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Abstract: We consider random normal matrix and planar symplectic ensembles, which
can be interpreted as two-dimensional Coulomb gases having determinantal and Pfaffian
structures, respectively. For a class of radially symmetric potentials with soft edges, we
derive the asymptotic expansions of the log-partition functions up to and including
the O(1)-terms as the number N of particles increases. Notably, our findings stress
that the formulas of the O (log N)- and O (1)-terms in these expansions depend on the
connectivity of the droplet. For random normal matrix ensembles, our formulas agree
with the predictions proposed by Zabrodin and Wiegmann up to an additive constant
depending on N but not on the background potential. For planar symplectic ensembles,
the expansions contain a new kind of ingredient in the O (N)-terms, the logarithmic
potential evaluated at the origin in addition to the entropy of the ensembles.

1. Introduction and Main Results

The Coulomb gas ensemble in the complex plane is governed by the law

N N
1 BN
B . _BN .
APy’ @1 2n) = — 1;[1|Zj_Zk|ﬁl_[le >0 dA(z)), (L)
N j>: ]:

where N is the number of particles, f is the inverse temperature and dA(z) := d*z/n
is the area measure. Here, Q : C — R is called the confining/external potential that
satisfies suitable potential theoretic conditions. We refer to [38,56,61] and references
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therein for recent developments of two-dimensional Coulomb gases. Contrary to (1.1),
the configurational canonical Coulomb gas ensemble in the upper-half plane [39,50] (cf.
[20, Appendix A]) has an additional complex conjugation symmetry (i.e. the particles
come in complex conjugate pairs) and is governed by the law

N
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In (1.1) and (1.2), the normalization constants
N N
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that make (1.1) and (1.2) probability measures are called partition functions. Further-
more, the logarithm of a partition function (divided by N?) is often called free energy.

For the special value 8 = 2, (1.1) and (1.2) represent joint probability distributions
of the random normal matrix and planar symplectic ensembles, respectively. In particu-
lar, if Q(z) = |z|2, these correspond to the complex and symplectic Ginibre ensembles
[42]. An important feature of this special value § = 2 is that, due to the factors identi-
fied in terms of Vandermonde determinants, the ensembles (1.1) and (1.2) form deter-
minantal and Pfaffian point processes in the plane [38], respectively. In other words,
all their correlation functions can be expressed in terms of the (pre-)kernel of planar
(skew-)orthogonal polynomials. We refer the reader to [19,21] for recent reviews on
these models. In the sequel, for § = 2, we omit the superscript (8) in (1.3) and (1.4),
and simply write Zy = ZI(\?) and Z N = 21(3)

‘We mention that the definition of partition functions (1.3) and (1.4) is more common
in the statistical physics community. On the other hand, in the random matrix theory
community, another widely used convention for the (canonical) partition functions is

1 ~ 1 ~
Zy = mZNa ZN = V1N (L.5)

see e.g. [38, Section 1.4]. The prefactor 1/N! in (1.5) allows writing Zy and §N in
terms of a structured determinant and Pfaffian, respectively. ~
In this work, we study the asymptotic expansions of Zy and Zy as N — oo.

1.1. Summary of previous results. Before introducing our results, let us summarize some

known results on the asymptotics of Zl(\f) for general § and Q. Cf. the literature on 2%3)
is much more limited.
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e (Zabrodin—Wiegmann prediction) In [67], it was predicted that the partition func-
tion ZI(\',g) has an asymptotic expansion of the form

log ZY = CoN? + C\Nlog N + CoN + C3log N + Cy + 0(—) (1.6)

Furthermore, they proposed explicit formulas for the constants C; = C;(B, Q)
(j =0,...,4) depending on B and Q, cf. (1.28). Incidentally, the formulas for C3
and Cy in [67] have been controversial as pointed out for instance in [59,62]. (See
also [23,47,63] for a similar prediction, which contains non-trivial O(JN )-terms

for B # 2.)
e (Asymptotic of the leading order O(N?)-term) It was shown in [44, Theorem

2.11] and [24, Theorem 1.1] (among others) that as N — oo,
B
log Z/(\f) = _ENle[MQ] +0(N2).

Here 11 ¢ is Frostman’s equilibrium measure [58], a unique probability measure that
minimizes the weighted logarithmic energy

Iolu] :=—// loglz—wldu(z)du(wH/Qdu- (1.7)
c? C

e (Asymptotic up to the O (N)-term) It was shown by Leblé and Serfaty [53, Corol-
lary 1.1] thatas N — oo,

B B B
log ZY) = —ENZIQ[MQ] +ZNlogN — (C(ﬂ) + (1 - Z)EQ[MQDN +o(N),
(1.8)

where C(f) is a constant independent of the potential Q and
Eglpgl = /C log(AQ) dpig (1.9)

is the entropy associated with pLQ.l Here, A := 99 is the quarter of the usual Lapla-
cian. The precise assumptions on the potential Q can be found in [53, Section 2.1].
Notably, it is assumed that A Q is bounded above in the droplet. We also refer the
reader to [14,62] for the expansion (1.8) with quantitative error bounds.

Beyond the general cases mentioned above, for § = 2 with a specific (and funda-
mental from the random matrix theory viewpoint) potential, there have been several
works on the precise asymptotic expansion of the partition functions, see e.g. [27,28]
and references therein. This type of potential usually contains certain singularities. As
a result, the asymptotic expansions of the associated partition functions are more com-
plicated (for instance, some non-trivial O (+/N) terms appear as well). Several topics in
this direction will be discussed in a separate remark at the end of the next subsection.

1 We mention that the physical entropy is — fC log(AQ/m)dug.
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Fig. 1. Eigenvalues of complex Ginibre (left) and complex induced Ginibre (right) matrices where N = 1000,
i.e. the model (1.1) with 8 =2 and Q(¢) = |{|2 — 2clog |¢|, where ¢ = 0 (left) and ¢ > O (right)

1.2. Mainresults. We study asymptotic behaviors of Zy and Z for the exactly-solvable
case where Q is radially symmetric. Our main findings are summarized as follows.

(i) We derive the large-N expansions of log Zy and log Zy up to and including the
O(1)-terms.

(ii) In the large-N expansions, the formulas of the O (log N)- and O (1)-terms depend
on whether the limiting spectrum is an annulus or a disc, see Theorems 1.1 and
1.2, respectively, cf. Fig. 1. This distinction is crucial in the asymptotic analysis but
seems not considered in [67]. Nonetheless, a precise prediction of the log N term
given in terms of the Euler index of the droplet was made in the earlier work [47]
of Jancovici, Manificat, and Pisani. We refer the reader to [19, Section 4.1] for a
review and more references.

(iii) For the partition function Zy of random normal matrix ensembles, our expansions
(1.17) and (1.23) up to the O(N)-terms agree with the formula (1.8) with g =
2. Furthermore, we verify from (1.23) that the asymptotic formula given in [67,
Eqgs.(1.2), (C.7)] holds up to an additive constant (1.34). Here, the meaning of
constant is with respect to the background potential Q, not with respect to N. Thus
the prediction (1.6) is faulty at the level of Cs.

(iv) For the partition function Zy of planar symplectic ensembles, the asymptotic for-
mulas (1.18) and (1.24) are new to the best of our knowledge. Contrary to (1.8),
the O(N)-terms in these expansions contain not only the entropy but also the
logarithmic potential (1.14).

Let us be more precise in introducing our results. It is well known [15,44] that under
some mild assumptions on Q, as N — oo, the empirical measures % Z;V:l 8z; of (1.1)
and (1.2) weakly converge to g, which takes the form

dpug =AQ-15dA. (1.10)

Here S = Sg is a certain compact subset of C called the droplet, see Fig. 1.

We consider the case where the external potential Q isradially symmetric,i.e. Q(z) =
q(]z|) for some function ¢ defined in [0, co). Throughout this paper, we focus on the
case Q is independent of N. We assume the basic growth condition

0()

im inf
lzl>o00 21og |z]

(1.11)



Partition Functions of Determinantal and Pfaffian Coulomb Gases 1631

which guarantees that Zy, 4 N < +00. Furthermore, we assume that Q is C*°-smooth
in a neighborhood of the droplet, subharmonic in C, and strictly subharmonic in a
neighborhood of the droplet. We mention that away from the origin, the latter conditions
can be written as the requirements that rq’(r) is increasing on (0, 00), and strictly
increasing in a neighborhood of the droplet, cf. (2.3). Under the above assumptions, the
droplet is given by

S=Ayr ={z€C:ry = |z| =}, (1.12)

where rq is the largest solution to r¢’(r) = 0 and r; is the smallest solution to r¢’(r) =
2, see [58, Section IV.6]. (We mention that the annular droplets often appear in non-
Hermitian random matrix theory, see e.g. [43].) In particular, if o = 0, we denote
D,, = Ay,,. Henceforth, we keep the assumptions on Q described above. For instance,
we cover the case Q(z) = |z|** — 2clog |z| for general A > 0 and ¢ > 0, see Sect. 4.1.
However, our result does not cover the case Q(z) = |z|** with A # 1 since it is not
strictly subharmonic at the origin, which is inside the droplet.

