug X T(MS),qb dxdt =0
0 IQ ov v

in the sense of trace. a

Lemma 3.6. The solution u, has the following properties:

1. Aug = L5 (e%e —up x By — |VugPug forae. (x.1) € 2 x [0, Tp);
2. There exists a constant C whlch is independent of € such that there holds

f|mus|2dx<cu+ T (0 el 2+|| || 07
and hence we have
luel?s < CCL+ fluell3, 2+|| || D’

where C does not depend on ¢ € (0, 1].

Proof. Since u, satisfies the perturbation equation (3.1):

Jug
=et(u) +ue x t(ug),
ot
a direct calculation shows
) 1 ( oug 8u8)
T(Ug) = ——=(e— —ug Xx —).
T 1462 ot 7 ot

Thus, the proof of the first claim of the lemma is finished. And hence, there holds

VA 1 ( Vaug v 8u8 Vaug)
Uy =——(EV—=—Vu, x — —_—
£ T 14e2 ot £ ar

— |\ Vue PV, — 2<V2u8, Vu5>u5

Immediately it follows

C
2
‘/;Z|VAL£8| dx Sm‘/s; <(1+8 )|V | +|Vu

+c/ (|wg|6 + |V2u8|2|Vu8|2) dx
Q

SR ax

ou 1
2(u SN2+ 1+821)+C(||u8||?,2+11>.

Here,

9
1=/ Ve |?| u8|2dx

<C||Vus||L4|| |IL4 < Clluellfy + || ”Hl)
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and

11 =f [V2ue|?|Vue |*dx
Q

2,12 2 2 2 2
SIVZuellpsVuelle < IV-uell 2 [1V-uell Lol Vel o

<Clluel (uell g2 + 11V Augll 12)
<CE) (lus s + luell) + 81V Aull3 .

To get the above estimate of I/, we have used the interpolation inequality

1 1
2 2 2 2 2
V20l s < 192002, V20 2

and Lemma 2.1. Thus, in view of the estimates of / and 7/, we finish the proof of the
estimate in the second assertion of the lemma. |

Now, we are in the position to show the uniform H2-estimates of solution u,. By
choosing = 3”8 as a test function to Formula (3.8), we obtain

92u, ou
/Q< (%;, 88>d +(1—82)/<A(Au8+|Vug| Ug), >dx

—¢ U <2A(us X Aug) + Eqwgﬂug) — 2div(Vug
Q

]
at

. 0
+/ <A(|Vu8|2u,3) — 2divA(Vite @ Vi) e — 2 (Aug, Ve - Vg, §>dx
Q
2 2 Bug
= [ (2 {VIVue P Vi) + Ve P A, S dx.
Q ot
For the sake of convenience, we rewrite the above identity as the following

9%u, o 9
/ e S dx+(1—52)/ A(Aus e
o\ 0127 ot Q t

=elh+bh+L+L+I5)+ UL+ 1L+ 113+ 114+ 115). (3.17)

9
+e {/ <u£ % AVt Pue) + |Vite Pue x Aus, §>dx}
Q

First of all, we estimate the left hand side of the above identity:

19 9 1—¢29
S8 8 e 2 2T 0 Au Pdx
20t Jo' ot 2 ot )

- —82)/ <V(|Vu£|2u£), V%>dx
Q at

LHS =

Here we have used the compatibility boundary conditions in Lemma 3.5.
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For the last term in the above identity we have the following estimate:

d
(o, 5 o
Q at

ou
< c/ |Vu£|6+|Vu8|2|V2us|2+|V—€|2dx

(

oue
< CllluellGyz + ||ue||H3||ug||Hz +IV—2172)
< C(+ uel; 2+|| 0" 3.18)

where we have used the estimates in Lemma 3.6.
Next, we estimate the nine terms on the right hand side step by steps.

9
I =2/ <A(ug X Auy), u8>dx
Q at
U 8u8>

=_2/ <A(8(Au£+|Vu5|2 Q)= 5
Q

0
:—28/ <Au€+|Vug|2u5,A£>dx
Q at
—2/ yue gdue)
Q at at

=— a—/ [Aug|>dx — 2|

+zg/9<

3
<-— s—/ |Aug)?dx — 21V

g>dx
t

dug

||L2

4
# Co(l+ el + 1 2 .19

Here, we have used the compatibility conditions in Lemma 3.5 in the line 3 of the above
inequality (3.19), and applied Lemma 3.6 in the last line.

|12|—V<—(|wg|us> >dx /|Vus|

<Clluell3 ||

£ Pdx

”Hl = (3.20)

Here we have used the fact <u8, %) =0.

. 9
I3 = ‘/ <diV(Vu5><V2u8), ﬁ>dx
Q ot

3
dug
= ‘f Z<8J~u8 X 0jAug, —>dx
Q at

j=1
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<C(IVAu |7, + ||ue||,,2|| ||H1>

<C(1+ |lug 2+|| || 1>3. (3:21)
|14 = ‘/ <u >dx <C/ V21 || Vg | |—|d

<C|v u8||Lz||Vus||L6||a—j||Lescu+||u8|| 2+|| || D. (322

For the term

2 ol g

|Is| = [Vuel“ue X Aug, — )dx
Q at
5 ollg

1| = A(IVugl“ug), — )dx
Q at

we can derive the same estimates as that of term Iy4.
On the other hand, a simple calculation leads to

and the term

. d
I+ 11+ 114+ 115| <2 U <div2((wg®wg>)us, §>dx'
Q

0
/ <(Au8, Vug) - Vug, £>dx‘
Q ot

2 8”8
+2 (V|Vug|® - Vug), — )dx
Q at

9
<|Vug|2Aue, ﬁ>dx
Q at

+2

< c/ Vuee 1V 2u
<C(+ ||“€||H2 + || ||H1) (3.23)

Therefore, by combining inequalities (3.18)-(3.23) with equation (3.17), we get the
uniform HZ2-estimates of u, as follows:

19 g 5 1+62 9 ’
—— | == dx — |Au5| dx
20t Jg Ot 2 az

4
1) ’ (3.24)

where the constant C is independent of ¢ (0 < ¢ < 1) and u,.



