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Abstract: We study the stationary Navier—Stokes equations in the whole plane with a
compactly supported force term and with a prescribed constant spatial limit. Prior to this
work, existence of solutions to this problem was only known under special symmetry and
smallness assumptions. In the paper we solve the key difficulties in applying Leray’s
invading domains method and, as a consequence, prove the existence of D-solutions
in the whole plane for arbitrary compactly supported force. The boundary condition at
infinity are verified in two different scenarios: (I) the limiting velocity is sufficiently large
with respect to the external force, (II) both the total integral of force and the limiting
velocity vanish. Hence, our method produces large class of new solutions with prescribed
spatial limits. Moreover, we show the uniqueness of D-solutions to this problem in a
perturbative regime. The main tools here are two new estimates for general Navier—
Stokes solutions, which have rather simple forms. They control the difference between
mean values of the velocity over two concentric circles in terms of the Dirichlet integral
in the annulus between them.

1. Introduction

1.1. Motivation and main results. We study the stationary Navier—Stokes equations in
the whole plane R? driven by a force term:

—Aw+(wW-V)w+Vp =1,
V.-w=0, (1.1)
W(z) &> Woo = A€] as |z| — oo.

Here, A € R> is a physical parameter specifying the “boundary” condition at spatial
infinity. One major mathematical challenge in the study of the stationary Navier—Stokes
equations is the existence of solutions in two-dimensional unbounded domains along
with the characterization of their asymptotic behaviours. In the case when the domain 2
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is exterior, i.e., @ = R? \ U with U bounded, one often takes f = 0 and homogeneous
Dirichlet boundary condition on 9€2, so that the system describes stationary flows past
rigid obstacles. For comparison, we also present such an exterior domain problem here,

— AW+ (W-V)W+Vp =0 in Q,
V-w=0 in,

(1.2)
wlae =0,

W(z) = Woo = A€| as |z]| — oo.

In this paper, we focus on another physically important case where the unbounded domain
is simply the whole plane R?. The aim of this paper is to tackle some key difficulties in
the R? case and establish new existence and uniqueness results.

Our starting point is to apply Leray’s invading domains method proposed in 1933
[18]. Leray’s original idea was intended for the exterior domain problem (1.2) — one
first solves the system on large bounded domains Q2 = Q N Bg, (k = 1,2,3,---)
with an increasing sequence of radii Ry — oo, and then takes the limit k — oo. The
boundary condition (1.2)4 at infinity will now be imposed on the outer boundary.

—AWp + (Wi - V)W +Vpre =0 in €,
V-wpy=0 iny,
Wi m iy (13)
wiy =0 on 02,
Wi = Woo for |z| = Rg.

In [18], Leray showed that the above invading domain problems produce a sequence of
solutions with uniformly bounded Dirichlet integral, i.e.,

/ IVwi|? < C,
Q

with C independent of k. Since wy vanishes on €2, by Sobolev embedding the Dirichlet
integral controls local L” norms of w for any p < co. Hence, weak limits of wy, are well-
defined, and one obtains solutions in €2 with bounded total Dirichlet integral.! These
solutions are now referred to as Leray’s solutions. Whether Leray’s solutions achieve
the desired spatial limit W, has been open for nearly 90 years.? Recently, it was settled
in the small Reynolds number case [17]. The classical papers of Gilbarg—Weinberger
[8,9], Amick [1] and many recent works, e.g., [5,13, 14,20] are devoted to the asymptotic
properties of Leray’s solutions, or more generally, of D-solutions in exterior domains.
In particular, the second author with Pileckas and Russo showed that D-solutions in
exterior domains always have uniform spatial limits [13]. For more backgrounds and
details on the exterior domain problem, we refer the readers to the papers [15,16] and
the book of Galdi [6].

However, Leray’s original arguments left out the whole plane case. Although it is
easy to formulate the invading domain problems here which appear similar to (1.3),

— AW, + (Wi - V)W +Vpr =1 in Bg,,
V.-wp =0 1in Bg,, (1.4)
Wiy = Woo for |z] = Ry.

! Solutions of bounded Dirichlet integral are often called D-solutions.

2 This major open problem is only for two dimensions. The main difficulty in 2d is that the Dirichlet energy
alone is not sufficient to control the behaviour of functions at infinity. In three dimensions, Leray’s solutions
do achieve the correct limiting values.
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there are new essential obstructions arising in the analysis, as already pointed out in
[12]. Below, we summarize all the key obstructions that must be tackled. Note that (a)
and (b) are inherent to the whole plane problem (1.1), while (c) are shared for both (1.1)
and (1.2).

(a) Itis difficult to prove that the solutions wy to (1.4) have uniformly bounded Dirichlet
integrals. It should be mentioned that, when the total force F = fRz f vanishes, such
a difficulty is absent by the following simple argument. We can write f = V - T for
some tensor F € L%(R?) (see [12, Lemma 3.6] or Lemma 2 below). Then, we test
(1.4); with wi — Le; and integrate by parts to get the energy equality

/ |Vwk|2:/ F: Vwy (1.5)
B, B,

where F : Vwy stands for Zi, i IF;jd;wg ;. Using Holder’s inequality we get a nice
bound on the Dirichlet integral,

f |ka|Zsf P2,
B, R2

However, for a general f, such a direct estimate is unavailable.

(b) Moreover, even if the uniform boundedness in (1) is assumed, it is not clear whether
the local L? norms of wy are uniformly bounded since the Dirichlet integral con-
trols only the derivative of wy and the condition (1.4)3 is imposed on distant outer
boundaries.

(c) If both (a) and (b) are solved, one may define w;, as the weak limit of some subse-
quence of wg. Then there is still one more difficult question, that is,

dowe have lim wp(z) = woo? (1.6)
|z|—o00

Now, we are ready to introduce the main results of the paper for the systems (1.1) and
(1.4). We shall assume that the force f is compactly supported, i.e., supp f € Bg for some
R > 0. Hence, the theories for D-solutions in exterior domains without force can be
applied in our situation. We also assume a minimal regularity of f, thatis,f € H~'(Bag),
see Section 2.1.

First of all, fortunately we were able to completely solve (a) and (b), that is, we
proved the uniform estimates [|w | 4 () + ||Vwk||Lz(BRk) < C (see Theorem 12). As
an immediate corollary, the Leray solutions w; are well-defined as weak limits of wy.
Hence we have constructed solutions to (1.1); 2 for arbitrary force f in the whole plane.
Second, we study (c) and justify the identity (1.6) for each of the following two scenarios.

(I) the limiting speed A is large enough with respect to the norm of force [If|l ;7-1(p,,)
(see Theorem 15);
(II) the total integral of force and the limiting speed A are both zero (see Theorem 16).

Third, we prove the uniqueness of D-solutions to (1.1) in a perturbative regime (see
Theorem 17). We emphasize that the conditions in Theorem 15 and Theorem 17 are very
different in nature. In particular, for fixed R, the condition (7.1) implies that ||f|| ;-1 (Bag)
is smaller than an absolute constant independent of A, while scenario (I) allows arbitrarily
large external force as long as A is chosen even larger.

With the help of Steps 4-5 in our proof of Theorem 17, one may extend the fixed-point
methods in [4] and [6, Section XII.5], to construct perturbative solutions to (1.1) with
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A # 0. The main idea is to view (1.1) as a perturbation of the linear Oseen system with
external force f, and the nonlinear solution will be found close to the Oseen solution
in the Banach space X defined in (7.41). Such a completely perturbative scheme would
require a condition stricter than scenario (I) and milder than that of Theorem 17. Theorem
17 can be viewed as a weak-strong uniqueness theorem, in the sense that the perturbative
solutions are unique in the broader class of D-solutions.