For a radially symmetric potential Q, by using (1.10) and (1.12), one can show that
the energy Ig[ug]in (1.7) is given by

r

1 [n
Iolpgl = q(r1) —logr _Z/ rq'(r)*dr. (1.13)
o
Similarly, in terms of the logarithmic potential
Uu(z) = /log dp(w), (1.14)
lz — wl

we have

q(r1) —Cl(ro).

5 (1.15)

Upo(0) = — / loglw|dpo(w) = —logry +
N
See [58, Section IV.6] for more details.
For the annular droplet case, we have the following.

Theorem 1.1. (Large-N expansion of the partition functions: annular droplet case)
Suppose that ro > 0, i.e. the droplet S in (1.12) is an annulus. Let

L @A) (0-A0)(0)

L, <r§AQ<ro)) L(

Foltnrb=le o o0n) ~ 16\ 00y " 00 016
rl 2 :
+ % /ro (%) rdr
Then as N — 00, the following holds.
(i) (Random normal matrix ensemble) We have
log Zy = —N*Iplpol + %NlogN + (10g(2271) —1- %EQ[MQ]) N
+% log N + 10827 FolArn 1+ ONTY. (1.17)
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(ii) (Planar symplectic ensemble) We have
log(4m)
2

1 log(2m) 1 1 AQ(ro) -1
43 log N + == +EFQ[A,O,,IH§1og(AQ(rl))+O(N ). (1.18)

- 1 1
log Zy = —2N?Iglugl+ 3 NlogN + ( ~ 1= Uug(© = 3Eqlugl)N

Using the convention (1.5) together with (2.22), our result can also be rewritten as

1 log(2mw) 1
_ N2 ! 1
log Zy = =N-Ip[ugl zNIOgN +( 5 2EQ[MQ]) N
+Fol[Ay.r 1+ O(N™) (1.19)
and
~ 1 log(4m) 1
tog Zy = ~2NIgljuo] — 3N log N + ( g2 — Upp (0) — EEQ[;,LQ])N
1 1 AQ(ro) »

+3 Folhn. ]+ 5 log <AQ(r1)) +ON. (1.20)

‘We mention that these formulas (1.19) and (1.20) as well as the formulas (1.25) and (1.26)
below are more convenient to compare with some asymptotic results in the previous
literature [27,28].

We mention that the term log(r/ro) is the extremal length of the annulus (1.12), see
e.g. [40, p.142].

Remark (Renormalized energy). It is worth pointing out that a characteristic difference
between the expansions (1.17) and (1.18) is the appearance of the logarithmic potential
Uug (0) in the O(N)-term of (1.18). This additional term can be rewritten as

U,LQ(O)z—/Slog|w—1D|dMQ(w). (1.21)

To see this, we use the polar coordinate to rewrite the right-hand side of (1.21) as
2 r
—/ / rlog|2rsin@| AQ(r)dr db
0 ro
2 r
= ,LQ(O) — /0 log |2sin 0| / rAQ(r)drdo
o
1 2
=U,,(0) — 5/0 log|2sin6|d6 = Uy, (0).

Here, the last identity fozn log|2sinf|d6 = 0 is an elementary exercise in complex
analysis. The interpretation (1.21) is natural from the perspective of the repulsion term
lzj —zj |# in (1.2) and is closely related to the notion of the next-order energy, see e.g.
[54]. (We thank T. Leblé for pointing out this.)

In Sect. 4.1 we present an example of Theorem 1.1 for the Mittag-Leffler ensembles
from which we expect that the error terms O (N ~!) are optimal.
For the disc droplet case, we have the following.
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Theorem 1.2. (Large- N expansion of the partition functions: disc droplet case) Suppose
that ro = 0, i.e. the droplet S in (1.12) is a disc. Let

1 L\ 1 @A) 1 (" 3A0(r)\?
Folbnl = 5102 (53 505) = 16" a0 il Cogur)

(1.22)
Then as N — oo, the following holds.

(i) (Random normal matrix ensemble) We have

log(2m)
2

+2(=1) + Fo[Dy, 1+ O(N "1 (log N)?).

1
logZy = —N21Q[,uQ] + ENlogN + (
1
N og(2m)
2

1 5
—1--E )N > logN
S Eoluol) N+ log

(1.23)

(ii) (Planar symplectic ensemble) We have

~ 1
log Zy = —2N%Igluol + S NlogN

log(4m) 1 11
+(Z57 = 1= U (0 = 5Eolugl )N + 5 log N

AQ(0)
<AQ(V1))

log2) 1 1 5 1
+— +5{’(—1)+EFQ[]DH]+ﬁlog2+—log

8
+ 0N~ (log N)3).

(1.24)
Here ¢ is the Riemann zeta function.
Again, using the convention (1.5), we have

log2m) 1 1
—_E ) N— —1logN
> oluol G

1
log Zy = ~NIgluol = ;NlogN +(

+2/(=1) + Fo[Dy,]1 + O(N~12 (log N)?)
(1.25)

and

~ 1
log Zy = —2N%Igluol — SN logN

log(4 1 |
+ ( Og(z ™) _ 10 (0) — EEQ[MQ])N— 55 logN

ooyt el 10e (220 ~ 3
+ 50 1)+2FQ[]D)”]+2410g2+Slog(AQ(rl))+0(N 2 (log N)3).

(1.26)

In Sect. 4.2, we provide an example of Theorem 1.2 for truncated unitary ensembles.
Contrary to Theorem 1.1, the error terms in Theorem 1.2 do not coincide with the
expected optimal orders O (N _12. Our error bounds originate from a decomposition of
the analytic expressions of Zy, Zy (see Sect. 1.3), which depends on sufficiently large
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but seemingly arbitrary number my > 0. (Such a decomposition was not necessary for
the proof of Theorem 1.1.) Later, we choose my = N /9 that gives rise to the control of
the total error bounds presented in Theorem 1.2. We mention that such error estimates
also naturally appeared in similar computations, see e.g. [17,27,28]. Nevertheless, we
expect that the estimates can be improved with more effort.

In terms of the function x := 4 log AQ, one can rewrite (1.22) as

1 | 1 1 |
FolD, ]= —1 (_)__55 d ——/A dA+—/ Vy2dA,
olDn]= 77 log 2) " o AT [P IVl

(1.27)

where § = D, and « = 1/r is the curvature of the boundary, see [67, p.8960] and
(1.33). Here, the third term fs A x d A on the right-hand side of (1.27) is known as a “zero
mode” of the loop operator (cf. [67, Eq.(5.26)]), whereas the fourth term corresponds to
the Dirichlet energy of x.

We end this subsection by giving some crucial remarks on our theorems.

Remark (Comparison with Zabrodin-Wiegmann formula). We compare our formula
(1.23) with the prediction by Zabrodin and Wiegmann. For 8 = 2 and a radially sym-
metric Q associated with a disc droplet of radius rq, the asymptotic formula (1.6) is
written in [67, Eqs.(1.2),(C.7)] as

|
log Zy = FoN2 + F1 joN + Fj +¢(N) + O(N™ 1), (c(N) =log N! = - Nlog N + )7N)
log(2m)

1 1
:F0N2+§NlogN+(;7—1+F1/2>N+§10gN+ +F +ON"Y),

(1.28)

where y is a “numerical” constant [67, p.8938] (that is not explicitly presented). (For
reader’s convenience, let us mention that in [67], the authors use a different convention
for B so that B = 2 in our case corresponds to 8 = 1 in [67]. Furthermore, the Planck
constant /1 in [67] is identified as 1/N.) The coefficients Fy, Fi/2 and Fy in (1.28) are
given by

r2
Fy:= 71/0 1(Wrad()c) — W/q(x)x 1og x)oraq (x) dx, (1.29)
—
Fai= =5 [ o) log(roma(r dr, (130)
Fy = % log (%) - %Xrad(rlz) - %rlz)(r/ad(r%)
1 rlz 1 2
+ 5[0 X(Xpaa (X)) dx, (1.31)

where

1 1
Wraa(r) == _Q(\/;)v Orad (1) 1= ;AQ(\/;)v Xrad(1) = 5 IOgAQ(\/;)‘
(1.32)
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Using (1.32), it is straightforward to check that the formulas (1.29), (1.30) and (1.31)
can be identified as

1
Fo=—lIplngl, Fip= _EEQ[MQ], Fy = FplDy, ], (1.33)

where I, Eg and Fg[ID,,] are given by (1.13), (1.9) and (1.22). (Cf. the identification
of Fy follows from the computation (2.16) below.) Then by letting y = log(27)/2, one
can deduce from (1.33) that the asymptotic formula (1.28) agrees with our result (1.23)
up to the additive terms

1 !
- ElogN+§ (=1). (1.34)

We remark that the asymptotic expansion of the partition function of the complex
Ginibre ensemble was presented in [23,65], where the universal coefficient for the log N
in the case of disc geometry is also exhibited, see also [19, Section 4.1] for further
references. Furthermore, one can also observe the term ¢’(—1) in (1.34). Indeed, the
term ¢’(—1) and its generalizations have appeared in similar situations in the Hermitian
matrix theory, see [31, Remark 1.3, Proposition 1.4], [26, Theorem 1.1], [29, Theorem
1.2]. Interestingly, the coefficients of the ¢’(—1) term depend on the connectivity of the
droplet (i.e. the number of disjoint intervals in this case) and the number of hard edges.

