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Abstract: The Kauffman bracket skein algebra is a quantization of the algebra of regular
functions on the SL, character variety of a topological surface. We realize the skein
algebra of the 4-punctured sphere as the output of a mirror symmetry construction based
on higher genus Gromov—Witten theory and applied to a complex cubic surface. Using
this result, we prove the positivity of the structure constants of the bracelets basis for the
skein algebras of the 4-punctured sphere and of the 1-punctured torus. This connection
between topology of the 4-punctured sphere and enumerative geometry of curves in
cubic surfaces is a mathematical manifestation of the existence of dual descriptions in
string/M-theory for the N' =2 Ny = 4 SU(2) gauge theory.
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1. Introduction

In this paper, we address questions in low-dimensional topology using algebraic and
geometric methods inspired by mirror symmetry. More precisely, we prove results on
the topology of simple closed curves on the 4-punctured sphere and the 1-punctured
torus by studying the a priori unrelated problem of counting holomorphic maps from
Riemann surfaces to complex cubic surfaces. We present our results on positive bases for
the skein algebras of the 4-punctured sphere and 1-punctured torus in Sect. 1.1. We give
a survey of the proof, based on enumerative algebraic geometry, in Sect. 1.2. Motivations
from theoretical physics are briefly discussed in Sect. 1.3.

1.1. Results on positive bases for Sk (So.4) and Sk (S1.1).

1.1.1. Skein modules and algebras Recall that a knot in a manifold is a connected
compact embedded 1-dimensional submanifold, and that a link is the disjoint union of
finitely many (possibly zero) knots. A framing of a link is a choice of nowhere vanishing
section of its normal bundle.

The Kauffman bracket skein module of an oriented 3-manifold M is the Z[A*]-
module generated by isotopy classes of framed links in M satisfying the skein relations

X:AX+A’]>< and LUO:—(A2+A’2)L. (1)

The diagrams in each relation indicate framed links that can be isotoped to identical
embeddings except within the neighborhood shown, where the framing is vertical, i.e.
pointing out to the reader. The Kauffman bracket skein module was introduced inde-
pendently by Przytycki [77] and Turaev [95] as an extension to general 3-manifolds of
the variant of the Jones polynomial [60] given by the Kauffman bracket polynomial for
framed links in the 3-sphere [61]. In the general context of skein modules attached to
arbitrary ribbon categories [54], the Kauffman bracket skein module is associated to the
ribbon category of finite-dimensional representations of the SL, quantum group.
Given an oriented 2-manifold S, one can define a natural algebra structure on the
Kauffmann bracket skein module of the 3-manifold M := S x (-1, 1): given two
framed links L and L; in S x (—1, 1), and viewing the interval (—1, 1) as a vertical
direction, the product L L is defined by placing L on top of L,. We denote by Sk 4 (S)



Strong Positivity for the Skein Algebras 3

the resulting associative Z[Ai]-algebra with unit. The skein algebra Sk 4 (S) is in general
non-commutative.

We consider the case where S is the complement Sg ¢ of a finite number £ of points in
a compact oriented 2-manifold of genus g. A multicurve on Sg ¢ is the union of finitely
many disjoint compact connected embedded 1-dimensional submanifolds of S, ¢ such
that none of them bounds a disc in S, ¢. Identifying S, , with S, ¢ x {0} C S, ¢ x (-1, 1),
a multicurve on S, ; endowed with the vertical framing naturally defined a framed link
in Sg ¢ x (=1, 1). By a result of Przytycki [78, Theorem IX.7.1], isotopy classes of
multicurves form a basis of Sk4 (S, ¢) as Z[AT]-module.

1.1.2. Positivity of the bracelets basis of Sk o (So,4) and Sk 4 (S1,1) Dylan Thurston intro-
duced in [94] a different basis Br of Ska (S, ¢), called the bracelets basis and defined
as follows. Let 7;,(x) be the Chebyshev polynomials defined by

To(x) =1, T1(x) = x, Tr(x) = x> — 2, and forevery n > 2, T4 (x) = xTp,(x) — Tp—1 (x).
(2)
Writing x = A + A~!, we have T;,(x) = A" + A™" for every n > 1. Given an isotopy
class y of multicurve on S, ¢, one can uniquely write y in Sk (S ¢) asy =y, -y
where y1, ..., y are all distinct isotopy classes of connected multicurves andn; € Z,
and we define
T(y) :==To, (YD) -+ T, (). (3)
As the leading term of 7, (x) is x", the set By of all T(y), for y isotopy class of
multicurve, is a Z[ AT ]-linear basis of Sk 4 (Sg,¢). If y is a connected multicurve, y" is
the class of n disjoint isotopic copies of y, whereas T, (y) is the class of a connected
bracelet made of n isotopic copies of y (see [94, Proposition 4.4]), hence the name of
bracelets basis for By.

In [94, Conjecture 4.20], Dylan Thurston made the remarkable positivity conjecture
that the structure constants of the bracelets basis, which are a priori in Z[Ai], in fact
belong to Zzo[Ai]. He proved in [94, Theorem 1] that the conjecture holds after setting
A = 1.Inthe present paper, we prove [94, Conjecture 4.20] in the case of the 4-punctured
sphere Sg 4, that is, g = 0 and £ = 4, and the 1-punctured torus S; 1, thatis, g = 1 and
{=1.

Theorem 1.1. The structure constants for the bracelets basis of the skein algebras

Ska(So,4) and Ska(S1,1) of the 4-punctured sphere Sy 4 and of the 1-punctured torus

S1.1 belong to Zzo[Ai]. In other words, for every x and y in B, the product xy in the

skein algebra is a linear combination with coefficients in Z.>o[A*] of elements of Br.
[94, Conjecture 4.20] was previously known in the following cases:

(1) For g = 0 and £ < 3, the skein algebra is a commutative polynomial algebra,
more precisely, we have Sk4(So.0) = Z[AT], Ska(So.1) = Z[AT], Ska(So2) =
Z[A*][x], and Sk4(So.3) = Z[A*][x, y, z], and so [94, Conjecture 4.20] follows
directly from the identity 7,,,(x)T,,(x) = Tppn (X) + Tj—p| (x).

(2) For g = 1 and £ = 0. For every p = (a,b) € 72, write yp for the isotopy
class of ged(a, b) disjoint copies of connected multicurves with homology class
m(a, b) € 7 = H; (S1,0, Z). Frohman and Gelca proved in [38] the identity

TGVan) TWeay)) = AT Yasepsa) + AT (via—cb—a)-

[94, Conjecture 4.20] follows because the bracelets basis of Sk4(S1,0) is made of
monomials in the variables T(y)).
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The cases (g, ) = (0,4) and (g, ¢) = (1, 1) treated by Theorem 1.1 are the first
examples of a proof of [94, Conjecture 4.20] in a situation where no simple closed
formula for the structure constants of the bracelets basis seems to exist.

A conceptual approach to the general case of [94, Conjecture 4.20] would be to con-
struct a monoidal categorification of the skein algebras Sk (S ¢) and a categorification of
the bracelets basis. First steps towards this goal are described by Queffelec and Wedrich
in [82]. We do not follow this path to prove Theorem 1.1. Rather, one should view The-
orem 1.1 as providing further non-trivial evidence that such monoidal categorification
should exist.

For ¢ > 0, there is a more refined positivity conjecture, [94, Conjecture 4.21],
involving the so-called bands basis. We do not adress this conjecture in the present
paper. General constraints on possible positive bases of skein algebras are discussed by
Lé [67] and L&, Thurston, and Yu [69].

1.1.3. A stronger positivity result for Sk 4 (So,4) We will in fact prove a positivity result
for Sk 4 (Sp 4) stronger than Theorem 1.1 and conjectured by Bakshi, Mukherjee, Przyty-
cki, Silvero and Wang in [8, Conjecture 4.10 (1)]. For 1 < j < 4, let p; be the punctures
of Sp 4, and a; the isotopy class of connected peripheral curves around p, that is, bound-
ing a 1-punctured disc with puncture p ;. The peripheral curves a; are in the center of the
skein algebra Sk 4 (Sp 4), and so Sk 4 (Sp.4) is naturally a Z[AT (a1, a2, a3, as]-module.

We fix a decomposition of Sp 4 into two pairs of pants, glued along a connected
multicurve § of Sg 4 separating the four punctures into the pairs p1, p2 and p3, pa. Isotopy
classes of multicurves on Sp 4 without peripheral components can then be classified by
their Dehn-Thurston coordinates with respect to & [72,76]. For every p = (m,n) €
Z X Z>q such that m > 0if n = 0, there exists a unique isotopy class y,, of multicurves
without peripheral components, such that, the minimal number of intersection points of
amulticurve of class y, with § is 2, and such that the twisting number of y,, around 8 is
m. As a special case of a theorem of Dehn, the map p — y,, defines a bijection between

B(Z) :={(m,n) € Z x Z=o |m >0 if n =0} 4)

and the set of isotopy classes of multicurves on Sy 4 without peripheral components, see
[76, Theorem 1.2.1]. For example, y(o,0) is the isotopy class of the empty multicurve,
Y(1,0) is the isotopy class of §, and a multicurve of class y, with p = (m,n) has
gcd(m, n) connected components. Equivalently, if p = (m, n) with m and n coprime,
and if we realize Sp 4 as the quotient of the four-punctured torus (RZ\(%Z &) %Z)) /7?2
by the involution x = —x , then y, is the class of the image in Sp 4 of a straight line

of slope n/m in Rz\(%Z @ %Z) (e.g. see [31, Proposition 2.6]). As isotopy classes of

multicurves form a basis of the skein algebra as Z[A%]-module, the set {VplpeB@)isa
basis of Sk 4 (Sp,4) as Z[A*][a1, a2, a3, as)-module.

For every p1, p2, p € B(Z), we define structure constants Cif‘j;zp € ZIA¥][a1, a,
az, ag] by

So.4,
Tp)Tp) = Y Coripy T(p). (5)
PEB(Z)
Following [8], we introduce the notation

Ri0 :=ajay +azas, Ry :=aiaz+axaq, Ry :=ajas+azas, (6)
y 1= aiazazas + a% + a% + a% + af + (A2 — A_2)2. @)

The following Theorem 1.2 is our main result and proves Conjecture 4.10(1) of [8].
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Theorem 1.2. 'For every p1, p2, p € B(Z), we have

So,4,
Cp?’f;;zp € Z>o[A%1[R1.0, Ro.1, R1.1, y]. (8)

As we will see at the end of Sect. 3.1, it is elementary to check that Theorem 1.2
implies Theorem 1.1 for Sk 4(Sp 4).

1.1.4. A stronger positivity result for Sk (S1,1) Let n be the isotopy class of connected
peripheral curves around the puncture of Sy ;. As 7 is in the center of Sk4(S; ), the
skein algebra Sk 4 (S1,1) is naturally a Z[AT] [n]-module. Isotopy classes multicurves on
S1.1 without peripheral components are classified by their homology classes, which are
well-defined up to sign. Fixing a basis of homology, we get a bijection p > y,, between
B(Z) and the set of isotopy classes of multicurves on 1,1 without peripheral components.

For example, multicurve of class y, with p = (m, n) has gcd(m, n) components. As
isotopy classes of multicurves form a basis of the skein algebra as Z[A*]-module, the
set {¥p} peB(z) is abasis of Sk4 (S1,1) as Z[Ai][n] module. For every p1, pa2, p € B(Z),

we define structure constants Ci:;;; € Z[A%][n] by

Si.15
Tp)T(yp,) = Z Cprps T(p)- ©)
peB(Z)
We write
2:=A2+ A2 4. (10)
Note that z is the deformation parameter from Sk (S1,0) to Sk4(S1,1): indeed, closing
the puncture means setting = —A? — A~2, thatis z = 0.

Theorem 1.3. For every p1, p2, p € B(Z), we have

Su1,
Cprips € Z=olA*][2]. (11)

As we will see at the end of Sect. 3.2, it is elementary to check that Theorem 1.3
implies Theorem 1.1 for Sk 4(So 4).

1.1.5. Strong positivity for the quantum cluster algebras X PGL Sos and XPGLz iy We

can appply our positivity result on the skein algebras Sk 4(Sp 4) and Sk4 (S1,1), Theo—
rem 1.2, to prove a similar positivity result for the quantum cluster algebras X’

and XSLZ Sy

For every punctured surface Sg ¢ with £ > 0, Fock and Goncharov introduced in [34]
the cluster varieties Agy,. Se.c and XPGL2 S D Asi,, Se.t is a moduli space of decorated
SLy-local systemon Sg ¢, and XpGL,. Se.0 is amoduli space of framed PGL;-local systems
on S, ¢ and both admit a cluster structure. Fock and Goncharov constructed a “duality

99

map

SLS4

I: Asty 5, (Z") — O(XpGr, s, ,) 12)

from the set Agz,. Sg [(Z) of integral tropical points of Agy,, s, to the algebra
O(XpgL,, Se.r) of regular functions on Xpgy,, S,.c- They proved that {H(l)}leAng 500 @)

is a basis of O(Xpgr,, S,.¢) [34, Theorem 12.3].

1 Using the product formula of Corollary 6.6 and [27, Lemma 3.5], one can in fact replace polynomials in
A with non-negative coefficients by polynomials in A of Lefschetz type, that is sums of A-integers.
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The cluster variety XPGLZ,SK_ , admits a natural Poisson structure, which can be
canonically quantized using the cluster structure to produce a quantum cluster algebra
X gGLz S, [35]. Fock and Goncharov conjectured in [34, Conjecture 12.4] the existence

8,

of a quantization
I Asty s, (z'y — XgGLz,Sg,e (13)

of I with structure constants in Zzo[qi% ], where ¢ is the quantum parameter. Note that
to be consistent with the rest of the paper, we denote by q% the parameter denoted by
q in [5,34]. The skein algebra Sk 4 (Sg,¢) and the quantum cluster variety X gGLZ Se.t are
closely related, and in fact [34, Conjecture 12.4] was a strong motivation [94, Conjecture
4.20]. A precise relation between Sk 4 (Sg,¢) and X ;,’G L>Se was established by Bonahon
and Wong [13] and then used by Allegretti and Kim [5] to construct a quantum duality
map [ with the expected properties, excepted the positivity of the structure constants left
as a conjecture. A different construction of I based on spectral networks was given by
Gabella [39] and shown to be equivalent to the one of Allegretti and Kim by Kim and Son
[63]. We first remark that the positivity of the stucture constants of the bracelets basis
of the skein algebra Sk (S, ¢) implies the positivity of the structure constants defined
by I.

Theorem 1.4. Assume that the structure constants of the bracelets basis of the skein
algebra Sk 4 (S, ¢) belong to Z.>0[A*). Then the structure constants c(l,1',1") € Z[qi%]

for XlzGLz,Sg o defined by the quantum duality map I of [5] via
Ioiay=" Y c@.l', /", (14)
1€ Asty 50 4 (2
belong to Zzo[qi%].

The proof of Theorem 1.4 is given in Sect. 3.4. Combining Theorem 1.4 with Theo-
rems 1.2 and 1.3, we obtain the following corollary.

Corollary 1.5. The structure constants defined by the quantum duality map i of [5] for

X‘I

q +1
PGL:,S0.4 and XPGLz,SH belong to Z>olg™2].

1.2. Structure of the proof: quantum scattering diagrams and curve counting. We will
prove Theorems 1.2 and 1.3 by giving an algorithm which computes the structure con-
stants for the bracelets basis of Sk (Sop.4) and Sk4(S1,1), and makes manifest their
positivity properties. This algorithm is based on the notion of quantum broken lines
defined by a quantum scattering diagram.

1.2.1. Quantum scattering diagrams, quantum broken lines and quantum theta functions
Scattering diagrams and broken lines are algebraic and combinatorial objects playing a
key role in the Gross—Siebert approach to mirror symmetry. Scattering diagrams were
introduced by Gross and Siebert [51], following early insights of Kontsevich and Soibel-
man [64]. Broken lines were introduced by Gross [45], studied by Carl, Pumperla and
Siebert [21], and discussed in a quite general context by Gross, Hacking, and Siebert
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[49]. Given an integral affine manifold with singularities B, a scattering diagram D! is
a collection of codimension 1 integral affine subspaces of B called walls and which are
decorated by power series. A broken line is a continuous picewise integral affine line
in B which bends when crossing walls of ©¢!. When the scattering diagram D¢ is so
called consmtent one can construct a commutative associative algebra Aga, coming
with a basis {19 } peB(z) of so-called theta functions indexed by integral points B(Z) of
B, and whose structure constants are determined explicitly in terms of the broken lines.

Scattering diagrams and broken lines have g-deformed versions, that we refer to as
quantum scattering diagrams and quantum broken lines. Quantum scattering diagrams
were considered by Kontsevich and Soibelman [64,65, 88], and Filippini and Stoppa [33].
Quantum broken lines were studied by Mandel [71] and the author [16]. Given a con-
sistent quantum scattering diagram ®, one can construct an associative non-necessarily
commutative algebra Ag, coming with a basis {¢,} ,cp(z) of so-called quantum theta
functions, and whose structure constants are determined explicitly in terms of the quan-
tum broken lines.

Scattering diagrams and broken lines have been used by Gross, Hacking, Keel and
Kontsevich [47] to construct canonical bases with positive structure constants for cluster
algebras. Their quantum versions have been used more recently by Davison and Mandel

[27] to construct canonical bases with structures constants in Zx>olq %] for quantum clus-
ter algebras. It is expected that the canonical basis of [47] coincides with the canonical
basis constructed by Fock and Goncharov [34], and that the canonical basis of [27] for
X IgG 15,5, 28rees with the canonical basis constructed by Allegretti and Kim [5]. Proving

these conjectural expectations would lead to a general proof of the quantum positivity
conjecture [34, Conjecture 12.4]. In the present paper, we use quantum scattering dia-
grams which are slightly different from the ones in [27], but related to them by “moving
worms". The positivity properties of our quantum scattering diagrams will follow from
their explicit descriptions, and we will not have to use the general quantum positivity
result of [27].

In order to prove Theorems 1.2 and 1.3, we will first define explicit quantum scat-
tering diagrams g4 and ©;; over the integral affine manifold with singularities
B = R?/(—id) and prove that they are consistent. We will then show that the alge-
bras A@O , and A@] , are respectively isomorphic to the skein algebras Sk 4 (Sp,4) and
Sk4(S1,1), and that the bases of quantum theta functions agree with the bracelets bases.
The positivity of the structure constants will follow from the description in terms of
quantum broken lines and from the explicit definitions of D¢ 4 and ;. As the results
for the 1-punctured torus S; ; will follow from those for Sg 4 by specialization and
change of variables, we focus on the case of the 4-punctured sphere S 4. There are two
results to show: the consistency of Dg 4 (Theorem 3.7), and the identification of Agp,,
with Sk 4 (Sp 4) matching the basis of quantum theta functions with the bracelets basis
(Theorem 3.8).

1.2.2. Consistent quantum scattering diagrams from curve counting We will prove the
consistency of Dg 4 by showing that g 4 arises from the enumerative geometry of
holomorphic curves in complex cubic surfaces. It is a general expectation from mirror
symmetry that one should obtain consistent scattering diagrams by counting genus 0
holomorphic curves in log Calabi—Yau varieties, see the work of Gross, Pandharipande
and Siebert [50] and Gross, Hacking and Keel [46] in dimension 2, and Gross and Siebert
[53], Keel and Yu [62], and Argiiz and Gross [6] in higher dimensions. Given a maximal
log Calabi—Yau variety (Y, D), that is, the pair of a smooth projective variety Y over C
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and of an anticanonical normal crossing divisor D with a 0-dimensional stratum, one
can construct a consistent canonical scattering diagram @g}m by counting holomorphic
maps from genus 0 holomorphic curves to ¥ whose images intersect D at a single
point [46,53]. More precisely, these counts of holomorphic curves are defined using
logarithmic Gromov—Witten theory [1,52]. The corresponding algebra Agg}i . is then
the algebra of functions on the family of varieties mirror to (¥, D). Heuristically, the
integral affine manifold with singularities B containing D¢l should be the basis of a
special Lagrangian torus fibration on the complement of D in Y [7,91].