412 B. Chen, Y. Wang

3.2. Uniform H3-estimates. In this subsection, we show the uniform H?>-estimates of
solution u,. By a similar argument with that in the above subsection, we choose —A 5= 8“6
as a test function of equation (3.7)(or (3.8)). However, it seems that it is not easy to get

energy estimates directly, since the regularity of <= 3 ”S € L*(2 x [0, T]) and A%u, €

L?(2x [0, T]) forall T < T, established in Theorem 3.1 is not high enough, and hence
integration by parts does not make sense. To proceed, first of all, we enhance the local

regularity of solution such that 33”? € leoc((O, T.), H 3(Q)) by using the L2-estimates

of parabolic equation, since % satisfies equation (3.7):

dt —eAv —u, X Av = f(ug, Vv, v),

(3.25)
v(x,0) = a“’“’"lt —0. Llsaxwor) =0,

which is linear and uniformly parabolic equation when ¢ > 0. Here
fug, Vo, v) = v X Aug +2¢ (Vug, Vo) uy + 8|Vu8| NS Lloc([O, 1), HI(Q)),

and

ol g
8—|, 0 = ¢e(Aug + |Vu()| ug) +ug X Aug.

Moreover, since u, € L°°([0, T], H3()) and 33“; e L2([0, T], L3(2)) for all
T < T,, then Lemma 2.3 implies

u, € CU([0, T1, H*(Q)).

Immediately it follows that u, € C O(Q x [0, T]). Indeed, for any (x, #) and (xo, #p) we
have

lug(x, 1) — ug(x0, )|
< ue(x, 1) —ue(xo, )| + |ug(xo, 1) — ue(xo, 10)]
< sup [Vue|(-, D|x — xo| + |ue(x0, 1) — ue(x0, 10)]
Q

< Cllugli oo, 71, 53 @) 1* — X0l + Cllue (1) —ue -, 00) | g2y (3.26)

and hence it implies u, € C°(Q2 x [0, T1). Hence, the L>-theory of parabolic equation
tells us that

Bzug
912

7.0, T, H'(Q)),

which guarantees the integration by parts in the process of energy estimates makes sense.
For the fluency and shortness of this article, we give the above process of improving

regularity of a(,;‘f in “Appendix A”.

Now we turn back to show the uniform H3-estimates of u.. To this end, we choose
—A as a test function of (3.7) and take a simple calculation to obtain
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(/ |va”8(T) 24x / |va”8(0) 2dx ) / f |Aa ® 2dxdr
oy Ug
—/ /< X Aug,Aa—>dxdt
—s/ /< >d dt
=V+W, (3.27)

since % € CO([0, T1, H'(Q)) for T < Ts.

In order to get the desired estimates of %, we turn to estimating the terms V and
W.

Vl=

814‘,3 olg
X VAMg, V? dxdt

Rl 0 a ad
< te X (Vu, x §+us us) \Y% aug>dxdt

Here we have used the fact:

&

>dxdt .

(3.28)

1 oug

Aug = —— (22— 5 228y \Vu,Pu
T 1+e2 ¢ ot el He:

at

Using again the Lagrangian formula, there holds

Noting |us| = 1 implies

we have that

oug X (s Xvaug)’vaug _ V%, oug . ug’vaug
ot at ot ot ot at

_ [y due e g, Oue)
Jat ot Jat
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Then, it follows that there holds

|V|<2/ /I—I [Vu

d d
+2/ /<|Vug|3+|v2us||ws|>| ”8||vﬁ|d dr

T
sc/ ||—8
0

T
e /0 ||wg||Lm|| ||Lz||v i
T 2
+c/ IVitelz= |V uellmll ||L6||v i
0
T
§C/ (e e + 1 521l
+c/ (e s + el S 12
<C 1+ ||u + 6dt.
/ (1t e e + 155 ) 520

Here we have used the estimate in Lemma 3.6, and used the Sobolov embedding in-
equality

du
Vil < Clluelgs < CO+ llug |3, + ||a—j||§,l>3/2.

Next, we give the estimates of W as follows.

T 9
2
|W|sa/ /|3—<|Vug| uol
0o Jo of

T
9 9
< Ce 122 21V |+ (Vi PV 2 2dxdi
p
0 JQ t at

T
d
+f/ /|Aﬁ|2dxdr
2Jo Ja at
<CfT(1+|| |12 +||8”*’"|| D+ = f
£ u _—
= o & HZ 8[

Here we have used the fact:

u
/| Vi

2dxdt

(3.30)

and

IVutellzoe < Clluell s < C+ lluel3 +|
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Therefore, we concludes

9 9
f|v Y x|y + & / /|A e 2dxdr

due 2 2 dutg 2 \6
< E/QIV | dx|t:o+0/0 (U el + 155150 s

(3.31)

By combining the estimates (3.6),(3.24) with (3.31), we can derive that there holds
ou r ou
((1+ez>||ug||i,2<T>+||—8||§,1<T)>+e/0 /Qma—jﬂdxdt

< (1 + &%) lug|| z+|| || /| )+CfT(1+||u 12 + 122212 y6a
ol =0 0 S E P X))

forall0 < T < Tg.

By using the Gronwall-type inequality in Lemma 2.2, the desired estimates of approx-
imated solution u, are derived from (3.32), we formulated the estimates in the following
lemma.