1.2. Maintools: Two new estimates for general Navier—Stokes solutions. The main tools
for our research here are two new estimates on the difference between mean values of
the velocity over two concentric circles in terms of the Dirichlet integral in the annulus
between them (see Theorems 7 and 9). They are also among the main contributions of
this paper. As well-known, it is not possible in general to control the growth of a func-
tion through its Dirichlet integral in large planar domains.’ Nevertheless, the special
structures of the Navier—Stokes system create the possibility to derive such very general
estimates, whose forms turn out to be rather clear and simple. The first estimate claims
that

[W(r1) — W(r2)| < Co(1+ VD, (1.7)

where

1 —_ -
p= o me=maxWODL WD D= / Wl (18)
r<|z|<r;

and C, is some universal positive constant (does not depend on w, r;, etc.) The proof of
it is based on classical methods in [1,9] as well as the recent progress in [15]. Namely,
by [9] the pressure is under control of the Dirichlet integral. So, assuming that the
estimate (1.7) fails, we obtain the existence of two concentric levels sets of the Bernoulli
pressure & = p + %|w|2, and the difference of the values of ® on these level sets is

much bigger than m (1 + )+/D. Recall, that
VO = —V+w+owh, (1.9)

where w = dw; —djwy is the corresponding vorticity. By results of [9], the line integrals
of the first term Vw are small with respect to D, moreover, the variation of the direction
of the velocity w between our ®-level sets is under control of the Dirichlet integral as
well. The crucial fact is that the vorticity w does not change sign between levels sets of
® (it was proved in [15] based on the elegant ideas of [1]). So the direction of V® is
almost constant between the concentric level sets of ®, a contradiction.

The proof of of the second (asymptotic) estimate crucially relies on the recent results
in [17] concerning solutions to the Euler system in the unit disk with constant velocity
on the boundary which are produced by a blow-down procedure (see Section 4.1 of the
present paper). Namely, it turns out that the pressure satisfies the classical Neumann
boundary conditions, so the absolute value of the pressure for the considered Euler
solutions is under control of the Dirichlet integrals as well.

Both estimates are invariant with respect to the natural rescaling of the stationary
Navier—Stokes system.

1
3 For instance, the function f(z) = (In(|z]))3 has a finite Dirichlet integral in R2 \ B> but diverges at
infinity.
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1.3. Open problem and discussions. The key open problem for (1.1) is to prove existence
of solutions in R? given arbitrary force (with sufficient decay and regularity) and arbitrary
A, that is, to remove the constraints in our Theorems 15 and 16.

There are a few works on the construction of solutions to (1.1) using different ap-
proaches from ours. In [12], the first author and Wittwer proposed a modified invading
domains method which could, for zero total force, produce infinitely many solutions
parametrized by their mean values in the unit disc. The spatial limits of their solutions
are not clear, i.e., the condition (1.1)3 is hard to verify. In [25], Yamazaki constructed
solutions with A = 0 and explicit decay rates under special symmetry and smallness
assumptions on f. In [10, Section 3], the first author also considered the 1 = 0 case and
proved existence for f from a set of codimension three. All three constructions men-
tioned here work under zero total force assumption. The study for A 7# O case seems
rather limited prior to this work, apart from the possibility of constructing perturbative
solutions which we have mentioned earlier.

For A = 0, the precise asymptotic behaviour of solutions is of particular interest and
difficulty, see, e.g., the discussions in [10, Section 5]. Theorem 16 constructs a large
class of solutions converging to 0 at infinity without giving explicit rates. It would be
of great value to prove uniform decay estimates for these solutions. Note that in three
dimensions, the Liouville conjecture for D-solutions in whole space R> with zero spatial
limit remains an important open problem where the lack of decay estimates is the key
obstacle, see, e.g., [6, Remark X.9.4] and [21].

For comparison, we mention that the existence problem for the exterior problem (1.2)
with arbitrary X is also open, and is listed by Yudovich as one of “eleven great problems
of mathematical hydrodynamics" [24]. See the work of Galdi [7] for a conditional result
on the existence of solutions with large A.

Note, in conclusion, that the very recent paper [2] on non-uniqueness of the classical
Leray—Hopf solutions to the non-stationary forced Navier—Stokes system demonstrates
the importance and fruitfulness of the studying of such forced equations in the whole
space.

1.4. Organization of the paper. In Section 2, we introduce the notations, function spaces
to be used throughout the paper, along with some useful lemmas for stationary Navier—
Stokes solutions. In Section 3, we state and prove the first basic estimate for solutions
on an arbitrary annulus domain. In Section 4, we state and prove the second basic
(asymptotic) estimate for a sequence of solutions on enlarging annulus domains. In
Section 5, we show the uniform bounds for the invading domain solutions wy based on
the first basic estimate. As a corollary, we prove existence of Leray’s solutions wz . In
Section 6, we justify (1.6) in two scenarios based on the second basic estimate. Finally,
in Section 7, we state and prove the uniqueness result in a perturbative regime.

2. Preliminaries

2.1. Notations. Throughout the paper, Wi will be the invading domain solutions to (1.4)
for some sequence of radii Ry — 0.

We use C to denote constants that are independent of k, R, X, f, etc. The exact values
of C may change from line to line.

We always assume that suppf C Bg and f € H~'(Byg). Definition and some
properties of the H~! space are summarized below.
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2.2. F unctzon spaces. We use standard notatlons for Sobolev spaces HY Q) = WL2(Q).
Let H (€2) be the completion of C2°(2) in H' () as usual, with norm given by

19131 @ = 190 172q)- 2.1)

We recall the following elementary fact:

Lemma 1. For any function ¢ € H'(Bg) and for every q € (1, 00) the inequality

Il zacap) < c(|¢<R>| + ||wan<BR>> R4 22)
holds, where @ (R) is the average of ¢ on the circle Sg, and C is a constant depending
only on q.

Proof. By scaling, the statement can be reduced to the case R = 1. Then, the estimate
follows from [19, Theorem 1.1.16]. |

The H~! norm of a (scalar valued) distribution v in By g is defined as

”'p”H_l(BzR) = sup <I/,7 (P> (23)
PeC{° (B2g), IIWIIHl(BZR) 1

Let o > 0. It is easy to check, that for the function ¢, (z) := o3¢(0z) we have the
following scaling identity:
9o ”H*‘(sz/a) = 0||<P||H71(32R)~ (2.4)

Let x be a smooth cut-off function satisfying x = 1 on Bg and supp x C Bag, and
define the total force F = (f, x). Since x can be extended up to the function from

Cy°(Bag) satisfying |V x| < C%, clearly, we have
IFI < ClIEll g-1(Byg)» (2.5)

where C is some universal constant (does not depend on R). For simplicity, we will
formally write F = fR2 f although it is possible that f ¢ Llloc. Next, we state a result in
the spirit of [12, Lemma 3.6]:

Lemma 2. Under the above notations, if F = 0, then there exists a tensor F € Lz(Rz)
such that suppF C Byg, f = V - F on R?, and

IFlz2 = ClEll -1(By5)
with C independent of R.
Proof. Let us define IF to be Vg with g € H!(Byg) solving
{ Ag=f, in Byg,
o,g =0, on dBopR.

Such g exists uniquely up to adding constants since we assumed F = 0. We extend F
by 0 outside Byg. Then using d,g = 0 on d By, one can check that V - F = f holds in
the sense of distributions not only on Bjg, but also on R2. O

The following change-of-domain lemma will be useful in Sections 6 and 7.
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Lemma 3. Suppose that supp f C Bg and f € H™'(Byg). Then for any a > 2,

1
ant
1/ 15, < € (1 +(in 5)) 1 1o 2:6)
with C independent of a and R. If in addition F = 0, then

I le-1B,) = CNS I E-1(Byg)-

Proof. Fix the cut-off function x as above. For any ¢ € Hol(Ba R), we have gy €
Hj (Byg) and (f, ¢) = (f, ¢x). Notice that

loxX ) ey < 1V N2 + 9V X2

C
= ”‘P”[-'[O'(BaR) + E”‘P”LZ(BZR)

.2) _
= lellg s * C(I(ﬂ(ZR)I + IIlele(BZR)>

ayz
= Cllellg e ( 1+ <1n 5)

In the last step we applied the estimate (2.7) below to control |p(2R)| = [¢(2R) —
¢@(aR)|. Now, a standard duality argument proves the lemma.

If in addition F = 0, then the corresponding claim follows from Lemma 2, and the
fact that for any a > 2, we have

IV -Fll =18y = 1Tl 2
O

Lemma 4. For any ¢ € Hl(Qpl,pz), where Qp, », = {z € R2:0 < p1 < |z| < p2),
we have

1 1

b3 L
l¢(p2) — P(p1)| < L (/ |V¢>|2> : (ln &> 2 2.7
N2 \JQ, P1

For the proof of Lemma 4, see, e.g., [13, Lemma 2.1].