Remark (Non-triviality of the limit ro — 0). The formulas (1.23) and (1.24) cannot be
recovered by simply taking the limit 7o — 0 of (1.17) and (1.18). Namely, it is obvious
that as ro — 0, the terms

1 1 1 (arAQ)(rO)
- log (—rgAQ(ro)) +—rg——— (1.35)

16 = AQ(ro)
do not correspond to the terms (1.34). (One may however notice that for the standard
microscale rog = O(1/+/N), at least the —% log N term in (1.34) follows.)

From the viewpoint of the proof, the origin of (1.34) and (1.35) is essentially similar in
the sense that these terms arise from the asymptotic behaviors of the summand in (1.37)
of lower degrees. Nevertheless, it is essential (but seems not discussed in [67]) that
these asymptotic behaviors depend on whether the droplet is contractible or not, i.e. for
the radially symmetric potentials, disc or annulus. We remark that the contractible case
requires considerably more analysis than the other case, see the following subsection
for more discussion.

Remark (Invariance of the O (1)-terms under the dilation). For a > 0, let Q,(z) =
Q(z/a). Then the droplet associated with Q, is given by {z € C : arg < |z|] < ar},
where ro and r; are given in (1.12). Then it follows from (1.16) and (1.22) that

FQ[Aro,rl] = FQa [Aaro,arl]v FQ[Drl] = FQU []D)arl]- (136)

This in turn means that the O (1)-terms in the expansions in Theorems 1.1 and 1.2 are
invariant under the dilation {z;} — {a - z;}. The property (1.36) can be expected from
the analytic expression (1.37) below. More precisely, by the change of variables when
computing the orthogonal norms, the asymptotic expansions of the partition functions
associated with Q, and Q should differ only up to the O(N)-term, see [19, below
Eq.(5.13)] for a similar discussion.
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Remark (Weight function with singularities and classical problems in random

matrix theory). In Theorems 1.1 and 1.2, we focus on the weight function e~V < without
any kind of singularities. In contrast, if a specific singularity is allowed for the weight
function, the problems of deriving asymptotic expansions of the associated partition
function are (when combined with Theorems 1.1 and 1.2) equivalent to several classical
problems in random matrix theory.

To be more concrete, we list various problems in this direction. If the weight function
has a hard-edge inside the droplet, the associated partition function provides the large
gap (hole) probability, see [1,2,8,18,27,37,41,46] and references therein. The weight
function with a jump-type singularity gives rise to the moment generating function of
the disc counting function. It has been extensively studied in recent years [4,11,17,25,
28,30]. (We also refer to [35,51,52,64] for physical motivations of these problems from
the counting statistics of rotating free fermions.) Finally, a root-type singularity arises
in the study of the log-characteristic polynomials [17,33,66].

We stress that the literature mentioned above is limited mainly to a particular model,
such as the Ginibre ensemble, when deriving precise asymptotic results or to the leading
order asymptotic when considering general potentials. We expect that Theorems 1.1 and
1.2 provide the building blocks for obtaining precise asymptotic results on the problems
mentioned above with general radially symmetric potentials.

Remark (Planar point processes with a general external potential Q). For a general
potential Q beyond a radially symmetric one, the asymptotic behaviors of planar orthog-
onal polynomials (of sufficiently large degrees) with respect to e V< d A were recently
obtained in [45]. We expect that this will be helpful to extend Theorem 1.1 (i) to a
general potential Q associated with a “non-contractible” droplet. On the other hand,
for the extension of Theorem 1.2 (i), it is required to derive asymptotics of orthogonal
polynomials of lower degrees as well.

Such a generalization of Theorems 1.1 and 1.2 (ii) for planar symplectic ensembles
seems at present far from being solved. More precisely, in order to obtain an analytic
expression of Zy, it is required to construct the associated skew-orthogonal polynomial.
However, for a non-radially symmetric potential, this construction has been known only
in a few special cases [3,48] (cf. see [7] for a possible generality).

Remark (Multi-component ensembles). For a general Q, as a consequence of the asso-
ciated equilibrium measure problem, it is possible that the droplet consists of several
disconnected components, see e.g. [5,13,16,32,55] and references therein. In relation
with the models (1.1), such multi-component ensembles have recently gained a particular
interest due to their special statistical properties at the boundaries of the droplets as well
as some theta function oscillations in various statistics, see e.g. [9,10,22,27]. For these
models, it would also be interesting to investigate the precise asymptotic behaviours of
the partition functions, for which it is expected that the coefficient of the log N-term is
again related to the Euler characteristics of the droplets and that certain theta function
behaviours appear.

1.3. Outline of the proof. In this subsection, we outline the proofs of our main results.
Using the determinantal (resp., Pfaffian) structure and de Bruijn’s type formulas, one can
express Zy (resp., Zy) in terms of the (skew-)orthogonal norms. Consequently, since
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Q is radially symmetric, we find

N—-1 N—-1
log Zy =logN!+ Y "loghj, logZy =logN!+ Y log(2haj+1), (1.37)
j=0 j=0

where
hj :f 1217 e VD dAz),  h; :=/ 12?7 e 2NCD gA(z).  (1.38)
C C

These formulas can be found for instance in [28, Lemma 1.9] and [7, Remark 2.5].
In particular, for planar symplectic ensembles, we have used the explicit construction
of skew-orthogonal polynomials associated with radially symmetric potentials, see [7,
Corollary 3.3].

In order to obtain the large-N expansions of partition functions up to the O (1)-terms,
we need to derive asymptotic behaviors of /; and h; up to the first subleading terms,
for which we apply Laplace’s method. For this purpose, let r; be a unique number
such that rr¢’(r;) = 2t for 0 < 7 < 1. Such a function t + r; plays an important
role in Laplace’s method, and we defer more explanations to Sect. 2.1. In the asymptotic
expansions of & ; and h; j» one should distinguish the following two cases depending on
a small constant e>0.

e Casel:rj;y > N ~¢. For the annular droplet case where ry > 0, this case covers
all j =0,1,..., N — 1 (Lemma 2.1). On the other hand, for the disc droplet case
where ro = 0, this case coversonly j = my,my+1,..., N —1formy = N€ with
some € > 0 (Lemma 3.2).

e Case 2: rj/)y <« N7° This covers the remaining disc droplet case with j =
0,1,...,my — 1 (Lemma 3.1). Notably, the asymptotic expansion involves gamma
functions in this case.

Furthermore, we apply the Euler—-Maclaurin formula (see e.g. [57, Section 2.10]) to
precisely analyze the summations in (1.37)

S = [ s LI

2
-1
$30 R (O — D) 4R (139)
P (2k)!
where By, is the Bernoulli number defined by
t "
- ZZana' (1.40)
n=

Here, the error term R; is given by [57, Eq.(2.10.1)]

R — /” Bo — By (x — |x])
= Q@)

where B is the Bernoulli polynomial [57, Chapter 24]. Using the inequality

@D (x)dx,

1By — By(x)| < 2—2"")By| =4(1 — 47—
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(see [57, Eqs.(24.9.2),(25.6.2)]), one can notice that the error term R; satisfies the esti-

mate
421 n
IRl = (2“)2,)/ £ ()] dx.

Here ¢ is the Riemann zeta function. In particular, for the disc droplet case, in the
summation of lower degrees j =0, 1, ..., my — 1, we consider the Barnes G-function
[57, Section 5.17]

Gz +1) = 27)%e —(z+22(14+y))/2 1_[ "efz+z2/(2n)
n=0 I’l

(here y is Euler’s constant), which can also be defined recursively by
G(iz+1)=T@GC(2), G(1) =1 (1.41)
We then use its asymptotic expansion [57, Eq.(5.17.5)]:

2logz _ izz N log(2m)z logz
2

logG(z+1) = 1 5 0

+¢'(—=D+0( 2) (z = 00).
(1.42)

This asymptotic expansion leads to the appearance of the Riemann zeta function in
Theorem 1.2.

