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Abstract: Lyapunov exponent is widely used in natural science to find chaotic signal,
but its existence is seldom discussed. In the present paper, we consider the problem of
whether the set of points at which Lyapunov exponent fails to exist, called the Lyapunov
irregular set, has positive Lebesgue measure. The only known example with the Lya-
punov irregular set of positive Lebesgue measure is a figure-8 attractor by the work of
Ott and Yorke (Phys Rev 78, 056203, 2008), whose key mechanism (homoclinic loop) is
easy to be broken by small perturbations. In this paper, we show that surface diffeomor-
phisms with a robust homoclinic tangency given by Colli and Vargas (Ergod Theory Dyn
Syst 21, 1657-1681, 2001), as well as other several known nonhyperbolic dynamics,
have the Lyapunov irregular set of positive Lebesgue measure. We can construct such
positive Lebesgue measure sets both as the time averages exist and do not exist on it.

1. Introduction

Lyapunov exponent is a quantity to measure sensitivity of an orbit to initial conditions
and natural scientists often compute it to find chaotic signal. However, the existence
of Lyapunov exponent is seldom discussed. The aim of this paper is to investigate the
abundance of dynamical systems whose Lyapunov exponents fail to exist on a physically
observable set, that is, a positive Lebesgue measure set.

Let M be a compact Riemannian manifold and f : M — M a differential map. A
point x € M is said to be Lyapunov irregular if there is a non-zero vector v € T, M such
that the Lyapunov exponent of x for v,

1
lim —log || Df"(x)vl|, (1.1)
n—oo n

does not exist. When we would like to emphasize the dependence on v, we call it Lya-
punov irregular for v. Similarly a point x is said to be Birkhoff irregular if there is a con-

tinuous function ¢ : M — R such that the time average limn_mo(z;l;(l) o(f/(x)))/n
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does not exist. Otherwise, we say that x is Birkhoff regular. Moreover, we call the set of
Lyapunov (resp. Birkhoff) irregular points the Lyapunov (resp. Birkhoff) irregular set of
f. We borrowed these terminologies from Abdenur—Bonatti—Crovisier [1], while they
studied the residuality of Lyapunov/Birkhoff irregular sets, which is not the scope of the
present paper. Indeed, the residuality of irregular sets is a generic property ( [1, Theorem
3.15]) while the positivity of Lebesgue measure of irregular sets does not hold for Axiom
A diffeomorphisms, see e.g. [23]. The terminology historic behavior by Ruelle [19] is
also commonly used for the forward orbit of a point to mean that the point is Birkhoff
irregular, in particular in the study of the positivity of Lebesgue measure of Birkhoff
irregular sets after Takens [21], see e.g. [10,11] and references therein.

Due to the Oseledets multiplicative ergodic theorem, the Lyapunov irregular set of f
is azero measure set for any invariant measure. However, this tells nothing about whether
the Lyapunov irregular set is of positive Lebesgue measure in general. In fact, the Birkhoff
ergodic theorem ensures that the Birkhoff irregular set has zero measure with respect to
any invariant measure, but for a wide variety of dynamical systems the Birkhoff irregular
set is known to have positive Lebesgue measure, see e.g. [10,11,19,21] and references
therein. Furthermore, the positivity of Lebesgue measure of the Birkhoff irregular set
for these examples are strongly related with non-hyperbolicity of the systems, and the
two complementary conjectures given by Palis [18] and Takens [21] for the abundance
of dynamics with the Birkhoff irregular set of positive Lebesgue measure opened a
deep research field in smooth dynamical systems theory. So, it is naturally expected that
finding a large class of dynamical systems with the Lyapunov irregular set of positive
Lebesgue measure would be a significant subject.

Yet, the known example whose Lyapunov irregular set has positive Lebesgue measure
is only a surface flow with an attracting homoclinic loop, called a figure-8 attractor (
[17]), see Sect. 1.1.1 for details. However, the homoclinic loop is easy to be broken by
small perturbations. Therefore, in this paper we give surface diffeomorphisms with a C" -
robust homoclinic tangency (r > 2) and the Lyapunov irregular set of positive Lebesgue
measure. Recall that Newhouse [16] showed that, when M is a closed surface, any
homoclinic tangency yields a C"-diffeomorphism f with a robust homoclinic tangency
associated with a thick basic set A, that is, there is a neighborhood O of f in the set
Dift" (M) of C"-diffeomorphisms such that for every g € O the continuation A, of A
has a homoclinic tangency. Such an open set O is called a Newhouse open set.

We finally remark that if f is a C!-diffeomorphism whose Lyapunov irregular set
has pos1t1ve Lebesgue measure and f is conjugate to f by a C!-diffeomorphism #, that
is, f = h=' o f o h, then the Lyapunov irregular set of f also has positive Lebesgue
measure. Our main theorem is the following.

Theorem A. There exists a diffeomorphism g in a Newhouse open set of Diff” (M) of a
closed surface M and 2 < r < oo such that for any small C"-neighborhood O of g one
can find an uncountable set L C O satisfying the following:

(1) Every f and f in L are not topologically conjugate if f # f;

(2) Forany f € L, there exist open sets Uy C M and Vy C R2, under the identification
of TUy with Uy x R?, such that any point x € U r is Lyapunov irregular for any
non-zero vector v € Vy.