For (Y, D) a maximal log Calabi—Yau surface, we explained in [16] how to construct
a consistent canonical quantum scattering diagram ¢,y in terms of log Gromov—Witten
counts of holomorphic maps from higher genus holomorphic curves to Y whose images
intersect D at a single point. The corresponding non-commutative algebra Agp_,, is
a deformation quantization of the mirror family of holomorphic symplectic surfaces
constructed in [46]. The main idea of the present paper is to apply the framework of [16]
for Y a smooth cubic surface and D a triangle of lines on Y. Before giving more details,
we need to review the general relation between skein algebras and character varieties.

1.2.3. Skein algebras and character varieties Let Chgy, (S, ¢) be the SL;-character vari-
ety of the £-punctured genus g surface S ¢. This is an affine variety of finite type over
Z obtained as affine GIT quotient by the SL, conjugation action of the affine variety of
representations of the fundamental group 71 (S, ¢) into SL;. The character variety Chgy,
admits a natural Poisson structure.

ih
Setting A = —e 4, the skein algebra Sk4(Sg ) defines a deformation quantiza-
tion of the Poisson variety Chgy, (S, ¢). If y is a multicurve on S, ¢, with connected
components yi, ..., ¥, then, the map sending a representation p: 71(S, ¢) — SL; to

]_[;:1(— tr(p(y;))) defines a regular function f, on Chgy,(Sg ¢). The map y +— f,
defines a ring isomorphism between the specialization Sk_1(Sg,¢) of the skein algebra
at A = —1 and the ring of regular functions of Chgz, (S, ¢). If y is a connected multic-
urve on S, ¢, then the building blocks T, () of the bracelets basis are quantizations of
the functions p > —tr(o(y)") on Chgz, (Sg ¢).

The general idea of a connection between skein algebras and quantization goes back to
Turaev [96]. Bullock [18] and Przytycki and Sikora with a different proof [79] showed
that y +— f, defines a ring isomorphism between the quotient of Sk_; (S, ¢) by its
nilradical and the ring of regular functions of Chgy, (Sg,¢). The fact that the nilradical
of Sk_1(Sg,¢) is trivial was shown by Charles and Marché for £ = 0 [23, Theorem 1.2],
and by Przytycki and Sikora [80] in general.

1.2.4. Curve counting in cubic surfaces It is classically known that the SL;-character
variety Chgy, (So,4) of the 4-punctured sphere Sy 4 can be described explicitly as a 4-
parameters family of affine cubic surfaces: original 19th century sources are [36,97],
[37, 11, Eq.(9), p298] and more recent references include [10,43,44,59,70]. Recently,
Gross, Hacking, Keel and Siebert [48] proved that this family of cubic surfaces is the
result of the general mirror construction of [46] for maximal log Calabi—Yau surfaces
applied to a pair (Y, D), where Y is a smooth projective cubic surface in P3 and D is
a triangle of lines on Y. In other words, they showed that the algebra obtained from
the consistent canonical scattering diagram defined by counting genus 0 holomorphic
curves in (Y, D) is exactly the algebra of regular functions on Chgy, (So.4).

Thus, we now have two ways to produce a deformation quantization of Chgy, (So 4)
and itis natural to compare them: either consider the skein algebra Sk 4 (So 4), or consider
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the algebra Agp_,, obtained from the consistent canonical quantum scattering diagram
®can defined in [16] by counting higher genus holomorphic curves in (Y, D).

First of all, we will compute explicitly the quantum scattering diagram ®ca,. It
involves computing higher genus log Gromov—Witten invariants of (¥, D). The corre-
sponding calculation in genus 0 was done in [48]: exploiting a large PSL,(Z) group of
birational automorphisms of (Y, D), Gross, Hacking, Keel and Siebert showed that the
genus 0 calculation can be reduced to genus O multiple covers of 8 lines and 2 conics
in (Y, D). Following the same strategy, we will prove that the higher genus calculation
reduces to higher genus multiple covers of the same 8 lines and 2 conics. The con-
tribution of multiple covers of lines is fairly standard but the contribution of multiple
covers of the conics is more intricate and we will use our previous work [14] on higher
genus log Gromov—Witten invariants of log Calabi—Yau surfaces to evaluate it. At the
end of the day, we can phrase the result as stating that .,y is equal (after an appropriate
specialization of variables) to the explicit quantum scattering diagram D¢ 4. As Dcan 1S
consistent by [16], this proves the consistency of Dy 4.

1.2.5. Comparison of Ap,, and Ska(Sp4) Once we know that the quantum scat-
tering diagram D4 is consistent, we have the corresponding algebra Agp,,, with
its basis of quantum theta functions {¢,},cp(z) and structure constants expressed in
terms of quantum broken lines. It remains to construct an isomorphism of algebras
Q: AQO, + — Ska(So,4) matching the bracelets basis {y,},ep(z) and the basis of quan-
tum theta functions {#,} yep(z), i.e. such that ¢(#,) = T(y,) for every p € B(Z).

By explicit computations with quantum broken lines in g 4, we will obtain an
explicit presentation of Axp, , by generators and relations as a family of non-commutative
cubic surfaces (Theorem 6.13). On the other hand, it was known since Bullock and
Przytycki [19] that the description of Chsy, (So,4) as a family of cubic surfaces deforms
into a presentation of the skein algebra Sk (Sp 4) as a family of non-commutative
cubic surfaces (Theorem 6.12). Comparing these two families of non-commutative cubic
surfaces, we will define an isomorphism of algebras ¢ : An,, — Ska(So,4).

Finally, we will have to prove that ¢ () = T(y,) for every p € B(Z). We will
first prove it for p = (k, 0) by some explicit computation of quantum broken lines. In
particular, we will see how the recursion relation (2) defining the Chebyshev polynomials
T, (x) naturally arises from drawing quantum broken lines. To prove the general result,
we will check explicitly that ¢ intertwines the natural action of PSLy(Z) on Ska (So.4)
via the mapping class group of So 4, with an action of PSL,(Z) of Ap,, coming from
a PSLy(Z)-symmetry of the quantum scattering diagram ®g 4. This ends our summary
of the proof.

We remark that by taking the classical limit of the statement that ¢ (%,) = T(y,) for
every p € B(Z), we obtain that the classical theta functions 19;1 constructed in [46,48]

agree with the trace functions p > —tr(p (Vpprim)k) on the character variety Chgy, (So.4),
where p = kpprim With k € Z>1 and pyim € B(Z) primitive (Corollary 3.9).

1.2.6. More on non-commutative cubic surfaces We briefly comment about works
related to an essential ingredient of the proof of our main result: the presentation of
Sk (So,4) as a family of non-commutative cubic surfaces. This non-commutative cubic
equation has appeared in quite a number of contexts. The present paper provides one
more: the non-commutative cubic surface appears for us as a quantum mirror in the sense
of [16] and as the result of calculations in higher genus log Gromov—Witten theory.



10 P. Bousseau

The quantization of the family of affine cubic surfaces Chgz, (Sp 4) from the point
of view of quantum Teichmiiller theory has been studied by Chekhov and Mazzocco
[24, Eq. (3.20)—(3.24)], and by Hiatt [56]. Quantization from the cluster point of view
has been discussed by Hikami [58, Eq. (7.2)—(7.3)]. The general relation between skein
algebras and the quantum Teichmiiller/cluster points of view follows from the existence
of the quantum trace map of Bonahon and Wong [13] (see also [68]).

The skein algebra Sk 4 (Sg.4) is isomorphic to the spherical double affine Hecke alge-
bra (DAHA) of type (C)', C1) defined in [73,83,90]. The explicit connection between
the spherical DAHA of type (C)’, C1) and the quantization of cubic surfaces was estab-
lished by Oblomkov [74]. Terwilliger [92, Proposition 16.4] wrote down an explicit
presentation of the spherical DAHA of type (C’, C1) from which the isomorphism with
Sk4(So 4) is clear. A much earlier appearance of the non-commutative cubic surface is
the Askey—Wilson algebra AW(3) of Zhedanov [98]. A comparison between AW(3) and
the spherical DAHA of type (Cy’, C1) was done by Koornwinder [66]. More details on
the relation between the skein and DAHA points of view can be found in [11, Section
2], [12, Section 2], [57].

Skein algebras can also be considered in the framework of SL;,-factorization homol-
ogy. Explicit presentations of Sk 4(Sp 4) and Sk4(S1,1) as non-commutative cubic sur-
faces are recovered using this point of view by Cooke [26].

1.3. Line operators and BPS spectrum of the N ' =2 Ny = 4 SU(2) gauge theory. In
this section, which can be ignored by a purely mathematically minded reader, we briefly
discuss the string/M-theoretic motivation for a connection between the skein algebra
Sk (So.4) and the enumerative geometry of curves in cubic surfaces.

Let 7 be a four-dimensional quantum field theory with A/ = 2 supersymmetry. Such
theory has in general an interesting dynamics connecting its short-distance behaviour
(UV) with its long-distance behaviour (IR). The IR behaviour of 7 is largely determined
by its Seiberg—Witten geometry v: M — B [85,86], described as follows. The special
Kihler manifold with singularities B is the Coulomb branch of the moduli space of
vacua of 7 on R!-3, The hyperkihler manifold M is the Coulomb branch of the moduli
space of vacua of 7 on R1? x S!. The map v is a complex integrable system, that is,
v is holomorphic with respect to a specific complex structure / on M, and the fibers
of v are holomorphic Lagrangian with respect to the /-holomorphic symplectic form.
General fibers of v endowed with the complex structure / are abelian varieties.

Due to supersymmetry, particular sectors of 7 have remarkable protections against
arbitrary quantum corrections and so can be often computed exactly. Examples of such
protected sectors are the algebra A7 of %BPS line operators and the spectrum of BPS
1-particle states. The algebra A7 depends only on the UV behaviour of 7. By wrapping
around S', aline operator on R'-3 becomes a local operator on R!2, and so its expectation
value can be viewed as a function on M. In fact, A7 is an algebra of functions on M
which are holomorphic for a complex structure J on M with respect to which v is a
special Lagrangian fibration. By contrast, the BPS spectrum depends on a choice of
vacuum u € B and changes discontinuously along real codimension-one walls in B.

Gaiotto, Moore and Neitzke [42] described how to construct a non-commutative
deformation A%— of A7 by twisting correlation functions by rotations in the plane trans-
verse to the line operators. They also explained that, given a choice of vacuum u € B,
line operators have expansions in terms of IR line operators with coefficients given by
counts of framed BPS states. These expansions depend discontinuously on «: they jump
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when the spectrum of framed BPS states jumps by forming bound states with (unframed)
BPS states.

The same N = 2 theory can often be engineered in several ways in string/M-theory.
Given a punctured Riemann surface S, ¢, one obtains a A/ = 2 theory 7, ¢ by compact-
ifying on S, ¢ the six-dimensional N = (2, 0) superconformal field theory of type A;
living, at low energy and after decoupling of gravity, on two coincident M 5-branes in
M-theory [41]. The corresponding Seiberg—Witten geometry v: M — B is the Hitchin
fibration on the moduli space M of semistable SL(C)-Higgs bundles on S, , (with
regular singularities and given residues at the punctures). By non-abelian Hodge theory,
M with its complex structure J is isomorphic to the SL;(C)-character variety of S ¢
(with given conjugacy classes around the punctures). The algebra A7 of line operators is
identified with the algebra of regular functions on the SL;(C)-character variety, and the
non-commutative algebra .A%— is identified with the skein algebra Sk (S, ¢), which is
physically realized as the algebra of loop operators in quantum Liouville theory on S, ¢
[30]. Explicit discussions of the families of non-commutative cubic surfaces describing
Ska(So,4) and Sk4(S1,1) can be found in [29, Eq. (3.32)—(3.33)], [42, Eq. (5.29)] [93,
Eq. (6.3)—(6.4)], [25, Eq. (3.55)—(3.57)].

The theory 7 4 has a Lagrangian description: it is the N" = 2 SU(2) gauge theory
with Ny = 4 matter hypermultiplets in the fundamental representation. It is one of the
earliest example of N = 2 theory for which the low-energy effective action and the BPS
spectrum have been determined by Seiberg and Witten [86]. In particular, 7y 4 admits
a PSLy(Z) S-duality group and a Spin(8) flavour symmetry group, which are mixed by
the triality action of PSL;(Z) via its quotient PSL;(Z/2Z) ~ S3. The Coulomb branch
B of 7 4 is of complex dimension one. In the complex structure /, the mapv: M — B
is an elliptic fibration. In the complex structure J, the space M is a SL,(C)-character
variety for Sp 4, and so an affine cubic surface obtained as complement of a triangle D
of lines in a smooth projective cubic surface Y.

The key point is that there is a different realization of 7 4 from M-theory. Consider
M-theory on the 11-dimensional background R'3 x M x R?® with an M5-brane on
R"3 x v~!(u), where u € B. Then, the theory living on the R!-3 part of the M5-brane is
To.4 in its vacuum u [9,87]. Furthermore, BPS states are geometrically realized by open
M?2-branes in M with boundary on v~1(w) [28]. Via the Ooguri—Vafa correspondence
between counts of open M 2-branes and open topological string theory [75], these counts
can be translated into all-genus open Gromov—Witten invariants of M. In the limit where
u is large, one can close open curves in M into closed curves in Y meeting D in a single
point, and we recover the invariants entering the definition of the canonical quantum
scattering diagram Do of (¥, D). Our explicit description of D, will agree with the
expected PSL;(Z)-symmetric BPS spectrum of 7 4 at large u [32,86] and can be viewed
as a new derivation of it.

We can now obtained the desired connection. When the N' = 2 Ny = 4 SU(2)
gauge theory is realized as a compactification on Sg 4 of the NV = (2,0) A; theory,
the skein algebra Sk 4 (Sp 4) naturally appears as the algebra of line operators. On the
other hand, when the N' = 2 Ny = 4 SU(2) gauge theory is realized on a M5-brane
wrapped on a torus fiber of v: M — B, the enumerative geometry of holomorphic
curves in the cubic surface (¥, D) naturally appears as describing the BPS spectrum. By
Gaiotto, Moore and Neitzke [42], line operators and BPS spectrum are related via the
wall-crossing phenomenon for the IR expansions of the line operators in terms of counts
of framed BPS states. It is exactly what will happen in our proof: quantum scattering
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diagrams encode BPS states, quantum broken lines describe framed BPS states, and the
skein algebra will be reconstructed from quantum broken lines.

1.4. Plan of the paper. In Sect. 2, we introduce the notions of quantum scattering dia-
gram and quantum broken line in the restricted setting that will be used in all the paper. In
Sect. 3, we introduce the quantum scattering diagram ®g 4, we state Theorem 3.7 on the
consistency of D 4 and Theorem 3.8 comparing Ai)o, , and Sk 4 (So,4), and we explain
how Theorems 1.1-1.4 follow from Theorems 3.7 and 3.8. In Sect. 4, we define the
canonical quantum scattering ® ., encoding higher genus log Gromov—Witten invari-
ants of the cubic surface (Y, D), and we compute ®,, explicitly. In Sect. 5, we compute
a presentation by generators and relations of the algebra Ap_,, defined by Dc,p. Finally,
in Sect. 6, we compare Agp_,. with Sk4(Sp 4), and we end the proofs of Theorems 3.7
and 3.8.

2. Quantum Scattering Diagrams and Quantum Theta Functions

In Sect. 2.1, we introduce the integral affine manifold with singularity B. In Sect. 2.2,
we define the notions of quantum scattering diagram and quantum broken lines on B. In
Sect. 2.3, we define the algebra A5 attached to a consistent quantum scattering diagram
D.

2.1. The integral affine manifold with singularity B. Let B be the quotient of R? by
the linear transformation (x, y) +— (—x, —y). We denote 0 € B the image of 0 € RZ,
As (x,y) — (—x, —y) acts freely on ]R2\{O}, the standard integral linear structure of
RR? induces an integral linear structure on By := B\{0}. The integral linear structure on
By has the non-trivial order two monodromy — id around 0, and so does not extend to
the whole of B. We view B as an integral linear manifold with singularity, with unique
singularity 0. We denote by By (Z) the set of integral points of the integral linear manifold
By and B(Z) := By(Z) U {0}.

Concretely, we identify B with the upper half-plane {(x, y) € R? |y > 0} the positive
x-axis and the negative x-axis being identified by (x, 0) — (—x, 0), and we describe
B(Z) asin Eq. (4). Let vy, v2, v3 be the three integral points of B givenby v = (1,0) =
(—=1,0),v2 = (0, 1),and v3 = (—1, 1). We denote by p1, p2, p3 the rays R>gv1, R>ovz,
R>ovs3, see Fig. 1. We will generally consider the index j of a point v; or of a ray p;
as taking values modulo 3, so that it makes sense to talk about the point v, or the ray
pj+1. Forevery j € {1, 2, 3}, we denote by o} ;.1 the closed two-dimensional cone of
B generated by the rays p; and pj+1. In particular, every element v € o j+1 can be
uniquely written as v = av; + bv;;1 with a, b € Rxo. The three cones o ;11 define an
integral polyhedral decomposition ¥ of B.

We write A the rank two local system on By of integral tangent vectors to By, and
we fix a trivialization of A on each two-dimensional cone o ;1. In particular, for every
point Q € 0; j+1 and p € B(Z) Noj j+1, we can view p as an integral tangent vector at
the point Q.

2.2. Quantum scattering diagrams and quantum broken lines. In Sects. 2.2 and 2.3, we
fix a Z[AF][tP1, P2, tP3]-algebra R of coefficients, and an half-integer 1 € 3Z. We
will use the skew-symmetric bilinear form (—, —) := p det(—, —) on A.
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Fig. 1. (B, %)

Definition 2.1. A guantum ray p with coefficients in R is a pair (p,, f,) where:

(1) pp € Bo(Z) primitive.
(2) f, is an element of R [z~ 7] such that f, =1 mod z~ 7.

Definition 2.2. A quantum scattering diagram over R is a collection ® = {p =
(Pp» fp)}of quantumrays with coefficients in R such that p; = 02 if R>0pp, = Rx>0pp,.

Definition 2.3. Let © be a quantum scattering diagram over R. A quantum broken line
y for ® with charge p € Bo(Z) and endpoint Q € By is a proper continuous piecewise
integral affine map

y:(—00,0] — By

with only finitely many domains of linearity, together with, for each L C (—o0,0] a
maximal connected domain of linearity of y, a choice of monomial m; = ¢y zPt with
cr € R non-zero and pj, a section of the local system y_l(A)| 1 on L, such that the
following statements hold.

(1) For each maximal connected domain of linearity L, we have —py (t) = y/(¢) for
everyt € L.

() y(0) = Q € Bo.

(3) For the unique unbounded domain of linearity L, y|;, goes off to infinity parallel to
Rsop andmy, = z” fort — —oo.

(4) Let t € (—00,0) be a point at which y is not linear, passing from the domain
of linearity L to the domain of linearity L’. Then, there exists a quantum ray
p = (pp, fp) of © such that y(t) € R>op,. Write my = cp zPt, mp = cpz?Pt,
N :=|det(py, pr)|, and

fo= chz_kp”.

k>0

If p # pjforevery 1 < j <3, thenweseta :=1.1If p = pj, y goes froma;_1,
to o} j+1,and pp = avj_1 + bvj, then we set o := 14D If y goes from o ;11 and
oj_1,j,and pp = av; +bvj,1, then we seta := tDj  Then there exists a sequence
n = (nr)k>0 of nonnegative integers with Zk>0 nx = N such that, denoting by

Bu | [T ei | = Ereomedore (15)
k>0
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the term proportional to ([T;~q ;) 7~ Cuz0mb)Po i

N-1

1—[ Z CkAzmk(jf%)kapp , (16)
j=0 \ k>0
we have
cv=|apu [ |er and pr=piL—pp ) nik. (17)
k>0 k>0

In other words, when the quantum broken line y bends from L to L', the attached
monomial changes according to Eq. (17).

Note that in some cases, we will consider a Z[AT][¢P1, P2, tP3]-module R where
tPJ acts as the identity on R forall 1 < j < 3.1Insuch case, we can forget the discussion
of the factor « in Definition 2.3.

The following elementary positivity result will play a key role for us.