Plan of the paper. The rest of this paper is organized as follows. In Sect.2, we prove
Theorem 1.1. Section 2.1 is devoted to deriving asymptotic behaviors of &; and h;

using Laplace’s method. Then we show Theorem 1.1 (i) on random normal matnces 1n
Sect. 2.2 and Theorem 1.1 (ii) on planar symplectic ensembles in Sect. 2.3. Section3
is structured in parallel with a goal to show Theorem 1.2 albeit it requires considerably
more computations compared to those in Sect.2. In Sect.4, we present examples of
Theorems 1.1 and 1.2 for the Mittag-Leffler and truncated unitary ensembles whose
partition functions can be explicitly expressed in terms of well-known special functions.

2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Throughout this section, we assume that ry > 0.

2.1. Asymptotics of the orthogonal norm. We first introduce an auxiliary function V; in
(0, 00)

Vi(r) :=¢q(r) — 2t logr. (2.1)

With the following choices of T = 7(j), T(J)

N wy = L
)= T =S 2.2)
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the integrands in 4, n j (1.38) can be expressed in terms of V7 :

rHe NI — o=NVip() - 2) 22N — o= NVep(),

For a radially symmetric potential Q, we represent AQ in terms of g as

4
Q@) e=r = ~(rg () = ——+4" (). (2.3)

Differentiating (2.1), we have
/ / ZT " 1 /
Vi =q'(0— - V) =4800) — V().
VO — 4 2,
D) =49,A0() — ~AQ() + 5 V().
r r
V) = 4PA0M) + 2 AQ() — 28,00 - %Vém. 2.4)
r r r

We now set the stage to apply Laplace’s method. Since rg’(r) is strictly increasing
inside the droplet, for 0 < t < 1, there exists a unique number r(7) such that

V.(r(t)) =0, vV!(r(v)) > 0. (2.5)
Moreover, by (2.3) and the relation (2.5), it follows that

dr(ty 2 B 1 -
dt — (rg'(r)) lr=r ~ 2r(1)AQ(r (1))

(2.6)

Thus r(7) is an increasing function of t. On the other hand, (1) = r1, 7 (0) = ro, where
ro, r1 are given in (1.12). Therefore, we denote r; = r(7) making the notation consistent
with (1.12). We also mention here that r; corresponds to the outer radius of the so-called
“r-droplet” [45]. By (2.4) and (2.5), r; satisfies

req’'(rp) = 2. 2.7)
In particular, g’ (ro) = 0 and r1¢’(r1) = 2.
Let
2 2
B, () = — L OACM) 19 %A0() S GAQE)T 11,

T32(A00)7  96r (AQ())? T 96 AQ() 122 AQ(G)

Here, the subscript 1 is added to *B to emphasize that this function appears as the first sub-
leading term of the asymptotic expansion of orthonormal polynomials, see Lemma 2.1
below. Indeed, function ®B is closely related to function 8. 1 in [45, Theorem 1.3].

Lemma 2.1. As N — oo, the following holds.
e Foreach jwith) < j <N —1,

2 1
27trr(j)

1 N 2 1 _
hj = N—fe_NVrm(frm)(AQ(r (')))2 (1 + N%ﬂrr(j)) +O(N 2)).
T(j
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e Foreach jwith) < j <2N — 1,

an% . 1 1

(J) 2 )
_— 1+ —B1(rz; O(N .
AQ(”?(j))) ( N D) + O ))

Here, the error terms are uniform for j.

By = a2t

Proof. 1t suffices to show the first assertion as the second one follows by replacing N
with 2N.

Write §y := log N/\/N. As seen in (2.1), (2.5) and (2.6), the function V; has a
global minimum at» = r; and r —rej) = O(N™Y). As N — oo, uniformly for

jwith0 < j <N — 1 we have

T(j+%)

Vr(j+%)(l") > Vr(j_‘_%)(rt(j) +5N)
1 " 2 3
= Ve(eh o) + 3 Vo) Tee) o) 0N =1y )7+ O0)

2

for all r with r > r;(j) + 8n since rq’(r) is increasing in (0, 00). A similar estimate
holds for r < r;(j) — 8. Thus we deduce from the estimate

1
Vegeh ee) = Ve (e () = O(N ™)

that there exists a positive number ¢ > 0 such that forall j € {0,1,--- , N — 1} and r
with |r — r,(j)| > 0N

Vel () = Ve (re() = €83 2.9)

We split 4 in (1.38) into two integrals
o0
hj= / e NV Do dr
0

:/ e NVei) Py g + / e NVin oy qr,
\r—rr(j)|<6N

\r—r,(j)|>6N

Using (1.11), we choose sufficiently large M > 0 such that

o0 M
/ <r2e—‘/<r>> rdr < +00. (2.10)
0

We then use (2.9) and (2.10) to find an error estimate for the second integral

/ e NV 2p gy
|r7rr(j)|>8N

= ¢ NVe(p(z(p) / e_N(Vf(j)(’)_Vf(.i)(’f(j))) 20 dr
[r=r(j)|>8n (2.11)

< o NVe() (o)) p=c(N=M)8Y, / g—M(v,(,-)(r)—V,(,-)(m,-))) 20 dr
[r=re(j|>dn

= e NVepeiey,
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where ey = O (e clogN )2) for some ¢ > 0 and the O-constants are bounded uniformly
for all j with 0 < j < N — 1. We deduce from the asymptotic expansion of V; (r) near
the critical point r; and (2.11) that

hj = e~ NV o)

N
2 _N(Ly® 3 4
% (/ e—ZNAQ(rf(j))r e N(3! Vr(j)(rr(/))r +4| z(J)(rr(]))r +0(r ))2(,,.1(])_'_") dr+€N>.
SN

A change of variables gives that
eNVru)(rr(j))hj

_ 2rej) VNay
VN —/Néy

1+;)dr+e1v.

rf(j)\/ﬁ

Using the Taylor series expansion of the function

2 1 1y0 3_1 1y@ 4 -3 5
o 2ACU I =g s Ve e = @ Ve (e ()T HOWN T 2r)

1 1 1y@ 4
fy r(,)(’T(J))’ Nﬂvr(j)(’f(j))’

)

we have the asymptotic expansion

VR

r(j)(’ru))hj
2re ()

o0
_ 280G pr2, _ L1 2,
[ ‘ uat N (6r,( ) Vp o)+ 5 f</>(”(1))) N 72(‘/ e ar

—00

+O(N7?)

since the odd terms vanish in the integral, leaving only the even terms. Note that the
O-terms are uniform for j € {0, 1,--- , N — 1}.
Combining (2.4) with the elementary Gaussian integrals

—2ar? _ z 1 —2ar? 4 _ zz 1
[I;e dr = /2_a1/2’ '/Re rtdr = /216_a5/2’
/6_2“r2r6dr= IZE—I ,

R 264472

we obtain the desired asymptotic behavior after some straightforward computations. O
The following elementary integration will be helpful later.

Lemma 2.2. We have

1 AQ(r1) 1 r
\/;%1 d,bLQ = FQ[ArOJ’l] — ZlOg (m) + gl()g (—),

where FgolAy, r11s given in (1.16).
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Proof. By (2.8) and (1.10), we have

fmana=gon )~ S 5555
r 2
- 1_16 ,Ol [a,AAQQ(r()r) B g(arAAQQ(,(;))Z]’dr-

Then the lemma follows using integration by parts

TPOFAQ() 5 9, A0()\2
/ro [ AQ(r)r -5( AQ(r; ) ]rar

@rAQ)(r1) “ o (8r A Q)(ro) +10g(AQ(r0)> _ g/” <3rAQ(r))2rdr_ (2.12)
AQ(ry) AQ(ro) AQ(r1) g N AQWM)

3

O

2.2. Random normal matrix ensemble. In this subsection, we prove Theorem 1.1 (i).
By Lemma 2.1, we have

1
log hj = —NVT(J')(I’T(]')) + E(log(anrz(j)) — 10gN — IOg AQ(TT(]‘))>
1 _
+B10() + O(NT) (2.13)
as N — oo uniformly for j € {0, 1,--- , N — 1}. In the following lemmas, we analyze
the asymptotic behavior of the partial sum of each term in (2.13).
Lemma 2.3. As N — oo, we have

N-1 1 " ,
Z(:) Ve (o) = Nlgligl = Uy (0) + — log (Z) +O(N7.
]:

Proof. The sequence 7 in (2.2) can be extended to the function on [0, N]: 7(¢) = ¢/N.
Using the Euler—Maclaurin formula (1.39) and (2.2), we have
N-—1 N 1
Z Ve (reciy) = / Vewy(rey) dt — E(VI(N)(V'((N)) = Ve ) (rz(0))
° 0

-

1 _
[V (e oy = Ve e |+ O 214)
Here, we also used the second Bernoulli number B, = 1/6, which can be easily seen
from the definition (1.40). For the first term on the right-hand side of (2.14), the change
of variables s = r;(y), the definition (2.1) of V¢, the definition (2.2) of 7, the formula
(2.6) of dr/dt, and the eq (2.7) r;q’(r;) = 2t for r; give that

1 N ri
N/o Vey(rery) dt = 2/ (q(s) —s5q'(s) logs)sAQ(s) ds. (2.15)

0
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We use the polar coordinate system to represent the first term on the right-hand side of
the above equation as

2/” sq(s)AQ(s)ds:/Q-AQdA.
7 S

0

By (2.3), the method of integration by parts, and the relation r1q’'(r;) = 2, q'(rg) = 0
(see (2.7)), the second term in (2.15) is simplified to

r

—2/” s2q'(s)log sAQ(s)ds = —‘1—‘/ llogs < ((sq'(s)%) ds

0 0

1 M
= —logr + 4_1/ s(q'(s))% ds.

ro
Applying the method of integration by parts again to the last integral,

L / 2 _ l _l " / /
Z/ro s(q'(s)"ds = 2q(r1) 4/ro q(s)(sq'(s)) ds.