Lemma 3.7. There exists a positive number Ty and a constant C (Ty), which both depend
only on |\uoll g3, such that for all T < min{Ty, T}, the solution u, obtained in Theorem
(3.1) satisfies the following uniform estimate:

sup (Jluell + || ||H1) = C(Ty).

O<t<T
Proof. Let

du
V() = (1 + D) [luel) 4 + ||3—”t||§,l>(r>.

Forany T < T, since u, € L>([0, T], H*(Q)), 854,5 € L*([0, T], H*(Q)) and a;;ztuzg €
L%([0, T], L*(R2)), the embedding Lemma 2.4 implies

y(t) = <(1+82>||ug||H2+ || ||H1><z) e CY([0, Tv)),

and hence

ol g
B—Iz 0 = &(Aug + |Vuo|*uo) + uo x Aug,

and

vﬁhzo — V(e Aug + &|Vauo|Puo + 1o x Aug).

Thus, a direct calculation shows

dug

=" SlEili=0 = CQL+ e+ lluollzys).
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Let yo = C(1 + ||u0||16q3) and f(y) =C( +y)6. Then, the function y(¢) satisfies the
following inequality

t
() < yo+ fo FO(s))ds.

Then, the Gronwall-type inequality in Lemma 2.2 implies that there exists a positive
number 7y > 0 and a constant C(7p), which both depend only on yy, such that for all
T < min{Ty, T,} there holds

sup y(1) = C(Top).
0<t<T

Thus, the proof is completed.

4. Regular Solution to the Schrodinger Flow

In this section, we prove the local existence of strong solutions to (1.2) in Theorem 1.1.
To this end, we need to give an uniform lower bound of existence times 7, and the
compactness of the approximation solution u, to (3.1). Consequently, we can claim that
the limit map u of sequence {u.} is a strong solution to (1.2).

Theorem 4.1. There exists a positive time Ty depending only on |luol| 3 () such that
the equation (1.2) admits a local regular solution on [0, Ty], which satisfies

u e L=(0, Tol, H3(2)) N C°([0, To], H*(2, S%)).

Proof. We divide the proof into three steps.
Step 1: The uniform positive lower bound of T,.

We claim Ty < T, where Ty was obtained in Lemma 3.7. Suppose that Ty > T,
then Lemma 3.7 and Lemma 3.6 tell us that there holds

2 8”5 2

sup (luelZs + 152 12,) < C(Tv).

O<t<T, ot

Since v = ag‘f satisfies the following equation
%—'; —eAv —u; X Av = f(ug, Vv, v),

due ]
v(x,0) = FEli=0.  §tlaexo.1) =0,

where

fue, Vo, v) = v X Aug +2¢ (Vug, Vo) u, + 8|Vu£|2v,

and we can easily to verify that the homogeneous term f € LZ([O, T, LZ(Q)), it
follows from the L>-estimates in Theorem A.1 in “Appendix A” that

88% e L2([8. T,], HA(Q)),

and

3%u, 2 )
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for any small 0 < § < T.. By equation (3.1) and then applying Theorem 3.1, we know
that there holds

sup (fluell7s + || ||H1)
O<t<T,

e du 9%u
2 €2 €2
+/0 (e Wya + 115, W5 + 155 I52)d1 < 0.
Thus, it implies that the existence interval [0, 7, ] can be extended, which is a contradic-
tion with the definition of T,. Therefore, we have
To < T,.

Step 2: The compactness of ug.
Lemma 3.7 tells us there exists a constant C(7p), which is independent of ¢, such
that there holds true

dug
sup lugllgs + sup |[|—Ilg1 = C(To).
0<t<Ty 0<t<Ty

Without loss of generality, we assume there exists a map in u € L*°([0, Ty], H 3Q)
such that

us — u weakly*in u € L®([0, To], H*()),

9 9

8”; — o weakly*in L0, Tol, H' (@),

dus 9 Kyin L2([0, To], H'(2))
— —  weakly in , Tol, .

ar o Y 0

Let X = H3(Q), B = H*(Q) and Y = L?, by Lemma 2.3 we have
ug — u strongly in CO([O, To], H2(§2)),
and hence
u, —> u ae. (x,t) € Q x [0, Tp].

It follows immediately that |u| = 1 for a.e. (x, ) € [0, To] x 2.
Step 3: The regular solution to (1.2).
Since u, is a strong solution to (3.1), there holds

To P To
f /< te >dxdt—8/ /(Au5+|Vue|2us,¢>dxdt
0 Q
To
:/ /(ua X Aug, @) dxdt,
0 Q

forall ¢ € C*® (2 x [0, T']). By using the convergence results on i, in Step 2, it is easy
to show directly u is a strong solution to (1.2) by letting ¢ — O.

To complete the proof, we need to check u satisfies the Neumann boundary condition,
that i 1s |3QX[() 751 = 0. Since for any & € C>®(Q x [0, Ty]), there holds

To To
/ f(Aug,é)dxdtz—[ f(VuE,Vé)dxdt.
0 Q 0 Q
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Letting n — oo, we have

To To
/ / (Au, &) dxdt = —/ / (Vu, VE) dxdt.
0o Jae 0o Ja

This means that there holds true

ou

a—vlaszx[o,To] =0.