Lemma 2.4. Using the notation of Definition 2.3, the coefficient B, in the expression
(15) satisfies
Bn € L=l A™]. (18)

Proof. Clear by expanding (16). O

We recall symmetrized (invariant under A — A~') versions of standard g-objects.
For every nonnegative integer n, define the A-integer

A2n _ A—Zn 5 n—l i
[}’l]A = W = A" (n=1) ZA J S Zzo[A:t], (19)
j=0
and the A-factorial
n
[nlal = [ [Lla € Z=olAF]. (20)
j=1
For every nonnegative integers k and n1, define the A-binomial coefficient (e.g. see Section
1.7 of [89])
n [n]!a +
= ———— € Z>olAT]. 21
(k)A TET T @D

Lemma 2.5. Let f, = ) ;- cxz %P such that fo =1 mod z~P°. Writing

fo=[]a+az ),

k>1

we have

N . )
. ) a}i zkivo | (22)
J /) Auk

S Atk ke | T i(

k>0 k=1 \j=0

N—-1
j=0
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Proof. The result follows from the g-binomial theorem (see e.g. Equation (1.87) of
[89D). O

Definition 2.6. Using the notation of Definition 2.3, the positive integer ) ., nik is
the amount of bending of the quantum broken line y between the domain of linearity L
and the domain of linearity L.

Definition 2.7. Let © be a quantum scattering diagram over R and y a broken line for
®. The final monomial of y is the monomial m attached to the domain of linearity L
of y containing 0. We write the final monomial of y as c(y)z*"), where ¢(y) € R and

S()/) € Ay(o).

Following [48], we now introduce a function F: B — R, which will be used to
constrain the possible broken lines. In order to minimize the number of minus signs, we
take for our F the function — F in the notation of [48]. Let F: B — R be the continuous
function on B, which is linear on each cone of X and such that F'(v;) = 1 for every
1 < j < 3. Explicitly, we have F((x,y)) =x +y for (x,y) € 012, F((x,y)) =y for
(x,y) € 023,and F((x, y)) = x +2y for (x, y) € 03,1. Note that, for every p € B(Z),
F(p) is a nonnegative integer.

Proposition 2.8. Let © be a quantum scattering diagram, p1, pa» € Bo(Z), p € B(Z),
and Q a point in the interior of a two-dimensional cone of X containing p. Let (y1, v2) be
a pair of quantum broken lines for ® with charges p1, p> and common endpoint Q, such
that writing c(y)z* YV and c(y2)z* "2 the final monomials, we have s(y1) +s(y2) = p.
Then, the following holds.

(1) F(p) = F(p1) + F(p2).
(2) If either yy or y» crosses one of the rays p; or bends at a wall, then

F(p) = F(p1) — F(p2) — L.

(3) The sum over all the walls p at which either y\ or y, bends, of the product of F(p,)
by the amount of bending, is bounded above by F(p1) + F(p2) — F(p).

Proof. If y is a broken line, we can consider the piecewise constant function
dF(y'(.): t — dF(y'(t)) defined on the interior of the domains of linearity of y.
Let y; and y» be broken lines like in the statement of Proposition 2.8. As Q ¢

U;=1 pj, F is linear in a neighborhood of Q, and so for # << 0, we have

F(p1)+ F(p2) — F(p) = —dF(y[(1)) — dF (y5(1)) + dF (=y{(0) — y3(0))
(dF(y{(0)) — dF(y{(1))) + (dF (y3(0) — dF (y5(1))).

Therefore, using the notations of Definition 2.3, it is enough to show that each time
y crosses aray p;, d F(y'(.)) increases at least by 1, and that each time y bends along
a quantum ray p of ©, d F(y'(.)) increases at least by F(py) Y ;- nik.

We consider first the case where y crosses a ray p; without bending at some ¢ €
(—00,0]. Letf— < r and f. > t be very close to . Assume for example that j = 2 and
that y goes from o3 to o13. Then, /(1) = (a, b) witha < 0,andsod F(y'(t-)) = a+b
and dF (y'(t;) = b, thatis d F (y'(.)) increases by —a € Z>.If y goes from 013 to 012,
then y'(t_) = (a, b) witha > 0, and so dF(y'(t-)) = band dF(y'(ty) = a + b, and
so dF(y’(.)) increases by a € Z>;. Cases with j = 1 and j = 3 follow similarly.

We then consider the case where y bends along a quantum ray p of ©. Let 7_ be in
the domain of linearity L just before the bending and ¢z, the domain of linearity L’ just



16 P. Bousseau

after the bending. If py # v; for every j, then F is linear on a neighborhood of the
bending and so

dF(y'(ty)) —dF(y'(t-)) = dF(pL) — dF(pr) = F(pp) ank.
k=1

If pp = v; for some j, then, following the analysis done in the case y crosses p; without
bending, we have the even stronger bound

dF(y'(ts)) —dF(y'(t-)) = dF(pL) —dF(pr)) > F(pp) ank.
k>1

O

Definition 2.9. Let ® be a quantum scattering diagram, py, p» € Bo(Z),and p € B(Z).
We define D, , :={p = (pp. fp) €D | |F(pp)| < F(p) — F(p1) — F(p2)}.

Lemma 2.10. Let © be a quantum scattering diagram, p1, p2» € Bo(Z), and p € B(Z).
Then DY, ,, is finite.

Proof. The function F: B — R is proper. O

Proposition 2.11. Let ® be a quantum scattering diagram, py, p» € Bo(Z), p € B(Z),
and Q a point in the interior of a two-dimensional cone of ¥ containing p. Then there
are finitely many pairs (y1, y2) of quantum broken lines for © with charges pi1, p2 and
common endpoint Q, such that writing c(y1)z*"Y and c(y2)z*"? the final monomials,
we have s(y1) +s(y2) = p. Furthermore, if p is a bending quantum ray for either y| or
V2, then p € DY, .

Proof. By Proposition 2.8 and Lemma 2.10, there are finitely many possible bending
quantum rays for y; and y», and the amount of each bending is uniformly bounded. O

2.3. Quantum theta functions.

Definition 2.12. Let ® be a quantum scattering diagram over R, p1, p» € Bo(Z), p €
B(Z), and Q € By a point in a connected component of

3
B\|Jriu | Rsop,
j=1

P
PED 1. py

whose closure contains R p, and such that the half-line R0 Q has irrational slope. We
define the structure constants

D, :
Corhy(Q) ==Y clyne(y) A2l e R, (23)
1,72)

where the sum is over pairs (y1, y2) of quantum broken lines for ® with charges p1,p, and
common endpoint Q, such that writing ¢(y1)z*?") and ¢(y2)z**?) the final monomials,
we have s(y1) + s(y2) = p.
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We extend the definition of Cls,alif,z(Q) toall p1, p2, p € B(Z) by setting

D, D,
Com(Q):=38p, p and C, '((Q) = 3p, p- (24)

By Proposition 2.11, the sum in Eq. (23) is indeed finite.

Definition 2.13. A quantum scattering diagram 2 over R is consistent if the following
conditions hold:

(1) For every pi1, p2, p € B(Z), the structure constant C?l:’;z(Q) does not depend on
the choice of the point Q. In such case, we write Cg:gz for Cg’,gz Q).

(2) The product on the free R-module

Ao = P R,

PEB(Z)

defined by

D,
Op1Opy = Z Cpl,gz’?[’ 25)
peB(Z)

18 associative.

In other words, given a consistent quantum scattering diagram ® over R, one can
construct an associative R-algebra Ap, coming with a R-linear basis {#,,} ,e p(z), called
basis of quantum theta functions, and whose structure constants can be computed in
terms of quantum broken lines by Eq. (23).

Note that the sum in Eq. (25) is indeed finite: if Cg:gz # 0,then F(p) < F(p1) +
F(p>) by Proposition 2.11 and there are finitely many such p € B(Z) by properness of
F.

Lemma 2.14. Let py, p» € B(Z). If there is no two-dimensional cone of ¥ containing
both p and p», then

D,p
Op1Opy = Z CpiipUp- (26)
pEB(Z)
F(p)<F(p1)+F(p2)—1

If there is a two-dimensional cone of ¥ containing both p and p;, then

D,
VpOpy = A2(p1,pz),9m+p2 + Z Cpl,gzﬁp- 27)
pEB(Z)
F(p)<F(p)+F(p2)—1

Proof. By Proposition 2.8, all the non-zero terms in the sum (25) have F(p) >
F(p1) + F(p2), and the only possibility for F(p) = F(p1) + F(p2) is that all the

broken lines contributing to C ;Dl’,gz do not cross U§=1 p; and do not bend. If there is no
two-dimensional cone of X containing both p; and pj, then a broken line contributing
to C?l’,f,z necessarily crosses U§:1 pj,s0 F(p) < F(p1) + F(p2) — 1, and we obtain
Eq. (26). If there is a two-dimensional cone of ¥ containing both p; and p», then the
only possibly non-zero term with F(p) = F(p1) + F(py) is obtained for p = p| + p»,
for which the broken lines are straight, and we obtain Eq. (27). O
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For every n € Z>, define

AL = P RY,. (28)

peB(Z)
F(p)=n

By Lemma 2.14, the increasing filtration (A% )neZ>0 defines a structure of filtered
algebra on Agm For every p € B(Z), we deﬁne m[p] € Ap,, as the following
monomials in ¥, $y,, ?y;: if p = avj +bvjy witha > 0 and b > 0, then m[p] :=
b
1l’lj vjl
Lemma 2.15. The monomials m[p] for p € B(Z) form a R-linear basis of Agp_,,. In
particular, the quantum theta functions ©,, ¥, and ¥, generate Agp_,, as R-algebra.

Proof. By Lemma 2.14, we have m[p] € AF(m, and the images of m[p] and ¥,

in the quotient Ag Fip) /.AF(p )1 only differ by a power of A. Therefore, the fact that

{®p}peB@) isaR- hnear basis of A, implies that {m[p]} ,e p(z) is also a R-linear basis
of A@ can” O

3. Algorithms from the Quantum Scattering Diagrams ®¢ 4 and ® ;

In Sect. 3.1, we first introduce the quantum scattering diagram ®g 4, and then we
state Theorem 3.7 on the consistency of D¢ 4 and Theorem 3.8 comparing A, , and
Sk4 (So,4). We also explain how to deduce Theorem 1.1 for Sk 4 (Sp 4) and Theorem 1.2
from Theorems 3.7 and 3.8. In Sect. 3.2, we introduce the quantum scattering diagram
®11 and we explain how Theorem 1.1 for Sk4(S; 1) and Theorem 1.3 follow from
Theorems 3.7 and 3.8. In Sect. 3.3, we use our description of Sk4(S;,1) to recover the
results of Frohman and Gelca [38] on the skein algebra Sk (S1,0) of the closed torus
S1,0. Finally, in Sect. 3.4, we prove Theorem 1.4 relating positivity for the bracelets
basis of the skein algebras and positivity for the quantum cluster X -varieties.

3.1. The quantum scattering diagram D¢ 4. We take R = Z[Ai][Rl’o, Ro.1, R1.1,y],
and u = 1. We view R as a ZIAE][tP1, tP2 ) 1P3]-module R where Pi acts as the
identity on R for all 1 < j < 3. This means that we can ignore the discussion of the
factors « in the Definition 2.3 of quantum broken lines.

Definition 3.1. We define
rx(1+x2) N yx2
(1 —A*x2)(1 — A%x2) (1 — A~%x2)(1 — A%x?)
N sx3(1 +sx+x2)
(1 —A*x2)(1 —x2)2(1 — A%x2)’

F@r,s,y,x) =1+

(29)

Lemma 3.2. Expanding F (r, s, y, x) as a power series in x, we have

F(r,s,y,x) € Z=o[AE][r, s, yllx].
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Proof. Immediate from Eq. (29) defining F (r, s, y, x) and from the power series expan-
sion

RN

k>0

The first few terms of F as a power series in x are

F(r,s,y,x) = l4rx+yx>+ (s +r(A*+ 1+ A3 + P+ A4+ AMx + ... (30)

Definition 3.3. For every (m, n) € By(Z) with m and n coprime, we define a quantum
13y Pmn = (Pppns Fom,) With coefficients in Z[A][R} 0, Ro,1, Ri,1, Y1 by pp,, =
(m,n), and

(1) if m,n) = (1,0) mod 2, f,,, , = F(Ri0, Ro1R11.y, 2~ "™"),
(2)if (n,n) = (0, 1) mod 2, fy,, := F(Ro.1. RioR11. y, 2~ ""),
@) if (m,n) = (1, 1) mod 2, f,,, := F(Ri1, RioRo.1, y, 2~ "™).

Lemma 3.4. For every (m, n) € Bo(Z) with m and n coprime, we have

Fonn € Z=0lA¥][R1 0, Ro1, Ri,1, yllz~ "]
Proof. Immediate from Lemma 3.2 and Definition 3.3. O

Definition 3.5. We define a quantum scattering diagram ®g 4 over Z[Ai][Rl,o, Ro 1,
Ri,1,y] by

00,4 = {Pmn | (m,n) € Bo(Z), ged(m, n) = 1}.

Physics remark 3.6. In the physics language used in Sect. 1.3, we claim that the quantum
scattering diagram D 4 encodes the BPS spectrum of the N = 2 theory 7 4, that is, of
the N' =2 Ny = 4 SU(2) gauge theory, at large values of u on the Coulomb branch.
The fact that f,,, , only dependson (m, n) mod 2 via permutations of {Ry,0, Ro,1, R1,1}
reflects the PSL,(Z) S-duality symmetry, mixed with the Spin(8) flavour symmetry by
the triality action of PSLy(Z/27Z) ~ S3 [86]. However, it is not so clear from Eq. (29)
that the precise form of f), , agrees with the expected BPS spectrum of 7g 4. This will
become manifest after some rewriting: see Remark 6.7.

The following Theorems 3.7 and 3.8 are our main technical results and their proof
will take the remainder of the paper. The proof of Theorem 3.7 ends in Sect. 6.2, whereas
the proof of Theorem 3.8 is concluded in Sect. 6.3.

Theorem 3.7. The quantum scattering diagram g 4 is consistent.

By Theorem 3.7, it makes sense to consider the Z[Ai][ngo, Ry.1, Ry,1, y]-algebra
Ap,, given by Definition 2.13, with its basis {1} ,ep(z) of quantum theta functions,

Do.4,
and structure constants C,"5" .
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Theorem 3.8. There is a unique morphism
@: Apy, —> Ska(So4)
on[Ai][RLO, Ro.1, R1,1, yl-algebras such that

e@p) =T(yp)

for every p € B(Z). Moreover, after extension of scalars for Agp, , from Z[Ai][Rl,o,
Ro1, Ri1, ylto ZIAE a1, a2, a3, a4), ¢ becomes an isomorphism on[Ai][al, az, as,
a4]-algebras.

In particular, structure constants of the skein algebra Sk 4 (So 4) defined by Eq. (5)
coincide with the structure constants of the scattering diagram Do 4 defined by Eq. (23):
for every p1, p2, p € B(Z), we have

So.4,p _ ~D04:p
Coipr =Cpips - (31

Corollary 3.9. The classical theta functions 19;1 constructed in [46,48] coincide with

the trace functions p — — tr(p(ypp”m)k) on the character variety Chgy, (So.4), where
P = kpprim with k € Z>1 and pyyim € B(Z) primitive.

Proof. 1t is an immediate corollary of Theorem 3.8. In the classical limit A = —1,
our quantum theta functions #, reduce to the classical theta functions 19;1 of [46,48],

and the element T(y,) of Ska(So.4) reduces to the function p —tr(p(yppﬂm)k)

on Chgr,(Sp,4) by the general relation between skein algebras and character varieties
reviewed in Sect. 1.2.3. O

Theorem 3.8 implies Theorem 1.2. Indeed, by Lemma 3.4, the functions attached
to the quantum rays of ® 4 have coefficients in Zzo[Ai][Rl,o, Ro.1, R1,1,y], and so

it follows from the definition of the structure constants Cg?ﬁz’p in Eq. (23) in terms of

broken lines, from the formula (17) recursively computing the contribution of a broken
line and from the positivity given by Lemma 2.4, that

0.4,
Cp3l € Lol A*1[R10, Ro.1, Ri1, ] (32)

for every p1, p2, p € B(Z). By Theorem 3.8, we have C,S,?’f},’f = Cg?ﬁz’p, and so

So,4,
Cp(l)ﬁuzp € Z=o[A*1[R1.0, Ro.1, R1.1, ], (33)

that is, Theorem 1.2 holds.
Finally, we explain how Theorem 1.2 implies Theorem 1.1 for Sk4(Sp 4). A general
element of the bracelets basis Br of Sk 4 (Sp 4) is of the form

Ty (@) Ty (a2) Ty (a3) Try (as) T(yp) (34)

forsome n; € Z>o for 1 < j < 4 and some p € B(Z). As the T,,,.(aj) are in the center
of SkA (S0’4) and '

Tn;j @) Ty (aj) = T (@) + Tjn (@), (35)
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it is enough to show that the structure constants C,?l?ﬁz’p are polynomials in the variables
T, (a;) with coefficients in Zzo[Ai]. By Theorem 1.2, we have

So.4.
Cor Y € ZoolAF1[R10, Ro.1, R11, Y]

Using Eq. (35) again, it is enough to show that R o, Ro,1, R1,1 and y are polynomials in
the variables T, (a;) with coefficients in Zzo[Ai]. Using that 71(x) = x and T>(x) =
x2 — 2, we have from Egs. (6)-(7)

R0 =Ti(a)Ti(a2) + Ti(a3)T1(as), (36)

Ro,1 = Ti(a1)Ti(a3) + Ti(a2) T (a4), (37)

Ri1 = Ti(a)T(aq) + Ti(a2)Ti(a3), (38)
y = Ti(a)Ti(a2) Ti(a3)Ti (aa) + Ta(a1)* + Ta(a2)* + Ta(az)?

+ (@)’ +A*+6+ A4, (39

and so the result holds.

3.2. The quantum scattering diagram ®1 1. We take R = Z[A%][z] and u = % We
view R as a Z[AT][tP1, tP2, 1P3]-module where 2i acts as the identity on R for all
1 < j < 3. This means that we can ignore the discussion of the factors « in the
Definition 2.3 of quantum broken lines.

Definition 3.10. We define

7x2

Clen =t m s Ay

(40)

Lemma 3.11. Expanding G (z, x) as a power series in x, we have
G(z, x) € Z=olAF][Z]Ix].

Proof. Immediate from Eq. (29) defining G (z, x) and from the power series expansion

1 _ k
(i SLg

k>0
O
The first few terms of G as a power series in x are
G(z,x) =l+zx* + (A2 + ADx* + .. (41)
Note that writing z = A2+ A2 +nand n = A + A~ we have
Gle.x) = 1+nx2+x* R ) “2)

(1—A"2x2)(1 — A2x2) (1 — A=2x2)(1 — A2x2)’

Definition 3.12. For every (m, n) € Bo(Z) with m and n coprime, we define a quantum
ray Tm.n = (D1, Jon,) With coefficients in ZIAT][zZ] by pe,, = (m,n),and fr, =

G(z,z~mm),
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Lemma 3.13. For every (m, n) € Bo(Z) with m and n coprime, we have

frm,n € ZZO[Ai][Z] [[Z_(m’n)]].
Proof. Immediate from Lemma 3.11 and Definition 3.12. |

Definition 3.14. We define a quantum scattering diagram 1 | over Z[A*][z] by
D11 = {tmnl(m,n) € Bo(Z), ged(m, n) = 1}.

Physics remark 3.15. In the physics language used in Sect. 1.3, the quantum scattering
diagram @ ; encodes the BPS spectrum of the N' = 2 theory 77 | at large values of u
on the Coulomb branch. The theory 77 has a Lagrangian description: it is the N’ = 2
SU (2) gauge theory coupled with a matter hypermultiplet in the adjoint representation,
also known as the A/ = 2* theory. The BPS spectrum at large values of u reduces
to the BPS spectrum on the Coulomb branch of the theory with zero mass for the
matter hypermultiplet, that is of the N’ = 4 SU(2) gauge theory. Our definition of
D11 agrees with the expected BPS spectrum on the Coulomb branch of the N = 4
SU(2) gauge theory: for every (m, n) € Z?* with m and n coprime, we have one vector
multiplet of charge (2m, 2n), which corresponds to to the denominator of Eq. (42), two
hypermultiplets of charge (2m, 2n), which correspond to the numerator of Eq. (42) and
no other states of charge a multiple of (m, n) [86]. Note that the N' = 2 vector multiplet
and the two N' = 2 hypermultiplets combine into one N' = 4 vector multiplet. The
states of charge (2, 0) can be seen classically (as W-bosons and elementary quarks), and
the general states of charge (2m, 2n) are obtained from them by SL;(Z) S-duality.