Using the formula (1.13) of Ig[u o], the representation (2.3) of AQ in terms of g, and
the equation (2.7) rrq’(r;) = 27 for r;, we have

(N 1 [ L,
—/ Ve (re) dt =/Q~AQdA—logr1 +5q(r) — —f q(s)(sq'(s)) ds
N Jo s 2 4 /.

0

1 1
= 5/ Q- -AQdA —logr + 561(”1) = Igluol.
s
(2.16)

For the next term on the right-hand side of (2.14), we observe that

Vi) (reny) = Ve o) (re0) = Vi(r1) — Vo(ro) =q(r1) —q(ro) — 2logry = 2U,,,(0),
2.17)

where we have used in (1.15). To analyze the remaining term in (2.14), we use the
Leibniz rule and obtain

O Vey (o) |,—y = < [0:(q(re) = 2logro)| _, — 2logri],

vl
1
O Ve (rey) |, = N[arCI(Vr)L:O —2logro].
It follows from r1q’(r1) = 2, roq’ (ro) = 0 and the formula (2.6) of dr/dt that
O Ve (ree) | ,—y — 0 Veoy (re) |, o
Ir q'(r) 1 q'(ro)
:—[——ZIOgrl— 3 -
NL2riAQ(r1) riAQ(r1)  2roAQ(ro)

+21 ] 2 1og (™
0g ro =—0g(—).
N rl

(2.18)

Combining (2.14), (2.16), (2.17), and (2.18), the proof is complete. O
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Lemma 2.4. As N — 00, we have

N—1
1 A
> log AQ(re(;) = NEglug] - 5 log (%) FONYH, (219
j=0 0
and
N—1
1
> logreqy = ~NUyg(0) — 5 log (=) + OV, (220)
Jj=0

Proof. As in Lemma 2.3, we apply the Euler—Maclaurin formula (1.39) and obtain

N-1

N
1
ZlogAQ(rt(j)):/O 10g AQ(ry() dt — = log

° 2
j=0

AQ(r)
(AQ(::)))

1 —
+ E[az log AQ(”r(z))’t=N — 81 1OgAQ(rT(Z))|t:0] + O(N 3)‘
(2.21)

It follows from a change of variables and (2.6) that the first term on the right-hand side
of (2.21) gives the entropy term

N r
/ log AQ(re(r)) dt = N/ 1logAQ(s)ZsAQ(s) ds = N/ logAQdpug.
0 ro S

By the chain rule and the formula (2.6) of dr/dt again, we also observe that

L 0,A0)(r1)  (3,A0)(ro)
9 1og AQ(re(n)|,_y — 01108 AQ(re(r))|,_y = ﬁ<r1(AQ(r1)])2 - ro(AQ(ro)O)2)

=O(N.

Combining all of the above, we obtain (2.19). The equation (2.20) follows similarly. O
We are now ready to prove the first assertion of Theorem 1.1.
Proof of Theorem 1.1 (i). Combining Lemmas 2.3 and 2.4 with (2.13), we obtain

N-—1 N
Z logh; = —N21Q[,uQ] - ElogN +N<

j=0
Lo (Y s L e (AQ0D -1
310g<r0)+4log<AQ(r0))+/S%1duQ+0(N ),

where B is given by (2.8). Then the desired asymptotic expansion (1.17) follows from

log(2mw) 1
0 oo

1 1 1
logN!'=NlogN — N + ElogN + Elog(Zn) + O(N)’ (N — 00) (2.22)

(see e.g. [57, Eq.(5.11.1)]) and Lemma 2.2. O
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2.3. Planar symplectic ensemble. In this subsection, we prove Theorem 1.1 (ii).
Recall that by Lemma 2.1,

log;- =—=2NVzj(rz()) + 5 10g(7rr~ ) —log N —log AQ(rz(;))
! oy + 5 (s ») (2.23)
+ —%l(r () +O(NT?)

as N — oo uniformly for j € {0, 1,---, N — 1}. In the following lemmas, we derive
asymptotic expansions for the partial sum of each term on the right-hand side of (2.23).
We obtain the following as a counterpart of Lemma 2.3.

Lemma 2.5. As N — oo, we have

-3
Z Ve (rzej+n) = Nlplnol — m log< ) +O(NT). (2.24)

Proof. Applying Lemma 2.3 by replacing N with 2N, we have

2N—1

1
D Ve (7)) = 2N Iglho] = Ung (0 + - Nlog( )+0(N—3). (2.25)
j=0

It follows from Vz(2j)(r72j)) = Vz(j)(rz(;)) and Lemma 2.3 that

N-1

> Viap(rep) = Nloliol = Uyg(0) + — log( ) +OWNT3. (226
j=0
Then (2.24) follows from (2.25) and (2.26). O

Lemma 2.6. As N — oo, we have

N-1

> log AQ(rz@js1y) = NEglugl+ O(N™h),
j=0

and
Z logrzj+1) = —NUuy (0) + O(N 7).

Proof. By Lemma 2.4, we have

2N—-1

1
> log AQ(re()) = 2N Eglu] - 5 log (
j=0

2N-1

3 logrz() = —2NUyp (0) — log< )+0(N h.
j=0

AQ(ry)
AQ(ro)

)+ow .
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Along the lines of Lemma 2.4, one can also show that

= 1 /AQ(n) o
> log AQ(+2))) = NEoluo] — 5 log (AQ( )) +ONY,
j=0 0
N—1 ! . »
Y logriej) = ~NU,up (0) — S log (r—) +ONT.
j=0 0
This completes the proof. O

We now prove the second assertion of Theorem 1.1.
Proof of Theorem 1.1 (ii). By Lemmas 2.5 and 2.6, we have

N-1

~ N N N
Z log(2h2j41) = —2N21Q[MQ] -3 log N + > log2 + > log(2m)
j=0

NU, ) — Yo ]+1/%d 1 (r0)+0(N_1)
17%%) ZQMQ251“Q6gr1 .

Combining (1.37), (2.22), and Lemma 2.2 completes the proof. |

3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Throughout this section, we let 7y = 0.

3.1. Asymptotics of the orthogonal norm. Let §y = N~'/21og N and my = N€ for
0 < € < 1/5. As explained in Sect. 1.3, for the disc droplet case, the asymptotic
behaviors of 4 and 4 ; depend on whether the degree j is sufficiently small or not, see
Lemmas 3.1 and 3.2, respectively.

Lemma 3.1. As N — 00, the following holds.

e forj=0,1,...,my — 1, we have
. N ” . _1 . 3 3
logh; =—Nq(0)—(]+1)1og(3q (0))+log]!+0(N 2(j +1)2 (log N)%).
e forj=0,1,...,2my — 1, we have
logh; = —2Ng(0) — (j + 1) log(Nq"(0)) +log j! + O(N~2(j + 1) (log N)?).

Here, the O-constants are uniformly bounded for j.