2.3. Properties of D-solutions. We present two important lemmas for general D-solutions
to the Navier—Stokes equations. They have been very useful in many previous studies
on the Navier—Stokes exterior problem, see, for instance, [1,9,13,15,16]. Lemma 5 was
proved in [9, Lemma 4.1], and Lemma 6 was proved in [9, Theorem 4, page 399]. Let
w be a D-solution to the Navier—Stokes equations in some ring 2, ,, = {z € R>: 0 <
r1 < |z| < r2}, and p be the corresponding pressure.

Lemma 5 [9]. Denote by p(r) the average of p over the circle S,. Then for any ri <
p1 < p2 < o, we have

1
1p(p2) — p(p1)] < — fQ Vw2, (2.8)

T 4
P12
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Denote by w(r) the average of w over the circle S,. Note, that the direct estimates
for w(r) are not so good:

1 1

; = ! 2\ ( ,02>2
- — v (= 2.9
|W(p2) W(pl)lsm(/gpml w|> n (2.9)

(see (2.7)). Nevertheless, the direction of w(r) is still under control of the Dirichlet
integral:

Lemma 6. [9] Denote by w the average of w over the circle S, and let ¢ (r) € [0, 2]
(modulo 27 ) be the argument of the complex number associated with the vector w(r) =
(wy(r), wa(r)),i.e., w(r) = |W()| (cos @(r), sin p(r)). Assume also that |w(r)| > o >
0 for some constant o and for all r € (r1, r2). Then for any riy < p1 < py < ra, we
have

1 1
l9(p2) = ¢(p1)| < 1~ f <;|Vw|+|vW|2). (2.10)

2p1,07

Here w = drw — d1w> is the vorticity of w.

3. The First Basic Estimate for the Velocity

We have already mentioned, that the usual estimates for plane functions with finite
Dirichlet integral are not efficient to compare the difference of mean values of the
function over two circles whose radii are very different (see (2.9)). But the special
structure of the plane Navier—Stokes system allows to improve the issue. Here and in
the next section we formulate and prove two important estimates for the velocity vector,
which will be the main tool for future research in the paper. Note, that they are valid not
only for the solutions in the whole plane (considered above), but in much more general
situations.

Theorem 7. Let w be the D-solution to the Navier—Stokes system

AW — (W-V)YW—-Vp =0,
{V-w =( . W Vp G.1)
in the annulus type domain Q,, ,, = {z € R? : r| < |z| < r2}. Then
W(r) = W(r2)| < Coll+ v/ D(r1, 12), (3.2)
where
m= ”Lm m = max{|w(r)|, W)},  D(ri,r) = / IVw|>  (3.3)
Q.

and C, is some universal positive constant (does not depend on w, r;, etc.)

In order to prove the theorem, first of all we need to obtain the corresponding estimate
for the absolute value of the velocity.
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Lemma 8. Under conditions and notation of Theorem 7 the estimate

= Co(1 + )/ D(ry, r2), (3.4)

holds with some universal positive constant Cy (not depending on w, r;, etc.)

‘IV_V(rz)I — [w(rpl

Proof. 1f |W(r2)| = |W(r1)|, we have zero in the left hand side, and there is nothing to
prove. For definiteness, assume that

[W(r2)| > [w(rpl

(in the case of opposite inequality the arguments are the same). Let us make several
simplifications. First of all, it is sufficient to consider the case

m = |W(r)| = ,nax [w(r)l. (3.5)
1,72

Indeed, if the last assumption is not fulfilled, we can take
ry €lri,m] @ [W(ry)| = max |w(r)],
relry,r]
and then consider the interval [rq, ré] instead of [rq, r2]. By construction,

D(ri,ry) < D(r1,r2), [W(r2)| = [WrD| < W) = WD, p(ri,ry) < pri, r).

So if we prove the required estimate (3.4) for 1, r}, then it implies the required estimate
for initial pair rq, r2, etc. So below we assume that (3.5) is fulfilled.
Further, it is sufficient to consider only the case when

1
lw(r)| > gm Vr € [r1, r]. (3.6)
Indeed, if the last assumption is not fulfilled, we can take
, _ 1
ry =max\r € [r, ] 1 |W(r)| < gm s
and then consider the interval [ri, r2] instead of [r1, r2]. By construction,

1
|W(r)| > Em Vr € [ry, 2], 3.7)

6
D(r{,r) < D(ri,r2),  |W(r2)| — |WrD)| <m = §<IV_V(V2)| - IW(V{)I)-

So if we prove the required estimate (3.4) for r{, r2, then it implies the required estimate
for initial pair rq, r2, etc. So below we assume that (3.6) is fulfilled.

Now take and fix some small number g9 € (0, ﬁ) (the exact value of gy will be
specified below). Obviously, it is sufficient to consider only the case when

(I'+ )/ D(ri,m2) < eom. (3.8)
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Indeed, if the opposite inequality were valid, then the required estimate (3.4) is fulfilled
automatically with the fixed constant Cy = % and again there are nothing to prove. So
below we assume that (3.8) is fulfilled as well.

Also we can assume without loss of generality that

rp > 1000rq

(otherwise the required estimate (3.4) follows from (2.9)). Further proof splits into
several steps. Our general strategy is as follows: first of all, we obtain some uniform
estimates for pressure, Bernoulli pressure & = p + %|w|2 and velocity in the suitable
annulus type domain; then we deduce some improved estimates for the integral f Vo2,
and finally we obtain the required estimate (3.4) using contradiction argument and level
sets of Bernoulli pressure.

STEP 1. Using standard estimates (“self-improvement of regularity”) for stationary
Stokes system, one can prove that for any p € [rq, %rz]

3

4
( / |v2w|3‘+|Vp|3‘> <Cmp2D(p,5p)2(1+ ) (3.9)
$p=r<ip

(see, e.g., [16, Lemma 8 and Appendix II] for the detailed calculations concerning this
estimate ).

STEP 2. Now we would like to obtain the uniform estimates for pressure. Using (3.9),
it is easy to see, that there exist two “good” radii 7| € (%rl, 2r1), 7 € (%rz, 19—0r2) such
that for i = 1, 2 and for D := D(ry, rp) we have

CD
/ IVw|?ds < —,
S ri

i

1

2
f \Vwlds < (277;)? (/ |Vw|2ds> <cD?,
S S

i T

4 1 4 2 4 (3.10)
/|Vp|§ds§C—lm§D§(1+u)§,

S;, =
i ri

)

3
7
/ |Vp|ds§(2nf,-)l</ |vp|3‘ds> <CmDI(1+ ).

s, s,

Without loss of generality we may assume that p(#1) = 0. Then by (2.8) we have
|p(r)] <CD < Cmv/D  forany r € [r1, 2], (3.11)
thus the estimates (3.104) and the trivial inequality
lp(2)] = p(r) +/ IVplds — Vz €S,
Sy

imply the corresponding pointwise bound for the pressure:

Ipl < Cm(1+u)vD onS;, i=1,2. (3.12)
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From the main estimate (2.8), using “good circles” technique, it is very easy to deduce
from (3.9) and (3.12), that

1
Ipl < Cm(1+w~D in Q(6r1,gr2) (3.13)

(see Appendix A for details).
STEP 3. Denote my = |w(r1)|. Recall, that m = |W(r2)| > mg. From (2.9) we have

[W(r)| — Cv/D < |W(i)| < |W(ri)|+CND, i =1,2. (3.14)
In particular,
W(F1)| < mo+CvD, (3.15)
3.8)
W(i)I? < md+Cm/D. (3.16)
Analogously,
m— CvD < |W()| <m+CvD, (3.17)
m* — Cm~'D < |W()|* < m? + Cm+v/D. (3.18)
Furthermore,
(3.102)
lw| < [W(F)| +/ IVwlds < mo+CD onS;, (3.19)
57,
2 B8 5
w> < m3+CmvD onS;. (3.20)
Analogously,
m—CND <|wl <m+Cv/D onSj, (3.21)
m?> —CmN'D < |w|> <m>+Cmv/D onS;,. (3.22)

