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Abstract: We derive a continuum mean-curvature flow as a certain hydrodynamic scal-
ing limit of a class of Glauber+Zero-range particle systems. The Zero-range part moves
particles while preserving particle numbers, and the Glauber part governs the creation
and annihilation of particles and is set to favor two levels of particle density. When
the two parts are simultaneously seen in certain different time-scales, the Zero-range
part being diffusively scaled while the Glauber part is speeded up at a lesser rate, a
mean-curvature interface flow emerges, with a homogenized ‘surface tension-mobility’
parameter reflecting microscopic rates, between the two levels of particle density. We use
relative entropy methods, along with a suitable ‘Boltzmann—Gibbs’ principle, to show
that the random microscopic system may be approximated by a ‘discretized’ Allen—Cahn
PDE with nonlinear diffusion. In turn, we show the behavior, especially generation and
propagation of interface properties, of this ‘discretized” PDE.
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1. Introduction

We study the emergence of continuum mean curvature interface flow from a class of
microscopic interacting particle systems. Such a concern in the context of phase sepa-
rating interface evolution is a long standing one in statistical physics; see Spohn [44]
for a discussion. The aim of this paper is to understand the formation of a continuum
mean curvature interface flow, with ahomogenized ‘surface tension-mobility’ parameter
reflecting microscopic rates, as a scaling limit in a general class of reaction-diffusion
interacting particle systems. We focus on so-called Glauber+Zero-range processes on
discrete tori Tf\, = (Z/N Z)d for dimensions d > 2 and scaling parameter N, where
the Glauber part governs reaction rates favoring two levels of mass density, and the
Zero-range part controls nonlinear rates of exploration.

A ‘two step’ approach to derive the continuum interface flow would consider scaling
the Zero-range part of the dynamics, but not speeding up the Glauber rates. The first step
would be to obtain the space-time mass hydrodynamic limit in terms of an Allen—Cahn
reaction-diffusion PDE. The second step would be to scale the reaction term in this
Allen—Cahn PDE and to obtain mean-curvature interface flow in this limit.

However, in a nutshell, our purpose is to obtain ‘directly’ the mean curvature in-
terface flow, up to the time of singularity, by scaling both the Glauber and Zero-range
parts simultaneously. The Zero-range part is diffusively scaled while the Glauber part is
scaled at a lesser level. By means of a probabilistic relative entropy method, and a new
‘Boltzmann—Gibbs’ principle, we show that the microscopic system may be approxi-
mated by a ‘discretized” Allen—Cahn equation whose reaction term is being speeded up;
see (1.5).
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1.1. Motion by mean curvature and Allen—Cahn equation with linear diffusion. In the
continuum, motion by mean curvature is a time evolution of (d — 1)-dimensional hy-
persurface I'; in T := (R/Z)? = [0, 1)? with periodic boundary conditions, or in R¢
defined by

V =k, (1.1)

where V is a normal velocity and « is the mean curvature of I'; multiplied by d — 1.
Such a flow is of course a well-studied geometric object (cf. book Bellettini [5]).

Mean curvature flow is known to arise from Allen—Cahn equations with linear diffu-
sion, which are reaction-diffusion equations of the form

1
8,u=Au+—2f(u), t>0, xeD, (1.2)
&

in terms of a ‘sharp interface limit’ as ¢ | 0. Here, D = T or a domain in RY, for
d > 2, with Neumann boundary conditions at 9 D, ¢ > 0 is a small parameter and f is a
bistable function with stable points o4+ and unstable point . € (o—, ooy satisfying the
balance condition:

| rwan (= Fa) - Fa) <o,

where F is the potential associated with f such that f = —F’. The sharp interface limit
is as follows: The solution u = u® of the Allen—Cahn equation satisfies

(1 x) @) o4, onone side of I';,
u®(t, x) — X) = )

£l0 ATy o_, on the other side of I';,
where I'; moves according to the motion by mean curvature (1.1), and the sides are
determined from I"g. This limit has a long history; among other works, see Alfaro et al.
[2], Bellettini [5], Chen et al. [11], Funaki [24], Chapter 4 of Funaki [25] and references
therein. Although we do not consider the case d = 1, we remark the phenomenon in
dimension d = 1 is much different given that the ‘interface’ consists of points; see Carr
et al. [8].

1.2. Glauber+Zero-range process, its scaling limits and main result. Informally, the
Zero-range process follows a collection of continuous time random walks on T?\] such
that each particle interacts infinitesimally only with the particles at its location: At a site
x, one of the particles there jumps with rate given by a function of the occupation number
Ny at x, say g(ny), and then displaces by y with rate p(y). We will consider the case that
jumps occur only to neighboring sites with equal rate, that is p(y) = 1(Jy| = 1). Itis
known that, under the diffusive scaling in space and time, namely when space squeezed by
N while time speeded up by N2, in the limitas N — oo, the evolution of the macroscopic
mass density profile of the microscopic particles, namely the ‘hydrodynamics’, follows
a nonlinear PDE (cf. [36])

81‘“ = A(p(u)a

where ¢ can be seen as a homogenization of the microscopic rate g. We remark when
g(k) = k, and so ¢(u) = u, the associated Zero-range process is the system of indepen-
dent particles.
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We may add the effect of Glauber dynamics to the Zero-range process. Namely, we
allow now creation and annihilation of particles at a location with rates which depend
on occupation numbers nearby. This mechanism is also speeded up by a factor K =
K(N) /1 ooas N — oco. We will impose that K grows much slower than the time scale
N2 for the Zero-range part, in fact we will take that K = O ((log N )9/2) with a certain
o € (0, 1) in our main Theorem 2.1; see below for some discussion.

If K were kept constant with respect to N, the associated hydrodynamic mass den-
sity solves a nonlinear reaction-diffusion equation, a type of Allen—Cahn equation with
nonlinear diffusion, in the diffusive scaling limit:

du = Ap(u) + Kf (u) (1.3)

where f reflects a homogenization of the Glauber creation and annihilation rates; cf.
[39], see also [13,18] in which related Glauber+Kawasaki dynamics was studied.

As mentioned above, with notation 1/ &2 instead of K, in the PDE literature, taking
the limit of solutions u = u®), as K 4 oo, in these Allen—Cahn equations, when say
@(u) = u and f is bistable, that is f(u) = —F’(u) with F being a ‘balanced’ double-
well potential, is called the sharp interface limit. This scaling limit leads to a continuum
motion by mean curvature of an interface separating two phases, here say two levels of
mass density.

In our stochastic setting, by properly choosing the rates of creation and annihilation
of particles in Glauber part, we observe, in the microscopic system itself, the whole
domain Tj{, separates in a short time into ‘denser’ and ‘sparser’ regions of particles with

an interface region of width O (K~ 1/2) between (cf. Theorems 6.1 and 6.2). In particular,
our paper derives as a main result, as N 1 0o, motion of a continuum interface by mean
curvature directly from these microscopic particle systems as a combination of the ideas
of the hydrodynamic limit (probabilistic part) and the sharp interface limit (PDE part);
cf. Theorem 2.1.

1.3. Probabilistic vs PDE arguments. In the probabilistic part (Sects. 4 and 7), for the
hydrodynamic limit, we apply the so-called relative entropy method originally due to
Yau [45]. As a consequence of the method, we show that the microscopic configurations
are not far from the solution to a deterministic discrete approximation to the nonlinear
Allen—Cahn equation (cf. Theorem 2.2); see Eq. (1.5). To control the errors in this ap-
proximation, we will need a new ‘quantified’ replacement estimate, which can be seen as
atype of ‘Boltzmann—Gibbs’ principle (cf. Theorem 3.4). L°°-bounds on second discrete
derivatives of the solution of discretized Allen—Cahn equation (1.5) (cf. Theorem 3.3),
derived by Nash and Schauder estimates in [27], play important role.

In the continuum/discrete PDE part (Sects. 5 and 6, respectively), we compare the
discretized Allen—Cahn equation (1.5) with its continuous counterpart (1.3) with nonlin-
ear diffusion and, by comparison argument, construct super and sub solutions in terms
of those for the continuum PDE; see Theorem 2.3 for the main result of the PDE part.
We note that a sharp interface limit, with respect to the Allen—Cahn equation, now with
nonlinear diffusion term A¢(u) is shown in a companion paper [21], and summarized in
Theorems 5.1 and 5.2. Such a derivation is obtained by keeping a ‘corrector’ term in the
expansion, or second order term in ¢ = K -l 2, of the solutions # = u'X) in variables
depending on the distance to a certain level set; see Sect. 5. It seems this sharp interface
limit for the nonlinear Allen—Cahn equation is unknown even in the continuum setting.



Mean Curvature Interface Limit 1177

1.4. Comparison to previous works and differences. Previous work on such problems in
particle systems with creation and annihilation rates concentrates on Glauber +Kawasaki
dynamics (where the Zero-range part is replaced by Kawasaki dynamics) [7,17,28,29,
34]. In these papers, the Kawasaki part is a simple exclusion process. For K fixed with
respect to N, the macroscopic mass hydrodynamic equation is a more standard Allen—
Cahn PDE (1.2) with linear diffusion Au (instead of A¢(«)) and K instead of 72,

ou = Au+ Kf(u).

See also related work on Glauber dynamics with Kac type long range mean field inter-
action [6,15,16,35], on fast-reaction limit for two-component Kawasaki dynamics [14],
and on spatial coalescent models of population genetics [22].

Phenomenologically, when there is a nonlinear Laplacian, say Ag(u), as in our case
of the Glauber+Zero-range process, this nonlinearity affects the limit motion of the
hypersurface interface. When now f satisfies a modified balance condition due to the
nonlinearity [cf. condition (BS)], we obtain in the limit a mean curvature motion speeded
up by a nontrivial in general ‘surface tension-mobility’ speed Aq reflecting a homoge-
nization of the Glauber and Zero-range microscopic rates,

V = hok (1.4)

[cf. flow (P?) (2.13)]. We derive two formulas for Ao, one of them below in (1.6), and
the other found in (5.11), from which A is seen as the ‘surface tension’ multiplied by the
‘mobility’ of the interface; see Appendix of El Kettani et al. [21]. We remark, in the case
of Glauber+Kawasaki dynamics, or for independent particles, the speed Lo = 1 is not
affected by the microscopic rates. See also derivations in [15] with respect to Glauber
dynamics with Kac type long range mean field interactions.

The discretized hydrodynamic equation, or discretized Allen—Cahn PDE,

au = AVNo™) + Kf ™), (1.5)

with discrete Laplacian AN [see (2.18)], plays a role to cancel the first order terms in
the occupation numbers in the computation of the time derivative of the relative entropy
of the law of the microscopic configuration at time ¢ with respect to a local equilibrium
measure with average profile given by uV. But, in the present situation, the problem
is more complex than say in the application to Glauber+Kawasaki dynamics since we
need to handle nonlinear functions of occupation numbers, which do not appear in
the Glauber+Kawasaki process, by replacing them by linear ones. Once this is done,
in a quantified way, the relative entropy can be suitably estimated, yielding that the
microscopic configuration on T‘fv is ‘near’ the values u" .

The replacement scheme, a type of ‘quantified’ second-order estimate or ‘Boltzmann—
Gibbs principle, takes on here an important role. This estimate, in comparison with a
related bound for Kawasaki+Glauber systems in [28], seems to hold in more generality,
and its proof is quite different. In particular, the technique used in [28] does not seem to
apply for Glauber+Zero-range processes, relying on the structure of the Kawasaki gener-
ator. Moreover, as a byproduct of the ‘quantified’ second order estimate here, the form of
the discretized hydrodynamic equation found turns out to satisfy a comparison theorem
without any additional assumptions, such as the assumption (A3) for the creation and
annihilation rates in [28]. This is another advantage of our Boltzmann—Gibbs princi-
ple, beyond its more general validity (cf. Remark 2.1). We remark, in passing, different
‘quantitative’ replacement estimates, in other settings, have been recently considered
[19,32]. See also in this context the non-quantitative estimates in [30,31,33].
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1.5. Outline of the paper. The outline of the paper is as follows: In Sect. 2, we introduce
Glauber+Zero-range process in detail. In particular, we describe a class of invariant
measures v, [cf. (2.2)], and a spectral gap assumption (SP) for the Zero-range part, and
then specify a proper choice of the creation and annihilation rates for the Glauber part,
favoring two levels of mass density [cf. (2.12) and (2.12)], so that the corresponding
macroscopic reaction function f satisfies a form of balanced bistability, matched to the
nonlinear diffusion term A¢(u) obtained from the Zero-range part [cf. condition (BS)].

Our main result on the direct passage from the microscopic system to the continuum
interface flow is formulated in Theorem 2.1. Its proof, given in Sect. 2.3, relies on two
theorems: Theorem 2.2, which is probabilistic, stating that the microscopic system is
close to that of a discretized reaction-diffusion equation, and Theorem 2.3, which is
PDE related, stating that the discrete PDE evolution is close to the continuum interface
flow. Theorem 2.2 follows as a combination of the relative entropy method developed
in Sect. 4 and a Boltzmann—Gibbs principle stated in Sect. 3.4 and proved in Sect. 7. On
the other hand, Theorem 2.3 is shown via PDE arguments for the sharp interface limit
in terms of ‘generation’ and ‘propagation’ of the interface phenomena, in Sect. 6.

In Sect. 3, we develop, in addition to stating the Boltzmann—Gibbs principle, some
preliminary results for the discrete PDE, namely a comparison theorem, a priori energy
estimates, and L°°-bounds on discrete derivatives due to Nash and Schauder estimates
shown in [27].

In Sect. 4, we prove Theorem 2.2, by implementing the method of relative entropy:
We compute the time derivative of the relative entropy of our dynamics x at time ¢ with
respect to the local equilibrium state vV constructed from the solution of the discretized
hydrodynamic Eq. (1.5) or (2.16). As remarked earlier, in the case of Kawasaki dynamics
instead of the Zero-range process, the first order terms appearing in these computations
are all written already in occupation numbers 7, or its normalized variables; see [28]. In
our case, in contrast, nonlinear functions of 7, appear, that is, the jump rate g (1, ) of the
Zero-range part, as well as reaction rates c)ﬂf (n) of the Glauber part. We mention, in [28],
the relative entropy method of Jara and Menezes [32], a variant of [45], was applied. This
method does not seem to apply for Glauber+Zero-range processes. However, because of
our Boltzmann—Gibbs principle, the original method of Yau [45] turns out to be enough.