Lemma 3.16. © | is obtained from Do 4 by replacing A? by A2, setting R1,0 = Ro,1 =
Ri1=0andy =z

Proof. Immediate from comparing the Eqs. (29) and (40) defining F (7, s, y, x) and
G(z, x). O

Theorem 3.17. The quantum scattering diagram 311 is consistent.

Proof. By Lemma 3.16,®1 | is a specialization of ©g 4, and so the consistency of D |
follows from the consistency of D¢ 4 given by Theorem 3.7. O

By Theorem 3.17, it makes sense to consider the Z[ A*][z]-algebra Ap,, given by
Definition 2.13, with its basis {f#,},epz) of quantum theta functions, and structure

Di1.p
constants Cp, 3," .

Theorem 3.18. There is a unique morphism
¢: Ao, — Ska(S1,1)
on[Ai][z]—algebras such that
e(@p) =T(yp)

for every p € B(Z). Moreover, ¢ is an isomorphism of Z[ A*1[z]-algebras.

In particular, structure constants of the skein algebra Sk 4 (S1,1) defined by Eq. (9)
coincide with the structure constants of the scattering diagram 91 | defined by Eq. (23):
for every p1, p2, p € B(Z), we have

Si.1.p Di1.p
Coipr = Cpiips - (43)
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Proof. Theorem 3.18 follows from the similar result, Theorem 3.8, for Sy 4. Indeed, by
Lemma 3.16, the algebra Ag, | is obtained from Ag, , by setting R o = Ro,1 = R1,1 =
0, y = z, and by matching the quantum theta functions {¥#} ,cp(z). On the other hand,
Bullock and Przytycki gave in [19] explicit presentations by generators and relations of
Ska(So,4) and Sk 4 (S1,1), and observed that Sk4(S;,1) is obtained from Sk 4 (S 4) by
setting R1,0 = Ro,1 = R1,1 = 0, y = z, and by matching the multicurves {y,} pepz). O

Theorem 3.18 implies Theorem 1.3. Indeed, by Lemma 3.13, the functions attached
to the quantum rays of ®1 | have coefficients in Zzo[Ai] [z], and so it follows from the

definition of the structure constants C,,@lf}lz’p in Eq. (23) in terms of broken lines, from
the formula (17) recursively computing the contribution of a broken line and from the
positivity given by Lemma 2.4, that

D11,
Cpip’ € Lol AF][2] (44)

for every p1, p2, p € B(Z). By Theorem 3.18, we have C,S,}','I;zp = C?lf',;ép, and so

Si.1,
Coi € Zoo[AE]z], (45)

that is, Theorem 1.3 holds.
Finally, we explain how Theorem 1.3 implies Theorem 1.1 for Sk4(S; 1). A general
element of the bracelets basis Br of Sk4(S,1) is of the form

T,(mMT(yp) (46)

for some n € Z~¢ and some p € B(Z). As the T, () are in the center of Sk4(S1,1), it

follows from the identity (35) that it is enough to show that the structure constants C,? f’[lz’p

are polynomials in the variables T,, (1) with coefficients in Zzo[Ai]. By Theorem 1.3,
we have Cﬁigl,;f € Z=o[AT][z]. Using Eq. (35) again, it is enough to show that z is a
polynomial in the variables 7}, () with coefficients in Z>q [A*].Asz =T (n)+A2+A’2,
this indeed holds.

3.3. Recovering the skein algebra of the closed torus. As reviewed in Sect. 1.1.2,
Frohman and Gelca [38] described explicitly the skein algebra Sk 4 (S1,0) of the (closed)
torus S1,0. We explain below how this result appears as a limit of our description of the
skein algebra Sk 4 (S;.1) of the 1-punctured torus Sy i.

The closed torus Sj ¢ is obtained from the 1-punctured torus S; ; by closing the
puncture, that is by making topologically trivial the peripheral curve . Thus, the skein
algebra Sk 4 (S1,0) is obtained from Sk 4 (S;.1) by setting n = —A2— A2 thatisz = 0.
Theorem 3.18 gives a description of Sk 4 (S1,1) in terms of the scattering diagrams D1 1.
Setting z = 0 in the Definition 3.12 of ® .y, we obtain a trivial scattering diagrams
whose all quantum rays p = (p,, f,) have f, = 1. In particular, no broken line can
bend in such scattering diagram, and the structure constants become extremely simple.

Let p1, p2 € Bo(Z). Using the PSLy(Z) action on B(Z), we can assume that pj is
horizontal, that is, p; = (a, 0). Then, there are only two configurations of broken lines
contributing to the product ¥, ¢, : the one with y; straight going to infinity parallel to
R>op1 and y, straight going to infinity parallel to R>¢ p2, and the one with y; straight
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going to infinity parallel to —R>(p; and y; straight going to infinity parallel to R>qp;.
Therefore, applying Eq. (23), we obtain

Op Opy = ACPIPDY ) 4 AT, 47

that is, we recover the product-to-sum formula of Frohman and Gelca [38] (see also [81]
for a different proof).

Note that in the limit where the scattering diagram on B becomes trivial, and consid-
ering the classical limit A = 1, the mirror cubic surface constructed in [48] becomes

Doy Doy Doy = Vg + 0y, + 0y — 4,

which is isomorphic to (G,,)?/(Z/27), where Z acts on the torus (G,,)? by (x, y)
(x~!, y~1) (an isomorphism is given by Py = X +x71, Dy, =y + y~l, By, = Xy +
x~1y~1). This is the classical version of the description given by Frohman and Gelca
[38] of Sk4(S1,0) as a Z/2Z-quotient of the quantum torus.

3.4. Application to quantum cluster algebras. In this section, we prove Theorem 1.4,
that is, that the positivity of the structure constants of the bracelets basis of the skein
algebra Sk 4 (S, ¢) implies the positivity of the structure constants defined by the quantum

duality map I of [5]. We use the notations introduced in Sect. 1.1.5.
The quantum duality map [ is defined in [5] using the quantum trace map of Bonahon

and Wong [13]. Given an ideal triangulation T' of Sg ¢, there is a corresponding quantum
trace map, which is an injective algebra morphism

Tr7: Ska(Sge) — éT»

where Z7 is the square root Chekhov—Fock algebra.

The set of tropical points Agz, s » (Z") is the set of even integral laminations on S, ¢
[34]. Forevery I € Agp, s, , (Z"), we can write uniquely [ = j kjlj where the [; are
connected multicurves with distinct homotopy classes, k; € Z> if /; is not peripheral,
and k; € Z if [; is peripheral. By Definition 3.11 of [5], we have I(¢) = [T, Lk;1)).
Therefore, to prove Theorem 1.4, it is enough to prove the positivity of the structure
constants appearing in the products of the form ﬁ(kl )]AI(k ") where [ and I’ are connected
multicurves, k € Zsq (resp. k' € Zs>) if I (resp. I) is not peripheral, k € Z (resp.
k' € Z)if I (resp. I) is peripheral.

By Lemma 3.25 of [5] forl a perlpheral connected multicurve, k € Z, and I’ a
lamination, we have ]I(kl)]I(l ) = ]I(kl + I’). Tt follows that it is enough to prove the
positivity of the structure constants appearing in the products of the form LDk
where [ and [’ are non-peripheral connected multicurves and k, k' € Z>.

So, let us consider / and I’ non-peripheral connected multicurves and k, k' € Z>1. By
Definitions 3.4 and 3.8 of [5],we have 1(kl) = Try (T (1)) and [(k'l") = Try (T (')).
Therefore, assuming the positivity of the structure constants of the bracelets basis of
Sk 4 (Sg,¢), we have

kDI = Trr (T () Trr (To (1) = Trr (Te() T (1) = Z Chyor Trr (T()),
Y
(48)
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where the sum is over finitely many multicurves y and C ,1’1 w € Zzo[Ai]. Write

y = yl" '...y/ with y, ..., y all distinct isotopy classes of connected multicurves,
Y1, ..., ys non-peripheral and y;.1, ..., ¥, peripheral, and n; € Z-(. We have

r N r
Trr (T) = [ [ Ter (T, vy = [ [Tjvp) ] Tremn™. 49)
j=1 j=1 k=s+1
For s + 1 < k <r, yi is peripheral, and so by Lemma 3.24 of [5], we have
I(ye) + 1(=y0) = Trr (ne). (50)

Therefore, using again Lemma 3.25 of [5], we have

Ikniw'?y =Yl [TI0sv) [T @0 +I=p)™

14 j=1 k=s+1
= Z Ckl K n I(njy)) 1_[ (Z (ak)ﬁ((% - nk))/k))
k=s+1

_chlk’l’ % Z (nm) : ( ) (Zn,y,+ Z (2ak—nk)l/k)

ass1=0  ar Gs+l k=s+1
(51)

and so, under our assumption that c’ Kkl € Zzo[Ai], the structure constants of I belong
to Zzo[Ai]. On the other hand, by Theorem 1.2 of [5], these structure constants belong

to Z[A¥?] = Z[qi%]. Thus, the structure constants of f belong to Zzo[qi%] and this
proves Theorem 1.4.

4. The Canonical Quantum Scattering Diagram

We fix k an algebraically closed field of characteristic zero, Y a smooth projective cubic
surface in Pﬁ{, and D the union of three projective lines Dy, D, D3 in IP’%{ contained
in Y and forming a triangle configuration. In Sect. 4.1, we review following [16] the
construction of the canonical quantum scattering diagram ®.,, associated to (Y, D).
After some preliminaries on curve classes in Y presented in Sect. 4.2, we give some
explicit description of D,y in Sects. 4.3 and 4.4.

4.1. The canonical quantum scattering diagram Dc,y. Following [16, Section 3], we
review the definition of the canonical quantum scattering diagram attached to (Y, D). The
canonical quantum scattering diagram is defined in terms of the enumerative geometry
of curves in (Y, D). More precisely, the canonical quantum scattering diagram encodes
the data of logarithmic Gromov—Witten invariants of (Y, D).

The pair (B, X) defined in Sect. 2.1 is the tropicalization of (Y, D). It plays for
(Y, D) the role of a fan for a toric surface. In particular, the three two-dimensional cones
o} j+1 of X are in natural correspondence with the three points D; N D1, the three
one-dimensional rays p; of X are in natural correspondence with the three divisors
D;, and the point 0 € B is in natural correspondence with the complement U of D
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in Y. The integral linear structure on By encodes the self-intersection numbers of the
divisors D;: for every j € {1, 2, 3}, the fact that D? = —1 translates into the fact that
vji_1 +vj +vjy = 0. We refer to [48, §1] and [46, §1.2] for further details on the
construction of the tropicalization.

Let NE(Y) be the Mori cone of Y, i.e. the cone generated by effective curve classes
in the group A1(Y) generated by numerical equivalence classes of curves on Y. The
group A1(Y) is a free abelian group of rank 7. The Mori cone NE(Y) is a strictly
convex rational polyhedral cone in A(Y), generated by the classes of the 27 lines
on Y. We write Q[[A]][NE(Y)] for the corresponding monoid ring with coefficients in
the power series algebra Q[[ 2], and t# for the monomial in Q[A][N E (Y)] defined by
B € NE(Y). We will apply the formalism of Sect. 2 with R = QI[h]][N E(Y)], viewed

as a ZIAT|[¢P1, 122, tP3)-algebra, where A acts by multiplication by e¥, and 12/ acts
by multiplication by the corresponding element in Z[N E(Y)]. We will often use the
notation g = ' = A*.

Let B € NE(Y) and v € By(Z). We can write v = av; + bvj,1 witha, b € Zx for
some j € {1, 2, 3}. We are considering genus g one-pointed stable maps f: (C, p) —
(Y, D) with f~1(D) = {p}, such that g has contact order a with D; at p and con-
tact order b with Dy at p. Logarithmic Gromov—Witten theory [1,52] provides a

nice compactlﬁcatlon M v(Y/D) of the space of such stable maps. The moduli space
(Y / D) is a proper Dehgne—Mumford stack, coming with a virtual fundamental

cycle (Y/ D)1V of degree g.
Let : C — M (Y/D) be the universal source curve, w, the relative dualizing
sheaf of 7, and rr*a),, the rank ¢ Hodge bundle on M ev(Y/D, B). The top Chern class
¢ of the Hodge bundle is a (complex) degree g cohomology class on M 2(Y/D). We

deﬁne log Gromov—Witten invariants N, g v of (¥, D) by integration of the cohomology
class (—1)81, on the virtual fundamental cycle:

NP, = /fﬂ (= D¥ 4. (52)
(M, ,(Y/D)]¥ir

We have in general N, g v € Q. For g = 0, we recover the genus 0 log Gromov—Witten
invariants Nf considered in [46,48].

Lemma 4.1. Givenv € By(Z), there exists finitely many B € N E(Y') such that Nf,v #0
for some g.

Proof. Write v = av;+bvjy witha, b € Z>( forsome j € {1, 2, 3}. The moduli space

M?U(Y/ D) is possibly non-empty, and so the invariant Nf,v possibly non-zero, only if
B-Dj =aand B-Dj = b, and so in particular 8 - D = a +b. As D is an ample
divisor on Y, the set of such curve classes g is finite. O

Definition 4.2. For every (m, n) € Bo(Z) with m and n coprime, we define a quantum
ray 0y, = (Poy,n» fou,) With coefficients in Q[AI[N E(Y)] by po,,, = (m, n), and

_(kh o
faln,n = exp Z Z ZZSIH (7> Ngﬂ,k(rn,n)hzg ltﬁz k(m,n) . (53)

k>1 BeNE(Y) g=0
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Note that by Lemma 4.1, we have indeed fy,,, € QIAIINE M)z~ "™™], as
required by Definition 2.1.

Definition 4.3. We define a quantum scattering diagram .., over Q[A]I[N E(Y)] by
Dean = {Dm,n | (m, n) € Bo(Z), ged(m, n) = 1}.
We refer to Dcap as the canonical quantum scattering diagram defined by (Y, D).

The following Theorem 4.4 is the specialization to the case of the cubic surface (Y, D)
of one of the main results of [16] on the consistency of canonical quantum scattering
diagrams attached to log Calabi—Yau surfaces.

Theorem 4.4. [16] The quantum scattering diagram ® .,y Is consistent.

In the following sections, we give an explicit description of the canonical quantum
scattering diagram ®yp.

4.2. Curves on the cubic surface. Recall that lines in Pﬁ{ contained in Y are exactly
the (—1)-curves on Y. A smooth projective cubic surface ¥ C ]P’ﬁ( contains 27 lines, a
classical result going back to Cayley [22] and Salmon [84] (see e.g. [S5, V.4]). Three of
these lines are D1, D, D3, whose union is the triangle D. It remains 24 lines on Y not
contained in D. By the adjunction formula, each of them intersect D in a single point.
One can easily check that for every j € {1, 2, 3}, there are 8 lines not containing in D
and intersecting D, that we write L j; for 1 <k < 8.
For convenience in describing curves classes of ¥, we also fix for every j € {1, 2, 3}
a pair of disjoint lines {E 1, Ej2} C {L jm}1<m<s. Contracting the 6 (—1)-curves Eqy,
E1», E21, Eg, E31, E3p, gives a presentation of Y as a blow-up of IF’HZ{ in 6 points. We
denote by H € NE(Y) the pullback of the class of a line in ]P’Hz(. Note that for every
Jj € {1, 2,3}, we have
Di=H—-E;;—Ej (&)

From the explicit description of the 27 lines on P> blown-up in 6 points as the 6
exceptional divisors, the strict transforms of the 15 lines passing through pairs of blown-
up points, and the 6 strict transforms of the conics passing though 5-tuples of blown-up
points, we obtain the list of the classes of the 8 lines L1, intersecting D and distinct
from D, and D3. We have 2 exceptional divisors, 4 strict transforms of a line, and 2
strict transforms of a conic:

{Limbi<m<s ={E11, E1a, H — E21 — E31, H — Ep) — Ex, H — Exp — E3y,

H—Eyp—E3,2H — E;y — Ey) — Exo — E31 — E3,2H — Epp
— Ey — Ex — E31 — En}. (55)

Similarly, we have

{Lom}r<m<s ={E21, Exo, H — Ey1 — E31, H — Ey1 — E3, H— Epp — E3q,
H—Ep—E3,2H — Ey — E1y — E1p— E31 — E3,2H — Ex
— E11 — E12 — E31 — E3}, (56)

and

{L3m}1<m<s ={E31, E30, H — Ey1 — Ey, H— Eyg — Expp, H— Epp — Eny,
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H—Eyp—E»n,2H—E31 —Ey1 —E;p—Exy — Epn,2H - E3
— Ej — Eip — B2 — Exn}. (57)
For every j € {1, 2, 3}, writing {1, 2, 3} = {J, k, £}, there are exactly two conics in
Y tangent to D; and not intersecting Dy U Dy, that we write Cjx for 1 < k < 2. This

comes from the fact that there are two conics passing through 4 points and tangent to a
given line in ]P’]%{. The class in N E(Y) of the two conics Cji for 1 <k < 2is

2H—Ek1 —Ekz—Egl —E52=Dk+Dg. (58)

4.3. Contribution of the rays 0;: calculations in log Gromov—-Witten theory. For every
J € {1, 2,3}, we write 9 for 0,, , where v; = (m, n). In the following Proposition 4.5,
we compute explicitly the quantum rays 0; of Dcap.

Proposition 4.5. For every j € {1, 2, 3}, writing {1, 2,3} = {Jj, k, £}, the quantum ray
0; = (vj, faj) in Dcan satisfies

[Ty (1 + 1Emz70)
(1 - q*]tDk"'DZz*z”J)(] _ tDk+DgZ72v,)2(] _ thk+D[Z72vj)

ij = (59)

where g = e'".

The proof of Proposition 4.5 takes the remainder of Sect. 4.3. We will show that the
numerator of f3; is the contribution of multicovers of the lines L, for 1 < m < 8,
that the denominator of fp; is the contribution of the multicovers of the conics Cjx
for 1 < k < 2, and that no other curve classes contribute to fo;- Given the cyclic
7./37Z-symmetry permuting {1, 2, 3}, we can assume j = 1, k = 2, =3

Lemma 4.6. For every 1 < j <8 and k € Z>1, we have

SON et = D 1 (60)
g:kvy k kh
g0 2811‘1( )

Proof. For every 1 < j < 8, the line Lj; is a (—1)-curve, so rigid unique representa-
tive of its curve class. Hence, every stable log map of class kL1 ; factors through Ly ;.

1j
U]
maps to L; >~ P!. More premsely, we have

KLy
Therefore, we can compute N kv, as some integral over a moduli space of stable log

Nﬁlﬂ :/[M ],ne(Rln*f*(Opl ® Opi1(—1)), (61)

where M, ;. is the moduli space of genus g degree k stable log maps to P! compactifying
the moduli space of stable maps fully ramified over a given pointoo € P!, 7w: C — M ok
is the universal curve and f: C — P! is the universal stable log map. The insertion
Rlm, f *Op1 comes by Serre duality from the insertion (—1)81, in Eq. (52), and the
insertion R, f *Op1(—1) comes from the comparison of the obstruction theories for
stable maps to ¥ with stable maps to L; ~ P!, using that the normal bundle of L jinY
is Op1 (—1). The integral in the right-hand side of Eq. (61) was computed by Bryan and
Pandharipande [17, Theorem 5.1] in relative Gromov—Witten theory of (IP’I, 00), which
is known to be equivalent to log Gromov—Witten theory of (P!, co) by [3]. O
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Lemma 4.7. For every k € Z>1, we have

k(Dy+D3) 3:20—1 12(:08 (k2>

2TH3) pog—1

E Ng,2kv1 I3 = T (62)
¢>0 2 sin (—2 )

Proof. The linear system of curves in Y of class
Dy + D3 =2H — Ep1 — Exp — E31 — E3g

is one-dimensional, made of strict transforms of conics in IP? passing through four given
points. The only curves of class D, + D3 tangent with D are the two conics Cy; and

Cj2. Hence, every stable log map in the moduli space M];f?f:m) (Y /D) factors through
either C11 or Ci2. However, the required multicover computation is more complicated
that the one used in Lemma 4.6 and in fact has done been done previously directly
in Gromov—Witten theory. We will follow a slightly roundabout path and use a gen-
eral correspondence theorem between log Gromov—Witten invariants of log Calabi—Yau
surfaces and quiver Donaldson-Thomas invariants proved in [14].