Estimatesl(3.12), (3.20), (3.22) imply the following bound for the Bernoulli pressure
d=p+ §|w|2 :

1

o < Emg +Cm(1+w~D onSj, (3.23)
1

o < Emz +Cm(1+u)v'D on S, (3.24)

®>-m?>—Cm(1+w)vD onSj, (3.25)

N =
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for some universal constant C (does not depend on w, D, m, u, etc.). By one-sided
maximum principle for the Bernoulli pressure (see, e.g., [9]),

o < %mz +Cm(1+ VD in Q(F1, 7). (3.26)
In particular, by (3.13)
w2 <m?+Cm(l +wvD (358) Cm* in Q(6r, érz), (3.27)
in other words,
W <Cm in Q(6r1, érz). (3.28)

The last inequality gives us the possibility to obtain the improved estimates for Vw.
STEP 4. We prove that for any p € [6r], %rz]

1
Vo> < C—m D(p, 5p)(1 + ). (3.29)
2p<r<4p P

Indeed, for D, := D(p, 5p) there exist two “good” radii p; € (p,2p), p2 € (4p,5p)
such that for i = 1, 2, we have

CD
f w?ds < —2, (3.30)
S, o
and

CD CcD
|:3,/w2dsi| <=~ —[a,/w%m] <=2 (33D

_ o _ o

" r=p r r=pj

The proof of (3.30)—(3.31) is based on some elementary real analysis and is given in the
Appendix B for convenience.
Note that (3.28) imply

max |w(z)| < Cm. (3.32)
z

0;
It is well-known that w satisfies the vorticity equation
—Aw+w-Vo =0. (3.33)

A standard energy estimate in the domain {p; < r < p,} for the above equation, together
with the bounds (3.30)—(3.32), gives

2
) w
/ Vol :/ (a)8,a)—w~e,—) ds
PLSr<p Spy 2
2
—/ (a)arw—w-erw—> ds
Iy 2

P1

1 1 1
< C—Dp<m+ —) < C—mD,(1+p).
o o o



Existence and Uniqueness for Plane Stationary 741

STEP 5. Applying (3.29) for p = 6r1, 12r1,..., etc., we obtain finally that

/ rIVo|?> < CmD(1 + ). (3.34)
12r1§r§%r2

STEP 6. We need a pair of “good circles” with the same properties as in Step 2-3, but
now inside the annulus 2 (1271, %rz) (in order to use estimates (3.34)). So, repeating the

arguments of these steps, we obtain, that there exists p; € (12r1 , 24r) ), 02 € (1]—6r2, %rz)
such that

1
o < Emg +Cm(1+p)vVD onSj, (3.35)
1
o > Em2 —Cm(1+m)vVD onSp (3.36)
for some universal constant C (does not depend on w, D, m, u, etc.). Therefore,
1
min ®(z) > max ®(z) + -(m2 —m — Cm(l + u)«/D) (3.37)
zZ€ I ZES/jl 2

Let ¢(r) be the direction of the vector w(r) = (w;(r), wa(r)), i.e., Ww(r) = |w(r)|
(cos ¢(r), sin p(r)). Without loss of generality we may assume, that ¢(p) = 0. Then
from the inequality (3.34) we have

f %|Vw| < (CmD(l +,L))2 /6% <Cm(l+wVD,  (338)
1

12r] Srgérz
consequently, from the formula (2.10) and assumptions (3.6), (3.8) we obtain that
lp(r)| < C'eg  Vr € [p1, p2] (3.39)

with some universal constant C’ (does not depend on w, D, m, p, etc.).

Without loss of generality we may assume that all the constants C in the inequalities
(3.37)—(3.38) are the same. Now we are ready for the key step of the proof.

STEP 7. We claim that the inequality

m—moy <5C(1+ D (3.40)

holds for sufficiently small ¢y, where C is the same as in (3.37)—(3.38).
Indeed, suppose this claim fails, than

m—my > 5C(1+ VD, (3.41)
in particular, from (3.37) we have
min ®(z) > max ®(z) +2Cm(1 + w)v/D. (3.42)
z€8;5, Z€85,

Now, we are in a position to apply the methods of [15] based on level set structures of ®
to obtain a contradiction when ¢ is sufficiently small. For a reader’s convenience, we
recall the main ideas of the proof in [15] adapted for the present paper.

From (3.42) it follows immediately, that there are two closed regular level sets S;
and S;’ of ® such that:
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(i) ®lg=t, &lg=1", "=t >2Cm(+p)~/D;
(ii) §’,8” are smooth closed curves (homeomorphic to the circle) surrounding the origin,
both of them lie between circles S5, and S5,.
(iii) The vorticity w(z) does not change sign between the curves S’, S”; for definiteness,
we can assume without loss of generality that

w(z) >0  forall z between S’ and S” (3.43)

(for the last assertion, see [15, Step 6]).

Using (3.39), it is not difficult to prove for &9 small enough, that there exists a unit
vector € = (cos 5, sin 5) such that the segment L = {p€ : p € [p1, p2]} satisfies the
following properties:

(iv) wt(z) - & < 0 forany z € L, where we denote (a, b)* = (=b, a);
V) [|Volds < 2Cm(1 +u)v/D.
L

Now take two points A € LN S’ and B € L NS” such that the line segment [A, B] lies
between the curves " and S”. Recall, that the gradient of the Bernoulli pressure satisfies
the identity

Vo =-Vio+w- wh
Then we have
1" —t' = d(B) — P(A) = Vo -éds
=— [ Viw-éds+ [ wvéﬁ’é]édr =1+11. (3.44)
[A.B] [A.B]
Estimate the terms I and 17 separately. From the above property (v) we have
I <2Cm(1 +wVD. (3.45)
On the other hand, from (iii)—(iv) we obtain
11 <0. (3.46)

Therefore,
" — 1t <2Cm(1 + VD,

a contradiction with (i).

Of course, the above items (i)—(v) are only short description. In case of interest, a
reader can find a detailed justification for all these steps in [15].

The proof of Lemma 8 is finished completely. O

Proof of Theorem 7. We start from the same simplifications as in the proof of Lemma 8.
For definiteness, assume that [w(r2)| > |w(r1)|. Because of the triangle inequality, it is
sufficient to consider the case

m = |W(r2)| = ,amax IW(r)l. (3.47)
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Also, it is sufficient to consider only the situation when

lw(r)| > ém Vr € [r1, 2] (3.48)

VD(@r1,m) =D < Lo (3.49)

~ 100

(see the explanation in the proof of Lemma 8). Further we have to repeat all the arguments
of the proof of Lemma 8 up to inequality (3.38). Then from the formulas (2.10), (3.38),
and assumptions (3.48), (3.49) we obtain that

lp(r)] < C%(D +m(1 +M)«/B> < c’%a + VD Vrel[p1, prl. (3.50)

The last formula and (3.4) imply easily
IW(p1) — W(p2)| < C(1+w/D. (3.51)

Then, by virtue of elementary estimate (2.9) and inclusions p; € (12ry, 24r1), pa €
(572, §72), we obtain the required inequality (3.51).
The proof of Theorem 7 is finished completely. O

4. The Second Basic (Asymptotic) Estimate for the Velocity

For the limiting case (when r; are very large and velocity is “almost constant” on the
boundary circles) the general estimate of Theorem 7 can be improved essentially.

Theorem 9. Let wi be a sequence of D-solutions to the Navier—Stokes system

Awg — (Wi - V)wg — Vpp = 0,
P @.1)
V. Wi = 0
in the annulus type domains Qp,, .. Suppose, in addition, that
"k
rix — +00, — — +00, 4.2)
Tk
and there exist two vectors Wo, Weo € R such that
max |wg(z) — wo| — 0, max |Wi(z) — Weo| > 0 ask — oo. 4.3)
zeS,]k zeS,-zk
Then
D
[Wo — Woo| < Coe—, 4.4)
m
where m = max{|w0|, |woo|}, D, = lim fQ VWi |2, and Ciy is some universal
oo kT2

positive constant (does not depend on wy, etc.)