Proof. The second assertion is an immediate consequence of the first one. Recall that
7(j) = j/N. Let

ri:=r;-logN,

T
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where r; is given in (2.5) or (2.7), r:q’(r;) = 2t. We consider the decomposition

9 * 00
hj= [ 2r2itle=Naw) gy — frt(ﬂ%) 2p2ite=Na) gy +/ 2r27te=NaW) gy
0 0 o
T(]+7)
Due to strict subharmonicity of Q in a neighborhood of the droplet, r; defined in (2.5)
satisfies r; = 0(‘[%) as T — 0. Since the function V7 in (2.1) has a global minimum at

r = r; and increases in (r;, 00), for all r > ’”:(j+1)’ we have
2
27 +1
Veah) () = Vr(j+l>(rj<j+l>) = ‘Z(’":(ﬁl)) - log(r7 ;41))

4 2 _ 3

= 40)+ 34 O )" = = “Liogtr? ) +OCT
3.1
where the O-constants are uniform for j € {0, 1, - - - , my — 1}. Here, we also have used

q'(0) = 0, which follows from (2.3) and the fact that AQ(z) € (0, co) near the origin.
Using (3.1), it follows that

(e.¢] 00 _
eNq(O) 2r2,/+1e—Nq(r) dr — 2e NV, T(j+d )(r) f](o))d
o o
TU+7) TG+
—al(N=M)(* ) N [ MV 0
.y c] ) r* )(2/+1)¥ 2e G +1)(r) q(0)) dr = en(j)
T(j+3) o
G+

for some ¢; > 0. Here, M is given by (2.10). Since r; = O(T%), there exists ¢o > 0
such that

H N _ 1 3
en () = 0[5, )T e cz<1+z>(logN)>

_ O<(2J+1 (log N) )(2J+1) W p—e2(j+3)(l0g N) )

Therefore we obtain

oS} . o ;
hj =/ 2r2itle=Na®) gy =/ T+3) 92041 =N gy 1 o= NaO g ()
0 0

* _N(@(O 1 710)r2 O(N(r* 3
/rT(H%) Jajst, NAOHLODONCT ) )dr+e*Nq(°>eN(j)
0
:e*N‘NO)[N*U“)/ 202041 = 5a" O dr(1+O(N(r Nl ) ))+eN(1)]
0
_ (i . —(j+D 3 )
—e Nq(O)[N (/+1)F(]+l)(§q”(0)> (1+0<N 2(j+1)2 t0gm) ))+eN(1)},

where the O-constants are uniformly bounded for j and €y () is negligible. This com-
pletes the proof. O
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Recall that the sequences 7(j) and T(j) are given by (2.2): t(j) := j/N,T(j) :=
j/(2N) and the function B is given by (2.8):

1 2A0(r) 19 3,AQ(r) 5 (8,A0(r))? 1 1
T32(A00)7 967 (AQ()? T 96 AQ()Y T 12r2 AQ()

Bi(r) =

Recall also that V; is given by (2.1) V;(r) := q(r) — 2t logr and r; is given by (2.5)
or (2.7) rrq'(r;) = 2t. As a counterpart of Lemma 2.1, we show the following lemma.

Lemma 3.2. As N — oo, the following holds.

eforj=my,my+1,..., N — 1, we have

logh; = —NVa(iy(reciy) + <1 ( 27 )+ L 81y + O3 (log N))
ogh;, = — (e —log| ———— — rr(i 0 .
e For j =2my,2my +1,...,2N — 1, we have

2
TGy )
NAQ(rz(j)

1 3 o
+ﬁ%1(r?(j)) +O(j 2(log N)®).

~ 1
log hj = —2NV7(j)(r;(j)) + E log (

Here the O-constants are uniformly bounded for j and « > 0 is a small constant.

Proof. This lemma can be shown in a similar way to Lemma 2.1. Recall that r; satisfies
re = 0(‘5%) as T — 0. Note that ford > 1

d
Vol =1g D) + (=) 20 @ = DIrY < Cr1+ 272,

where C; > 0 is a constant that can be taken uniformly for all . We now split the
integral for /2 ; by

o0 . o0
h; =/ 27201 g=Na () gy =/ 2re NVei) ) gy
0 0

r.[(j)+5}\/
= / 2re NVen ) gy +/ 2re NV ) gy
p

() —ON [r—re(j)|>8n
and first compute the integral over the outer region. For my < j < N, we have
oL
rf(j+%) —I't(j) = O((jN)™2).
Since V7 is increasing in (r;, 00), the Taylor series expansion for V; gives
Ve ) 2 Ve(jady ey +8N)
=V Lyn 5 ?
= Veeh Teiel) * 3 Ve Ceged) o) 08 =iy
=1
+0((j)728y) (3.2)
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forallr > r;(j+d&y. Here, O(r(j)_%B?V) =O0O(N~ j_% (log N)3) and the O-constants
are uniformly bounded for j € {my, ---, N — 1}. Similarly, since V; is decreasing in
(0, r;), we have

Ve ) 2 Ve(ady ey — 8n)
1 2
= Veah) Cegal) + 5 v;/(]+2)(r,(j+%))(r,(,-) =N = Ti(41)
+ O(T(j)_f(gzv) (3.3)

for all r < r¢(j) — dn. Using the Taylor series for V; again, we have

1
Veueh) Cegady) = Ve ) = Ve (i) = Ve (i) — 7 1087t

1
= 0((GN)™) =y logry 1),

(3.4)

where the error term is uniform for j. Thus, it follows from (3.2), (3.3), and (3.4) that

eNVru)(’r(j))/

2p20+1 ;= Nq(r) gy — / z[N(Vrm%)(”*Vr(n(rr(_m) W
[r=rz(jy|>8N

\rfrr(/-)|>8N

N-M
1 ) -M V(i i
Se_c1<10gN)ze N Ogrr('”%)/ 2e (T(ﬁl)(r) fm(rr(/))) dr
[r=re(jl>dn

— 0200z N)?)

for some cy, c; > 0. Here M is given by (2.10). For the integral near the critical point
7z(j)» we use the Taylor series expansion to obtain

rr(j)toN
/ 2re NV ) gy = o= NVe(n (i)
Te(j) =N

SN 1 3 4 -3
_N(Ly. 2.1 (~). )43 Lv(). 44 ATIE
f Z(rr(j) + t) e (2 .[(J)(rr(]))t +6VT(J)(r‘[(j))t +97 .[(J)(rr(]))t +0(t(j) [7] ))dt

_‘SN

t
e NVeip () / 22800 ()1 (rr i+ —)
)]
I sy ? DEUN

(] B Vr(j)(rf(j))tg, f(j>(rr(j>)l4+ v, (,>(rr<n)) 65\]’1>dt

6+/N 24N 72N
where ¢/ N1 = 0@ -5 (log N)¥) for some ¢ > 0 and the O-constant is uniformly
bounded for j € {mpy,---, N —1}. Combining the all of the above, we obtain

1 2mr2, . 1 1
hi= —NVrm(rr(j))[_(—’(J)) (1 B R )+ ]
e VN NAQ(re(j)) N D10T) e ) Fen

where ey 1 = O(j_%(log N)*)and ey = O(e_"Z(logN)z). O
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3.2. Random normal matrix ensemble. In this subsection, we show Theorem 1.2 (i).
According to the asymptotic expansions of /2; given in Lemmas 3.1 and 3.2, we analyze
the summation in (1.37) through the decomposition

my—1

logh; = logh; + logh;. (3.5)
Z j Z by

j=mn

The asymptotic behaviors of each summation on the right-hand side of (3.5) are given
in Lemma 3.3 and 3.7, respectively.

Lemma 3.3. As N — oo, we have

my—1
+1
Z loghj = —myNg(0) — M(logNHog( ”(O)))
j=0
1 3 log(2 1
+§m%vlogmN Zm?\,+ 0g(2 n)mN — ElogmN+§( 1)

+O0(my? + N=20-59) (1og N)3).
Proof. By Lemma 3.1, we have

my—1

+1 1
3" loghj = —myNq(0) — %(logN +log (Eq”(O))) +1og G(my + 1)
j=0
+ O(N~20759 (Iog N)3),
where G is the Barnes G-function (1.41). Now the lemma follows from (1.42). O

Lemma 3.4. As N — 0o, we have

N—-1
1
Y Ve (o) = Nlglugl = Uy (0) — on ogn

Jj=my

—myg(0) — ?TW%V %<m%v_mN+é)log(Nf—g(0))

+ 2V L o(N2B759),
2N

Proof. By applying the Euler—Maclaurin formula (1.39), we have

N-—1 N

Z Ve (rey) = /

Jj=my MmN

1
Vewy o)) dt — 5( Ve (rovy) — T(mN)(rr(mN))>

: —1-2¢
+ E(G;(Vr(t)(rm)))\t:]\; - at(vr(t)(rr(t)))L:mN) +O(N ).
(3.6)
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Here we have used 3; (Vo) (re))|,_,,, = ON T3 (z(my)™2) = O(m*N~") and
B> = 1/6. By the change of variables s = r;(;) and the formula (1.13) of Ig[up], we
obtain

N r
/ Ve di =2N [ (q(s) — sq'(s) log s)s A Q(s) ds

N Tt(mpy)

1
ZN(E_/ Q-AQdA—10gF1+(T(mN))210er(mN)
S\Sr(mN)

1
+ 3@ = Tmy) - qriny)

N m%, my
=NIQ[MQ]_? Q'AQdA'FTlOng(mN) _T‘I(’"t(mzv))~
St

(mp)

Observe here that

2T \1 T 2
e = (_) +O(1) = ( ) +0(r) ast— 0. 3.7)
q"(0) AQ(0)
Thus we have
1 1
logregny) = E]og (22?(’)1) + O(r(mN)%) =3 log (TA(ZZ\(I);) + O(N_%(l_e)), (3.8)

1 3 _3q-
40einy) = 40 + 36" O e (ny)* + O(Tmy)2) = 4O + t(my) + O "2 (3.9)

and

1 1 [Ty , ,
—/ 0 AQdA= 1/ 4(s) - (5q'(5)) ds
S 0

2 T(mpy)
1 1 [remn) PN
= 220w - 4 — —/ $(q())* ds
2 4 Jo
1 1 Tr(mp)
= 270nN) - qreony) = 7(4"(0)’ /0 s ds+ 0],

1 1 2 —3(1—6)
ET(””N) ~q(remy)) — ZT(mN) +O(N™2 ).