As no curve of class D, + Dj intersect E|; or E»;, we can contract the two (—1)-

curves E1; and E>; and compute the invariants Ng(szZUTD3) on the resulting surface

Y’. Following Section 8.5 of [14], we can attach to Y’ a quiver Qy: vertices of Qy-
in one-to-one correspondence with the exceptional divisors E»1, Eyy, E31, E3. As
(v2, v3) = 1, we have an edge from every vertex corresponding to E»q, E2; to every
vertex corresponding to E31, E3; (Fig. 2).

Asin Section 8.5 of [14], let M}* (resp. M;") be the moduli space of semistable (resp.
stable) representations of Qys of dimension vector (k, k, k, k), where we consider the
maximally non-trivial stability condition. Write t: M}" < M;* for the natural inclusion
and define

dim M*
/ 1 14 st . i . i
Q2" (q?) i= (—q2)” MM Yo dim HY (MY, 0.Qy)q”, (63)
j=0

where (), is the intermediate extension functor. Applying Theorem 8.13 of [14], we
obtain

0y, L
127" (g2
ZNk(szz+D3)h2g—l — _ E _&’ (64)
g.2kv) A ain (LR
pd k=ek' ~ 2sin (T)

where g = €',

S
Var Va1

f2

fs

Va2 I V32

Fig. 2. The quiver Qs
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/_\

Fig. 3. The Kronecker quiver

We have M{" = M}*" = P! and so

1

! _1 1
Qg7 =—q77 —q7. (65)
On the other hand, M ,ﬁ’ is empty for k > 1 and so
22" (g7) =0 (66)

for k > 1. To check that M ,;” is empty for k > 1, one can argue as follows. Given a
representation (Va1, Vaa, V31, V32, f1, f2, f3, fa) of Oy, one constructs a representa-
tion (Vo1 @ Vaa, Va1 @ Vag, f1 @ fa, f» @ f3) of the Kronecker quiver (Fig. 3). One
then uses the fact that, by the classification of representations of the Kronecker quiver
(see for example Section 1.8 of [40]), every representation of dimension (n, n) of the
Kronecker quiver contains a subrepresentation of dimension (1, 0).

Lemma 4.7 follows by combination of Egs. (64)—(65)—(66). O

Lemma 4.8. Let k € Z>1 and B € NE(Y) such that there exists g € Z>( and a stable

logmap (f: C — Y) € M, (Y/D) with C irreducible and f generically injective.
Then, we have either f = Lj for some 1 < j < 8andk =1, or B = D> + D3 and
k=2.

Proof. We write 8 = aL — Z?:l an:l bimEjx witha,bj, € Z. As M’

e kv, (Y/D) s
not empty, we have 8- D1 =k, 8- Dy =0, 8- D3 = 0, thatisa — by; — b = k,
a—by1—byy = 0,a—b31—b3y = 0.As Cisirreducible and f is generically injective, the
image f(C) is an integral curve of class $. In particular, the arithmetic genus p,(f(C))

of f(C) is nonnegative, and so, by the adjunction formula, we have

2
—222p(f(C)—2=B-(B+Ky)=B-(B—D))=a> =) Y b3, —k (67)

j=1m=1

The classes S satisfying these constraints are classified in the first part of the proof of
[48, Proposition 2.4] by an argument which does not use the assumption g = 0 done in
[48]. O

Lemma4.9. Let g € Z>0, k € Z>1, and f € NE(Y). Let f: C/W — Y be a stable

log map defining a point ofﬁg,kvl (Y/D). Then f(C)N Dy =@ and f(C) N D3 = 0.

Proof. The proof relies on the study of the tropicalization of f: C — Y. We refer to
[2, Section 2.5] for details on tropicalization of stable log maps.
Let

L}Y

S50
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be a stable log map defining a point of ﬁg’ kv, (Y/ D). Here W is a log point

(Spec k, My @ k™)

defined by some monoid M y . Taking the tropicalization, we obtain a diagram of cone
complexes

As cone complexes, we have ¥(Y) =~ (B, ). On the other hand, X(7): ¥(C) —
¥ (W) is a family of tropical curves parametrized by the cone X (W) = Hom (M y, R>0).
We pick a point w in the interior of ¥ (W) and we denote by I the fiber = (7)™ (w). The
graph underlying the tropical curve I' is the dual graph of C: I" has a single unbounded
edge, corresponding to the marked point on C, vertices of I" are in one-to-one corre-
spondence with irreducible components of C, and bounded edges of I" are in one-to-one
correspondence with nodes of C. We denote by 4: I' — B the restriction of X (f) to
I' = X ()~ (w). The image h(E) of every edge E of I' is a line segment of rational
slope in a cone of X. In addition, if £(E) is not a point, the line segment 4 (E) is dec-
orated by a weight w(E) € Z-. For example, denoting by E the unique unbounded
edge of I', h(E) is a half-line of direction v; and weight k.

Forevery j € {1, 2, 3}, the formal completion of D; in Y is isomorphic to the formal
completion of a toric divisor in a toric surface, and the formal completion of (D; N D 41)
in Y is isomorphic to the formal completion of a 0-dimensional toric stratum in a toric
surface. Furthermore, the integral affine structure on By has been defined based on these
toric descriptions. Therefore, it follows from the general balancing condition for stable
log maps given in [52, Proposition 1.5] that the toric balancing condition holds on By:
for every vertex V of I' with A(V) € By, denoting E, the edges of I' adjacent to V
and not contracted to a point by I', and uy g, the primitive integral direction of i (Ey)
pointing outwards i(V), we have Z[ w(E¢uy, g, = 0. We do not have such simple
balancing condition at 0 € B: the integral affine structure is singular at O due to the fact
that the surface Y is not toric.

If £(C) N Dy # @, then either C has a component dominating D> and then I has a
vertex V with A(V) € Int(py), or C has a component non-dominating but intersecting
D» and then it follows from the general balancing condition of [52, Proposition 1.5] that
I" has an edge E intersecting Int(o2,3 U p2 U 01,2). Similarly, if f(C) N D3 # @, then
either C has a component dominating D3 and then I" has a vertex V with 2(V) € Int(p3),
or C has a component non-dominating but intersecting D3 and then I" has an edge E
intersecting Int(o3,1 U p3 U 02 3). Therefore, in order to prove Lemma 4.9, it is enough
to show that 4 (V') belongs to the ray p; for every V vertex of I'. It will automatically
imply that h(E) C p; for every edge E of I'.

We recall that we use the upper half-plane description of B given by Fig. 1. In
particular, we will refer to this description when using notions of horizontal, vertical,
left and right. We argue by contradiction by assuming that there exists a vertex V of I'
with £(V) ¢ p;1. In particular, we have h (V') € By and so the toric balancing condition
holds at A (V). ~ ~ ~

We claim that there exists a vertex V of I' such that #(V) € By and a edge E
adjacent to V such that uy g has positive vertical component. Indeed, if it were not
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Fig. 4. Tllustration of the proof of Lemma 4.9

the case, then i (I") would be entirely contained in an horizontal line in By. As I" has a
unique unbounded edge, the toric balancing condition cannot hold at both the most left
and most right vertices of 4(I") and we obtain a contradiction.

The unique unbounded edge of I" being horizontal, the edge E is bounded. Let V' be
the other vertex of E. As Uy i has positive vertical component, the vertical coordinate

of h(V') is strictly bigger than the one of h(V).In particular, we have h(V') € By, the
toric balancing condition holds at 2(V’), and so there exists an edge E’ adjacent to V'
such that u, 3 has positive vertical component. Therefore, we can iterate the argument

by replacing (V,E) by (V', E'). Successive iterations produce infinitely many vertices
of I', in contradiction with the finiteness of the set of vertices of I" (Fig. 4). |

Lemma 4.10. Let g € Z>o, k € Z>1,and B € NE(Y). Let f: C/W — Y be a stable

log map defining a point Ofﬁg,kul (Y/D), and let p € C be the corresponding marked
point. Then, f(C) intersects D1 in a single point, i.e. f(C)N D1 = {f(p)}, and the set
f~Yp) of points of C mapping to f(p) is connected.

Proof. As in the proof of Lemma 4.9, we attach to f: C/W — Y a tropical curve
h: ' - B.ByLemma 4.9, we have h(I") C p;. Let C be the irreducible component
of C containing the marked point p and let V, be the corresponding vertex of I'. The
unique unbounded edge E~, of I', corresponding to the marked point, is attached to
Vso- Let Cy be an irreducible component of C with f(Co) N Dy # @, and let Vj be the
corresponding vertex of I'. We have to show that f(Co) N D; = f(p). By Lemma 4.9,
no component of C dominates D;. In particular, either f(Cop) is generically contained
in Y\ Dy, or f(Cyp) is a point on Dj.

Let us first assume that f(Cp) is generically contained in Y\ D1, thatis h(Vp) = {0}.
Letx € f ~L(D)) N Cy. By the balancing condition of [52, Proposition 1.5], x defines
anedge E of T" with 2(Int(E)) C Int(p1). If E = Exo,thenx = p. If E # E, then E
is bounded. In this case, let V| be the other vertex of E. We have h(V}) € Int(p;). As
E is the unique unbounded edge of I, it follows from the toric balancing condition
that there exists a path y in I', connecting V) to V4, and such that ~A(y) C Int(p;). Let
C, C C be the union of irreducible components of C corresponding to the vertices of I'
contained in y. As no component of C dominates D1, the connected curve C,, is entirely
contracted to a point by f. Therefore, we have f(x) = f(C)) = f(p).

If f(Cp) is a point on Dy, we make a similar argument. We have h(Vy) € Int(py).
As E is the unique unbounded edge of I, it follows from the toric balancing condition
that there exists a path y in I', connecting Vj to Vi, and such that 2(y) C Int(p1). Let
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C, C C be the union of irreducible components of C corresponding to the vertices of I'
contained in y. As no component of C dominates D1, the connected curve Cy, is entirely
contracted to a point by f. Therefore, we have f(Co) = f(C),) = f(p).

The two previous paragraphs also show that every point x € C such that f(x) € D
is connected to C, by a chain of irreducible components of C all contracted to a point
in D1. In particular, the set f~!(Dy) of points of C mapped to D is connected. O

Lemma 4.11. Let g € Z>o, k € Z>1and B € NE(Y) be such that, for every stable log
map (f: C —-Y) eMgkv1

Then, we have kam =0.

(Y /D), the dual intersection graph of C has positive genus.

Proof. Recall that, by definition, we have

B
NY .:f[ (—1)%Ag.

g kul (Y/D)]vm

The class A, vanishes for families of stable curves with dual graph of positive genus.
This classical fact is for example reviewed in [15, Section 3]. O

Lemma 4.12. Let g € Z>o, k € Z>1and p € NE(Y). Let (f: C — Y) be a stable log

map defining a point of M? kv, (Y/ D) and such that the dual intersection graph of C
has genus 0. Then, for every irreducible component Cy of C on which f is not constant,

Ff~YD1) N Cy consists of a single point.

Proof. By Lemma 4.9, we have f(Cp) N Dy = f(Co) N D3 = . As f is non-constant
on Cp and —Ky = D1 U Dy U D3 is ample, we deduce that f_l (D1) N Cyp is non-empty.

On the other hand, by Lemma 4.10, the set f~!(p) of points of C mapping to f(p)
is connected. As the dual graph of C is of genus 0, we obtain that Cy intersects f ! (p)
in at most one point. O

Lemma 4.13. Let k € Z>1 and B € NE(Y) such that there exists g € Zso with

kav # 0. Then, we have either B = kL1 for some 1 < j < 8, or k is even and

B = 5(Dy + D3).

Proof. As Nﬂkv1 # 0, there exists by Lemma 4.11 a stable log map (f: C — Y) €

g kv, (Y/D) such that the dual intersection graph of C has genus 0. We denote by

p € C the marked point.

Let Cy, ..., C, the irreducible components of f(C) equipped with the reduced
scheme structure. Forevery 1 < £ < n, C;isanintegral curvein Y. Denoting B¢ := [C/],
we have = Zzzl me[Cp], where my € Zx is the multiplicity of C; in the cycle
[f(C)]. By Lemma 4.9, we have f(Cy¢) N Dy = f(Cp) N D3 = . By Lemma 4.12, we
have C,N D1 = f(p) and Cy is unibranch at the pomt f(p). Therefore the normalization
C/g of Cy defines a stable log map (fe: C@ —>Y)e Mg[ kev; (Y/ D), where gg is genus

of Cy and k¢ := B¢ - D1. As C[ is irreducible and f; is generically injective, we can
apply Lemma 4.8 and so Cy is either of the 8 lines L, or one of the two conics Cy. It
is shown in the proof of [48, Proposition 2.4] that for general Y, the 10 curves of Ly,
for 1 <m < 8and Cig for 1 < k < 2 intersect D in different points. By deformation
invariance of log Gromov—Witten invariants, we can assume that Y is general. Therefore,
we have in factn = 1 and f: C — Y is a multiple cover of one of the 10 curves L,
forl <m <8andCy; for1 <k < 2. O
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We can now end the proof of Proposition 4.5. From Eq. (53) and Lemma 4.13, we
have

8
. (kh NEE -
o= Mo (X o (3 ) oo
j=I

k>1g>0

X exp Z Z 2 sin (kh) Nk(D2+D3)h2g 14k(D2+D3) =2k
k>1 g>0

By Lemma 4.6, we have

i (KT KL g1 kL —k
exp ZZZSIH(?> gkvjlhg iz

k>1g>0

(_l)k_l kLy; —kv Lyij_—v
=exp | 2 e = et
k>1

thus producing the numerator of Eq. (59). On the other hand, by Lemma 4.7 and setting
q= ", we have

exp Z 22 sin (kh) N§(§2+D2)h2g 1 k(D2+D;) —2kv1
k>1g>0

Z (q" —qk)(q2 +q 2) (k(Da+D3)  ~2kv)
k=1 k(g? —gq™7)

= exp

k —k
+2+
— exp Z 9 - 9 jk(Dy+D3) ,~2kvy
k>1
1

= (1 _ q_ltDZ+D3Z_2”1)(1 _ tD2+D3Z_2v1)2(1 _ th2+D3Z—2v1) ’

thus producing the denominator of Eq. (59). This concludes the proof of Proposition 4.5.

4.4. Contribution of general rays: PSLy(Z) symmetry. Following Gross, Hacking, Keel
and Siebert [48] treating the classical case, we describe the general quantum rays 0, ,
of the canonical quantum scattering diagram ®Dc,, in terms of the quantum rays 9
computed in Proposition 4.5 and of a PSL,(Z) symmetry.

Lemma 4.14. Let g € Z>o, v e Bo(Z)and B € NE(Y). Let f: C/W — Y be a stable

log map defining a point in M ,(Y/D), and let p € C be the corresponding marked
point. Then, f(C) intersects D ina single point, i.e. f(C)ND ={f(p)}.

Proof. We proved this result in Lemmas 4.9 and 4.10 by a tropical argument when v
is a multiple of v;. Exactly the same tropical argument can be applied in general: up
to rotating the chart that we are using to describe B, we can assume that R>qv is the
horizontal direction. O
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First, the linear action of SLy(Z) on Z? induces an action of PSL,(Z) on B(Z) =
7?2 /{—1id). Then, we define an action of PSL;(Z) on the set

':={BeNEX)| Nf,v # 0 for some g € Z>¢ and v € By(Z)} (68)

Note that A (Y) >~ 7 has for basis H, E11, E12, Ea1, E2, E31, E3, and that PSL,(Z)

is generated by
0-1 11
S=<1 l) and T=<Ol>’ (69)

We define an action S* of S on A{(Y) is defined by

S*(H)=H and S*(Ej) = Eju14. (70)

Lemma 4.15. The transformation S* of A1(Y) preserves I'. Moreover, for every g €
Z>o, v € B(Z) and B € T, we have

Ny =NE,. (1)

Proof. The transformation S* is induced by the obvious Z/3Z-cyclic symmetry of
(Y, D) permuting the components D1, D>, D3 of D, and so the result is clear. O

Let T* be the transformation of A (Y) defined by

T*(H) =2H — E31 — E3, T*(Ey1j) = E1j, T*(Ezj) = H— E3j, T*(E3j) = Ea;.

(72)
Note that T* does not define an action of 7 on A{(Y) because T* is not bijective.
Nevertheless, we have the following result.

Lemma 4.16. The transformation T* of A1(Y) preserves I and the restriction of T* to
" is bijective. Moreover, for every g € Z=o, v € B(Z) and B € T', we have

T*
NI = NP (73)

Proof. 1t is shown in [48] that the transformation T* of Aj(Y) is induced by a log
birational modification of the pair (¥, D): given (Y, D), one can blow-up the point
D1 N D; and contract D3 to obtain a new pair (Y’, D’). By Lemma 4.14, aclass 8 € T’
is represented by a curve in ¥ whose all components are generically contained in the
complement of D in Y. The result then follows from the invariance of log Gromov—
Witten invariants under log birational modification proved by Abramovich and Wise
[4]. |

By Lemmas4.15 and 4.16, we have an action of S and 7 on the set I, which generates
an action of PSL,(Z) on I'. Given a power series f with coefficients polynomial in 77
for € T, and M € PSLy(7Z), we define M*(f) by M*(tF) := tM"B) for B € T", and
extending by linearity. For a quantum ray 0 = (po, fo) and M € SL>(Z), we define

M @) = (M(py), M*(f2)),

where M (py) is the image of py by the action of M on B(Z).
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Proposition 4.17. For every (m,n) € B(Z) with m and n coprime, and M € SLy(7Z),
we have the following relation between the quantum rays 0y, and p(om,n)) of the
canonical quantum scattering diagram Dcap:

OM((m,n)) = M(Dm,n)-

Proof. 1t is shown in [48] that the action of PSL,(Z) on B(Z) is compatible with the
action of PSL;(7Z) on curve classes. Thus, the result follows from Lemmas 4.15 and
4.16. O

As PSLy(Z) acts transitively on the set of (m, n) € B(Z) with m and n coprime, one
can use Proposition 4.17 to compute all the rays 9, , in terms of the ray 91 = 01 ¢ given
by Proposition 4.5.

Corollary 4.18. For every (m, n) € B(Z) with m and n coprime, we have

Jomn € ZIgEIIN E(V)1[z ™™,

where g = e'".

Proof. It is a corollary of Proposition 4.17 and of the fact that f, € Z[qi][N EY)]
[z~ ™7 by Eq. (59). O

By Corollary 4.18, we can view D¢y as a quantum scattering diagram over the ring
Z[gT1[N E(Y)] rather than over the ring Q[A][N E(Y)].

Corollary 4.19. The ray 911 of the canonical quantum scattering diagram ® cqy is given
by Po = 1, 1)=vi+0 and

8 ](1 +[D3+L3mZ*U1*UZ)
m=

for = (1 — g1 D1+D2¥2D3 =201 —2u2) (] — (D1+D2#2D3 ;=201 —202)2 (] — g D1+D2+2D3 —201—202)
‘ (74)

where g = ¢'".

Proof. We have (1,1) = T(0,1),s001,1 = T(90,1) = T(02). Therefore, it is enough

to check that T*(Ly,,) = D3 + L3, for 1 < m < 8, which is clear from the birational
description of 7%, and T*(D; + D3) = D1 + D, + 2D3, which can be checked using
Eq. (72):

T*(D1+ D3) =T*(2H — E11 — E12 — E31 — E3)
=4H —2E31 —2E3x» — E11 — E1p — Ey1 — Eyp = D1+ Dy +2Ds.

O

5. Derivation of the Equations of the Quantum Mirror

In Sect. 4, we defined the canonical quantum scattering diagram ® ¢,y , that we can view as
a quantum scattering diagram over Z[¢* ][N E(Y)] by Corollary 4.18. By Theorem 4.4,
®can 1S consistent, and so by Sect. 2.2 we have a Z[qi][N E(Y)]-algebra Agp_,,, coming
with a Z[qi] [N E(Y)]-linear basis of quantum theta functions {¢,} ,e g(z), whose struc-

ture constants C;Jlfé};‘z’p can be computed in terms of quantum broken lines by Eq. (23).

In this section, we give an explicit presentation of Ag_ by generators and relations.
The non-commutative algebra A, is a deformation quantization of the mirror family
of (Y, D) considered in [48] and our presentation of Agp_,, will be a non-commutative
deformation of the presentation of the mirror family given in [48].
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5.1. Statement of the presentation of Ap,, by generators and relations.