To prove this theorem, we have to use some fine properties of solutions to Euler
system from [17], considered in the next sect. 4.1.
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4.1. On solutions to Euler equations. In this section we consider some properties of
weak solutions v € WIL’CQ(Q) to the Euler system

(Vv-V)v+Vp=0 in €,
divv=0 in Q 4.5)
v=e on S| =02,

where S| = {z € R? : |z| = 1} is the unit circle and e = (1, 0) is the unit vector. Here
Q2 is the unit disk or its complement, i.e.,

Q = By (4.6)
or
Q=R?\ B. (4.7)
Suppose that
/|Vv|2 <&? (4.8)
Q

for some constant ¢ € (0, 1). Then from the first equation (4.5); one can assume that
|p| ~ e. Nevertheless, surprisingly much better estimate holds.

Theorem 10. Ler v € WIL’CZ(Q) and p € Wllo’c1 (R2) satisfy the Euler equations (4.5)1—2
for almost all z € Q. Suppose also that the estimate (4.8) and the boundary condi-
tion (4.5)3 are fulfilled. Then p € C(2), moreover,

sup |p(z1) — p(z2)] < Ce?, (4.9)

71,22€Q
where C is some universal constant (does not depend on €, v, p ).

Proof. For the case Q2 = B the result was proved in [17]. So let us consider the case of
exterior domain Q = R? \ Bj.

By well-known fact concerning D-solutions to Euler and Navier—Stokes system (see,
e.g.,[9, Lemma 4.1]), the averages of the pressure p(r) are uniformly bounded and have
some limit at infinity, without loss of generality we may assume that this limit is zero:

p(r)—0 asr — 00. (4.10)
Moreover, since | |Vv|?dx < oo, there exists an increasing sequence r; — +0c such
Q
that
&
/|Vv|ds < withe; > 0 asi — oo 4.11)
In ri
Sy,
and
sup |V(Z)| < ¢gi/Inr; 4.12)

z€ S,[
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(see [9, Lemmas 2.1-2.2]). From (4.10)—(4.12) and from the equation (4.5); it follows
that

sup [p(z)] = 0 asi — oo. (4.13)
zeS,l.
Indeed,
1p(ri.6) — () §/|Vp|ds §/|V|~|Vv|ds geh/lnri/|VV|ds <&l
Sri S’i S’i

Taking divergence on the first equation in (4.5) gives
Ap = —Vv-(Vv)T (4.14)

We can extend v outside 2 by the constant vector e so that v is globally defined and
divergence free in R2. By the classical div-curl lemma (see, e.g., [3]), Vv-(VV)T belongs
to the Hardy space ' (R?). Put

1
G(x) = —Eflog lx — yI(Vv - VvT)(y) dy.
Q

By Calderén—Zygmund theorem for Hardy’s spaces [23], G € D>!(R?) n D'-2(R?),
where Dk-4 (RZ) means the space of measurable functions,whose distributional deriva-
tives of k-th order belong to L7(R?). By classical facts from the theory of Sobolev
spaces (see, e.g., [19]), the last inclusion implies that G is continuous and convergent
to zero at infinity, in particular,

IVGll 22y + VGl L1 g2y < Ce?, (4.15)
sup |G(z)| < Ce?, (4.16)
zeR2

G(z) > 0, asz— oo. 4.17)

Consider the decomposition
p=ps«+G. (4.18)

By construction, Ap, = 0in €, i.e., p, is a harmonic function, and by (4.13) we have

sup |p«(z)] > 0  asi — oo. (4.19)
zeS,,.
Of course, it implies
[p«(2)| — 0 as|z| —> oo. (4.20)

Since p = G + p,, we have p(z) — 0as z — oo. In [17, Lemma 9], it was proved that
p satisfies the Neumann boundary conditions (in weak sense) on Si:

op,p =0 on Sj.
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Therefore, p can be solved from (4.14) using the Green function for the Poisson problem
in © with Neumann boundary conditions:

1 X
px) = ~5 / (10g |x — y| +log
T Jo

e y‘ — log |y|> (Vv-Vv)(y)dy.
4.21)

Itis important to observe that in the above formula, the integral domain €2 can be replaced
by R?, since Vv - Vv = 0 in B; due to our extension of v by the unit constant vector
in Bj. Using the above definition of the function G (x), we can rewrite identity (4.21) as

p(x) = G(x) - G(0) + G(&).

So the the required bound (4.9) follows from (4.16). |

The proof of the central Theorem 10 is finished. In [17, §2] it was shown, that the
established estimates imply

Corollary 1. Let the assumptions of Theorem 10 be fulfilled. Then there exists a set
Fo C (%, %) of positive measure (having one-sided density 1 at 1) such that

S, cQ and m%x<|v(z) —e[+|p@) —][ p}) < Cé? Vr € Fo,(4.22)
Sy

[

where C is some universal constant (does not depend on ¢, v, p, etc.).

Sometimes solutions to Euler system can be obtained as a limit of solutions to Navier—
Stokes equations when viscosity coefficient tends to zero. We can use this fact in the
following useful statement.

Theorem 11. Let the assumptions of Theorem 9 be fulfilled. Suppose, in addition, that
Pr(rix) = 0. Then there exists § € (0, %) such that

mo - |Wi(2) — wo| + |pe(@)| < CDy+er Yz € Squsyry (4.23)

Moo - |Wi(2) = Woo| + |pk(2)| S CDu+er VZ€Su_syry.  (4.24)

where Mmoo = |Woo|, mo = [Wo|, Dy = lim fQ |Vwk|2, g — 0ask — oo, and
k— 00 Tk-"2k

C is some universal positive constant (does not depend on Wi, ri, etc.)

Proof. The assertion of the last theorem was deduced (by corresponding scaling and
limiting procedure) from Theorem 10 and Corollary 1 in [17, Section 4] (see, e.g., the
formula (4.10) in [17] and commentaries). |

4.2. Proof of Theorem 9. Let the conditions of Theorem 9 be fulfilled. As before, we
have to make several simplifications. For definiteness, assume that m = [Weo| > [Wo].
Denote my = |wg|. Now take and fix some small number &y € (1, ﬁ) (the exact value
of ¢ will be specified below). Obviously, it is sufficient to consider only the case when

D, < som?>. (4.25)



Existence and Uniqueness for Plane Stationary 747

Indeed, if the opposite inequality valid, then the required estimate (4.4) is fulfilled
automatically with the fixed constant C = ‘%, and there are nothing to prove. So below
we assume that (4.25) is fulfilled as well, therefore,

D(rik, r) < eom? (4.26)
for k large enough. Applying Theorem 7 (with p arbitrary small as k — oo because of
assumption ri;y — +00), we obtain

1 3
Em < |wp(r)] < zm Yr e [rik, roxl. “4.27)

Take § € (O, %) from Theorem 11 and denote pjx = (1 — 8)rix, por = (1 — 8)ra.
Repeating Steps 1-6 of the proof of Lemma 8 (with evident modifications and arbitrary
small u as k — +00), we obtain that

1
/ —|Vag| <e — 0 as k — +o0, (4.28)
’

PIk=F=pP2k

consequently, from the formula (2.10) and assumptions (4.27), (4.26) we obtain that

1 1
lok (r)| < W(D* +e) < T 50 Vr € [piks pak] (4.29)

for all sufficiently large k.
Recall, that by Theorem 11,
mo|wi(z) — wo| + [pk(2)| < CDs+ex Yz € Sy, (4.30)
m|Wi(z) — Weo| + |k (2)| < CDs+e&r ¥z € Spy. 4.31)

Consequently, using mg > %m, we obtain:

1
min @y () > max Bx(z)+ E<m? —m —12CD, — ek>, (4.32)

ZE€8py; ZESpx

where C is the same as in (4.30)—(4.31).
Below we consider the case D, > 0 (the case D, = 0 can be considered similarly,
with some evident simplifications). Now we claim that the inequality

10
m—mo<—CD, (4.33)
m

holds for sufficiently small g9, where C is the same as in (4.32). Indeed, suppose that
the opposite inequality is valid, then from (4.32) we have

min & (z) > mSax ®r(2) +CD,. (4.34)

2€8py; ZE€Spx

Now we can apply the methods of [15] (based on level set structures of ®;) in the
same way as on the Step 7 of the proof of previous Lemma 8, and to obtain the desired
contradiction. So the claim (4.33) is proved.
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The formulas (4.30)—(4.31), (4.33) imply that

3 1
|Wi(o1k) — wo| < C—D. (4.35)
B} 1
[Wic(p2k) — Woo| < C—D; (4.36)
_ _ 1
[Wi (021)| — Wi (o111 < CZD* (4.37)

with some universal constant C. We need the following elementary fact: for any pair of
vectors a = ae,, b = bey, where e, and ey, are the corresponding unit vectors, one has:

la—b| <|a—b|+b|ea — ep|.