The Boltzmann—Gibbs principle with a quantified error is essential in our work to
replace nonlinear functions of 7, for instance g(n,) and those arising from the Glauber
part, by linearizations in terms of the occupation numbers 7,. Its proofis given in Sect. 7.
The argument makes use of time averaging and mixing properties of the Zero-range pro-
cess in the form of a spectral gap condition (SP), verified for a wide variety of rates g.
Nonlinear functions, such as g(n,), are estimated by their conditional expectation given
local average densities n§ = ¢7¢ > yily—x|<¢ Ny- In the standard ‘one-block” estimate of
Guo-Papanicolaou-Varadhan (cf. [36]), which gives errors of order o(1) without quan-
tification, £ is of the order N, and so nf is close to the local macroscopic density. Here,
errors multiplied by diverging functions of K need to be controlled, because of the form
of certain terms in the discrete hydrodynamic equation. The idea then is to consider
£ = N* where o > 0 is small, and so Uﬁ is a type of ‘mesoscopic’ average. The spectral
gap condition (SP) is also an ingredient used to quantify the errors suitably.

The growth of K of order O((log N Y9/2) that we impose is due to the Schauder
estimate [27] for the discrete hydrodynamic equation that we formulate in Sect. 3.3. In the
case of the Glauber+Kawasaki model, a growth order of O (1/log N) was obtained in [28],
afforded by the linear diffusion term in its discrete hydrodynamic equation, as opposed
to the nonlinear one AN go(uN ) which seems not as well behaved. We remark that, in the



Mean Curvature Interface Limit 1179

work of Bonaventura [7] and Katsoulakis and Souganidis [34], for Glauber+Kawasaki
processes, K can be of order O(N#) for a small > 0, the difference being that
the method of correlation functions was used instead of relative entropy. This method,
relying on the structure of the Kawasaki model, does not seem to generalize to the
systems considered here.

Finally we explain the PDE part. In Sect. 5.1 we discuss informally our derivation of
the sharp interface limit from Allen—Cahn PDE with nonlinear diffusion. To study the
limit as K 1 oo, it is essential to consider the asymptotic expansion of the solution up
to the second order term in K. This plays a role of the corrector in the homogenization
theory and, by the averaging effect for the nonlinear diffusion operator, a constant speed
Ao arises in the motion by mean curvature,

/+¢’(M)N/W(u)du
ho = 2= (1.6)

/‘1+ vV Wu)du

and the potential W is defined by

W (1) =/ ' &)@ (s)ds . (1.7)

We refer also to (5.11) for the other formula for Ay in terms of surface tension and
mobility of the interface.

Section 5.2 summarizes results obtained in [21] on the ‘generation’ of interface, or
‘initial layer’ property (cf. Theorem 5.1) and the ‘propagation’ of interface, or motion by
mean curvature with a homogenized ‘surface tension-mobility’ speed, for the continuum
Allen—Cahn equation with nonlinear diffusion (cf. Theorem 5.2).

Sections 5.3 and 5.4 give outline of the proof of these two theorems, especially,
recording estimates (cf. Lemmas 5.4 and 5.5) useful to apply for the discrete PDE (1.5).

In Sect. 6, we extend the ‘generation’ and ‘propagation’ of the interface results to
the discrete PDE (1.5) as N 1 oo and K = K(N) 1 o0, in Theorems 6.1 and 6.2, by
employing a comparison argument. Finally, as a consequence, the proof of Theorem 2.3
is completed in Sect. 6.3.

2. Models and Main Results

We now introduce the Glauber+Zero-range model in detail in Sect. 2.1, and state our
main results, Theorems 2.1, 2.2 (probabilistic part) and 2.3 (PDE part), in Sect. 2.2.
Section 2.3 gives a proof of Theorem 2.1 assuming Theorems 2.2 and 2.3.

2.1. Glauber+Zero-range processes. Let ']T?\, = (Z/NZ)d = {1,2,..., N}¥ be the
d-dimensional lattice of size N with periodic boundary condition. We consider, on T¢,,

Glauber+Zero-range processes. The configuration space is Xy = {0,1,2,.. .}va =
d

T . .
Z." and its element is denoted by n = {nx}, eTd> where 17, represents the number of

particles at the site x. The generator of our process is of the form Ly = N%Lzg +
K Lg, where Lzg and L are Zero-range and Glauber operators, respectively, defined
as follows. Here, K is a parameter, which will later depend on the scaling parameter N.
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Zero-range specification To define the Zero-range part, to avoid degeneracy, let the jump
rate g = {g(k) > O}xez, be given such that g(0) = 0 and infz>; g(k) > 0. Consider
the symmetric simple Zero-range process with generator, obtained for a function f on
X,

Lzrf =Y > go){fm™) = fh, @.1)

XET?V ecZ4:le|=1

where n = {nx}xewv € Xy, le| = Zf-l:l le;| for e = (ei)fi:1 € 74 and n*Y € Xy for

X,y € Tjd\, is defined from 7 satisfying n, > 1 by

Ny — 1 when z = x
")z ={ny+1 whenz=y
Nz otherwise,

for z € T ; n*Y describes the configuration after one particle at x in 7 jumps to y.

We remark the case g(k) = k corresponding to the motion of independent particles,
however when g is not linear, the infinitesimal interaction is nontrivial.

The invariant measures of the Zero-range process are translation-invariant product
measures {V, : 0 < ¢ < ¢* := liminf;_, « g(k)} on Xy with one site marginal given
by
1 §0k 0 §0k

T Zys T ey

Here, g(k)! = g(1)--- g(k) for k > 1 and g(0)! = 1, see Section 2.3 of [36].

(De) We assume that p(¢) = Z/fio kv (k) diverges as ¢ 1 ¢*, meaning that all
densities 0 < p < oo are possible in the system.

We denote, for p > 0, that

5y (k) = 7, (s = k) 22)

Vp 1= Vg(p)
by changing the parameter so that the mean of the marginal is p. In fact, p and ¢ = ¢(p)
is related by

 — k
p = ¢(log Z(p)/ <= Z_w Zkﬁ = (k)Dq,) .
k=0 ’

Also, note that

 — o~
¢ = (g(0)y, :=Z—Zm :

? k=1

Moreover, one can compute that ¢’(p) = @(p)/Ey, [(770 — ,0)2] > 0, and so ¢ = @(p)
is a strictly increasing function.

We observe when g (k) = k that the marginals of v, are Poisson distributions with
mean p. When ak < g(k) < bk forall k > 0 with 0 < a < b < oo, we have
ap < ¢(p) < bp for p > 0. When g(k) = 1(k > 1),1i.e., g(k) = 1fork > 1 and O for
k =0, we have p(p) = p/(1 + p) for p > 0.

We will need the following condition to use and prove the ‘Boltzmann—Gibbs prin-
ciple’ (cf. proofs of Theorems 2.2 and 3.4).
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(LG) We assume g (k) < Ck for all k > 0 with some C > 0.

Later, we also consider v, and v, as the product measures on the configuration space
d . . . .
X = ZZ° on an infinite lattice Z¢ instead of T?\,.

Letu : ']I‘?lV — [0, 0o) be a function. We define the (inhomogeneous) product measure
on Xy by

@ = [T v @0 1= ey (2.3)

d
xeTy,

with means u(-) = {u(x)}, e over sites in ’H‘j{,.
N
In the sequel, we will assume a certain ‘spectral gap’ bound on the Zero-range op-

erator: let Ay = {x € T‘I{, : |x| < k} for k > 1 with N large enough. Let Lz x be the
restriction of Lz to Ay, that is

Lzrxfm) =Y g fo™) = fm}.

le—yl=1
X, yEAL

When there are j > 0 particles on A, the process generated by Lz x is an irreducible
continuous-time Markov chain. The operator Lz  is self-adjoint with respect to the
unique canonical invariant measure v j = vg{ - | Y, AT =1 }; here, vy, j does not
depend on 8 > 0: Indeed, in terms of a partition function Zy ;,

- 1 1
Vi, j(x =kx, x € Ag) = —— —_
Zkj ien, 8K)!
for {IEX} such that ZXEAk IEX = j. For the operator —L zg x, the value 0 is the bottom of
the spectrum. Let gap(k, j) denote the value of the next smallest eigenvalue.

(SP) There exists Cg, > 0 so that gap(k, j)~! < Copk®(1+ j/|Ax])? forall k > 2
and j > 0.

Such bounds have been shown for Zero-range processes with different jump rates g:

e Suppose thereis C,r; > Oand rp > 1 suchthat g(k) < Ckand g(k+r) > g(k)+r;
for all k > 0. Then, there is a constant Cy, > 0 such that gap(k, Hl < Cgpk2
independent of j [37].

e Suppose g(k) = k¥ forO < y < 1.Then, thereisa Cy, > O suchthat gap(k, Nl <
Copk®(1+ j /| Ak ™7 [40].
e Suppose g(k) = 1(k > 1). Then, there is a Cg, > 0 such that gap(k, N <

Cepk®(1+ j/IAk)? [38], [37].
We remark that all of these g’s satisfy (De) and (LG).

Glauber specification For Glauber part, we consider the creation and annihilation of a
single particle when a change happens, though it is possible to consider the case that
several particles are created or annihilated at once. Let 7, be the shift acting on X so
that 7,7 = 1.4y for n € Xy and 7y f(n) = f(r,n) for functions f on Xy.

The generator of the Glauber part, obtained for a function f on X, is given by
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Lofm =Y [ = fa}+e 101 = DIOrET) = fo) ],

d
xeTy

(2.4)

where n** € Xy are determined from n € Xy by (7°%). = n, + 1 when z = x and
(7°%). = n. when z # x, note that "~ is defined only for € Xy satisfying n, > 1.
Here, C;t n) = et (n) and ci(n) are nonnegative local functions on X, that is, those
depending on finitely many {7, } so that these can be viewed as functions on Xy for N
large enough. We assume that ¢* (1) are written in form

=) = Eme®E o), (2.5)

where ¢+ are functions of {ny}y=o0 and ¢%F are functions of 7y only. Moreover, since the
rate of annihilation at an empty site vanishes, namely ¢~ (n) = ¢~ (n)1(no > 1), we may
take ¢~ (0) = 0 so that &%~ (179) = &>~ (o)1 (o = 1) and ¢~ (1) = ¢~ (M1 (po = 1.
In particular, we may drop 1(n, > 1) in (2.4), since it is now included in ¢ (1) by the
specification that ¢%~(0) = 0.

As an example, we may choose

~0.+ 1 A —
cm(mo)=———- and ¢ (o) =1(no =1 (2.6)
gmo+1)
and therefore
cr(m) _ .
cx(n) = S and ce(m=c, (Ml = 1) (2.7)
g(nx +1)

with 5?; () = .¢%(n); see (2.12) and (2.12) below with further choices of ¢+ ().
Glauber+Zero-range specification Let now n™ (1) = {1y (t)}XEva be the Markov
process on Xy corresponding to the Glauber+Zero-range generator Ly = N2Lyg +

K L. The macroscopically scaled empirical measure on T¢ (= [0, 1)¢ with the periodic
boundary) associated with n € Xy is defined by

1
o (dvin) =<7 D by dv), veT,

xeT%
and we denote
oN(t, dv) = o™ (dv; nV (1)), t>0.

Define («, ¢) to be the integral f ¢da with respect to test functions ¢ and measure « on
T, Sometimes, when « has a density, o = rdv, we will write (r, ¢) = f ¢rdv when
the context is clear.

When K is a fixed parameter, one may deduce that a hydrodynamic limit can be
shown: The empirical measure (o (r, dv), ¢) with ¢ converges to (p(t, v)dv, ¢) as
N — oo in probability if initially this limit holds at ¢+ = 0, where p(f, v) is a unique
weak solution of the reaction-diffusion or ‘nonlinear’ Allen—Cahn equation,

o =Ap(p)+Kf(p), veT (2.8)
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with an initial value pg(x) = p(0, x). Here, functions ¢ and f are defined by

@(p) = g(p) = Ey, [8(M0)]. (2.9)

f(p) =c*(p) — c=(p) = Ey,[c* ()] — Ey, [~ ()], (2.10)
respectively, where E,, is expectation with respect to v,. As noted earlier, ¢ is an
increasing function since ¢'(p) = ¢(p)/Ey,[(no — 0)?*] > 0.

More generally, we denote the ensemble averages of local functions 2 = h(n) on X
under v, by

h(p) = (h>vp = Evp[h]v p=0.

It is known that & is C®-smooth, and so in particular both ¢, f € C.

Such hydrodynamic limits, and our later results do not depend on knowledge of the
invariant measures of the Glauber+Zero-range process. Indeed, when the process rates
are irreducible, there is a unique invariant measure, but it is not explicit. See [20] for
some discussion in infinite volume about these measures.

We now impose the following assumptions on the rates ¢*:

(P) c=(n) = 0.

(BR) [[c*(mg(no + Dl < 0o and [~ (> )g ™" (o + Dl < oo

(BS) f is a ‘bistable’ function with three zeros at «_, oy, oy such that 0 < o <

ay <oy, fllas) <0, f'(ay) > 0and f'(ay) < 0. Also, the ‘p-balance’ condition

[5% F(p)¢' (p)dp = 0 holds.

The first assumption (P) was already mentioned. We mention, under the choice (2.6),
since g(k) > Co > 0 for k > 1, (BR) is implied by

IEEm) e < oo.

Note also that ¢ (p) = p for the linear Laplacian so that ¢’(p) = 1, in which case the
‘p-balance’ condition is the more familiar ‘balance’ condition f ;f f(p)dp = 0.