5. The Uniqueness of Solutions to the Schrodinger Flow

In this section, we show the uniqueness of the solution u« to (1.2)(or (B1)) in the space
0
S ={ulu € L*([0,T], H*(Q)) and a—L: € L=([0, T, H ()}

We will only give the sketches of the proof for the uniqueness in Theorem 1.1, since
the arguments go almost the same as that of the proof of uniqueness for the Schrodinger
flows from a general compact Riemannian manifold to a Kédhler manifold in [44], and
need only to modify some of their treatments to match the Neumann boundary conditions
such that integration by parts holds true. In their proof the following intrinsic energy:

01 =/ d*(uy, uz)dx
Q
and
sz/ PVaus — Viuy Pdx =/ |®[2dx
Q Q

was adopted and the geometric energy method was used to achieve a Gronwall-type
inequality for Q1 + Q», from which the uniqueness of solutions follows. For the sake of
simplicity and fluency, some notations about moving frame and parallel transportation
as well as some critical lemmas are given in “Appendix B”, for more details we refer to
[44]. Now, we turn to presenting the proof.

The proof of the uniqueness in Theorem 1.1. Let uj,uy : Q2 x [0,T] — S? be two
solution to (1.2) in space .¥’. An important fact is that the uniqueness is a local property.
Namely, once we know u; = up on a small time interval [0, T’], then we can prove
u1 = up on the whole interval [0, T'] by repeating the argument. Therefore, we only
need to prove the uniqueness in a small interval [0, T']. Our proof is divided into the
following three steps.

Step 1: Estimate of the distance d(u1, uy).
Since u; € ¥ with [ = 1,2, the embedding Lemma 2.3 implies u; € c'(o, 71,
H?(2)), and hence u; € C°(Q x [0, T']). Therefore,

llur — uollcogyy (1) = Cllug — uoll y2() (1) — 0,

ast — 0.
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By using the fact S? is of bounded geometry and taking t < T’ with 7 small enough,
then one can see that there exists a constant C such that

b4
d(up, uo)(t) < Cllug — uollco(g) (1) < T
for0 <t < T’ and! = 1, 2. This guarantees the parallel transportation between two

solutions u| and u, can be well-defined (to see Sect. B.2).

Step 2: Estimate of Q1.

Letd : S? x S? — R be the distance function on S%, and vV = v& ® v be
the product connection on §? x §2. Suppose {x1, x2, x3} is the coordinates of 2, and
Vi = V_,_is the bull-back connection on u}T S? (or ujTSz). Then a direct calculation

ax;

shows
0
E/de(ul»ln)dx

:/ <%d2, (Vi(JViuy), Vi(JViMZ))>dx
Q

5

(Va2 u2), Vi Vi) ) dx +/ (V1. ), Vi Vi) ) dx
Q
3 . i
=/ —(de(-,uz),Jvm)dx—/ <Vin2(~,u2),JV,-u1>dx
Q 8)6,‘ Q

3 . i}
+/ —( dz(ul,-),JV,-uz)dx—/ <V,-Vd2(u1,~),JViu2>dx
Q 8)61' Q

=— (/ <Vﬁd2(., uz), JViu1>dx +/ <Vi6d2(u1, D, Jvl.u2>dx>
@ Q

- —/ <v€d2, (JVul,JVu2)>dx
Q

= / V2d*(X, Y)dx,
Q (5.1

where X = (Vuy, Vup) and Y = (JVuy, JVuy). Moreover, here we have used the
Stokes formula:

3 - i
/—<Vd2(.,u2),1v,-u1>dx=/ <Vd2(-,u2),J(Viu1-v,')>ds:0,
Q 0x; 90

and

J /~ -
/—(de(ul,-),fviuz)dm/ (V2w . I (Viuz - v))ds =0,
Q 0x; aQ

since the Neumann boundary conditions are satisfied: Z?:l Viu;-vi =0forl = 1,2,
where v is the normal outer vector of d$2 and ds is the area element of 9<2.
Therefore, Lemma B.1 gives

19
53,01 = 02+ Clllifs g + lu2llys ) 01
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Step 3: Estimate of Q5.
Let {eo,}g(:1 be a local frame of the pull-back bundle zﬁfTS2 over 2 x [0, T'], such

that the complex structure J in this frame is reduced to Jo = +/—1. Denote the parallel
transportation by P, let V; = u;“VS2 and

® =PVour — Viuy = ¢ — ¢

be defined as in “Appendix B”. Then, a direct calculation shows

Vour — Viup|Pdx = ®|d
28t/|P2u2 jup*dx 28/||)C

=/ (@, vl,tcb)dx:/ (@, (Vii = Vai)¢n)dx
Q Q

—/ (@, (ViV1i — V2V2,i)J0¢>2,i>dx+/ (@, Vi(JoV1,i®i))dx
Q Q

=1+11+11I (5.2)

Next, we estimate the above three terms step by steps.
112024 [ (90 = Vgl
Q

<02+ Va2 / &t w) (Vo + Vyr P)dx

duy
<Q2+CIIM2IIH3(Q)|Id(u1,u2)||L4(|| L2+ 1212
§Q2+C||M2|| (Q)(II || ”W”Hl)”d(ulvMZ)”i[l
<l Py 1 5 2 + 12 2,00 + 1101 + 02

Here, in the second line and the last line of the above inequality, we have used Lemma B.2
and the fact

[Vd(uy, uz)| < |®| = |PVouz — Viui|

respectively. By taking an analogous argument to that for term / and using Lemma B.2,
we have

1111 < CCr(lurll}ys + lualfs + D(Q1 + Q2),

where C| comes from Lemma B.2.
For the term /11, a simple calculation shows

111 =/ div (®, JyV; - ) dx —/ (V1 -®, JyV) - D)dx = 0.
Q Q
Here we denote V| - ® = V; ; ®; and have used the Stokes formula:

f div (®, JoV; - D) dx
Q
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= / (PVz,iuz v — Viuy;-vi, JoVi - CD)dS =0
R

since we have the Neumann boundary condition

3
Zv,-u,-u,:o, I=1,2,
i=1

and V- & € Wl2(Q).