Theorem 5.1. The Z[g*1[N E(Y)]-algebra Ap,,, admits the following presentation by
generators and relation: Ag,, is generated by ©y,, U,, Ov,, with the relations

8

4300 Dy — 420000 = (¢ = 1P — (g2 — g7 | DD ] (75)
j=I
1 1 1 1 8

q 20y, 0y —q20y 0y, = (q71 _Q)lDlﬁvl —(@2—q72) Z[D1+L]j s (76)
j=1
1 1 1 1 8

q 200y — q2 0y Uy; = (q_] _Q)ZDzﬁvz —(q2—q2) ZtD2+L2j ’ 77
j=1

8

-1 —1,D; 42 Ds 42 —1,D3 42 -1 Dy+Ly;

q 0 D0y = q 10100 +qtP20) g7 0] g [ Y P ),
Jj=1

8 8
L : _1 .
+q2 (} :ZD2+L21) ﬁvz +q72 (§ :ID3+L3J) 7}v3
j=1 j=1

+ Z (Di+Lu+Ly (q% _qf%)ZZD1+D2+D3' (78)

1<j<j'<8

In the classical limit q% — 1, Theorem 5.1 reduces to the main result of [48]
(Theorem 0.1) describing the result of the mirror construction of [46] applied to (Y, D)
as the family of cubic surfaces given in terms of the classical theta functions {19;1} PeB(Z)
by the equation

8

1 qcl gcl D 112 D 1\2 D 1,2 Di+Ly; 1

Io a0 =P @) + P2 @07 + 13O0+ | Y PR ) o
j=1

8 8
+ ZtD2+L2_,' 191():; + ZtD3+L3j 191(2 + Z z‘Dl+Llj+L1j/'
=1 st

I<j<j'=<8

(79)

The proof of Theorem 5.1 takes the remainder of Sect. 5. In Sects. 5.2 and 5.3,
we check that the relations in Theorem 5.1 are indeed satisfied in Ag_,,. We use the
description of the product of quantum theta functions in terms of broken lines given by
Egs. (23) and (25). Recalling that g = A*, we have

®Cﬂns
Ip =Y, Cpplvp, (80)
pEB(Z)
D(.‘aﬂv l
Corp’ = D clre(ragztom02), 81)
v1.v2)

where the sum is over pairs (1, y») of quantum broken lines for ®,, with charges pi,
p> and common endpoint Q close to p, such that writing ¢(y1)z* @ and ¢(y2)z° 2 the
final monomials, we have s(y1) + s(y2) = p.
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Y2

Fig. 5. Coefficient of ¥, in 97,

V2 z 71

Fig. 6. Contribution to the coefficient of ¥y = 1 in 1931

a1 z 2

Fig. 7. Contribution to the coefficient of ¥ = 1 in 1951

Gross, Hacking, Keel and Siebert [48] have done these computations in the classical
limit, enumerating the possible configurations of broken lines and using the function F
reviewed in Sect. 2.2 to bound the possibilities. The arguments of [48] leading to the
enumeration of possible configurations of broken lines still hold in the quantum case.
Therefore, we will simply explain how to modify in the quantum case the computations
of [48]. Finally, we end the proof of Theorem 5.1 in Sect. 5.4.

5.2. Products and commutators of quantum theta functions.

Lemma 5.2. For every j, k, £ such that {j, k, £} = {1, 2, 3}, we have
Oy, = Vo, + 20D (82)

Proof. By the cyclic Z/37Z-symmetry permuting {1, 2, 3}, it is enough to treat the case
j = 1. According to the proof of [48, Lemma 3.6], the only configurations of broken
lines contributing to the product 1951 are given by Figs. 5, 6, and 7 (see [48, Figure 3.2]).

Figure 5 gives a term t,, in 1931 : we have

cyp =1, c(y2) =1, s(y1) =(1,0), s(y2) = (1,0,



Strong Positivity for the Skein Algebras 39

Y2

Fig. 8. Coefficient of ¥(,+1)y; in V) Pny,

(s(yn), s(y2)) = ((1,0), (1,0)) =0,

and so g2 5002 — 1,
Figure 6 gives a term 22*3 in 92 : we have c(y1) = 1, c(y2) = tP2*P3 because y,
crosses R>ov3 and R>ovp without bending,

s(y) = (1,0), s(y2) = (=1,0), (s(y1),s(2)) = ((1,0),(=1,0)) =0,

and s0 ¢ 20502 — 1 Similarly, Fig. 7 gives a term £22*D3 in 97 O

The following Lemma 5.3 is not part of the proof of Theorem 5.1. It will be used
in the proof of Theorem 6.14 showing that the bracelets basis and the quantum theta
functions basis agree.

Lemma 5.3. Forevery j, k, € suchthat{j, k, £} = {1, 2, 3}, and for every integern > 1,
we have
29vj ﬁnvj = ﬁ(n+l)vj + tDk+D(19(n—1)vj~ (83)

Proof. By the cyclic Z/37Z-symmetry permuting {1, 2, 3}, it is enough to treat the case
J = 1. We claim that the only configurations of broken lines contributing to the product
L?Uj z?nvj are given by Figs. 8 and 9. As this case is not treated in [48], we give an
argument. The contributing broken lines y; and y» are horizontal for r <« 0. Assume
that one of them bends somewhere and look at the first bending. The bending occurs
along a quantum ray contained in the strict upper half-plane, so the direction of the
broken after bending has a positive vertical component. Iterating this argument, we see
that the broken line always remains in the strict upper half-plane and its final direction
has a positive vertical direction. Therefore, if either y; or y» bends somewhere, then
s(y1) +5(y2) has a negative vertical component, and so s(y;) +s(y2) cannot be equal to
anelement p € B(Z) and so cannot contribute a term in the product ¢ ; ¥,y ;. Therefore,
y1 and y» never bend and so Figs. 8 and 9 are the only possibilities.
Figure 8 gives a term vy, Uy, in Uy, Upy, 1 We have

cyp) =1, c(y2) =1, s(y1) =(1,0) s(2) = (n,0),
(s(y1), s(y2)) ={(1,0), (n,0)) =0

and so q%@(yl),sm)) -1
Figure 9 gives a term tD2+D3 Vn—1yp; IN By, Pyt wehave c(y) = 1, ¢c(y2) = D2+D3
because y, crosses p3 and p; without bending,

s(v) = (1,0), s(y2) = (=n,0), {s(yp).s(y2)) =((1,0), (=n,0)) =0

and so q%@(Vl)sS(yz)) -1 ]
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V2 z ga!

Fig. 9. Coefficient of 9, 1)y, in Py Py,

V2

Fig. 10. Coefficient of ¥y, +y, in Dy, Py,

Lemma 5.4. We have

8
1
S L e T S S (84)
j=1
and
1 1 8
Dy 0 = q 20p140, +q7tD3l9v3 + ZID3+L3j~ (85)
j=1

Proof. According to the proof of [48, Lemma 3.6], the only configurations of broken
lines contributing to the product 9, ¥, are given by Figs. 10, 11, and 12 (see [48, Figures
3.3-3.4]).

Figure 10 gives a term q%ﬁvlﬂ,z in ¥y, ¥y,: we have
cyD =1, cp) =1, s(y1) =(1,0), s(32) =0, 1),
(s(y1), s(y2)) = ((1,0), (0, 1)) =1,
and s0 g 250502 — g3

Figure 11 gives a term q_%tD3 U3 1n ¥y, ¥y, we have c(y1) = D3 because 1 Crosses
R>ov3; without bending, c(y2) = 1,

sty) = (=1,0), s(y2) =0, 1), {s(y1),s(r2)) =((—=1,0), 0, 1)) = -1,
and s0 g2 60502 — g=3
Figure 12 gives a term Z?:l tP3*L3) in 9,9, we have c(y1) = 1, c(yn) =
Z?:l P33 because y» crosses R-o(vy + v2) with bending and contribution of the

term proportional to V172 in Eq. (74),

S(Vl) = (170)7 S(VZ) = (_170)’ (S(J/I)J(VZ)) = ((1,0), (_]70)> = O’
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Y2

M 'z

Fig. 11. Coefficient of 5 in By P,

2

< 4!

Fig. 12. Coefficient of 99 = 1 in By By,

and so q%“ 1):5(2)) = 1, We similarly compute i, %, : as (—, —) is skew-symmetric,
only the powers of g change of sign. O

Lemma 5.5. We have

8
_1 1 _ 1 _1 .
q Iy Dy — g7 000 = (@ = P00y — (g7 —q ) | D P ] (86)
j=l1

8
_1 1 _ 1 _1 .
q 00D — g2 000 = (@ = tP1 0y, — (g7 —gT2) | D P 87
j=1

_1

1

8
1 _ 1 _1 .
q 20y, — q 20y Ty = (g I_Q)tDzﬁvz_(qz —q 2) ZID2+L2J . (88)
j=l1

Proof. By the cyclic Z/3-symmetry permuting {1, 2, 3}, it is enough to compute
_1 1
q 20y Dy — q20u .
The result follows immediately from Lemma 5.4. O

Lemma 5.6. We have

8 8
—-1.D D _1 z : Di+L1;: 1 j: Do+Ln:
ﬂv1+v229v3 = CI t 11921)1 +ql 21921)2 +q 2 t " 1 29v] +412 t 2+ 2 ﬁvz
j=1 j=1
: . 1 _1
+ § : tD1+L1_,+LU/ +(q2 +q 2)2tD1+D2+D3. (89)

1<j<j'<8
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71

Y2

Fig. 13. Coefficient of 92y, in Dy +v, Dvs

V2 il

Fig. 14. Coefficient of ¥y, in Py +v, Dy

71

Y2
Fig. 15. Coefficient of 9y in By, +v, Py

Proof. According to the proof of [48, Lemma 3.6], the only configurations of broken
lines contributing to the product #y, 1y, %y, are given by Figs. 13, 14, 15, 16, and 17 (see
[48, Figures 3.5-3.6]).

Figure 13 gives a term q_ltD'ﬁzu] in Dy, 40, Dyy: we have c(yy) = 1, c(pp) = P
because y; crosses R>ov; without bending,

sty =1, D, s(r2) = (=L 1, (s(y1),s(y2)) = (1, 1), (A, =1)) = =2,

and so q%<S(V1)J(V2)) =gl

Figure 14 gives a term thzz?zvz in Oy 40, Uyt we have c(y1) = 1, c(y2) = P2 as %)
crosses Rx>ovp without bending,

sty =D, s(r2) =1L 1D, (s(v),s(2) = (1, D, (=1, 1) =2,
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Y2 T

Fig. 16. Coefficient of ¥y, in ¥y, +v, Pv;

N

Y2
Fig. 17. Coefficient of ¥ = 1 in By 4y, Py

and s0 ¢ 25OV — o
Figure " gives aterm q_% (Z§:1 tD]+L1j) 19”1 in 29v1+v279vsl we have C(Vl) = 1,
€(r2) = ZLI tP1+L1j because y, crosses R>qv; with bending and contribution of the

term proportional to z~ ! in Eq. (59),

s(y) = (1D, s(r2) =0, 1), (s(y1),s(2)) = (1, 1), 0, =) = —1,

and s0 ¢ 2800 — =3

Figure 16 gives a term q% (Z?-:l tD2+L2j) Ty, 1N Uy 40, Doyt We have c(y1) = 1,

c(y) = Z?: 1 tP2*L2j pecause y» crosses R>ov2 with bending and contribution of the
term proportional to 72 in Eq. (59),

stvp) =1, D), s(r2) =(=1,0), (s(y1),s(2)) = (1, D, (=1,0) =1,

and s0 g 25050 — g3
Figure 17 gives terms

) 1 1
Z tD1+L1]+L1j/ + (qi +q—7)2tD|+Dz+D3
I<j<j'<8
in ¥y, 40, Uy, . Indeed, we have

Dy+Lyj+L; 1 — 132 D1+Dy+D
cy) =1 cn)= Y PR g (g7 4 gma)2 D Ds
1<j<j’<8
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because y» crosses R>ov; with bending and contribution of the term proportional to
272" in Eq. (59),

sty = (1, 1), s(r2) = (=1, =1, (s(r1),s(y2)) = ((1, 1), (=1, =1)) =0,

and so q%@(m),s(yz» -1 ]

5.3. Triple product of quantum theta functions.

Lemma 5.7. We have

_1 _ _
47200 0y = g7 P07+ qtP200 + g 1)

8 8
1 . 1 .
+q—2 § tD1+L1/ ﬂvl +q2 E [D2+L2] 0112
i1 i1

8
1 ) L.
+q—2 ZZD3+L3] ﬁl)} + Z ID1+L1J+L]-//
j=1 I<j<j'<8

— (g2 — g~ )PP (90)

Proof. By Lemma 5.4, we have

8
1 1
1 ) D3+L3;
Do Doy Dy = | @200 00y +q7 230y, + P31
j=1

8
1 —1 D342 D3+L3;
Doy = G2 Duyany Doy +q 2000 + [ D P |,
j=1
and so
1 1 8
-1 —1,D342 -1 D3+L3;
G700 Doy vy = Doy Doy +q 17307 +q72 [ D P33 |,
j=1

Using Lemma 5.6, we obtain

_1 _ _
q 200 00, vy = q 1P 00y, + qt D200, + ¢ 1O,

8 8
1 . 1 .
+q—2 ZZD1+L1] ﬂvl +q2 ZID2+L2] 01)2
j=1 j=1
I 8
j=1 1<j<j'<8

1 _1
+(q§ +q Z)ZID1+D2+D3.
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By Lemma 5.2, we have

q—ltDlﬂZUI — q—ltDlﬁgl _2q—1tD1+D2+D3

and
thZﬁzvz = thzﬁfz — 2th‘+D2+D3.
Using that
(@ +q 7 =20 -2 = ~(q* —q" )
we finally obtain Lemma 5.7. O

5.4. End of the proof of the presentation of Agp_,,. In this section, we end the proof of
Theorem 5.1.

Recall that we defined in Sect. 2.2 the monomials m[p] € Agp_,, as follows: if
p =avj+bvjy witha > 0and b > 0, then m[p] := ﬁgj 05,41' We proved in Lemma
2.15 that {m[p]} pep(z) is a Z[qi][NE(Y)]-linear basis of Ap_,,.

Let BB be the Z[qi] [N E(Y)]-algebra with generators 11, 2, 13 and relations

8

G010 — g2 = (¢ — P03 — (g2 —q ) [ D oD ] 1)
j=1
8

g 003 — g2 0ata = (¢ — P10y — (g2 —q ) [ YD (92)
j=1
8

G301 — g2 003 = (¢ — P 0n — (g2 —q72) [ D iPEa | (93)
j=1

8
1 1
q I3 =g P07 +qrP05 g7 10T g | D P |,

j=1
8 8
+q% ZtDz+L2_, 192+q_% ZID3+L3_,~ 9
j=1 j=1
+ Z (DL +Ly (q% _q—%)ztD]+D2+D3_ (94)
I=j<j'=8

For every p € B(Z), we define n[p] € B as the following monomials in ¥, &>, ¥3:
if p=avj+bvjs witha > 0and b > 0, then n[p] := 9597, .
Lemma 5.8. The monomials n[p] for p € B(Z) form a Z[qi][NE(Y)]-linear generat-
ing set of B.
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Proof. By definition, 9, ¥, and 93 generate B as a Z[gT][NE(Y)]-algebra. From
the commutation relations (91)—(92)-(93), we deduce that the monomials ﬁ{’ﬁé’ 193C for
a, b, ¢ > 0arelinear generators of 5. We can use (94) to eliminate from 19{’ ﬁé’cﬁg' the theta
function with the smallest power. It follows that the monomials n[ p] are Z[g ™[N E(Y)]-
linear generators of A9. O

By Lemmas 5.5 and 5.7, there exists a unique algebra morphism
w:B— Ap_, (95)

such that () = ¥, forevery j € {1, 2, 3}. In order to prove Theorem 5.1, it remains
to show that « is an isomorphism.

By Lemma 2.15, the quantum theta functions ,, @, and ¥, generate Agp_,, as
Z[g* 1[N E(Y)]-algebra, and so « is surjective. It remains to show that « is injective.
Let b € B with a(b) = 0. By Lemma 5.8, we can write b as a Z[¢* ][N E(Y)]-linear
combination b = Zp bpnlpl. As a(n[p]) = m[p], we have a(b) = ), bpm[p]. By
Lemma 2.15, {m[pl} pepz)isa Z[qi][NE(Y)]-linear basis of Ap_,,, and so we deduce
from ) » bpm|[p] = 0 that b, = 0 for all p. This concludes the proof of Theorem 5.1.

6. Comparison of Ag ., and Sk4(So,4)

In this section, we end the proof of Theorems 3.7 and 3.8. In Sect. 6.1, we collect a
number of change of variables and algebraic identities, which are then used in Sect. 6.2
to compare the quantum scattering diagrams ®can and Do 4, and to end the proof of
Theorem 3.7. In Sect. 6.3, we compare the algebras Ap,, and Sk4(Sp4), and we
conclude the proof of Theorem 3.8.

6.1. Change of variables and identities. Let L be the quotient of A1(Y) by the subgroup
generated by D1, Dy, D3, and letv: NE(Y) — L be the quotient map.
Following [48], write

Fi:=H - Ey — Ey — Ezy,

F,:=H —En — En — E3,

F3:=H — Enn— Ey — E3,

Fy:=H — E;p — Expn — Ej3. (96)
If we take for Y the (non-general) cubic surface obtained by blowing up the 6 intersection
points of a general configurations of four lines L1, Ly, L3, L4 in ]P’l%(, then F; is the class

of the (—2)-curve given by the strict transform of L ;. Note that the (—2)-curves F1, F»,
F3 and Fy are all disjoint. For 1 < j < 4, write

Gj:=v(Fj)elL. (97)

Lemma 6.1. The image in L by v of the classes of the lines L ji are given as follows:

1
(L) }<m<s = {E(GlGl +eGy) e, 62 € {il}}
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1
U 5(63G3+€4G4)|63,€4€{i1} , (98)

1
{(v(Lom)}1<m<g = {E(EIGI +€3G3) | €1, €3 € {1}

[——

1
U E(GZGZ +€4Gyq) | €2, €4 € {1} ¢, (99)
1
{(v(L3m)}i<m<s = {§(€1G1 +€4Gy) | €1, €4 € {:H}}

U {%(62G2+€3G3)|62,63 IS {:tl}}. (100)

Proof. Recalling that Dy = H — Ej1 — E1, Dy = H — E>) — Ex and D3 = 2H —
E31 — E3p, we check that

1 1
v(E) = —§(G1 +G2), v(Ep) = —5(03 +Ga),
1 1
v(Ep) = _E(Gl +G3), v(Exp) = _E(G2 +Gy),
1 1
v(E3)) = _E(Gl +Gy), v(E3) = —E(Gz + G3). (101)

Similarly, as H = D1 + D + D3 — %(Fl + F> + F3 + F4), we have

1
U(H):—E(G1+G2+G3+G4). (102)
It remains to apply v to all the classes L j,, expressed in terms of the classes H and Ey
by Egs. (55)-(56)—(57). |
Define

1
el = E(Gl +Gy),

1
e = E(Gl + G3),

1
e3 = E(Gl + Ga),

1
ey = 5(G1+G2+G3+G4). (103)

Lemma 6.2. The four elements ey, ea, e3 and ea form a Z-linear basis of L.

Proof. One checks that the subgroup generated by D1, D, and D3 in the free abelian
group A1 (Y) of rank 7 is saturated of rank 3, and so the quotient L is free of rank 4.
Note that by Eq. (101), we have e; = v(—E11), e2 = v(—E»1), e3 = v(—E31), and
by Eq. (102), e4 = v(—H), so we have indeed ey, 3, €3, e4 € L. On the other hand,
H and E,’j generate Al(Y), and as E21 = H — E11 — D], E22 = H — E21 — D2,
E3» = H — E31 — D3, we deduce that eq, e3, €3, e4 generate L. As L is free of rank 4,
we obtain that e, e3, e3, e4 indeed form a basis of L. m]
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Physics remark 6.3. Let (—, —) be the unique symmetric bilinear form on L such
that (G;,G;) = 2for1 < j < 4, and (G, Gy) = O for every j # k. Then
(L, (—, —)) is isomorphic to the D4 weight lattice in such a way that {v(Lim)}1<m<s
(resp. {v(Lam)}1<m<s and {v(L3,)}1<m<g) is the set of weights of the irreducible funda-
mental (resp. left chiral spinor and right chiral spinor) representation of Spin(8). Phys-
ically, (L, (—, —)) is the lattice of flavour charges for the Spin(8) flavour symmetry
group of the N' = 2 Ny = 4 SU(2) gauge theory.