An example of the rates cE( 1) and the corresponding reaction term f'(p) determined
by (2.10) is the following. Define, with respect to (2.6) and (2.7), that

() = ﬁ{(d- +ax+a)l(me, = D1(ne, > 1) +a_asay}, (2.11)
c(n) = ﬁ{l(nel > D1(e, > 1) + (a—ay +a—_ay +a*a+)}1(n0 > 1),
(2.12)

where C > Oand a_, ay, as, > 0. Here, ¢1, ¢3,e3 € 74 are distinct points not equal to
0 € Z%. In this case, setting r(p) = EUp[l(no > 1)] and v(p) = Ey, [g(no + 1)_1] =
r(p)/¢(p), we have

f(p) =—=Cu(p)(r(p) —a-)(r(p) —ax)(r(p) — a4,

which has three zeros since 7 (p) is strictly increasing from 0 to 1 as p increases from 0
to oo.
One can find 0 < a— < a, < a4 < 1 so that f:‘j f(p)¢' (p)dp = 0, where

oy = r_l(ai). Indeed, take 0 < a_ < a4 < 1 arbitrarily and observe that this integral
is negative if a, € (a—, a;) is close to a4, while it is positive if a, is close to a_. Hence,
the rates c* satisfy conditions (P), (BR) and (BS).



1184 P. El Kettani, T. Funaki, D. Hilhorst, H. Park, S. Sethuraman

2.2. Main results. Let now u(’)\’ be the initial distribution of n™V(0) on Xy. Let also
{u™ (0, x)} xeTd, be a collection of nonnegative values and consider the inhomogeneous

product measure vé\' = VN (o,.) defined by (2.3).
We make the following assumptions on {u” (0, X)), etTd,’

(BIP1) u_ < u™ (0, x) < u, for some 0 < u_ < u,.

(BIP2) u™ (0, x) = ug(%), x € T% with some ug € C>(T?). Further, Iy := {v €
T ug(v) = oy} is a (d — 1)-dimensional c3*? 9 >0, hypersurface in T without
boundary such that Vi is non-degenerate to the normal direction to I'g at every
point v € ['g. Also, ug > oy in D(*)' and up < ay in Dy, where DSE are the regions
separated by I'p.

Consider a family of closed smooth .9 > 0, hypersurfaces {I';};¢[0,7] in T,
without boundary, whose evolution is governed by a ‘homogenized’ mean curvature
motion:

(PO) V =Xk onl}y 2.13)
Ft|t=0 = FO’

where V is the normal velocity of I'; from the «_-side to the «;-side defined below, « is
the mean curvature at each point of I'; multiplied by d — 1, the constant Lo = Xo(¢, f)
is given by (1.6).

In the linear case of independent particles, that is when g(k) = k and so (1) = u,
we recover the value Ao = 1. Here, T > 0 is the time such that the I'; is smooth for
t < T.If I'g is smooth, such a T > 0 always exists; see Sect. 5.1.

We comment that the full C3*? strength of the smoothness assumption (BIP2) is used
only in Sect. 6.2 with respect to ‘propagation of a discrete interface’.

Denote

o_ for v on one side of T,

o« for v on the other side of I';. (2.14)

xr, (v) = {

These sides are determined by how u is arranged with respect to I'g, and then continu-
ously kept in time for I';.

We will also denote by P, and E, the process measure and expectation with respect
to n™ (-) starting from initial measure . When p = uév , we will call ]P)M{)V = Py and
E uN = Ey. Let also E,, denote expectation with respect to measure (.

Recall that the relative entropy between two probability measures © and v on Xy is
given as

du du
H = — log —dv.
uv) /X - log —=dv

The main result of this article is now formulated as follows.

Theorem 2.1. Suppose d > 2 and the assumptions (De), (LG), (SP), (P), (BR), (BS)
stated in Sect. 2.1 and (BIP1), (BIP2). Suppose also that the relative entropy at t = 0
behaves as

Hu) vl = o(NI=)
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as N 1 oo, where € > 0. Suppose further that K = K(N) 1 coas N 1 oo and satisfies
1 < K(N) <d(og N)"/2, with respect to small § = §(e, T), where o € (0, 1) is the
Holder exponent determined by a Nash estimate, see Theorem 3.3.

Then, forO <t <T,e > 0and ¢ € COO(Td), we have that

dim Py ([@V (0. 6) = (xr,. 9)] > &) = 0. 2.15)

As we will see in Theorem 6.2, the macroscopic width of the interface is O (K /2y,
Our result (2.15) shows that, apart from this area, the local particle density, that is the
local empirical average of particles’ number, is close to either «_ or «y. In other words,
the whole domain is separated into sparse or dense regions of particles and the interface
I'; separating these two regions move macroscopically according to the motion by mean
curvature (PY).

Remark 2.1. In [7,34], the growth condition for K was K = O (N B ) for a small power
B > 0, whereas in [28], the growth condition was K < §p+/log N. The condition here
on K is worse primarily due to the nonlinearity of the Zero-range rates.

The proof of Theorem 2.1 is given in two main parts. The first part establishes that
the microscopic evolution is close to a discrete PDE motion through use of the relative
entropy method and the Boltzmann—Gibbs principle, Theorem 2.2. The second part
shows that the discrete PDE evolution converges to that of the ‘homogenized’ mean
curvature flow desired, Theorem 2.3.

To state Theorem 2.2, let u™ (¢, ) = {u™ (z, X}, eTd, be the nonnegative solution of

the discretized hydrodynamic equation (1.5), that is,

d
du(t,x) = Z AN (1, x)} + Kf (u (¢, x)), (2.16)

i=1

with initial values u™¥ (0, -) = {1V (0, X)}, ed » Where
N

ANpu(x)) = N* (p(u(x +¢;)) + p(u(x — ¢;)) — 20(u(x))), (2.17)

where u(-) = {u(x)}, e and {e; }?:1 are standard unit basis vectors of Z¢. Recall also
that ¢ and f are functions given by (2.9) and (2.10), respectively. We will later denote

d
AN :ZAf". (2.18)
i=1

Let vtN = VN (. be the inhomogeneous product measure with Zero-range marginals

defined by (2.3) from u (¢, -) for t > 0.
The next theorem shows that the ‘microscopic motion is close to the discretized
hydrodynamic equation’. We note this result holds in all d > 1.

Theorem 2.2. Suppose d > 1 and let ufv be the distribution of n"™ (t) on Xy. Suppose
all conditions in Sect. 2.1 and that (BIP1) holds with respect to u™ (0) and the initial
measure uf)v is such that

H (g [vg') = O(N'=)
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as N — oo for some € > 0. Then, when K = K(N) is a sequence as in the statement
of Theorem 2.1, we have, for an 0 < €1 = €1(€, d), that

H(u o)) = O(NI=)
fort € [0, T]as N — oo.

We comment that €1 can be taken as €] = (g9 A €)/2 where g9 = 2d/(9d + 2).
We now capture the behavior of ™ (f) as N 4 oo in terms of the motion by mean
curvature (P%) when d > 2. Define the step function

N _ N d
uV(t,v) = Z W (6 ) e 1)), veT, (2.19)
xe’ll‘j(,
where B(3;, %) = ]_[721[% — ﬁ, o+ ﬁ) is a box with center %, x = (xi)le, and

side length % The following theorem is shown in Sect. 6.3.

Theorem 2.3. Let d > 2 and assume (BS), (BIP1) and (BIP2). Then, for v & T’y and
t € (0, T], we have that

lim u(t, v) = xr, (v).
N—o0

2.3. Proof of Theorem 2.1. As we mentioned, Theorem 2.1 is shown mainly as a com-
bination of Theorems 2.2 and 2.3. To make this precise, define, for ¢ > 0 and a test
function ¢ € C>(T?), the event

Vo= me Xy, ¢) — W@ ). )| > ).
Proposition 2.4. There exists C = C(e) > 0 such that

nd
v,N(AfVJ) < e N,

Proof. Write

1
@, ¢) = @@, 0) = =7 3 (e — w1, )P (/N) +o(D).
xET%
Under v,N , the variable 7, has mean u™N (¢, x) and a variance of’l in terms of u® (¢, x).

Under the condition (BIP1), by the comparison Lemma 3.1, we have that uN(, ), and

so also o2, is uniformly bounded away from 0 and oo.

The desired bound, since ¢ is uniformly bounded, follows from a standard application
of exponential Markov inequalities. O

Now note that the entropy inequality, for an event A, gives
log2 + H(uMN M)
log{1+1/v(A)}

Combined with Proposition 2.4 and the relative entropy Theorem 2.2, we have that

nN(A) <

lim ul (A5 ) =0.
N—oo ’

However, the discrete PDE convergence Theorem 2.3 shows that (u™ (¢, ), ¢) —
(xr,, ¢) as N 1 oo, finishing the proof of Theorem 2.1.
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3. Comparison, a Priori Estimates, and a ‘Boltzmann—Gibbs’ Principle

Let uMN(z, ) = {(u™ (@, x)} xeT?, be the nonnegative solution of the discretized hydrody-

namic equation (2.16) or (1.5) with given sequence 1 < K = K (N). In this section, we
do not impose a growth condition on K = K (N), stating results in terms of K.

3.1. Comparison theorem. The Eq. (2.16) satisfies a comparison theorem; cf. [27], Sec-
tion 2.5. We will say that profiles u(-) = (MX)XGT% and v(-) = (vx)xewv are ordered

u(-) > v(-) whenuy, > vy forall y € ']I‘jiv.
We say that u* (¢, -) and u~ (¢, -) are super and sub solutions of (2.16), if u* and u~
satisfy (2.16) with “>" and “<” instead of “=" respectively.

Lemma 3.1. Suppose initial conditions u=(0,-) < u*(0, ). Then, the corresponding
super and sub solutions u* (¢, -) and u=(t, -) to the discrete PDE (2.16), for all t > 0,
satisfy

u=(t,) <ut@, ).

Furthermore, suppose (BIP1) holds: u_ < uN (0, x) < uy for some O < u_ < uy <
0. Then, fort > 0 and x € ’]T?V, we have

U_ Ao SuN(t,x) <uyVoay.

Proof. Assume that u*(¢,-) > u=(¢,-) and u~ (¢, x) = u*(¢, x) holds at some space-
time point (¢, x). Then, since the reaction term f cancels, and ¢ is an increasing function,
we have

0wt — uT)(t.x) = AV p(u*) — )}t 1) + K (f @ (1.0)) — £ (1, x)))
= N2 {(pw®) — o))t x £ &) — (p(u*) — ™)) (1, x))

:I:e,-
= N> o™ — o)}, x £ ) > 0.
:|:€,'

This implies d; (u™ — u~)(¢, x) > 0 and shows that u~(¢) can not exceed u*(¢) for all
t > 0.

In particular, if we take u* (0, x) = uy V oy, then by the condition (BS), the solution
u™ (¢, -) with this initial datum is decreasing in 7 so that we obtain uN, ) <ut@, ) <
uy V ay. We can similarly show uN(t, VY>u_ANo_. m]

3.2. A priori estimates. Define for {u, = u(x)}, ce and 1 <i <d,

VN u(x) = N(u(x +e;) —u(x)), and
V@) = (VVu)?l,.
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Lemma 3.2 (cf. [27], Sect. 4.4). Suppose bounds (BIP1) hold for uN(0, -). Then, fora
constant C > 0, we have

1 r 1
3 Z uN(t,x)2+CO/ Z IVNuN(t, x))?dt < 5 Z u™(0,x)> + CKTN?,
xe']I“]{, xeT‘fv xe'[["zj\,

where co 1= inf 5~ @' (p) > 0 (see [36], p. 30), and as a consequence
N2 1 [T 1 N N 2 CKT
- P — t,7) — t, dt < ——, 3.1
7 N /O Z <(ZE T Z u(t,2) —u( x)) 0 (3.1
reT?, lz—x| <

where |x| = Z?:l |x;| for x = (xi)zd=1 e 74,
Proof. Recall u™ (¢, -) is the solution of (2.16). By Lemma 3.1, we have that u” (¢, -) is

between u* = u_ A «_ and u* = u; Vv a4 uniformly in time. Since ¢'(u) > ¢o > 0
and f (u) is bounded for u between u* and uZ, we have by the mean-value theorem that

30 3 w0 = 3 w0 (AVewV ¢, 0) + Kf N 0, x))

xe'ﬂ“,{, xe'ﬂ"]{,
d
== Y VNN, 0V ew @, x)
xeT?V i=l1
+K > uM (e x) f@ (2, x))
XGT%
d
<—co Y Y IVVut.x)P + CKN".
xeTd, i=1

Integrating in time gives the first inequality in the lemma. The second inequality now
follows from the first, utilizing Jensen’s inequality and the relation (a; +--- +a j)2 <

j(af+-~-+a12.). |

3.3. L°°-Estimates on discrete derivatives. We next state the L°°-estimates for the
(macroscopic) discrete derivatives of the solution uN(t, x) of (2.16). We define the
norm ||uN||C;:V for u™ = {u™ (x)} oy andn =0, 1,2, ... by

N

n
N N N N
e len =" > max |V VUV (o)
520 1<it,ix<d *€TN

where for n = 0 the norm reduces to ||u”|| Loo(TY,) The following Schauder estimate

is shown in [27] for quasilinear discrete PDEs. The constant o € (0, 1) appears as the
Holder exponent in Nash estimate; see [27] for details. Note that we described ul (x)
or u™(z, x) as u™ (3;) or u™(z, §) in [27] by using macroscopic spatial variables %

instead of microscopic ones x, but these two descriptions are equivalent.



Mean Curvature Interface Limit 1189

Theorem 3.3. Suppose ||u™ (0) || ¢4 = Co and condition (BIP1): 0 < u_ < uM (0, x) <

uy <ooforallx e ’JI“I{,. Then, we have
™ @Dllez, < CK7, (3.2)

forallt € [0, T] and some C > 0.
In particular, we have

AN @™ (1 D oogpa ) < CK7. (3.3)

We note that ||uN (0)||C§, < Cp holds under the condition (BIP2): u™ (0, x) =
uo(x/N) and ug € C>(T9).

3.4. A ‘Boltzmann—Gibbs’ principle. For a local function & = h(n), with support in a
finite box denoted A, C T?v, and parameter 8 > 0, let

h(B) = Ey,[h].

In this section, we suppose that the function / satisfies, in terms of constants Cy, C2, the
bound

k()| < C1 Y ny+Ca. (3.4)
YEA,

With respect to an evolution {u" (¢, x)} xeT, satisfying the discrete PDE (2.16), let

() = teh(n) — h@™ (2, ) = B @™ (t, ) (0 — u™ (@, x)). 3.5)

Recall that Py is the underlying process measure governing 1™ (-) starting from ,LL(/)V
and u/ is the distribution of n"V(¢) for t > 0. Recall K = K(N) > 1for N > 1is
speed of the Glauber jumps in the process 7" (-) with generator L . We will not impose
a growth condition here on K but state results in terms of K.