Therefore, by combining the estimates in Step 2 and Step 3, we have that for all
0 < t < T’ there holds true

9 .
E(Ql +02) <C(Q1+ 02,

which implies the uniqueness of solutions. Thus, the proof is completed. O
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Appendix A Locally Regular Estimates of u,

In this section, we establish the regular estimates of the solution v : Q x [0, T] — R3
to the following uniform parabolic equation:

W_eAv—uxAv=fx, 1), (x1)eQx[0,T]

v(x,0) = vy : Q@ — R, g—ﬁlaszx[o,T] =0. Al
where
ue L0, T], H3(2) N’ x [0, T)) (A2)
and
f(x,1) € L*([0, T], H(Q)). (A3)

Our main result on locally regular estimates of solution v to the above equation (A1)
is as follows.
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Theorem A.1l. Letv € W22’] (2x[0, T)) is a strong solution to (Al ) satisfying conditions
(A2) and (A3). Thenv € LS. ((0, T1, H*(2))NL? ((0, T1, H3()). Moreover, for any

loc loc
8 > 0, there exists a positive constant C(8) depending on |u|| o 0,71, 53 () Such that

there holds
av
lvll2 s, 71,20 + |l E”LZ([&T],LZ(Q))
< CO (Ivlz2qo.ryxe + 1./ 122@x(0.71))
and

av
il 22,1, 300 + 157 lz2qs, 7m0 o)

< CO) (Il 2o,y @) + 1 2qo, 1,80 @) -

Proof. Let n(t) be a smooth cut-off function such that suppn C (0,7] and n = 1 on
[6, T] for any § > 0. Then nv is a strong solution of the following equation

do — = f
{at sAw —u X Aw = f, x,t) € 2 x [0, T], (Ad)

o1 0k =0, ®(x,00=0, xe€Q.

Here

an
=nf+—v,
f=nf+-
it is easy to see that the assumptions in Theorem A.1 imply
fer*qo, 71, H' ().
By the Galerkin approximation method, we claim that there exists a solution w €

L®([0, T, H*(2)) N L2([0, T, H3(£2)) to the above equation (A4). Namely, we con-
sider the following Galerkin approximation equation to (A4)

(A5)

33%" —eA0" — P,(u x Ao™) = P,,(f), (x,t) e 2 x [0, T,
0" (x,0) =0, X € Q,

where the Galerkin projection P, is defined in Sect. 2. By the assumptions satisfied by

u and f, one can show there exists a unique solution w”(x, t) = Z?:l gi(t) fi(x) to
(AS5)on © x [0, T'] (cf. [9]).
Then by taking w”, Aw" and A%w” as test functions to (A5), a simple calculation

shows
3
—/ |a)"|2dx+8/ Vo' [2dx
ot Q Q
< C@ llull o, 11,13 /Q " [dx + C () /Q | f17dx,

a ~
—/ |Va)"|2dx+8/ |Aw"Pdx < C(S)/ | fl*dx,
at Jo Q Q

)
—f |Aw”|2dx+8/ VA" |?dx
Jat Q Q
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5C(8)||u||Lm([0,T],H3)A|Aw"|2dx+C(8)/g2|Vf|2dx.

The Gronwall inequality gives the following inequalities

T
sup ||w"||§{1+s/ /|Aw"|2dxdt
0 Q

0<t<T

T
= C(e llull oo, 11, 13 T)/(; /Q | f1Pdxdt,

and

T
sup /lAw"|2dx+8/ /|VAa)”|2dxdt
0<t<T JQ 0o Ja
’ 712
S C(S, ||u||L°°([O,T],H3)7 T)/O L|Vf| dxdt.

By using Equation (A5) again and then applying Lemma 2.1, one obtains

2 ’ dw" , ’ 2
sup flw" ||, +¢ </ / | |“dxdt +/ lw™ |l dt)
0<t<T ! 0o Jo 01 0 H?

T
< Cle. Nullpooqo.rpa): T) /O fQ \FPdxd,

2 ’ w" 5 r 2
sup |lw"||%, +¢ (/ / |V |“dxdt +/ lw" || dt)
0<t<T H? 0o Jo ot 0 H’

T
< C(e, ||u||Looqo,n,Hs>,T>/ /|f|2+|Vf|2dxdt.
0 Q

Therefore by letting n — o0, w” converges to a solution w of (A4) as we claimed,
which satisfies

ow
loll oo, 71,1 @) + 1l 20,71, 520 + 15 20,71 L20)
< CONSN2qo.r1x0-
dow
loll oo qo.71. 2@ * 1@l 20711300 + 15 200,711 )
< CENSfli2qo, 1, H ()-

Then the uniqueness of strong solutions to (A4) implies nv = w. Therefore the desired
result is proved. O

Now, we apply the above Theorem A.1 to show the local estimates of solution aa“f

to (3.7) which can be summarized as the following theorem.
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Theorem A.2. The solution u; to (3.1) obtained in Theorem 3.1 satisfies

Ju
3—j e L}, .((0, To), H*(Q))
and

2

Ug 2 1
W € L, .((0,Ty), H (2)).

Proof. Since 85‘; satisfies the following equation:

%—lf’ —eAv —u, X Av = f(ug, Vv, v),
e

(A6)
v(x,0) = 2,20, Llhaxor) =0,

where
fug, Vv, v) = v X Aug +2¢ (Vug, Vo) ue + 8|Vu€|2v,

then, by the above Theorem A.1 we need only to check that u, and f (u., Vv, v) satisfies
the conditions (A2) and (A3) respectively.

Since u, € L®([0, T, H3()) and % € L*([0, T], L*()) for all T < T,, then
(2) of Lemma 2.3 implies

ue € C°([0, T1, H*()).