Combining all of the above asymptotic expansions, we obtain

N
/ Vey(reqry) dt

my
2 2
m m 1o
:NIQ[MQ]—mNCI("r(mN))+——N+—Nlogr,(mN)+0(N_2(3 3€))
4 N N
= NlIplpol —m (0)_§ﬁ+ﬁlo (””_N)JFO(N—%@—SE))
ool =mNa = 4N T an #\Na0 ) :

(3.10)



1652 S.-S. Byun, N.-G. Kang, S.-M. Seo

Furthermore, it follows from the formula (1.15) of U, 0 (0), (3.8) and (3.9) that

Ve (re(vy)) — Veuw) Teonyy) = q(r1) — 21ogry — q(reguy)) +2t(my) - 10g reguy)

— - g0y = TN TN o (N ~3-9
= 4(r) = 2ogri —q(0) % + T log (T 7 ) + ONTEIZ)

my ~mpy my —3(1—e)
— 20, (0) — N L IN (—)+0 N—31-9)
o) =+ lee( Fapm) ) O )
(3.11)
Similarly, we have
2
O (Vey(reop))| ,—y — 3z(Vr(t)(rz(r)))L=mN = N(log Fe(my) —10gr1)
| oy 5 o (3.12)
-1 (—)——1 + O(N~26-9),
N e\ Nag©) ~ vt ol )
Now the lemma follows from (3.6), (3.10), (3.11) and (3.12). O

Lemma 3.5. As N — oo, we have

N-1

1 AQ(ry) _l_
,Z 10g AQ(re(jy) = NEglpgl — 51og( Nl ) = mulog AQ(0) + O(N~2179),
=mpy
and
Nl my 1 my 1 my
o — N _ N —€
jZ logre(jy = —NUp,,(0) + > 5 logry ( > 4)10g(NAQ(O)> +O(N"°).
=mpy
Proof. Using the Euler—-Maclaurin formula (1.39),
N-1
1 AQ(r1)
Z log AQ(rc(j)) =N logAQdpg — 3 log (A—)
j:mN S\Sr(mN) Q(r‘[(mN))

1
+ E(a’ log AQ(re))|,_y — 3 log AQ(re))],_,,, )

+o(N "' t(my) 7).
We verity from (3.7) that

/S log AQdpg = AQ(0) - 1og AQ(0) - 17, + O(t(my)?)

T(mp)

- '%N log AQ(0) + O(N31-9)
and

1 3rAQ(rr(mN))

1 1
I = O(N~'t(my) %) = OV~ 29,
t=mpy 2N rr(mN)(AQ(rI(mN)))z

o, log AQ(”r(z))|
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Observe that log AQ (r;(my)) = log AQ(0) + O (r¢(ny)). Combining above equations,
we obtain the first assertion. Similarly, by using the Euler—Maclaurin formula (1.39),
(3.8), and (3.9), we have

al 1 r _
3 logrey =N 10g|z\dug—§10g<7)+0(m1v)
S

Fe(my)

j=mn \Sz(my)

N
= E(Z logry —2t(my)logregmy) —q(r1) + Q(Vr(mN)))

_%log( n )

Tt(my)
—q 1 1
= N(logn — w + ET(mN)) -3 logry
my 1 T(my) —e
- (7 - Z)log(AQ(O)) oW,
which completes the proof. O
Lemma 3.6. As N — oo, we have
N-1
1 1 1 my 1 AQ(ry)
— 3 B(re(s) = FolDy, 1+ = logr) — — 1 (—)——1 (—)
v ‘Z 1(re()) = FolDn ]+ 3logr — log (7 ) = Flee (o
j=my
1 —€ —l-e)
+610gAQ(O)+0(N + N2 ),
where Fg[ID,, ] is given in (1.22).
Proof. Observe that
N-1
> By =N Bidug+O0(x(my)™").
jsz S\Sr(mN)

By (3.7) and (3.8),

1 r 19 AQ(ry)
B dr = - lo ~ gl
fs 1dug = ¢ g(mmm) 48 g(AQ(rr<mN>))

\Stimpy)
L [BEAQ(m _3(&h0my,

16 ), L a0e) 3\ A00)
1 1 tmy)y 19 AQ(r)
_i/n [a,?AQ(m _é(arAQ(i’)>2i|rdr+O(N_%(l—e))
16Jo Lagr)y 3\ A0 '
Thus we have
T, 1 1 my 19 AQ(r1)
Nj;}\] %l(rf(_f)) = glogrl - EIOg<NAQ(O)> - &10g< AQ(0) )

1 "[3,2AQ(r)_§<3rAQ(r)
16 Jo AQ(r) 3N AQ()
Now the lemma follows from (2.12). |

2 Lo
) Jrar+ o4 nm2079),
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Lemma 3.7. As N — 00, we have

N—-1
my
> loghj = —N? IQ[MQ]+—

1o (2”)+N O +°m2 — LNEolio]
— m —my — =

e 2 N NG T gy 5V Eelite
=my

(%)

1 | , 1
—EmN(mN+1)log<AQ(O)) oDy, ] — (mN—g>log
+ O(N~T2(log N)3).

Proof. By Lemma 3.2, we have

N—1
! 1
Z logh/ - Z <_ NV‘[(])(rt(])) +10gr‘[(j) — Elog AQ(V'[(])) " N%l(rt(J))>
j=my j=mn
N — o) i
+ % log (Wn) + O(mN2 (log N)%) + O(N—%(l—se)).

Now Lemmas 3.2, 3.4, 3.5 and 3.6 complete the proof. Here, for the error term, we take
€ =1/6sothate/2 = (1 —5¢)/2 =1/12. O

We are now ready to prove the first assertion of Theorem 1.1.
Proof of Theorem 1.2 (i). By combining Lemmas 3.3, 3.7 and (3.5), we obtain

N—-1
1 N
> logh; = ~N?Iglugl — 3N log N — E(EQ[,LQ] - 10g(27‘r)>
j=0
logN
12
+O(N~ T (log N)3).

+¢'(=1) + Fo[Dr,]

Note here that all the terms involving my in Lemmas 3.3 and 3.7 vanish. Then the
desired asymptotic expansion (1.23) follows from (1.37) and (2.22). This completes the
proof. O

3.3. Planar symplectic ensemble. In this subsection, we prove the second assertion of
Theorem 1.2.
As a counterpart of Lemma 3.3, we have the following.

Lemma 3.8. As N — o0, we have

mN—l
- 3
Z log haj+1 = —2myNg(0) +m3 logmy + (10g2 -3 1og(zvq”(0)))m2
1 11 B
+5mylogmy + (1og2 — 5+ logm — log(Ng (O)))mN

—ilogmN+ilog2+ ;( 1)+ O0(m)y 14 N20-50) (190 N3
24 24 ‘
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Proof. By Lemma 3.1 and (4.6), we have
2j+1

N

loghaje1 = = 2Nq(0) — (2 +2) log(Ng"(0)) +log (=T (j + DI'(j + )
+O(N"20-39),

Thus we have

mN—l

> loghyji = —2myNg(0) — my(my +1)log(Ng" (0)) + m3, log2 — mTN log 7

G(my + 3
+log (Glmy + 1)%32)) +ON~20759),

Now the lemma follows from the asymptotic expansion (1.42) of the Barnes G function
and

Gh =25 ep (SCD)r . G3)=GhIrd) = GV

Lemma 3.9. As N — 00, we have
Z Vzj+n (rzj+n)
_mN
3 my,
12N 4 N
1 1 mpy ~laos
2 )1 <—>+0Nz<~ ).
4N( my - 6) 2\NA0©0) ( )

Proof. By using Lemma 3.4 with N — 2N, we have

1
= Nlplpol+ ——logri —mnq(0) —

2N—1

D Ve oEg)

J=2my

3my

= 2NIglg) = Upg(0) = o logri = 2myg(©) — 3 =X

1 1 my my 1l
+—(4m2 -2 +—)1 (—)+ + O(N~26759),

4N(mN my+ )\ Faow) T aw Ot )

On the other hand, by the Euler—-Maclaurin formula (1.39), we have

1 2N 1
Z Ve (rze))) = 3 f Ve (rz ) dt — E(V?(ZN) (rzeny) — V?(sz)(V’f(sz)))
j=mn 2my
1
+ E(ar(V?(zz)(r?(zr)))L:N - 3t(V?(2z)(r?(2z)))}t=mN)
+O(N~1726),
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Following the proof of Lemma 3.4, we have