Recall vV = v~ ). defined below (2.18).

We now state a so-called ‘Boltzmann—Gibbs’ principle, under the relative entropy
assumption H (M(I)V |v(1)v ) = O(NY), weaker than the one assumed for Theorem 2.2. It is
a ‘second-order’ estimate valid in d > 1 with a remainder given in terms of a relative
entropy term and a certain error.

Theorem 3.4. Suppose bounds (BIP1) hold for the initial values {uN 0, x)}, eTd and

the initial relative entropy H(M(I)V|vév) = O(N?). Suppose {a;x 1 x € Tf\,, t > 0} are
non-random coefficients with uniform bound

sup  ar| < M. (3.6)

d
xeTy,,t>0

Then, there exist €g, C > 0 such that

T T
Ey Z arx frdt| < O(MKTNd_€°)+CM/ HuNpwMyde. (3.7
0

d
xeTy

Moreover, we may take ey = 2d/(9d + 2).
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The proof of Theorem 3.4 is given in Sect. 7.

Remark 3.1. We remark that this proof relies on the form of the discrete PDE (2.16) only
in that u® satisfies the statements in Lemmas 3.1 and 3.2.

4. Microscopic Motion is Close to the ‘Discrete PDE’: Proof of Theorem 2.2

Recall the Glauber+Zero-range process nN (t) generated by Ly = N 2L,r+K (N)Lg,
where K = K(N). For a function f on Xy and a measure v on Xy, set

Dy(f;v) =2N*Dzr(f;v) + KDg(f; v),

where

1
Dor(fiv=7 /X SOOLF (™) — Fan)dv,
N

[x—y|=1
x,yeT‘fV

Do(fiv)= Y /X ML) = FY + e Ef ™7 = f))dv,
xeT% N

A.1)

and recall ¢/ (n) = 0 when n,, = 0.
Recall u is the law of n™ (¢) on Xy and v¥ = VN ;.- Letm be areference measure
on X with full support in X . Define

YN = dv,”
! dm’

In general, we denote the adjoint of an operator L on Lz(vtN ) by Lo

We now state an estimate for the derivative of relative entropy. Such estimates go
back to the work of Guo—Papanicolaou—Varadhan (cf. [36]) and Yau [45]. A more recent
bound is the following; see [26,28,32] for a proof.

Proposition 4.1.

d duN N
—Hu ) < =Dy |,/ =5 v +/ (LY 1= logyMydul.
dt dvt Xy

We remark that in our later development we need only the inequality, originally
derived in [45], where the Dirichlet form term is dropped:

d N
SHEW = [ @0 tog Nl “2)
t Xy
To control the relative entropy H (11 [vY') we will develop a bound of the right-hand
side of (4.2) in the following subsection. With the aid of these bounds, which use a
‘Boltzmann—Gibbs’ estimate shown in Sect. 7, we later give a proof of Theorem 2.2 in
Sect. 4.2.
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N
4.1. Computation of LZU’ 1 — o log th (n). We first formulate a few lemmas in the
abstract. Let {u(x) > 0}, T, be given and let v = vy be the product measure given

as in (2.3). Recall that AlN and AN are defined in (2.17) and (2.18), respectively.
Lemma 4.2. We have

N=2(AN @) (u(x))
ou(x))

Ll = g(nx)
N72(AN ) (u(x))
@(u(x))

z
Y

{g(nx) — o(u(x))}.

d
xeTy

Proof. Similar computations results are found in [36], pp. 120-121. Take any f = f (1)
on X as a test function and compute

/L;’;el-deZ/LZRfdv

=3 3 3 s @T ) — (.

x€TY, lel=1 neXy

Then, by fixing x, ¢ and making change of variables ¢ = n***¢, we have

g 0w = Y g+ DFEOVE).
! ¢

However, since

Vu(x+e)(§x+e -1 Vu(x)(gx +1)

v = Vu(x+e)(§x+e) Vu(x)(é'x) V)
g(§x+e) ‘P(u(x))
= v(¢),
pux+e)) gl +1)
we obtain
oy P(u(x)) ~
LZRl _;{(p(u(x+e))g(nx+e) g(nx)}
Pu(x —e)) N=2(ANg) (u(x))
= _— l ) = x).
Z{ () }g(" D S e TR
The last equality follows by noting that D, (AN ©)(u(x)) =0. O

Lemma 4.3. We have

vy roox—y 8 )
Lgl—Z{cx(n e I U s ) cx(n)}-

d
xeTy
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Proof. Taking any f = f(n) on X, we have

/L’E”Lfdv:/LGfdv

=Y X amurat - ror+ e i = DG ) = fadjve

xe']I‘?v neXy
Then, by making change of variables ¢ = n**, we have

Yo vm) =Y HE )G = DFE@VEE),
n ¢

D ety = DFGE ) =Y el @) F@OvE™).
n ¢

However, since

X.— Vu(x)(é‘x -1 g(&y)
NN =) =1 > 1)) ————— = s
VEE G = D) =15 = 1) o @) VE) =~ O
X+ Vu(x)(gx +1) ‘P(”(x))
M= o O T e @
we obtain
R e 8 px)
Ly I—Z{cx(n oy T T e cx(n)l(nle)}-

X

Finally, by our convention with respect to ¢, we have that ¢, (n)1(ny > 1) = ¢ (). O

Example 4.1. If we choose cf () asin (2.7), noting that cf (1) do not depend on 7, we
have L ;"1 equals

(=) I N
— e > 1 .
2 cx(’”( ) g(nx+1)> IR (g(nx+1) Hor: 2 )>

d d
xeTy, xeTy,

Lemma 4.4. Now we take u(-) = {u™ (¢, x)}xewv. Then, we have

Vo= 3 AWV D)
3 log /! (n)—xg NGy e ).
Proof. Since
1)Z,N(n) _ qu(l,.)(n) . Hx qu(t,x)(nx)
t - - b

m(n) m(n)
we have
0 VN ;) (M)
d logyN(n) = Z Zutx) VT
T([ qu([’x)(r]X)

rely
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Here,

B L @M@, )t
IV (1,x) (k) = 9y (th(uN(t,x)) 200!
1 ke @, x)!

= dqow™ (t, x))
Z N (t.x)) g(k)!

Zgl(uN(z,x))a“p(“N(t’ ) o (1, x)k

2 |
Z oM 1.)) gt

N 1 N
= VN (1,0 (K) O (u (1, x))m(k —u' (1, x)),

where we have used the formula % log Z, = p/¢. This shows the conclusion. O

These three lemmas, combined with the comparison estimates, discrete derivative
bounds, and Boltzmann—Gibbs principle in Sect. 3, are the main ingredients for the
following theorem.

Theorem 4.5. Suppose uN @, x) satisfies (2.16), with K > 1. Then, there are gy, C > 0

such that
// (L3 1~ atog ) Jautar
XN

< CKQ/G/ H(u) vV)dt + O(K 27 NI=#0),
0

N
Proof. By Lemmas 4.2-4.4, we have L;v’ 1 — 0 log W,N equals

)3 ANy (t, x))

SN Gy 8 — " (1, x))}

N
rKY { et ) Sty g oy D) i, = 1)}

o] Yo T g(nc+1)
oyt
Zw ) M O): (4.3)

First, let ho(7) = g(no) in (3.5). By the assumption (LG), h¢ satisfies the bound in
(3.4). Observe that fzo(ﬂ) = Ey [ho] = ¢(B) for B > 0, whence f,(n) = g(ny) —
N (. x)) — ¢ @ (t, x)) (ne —u™ (@, x)).

Let now agx = ANw(uN(t, x)/<p(uN(t, x)). Since u" is bounded between u_ A or_
and u4 V o4 according to Lemma 3.1, go(uN (t, x)) is uniformly bounded away from 0.
Also, by Theorem 3.3, we have the estimate | AN pu® (¢, )|l 1o = O(K?/?). Then,
we conclude that [|a®(z, )| .= = O(K*/?).

Therefore, by the Boltzmann—Gibbs principle (Theorem 3.4), applied with /¢ and
ag +» We obtain that

T (AN@) N (¢, x)) N
EN‘/O gy; oWV (g(nx(t)) —o(u (t,x))) dt
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T AN N, x) , N N
‘/ Z W ¢/ (1,0) (1) = u™ @, x))d"

< CKZ/“/ HuN wMydt + 0(K1+/7 N9=#0),

Secondly, leth;(n) = ¢~ (n**)/g(no+1) anda . = Ko™ (z, x)),and also h* () =
c (mlno = 1) and a,z’x = K. Note that #1(n) is bounded by assumption (BR), and
ha(n) = (¢ ()/g(0))g (o) is bounded by Cng by assumptions (BR) and (LG). Hence,

hy and hj both satisfy condition (3.4). Also, by Lemma 3.1, IIaf;xHLoo = O(K) for
j=12.
Observe that

~ *,\(/),+ —(n0,+
e = (S g = 1, [L}

gmo+1) gmo+1)
1 _ ha(B)
= —E, 1o > D] = . 4.4
oB) sle”(m1(no = D] 2(f) (4.4)

Indeed, recall ¢~ (1) = &~ (9)é%~ (ng) where ¢~ does not depend on ng. Then,
Eyle™(1"N)g(o+ 1) 7' = Epy[¢ MIEW L% (o + Dglno + D™

The factor E,, (6%~ (no + 1 g(no + 1)~ 1] is rewritten as

| &

Z, = ek ) g0 Z,”

~0,— k S k+1
cTk+1) ¢ _1 _12 7

1 20,
< g+ D1 (k+1)

k

1
Z Tk = Do = —E, [ (o) Lo = D],
Zy 2 O

where ¢ = ¢(B). This shows (4.4) by noting the independence of ¢~ (1) and functions
of no under vg.
We also have

ha(B) ha(B) hy(B)
dp ( sozw) ). = dﬁ( Z(m Jo® +( <p2(ﬁ)

We may form the corresponding f’s in (3.5) with respect to /1 and h; at 8 = u® (¢, x).
By the Boltzmann—Gibbs principle, Theorem 3.4, applied separately to pairs &, atl’ o

and h,, atz,x, and then subtracting the estimates, we conclude that

iy (B) = y(B) = )¢ ®.

X+ §0(” (t,x)) _
EN‘K/ Z {C ( ())g(nx(t) P (n(t))l(nx(t)zl)}dr

N
Z B e D 0 (1) — )|

= PV (t,x))
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< CK/ HuNwNyde + 0(K2NT—#0),

Thirdly, consider h3(n) = c*(n®7)g(no) and a}, = K/pu"(t,x)), and also
ha(n) = c*(n) and aﬁx = K. Again, by the assumption (BR), /#3(n) is bounded,
and hq(n) = (c+(17)g(770+ 1))/g(r/0 +1) is bounded by (BR), recalling inf;>; g(k) > 0;
hence, both i3 and h4 satisfy (3.4). Moreover, ||a,j’X||Loc = O(K) for j = 3,4. Also,
from a calculation similar to (4.4), we see that

h3(B) = Evy[c* iD]p(B) = ha(B)o(B)-

Therefore,
hy(B) = Ev [t ()]’ (B) + hy(B)e(B).

Again, we may write functions f in (3.5) with respect to 3 and h4 at § = u (1, x).
Once more, by the Boltzmann—Gibbs principle, Theorem 3.4, applied separately to
pairs h3, a,% . and hy, aﬁ » and taking the difference, we have that

T
+/ X,— g(nx(t)) _ At
]EN‘K/O 2; {Cx('? (t))—(p(uN(t,x)) cx(n(t))}dt

o ¢' W (1, x))
_K/ z‘; Eyy, "] o ))( x(t)—uN(t,x))dt’
xeTy,

< CK/ H(uNwNydt + 0(K2N9=%0),
0

Finally, we note, with respect to the third line of (4.3), that
a1, x)) = o W, x)ou™ (1, x).

N
Then, combining these observations, fOT (LT\}U’ 1— 8 logyN )d t is approximated in
L'(Py) by

AN N

f Z[( J,)N(Zt S))x)) WM ) () — u (2, ))
N

Z Z ((:N ((: j)))) o [€50) = €D ] (0) — u (1, 1))

1y N
-3 By N ) — e, | d “.5)

Nt
v e (1, x))

with error CK /¢ fOT H(M; |vt Ydt+0 (K 2/ N4=20) Since u (1, x) satisfies the dis-

cretized equation (2.16), the display (4.5) vanishes. Hence, fo (Lji}v’ 1 — 0, log v, )dt
is within the L' error bound desired. |



1196 P. El Kettani, T. Funaki, D. Hilhorst, H. Park, S. Sethuraman

4.2. Proof of Theorem 2.2. From (4.2) and Theorem 4.5, we have, for ¢ € [0.T], that
HuY vy < Hui [vg) + CK*° fot HuN wNyds + 0 (K '#2/7 Na=#0),
where ¢g = 2d/(9d + 2). Then, by Gronwall’s estimate, we obtain, for ¢ € [0, T'], that
Hp ) < {H(u{)vlvév) + 0(K1+2/"Nd—£0)} exp [CTK}.

Suppose now that

K(N) < 8(log N)°/?

for 8 > 0 such that CT$%° < (g9 A €)/2. Since the initial entropy H(u)|v)) =
O(Nd_e), we will have for t < T that
H (' [u]') = o(NI7C0n972),

This finishes the proof. O

5. Interface Limit for Continuum Allen—-Cahn Equations with Nonlinear
Diffusion

We first discuss a formal derivation of the interface motion in the continuous PDE
setting in Sect. 5.1, before stating precise results in Sect. 5.2 found in [21]. Then, we
turn to outline of proofs of Theorems 5.1 and 5.2 on generation and propagation of the
continuous interface motion in Sections 5.3 and 5.4. Especially, we gather necessary
bounds to apply for the discrete PDE in Sect. 6; see Lemmas 5.3-5.5.

5.1. Formalderivation. We first give, through formal asymptotic expansions, the deriva-
tion of the interface motion equation corresponding to Problem

du = Apu) + gizf(u) in [0, 00) x T4

u(0, v) = up(v) forv e T¢,

(P) (6.1

where the unknown function u denotes say ‘mass density’, d > 2, and ¢ > 0 is a small
parameter. We remark the parameter ¢ can be viewed in terms of K, which we use to
describe the microscopic Glauber+Zero-range dynamics, as e = K ~'/2 ore =2 = K.