Indeed, for any (x, ¢) and (xo, fo) we have

lug(x, 1) — ug(xo, )]
< ue(x, 1) —ue(xo, )| + |ug(xo, 1) — ue(xo, 10)]
< sup |Vue|(-, 1)|x — xo| + |ue(x0, 1) — ue(xo, f0)|
Q

< Cllugllpoo o, 77, H3 @) 1* — X0l + Cllue (-, 1) — ue (-, 10) | g2(q)- (A7)

This implies u, € CO(Q x [0, T).
Next, we want to show f(u., Vv, v) € L%([0,T1, HY(Q)). A simple calculations
shows

T
u
fo fQ | fI?dxdt < C<1+e>(||u8||1M([O,T],H3)+1>||3—j||iz([0,ﬂ,,,1) < C(T),

and
oug oug
— X Aug + — x VAu,
at at

50U g | _»
+V #VuH#u, +V #V-u Hu,
at at

8”5 81/{5 2
#Vu H#Vu, + #Veu AVug,
at at

Vf=V

+V

where “#” denotes the linear contraction. Thus, we have

T
u
2 4 3
/(; /g;lVf' dxdt = C(||u€||L°°([O,T],H3) + 1)||§”L2([O’T],H2) = C(T)

Here, we have used the estimate (3.2). Therefore, from Theorem A.1 we can obtain the
desired results. |
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Appendix B The Schrodinger Flow in Moving Frame and Parallel Transportation

B.1 The Schrodinger flow in moving frame. Let Q be a smooth bounded domain in R3.
Suppose that u :  x [0, T] — S? is a solution to the Schrédinger flow

o = J(u)t(u), (x,t) € Q x RY,
fu =0, (x,0) € 9Q x R*, (B1)

ux,0) =ug: Q — S?,

where J(#) = ux. We are going to rewrite the above equation in a chosen gauge of the
pull-back bundle u*TS? over Q x [0, T).

Let VS be the connection on S? and V = u*VS’ be the pull-back connection on
u*TS?. Let {x], x2, x3, t} be the canonical coordinates on 2 x [0, T'], denote V, = V 3

andV; =V_ a fori = 1,2, 3. Recall that the tension field 7 (1) = tr V2u = V; V;u, we

can write the equatlon (B1) in the form
Viu = Jw)V;Viu = V;(J(u)V;u).

Furthermore, let {eoz}gt:1 be a local frame of the pull-back bundle u*T'S? over € x

[0, T'], such that the complex structure J in this frame is reduced to Jo = +/—1. If we
denote ¢ := Vu = u;"ea ® dx', wherei = 1, 2, 3, then

Viu = JoVi¢; and Vi =V (JVii),

The Neumann condition on boundary in (B1) is equivalent to

3
> i - vilaaxo.r) =0,

i=1

where v = (v1, v2, v3) is the outer normal vector of 0€2.

B.2 Parallel transportation and some lemmas. Let B C S? be an open geodesic ball with
radius < 5. Then for any y;, y» € B, there exists a unique minimizing geodesic y (s) :

[0,1] — S? connecting y; and y,, and let P : Ty282 — Ty, S? be the linear map given
by parallel transport along y . Let {e1 (s), e2(s)} be the frame gotten by parallel transport
along v, set e, (y1) = e4(0) and e, (y2) = ey (1). Then, for any X = X%*(y2)eq(1) €
Ty, S?, the above linear map P has the following formula

PX = X“(y2)ea(0).

Letd : S? x S — R be the distance function on S?, and V = VSZ ® VSz be the
product connection on S? x S?. We have the following estimates for gradient and Hessian
of the distance function, whose proof can be found in [12,43,44].

Lemma B.1. Suppose that X = (X1, X3) and Y = (Y1, Y2) are two vectors in Ty, S? x
TyzS2 where d(y1, y2) < % Then, there hold true

1. 3Vd*(X) = (y'(0), PX2 — X1)
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2. 3IV2d2 (X, Y)| < |PX2 — X1|[PY2 — Yi| + Cd?(v1, y2) (1 X1] + [ X2 (|Y1 ]| + | Y2)).
On the other hand, let u; : Q x [0, T] — S?,1=1,2, with

sup d(ui(x, 1), uz(x, 1)) < z
Qx[0,T] 2

and denote V; = u;‘VSZ. Then, for any (x,7) € 2 x [0, T] there exists a unique
minimizing geodesic y(xn(s) : [0, 1] — S? connecting u(x, t) and ua(x,t). More
precisely, we define a map U : Q x [0, T] x [0, 1] — S? such that U(x,t,s) =
Y. (8), then u;*TS2 = U*TS?*|4—/—1 and V; = U*VSZ|S=1_1. Therefore, we can
define a global bundle isomorphism P : uéTS2 — u’fTS2 by the parallel transportation
along each geodesic. And hence, P can be extended naturally to a bundle isomorphism
from uﬁTS2 QR T*Q to uTTS2 ® T*Q.

Let {ey, e2} be a fixed local frame of bundle u%7S? such that J(u;) = +/—1. For
each point (x, ), we transport parallel this frame to get a moving frame {e; (s), e2(s)}
along the geodesic y(x,1)(s), and set e o = €4 (0) and €3 4 = e, (1) fora =1, 2. Under
this local frame {e; (1), ex(1)} of uETSz, we still have

J(u2) =~v—1,
since Vo, J(y) = 2 J oy =0and J o y(0,x,1) = /—1.
as

On the other hand, if we denote Vju; = uf,e;o ® dx' and set ¢y = uf,ej o ® dx',
then ’ ’

PVouz = Puj e2,4 ® dx' = uj je1q ® dx' = ¢,
and hence

@ :=PVaus — Viuy = S; —uf Jero @ dx' = ¢2 — ¢1.