This elementary formula together with established estimates (4.37), (4.29) imply

1
|Wi(p2x) — Wi (p11)| < CZD*' (4.38)

Thus by (4.35)—(4.36) the proof of Theorem 9 is finished completely. O

5. Uniform Bounds for the Invading Domain Solutions wy

The main result of this section is the following k-uniform bounds.

Theorem 12. Suppose that R > 0, suppf C Bg, and A = |[f||y-1(p,,) < 00, and
consider Ry > 2R. Then the following uniform estimates for the invading domain
solutions wy to (1.4) are valid:

2 A%
Dy ::/ [Vwi|" < ClAlA+ A+ — |, (5.1
Bg, R3
1
) Al
max |wi(r)| < C2 <A +A+ —2>, (5.2)
R<r<Ry R3

where C; are some universal constants (do not depend on wy. and parameters A, R, X,
etc.).

Remark 13. The considered problem (1.4) has the following scaling property: if wy is a
solution to (1.4) with parameters (A, A, R), then for any t > 0 the mapping w.x(z) :=
TW(77) is asolution to (1.4) with the corresponding parameters (tA, A, T ~1R). Note,
that basic estimates in theorems 7,9, 12, 15— 17 are scaling invariant.
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Proof. Let x be a smooth cut-off function satisfying x = 1 on Bg, x = 0 outside B,
and |Vy| < %. By the system (1.4) and the assumptions on f, we have the following
direct estimate of the Dirichlet integral

Dk=[ |ka|2=/ £ (We — Woo)
Br, Br

k

=/ xE - (Wi — W)
BRk

= ||f||H*1(BzR)||X(Wk - Woo)||HO1(32R)
1
<C A<||Vwk”L2(BZR) + E”Wk - Woo||L2(32R))

< CA(D] + [ 2R)| + 2. (5.3)

here we used (2.2) for the last inequality (the exact values of C may change from line
to line). Using (5.3) it is easy to deduce

Dy < CAA+ |Wr(2R)| + ). (5.4)
Therefore,
Dy <CAA+Ar+1), (5.5)

where we denote Ay = maxg<,<g, |[Wi(r)|.Let Ap = |wi(rr)| withsomery € [R, Ri].
Applying Theorem 7 in the annulus type domain €2, g, and inserting (5.5), we obtain

1
Ay — Al <Cy(1+ ——)/D
| Ak | < Cy( RAk)\/ k

< C(1+ﬁ)\/A(A+Ak +1). (5.6)
k

Now we have to consider two different cases:
CASE 1. Ay < 2(A+A). Then the required estimates (5.1)—(5.2) follow immediately.
CASE 2. Now suppose that Ay > 2(A + A) Then from (5.6) we obtain:

1
A <C(+—)/AAg. 5.7
RAy

If R+\k < 2, then, similarly to the Case 1, we have Ay < C A, and the required es-

timate (5.1) follow easily from (5.5). So we can assume in addition that R+\k > 2.
Then

1 1 [A
Ay < C—— /AN, <C— | —. (5.8)
RA; RV Ak
Therefore
A3
Ay < C—5, (5.9)

R3

and finally the required estimates (5.1)—(5.2) are valid in this case as well. O
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Corollary 2. Under the hypothesis of Theorem 12, for any sequence Ry — 0o, there
exists a subsequence of the invading domain solutions wy, to (1.4) which converges weakly
to a D-solution wy, to the Navier—Stokes equations (1.1)1 2. Moreover, the convergence
is strong in the C|) .-topology in R? \ Bg for any m > 0, and also strong in L*>(Bag).

Proof. Theorem 12 implies that
IWkllz1(8,) = C(A, R, A, p) (5.10)

uniformly in &, for any p > 0. Hence, we can extract a subsequence of w; which
converges weakly to some function w;, € HILC(RZ) satisfying the equations (1.1)12
and

/ IVw.[* < lim |Vwi|> < C(A, R, ). (5.11)
R2

k—o00 BRk

By the standard local regularity theory for stationary Navier—Stokes equations (see, e.g.,
[16, Section 2.3]), we can obtain uniform local C" bounds for wy in R2 \ Br (outside
the support of f) for any m > 0. This together with Arzela-Ascoli theorem implies the
local strong C™ convergence in R? \ Bg. Finally, (5.10) and the compact embedding
H'(Byp) C L2(B2 R) implies the strong convergence in Lz(BzR). |

6. The Limiting Velocity of wy,

Let wy be the invading domain solutions that we studied in the last section. By passing
to a subsequence, we assume that wy converges weakly to wy, in the sense described in
Corollary 2. In this section, we study the fundamental question: does Wy achieve the
prescribed limiting velocity Wo, = A€y at spatial infinity?

Since wy, is a D-solution to the Navier—Stokes equations (without force) in the exterior
domain R? \ By, it has some finite uniform limit at spatial infinity (this important fact
is established through the papers [1,9,13]). Let us denote wo = lim,_, oo Wz. We state
a simple but crucial identity for the tail Dirichlet integral

D, = lim lim Vw2, (6.1)

=00 k=00 Jonflz|=r}
Lemma 14. [fwg # O, then Dy, = —F - (Woo — W0).

Proof. Recall the following energy equalities for the stationary Navier—Stokes solutions
wy and w, respectively,

m=/ WWV=/
Bg, Br

DL:/ |VwL|2:/ f-(wL—wo):/ f-w, —F - wo. (6.3)
R2 R2 R2

f~(wk—woo)=/ f-wy—F Woo, (6.2)
Bg,

k

The last line relies on the asymptotic behaviour of wy, at spatial infinity when wo # 0.
By the result of [20], wy, is physically reasonable in the sense of [22, page 350]. In
[22, Theorem 5] it is proved that wy exhibits the wake region behaviour, and has the
polynomial convergence rates at spatial infinity indicated by the Oseen fundamental
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tensor (with some logarithmic correction). Thus (6.3) can be obtained with multiplying
(1.1)1 by w;, — wq and integrating on B, then sending p — 00. Observe that f f-wp —
f f - wy, since wy — wy in H'(Bag). It remains to conclude using the simple fact that

D, = lim lim {Dk— / |Vwk|2} (6.4)
r=>00k—00 nflzl<r}

= lim Dy — Dy.
k— 00

Next, we justify the equality wg = W in two different scenarios.

6.1. Scenario I : ) is much larger than force.

Theorem 15. There exists an universal constant ¢ > 0 such that, under the hypothesis
of Theorem 12, if

A, (6.5)

then we have

(i) [5, |VWil* < C16%22, for Ry > 2R :=2max{R, 1},
k —_
(i) max_, _p [Wi(r)] < Cad,
(iii) The limiting solution Wy, satisfies the condition Wo = Weo = A€].
Here again C; are some universal constants (do not depend on wi, A, A, etc.). If, in
addition, the total force F = 0, then the factor In? (2 + ﬁ) in (6.5) can be removed.
Proof. To prove Claims 1-2, we consider two separate cases:
1
Case I: AR > 1. In this case, InZ (ﬁ +2) ~ 1. The term 45 in (5.1)~(5.2) can be

. R3
estimated as

[S18)

S
=

kDN 1
= < A3
R3 X

Wit

6.6) 2
S 3

&£ 3

>:|D;

W

A (6.6)

W
wIN

Then Claims 1-2 follows immediately from (6.5) and Theorem 12.
Case II: AR < 1. By Lemma 3, we have

1 1
Il g-18,) S C\L+In2 { — | ) Ifll g-1(8z)- (6.7)
% AR
It is easy to check that, in this case, 1 + ln% (ﬁ) ~ ln% (ﬁ +2). Since % > R, fis

of course compactly supported in B;. Hence, we can reduce to Case I with the new
A
parameters

R’:l
A
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and
/ (1
A'<Chh?2 | —+2)A.
AR

Hence, Claims 1-2 are again valid in this case.