N-1
1
> Veejrre)) = Nlgligl = Uug(0) — — logry
j=my
2
3md 1, 1 my
- 2Ny - 1
mNgO) = 2 oy N TN ) Og<NAQ(O))
+ OV O(N_%@_SE)),
2N
which completes the proof. O
Lemma 3.10. As N — 00, we have
N-1 1
Y log AQ(rzj+1) = NEglpol —mylog AQ(0) + O(N~2179),
j=my
and
i m m m
N N N _
log rejsty = —NUy, (0) + N TN (—)+0N ).
ij: 0grF(2j+1) 10 (0) 3 5 log NAOO) (N9
=my

Proof. By Lemma 3.5 with N — 2N, we have

2N-1

1 A
Z log AQ(rz(j)) = 2NEgluol — 5 log ( AQQ((rol)))
j=2mN
—2my log AQ(0) + O(N~20-9)),
2N-1

1
> logrgjy = —2NU,,(0) +my — 5 logri

j=2mpn

~ (my — ;) o (Vag@)* o™

Following the proof of Lemma 3.5, we also have

N—1
1 AQ(r1)
> log AQ(rz2j)) = NEglugl — 7 log (F(Ol))
Jj=mn
—2my log AQ) + O(N~H1-9)),
N-—1 1
D logrraj) = —NUuo(0) +my — 3 loer

j=mn
- (mN - %) log (#g(o)) +O(N™9).

This completes the proof. O
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Lemma 3.11. As N — 00, we have

1Nl

g %

1 my 1 AQ(r1)
Z B1(rzej+n) = FQ[Dr1]+ 10gr1 7 10g< N ) — (AQ(O))
]_mN
1
+ 55 1og AQ(0) + o(my").
Proof. This lemma follows along the same lines of Lemma 3.6

.0. O
Lemma 3.12. As N — 00, we have

3 loghaj = —2N%Iglpel — —logN+N<l i — Uy (0) — 1EQ[MQ])
j=my
+ %m%, - (m%, 214) 10g< N ) +mN<2Nq(0) + % + %log (W:T—N>)
_ (m%, + é) log (m) + EFQ[1D>,~,]+ % log <7AQ1(”)>

+ O(m;% (log N)*).

Proof. Note that by Lemma 3.2, we have

N—-1

Z log h2,+1 Z ( 2N Vz e (rz@jen) +logrzejn
_mN /_mN
1
-3 log AQ(rz2j+1)) + N
N — 1
+ # og (%) + 0(my? (log N)*).

The lemma now follows from Lemmas 3.9, 3.10 and 3.11

B (r?(2j+1)))

We now finish the proof of Theorem 1.2.

Proof of Theorem 1.2 (ii). Combining Lemmas 3.8 and 3.12, after long but straightfor-
ward simplifications, we obtain

N—-1 my—1 N—-1
> loghyji1) = Nlog2+ Y loghajui+ Y loghaju
=0 j=0 j=my

_ —2N21Q[MQ] — lNlogN +N(1°g(24”) — Uyp (0) — ; [HQ]) - % log N
AQ0) —1, y—ta-5¢) 3
+ 2 log2+ 3 Locn+d FQ[D,1]+ (AQ(r1)>+0(mN + N~20759) (10g N)3).

Again, it is noteworthy that all the terms in Lemmas 3.8 and 3.12 involving my cancel

each other. Now the asymptotic behavior (1.24) follows from (1.37) and the asymptotic
expansion (2.22) of log N! with € = 1/6.

O
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4. Examples: Mittag—Leffler Ensemble and Truncated Unitary Ensemble

This section presents examples of our Theorems 1.1 and 1.2 for some well-known planar
point processes. We also refer to [36, Section 4] for further examples in the context of
the induced spherical ensembles.

4.1. Mittag—Leffler ensemble. Let us consider the potential
0() = |z/* = 2cloglz], A,c>0. (4.1)

The models (1.1) and (1.2) associated with the potential (4.1) are known as the Mittag-
Leffler ensemble [12]. We refer to [17,27,30] and [6] for recent studies on complex and
symplectic Mittag-Leffler ensembles, respectively. Using (1.12), we have

ro = (%)7 r o= (116)7 AQ(2) = A2zP2. 4.2)

In particular, by (4.2), the Mittag-Leffler ensemble (4.1) falls into the class considered
in Theorem 1.1. Let us recall that Q is required to be C* in a neighborhood of S.
By direct computations using (1.9), (1.13) and (1.15), we have

2
1 o 1 +2¢ 3
IQ[MQ]:ﬁlog<(l+c)(l+c)z)+ —(loga+3). (4.3)
Eolpol = 71 A+1_’\(1+1 ( < )) 4.4)
= (6] (0] S E———— . .
eltel =TT S+ ore
It also follows from (1.16) and
3, A
r( )Q(r) 2 —2. P2AQ(r) = A2
AQ(r)

that

Fotbma = (5 = C e (7) =5 () @9

On the other hand, by using (1.37),

hj= 2/oor2j+1+2c1vefzvr2A dr = leMFU +Nc+ 1)’
0 A A

and the analogous formula for h j» we have

N-—1 .
N! Qe+)NZ+N +Nc+1
Zy = Myt T (L Neely,

j=0
N-1 .
~ ! c+1)N2+
Ty = N! (ZN)‘WHF«HVCJJ)_
(A /2)N , r/2

Jj=0
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Furthermore, using the multiplication theorem of gamma function ( [57, Eq. (5.5.6)])

n—1
M) = @m) T 0" 2 [T+ %) (4.6)
k=0

and the characteristic property (1.41) of the Barnes G-function, we have that for % eN,

c+)N2+ N2 3= 30N
Zy =N!N—W(2n)<%—ﬁw<i>(m DNGH3—50)
il (4.7)
1—[ G(N+Nc+1+Ak)
X
G(Nc+1+xk)
k=0
Similarly, for 2 € N, we have
_ QetDNZ4N A-Lyn(2 G+EIN2+(G+5-1)N
Zy=N'QN)" 7+ 2m© ( )
(4.8)

G(N+Nc+1+ 5k)
G(Nc+1+5k)

XH

k=0

Then by using (1.42), one can directly check that the partition functions (4.7) and (4.8)
satisfy the expansions (1.17) and (1.18) with (4.3), (4.4) and (4.5).

4.2. Truncated unitary ensemble. We now consider the potential

2
|z]

0(z) = _“1°g<1_R2(1+a))if|z|5RV1+“’ @.R>0. (49

00 otherwise,

The models associated with (4.9) correspond to the truncated unitary ensembles at strong
non-unitarity [49,68]. These models provide a one-parameter generalization of the Gini-
bre ensembles that can be recovered in the extremal case, i.e. limy— o0 Q(z) = |z|?/R2.
(See [34,60] and references therein for recent works on these models.) In this case, we
have

R2a(l+a)

=0 =R A= i —

(4.10)

From (4.10), we see that the truncated unitary ensembles are contained in the class
covered in Theorem 1.2. (The hard edge condition imposed in (4.9) outside the droplet
does not harm the proof of Theorem 1.2.)

It is easy to verify from (1.9), (1.13) and (1.15) that

a a2+a) o
loluol = =5 = ———1o (1

o
Egluol = —2 — (1+2a)log (m) —2logR. (4.12)

)— log R, @.11)
o
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Since
. (0-A)Q(r)
AQ(r)
we deduce from (1.22) that

_ 4r?
r=R  RX*(1+a)—r?

4 2
=—, RAQR) = ,
a a

r=R

e mn(i55) & L) - (o5
ruosi= s (125) s+ (e (1) = H(Leswe (). 13

Notice here that Fg[IDg] is independent of R, which is consistent with the invariance of
the O (1)-terms of (1.23) and (1.24) under the dilation, see the remark below Theorem 1.2.
Using the Euler’s beta integral

r@ro)

1
= | ta-pnbtla, b >0),
T(a+b) /0 (=0 @b>0)

the orthogonal norm 4 ; is computed as

R/ 1+ 2 .
h =/ (1) g 2 i sy DEN DI D,
0 R2(1 +a) T(@N +j+2)

Then by (1.37) and (1.41), we have

2 G(N + 1)G(aN +2
Zy = NIRVONVD (] 4 oy 545 pow ¢y EWV HDG@N+2) =
G(aN + N +2)

Similarly, by (1.37) and the duplication formula of the gamma function (i.e. (4.6) with
n= 2)9
Zn = NI RANWV+D=2aN? (j L () N*+N p oy 4 )N
G(N+3) G@N+2)  GN+3) (4.15)
G3) G@N+N+2)G@N+N+3)

x G(N +1)

Then by using (1.42), it is again straightforward to check that the partition functions
(4.14) and (4.15) satisfy the expansions (1.23) and (1.24) with (4.11), (4.12) and (4.13).
In the extremal case where « — o0, the expansion of the partition function Zy of the
complex Ginibre ensemble appears in [65].
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