This equation is determined by the two first terms of the asymptotic expansion. We
refer to Nakamura et al. [41], Alfaro [1], Alfaro e al. [3] for a similar formal analysis for
other equations with a bistable nonlinear reaction term. Let us also mention some other
papers Alikakos et al. [4], Fife [23] and Rubinstein et al. [43] involving the method of
matched asymptotic expansions for related phase transition problems.

Problem (P ?) possesses a unique solution u®. As ¢ — 0, the qualitative behavior
of this solution is the following. In the very early stage, the nonlinear diffusion term is
negligible compared with the reaction term ¢ =2 f (u). Hence, rescaling time by = ¢ /&2,
the equation is well approximated by the ordinary differential equation u, = f(u) where
u; = d;u. In view of the bistable nature of f, u® quickly approaches the values a_ or
o, the stable equilibria of the ordinary differential equation, and an interface is formed
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between the regions {u® ~ «_} and {u® ~ «,}. Once such an interface is developed, the
nonlinear diffusion term becomes large near the interface, and comes to balance with
the reaction term so that the interface starts to propagate, on a much slower time scale.

To study such interfacial behavior, it is useful to consider a formal asymptotic limit
of (P?) as e — 0. Then, the limit solution will be a step function taking the value «_ on
one side of the interface, and o on the other side. This sharp interface, which we will
denote by I';, obeys a certain law of motion, which is expressed as (PY) [cf. (2.13)].

It follows from the standard local existence theory for parabolic equations that Prob-
lem (P?) possesses locally in time a unique smooth solution. In fact, by using an ap-
propriate parametrization, one can express I'; as a graph over a N — 1 manifold with-
out boundary and transfer the motion equation (P°) into a parabolic equation on the
manifold, at least locally in time. Let 0 < ¢ < T4, T™%* ¢ (0, oo] be the maxi-
mal time interval for the existence of the solution of (P?) and denote this solution by
I' = Up<t<max ({t} x I';). Hereafter, we fix T such that 0 < 7 < T™“* and work on

[0, T']. Since Ty is a C>*? hypersurface, we also see that I" is of class C%’Sw. For
more details concerning problems related to (P 0y, we refer to Chen [9, 10] or Chen and
Reitich [12].

In fact, formal derivation of the interface motion from (P¢) is discussed in a com-
panion paper [21], under the Neumann boundary condition. We repeat the argument on
T4 for readers’ convenience. We set Or :=(0,T) x T9 and, for each ¢ € [0, T], we
denote by Q;l) the region of one side of the hypersurface I';, and by Qt(z) the region of
the other side of I';. We define a step function i (z, v) by

a_ inQ®

it v) = o forre(0.T], (5.2)
t

+

which represents the formal asymptotic limit of u® (or the sharp interface limit) as
g — 0.
More specifically, we define I'j using the solution u® of (P?). Denote I'; as follows;

Ir‘={ve T - ub (1, v) = ay).

Assume that, for some 7' > 0, I'j is a smooth hypersurface without boundary for each
t € [0, T], e > 0. Define the signed distance function to I'j as follows;

dist(v,I'¥)  forve Dy~

d(t,v) =
@ v) —dist(v, I'y) forv e Dt

where D;"~ is the region ‘enclosed’ by I'¢ and D;"* := T¢ \ {D;"~ U T'¢}. Note that
d =0on I'? and |V28| = 1 near I'}. Suppose further that d is expanded in the form

d (t1,v) =do(t,v) +edi(t,v) +*da(t,v) +- - - .
Define
T = {veT?: dyt,v) =0}, I = Up<i<7 ({1} x T,
D :={veT dy(t,v) >0}, Df:={veT:dyt, v) <0}

As we will see later, the values of u® are close to a4 on the domains D,"—L, which is
consistent with D in (BIP2) and (5.18).
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Assume that #® has the expansions
ut (1, v) = ax +eui (1, v) + e2uF (1, v) + - -
away from the interface I and

u®(t,v) = Up(t,v, &) +eU(t, v, &) +82U2(t, v,E)+--- (5.3)

d . . . . .
near I', where & = =% Here the variable & was given to describe the rapid transition

e
between the regions {#° >~ «,} and {#® >~ «_}. In addition, we normalize Uy and Uy in
a way that

Uo(t,v,0) = o, Ui(t,v,0) =0. (5.4)
To match the inner and outer expansions, we require that
Uo(t, v, £00) = ax, Ui(t, v, £00) = u (¢, v) (5.5)

forall k > 1.
After substituting the expansion (5.3) into (P¢) we consider collecting the &2 terms,
which yields the following equation

©Uo)zz + f(Up) = 0.

Since the equation only depends on the variable z, we may assume that Uy is only
a function of the variable z. Thus we may assume Uy (t, v, z7) = Up(z). In view of the
conditions (5.4) and (5.5), we find that Uj) is the unique solution of the following problem

{(‘P(UO))ZZ + [ (Up) =0, (5.6)

Up(—=00) = ay, Up(0) = ay, Up(o0) = o
To understand this more clearly, for u > 0, we set

b(u) = f(p~ " (w)),

where <p’1 is the inverse function of ¢ : R, — R, and define Vy(z) := ¢(Up(z)); note

that such transformation is possible by the condition (5.13). The condition (BS) on f
implies that b(u) has exactly three zeros ¢(v—), ¢ (o) and ¢ (o) where

b'(pa-)) <0, b'(p(e) >0, and b'(p(as)) <O.

Substituting V) into Eq. (5.6) yields

(5.7)

VOzz + b(VO) =0,
Vo(—00) = ¢(a+), Vo(0) = @(ax), Vo(oo) = p(a-).

Condition (5.14) then implies

@(ay)
f b(u)du = 0,
Pla-)
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which gives the existence and uniqueness up to translations of the solution of (5.7), and
especially in our case that the speed of the traveling wave solution Vy vanishes.

Next, we consider the collection of £ ! terms in the asymptotic expansion. In view of
the definition of Uy(z) and the condition (5.4), for each (¢, v), this yields the following
problem

(@' (Uo)U1)zz + f/(Up)Uy = Up,d:do — (9(Up)). Ado,

Ti(t,0,0)= 0, ¢/(Up)T; € L), ©.8)

To see the existence of the solution of (5.8) we perform the change of unknown function
Vi = ¢'(Up)U,, which yields the problem

— — Vo- - -
Vi, +b'(Vy) V) = ————08:;dy — Vo, Ad,
- P Vo) ‘ (5.9)
Vi(t,v,0) =0, Ve L*®R).
Lemma 2.2 of [3] implies the existence of V; provided that
f < ! ddo — Ad ) Vidz=0
YR VIR 0— 0 =V
B¢ (e (Vo) 0
Substituting Vo = ¢(Up) and Vi, = ¢’ (Ug)Uy; in the above equation yields
- Vidz "(Up)Up,)?dz  —
d,do = Je 072 Adp = Jn( f 0 0*72’) * Ado. (5.10)
% dz /R ¢'(Uo)Uy,dz

/R w/(w‘z(vo)

It is well known that 3,dy is equal to the normal velocity V of the interface I';, and Adg
is equal to « where « is the mean curvature of I'; multiplied by d — 1. Thus, we obtain
the interface motion equation on I';:

V = Aok,
where
.= fR(w’(Uo)Uoz)de.
Jp ¥ U0)Ug.dz

This speed Ag is interpreted as the ‘surface tension’ multiplied by the ‘mobility’ of the
interface; see Appendix of El Kettani et al. [21] and also [44]. The constant Ao has
another explicit form (1.6). Its derivation is given in the last part of Sect. 2 of [21].

(5.11)

5.2. Results on Allen—Cahn equation with nonlinear diffusion. Here we briefly summa-
rize the results obtained in [21] on generation and propagation of interface properties
for an Allen—Cahn equation (P?) with nonlinear diffusion, and state estimates on sub
and super solutions necessary to study discrete Allen—Cahn equation in Sect. 6.

The nonlinear functions ¢ and f satisfy the following properties: In line with the
previous specification of the microscopic dynamics, we assume (minimally) that f €
C%(R,) has exactly three zeros f(o—) = f(ay) = f(oyx) = 0, where Ry = [0, 00),
0<oa_ <oy <oy,and

) <0, fllag) <0, f(ay) > 0. (5.12)
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Also, f(0) > 0 so that the later evolution starting positive stays positive.
In addition, we assume that ¢ € C*(R,) and, for any 0 < u_ < uy,

¢'(u) > C(p,u—,uy) for u_ <u <u, (5.13)

for some positive constant C (¢, u_, uy). We give one more assumption on f and ¢,
namely

/M ¢'(s) f(s)ds = 0. (5.14)

We note in the particle system context that ¢, f € C*°(R,) and ¢’ (1) > 0 foru > 0,
and so ¢’ (u) is bounded away from 0 and oo for u € [u_, uy].

As for the initial condition ug, following (BIP1) and (BIP2), we assume ug € C> (T%)
and 0 < u_ < ugp < uy. As a consequence, u(t, -) is also bounded between u_ and u.
We define C as follows,

Cop:= ||M0||CO(Td) + ||VM0||CO(Td) + ||Au()||C0(Td). (5.15)
Furthermore we define I'g by
To:={veT:uy) =al. (5.16)

In addition, recalling assumption (BIP2), we suppose g is a C>*? 0 < 6 < 1, hyper-
surface without boundary such that

Vug(v) -n(w) #0ifv e Iy (5.17)

uo > o in D§, ug < ay in Dy (5.18)
where D(jf denote the regions separated by I'g and 7 is the outward normal vector to Dj.
It is standard that Problem (P?¢) possesses a unique classical solution u®.

The goal is to study the singular limit of u® as ¢ | 0. We first present the generation
of interface result (cf. [21], Theorem 1.2). We will use below the following notation:

v = flay), t°= y_1£2| logel|, 80 :=min(o, —a—, op — ay). (5.19)

Theorem 5.1. Let u® be the solution of the problem (P¥¢), § be an arbitrary constant
satisfying 0 < § < 8o. Then, there exist positive constants &g and My such that, for all
e € (0, g9), we have the following:

(1) Forall v € T¢,
a- =8 <ut(t*,v) < ay +34. (5.20)
(2) If uo(v) > ax + Mog, then
ut(t°,v) > oy — 8. (5.21)
(3) If up(v) < ax — Moe, then

ut(t%,v) <a_ +34. (5.22)
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To understand more this statement, we remark that the assumption (5.17) implies that
uo(v) is away from a, when v is away from I'g.

After the interface has been generated, the diffusion term has the same order as the
reaction term. As a result the interface starts to propagate slowly. Later we will prove
that the interface moves according to the motion equation (P9 [cf. (2.13)].

Let D denote the region ‘enclosed’ by the interface I'y, continuously determined

from Dg ,and set D; := T4 \ D_;r Let E(t, v) be the signed distance function to I’
defined by

dist(v, I'y) forv e D_,_

d(t,v) :=
@) —dist(v,I'y) forv e D}.

The second is the propagation of the interface (cf. [21], Theorem 1.3).

Theorem 5.2. Under the conditions given in Theorem 5.1 and those mentioned above,
for any given 0 < § < &g there exist g > 0 and C > 0 such that

[¢__8, 48] forve T
ub(t,v) € {[as_8, s8] ifd(t,v) < —eC (5.23)
[0—_8, a_ +8] ifd(t,v) >eC

forall e € (0, &) and forallt € (¢t°, T].

5.3. Generation of the interface: outline of Proof of Theorem 5.1. The main idea of the
proof is based on the comparison principle. Thus, we need to construct appropriate sub
and super solutions for the problem (P?). In this first stage, we expect that the solution
behaves as that of the corresponding ordinary differential equation and we construct
sub and super solutions as solutions of the following initial value problem ordinary
differential equation;

0:Y(r,0) = f(¥(z,8)), 1>0,

5.24
Y(0.¢) =¢. ¢ eR,. (5.24)

Recall C defined in (5.15), y = f'(a+), t€, 8y defined in (5.19), and set

—v = min - S@;

Celu_Na—,usNVoy

notethaty, y > 0. The following bounds on Y (z, ¢) are used for the proofs of Lemma 5.4
and also Theorem 6.1 below.

Lemma 5.3. Let 6 € (0, §9) be arbitrary.

(1) There exists a constant C1 = C1(8) > O such that
0<e ¥ < Ye(1,0) < Cre’*

forallt € [u_,uy]land v > 0.
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(2) There exists a constant Co = C>(8) > Osuchthat, forallt > 0andall ¢ € (0, 2Cy),

)YQ'('C’ )

<C 77_1, Y, , <C YT _ 1 )/‘L” d
Ye(r,0) | 2(e )s Yee (T, 0| = Cale )e’T, an

Yeee (1, £)] < 2C2(e¥™ — D)e?™. (5.25)

(3) There exist constants g, C3 > 0 such that for all ¢ € (0, &g):
(a) Forall ¢ € (0, 2Cy), in terms of a constant Coy > 0,

a_ —8 <Y(y '|loge|, o) < oy +38. (5.26)

®) If¢ = oy + Cae, then
Y(y~'|logel, {) = ay — 6. (5.27)

(©) If ¢ < ay — C3e, then
Y(y '|logel, £) < a_ +34. (5.28)

Proof. We refer to Alfaro et al. [3] and El Kettani e al. [21], Lemma 2 for the proof
except that of (5.25). To show (5.25), we use

T
Yee(7,80) = AT, §)Ye (1, 8), A(7,8) =/O fIY (@ 0)Ye(r, $)dr,
|A(Ts §)| S CA(eyT - 1)7
given in Lemmas 3.3 and 3.4 of [3] where C4 > 0 is some constant. Indeed, we have

Y{({(Ta () = A;’(T’ C)Yé' (T? ;) + A(T’ ;)Ygg—(f, {)

Thus, there exists C’ > 0 such that A in the first term can be estimated as

|A§(T’ §)| = '/(; {f///(Y(r’ C))Ygz(r? é‘) + f//(Y(rv C))YZC(R é‘)} dr
< C’/r dr < C'(e¥'T —1).
0

Thus, by choosing C» bigger if necessary, we obtain

[Yeee (T, 0 < Ca(€?™ — 1)e?™ + Ca(e?™ — 1)%e’T < 2Co(e*™ — 1e’™.