Note that when F = 0, the logarithmic factors can be removed due to the last
statement in Lemma 3.

To prove Claim 3, notice that we are now in a position similar to [17]. More precisely,
if ¢ < go with g9 small enough, then we have

(@) Di = [ |Vwi|* < eA?,

(b) The total force | F| = | [p2 f| < €.

These are the key ingredients to invoke the proof of [17, Theorem 1] (see Section
6 there). Here we can simplify the proof essentially using our second basic estimate in
Theorem 9. Namely, using Corollary 2, we can find r1x — oo such that (4.2) and (4.3)
are valid. By Theorem 9 we have

D
[Wo — Woo| < C**T, (6.8)

where D, is the tail Dirichlet energy defined in (6.1) which controls the limit
lim fQ |Vwg |2. By Lemma 14 and (a), (b), we have
k

k— o0 k"2
|[FlIWoo — Wo| < eAlWoo — Wol, if wo # 0,
Dy = lim Dy < &2, if wo = 0. (6.9)

k—o00

By (6.8)—(6.9) we obtain |Ws, — Wo| < Cux&|Woo — Wo| Which, by taking & small,
immediately implies Woo = Wo. O

6.2. Scenario Il : zero total force, and A = 0.

Theorem 16. Under the hypothesis of Theorem 12, assume in addition that the total force
vanishes, i.e., F = fRZ f = 0. Moreover, we consider zero prescribed limiting velocity,
i.e., Woo = 0. Then the limiting solution wy, satisfies the condition Wog = Woo = 0.

Proof. We assume that wy # 0 and obtain a contradiction. By Lemma 14 we have
D,=—-F -(0—wp) =0. (6.10)

Using Corollary 2, we can find r1;x — oo such that (4.2) and (4.3) are valid. By Theorem
9 we have

D
[Wo — Woo| < Cox—, (6.11)

[wol

where D, is the tail Dirichlet energy defined in (6.1) which controls the limit
lim fQ Vw2 (6.10)=(6.11) immediately imply that wy = W, a contradiction
k— 00 k
with the initial assumption. O

k"2
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7. A Uniqueness Theorem in the Case of Small Force

Theorem 17. There exists a universal constant ¢ > 0 such that, under the hypothesis of
Theorem 12, if
2
e
A< - . A, (7.1)
(1+AR)3In2 (2+ 1)

then the problem (1.1) is uniquely solvable in the class of D-solutions. If, in addition,
the total force F = 0, then the factor In? (2 + ﬁ) in (7.1) can be removed.

Remark 18. In fact, the essence of the proof below can be best understood by setting
R=1,r=1

Proof. The existence of a D-solution wy to (1.1) when f is sufficiently small was
already proved in Theorem 15 based on the invading domains method. We just need to
show uniqueness. Using scaling, we may assume, without loss of generality, that A = 1,
i.e., Woo = e1. In particular, the assumption (7.1) will now read
&2
A< : . (7.2)
31> 1
(1+R)*In2 2+ %)

By the results of [20,22], w is physically reasonable in the sense of [22, page 350]. In
[22, Theorem 5], it is proved that w exhibits the wake region behaviour, and has the
polynomial convergence rates at spatial infinity indicated by the Oseen fundamental
tensor (with some logarithmic correction). Hence, the following energy equality is valid
in whole space,

sz [Vw|? =/f~(w—e1). (7.3)
RZ

Using the ideas of proving Theorems 12, 15, we obtain the same type of estimate, that

18,
82
D<CAL<C ; . (7.4)
(1+R)13In2 (2+ %)

Below we have to consider two different cases:
Case I: R > 1. Then by Claim 2 of Theorem 15 we obtain

sup [w(r)] < C. (7.5)

r>R
More precisely, using the first basic estimate of Theorem 7, from (7.4) we obtain imme-

diately

sup [w(r) —ej| < C

&
r=R (1+R)¥/% 7

As a by-product in the proof of Theorem 7, from the estimate (3.34) we also have

2
/ FIVoP < C— (7.7)
iR (1+R)3
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and consequently,

2
/ Vol < C—". (7.8)
. I+ Ry

Next, the proof will be divided into a few steps.
STEP 1. For simplicity, we denote

§=R %, (7.9)
so that
D+/ rlVo|? < C&, (7.10)
rZ%R
sup |[w(r) —er| < C&. (7.11)

r>R

By (7.10)—(7.11), we can find a good circle S,., s € [%R, 2R], on which

max [w(z) —ej| < Cé (7.12)
ZESy,
max |p(z) — p(ry)| < CE. (7.13)
ZE€S8r,

Without loss of generality, let us assume that p — 0 as r — oco. Due to Lemma 5, we
have

|p(re)| < CE%. (7.14)

Using the standard decomposition of pressure (see, e.g., (4.18) or [17, Corollary 16]),
we deduce that

Ip(2)] < Cé for |z] = 2R. (7.15)

Following [16, Section 3],* we can find a sequence of good radii ry € [2FR, 2k+l R), k =
1,2, 3, ... such that

lw—ei| < CE, (7.16)

on each circle S, . Locating these “good circles" is a necessary preparation for Step 2.

2
STEP 2. Recall Amick’s auxiliary function y = % + p — wyr. Here ¢ is the stream

function satisfying V¢ = wl = —we; + wies. Let Y (2R, 0) = 0 to be definite. It is
known that y satisfies the two-sided maximum principle and converges to % at infinity,
see [1]. Using (7.12)—(7.13), (7.15), and the maximum principle for Bernoulli pressure
o = #+p,wehave

lw(z)| < C, (7.17)

4 Amick’s special w-level sets as described in [16, Lemma 13] are still available in the whole plane setting
outside the support of f.
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for all |z| > ry. Similarly, using (7.10)—(7.13) and the two-sided maximum principle for
y we can deduce that

1
ORI CR2E (7.18)

for all |z| > 2R. The R% factor shows up here because, on a typical circle S, , R <

r« < 2R, the term @ in the definition of y is bounded by R™%3.R = RI:. Following
[16, Appendix I], and using the information from Step 1 we obtain the key pointwise
estimate

W) —el| <CRIE=CR g, (7.19)
for all |z] > 2R. Also, from (2.2) and (7.10)—(7.11) we have

2_
q

[SI[%)

lw—eillLag) < CR g, (7.20)
in particular,
Ilw — €1l 155, < C R D0 & (7.21)

STEP 3. Following [16, Section 5],> and setting ¢ sufficiently small, one can obtain
the pointwise decay estimate

|((w—ep)i(2)| <Cehi(z), i=1,2, (7.22)

for |z| > 2R, where /;(z) is the majorant function given by ¢

o> 1. (M@=l (7.23)
ha(z) = |z]75.

STEP 4. Let

Ii(z)(u,v) = /2 WEij(z — 2uj(@) () dZydzy = IR (), v) + [ (z)(u, v),
R

(7.24)
where
*)m,v) = / WEij(z— i) dzydz, (7.25)
Byr
[P (2)(u,v) := / WE;ij(z — (@) dzydz,. (7.26)
R2\Bag

5 The rescaling procedure in [16] is not needed here since A is fixed to be 1. However we need to deal with
the R-dependence in the estimates here while R = 1 in [16]. The big denominator (1 + R)3 in (7.4) is useful
to absorb all the R-dependence that shows up.