We view L as a subgroup of the group %L, and the group algebra Z[AT][L] as a
subalgebra of the group algebra Z[Ai][%L]. We also view Z[AT][ay, a2, az, as] as a
subalgebra of Z[Ai][%L] via the following identifications:

G G
ap =172+t 2,
G G
a=t7 +t 7,
Gy _G3
az=17 +1t 72,
Gy Gy
ag =172 +t 7. (104)

Finally, recall that we introduced the elements
R10.Ro1. Ri1.y € Z[AF][a1. a2, a3, as)

in Egs. (6) and (7). The elements R; o, Ro.1, R1,1 and y are algebraically independent
over Z[A*], and so we have the inclusion

ZIAFI[R 0, Ro.1, R1.1, ¥] C Z[AE][a1, a2, a3, as). (105)

The algebraic independence of Ri o, Ro 1, R1,1 follows from the more precise fact,
proved in Appendix B of [20], that the morphism
A* - A* (a1, a2, a3, a4)
— (aiap + azaq, ayas + arag, ajas + axas, ajaasdq + a% + a% + a% + af —4).
(106)

is a ramified cover of degree 24.

Proposition 6.4. Using the identifications (104), the following identity holds between
degree 8 polynomials in the variable x and with coefficients in Z[Ai][%L]:

8
[Ta+e% )y =1+x%+ Rigx+x7) + (v — A* =2 = A7H(x* +x%)

m=1
+(Ro1R1,1 — Ri0)(x* +x°)
+(R3 R, — 2y +2A% +2 4247 %)x%, (107)

Similarly, H?n:l (1+1"L2m) x) and Hﬁz:l (1+1VL3m) x) are given by the same expression
up to cyclic permutation of R1,0, Ro,1 and Ry 1.
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Proof. Using the definitions (6) and (7) of Ry o, Ro,1, R1,1 and y, we expand the left-hand
side of (107) in terms of ai, a», a3 and a4. We obtain

1+x%+ (ajar +azas)(x +x ) + (ajarazay +a1 +a2 +a3 +a4 4)(x +x )
+ (a1a3a4 + a2a3a4 + alazag + a1a2a4 —ajay — a3a4)(x +x5)

+ Qaiapazay + ata3 + alal + aja3 + asai — 2(al + a3 + a3 +aj) + 6)x?,

(108)
which rather amazingly factors as
(1+aq a2x+(a%+a§ —2)xz+alaz)c3 +x4)(1+a3a4x+(a§ +a£ —2)x2+a3a4x3+x4). (109)

Using the identifications (104), we check that

1 +ajax + (a? +a? — 2)x° + ajarx® + x* ]_[ (1+12€@G+G) 1y (110)
e1e{£1}
ere{x1}
and
1+ azasx + (a3 + a4 2)x? + azagx’ + x* 1_[ 1+ t2(€3G'+€4Gz)x) (111)
ez3e{£l1}
ese{1}
The result then follows from Lemma 6.1. O

Corollary 6.5. Using the identifications (104), the following identities hold in Z[Ai][%L]:
8 8 8
Ry = Zt”“”), Ro1 = ZIU(L”), Ry = ZIV(L‘”), (112)

= J
Z tL1j+L1j/ — Z tL2j+L2j/ — Z tL3j+L3j/ =y— A4 _2_ A_4.

1<j<j'<8 1<j<j'<8 1<j<j'<8
(113)

Proof. Equation (112) (resp. (113)) follows from comparing the coefficients of x (resp.
xz) in the identity (107) of Proposition 6.4. |

Corollary 6.6. The following identity holds:

[T (1 +1Emy) 14 Ry ox(1+x?)
1— A2 (1 —x22(1 - A% Ta- —4x2)(1 —A%x2)
yx

(1—A “4x2)(1 — A%x2)
R(),lRl’lx 1+ Ro,1R1,1x +x2)
(1 —A4x2)(1 —x2)2(1 — A%x2)’

(114)

Proof. The identity (107) of Proposition 6.4 expresses the numerator of the right-hand
side of (114). We expand this expression in powers of R o, Ro.1, R1,1, Y, and we simplify
the resulting coefficients with the denominator. O
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Physics remark 6.7. The left-hand side of Eq. (114) has exactly the form expected from
the BPS spectrum of the N' = 2 Ny = 4 SU(2) gauge theory at large values of
u on the Coulomb branch: for every (m,n) € 72 with m and n coprime, we have
one vector multiplet of charge (2m, 2n), which corresponds to to the denominator of
the left-hand of Eq. (114), 8 hypermultiplets of charge (m, n), which correspond to the
numerator of the left-hand of Eq. (114), and no other states of charge a multiple of (m, n)
[86]. The states of charge (2, 0) and (1, 0) can be seen classically (as W-bosons and
elementary quarks respectively), and the general states of charge (2m, 2n) and (m, n) are
obtained from them by SL,(Z) S-duality. The states of charge (2m, 2n) are in the trivial
representation of the Spin(8) flavour symmetry group, whereas the states of charge (m, n)
are in the 8-dimensional fundamental (resp. left chiral spinor and right chiral spinor)
of the Spin(8) flavour symmetry group if (m,n) = (1,0) mod 2 (resp. (0, 1) mod 2
and (1, 1) mod 2). The SLy(Z) S-duality group acts on the flavour representations via
the triality action of PSL,(Z/27Z) ~ S3 permuting the three irreducible 8-dimensional
representations of Spin(8) (fundamental, left chiral spinor and right chiral spinor).

6.2. The quantum scattering diagram v(Dcan). In Sect. 4, we introduced and studied
the quantum scattering diagram ®.,, over Z[qi][N E (Y)]. Recall that we use the nota-
tion ¢ = A%, and from now on we view Dy, as a quantum scattering diagram over
ZIAT][NE(Y)]. In Sect. 6.1, we considered the quotient L of A;(Y) by the subgroup
generated by D1, D>, D3, and the quotientmapv: NE(Y) — L.Given f apower series
with coefficients in Z[AT][N E(Y)], we define the power series v( f) with coefficients
in Z[AT][L] by applying v to each coefficient.

Definition 6.8. We denote by v(®ca) the quantum scattering diagram over Z[A*][L]
obtained from D,y by applying v to the quantum rays:

V(®can) 1= {V(Dm,n) | m,n) € B(Z), gcd(m, n) =1}, (115)
where, for every quantum ray 9, , = ((m, n), fa,,.,)
V(fo,.,) = ((m,n),v(fo,,,))- (116)

As in Sect. 6.1, we view Z[AT][ai, a2, a3, as] as a subalgebra of Z[Ai][%L] via
(104), and we use the the elements

R1.0, Ro.1, R1.1,y € Z[AF][a1, a2, a3, a4]

defined by (6) and (7). Recall that we introduced the rational function F (7, s, y, x) in
Eq. (29).
The following Proposition 6.9 computes the quantumray v(01) = v(91,0) of V(Dcan)-

Proposition 6.9. The quantum ray v(01) = (v1, v(fo,)) satisfies

v(fo,) = F(R1,0, Ro1R1,1, ¥y, 27 "). (117)

Proof. Equation (59) of Proposition 4.5 gives a formula for f3,. The result of applying v
is given by the identity (114) in Corollary 6.6. It remains to compare with the definition
of F(r,s,y, x) in Eq. (29) to conclude. O

In the following Theorem 6.10, we compute all the quantum rays of v(®can)-



Strong Positivity for the Skein Algebras 51

Theorem 6.10. The quantum rays v(0,,,,) of the quantum scattering diagram v(®can)
are given as follows. For every (m, n) € Bo(Z) with m and n coprime,
(1) if m,n) = (1,0) mod 2, then v(f»,,,) = F(Ri,0, Ro.1R1,1,y, 2~"™),
(2) if (m,n) = (0, 1) mod 2, then v(f,,,) = F(Ro1, RioR11,y, 27",
(3) if m,n) = (1,1) mod 2, then v(f,,,) ;= F(R1,1, R1,0Ro0,1, Y, 7 lmm)y,
Proof. In Sect. 4.4, we expressed a general quantum ray 9, , of Dcan in terms of the
quantum ray 01,0 and a PSLy(Z)-symmetry acting on curve classes. We will show that
after applying the quotient map v, the PSL,(Z)-symmetry simplifies dramatically.

The transformation S* of Aj(Y) is given by Eq. (70). We have S*(D;) = S*(Dy),
S*(Dy) = S§*(D3) and S*(D3) = S*(Dy). Therefore, S* preserves the subgroup of
A1(Y) generated by D1, D;, D3, and so defines a transformation of the quotient L, that

we still denote by $*. Computing the action of S* on the basis e, e, €3, e4 of L given
by Eq. (103) and Lemma 6.2, we find

S*(e1) = ez, S*(e2) = €3, S*(e3) = e1, S¥(es) = e4. (118)

In particular, S*: L — L is a bijection.

The transformation T* of A(Y) is given by Eq. (72). We have T*(D;) = D; + D3,
T*(D3) = 0 and T*(D3) = D; + D3. Therefore, T* preserves the subgroup of A;(Y)
generated by D1, D>, D3, and so defines a transformation of the quotient L, that we
still denote by 7*. Computing the action of 7* on the basis e1, €2, €3, e4 of L given by
Eq. (103) and Lemma 6.2, we find

T*(e1) = e1, T*(e2) = e4 — €3, T™(e3) = €2, T*(e4) = e4. (119)

In particular, 7*: L — L is a bijection.
Therefore, S* and T* on L defines an action of PSLy(Z) on L and so on Z[A*][L]
and Z[Ai][%L]. Computing the action of $* on G1, G3, G3, G4, we find

S$*(G1) = G1, §*(G2) = G3, §*(G3) = G4, S*(G4) = Go, (120)
and so

S*(ar) = a1, S*(a2) = a3, S*(a3) = a4, S*(as) = a2, (121)
S*(R1,0) = Ro,1, S*(Ro,1) = Ri,1, S*(R1,1) = Ri,0. S*(y) = y. (122)

Computing the action of 7* on G1, G2, G3, G4, we find
T%(Gy) = %(Gl +G2+G3 — Gy),
I°(G2) = 3(G1+ o — G+ G),
T%(G3) = %(_Gl +G2+G3+Gy),
T*(Gq) = %(Gl — G2+ G3+Ga). (123)

and then

T*(R1,0) = R1,0. T*(Ro,1) = R1,1, T*(R1,1) = Ro,1, T*(y) = y. (124)
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From Egs. (70) and (124), we see that PSL,(Z) acts trivially on y, and acts on Ry o, Ro,1
and R through its finite quotient PSLy(Z/2Z) acting on indices m, n of R,, , viewed
as integers modulo 2. Recalling that PSL,(Z/27) is isomorphic to the symmetric group
S3 of permutations of a set with three elements, S* acts on {R1 o, Ro,1R1.1} as a cyclic
permutation, whereas 7* acts as a transposition.

We can now end the proof of Theorem 6.10. For every (m,n) € Bo(Z) with m
and n, coprime, there exists M € SLy(Z) such that M (m, n) = (1, 0). By Proposition
4.17, we have 9,, , = M(01,0) and 50 v(0,,,,) = M (v(91,0)). The result then follows
from Proposition 6.9 computing v(91,0), and from the above description of the action of
PSLy(Z) on Ry 0, Ro,1, R1,1 and y through the finite quotient PSL,(Z/27). a

In Sect. 3.1, we defined the quantum scattering diagram ® 4 over ZIAT][R; 0, Ro.1,
Ri.1, y]. By Theorem 6.10, the quantum scattering diagram v(®can), Which is a pri-
ori defined over Z[AT][L], can be viewed as a quantum scattering diagram over
ZIA*][R10. Ro.1. Ri.1. y].

Corollary 6.11. We have the equality ©0 4 = v(Dcan) of quantum scattering diagrams
over ZIA*1[R1,0, Ro,1, Ri1,1, y1

Proof. This follows from comparing the description of v(®can) given by Theorem 6.10
with the Definition 3.5 of Dy 4. |

We can now end the proof of Theorem 3.7. By Theorem 4.4, the quantum scattering
diagram D,y is consistent, and so in particular, applying the quotient map v, the quantum
scattering diagram v (®4p) is also consistent. Therefore, D 4 is consistent by Corollary
6.11.

6.3. End of the proof of positivity for Ska(So.4). In the previous Sect. 6.2, we proved
that Do 4 = v(Dcan) and so in particular that Do 4. Let Ap,, be the corresponding
Z[Ai][Rl,o, Ro.,1, R1,1, yl-algebra given by Definition 2.13, with its basis {,} ez
of quantum theta functions. Recall from Sect. 1.1.3 that the isotopy classes {y,}peBz)
of multicurves without peripheral components on Sp 4 form a basis of Sk4(Sp4) as
Z[A%][a1, a2, a3, as]-module, and that the bracelets basis is {T(p)}pe@)-

In the present section, we prove Theorem 3.8, that is, we will construct a
morphism ¢: Ag,, — Ska(So4) of Z[A*][Ry 0, Ro,1, R1,1, yl-algebras such that
o(®p) = T(yp) for every p € B(Z), and which becomes an isomorphism of
ZIA% a1, a2, a3, as]-algebras after extension of scalars for A90,4 from Z[Ai][Rl,o,
Ro.1, R11, y1to Z[AF]lay, az, a3, as).

Bullock and Przytycki gave in [19, Theorem 3.1] the following presentation of
Sk a(Sp,4).

Theorem 6.12 ( [19, Theorem 3.1]). The Z[AT][a1, a2, a3, as]-algebra Ska(So.4)
admits the following presentation by generators and relation: Ska(So 4) is generated
by Vv, Vus» Yvs» With the relations

A7V Vs — A%V v, = (A7 = Ay, — (A7 — ARy, (125)
A2y, Yoy — A2y = (A7 — A%y — (A2 — A72)Ry o, (126)
A2y Ve — A%V v = (A7 =AYy, — (A2 — AR 1, (127)

ATV Vv = ATyl + Aty + AT+ ATPR oy + AP R0y,
+ AT2R 1y +y — 2(A%T £ ATH). (128)
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Note that in Theorem 6.12, we use the generators yy,, ¥u,, Vv, , Whereas the generators
Yu1» Yvas Yo+, are used in [19, Theorem 3.1]. Using y,, rather than y;,, 4, has for unique
effect on the equations to replace A by A~

On the other hand, applying the quotient map v to the presentation of D¢,y given by
Theorem 5.1, and using the identities (112) and (113) given by Corollary 6.5, we obtain
the following presentation of Ag, ,.

Theorem 6.13. The Z[Ai][RLO, Ro.1, R1,1, yl-algebra A©o,4 admits the following pre-
sentation by generators and relation: Agp_,, is generated by Uv,, U,, Uy;, with the
relations

AT, 0y, — A%0,,0y, = (A7 — AHYY,, — (A2 — ARy, (129)

A720,,0,, — A20,,0,, = (A7 — AH9,, — (A2 — A72)Ry, (130)

A720, 0y, — A%0,, 0y, = (A7 — A9, — (A2 — ARy 1, (131)
ATy Dy, 0y = A0 + AT + ATHO) + ATPR 00y, + APR) oD,

+ATIR 1Dy +y — 2(A% + ATH). (132)

Comparing Theorems 6.12 and 132, we obtain that there exists a unique morphism
@: Apy, —> Ska(So4) (133)

of Z[Ai][ngo, Ro.1, R1,1, y]-algebras such that go(ﬁvj) = Yu; for j € {1,2,3}, and
moreover that ¢ becomes an isomorphism of Z[A*][ay, a2, as, aq]-algebras after exten-
sion of scalars for Agp,, from Z[Ai][Rl,o, Ro.1, R1.1,y] to ZIAE a1, az, a3, a4).
Therefore, to conclude the proof of Theorem 3.8, it remains to show the following
result.

Theorem 6.14. For every p € B(Z), we have

e(0p) = T(yp). (134)
Proof. We first prove that, for every k > 0, we have
©(Okv) = T(yrp)- (135)

The isotopy class yxp, is the class of k disjoint curves isotopic to 1, and so T(yxp,) =
Ti(ykp,)- Recall that the Chebyshev polynomials Ty (x) are defined by To(x) = 1,
Ti(x) = x, To(x) = x2 — 2, and for every k > 2, Try1(x) = xTi(x) — Tr—1(x).

We prove that ¢ (9y,) = T(ykp,) for every k > 0 by induction on k. The result holds
trivially for k = 0 as 99 = 1 and T(yy) = 1). It holds for k = 1 by construction of ¢:
@(Dy,) = v, = T1(yp,). It also holds for k = 2: using Lemma 5.2, we have

92 =00y, —2) = 0()* =2 =y —=2=Tr(y). (136)

Let k > 2 and assume that the result holds for all k¥’ < k. Then, using Lemma 5.3, we
have

@ x+1)v) = (D Phvy — Pe—1)0) = @G @ Bkvy) — (D k—1)v;)
=Y Tk(Wo) = Tic1 (Vo)) = Tir1 (Vo) (137)

and so the result holds for k + 1.
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We now explain how to deduce the result for general p € B(Z) from the result
for p = kv using PSLy(Z)-symmetry. In order to simplify the notation, we write R
for Z[Ai][Rl,o, Ro.1, R1,1, y]. Recall from the proof of Theorem 6.10 that PSL;(Z)
acts through its finite quotient PSLy(Z/27Z) on R by Z[Ai]—algebra automorphisms
permuting R o, Ro,1, R1,1, and fixing y. We define below actions of PSL,(Z) on A’Do, 4
and Sk 4 (Sp 4) lifting the action on R.

For every M € SL»(Z), we define a lift Wy to Ap, , of the action of M on R by

Wy (9p) == Omp, (138)

where p +— M p isthe action of PSL,(Z) on B(Z). We claim that W, is an automorphism
of Ap, , as Z[ A*]-algebra. Indeed, the Definition 3.5 of Dy 4 has the following manifest
PSLy(Z)-symmetry: for every M € PSLy(Z) and p = (m,n) € B(Z) with m and n
coprime, the function attached to the quantum ray o4, is obtained by applying the action
of M € PSL,(Z) on R to the coefficients of the function attached to the quantum ray
pp- The compatibility of W), with the product structure of Ag, , then follows from the
Definition 2.13 of the product of Ag,, , in terms of quantum broken lines for D¢ 4. Thus,
M +— Wy defines an action of PSL,(Z) on A@O’ , by automorphisms of Z[AT]-al gebras
lifting the action on R.

On the other hand, given the geometric definition of the skein algebra, there is a natural
action of the mapping class group MCG(Sy.4) of Sp 4 on Sk 4(Sp.4) by automorphisms
of Z[ A*]-algebras. Recall that the mapping class group is the group of isotopy classes of
orientation-preserving diffeomorphisms. The mapping class group MCG(Sy, 4) contains
a natural subgroup isomorphic to PSLy(Z), which is coming from the description of
So,4 as a quotient of a 4-punctured torus by an involution, and from the fact that the
mapping class group of the torus is SLy(Z). In fact MCG(Sp 4) is a semi-direct product
of PSL,(Z) with Z /27 x 7/2Z (see e.g. Section 2.2.5 of [31]). The action of PSL;(Z)
on Sk 4 (Sp 4) is reviewed at the beginning of Section 4 of [8]: this action M — P lifts
the action of PSL;(Z) on R and satisfies

P (yp) = vMp- (139)

for every M € PSLy(Z) and p € B(Z).
We claim that ¢: Ap,, — Ska(Sp4) intertwines between the actions ¥ and @ of
PSLy(Z) on Ag, , and Ska(Sp,4), that is

@O\IJM=®MO(p (140)

for every M € PSLy(Z). It is enough to check it for the generators S and T of PSLy(Z)
given in (69). The result is clear for S: we have Sv; = vy, Sva = v3, Sv3 = vy, and so
@ o Ws(Dy;) = Ps(yy;) for j € {1,2, 3} follows by combining Eqs. (138) and (139).
Similarly, we have T (v1) = v1, Ty, = vi+v2, Tv3 = v2,50 o Wr (l?vj) = QJT()/UI.) for
j € {1, 3} follows by combining Eqgs. (138) and (139). But we need an extra argument
for j = 2: one needs to show that ¢ (¥y,1v,) = Vu;+v,. This follows from the fact that

A2y = Do Py — A0 — Ry (141)
in Ap, , by Lemma 5.4 and

A%Yr0r = Yo Voo — A2V — Ri 1, (142)

in Sk 4(Sp,4) by the formula above Equation (2.5) in [8].
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We can now end the proof of Theorem 6.14. Let p € B(Z). Thereexists M € PSLy(Z)
and k € Zs¢ such that p = M (kv;). Then,

P(Wp) = 9(Omkv)) = ¢V (Okv))) = Py (9 (Fkv)))

= Py (T(Viv))) = T(Pm Viv)) = T(Ymiieor)) = T(vp)s (143)
where we use successively (138), (140), (135), the fact that ®j; is an algebra automor-
phism, and (139). |

Acknowledgement. 1 acknowledge the support of Dr. Max Rossler, the Walter Haefner Foundation and the
ETH Ziirich Foundation.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publish-
ing agreement with the author(s) or other rightsholder(s); author self-archiving of the
accepted manuscript version of this article is solely governed by the terms of such pub-
lishing agreement and applicable law.