Define sub and super solutions on T¢ for the proof of Theorem 5.1 as follows

w;t(t, V) =Y <:—2 up(v) £ P(t)) , (5.29)
where

P(t) = £2Cy (eyf/EZ — 1) ,
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for some constant C4 > 0. Note that P(t) < £2Caq(e~! — 1) < Cy for ¢ < t%, where

t¢ is defined in (5.19). In particular, since ug(v) > u_ > 0, we have ug(v) — P(t) > 0

for sufficiently small ¢ > 0. Given that we work on the torus T¢, or on R? with periodic

uo, the constructed sub and super solutions wsi (t, v) are periodic for all ¢ € [0, #°].
Denote also the operator £ by

1
Lu = ou — Ap(u) — S_Zf(”)'

We set also, noting ¢(u), ¢’ (1) > 0,
Cy := max ¢(u) + max ¢'(u) + max |¢" (u)|,

where ‘max’ is maximumover u € [0, (2Co) Va4 ]. Then, we have the following bounds;
see [21], Lemma 3.

Lemma 5.4. There exist constants €g, C4 > 0 such that, for all ¢ € (0, &g), w:C is a pair

of sub and super solutions of (P?) in the domain [0, t°] x T¢.
In particular, in terms of a constant Cs > 0, we have

Lw? > Cse 77 and Lw < —Cse 77 (1,v) € [0,°] x T (5.30)

Remark 5.1. Tt follows from Lw; < 0 < Lw} that w are sub and super solutions.
However, the stronger estimate (5.30) will be useful in the proof of Theorem 6.1 in the
discrete setting.

5.4. Propagation of the interface: outline of Proof of Theorem 5.2. We now argue the
propagation of the interface given in Theorem 5.2. Again, we will need to construct
appropriate sub and super solutions, but now in terms of functions Uy in (5.6) and a U;
similar to that in (5.8).

We first introduce a cut-off signed distance function d = d (¢, v) as follows. Choose
do > 0 small enough so that the signed distance function d = d (¢, v) from the interface
I'; evolving under (P°) is smooth in the set

{(t,v) €0, T1x T, |d(z, v)| < 3do}.
Let i (s) be a smooth non-decreasing function on R such that

s if |s| < dp
h(s) = {—2dy ifs < —2d
2dy  if s > 2dp.

We then define the cut-off signed distance function d by
d(t,v) = h(d(t,v)), (t,v)e[0,T]x T,
Note that, as d coincides with d in the region
{(t,v) € [0, T1x T : |d(t, v)| < do},
we have

0;d = AAd on I';.
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Moreover, d is constant far away from I';.
In terms of this function d, we now define U; : [0, T] x TxR—>R satisfying the
following problem

(@' U0)Un)zz + f'(Uo)Ur = (MU — (9(U)) Ad(t, v)
Ui(t,v,0) =0, ¢ (Up)U(t,v) € L°(R)

where U is the solution of (5.6). Since d € c¥’5+9([0, T1 x T¢), we have that Ad €
C¥*3+9([O, T1 x T?). As a consequence, we have U (-, -, z) € c#»m([o, T] x T9)
for each z € R. Moreover, U, (¢, v, -) € C3(R) for each (¢, v) € [0, T] x T¢ by a similar
argument given in the proof of Lemma 6 of [21].

We construct the sub and super solutions as follows: Given 0 < ¢ < 1, we define

u®(t,v) = uF (1, v) = Uy

(d(t, v) :i:Ep(t))
&

+q0), (5.31)

ety s 20 2200)

where

p(t) = e—,Bt/Sz - eLt - 1:3

qgit) =6 (,Be_’gt/g2 + 82LeL’) )

Here 8,0, L, L > 0 are constants determined by Lemma 5.5 below. Although we work
on T, if we take the viewpoint of working on R?, we may regard the signed distance
function d as periodic with period 1 so that u*(t, v) are periodic as well for all ¢ € [0, T1].
Then, we have the following bounds; see [21], Lemma 10 and Section 4.4.

Lemma 5.5. One can choose B, > 0 such that, for each L > 1 there exist L > 0
large enough and ¢y > 0 small enough such that for a constant C > O we have

Lu~ <—C <C < Lu"in[0, T] x T¢ (5.32)
for every € € (0, g9), and
u=(0,v) <u®(t®,v) <u*(0,v)

holds. Hence, u™(t —t¢, v) are sub and super solutions for Problem (P¢) fort € [t¢, T1.

Remark 5.2. To show that u™ are sub and super solutions, it would have been enough in
the above proof to show that Lu~ < 0 < Lu*. However, the stronger estimate (5.32)
found will be useful in the proof of Theorem 6.2 in the discrete setting.
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6. Generation and Propagation of the Interface for the ‘Discrete PDE’: Proof of
Theorem 2.3

Recall that the initial data {uN 0, x)}, eTd, of the discrete PDE (2.16) satisfy (BIP1) and
(BIP2). Previously, in (5.29) and (5.31), we have constructed super and sub solutions

wgt(t, v) = w%(l, v) and u;t(t, v) = u%(t, v),t >0,v € T?,

of the problem (P?) with e = K~1/2,

We will show that these functions, wf (t,v) and uf (t, v), restricted to the discrete
torus %’]1';{, actually play the role of super and sub solutions of the discretized hydrody-
namic equation (2.16). As we noted, we abuse notations 3 and x for the discrete spatial
variables. The proof relies on the comparison argument.

More precisely, we show

EN’Kw}} EOEEN’KwI} and EN’KM}—( 202£N‘Ku},

£N,K

where is the operator associated with (2.16). These estimates will follow from

estimates shown in the continuum setting, namely Lw] > Cse”h/"?2 > —C5e’77’/52 >
Lw; [cf. (5.30)], and Luf > C > —C > Lug [cf. (5.32)], in combination with the
error estimates on (£ — LN’K)ijE and (L — L’N’K)u;

6.1. Generation of a discrete interface. Recall Y(r) = Y(r,¢) fort > 0,¢ € Ry, is
the solution of the ordinary differential equation (5.24), with the initial value Y (0) = ¢.

Theorem 6.1. Let u (¢, -) be the solution of the discrete PDE (2.16) with initial value

uN (0, ). Let also 8 € (0, 89) where 8y = min{o, ——, oy — i}, and tV = Z)/LK log K.

Suppose that K = K (N) = o(N?Y/GY*)). Then, there exist No, My > 0 such that the
following hold for every N > Ny:
(1) Forall x € T,
a_ —6 < uN(tN,x) < a4 +6.
(2) Ifuo(3) = oy + MoK /2, then
u( N x) > ap — 6.
(3) Ifuo(%) < o — MoK ~"/2, then

uN(tN,x) <a_+96.

Proof. Recalling (5.29), we define sub and super solutions of the continuous system as
wE(t,v) = Y(Kt,up(v) £ P(1)), veT?

where P(t) = C4(eX?" — 1)/K . Define the operators £X and £V-X by

L5 = du — Apu) — Kf(u), veT?,
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with respect to the continuous Laplacian A on T¢ and also continuous functions u =
{u(t, v)},eme, and

LYKy = du — ANp) — Kf(w), x € T%,

for discrete functions u = {u(t, x)},.qa , respectively.
N

We now make use of an estimate in the proof of Theorem 5.1: in Lemma 5.4, it is
shown that

LKwh > Cse 7K™ = c5k 7/ = 0

holds for some Cs > 0 and large enough K; note that tV = t* = y~1¢?|loge| and
K =¢2. However,

LVEwr = £Xwk + (Apwk) — ANp(w})),

and, by Taylor’s formula, the second term is bounded by

& sup [DYpwk(t,v)}],
veTd

where |DS{ - }| means the sum of the absolute values of all third derivatives in v.
Since ug € C3(Td) and ¢ € C3(R+) (note that wf takes only bounded values
so that ¢ € Ci([O, M1)), from (1) to (3) especially (5.25) of Lemma 5.3 and noting

N .
VK" — K3/2 e obtain

sup |Ap(wk(t, £)) — ANp(wk (1, £) < QK2
0<r<tV xeT¢,

Thus, this term is absorbed by CsK ~7/2V if K = o(N?¥/G3v*+7)) and N is large enough.

Therefore, we obtain £V-®w% > 0 for N > Ny with some No > 0. By Lemma 3.1,
we see u (1, x) < wk (7, %). Similarly, one can show wy (¢, %) < u™ (¢, x). Thus, the
proof of the theorem is concluded similarly to the proof of Theorem 5.1; see [21]. O

6.2. Propagation of a discrete interface. Recall the interface flow I';, and the two func-
tions uT(r, v) = uf(t, v) defined by (5.31), namely

Wt (1, v) = Up (K‘/zd(t, V) + p(z)) + K12y, (r, v, KV2d(1,v) + p(t)) +q(0),

and u™ (¢, v) defined in (2.19) from the discretized hydrodynamic equation (2.16).

Theorem 6.2. Assume that the following inequality (6.1) holds att = 0 and K =
o(N?/3) for K = K(N) 4 oo. Then, taking B,&,L,L > 0 in p(t) and q(t) as in
Lemma 5.5, there exists Ny € N such that

u=(t,v) <ulN@+tV,v) <ut(@t,v), 6.1)

holds for every t € [0, T — N v =x/N,x € T?V and N > Nj.
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Proof. The upper bound in (6.1) follows from Lemma 3.1, once we can show that
LYKyt = gut — AVowr) — Kf(u*) >0, xeT%, (6.2)
for every N > Ny with some Ny € N. As in the proof of Theorem 6.1, we decompose
LYKyt = £8ut + (Apw®) — AN ™)), (6.3)

where LXu* = d,ut — Apu*) — Kf(u*).
We now make use of an estimate derived in the proof of Theorem 5.2: by Lemma 5.5,
the first term £Xu* in (6.3) is bounded on [0, T'] x T4 as

ckut>c>o, (6.4)

if we choose parameters 8, 6, L, L > 0 there properly.

For the second term in (6.3), since u™ € C%’jw by the regularity of d, Uy and U,
[cf. discussion above (5.31)], and also

sup  |(Vo)ut(t,v)| < CK'? i=1,2,3,
te[0,T],veTd

we have

‘mp(u*(t, ) = Ao, %))‘ <o f.

Indeed, this follows from Taylor expansion for A¥@(u*) up to the third order term,
noting that ¢ € C3(R,) and u* (¢, v) is bounded. Therefore, if K = o(N?/3), this term
is absorbed by the positive constant C in (6.4) for LXu*. This proves (6.2).

The lower bound by u~ (¢, v) is shown similarly. O

6.3. Proof of Theorem 2.3. The proof of Theorem 2.3 follows from Theorems 6.1
and 6.2. By the assumption (BIP2), Vug(v) - n(v) # 0 for v € I'g. Hence, for v & Iy,
we have that ug(v) # . Then, for N large enough, we would have |ug(v) — o] >
€, > MoK /2, where M is the constant in Theorem 6.1.

Recall u" (z, v) in (2.19). By Theorem 6.1, at time t¥ = (2yK)~!log K, either
uN N, vy > ay —Soru™(t,v) <a_ + 68 forasmall 8§ > 0.

Since for large N, we have u~ (0, v) < u™ (t"V, v) < u*(0, v), thinking of u™ (", -)
as an initial condition, by Theorem 6.2, we can ‘propagate’ and obtain u~ (r — tV, v) <
uN(t, v) <ut(t — N, v) for N <t <T.AsN 1 oo, we obtain, foreachO <t < T
and v & I, that u™ (1, v) — xr, (v), concluding the proof. m|

7. A ‘Boltzmann-Gibbs’ Principle: Proof of Theorem 3.4

The strategy of the replacement is in roughly two steps: Estimate via the time average
closeness of ZX ar x fx to a conditional mean given the particle mass in a block of
mesoscopic width, that is of order N0, and then the time integral of the conditional mean
through careful local central and large deviation bounds. In the first step, in terms of a
translation-invariant reference measure vg, a Rayleigh spectral bound is quantified using
the spectral gap assumption (SP). In the second step, the local bounds are formulated with
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respect to an inhomogeneous product measure v, v, .y [cf. (2.3)]. Some pre-processing
in terms of truncation bounds is done before the main estimates.

We give now an outline of the proof of Theorem 3.4, referring to statements proved
in the following subsections. In this section, the constant C > 0 depending on fixed
parameters will change from line to line.

We have, by Lemmas 7.4 and 7.5, bounding |a, ,| < M, that

Z ar x frdt

xer
r N CMTN?
<Ew Z rc el () Myex < A)dt] + | CMH Qe Iyt + ——
YEA)
< Ey / S @ el iy = G < B)dr
x€TY, YEAR
T A+1 CMTNY(A+1) CMTN?
+/ cM <1+ )H(M{V|vtN)dt+ B( ) 4 — D
0

The expectation in the right-side of (7.1) is bounded by

T T
By | [ % aom| 4By | [ £, [ 5 afl( moas = ) |10 < B3
0

d yeA
v xeTy h

(7.2)

where m, is defined in (7.10). The first and second terms in (7.2) are bounded by
Lemma 7.6, and Lemmas 7.9 and 7.10 respectively. Adding these bounds together, with
simple overestimates, we have (7.2) is bounded by

C(T + )MKN? .\ CTMGe4+2 A2 B2 N4
G N2
2CTMN4 .\ CTMKNYB +1) .\ CTMN?
od N2 A
Here, A, B, G, ¢ are in form A = N%, B = N%, G = N% and { = N% for

parameters o4, @p, &G, &g > 0. By the assumptions of Lemmas 7.5 and 7.6, we assume
that g = 204 and

T
+ 2CM/ H(uN wNydr +
0

oapg+ag+(d+2)ar+2ap —2 =504 +ag+(d+2)ay —2 < 0. (7.3)

Combining the estimates, as A/B = 1/A(< 1) and K > 1, the left-hand side of
(7.1) is bounded by

1 K Ge9*2A2B2 1| KB¢?
N d
/ MH N wNdt + C(T + 1)MN (A < TJ,E_“T)
(7.4)
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So that the second term on the right-hand side of (7.4) is bounded by CT M K N¢~*
for ak > 0, we now fix ap = 2a4, a4, oG, dog so that 2 — [ag + [(d + 2) /d]do +
2a4 + 2ap] > 0. Then, the constraint (7.3) would also hold. A convenient choice is
g0 =apa =ag =day =2 — (7+(d +2)/d)eg, or when g9 = 2d/(9d + 2). Inserting
into (7.4) yields the right-hand side of (3.7) as desired. |

We now turn to the estimates used in the proof of Theorem 3.4. We will assume
throughout this section condition (BIP1) and that H (/,Lév |v(1)v ) = O(NY).