6 In [4,16], h;(z) is defined as log % inside the unit disk. Such a logarithmic singularity plays an crucial
role there as it accounts for the delicate boundary effects in the flow around obstacle problem. For the whole
plane problem, we only use the definition of / outside Bj.
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Here E is the fundamental Oseen tensor, i.e, the fundamental solution to the Oseen
system:

AEij - 31Eij - Giej = 5,»]50, i,j=172,
Y 4E; =0, j=1.2, (7.27)

i=1,2

where § is the standard §-function supported at the origin. For more information on E,
see for instance [16, Section 2.4] or [11, Section 2].
Recall, that 0 E;; € L9 (Rz) for any ¢ € (3/2, 2), in particular,

N Eij € LYPR?) (7.28)

(for the list of integrability properties for E;;, see, e.g., in [20]). Define the auxiliary
norm

|ui (2)]

lz|>2R;i=1,2 hi(2)

lally := (7.29)

We will need a crucial bilinear estimate (see [4, Lemmas 3.1-3.2]): there exists an
absolute constant C such that

117 () (u, V)]
————— < Cully[Ivly. (7.30)
izti=12  hi(2)
In particular,
_1
1°@ @ v)| < ClullyvilylzI™2,  lzl = 1. (7.31)

1
Further, from (7.28) and the elementary estimate |[ull;5g2\p,,) < C R™1|[ully we
have:

1
1°@@,v)| < ClulylvlyR™5, |z] <1 (7.32)

(really, the last pointwise estimate is valid for all z € R?, but we will use it in the unit
ball only). Therefore, from (7.31)—(7.32) we conclude:

TN 58,5 < C llullylI¥lly- (7.33)

IT®lly < Clullyllvly. (7.34)
Similarly, from (7.28) and Holder’s inequality we have:
IR @@, V)| < Clullspp V5. V2 € R (7.35)

In particular,

2
IR 5y < C 0l L5 oy V1 15y R (7.36)
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It is well-known that |[VE(z)| < C % for |z|] > 1 (see, e.g., [22, §2]). This implies

R5
* @)@ v <C ||u||L5(BZR)||V||Ls(BZR)m, Vz e R\ Bag.  (7.37)

Therefore,
4
IR, V) lly < C llull 5 g0 VI 58,0 R (7.38)

Finally, we can summarize all previous estimates in the following form:

I, v)lx < C ||U||x<||V||Y + ||v||Ls<BQR>R3‘), (7.39)
and also
I, vy < € ||V||x<||ll||y + ||u||Ls<BZR)R3‘>, (7.40)
where we denote
lullx := llully +[[allz5p,z)- (7.41)

STEP 5. The local uniqueness argument we are going to invoke next is similar to thatin
[4, Section 7]. Suppose w w® are two D-solution to (1.1). Denote u® = wk — er,
k =1, 2, then by Steps 2-3 we have

lu®|x < Ce, k=1,2, (7.42)

11

X s (pypy < CeRTT0, k=1,2. (7.43)

Since u® satisfies the system

Au® — gu® — Vp(k) =u® . vu® +f,
(7.44)

v.u® =0,

and the decay estimate (7.42), we obtain the following standard representation formula,
ub(z) = /RZ Ez—-7)- {(u(k) -Vyu® +f} (z)dz\dz,, k=1,2.
From this representation we deduce
@ —u?) () = f Eij(z — )V - vu —u® . vu®); (') dz}dz)

1 1 2) (2
= _/alEij(Z —2)(u )u§- " —uf )u§ (&) dz}dz)

=L —u@® u®) - @, u® —u?). (7.45)
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Using (7.42)—(7.43) and (7.39)—(7.40) we obtain

) —u®y
1 2 1 2 1 4 2 4
= Clu® = u@x (10l + 1@y + 100 s R + 10 35, RY)
< Cleu” —u®y,
which immediately implies that u'") = u® when ¢ is sufficiently small.

Casell: R < 1.

The proof here is similar to Case II in the proof of Theorem 15. By Lemma 3, we
have

1 (1
Ifll 18,y = C (1 +1In2 <§>> Il 1By g) - (7.46)

Since R < 1, f is of course compactly supported in B. Hence, we can reduce to Case I
with the new parameters

R =1
and

1
A < Cln? <2+—) A
R

Finally, in the case that 7 = 0, the logarithmic factors here can be removed due to the
last statement in Lemma 3. |
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A Uniform Estimates for the Pressure

In this section we have to prove estimates (3.10) and (3.13) concerning pressure. The
main idea of “good circles” method is quite simple: if we have a nonnegative integrable
function g : @ — R, on the annulus domain 2 = Q(ro, ,Bro) with

[ [(frr-m

S

then there exists a good’ circle S,, with ry € [ry, Bro] such that

/gi L
(B—Dro

T

So the assertion (3.10) follows from (3.9) easily (the role of g is played by |V p| 3 there).
Further, following exactly the same argument, from the assertion (3.9) we can deduce
the existence of sequence of good radii

oL =T1, P2, P3, --+, Pk =12,
such that
Pi+l € (2,01‘,3,0,'), i=1,...,k—1;
4 2 4 2 4
f IVplids < Cpi3m3 D3(1+p)3,
Pi<r<pisl

1
/ IVplids < C—m3 Di(1+p)3, (A1)
Spi pi3

/ \Vplds < Qrmpi)? (/
Sy, Sp

Pi

I
|Vp|§ds> <CmD 1+ ).

By (3.11) we have

|[p(r)] <CD < Cm~v'D for any r € [p1, prl, (A.2)

thus the estimates (A.14) and the trivial inequality |p(z)| < p(r) +f |Vpldsforz € S,
imply the corresponding pointwise bound for the pressure: v

Ipl < Cm(1+u)WD onS,, i=1,..., k. (A3)

Now take arbitrary and fix a point zg € Q(p;, pi+1) With i € {2,...,k — 2}. Put
Ry = |z0| — pi—1 and denote by B(zp, Ro) the disk centered at zo with radius Ry. Then
by construction and by the triangle inequality,

B(z0. Ro) C Q(pi—1. pis2).
1

8
FPi < Ry < 3P0 (A.4)

1
B(zo, Ro) NSy, # ¥ # B(zo, ERO) NSy .
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From (A.1,) and (A.4;_) we have
4 2 4 2 4
|Vp|3ds < CRy3m3 D3(1+pu)3. (A.5)
B(z0,R0)

Therefore, there is a “good” circle S, g, centered at zo with radius R, € [%Ro, Ro]
such that

4 1 4 2 4
g IVpl3ds < C—m3 D3(1+ )3,

20, R R>l<j
3 (A.6)
/ \Vplds < QrR,)* / IVpl3ds)| <CmDz(1+w).
Szo.R* Szo.R*
Since S,y g, N Sy, # ¥ (see (A.43)), from (A.3) and (A.63) we obtain
Pl <CmD>(1+4) on Syr., (A7)
consequently,
_ 1
[p(z0, Rl < Cm D2(1+ p), (A.8)

where left hand side denotes, as usual, the mean value of p over the circle Sy, g,.
Finally, from the last inequality (A.8) and from the basic pressure estimate (2.8) we
obtain immediately

1p(zo)| < Cm D2(1+ ). (A9)

Because of arbitrariness of zo we have proved the estimate

U 1
Pl CmDA+w) in Qo2 pre1) D QL 572) O Q(6r1. zr2) (A0)

as required.

B Estimates for the Gradient of Vorticity

In this section we have to prove that for any p € [6r, %l’z] and D, := D(p, 5p) there
exist two “good” radii p; € (p, 2p), p2 € (4p, Sp) satisfying estimates (3.30)—(3.31).
Denote f(r) = [ w?ds. Then by construction 0 < f € C*®([p, 5p]),

5p
/f(r)dr <2D,. (B.1)
P

Denote

8
T ={relp.50]: f(r) < ;Dp}.
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Then by Chebyshev inequality

1

meas([p, S5p]\ T) < Zp. (B.2)

Therefore, there exist points

4 14
1 eTﬂ[p,gp], tzeTﬂ[?p,Sp].

Denote

Ty = max{r € [t1,2p] : r € T}.

‘We have to consider two different subcases:
Case 1: 71 < 2p. Then by construction f'(z;) > 0. So we put p; = 71 and by
construction we have

8
p1€[p, 2], flp1) < ;Dp, f'(p1) = 0. (B.3)

Case2: 7y =2p. Thent| — 1] > 3,0, | f(t1) — f@)] < 8 D,,. Therefore by Lagrange
3 p TP g

mean value theorem there exists p; € [f1, T1] with f'(p1)(z1 — 1) = f (1) — f(#1), in
particular,

12
Lf'(pD)| < ?Dp-

So for both cases 1-2 we find p; € [p, 2p] satisfying

8 12
o1 €[p. 201, flp1) < ;Dp, —f'(p1) < ;Dp. (B.4)
Similarly, we can find pp € [4p, 5p] satisfying
8 , 12
2 €l4p,50],  f(p2) < ;Dp, f(p2) < ;Dp- (B.5)
So the required estimates (3.30)—(3.31) are proved completely. O
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