References

1. Abramovich, D., Chen, Q.: Stable logarithmic maps to Deligne—Faltings pairs II. Asian J. Math. 18(3),
465-488 (2014)

2. Abramovich, D., Chen, Q., Gross, M., Siebert, B.: Decomposition of degenerate Gromov-Witten invari-
ants. Compos. Math. 156(10), 20202075 (2020)

3. Abramovich, D., Marcus, S., Wise, J.: Comparison theorems for Gromov-Witten invariants of smooth
pairs and of degenerations. Ann. Inst. Fourier 64(4), 1611-1667 (2014)

4. Abramovich, D., Wise, J.: Birational invariance in logarithmic Gromov—Witten theory. Compos. Math.
154(3), 595-620 (2018)

5. Allegretti, D.G.L., Kim, HK.: A duality map for quantum cluster varieties from surfaces. Adv. Math.
306, 1164-1208 (2017)

6. Argiiz, H., Gross, M.: The higher dimensional tropical vertex. arXiv preprint arXiv:2007.08347 (2020)

7. Auroux, D.: Mirror symmetry and 7'-duality in the complement of an anticanonical divisor. J. Gékova
Geom. Topol. GGT 1, 51-91 (2007)

8. Bakshi, R.P,,Mukherjee, S., Przytycki, J.H., Silvero, M., Wang, X.: On multiplying curves in the Kauffman
bracket skein algebra of the thickened four-holed sphere. J. Knot Theory Ramifications 30(14), 2141001
(2021)

9. Banks, T., Douglas, M.R., Seiberg, N.: Probing F-theory with branes. Phys. Lett. B 387(2), 278-281
(1996)

10. Benedetto, R.L., Goldman, W.M.: The topology of the relative character varieties of a quadruply-punctured
sphere. Exp. Math. 8(1), 85-103 (1999)

11. Berest, Y., Samuelson, P.: Double affine Hecke algebras and generalized Jones polynomials. Compos.
Math. 152(7), 1333-1384 (2016)

12. Berest, Y., Samuelson, P.: Affine cubic surfaces and character varieties of knots. J. Algebra 500, 644-690
(2018)

13. Bonahon, E.,, Wong, H.: Quantum traces for representations of surface groups in SL(C). Geom. Topol.
15(3), 1569-1615 (2011)

14. Bousseau, P.: The quantum tropical vertex. Geom. Topol. 24(3), 1297-1379 (2020)

15. Bousseau, P.: Tropical refined curve counting from higher genera and lambda classes. Invent. Math.
215(1), 1-79 (2019)

16. Bousseau, P.: Quantum mirrors of log Calabi—Yau surfaces and higher-genus curve counting. Compos.
Math. 156(2), 360-411 (2020)

17. Bryan, J., Pandharipande, R.: Curves in Calabi—Yau threefolds and topological quantum field theory.
Duke Math. J. 126(2), 369-396 (2005)

18. Bullock, D.: Rings of SL (C)-characters and the Kauffman bracket skein module. Comment. Math. Helv.
72(4), 521-542 (1997)


http://arxiv.org/abs/2007.08347

56

20.
21.
22.
23.
24.
25.
26.
217.
28.
29.
30.
31.

32.
. Filippini, S.A., Stoppa, J.: Block-Gottsche invariants from wall-crossing. Compos. Math. 151(8), 1543—

34.
35.
36.

37.

44.

45.
46.

47.

48.
49.

50.

P. Bousseau

Bullock, D., Przytycki, J.H.: Multiplicative structure of Kauffman bracket skein module quantizations.
Proc. Am. Math. Soc. 128(3), 923-931 (2000)

Cantat, S., Loray, F.: Dynamics on character varieties and Malgrange irreducibility of Painlevé VI equa-
tion. Ann. Inst. Fourier (Grenoble) 59(7), 2927-2978 (2009)

Carl, M., Pumperla, M., Siebert, B.: A tropical view of Landau—Ginzburg models. preprint
arXiv:2205.07753 (2022)

Cayley, A.: On the triple tangent planes of surfaces of the third order. Camb. Dublin Math. J. 4, 118-132
(1849)

Charles, L., Marché, J.: Multicurves and regular functions on the representation variety of a surface in
SU(2). Comment. Math. Helv. 87(2), 409-431 (2012)

Chekhov, L., Mazzocco, M.: Shear coordinate description of the quantized versal unfolding of a Dy
singularity. J. Phys. A 43(44), 442002 (2010)

Coman, 1., Gabella, M., Teschner, J.: Line operators in theories of class S, quantized moduli space of flat
connections, and Toda field theory. J. High Energy Phys. (10), 143, front matter+88 (2015)

Cooke, J.: Kauffman Skein algebras and quantum Teichmiiller spaces via factorisation homology. J. Knot
Theory Ramifications 29(14), 2050089 (2020)

Davison, B., Mandel, T.: Strong positivity for quantum theta bases of quantum cluster algebras. Invent.
Math. 226(3), 725-843 (2021)

DeWolfe, O., Hauer, T., Igbal, A., Zwiebach, B.: Constraints on the BPS spectrum of N' =2, D = 4
theories with ADE flavor symmetry. Nucl. Phys. B 534(1-2), 261-274 (1998)

Dimofte, T., Gukov, S.: Chern—Simons theory and S-duality. J. High Energy Phys. (5), 109, front matter+65
(2013)

Drukker, N., Gomis, J., Okuda, T., Teschner, J.: Gauge theory loop operators and Liouville theory. J. High
Energy Phys. (2), 057, 1, 61 (2010)

Farb, B., Margalit, D.: A Primer on Mapping Class Groups. Princeton Mathematical Series, vol. 49.
Princeton University Press, Princeton, NJ (2012)

Ferrari, F.: The dyon spectra of finite gauge theories. Nucl. Phys. B 501(1), 53-96 (1997)

1567 (2015)

Fock, V., Goncharov, A.: Moduli spaces of local systems and higher Teichmiiller theory. Publ. Math. Inst.
Hautes Etudes Sci. 103, 1-211 (2006)

Fock, V., Goncharov, A.B.: Cluster ensembles, quantization and the dilogarithm. Ann. Sci. Ec. Norm.
Supér. (4) 42(6), 865-930 (2009)

Fricke, R.: Uber die Theorie der automorphen Modulgruppen. Nachrichten von der Gesellschaft der
Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse 91-101, 1896 (1896)

Fricke, R., Klein, F.: Vorlesungen tiber die Theorie der automorphen Funktionen. Band 1: Die gruppenthe-
oretischen Grundlagen. Band II: Die funktionentheoretischen Ausfithrungen und die Andwendungen,
volume 4 of Bibliotheca Mathematica Teubneriana, Bénde 3. Johnson Reprint Corp., New York; B. G.
Teubner Verlagsgesellschaft, Stuttg art (1965)

. Frohman, C., Gelca, R.: Skein modules and the noncommutative torus. Trans. Am. Math. Soc. 352(10),

4877-4888 (2000)
Gabella, M.: Quantum holonomies from spectral networks and framed BPS states. Commun. Math. Phys.
351(2), 563-598 (2017)

. Gabriel, P, Roiter, A.V.: Representations of Finite-Dimensional Algebras, vol. 73. Springer, Berlin (1997)
. Gaiotto, D.: N = 2 dualities. J. High Energy Phys. (8):034, front matter + 57 (2012)
. Gaiotto, D., Moore, G.W., Neitzke, A.: Framed BPS states. Adv. Theor. Math. Phys. 17(2), 241-397

(2013)

. Goldman, W.M.: Trace coordinates on Fricke spaces of some simple hyperbolic surfaces. In: Handbook

of Teichmiiller Theory. Vol. II. IRMA Lect. Math. Theor. Phys., vol. 13, pp. 611-684. Eur. Math. Soc.,
Ziirich (2009)

Goldman, W.M., Toledo, D.: Affine cubic surfaces and relative s/(2)-character varieties of compact
surfaces. arXiv preprint arXiv:1006.3838 (2010)

Gross, M.: Mirror symmetry for P2 and tropical geometry. Adv. Math. 224(1), 169-245 (2010)

Gross, M., Hacking, P., Keel, S.: Mirror symmetry for log Calabi—Yau surfaces I. Publ. Math. Inst. Hautes
Etudes Sci. 122, 65-168 (2015)

Gross, M., Hacking, P., Keel, S., Kontsevich, M.: Canonical bases for cluster algebras. J. Am. Math. Soci.
31(2), 497-608 (2018)

Gross, M., Hacking, P., Keel, S., Siebert, B.: The mirror of the cubic surface. arXiv:1910.08427 (2019)
Gross, M., Hacking, P, Siebert, B.: Theta functions on varieties with effective anti-canonical class. Mem.
Amer. Math. Soc. 278(1367) (2022)

Gross, M., Pandharipande, R., Siebert, B.: The tropical vertex. Duke Math. J. 153(2), 297-362 (2010)


http://arxiv.org/abs/2205.07753
http://arxiv.org/abs/1006.3838
http://arxiv.org/abs/1910.08427

Strong Positivity for the Skein Algebras 57

S1.
52.
53.
54.
55.
56.
57.
58.
59.
60.

61.
62.

63.

64.

65.

66.

67.

68.
69.

70.

71.

72.

73.

82.

83.
84.

Gross, M., Siebert, B.: From real affine geometry to complex geometry. Ann. Math. (2) 174(3), 1301-1428
(2011)

Gross, M., Siebert, B.: Logarithmic Gromov—Witten invariants. J. Am. Math. Soc. 26(2),451-510 (2013)
Gross, M., Siebert, B.: Intrinsic mirror symmetry and punctured Gromov—Witten invariants. In: Algebraic
Geometry: Salt Lake City 2015. Proc. Sympos. Pure Math., vol. 97, pp. 199-230. Amer. Math. Soc.,
Providence (2018)

Gunningham, S., Jordan, D., Safronov, P.: The finiteness conjecture for skein modules. arXiv preprint
arXiv:1908.05233 (2019)

Hartshorne, R.: Algebraic Geometry. Graduate Texts in Mathematics, vol. 52. Springer, Berlin (1977)
Hiatt, C.: Quantum traces in quantum Teichmiiller theory. Algebr. Geom. Topol. 10(3), 1245-1283 (2010)
Hikami, K.: DAHA and skein algebra of surfaces: double-torus knots. Lett. Math. Phys. 109(10), 2305—
2358 (2019)

Hikami, K.: Note on character varieties and cluster algebras. In: SIGMA Symmetry Integrability Geom.
Methods Appl., vol. 15, Paper No. 003, 32 (2019)

Jimbo, M.: Monodromy problem and the boundary condition for some Painlevé equations. Publ. Res.
Inst. Math. Sci. 18(3), 1137-1161 (1982)

Jones, V.ER.: A polynomial invariant for knots via von Neumann algebras. Bull. Am. Math. Soc. (N.S.)
12(1), 103-111 (1985)

Kauffman, L.H.: State models and the Jones polynomial. Topology 26(3), 395-407 (1987)

Keel, S., Yu, T.Y.: The Frobenius structure theorem for affine log Calabi—Yau varieties containing a torus.
arXiv preprint arXiv:1908.09861 (2019)

Kim, HK., L&, T.T.Q., Son, M.: SLy quantum trace in quantum Teichmiiller theory via writhe. arXiv
preprint arXiv:1812.11628 (2018)

Kontsevich, M., Soibelman, Y.: Affine structures and non-Archimedean analytic spaces. In: The Unity of
Mathematics. Progr. Math., vol. 244, pp. 321-385. Birkhduser Boston, Boston (2006)

Kontsevich, M., Soibelman, Y.: Wall-crossing structures in Donaldson-Thomas invariants, integrable
systems and mirror symmetry. arXiv preprint arXiv:1303.3253 (2013)

Koornwinder, T.H.: Zhedanov’s algebra AW (3) and the double affine Hecke algebra in the rank one case.
II. The spherical subalgebra. In: SIGMA Symmetry Integrability Geom. Methods Appl., vol. 4, Paper
052, 17 (2008)

L&, T.T.Q.: On positivity of Kauffman bracket skein algebras of surfaces. Int. Math. Res. Not. IMRN §,
1314-1328 (2018)

Lé, T.T.Q.: Triangular decomposition of skein algebras. Quantum Topol. 9(3), 591-632 (2018)

Lé, T.T.Q., Thurston, D.P., Yu, T.: Lower and upper bounds for positive bases of Skein algebras. Int.
Math. Res. Not. IMRN 2021(4), 3186-3202 (2021)

Magnus, W.: Rings of Fricke characters and automorphism groups of free groups. Math. Z. 170(1),91-103
(1980)

Mandel, T.: Scattering diagrams, theta functions, and refined tropical curve counts. J. Lond. Math. Soc.
104(5), 2299-2334 (2021)

Travaux de Thurston sur les surfaces. Astérisque, vol. 66. Société Mathématique de France, Paris (1979).
Séminaire Orsay, With an English summary

Noumi, M., Stokman, J.V.: Askey—Wilson polynomials: an affine Hecke algebra approach. In: Laredo
Lectures on Orthogonal Polynomials and Special Functions, Adv. Theory Spec. Funct. Orthogonal Poly-
nomials, pp. 111-144. Nova Sci. Publ., Hauppauge (2004)

Oblomkov, A.: Double affine Hecke algebras of rank 1 and affine cubic surfaces. Int. Math. Res. Not. 18,
877-912 (2004)

. Ooguri, H., Vafa, C.: Knot invariants and topological strings. Nucl. Phys. B 577(3), 419-438 (2000)

Penner, R.C., Harer, J.L.: Combinatorics of Train Tracks. Annals of Mathematics Studies, vol. 125.
Princeton University Press, Princeton (1992)

. Przytycki, J.H.: Skein modules of 3-manifolds. Bull. Polish Acad. Sci. Math. 39(1-2), 91-100 (1991)
. Przytycki, J.H.: Skein modules. arXiv preprint arXiv:math/0602264 (2006)
. Przytycki, J.H., Sikora, A.S.: On skein algebras and S L; (C)-character varieties. Topology 39(1), 115-148

(2000)
Przytycki, J.H., Sikora, A.S.: Skein algebras of surfaces. Trans. Am. Math. Soc. 371(2), 1309-1332 (2019)

. Queffelec, H., Russell, H.M.: Chebyshev polynomials and the Frohman—Gelca formula. J. Knot Theory

Ramif. 24(4), 1550023 (2015)

Queffelec, H., Wedrich, P.: Khovanov homology and categorification of skein modules. Quantum Topol.
12(1), 129-209 (2021)

Sahi, S.: Nonsymmetric Koornwinder polynomials and duality. Ann. Math. (2) 150(1), 267-282 (1999)
Salmon, G.: On the triple tangent planes to a surface of the third order. Camb. Dublin Math. J. 4, 252-260
(1849)


http://arxiv.org/abs/1908.05233
http://arxiv.org/abs/1908.09861
http://arxiv.org/abs/1812.11628
http://arxiv.org/abs/1303.3253
http://arxiv.org/abs/math/0602264

58

85.
86.

87.
. Soibelman, Y.: On non-commutative analytic spaces over non-Archimedean fields. In: Homological Mir-

89.
90.
91.
92.
93.
94.
95.
96.
97.

98.

P. Bousseau

Seiberg, N., Witten, E.: Electric-magnetic duality, monopole condensation, and confinement in N = 2
supersymmetric Yang—Mills theory. Nucl. Phys. B 426(1), 19-52 (1994)

Seiberg, N., Witten, E.: Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric
QCD. Nucl. Phys. B 431(3), 484550 (1994)

Sen, A.: F-theory and orientifolds. Nucl. Phys. B 475(3), 562-578 (1996)

ror Symmetry. Lecture Notes in Phys., vol. 757, pp. 221-247. Springer, Berlin (2009)

Stanley, R.P.: Enumerative Combinatorics. Volume 1. Cambridge Studies in Advanced Mathematics, vol.
49, 2nd edn. Cambridge University Press, Cambridge (2012)

Stokman, J.V.: Difference Fourier transforms for nonreduced root systems. Selecta Math. (N.S.) 9(3),
409-494 (2003)

Strominger, A., Yau, S.-T., Zaslow, E.: Mirror symmetry is 7-duality. Nucl. Phys. B 479(1-2), 243-259
(1996)

Terwilliger, P.: The universal Askey—Wilson algebra and DAHA of type (CY, C1). In: SIGMA Symmetry
Integrability Geom. Methods Appl., vol. 9, Paper 047, 40 (2013)

Teschner, J., Vartanov, G.S.: Supersymmetric gauge theories, quantization of M fy4, and conformal field
theory. Adv. Theor. Math. Phys. 19(1), 1-135 (2015)

Thurston, D.P.: Positive basis for surface skein algebras. Proc. Natl. Acad. Sci. USA 111(27), 9725-9732
(2014)

Turaev, V.G.: The Conway and Kauffman modules of a solid torus. Zap. Nauchn. Sem. Leningrad. Otdel.
Mat. Inst. Steklov. (LOMI) 167(Issled. Topol. 6), 79-89 (1988)

Turaev, V.G.: Skein quantization of Poisson algebras of loops on surfaces. Ann. Sci. Ecole Norm. Sup.
(4) 24(6), 635-704 (1991)

Vogt, H.: Sur les invariants fondamentaux des équations différentielles linéaires du second ordre. Ann.
Sci. Ecole Norm. Sup. 3(6), 3-71 (1889)

Zhedanov, A.S.: “Hidden symmetry” of Askey—Wilson polynomials. Teoret. Mat. Fiz. 89(2), 190-204
(1991)



	Strong Positivity for the Skein Algebras of the 4-Punctured Sphere and of the 1-Punctured Torus
	Abstract:
	1 Introduction
	1.1 Results on positive bases for SkA(mathbbS0,4) and SkA(mathbbS1,1)
	1.2 Structure of the proof: quantum scattering diagrams and curve counting
	1.3 Line operators and BPS spectrum of the mathcalN=2 Nf=4 SU(2) gauge theory
	1.4 Plan of the paper

	2 Quantum Scattering Diagrams and Quantum Theta Functions
	2.1 The integral affine manifold with singularity B
	2.2 Quantum scattering diagrams and quantum broken lines
	2.3 Quantum theta functions

	3 Algorithms from the Quantum Scattering Diagrams mathfrakD0,4 and mathfrakD1,1
	3.1 The quantum scattering diagram mathfrakD0,4
	3.2 The quantum scattering diagram mathfrakD1,1
	3.3 Recovering the skein algebra of the closed torus
	3.4 Application to quantum cluster algebras

	4 The Canonical Quantum Scattering Diagram
	4.1 The canonical quantum scattering diagram mathfrakDcan
	4.2 Curves on the cubic surface
	4.3 Contribution of the rays mathfrakdj: calculations in log Gromov–Witten theory
	4.4 Contribution of general rays: PSL2(mathbbZ) symmetry

	5 Derivation of the Equations of the Quantum Mirror
	5.1 Statement of the presentation of mathcalAmathfrakDcan by generators and relations
	5.2 Products and commutators of quantum theta functions
	5.3 Triple product of quantum theta functions
	5.4 End of the proof of the presentation of mathcalAmathfrakDcan

	6 Comparison of mathcalAmathfrakDcan and SkA(mathbbS0,4)
	6.1 Change of variables and identities
	6.2 The quantum scattering diagram ν(mathfrakDcan)
	6.3 End of the proof of positivity for SkA(mathbbS0,4)

	Acknowledgement.
	References
	References