To simplify notation, we will drop z-dependence in the notation 1, = 7,(¢), and
related quantities when the context is clear.

7.1. Preliminary estimates. Recall the ‘entropy inequality’ following from the varia-
tional form of the relative entropy between two probability measures © and v:

Eu[F1 < H(ulv) +log E\[e"].

Lemma 7.1. We have, for a small y > 0, and uniformly overt € [0, T] that

H N,,N
Epl 2 m]= % +O(NY.

H N VN 1 x
E N[ Z Ux] < —(Mt Vi )+—10gEvtNeyZ“T111vn

My -
xeT‘I{, 4 4
N|,,N d N, N
< —H(Mt Vi )+N— ax E yve’ < —H(M’ IV )+ O(N%),
14 y X !

given max, cd EvtN e’ < oo foray > 0small (relative to ¢* defined near (2.2) say),
noting the uniform estimate on #” in Lemma 3.1. O

Lemma 7.2. For 8 > 0 and the y in Lemma 7.1, uniformly over t € [0, T], we have
H(u'vp) < 1+ CBun )y HHW v)Y) + O(NY).

In particular, when H(M(I)VW(])V) = O(N?), we have H(/L(])Vh)ﬁ) = O(N?).
Proof. Write

N
3

dulN dv

dl)ﬂ

H(ufvlv,g) :/10g d,ufv = H(va|vtN)+/log duﬁv (7.5)

d\)ﬁ
dvN dvN
and dVT’ﬁ =TI dUT’ﬁ(nx).
From Lemma 3.1, we have that u? is uniformly bounded between c_ = u_ Aa_ and
Ccy = uy Vag. Since ZWNgx) = > qo(uN(t, x))k/g(k)! and ¢ is an increasing function,
we also have ZMN(,’X) > Z. .In addition, go(uN(t, x)) < ¢(cy+). Then,

-1 e @)t
dqu(t,x) (k) = ZuN(t,x) g(k)! _ Zﬂ §0(14N(l‘7 x))k Zﬁ (‘P(C+)>k

= <
dvﬂ Z_l 2B ZuN(t,x) (p(ﬁ)k T Zc (P(ﬂ)

B g®)!
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Therefore, the right-hand side of (7.5) is bounded by

+log ($(C+)))Eufv[ > .

d
xeTy

z
HuN Ny + N logZ’8

Cc—

Noting that Euﬁv[ZxETd nx] < y_lH(vah) )+ O(NY) by Lemma 7.1, the proof is
complete. O

We now give an estimate to be used several times in the sequel. Recall Ay = {x €
T?’V : |x| < k} is a cube of width 2k + 1. Let ¢ = ¢q(n) be a function supported in
Ay. Denote gy = t,q forx € ’H‘fv. Consider the collection of | Ak | regular sublattices
T?v, % C T;iv, where z € A and neighboring points in the grid are separated by 2k + 1.

Lemma 7.3. We have, uniformly overt € [0, T], that

Z. d (IX | k‘z Td dw
log E veTy lo E YEIN 2k 7.6
gE,v[e S Ak > log ] (7.6)
z€AL
1 E IAk\qx )
= T — >t ]
er

Proof. One can write Y reTd, dx = D ey Zwer qu- The inequality in (7.6) re-

sults from a Holder’s 1nequa11ty The last equality follows since elements {g,, : w €

T4 N 2.} zeA, are independent under vV, ]

7.2. Truncation estimates. We now develop some truncation estimates, since under the
Glauber+Zero-range dynamics, there is no a priori bound on the number of particles at
asitex € ’]T?v.

The first limits the particle numbers in t, Aj,, where we recall that Aj denotes a finite
box containing the support of the function / through which f, is defined in (3.5).

Lemma7.4. Let A = Ay = N% for ap > 0. Then, uniformly over t € [0, T], we
have

d
Ea| X160 nee > M ] = G ] )+%

xe'ﬂ“l YEA)

Proof. Write, through the entropy inequality and Lemma 7.3, with respect to a y; > 0,
that

EM,N[ Z |fx|1(z Ny+x > A)]

xeT, YEA,

H(ul !

< lOgE [ Y1 ZXET‘]’V ‘.lel(ZyEAh 77y+x>A):|
Y1 Vl
N|,N
Hu'lv) 1 3 log By [ NN e, ny+x>A>]
h Y1 J/1|Ah|

Td
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_ HG
Vi
1
+ Z log {1 - PVN( Z ny+x > A) +EVN[1( Z r]y+x > A)eVllAh”f:x‘i“.
Y1 |Ah| XGT;{, 4 vein i =

The last line is further estimated with the inequality log(1 + x) < x for x > 0, and then
Markov’s inequality:

Hu ) 1 A
+ E [1( n > A) eVtIAnllfxl ]
Y1 YilAnl Z " Z e ( )

xe’]l“,’v YEA,
H(p v 1 Anllf,
< + EN[ —l h||.fx|:|‘ 1.7
yi yilAnlA 2 Ep| 2

d
xeTy, YEA)

We note that f(n) < C1 Y. yeny Treey + C» through the bounds (3.4). Then, by the

uniform estimate Lemma 3.1, we may choose y; small enough [relative to ¢* defined
above (2.2)] so that

A
sup Ev,N[ E ,7}7+er1| h||fx|] <00
XET(}{/ YEA)

The display (7.7) is then bounded by C H (uN [vN) + CN?/ A, as desired. O

We now truncate the average number of particles in a block of width £ around x.
Define

1

L _ §

= e+ 1y = et
24

Lemma 7.5. Let B = By = A%\, = N2 forap > 0, and £ > 1. Then, for large N,
uniformly overt € [0, T], we have

Ep | Y 1£ICY nyex = MG > B)

xeTy, YEA)
_C@A+
- B
Proof. Since fi(n) < C1 ) e, N+y + C2 by 3:4), and 3 o ny = 2 _xeTd, Nxs We
have

C(A+1
¥Nd_

HpM ) + -

E| 20 1£1CY nyee = D10 > B)] (7.8)
xeT4, yehy
max(Cy, C2)(A + 1) . max(Cy, C2)(A + 1)
= 5 Epl 20 n] = 5 El 20 ml:
xET;IV xe']l'ﬁl

(7.9)
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Now, by Lemma 7.1, E, v [ ZXGT‘/{/ nx] < CHuN|vN)+ O(N?). Then, the display
(7.9) is bounded as desired, for large N, by
C(A+1) C(A+1)Nd
B B '

We note this bound does not depend on the size of £ > 1. m]

H(up oY) +

7.3. Main estimates. We now estimate the remaining portions of }  _ra a;  fx. In
N

Sect. 7.3.1, we show that f is in a sense close to its conditional mean given the local
density of particles. In Sect. 7.3.2, we estimate this conditional mean.

7.3.1. Bound on ‘concentration’ around conditional mean Fix B > 0 and, for x € ¢,
let

me = (FACY e = A) = By [1CY e = DS 101k = B (7.10)
YEA) YEA)

We remark that the quantified estimate on the spectral gap in (SP) is used now in the
proof of the following Lemma 7.6.

Lemma 7.6. Let £ = {y = N% and G = Gy = N% for ay,ag > 0. Suppose
g +ag+(d+2)ap+2ap — 2 < 0. Then, we have

T d d+2 A2 p2 Ard
C(T+1)MKN CTMGt**“A“B*N
E ‘ / as xm dt‘ < + .
N 0 2{; t,xPlx = G sz
xeTy
Proof. 'We apply the entropy inequality, with respect to the Zero-range invariant measure
vg, to obtain

0 g X 0 Y 1 X xdt
N‘/ Z . lt‘SM.,._logEvﬁ 7|fo er’]l‘g]atv m, ‘ ’
Td ‘}/ J/ €

Xely

for every y > 0. The second term, on the right-hand side of the display, noting e!*| <
e*+e~ %, is bounded by the Feynman—Kac formula in Appendix 1.7 in [36] (whose proof
does not require vg to be an invariant measure of L ).

Then, considering y = G/M, we have

T
EN‘./O Z a,,xmxdz‘

xeT%
_MHWG ) [T MY + h L pvilar+ M iog2
=——y ¢ sip A SI}ILP{( Z ar xMy, >vﬁ+5 N ( )} t+5 og2,

xET%
where £ is a density with respect to vg, and Dy (f) = Evﬁ[f(SNf)] =E,, [f(Ly )]
is the quadratic form given in terms of Sy = (Ly + L%;)/2 and the Lz(vﬁ) adjoint LY.
By Lemma 7.2 and our initial assumption, H(uév [vg) < O (H(uév|v(gv)) +O(N%) =
O (N?%). We will drop the sup as the next estimates exactly hold for —m, replacing m,.
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To estimate the supremum, write Dy (f) = —2N2Dzg(f) + K QG (f). By (4.1),
Dzr(f) = Ev[f(=Lzrf)] = Dzr(f: vp)
1
=2 2 Eyfsan (o) - rm)’]

lx=yl|=1
LyET%

Also, QG (f) = E\;[(Lg f) f]1s explicit following calculations say in Lemma 4.3 as

06(H) ==Y Eylamn(sa - )’

xETd

= > Eyfe oo = 0760 - fon)’]

xer [
|

Ev,g T faHexm + f) f " ey 1 = 1)]

d
xeTy,

> By 0 <;(”x’_)fp($>) GO x+)g<jf/3+)1>>]

d
xeTy,

As the rates ¢t > 0, only the last line in the display for Qg (f) is nonnegative. By
our assumption (BR), however, we have that ¢} (n*7)g(ny) and ¢, (n**)/g(nx + 1) are
bounded. When f is a nonnegative function such that 2 is a density with respect to Vg,
that is Ey, [fz(n)] = 1, we have the upper bound

CKN?

1D B 2N2D K - N2D
el N(f)—_T ZR(f)‘*‘EQG(f)__E Zzr(f) +

and therefore,

T d
CMN
En / Z arxmydt| <
0 y G
xeT

N2 CTMKN?
+ M/ sup {M Z as xMy, h)y, — EDZR(\/E)}dt + — G (7.11)

xer

To analyze further, define

1 2
Den(f) = Eylf (~Leaf =7 Y Ev[sau)(F0"5) = )]
lw—z|=1
w,z€N ¢ x
where Ly , is the Zero-range generator restricted to sites Ay, = {y +x : |y| < £}.

Define also the associated canonical process on Ay, where the number of particles

Y yen,, My = Jjisfixed for j > 0. Let L¢,y,; denote its generator and let v x,j =

v (-l e Aoy v = Jj) be its canonical invariant measure on the configuration space
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{{Uz}zeA[,x : ZyeAM,,- ny = j}. By translation-invariance, vy, ; does not depend on
X.
Then, counting the overlaps, we have

Y Dex(Wh) =@+ 1) Dzr(Vh).

d
xeTy

The supremum on the right-hand side of (7.11) is less than

NQ
> sup {Evﬁ[(at,x/M)mxh] -G Dz,x(«/E)} (7.12)

d
xeTy,

where £, =20 + 1.

Recall that G = N9G for a small @g > 0, and m, vanishes unless the density of
particles in the ¢-block is bounded, ne(x) < B. By conditioning on the number of
particles in Ag x, and dividing and multiplying by E., [A] > n, = jl, we have for
each x and ¢ that

Z€Ay x

N? N
sup { Evg [ MOmah] = o Do (V0|

2

N
< sup sup | Evg, (@ /MImh) = = Doy (V)
j=Beg h *

where £ is a density with respect to vy ;.

Now, by the Rayleigh estimate in [36] p. 375, Theorem 1.1, in terms of the spectral
gap of the canonical process gap(¥, j), which does not depend on x by translation-
invariance, the last display is bounded by

up Ged Ey,, [(ax/M)m{(—Lex ) a0/ M)m,}]
2 d .
j=Bed N 1 =2 (@ /Mymy |10 S5 gap (e, )~

. (7.13)

By the bounds on fy via (3.4) and those on {a; .}, we have |[(a; x/M)my| L~ =
O(A). Since m, is mean-zero with respect to vy, j, we have

Ey,. [/ Mymu{(=Lex. ;) (arx/M)mi}] < gap(@, )~ arc/ Mymy || 7o

Recall the spectral gap assumption (SP) that gap (¢, j)~!' < cgpe2( j/€4)?. Since
j/t4 < CB, we have that gap (¢, j)~' < C4,€*>B%. Choosing a4 + o + (d +2)a, +
200 — 2 < 0, we have

AGEgap(t, )7 /N? < CopAGELI?B2NT2 = o(1)

and so the denominator in (7.13) is bounded below.
Hence, summing over x, (7.12) is bounded above by

cGed CGe4A%2¢2BZNY
N2 N2

and the desired estimate follows by inserting back into (7.11). O

2 2nd
myllzec N <

)
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7.3.2. Bound on conditional mean To treat the conditional expectation

Evy[aix £ 10D nyex < At )1t < B), (7.14)
YEAp

we will need two preliminary estimates (Lemmas 7.7 and 7.8).
Note that fy is mean-zero with respect to VN (1 x) and E, N e [fx]= h(uN(z, x)+
k) — h(u™ (t, x)) — B (u™ (t, x))« from the definition (3.5).