Denote the difference of the two connections by

B =V, -V = (Vaeq(1), ep(1)) — (Vieq(0), e5(0))ep(0),

which is a tensor. The following estimates for the difference of connections is essential
to control the energy |, a |®|2dx in the proof of the uniqueness, whose proof can be found
in [44].

Lemma B.2. The exists constant C independing on uy and u», such that the following
estimates hold true.

1 |B| = Vo — Vi < C(IViur| + | Viua)d (uy, us),
2. |Bil = V2, — Vi,il < C(|Viur| + |Viuzl)d(uy, uz),

wherei = 1,2, 3. Moreover, for any i,k = 1, 2, 3, we have
[(Vau Vai = ViaVii)Jogail < Cr(1@| + (Viug| + [Vauz| + Dd(uy., u2)),

where C1 depends only on |u | a3 and luall g3 (@)



Existence and Uniqueness of Local Regular Solution 427

References

13.

14.

15.

16.

17.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

. Alouges, F., Soyeur, A.: On global weak solutions for Landau-Lifshitz equations: existence and

nonuniqueness. Nonlinear Anal. 18(11), 1071-1084 (1992)

Bejenaru, I.: On Schrodinger maps. Am. J. Math. 130(4), 1033—-1065 (2008)

Bejenaru, I.: Global results for Schrodinger maps in dimensions n > 3. Commun. Partial Differ. Equ.
33(1-3), 451-477 (2008)

Bejenaru, 1., Ionescu, A.D., Kenig, C.E.: Global existence and uniqueness of Schrédinger maps in di-
mensions n > 4. Adv. Math. 215(1), 263-291 (2007)

Bejenaru, I, Ionescu, A.D., Kenig, C.E., Tataru, D.: Global Schrédinger maps in dimensions n > 2: small
data in the critical Sobolev spaces. Ann. Math. 173(3), 1443-1506 (2011)

Bejenaru, L., Tataru, D.: Global wellposedness in the energy space for the Maxwell-Schrodinger system.
Commun. Math. Phys. 288, 145-198 (2009)

Bonithon, G.: Landau-Lifschitz—Gilbert equation with applied electric current. Discrete Contin. Dyn.
Syst. Dynamical Systems and Differential Equations, Proceedings of the 6th AIMS International Confer-
ence, suppl., pp. 138-144 (2007)

Boyer, F., Fabrie, P.: Mathematical tools for the study of the incompressible Navier—Stokes equations and
related models. Applied Mathematical Sciences, 183. Springer, New York (2013)

Chen, Y.-Z.: Second Order Parabolic Differential Equations. Peking University Press, Beijing (2003)
Carbou, G., Fabrie, P.: Regular solutions for Landau-Lifschitz equation in a bounded domain. Differ.
Integral Equ. 14(2), 213-229 (2001)

. Carbou, G., Jizzini, R.: Very regular solutions for the Landau-Lifschitz equation with electric current.

Chin. Ann. Math. Ser. B 39(5), 889-916 (2018)

Chen, Q., Jost, J., Wang, G.: The maximum principle and the Dirichlet problem for Dirac-harmonic maps.
Calc. Var. Partial Differ. Equ. 47(1-2), 87-116 (2013)

Chang, N.-H., Shatah, J., Uhlenbeck, K.: Schrédinger maps. Commun. Pure Appl. Math. 53(5), 590-602
(2000)

Chen B., Wang, Y.-D.: Very regular solution to Landau-Lifshitz—Gilbert system with spin-polarized
transport. Front. Math. China, to appear (2023)

Chen B., Wang, Y.-D.: Smooth local solutions to the Schrodinger flow for maps from a smooth bounded
domain © C R? into S%. arXiv:2111.14835

Chern, A., Knoppel, F., Pinkall, U., Schroder P., WeiBmann, S.: Schrodinger’s Smoke. ACM Trans. Graph.
35(4), Article 77, 13 pages (2016)

Ding, W.-Y., Tang, H.-Y., Zeng, C.-C.: Self-similar solutions of Schrodinger flows. Calc. Var. Partial
Differ. Equ. 34(2), 267-277 (2009)

Ding, W.-Y., Wang, Y.-D.: Local Schrédinger flow into Kihler manifolds. Sci. China Ser. A 44(11),
1446-1464 (2001)

Ding W.-Y., Wang, Y.-D.: Schrodinger flow of maps into symplectic manifolds. Sci. China Ser. A 41(7),
746-755 (1998)

Ding, W.-Y., Wang H.-Y., Wang, Y.-D.: Schrodinger flows on compact Hermitian symmetric spaces and
related problems. Acta Math. Sin. (Engl. Ser.) 19(2), 303-312 (2003)

Germain, P., Shatah, J., Zeng, C.-C.: Self-similar solutions for the Schrodinger map equation. Math. Z.
264(3), 697-707 (2010)

Gilbert, T.L.: A Lagrangian formulation of gyromagnetic equation of the magnetization field. Phys. Rev.
100, 1243-1255 (1955)

Huang, J.-X.: Local existence and uniqueness of Navier—Stokes—Schrodinger system. Commun. Math.
Stat. 9(1), 101-118 (2021)

Tonescu, A.D., Kenig, C.E.: Low-regularity Schrodinger maps. II. Global well-posedness in dimensions
d > 3. Commun. Math. Phys. 271(2), 523-559 (2007)

Jia, Z.-L., Wang, Y.-D.: Global weak solutions to Landau-Lifshitz equations into compact Lie algebras.
Front. Math. China 14(6), 1163-1196 (2019)