Lemma 7.7. For x € ’M\/’ let y, = nf; — uN(t, x). Fix also 8 > 0. We have, uniformly
overt € [0, T], that

2 c C

|Evg [ /M) £ 1CY e = Ml -

YEA),

Proof. The argument makes use of an equivalence of ensembles estimate and properties
of fy.Lethby = (at,x/M)fx](ZyeAh Nysx < A).Recall ||a; x|loo/M < 1.By Corollary
1.7 in Appendix 2 of [36], when |y,| < 8, we have that

Bl

<|E [by]| +

VuN (1.x)+yx

We now expand E [bx] in terms of y, around 0. Choose A = A(y,) so that

qu(t,x)+yX

_N
Equ(,,x)[nxeMnx " (t,x))]

_ N
[e)\(ﬁx*uN(t,x))] =u (t, X) + yx. (7.15)

qu (t,x)

Note from (7.15) that A(0) = 0 and A/ (0) := %A(O) = Eyy, ,[00x = uN (@, x)2 L.
In terms of this change of measure,

d
EEVMN(YVX)*',VX [bX] |yx:0 = )\’/(O)Equ(l,x) [bx( Z (T]y+x - MN(Z, x))):l :

YEA),

Since u™

is uniformly bounded away from 0 and infinity (Lemma 3.1), 2’ (0) is bounded.
Also, from (7.15), one can see that A" (a) = j’—yzz)»(a), for |a| < &, is also bounded say

by C($) for |a| < §. Then,

VuN(t,x)+)=x uN(I,x)+yx

d
(b2 = Euy I0e) + [ =B el oot 16)

where |r,| < (C(8)/2)y2.
We now estimate that the first two terms on the right-hand side of (7.16) are of order
A~ to finish the argument. Indeed,

|E, N () [b:]l = | v N(ryx)[(at,x/M)fx] - Equ(t_x)[(at,x/M)fxl( Z Ny+x > A)]|

YEA),

=0

1
< S Bun ] D2 My =

YEA,
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as fx is mean-zero with respect to v~ ) and E, N [l fxl Zye A, Ny+x] is uniformly

bounded as u?Y (¢, -) is uniformly bounded in Lemma 3.1.
The other term is similar:

—d E
‘ dyx UuN(T.x)erx
< —d E
- | dyx VMN(/‘x)+yx

d

| dyx Equ(t.x)+yx

[bx1ly,=o|
[(at,x/M)fx]|yX:0|

+

[(ar.e/M) £ () Myaw > Ay, =0l

YEA

o L@ M FCY 1ed(Y (ys — ¥ 6,000 <

YEA), YEA)

=<

’

A'(0) ‘E
A

|0

since first a; , is non-random and f satisfies 0 = d%Equw)m [fx]ly,=o (cf. (3.5)),

and second

Ey o [@r/M) fe( D7 mye) (Y (e = (1,00)]

YEA), YEA)

is uniformly bounded as u™ (¢, -) is uniformly bounded (Lemma 3.1). O
Recall £, = 2¢ + 1 and let now

1

e = Gt 2 (e =2+ ).
lz|<¢€

We will need that the following exponential moment is uniformly bounded.

Lemma 7.8. For y, § > 0 small, uniformly overt € [0, T], we have
sup E,p [ 5115 < )] < o0.
¢

To get a feel for this estimate, consider the case that the variables are i.i.d. Poisson
with parameter k. Then, y, has the distribution of ¢ 4 times a centered Poisson(Zf s
random variable. In this case, the expectation in this lemma equals

d . \k
Z oy G k—tdi)? ,— e (EZK) .
|

lk—edic| <eds
A typical summand, say with k ~ (k +8)¢¢ is estimated by Stirling’s formula as
d A\ k+8)

—edie (E*K)

Bt AV
(e +8)!

—ctd

3

e

with ¢ > 0, when y82 < k. Since there are only Efk’ order summands, Lemma 7.8 holds
in this setting.

We now give an argument for the general case through use of a local central limit
theorem. Denote now k = £, 3", u (z, x +2).
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Proof of Lemma 7.8. Write the expectation in the display of Lemma 7.8 as

S (Y =

lk—edic|<eds lzl=¢
L4 (1+8) |
€74 (k—tdi)? N
= Y NS
k=[edx] lzl=¢
[ede1—1
—d (1 _pd,\2
+ Z er k= ti0? N ( Z Noax = k). (7.17)
k=T (c—8)] lzl=¢

We now bound uniformly the first sum, and discuss the second sum afterwards.

Write the first sum on the right-hand side of (7.17), in terms of a positive constant a,
as

redicl+ared’*

Y (Y =l

k=[tdi] lzl<¢
Led (1c+5)
+ Z ewi;d(k—l‘,ﬁ,()zvtN( Z S 7.18)
k=redic1+ared 141 |z]<¢

The first term in (7.18), since 0 < k — E‘i/c < aﬁffﬂ, is bounded by e“z)’.

To estimate the second term in (7.18), noting Zi/z Y = E;d/z( le\sé Nz+x — fo/c),
we write the probability in the sum as a difference of 1 — F (Z*_d/ 2(k —1- E‘j/c)) and

1 - F(Z;d/2 (k — Kff/c)), where F is the distribution function of Ei/zix. Then, we may

rewrite the second term in (7.18), summing by parts, as

L (k+8)]—1
—d d, 2 —d d 2 _
Z [eye* (kt1=tdi0? _ pyed k—tdic) ][1 — F(ES d/z(k B Ef,f/c))]

k=[x +ared*1+1

—d,_pd N2 _
+ VR EOT P e — 1 = 0]

|k:[e::’,(1+a ¢4

—dp_pd N2 —dn
SN Lo (S09) [1-F; 2 (k —5(1"))]|k:ui(x+a)]' (7.19)

In Theorem 10 of Chapter 8 in [42] (page 230), subject to assumptions, namely that
Egs. (2.3)—(2.5) in Chapter 8 [42] hold, a uniform estimate on the tail of the distribu-
tion function is given. These assumptions hold when there is an H > 0 small where
R; :(u) = log Evtzve'“h is uniformly bounded in z and 7 for |u| < H, and also when

o2

oy = Ev,N[(”Z —uN(t,2)?%] is uniformly bounded away from 0 in z and ¢. These

specifications follow straightforwardly from the uniform bounds on u”" (Lemma 3.1).

Then, vp == /43¢ nge az%t is uniformly bounded away from 0 and oc.
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Therefore, by Theorem 10 in Chapter 8 [42], there is a constant T such that for
0<x< rﬁf/z we have

3
11— F(x) < C(r)(1 — ®(x/v)) exp{ 3zd/2xl(x/(vg€i/2))} and
v, €y
x3 1 dj2
F(=x) < C(I)CD(x/vg)exp{ — ! (x wetd ))}, (7.20)
vy Ly

where «!(-) is uniformly bounded for small arguments, and ® is the Normal(0, 1) dis-
tribution function. Note that
exp (Y€ (k+ 1 — £4)?} —exp [y € (k — ¢4ic)?)

= exp {y ;9 (k — szx)z}(exp 2p679 0k — iy +ye;9) — 1).

Also, when x /vy = @;d/z(k — Kf,f/c)/vg > 1, which is the case when k > Ifo/c + aﬁi/z

and a is fixed large enough, we have that

{1 — ok - z;’;c)/w)} exp {ic! (x /et w3072 k — 04k0)?)
1
V2

With the aid of these observations, we deduce now that (7.19) is uniformly bounded in

£. Indeed, to see that the sum in (7.19) is bounded, observe since aﬁi/ 2 <k-— Zf Kk < Sﬁf
that

exp | — 9k — e4i0)2 /D)y exp it (x/ et *)) o362 (k — ¢di0)3).

=

exp {275 (k — k) + €4} — 1 < 2(2y5;"(k — ey + ye;d),

and Kl(x/(vgﬂf/z)) < ik where k is a constant, when y and § are small. Then, each
summand in the sum in (7.19) is bounded by

2 - — _ 1 Ok
S Crete— o sye exp | (6 - L)y - 55+ 5}

Y
which in turn is bounded by a multiple of
YUk — ¢k + D)o eI G tho?

for y, 8 > 0 chosen small, with c(y, §) > 0. Hence, the sum may be bounded uniformly
in £ in terms of the integral C(y) faoo ze’”(y*‘”zzdz, for some constant C(y).

The other two terms in (7.19) are bounded using similar ideas.

Finally, the second sum in (7.17) is bounded uniformly in £ analogously, using the
left tail estimate in (7.20). |

With these preliminary bounds in place, we resume the argument and consider the
conditional expectation (7.14) when |y,| < 6.
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Lemma 7.9. For § > 0 small, we have

T
/0 Ep[ X Eulars f1CY my = MG < Byl < 9)]ds
XET]dV YEA,
CTMN? CTMKN%? CTMN?
+ + .
o N2 A

T
< CM/ H(uN wNydr +
0

Proof. We firstdivide and multiply the left-hand side of the display by M. By Lemma 7.7,
we first bound the term

Eyy[(@rx /M) f:10) ) 0y < Ant110E < BY1(Iys] < 8)
YEA)
c C
2
= Ol =9+ 5+
The last two terms when multiplied by M, summed over x € ']I‘?V, and integrated over

[0, T], give rise to those terms CT M N9 /¢4 + CT MN? ] A present in the right-hand side
of the display of Lemma 7.9.

We now concentrate on the terms y%1(|yx| < §). Recall y, = E;d leﬂc‘q(nZ -
u(t, z)). Bound

L(yxl = 8) = 1(Iyxl = 28) + L(lyx| = &) 1(|yx — Vx| = 8).

Hence,
/ Z Yil(lyxl < 5) dl = M/ Z Y13l < 25)]
xe']l‘d
+Mf Z yxl(lyx|<5)1(|yx—yx|>5)]
xe’]I‘d
(7.21)
To bound the second term in (7.21), since |y, — V| = |Z;d Z|z—x|gl uN(t,z) —
, we have by Markov’s inequality and Lemma 3.2 that
,CTMKN¢?
M o[ 20 Ranl =910 — Sl = 9)ar = 82— —. (122)
xe']I‘d
To bound the first term in (7.21), write
- 1 2
w22y Y w@en-uVex). (7.23)

* |z—x|<t
By Lemma 3.2 again,

M/ Ea| 3 v3105:0 < 20) |ar

xe']l‘d
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_ CTMKN?P?
< CTMENE wom [ 6,0 X asd <29]ar a2

xer

The sum of the first terms on the right-hand sides of (7.22) and (7.24) gives the third
term in Lemma 7.9, writing 2C as C.
To address the remaining second term in (7.24), write

<2115 MH (" v M F21(15:1<26)
ME N[ 3 21050 < 28] < LHUIRD My p [Ty F105120)
M 2 ) Vi
XET%
MH ) S logE N[ene;’ﬁu\&x\szﬁ}
- V2 Vzﬁd e

(7.25)
using Lemma 7.3 where the grid spacing is 2¢ + 1. By Lemma 7.8, we have that
20452115 1<26) 8115
logEvtN e’ ixlx < log 1+EUIN eI 1 (1yx ] < 26)
< Ep[en5105,0 = 29)]
is uniformly bounded in ¢ for small y», § > 0. Hence, the right-hand side of (7.25) is
bounded by MH(,uf’|v,)/y2 + CMNd/(yzﬁd), finishing the argument. O
Finally, our last estimate bounds the conditional expectation in (7.14) when |y, | > §.

Lemma 7.10. We have, for § > 0 and small y3 = y3(§) > 0, in terms of a constant
c1 =c1(8) > 0, that

T
/O Ea| 20 Evllaall flly 1@k = Byl > 8) |ar

xe rﬂ‘d

CTMKBN¢? . CTMN? -
§2N2 y344 .

< —/ H(uNwNydre + (7.26)

Proof. First, we have |a; x| < M. Next, by our assumptions on fy [cf. (3.4)], using

exchangeability of the canonical measure and the uniform bounds on «” in Lemma 3.1,
we have that

Ey[Ifdv] = Cambfut+c) = camblies 5p Y W +c)

& lz—x|<t

<Cyy+C.

Hence, we need only bound MEMYN[ZXGMV (Cy: + O)1(nt < B)L(y«| > 8)].
Since

1
Wyl >0 < 1|77 Y @e0—u0.2)| > 8/2) + 1050 > 8/2)

* z—x|<t
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and I)7X|1(n£ < B) < B+sup, ||uN(t, x)|lz~ < 2B say, by Lemma 3.1, for large N, in
turn, we need only bound

(146 /ME [ 3 151052l > 8/2]as

xETd

T8MB 1 2
+/0 —~ Z (e_d Z (uN(t,x)—uN(t,z))) dt. (7.27)

d * lz—x|<tl
xeTYy lz—x|=

The second term in (7.27) is bounded by CTMKBNdEZ/(SZNZ) via Lemma 3.2, giving
one of the terms in (7.26).

However, the integrand of the first expression in (7.27) is bounded, by Lemma 7.3
with grid spacing 2¢ + 1, by

MH@WNpY) M N PRI
1o ( — V(5 > 8 2)+EN[eV3 () |>52)]).
” VS i Z g r UYx / v Yx /

By Schwarz inequality, we have

y 5 5 . 1/2
E» [e)/3/éi1|)x|1(|yx| > 5/2)] < {EV,N [ezm;ﬂm] V(] > 3/2)]
Now, for s > 0,
v (1] > 8) < Eyv[e ¢Trth]pmstis _,_EvtN[e—syxeg]e—szgs

< l—[ EutN [es(nx+z—uN(t,x+z))]e—58 + l_[ EutN [e—s(n”z_uN(t,x+z))]e—sz3.

lzl=¢t lz|<¢t

Moreover, recalling az%, = EvtN [(n. — uN (¢, 2))*], we have
log EvtN [eis(”y_“N(”y)] =’ o 2+ o(s?).

Hence, with s = &6 and & > 0 small, noting that o +Z , is uniformly bounded away from
0 and infinity by Lemma 3.1, we have

~ 0 o
vtN(|yx|>8)§21_[€ 87(e— 80r+ [/2)< cl
lzl=¢

for a constant ¢ > 0 depending on §.
At the same time, for y3 > 0 small, as the means ulv (¢, -) are uniformly bounded via
Lemma 3.1 again, we have, in terms of 0 < y3 < y3, that

log Ev,N [e2V3fﬁf\ix|]

Slog[ I1 EV[N[eZV.%(’Iz*MN(l;Z))]_F I1 EVtN[efzy_z(nfuN(t,z))]]

lz—x|<t |z—x|<t

4 _,N
<Cyi ). En[(1e —u® (1, 2)2?3 0] = 0y,

lz—x|<¢t
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Hence, with ¢1(8) = ¢/4, we bound the integrand in the first term in (7.27), taking
y3 = ¥3(6) > 0 small enough compared to c, by

CM

d
H(MI CMN e_cl(a)ed
V3

N
v )+ ,
v ol

which when integrated in time yields the other two terms in (7.26). O
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