Jia, Z.-L., Wang, Y.-D.: Global weak solutions to Landau—Lifshtiz systems with spin-polarized transport.
Discrete Contin. Dyn. Syst. 40(3), 1903-1935 (2020)

Kenig, C.E., Lamm, T., Pollack, D., Staffilani, G., Toro, T.: The Cauchy problem for Schrodinger flows
into Kihler manifolds. Discrete Contin. Dyn. Syst. 27(2), 389-439 (2010)

Landau, L.D., Lifshitz, E.M.: On the theory of dispersion of magnetic permeability in ferromagnetic
bodies. Phys. Z. Sov. 8, 153-169 (1935)

Li, Z.: Global Schrodinger map flows to Kihler manifolds with small data in critical Sobolev spaces: high
dimensions. J. Funct. Anal. 281(6), Paper No.109093, 76 pp (2021)

Li, Z.: Global Schrodinger map flows to Kihler manifolds with small data in critical Sobolev spaces:
energy critical case. arXiv:1811.10924


http://arxiv.org/abs/2111.14835
http://arxiv.org/abs/1811.10924

428 B. Chen, Y. Wang

31. Lin, FE-H., Wei, J.: Traveling wave solutions of the Schrodinger map equation. Commun. Pure Appl.
Math. 63(12), 1585-1621 (2010)

32. McGahgan, H.: An approximation scheme for Schrodinger maps. Commun. Partial Differ. Equ. 32(1-3),
375-400 (2007)

33. Merle, F, Raphaél, P., Rodnianski, I.: Blowup dynamics for smooth data equivariant solutions to the
critical Schrodinger map problem. Invent. Math. 193(2), 249-365 (2013)

34. Nahmod, A., Shatah, J., Vega, L., Zeng, C.-C.: Schrodinger maps and their associated frame systems. Int.
Math. Res. Not. IMRN 2007, no. 21, 29 pp (2007)

35. Nahmod, A., Stefanov, A., Uhlenbeck, K.: On Schrodinger maps. Commun. Pure Appl. Math. 56(1),
114-151 (2003)

36. Pang,P.Y.H., Wang, H.-Y., Wang, Y.-D.: Schrodinger flow on Hermitian locally symmetric spaces. Comm.
Anal. Geom. 10(4), 653-681 (2002)

37. Pang, P.Y.H., Wang, H.-Y., Wang, Y.-D.: Schrodinger flow for maps into Kihler manifolds. Asian J. Math.
5(3), 509-533 (2001)

38. Pang,P.Y.H., Wang, H.-Y., Wang, Y.-D.: Local existence for inhomogeneous Schrodinger flow into Kihler
manifolds. Acta Math. Sin. (Engl. Ser.) 16(3), 487-504 (2000)

39. Rodnianski, I., Rubinstein, Y., Staffilani, G.: On the global well-posedness of the one-dimensional
Schrodinger map flow. Anal. PDE 2(2), 187-209 (2009)

40. Santugini-Repiquet, K.: Solutions to the Landau-Lifshitz system with nonhomogenous Neumann bound-
ary conditions arising from surface anisotropy and super-exchange interactions in a ferromagnetic media.
Nonlinear Anal. 65(1), 129-158 (2006)

41. Simon, J.: Compact sets in the space L” ([0, T]; B). Ann. Mat. Pura. Appl. 4(146), 65-96 (1987)

42. Slonczewski, J.C.: Force, momentum and topology of a moving magnetic domain. J. Magn. Magn. Mat.
12, 108-122 (1979)

43. Song, C.: Local existence and uniqueness of skew mean curvature flow. J. Reine Angew. Math. 776, 1-26
(2021)

44. Song, C., Wang, Y.-D.: Uniqueness of Schrodinger flow on manifolds. Commun. Anal. Geom. 26(1),
217-235 (2018)

45. Sulem, P.L., Sulem, C., Bardos, C.: On the continuous limit for a system of classical spins. Commun.
Math. Phys. 107(3), 431-454 (1986)

46. Tilioua, M.: Current-induced magnetization dynamics. Global existence of weak solutions. J. Math. Anal.
Appl. 373(2), 635-642 (2011)

47. Termg, C.L., Uhlenbeck, K.: Schrodinger flows on Grassmannians, in Integrable Systems. Geometry
and Topology, 235-256, AMS/IP Stud. Adv. Math. 36, American Mathematical Society, Providence, RI
(2006)

48. Visintin, A.: On Landau-Lifshitz equations for ferromagnetism. Jpn. J. Appl. Math. 2(1), 69-84 (1985)

49. Wang, Y.-D.: Heisenberg chain systems from compact manifolds into S2.J. Math. Phys. 39(1), 363-371
(1998)

50. Wei, J., Yang, J.: Traveling vortex helices for Schrodinger map equations. Trans. Am. Math. Soc. 368(4),
2589-2622 (2016)

51. Wehrheim, K.: Uhlenbeck Compactness. EMS Series of Lectures in Mathematics. European Mathematical
Society (EMS), Ziirich, viii+212 pp (2004)

52. Zhou, Y., Guo, B., Tan, S.-B.: Existence and uniqueness of smooth solution for system of ferro-magnetic
chain. Sci. China Ser. A 34(3), 257-266 (1991)



	Existence and Uniqueness of Local Regular Solution to the Schrödinger Flow from a Bounded Domain in mathbbR3 into mathbbS2
	Abstract:
	1 Introduction
	1.1 Definitions and background
	1.2 Strategy and main results
	1.3 A related problem

	2 Preliminary
	3 Parabolic Perturbation to the Schrödinger Flow
	3.1 Uniform H2-estimates
	3.2 Uniform H3-estimates

	4 Regular Solution to the Schrödinger Flow
	5 The Uniqueness of Solutions to the Schrödinger Flow
	Acknowledgments
	References