Furthermore, L can be decomposed into two uncountable sets R and T such that any
point in Uy is Birkhoff regular for each f € R and any point in U s is Birkhoff irregular
foreach f € 1.
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Remark. (Generalization of Theorem A) It is a famous folklore result known to Bowen
that a surface flow with heteroclinically connected two dissipative saddle points has the
Birkhoff irregular set of positive Lebesgue measure (see Sect. 1.1.1), and its precise proof
was given by Gaunersdorfer [8], see also Takens [20]. However, again, the heteroclinic
connections are easily broken by small perturbations, and thus Takens asked in [21]
whether the Birkhoff irregular set can have positive Lebesgue measure in a persistent
manner. In [11], the first and fourth authors affirmatively answered it by showing that
there is a dense subset of any C"-Newhouse open set of surface diffeomorphisms with
2 < r < oo such that any element of the dense set has an open subset in the Birkhoff
irregular set, by extending the technology developed for a special surface diffeomorphism
with a robust homoclinic tangency given by Colli and Vargas [5]. Furthermore, we
adopt the Colli—Vargas diffeomorphism to prove Theorem A. Therefore, it is likely
that Theorem A can be extended to surface diffeomorphisms in a dense subset of any
Newhouse open set. The main technical difficulty might be the control of higher order
terms of the return map of diffeomorphisms in the dense set, which do not appear for
the return map of the Colli—Vargas diffeomorphism, see the expression (1.10).

Furthermore, the above result [11] was recently extended in [4] to the C*° and C®
categories by introducing a geometric model, and Colli—Vargas’ result was extended in
[12] to a 3-dimensional diffeomorphism with a C!-robust homoclinic tangency derived
from a blender-horseshoe. Hence, we expect that Theorem A holds for r = 0o, @ and
for r = 1 when the dimension of M is three. We also remark that [3,13] extended the
result of [11] to 3-dimensional flows and higher dimensional diffeomorphisms.

Remark. (Irregular vectors) Ott and Yorke [17] asserted that they constructed an open
set U any point of which is Lyapunov irregular for any non-zero vectors, but we believe
that their proof has a gap. What one can immediately conclude from their argument
is that any point in U is Lyapunov irregular for non-zero vectors in the flow direction
(and thus, the set of irregular vectors are not observable); see Sect. 1.1.1 for details.
In Sect. 1.1.3, we further show that a surface diffeomorphism with a figure-8 attractor
introduced by Guarino—Guihéneuf-Santiago [9] has an open set every element of which
is Lyapunov irregular for any non-zero vectors.

Remark. (Relation with Birkhoff irregular sets) One can find differences between
Birkhoff irregular sets and Lyapunov irregular sets, other than Theorem A, in the lit-
erature. Indeed, it was already pointed out in Ott-Yorke [17] that the figure-8 attractor
has a positive Lebesgue measure set on which the time averages exist but the Lyapunov
exponents do not exist (see also [7]). Conversely, diffeomorphisms whose Birkhoff irreg-
ular set has positive Lebesgue measure but Lyapunov irregular set has zero Lebesgue
measure were exhibited in [6]. We also remark that, in contrast to the deterministic case,
under physical noise both Birkhoff and Lyapunov irregular sets of any diffeomorphism
have zero Lebesgue measure by [2] and [14].

In the rest of Sect. 1, we explain that several nonhyperbolic systems in the litera-
ture also have Lyapunov irregular sets of positive Lebesgue measure (see, in particular,
Sect. 1.1). The purpose of the attention to these examples are not to increase the collec-
tion of dynamics with observable Lyapunov irregular sets, but rather to understand the
mechanism making observable Lyapunov irregular sets, which is especially discussed
in Sect. 1.2.
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1.1. Other examples.

1.1.1. Figure-8 attractor Ott and Yorke showed in [17] that a figure-8 attractor has the
Lyapunov irregular set of positive Lebesgue measure as follows. Let (f);cgr be a smooth
flow on R? generated by a vector field V : R> — R? with an equilibrium point p of
saddle type with homoclinic orbits, that is, the unstable manifold of p coincides with
the stable manifold of p and consists of {p} and two orbits y1, y2. We also assume that
the loops y1 U {p} and y» U {p} are attracting in the sense that «_ > o, where oy and
—a_ are eigenvalues of the linearized vector field of V at p with o4 > 0. Due to the
assumption, one can find open sets U; and U, inside and near the loops y; U {p} and
v» U {p}, respectively, such that the w-limit set of (f*(x));er is y; U {p} forall x € U;
with i = 1, 2. In this setting, y; U y» U {p} is called a figure-8 attractor.

It is easy to see that the Birkhoff irregular set of the figure-8 attractor is empty inside
Uy U Usj: in fact, if x € U; U U,, then

t
Il_l)rgo; A o f*(x)ds = ¢(p) for any continuous function ¢ : R?> > R

(cf. [9]). On the other hand, Ott and Yorke showed in [17] that any point x in Uy U U, is
Lyapunov irregular for the vector V (x), that is, the Lyapunov irregular set has positive
Lebesgue measure (in fact, they implicitly put an additional assumption for simple
calculations, see Sect. 2).

As previously mentioned, they also asserted that x € Uy U U, is Lyapunov irregular
for any non-zero vector v, because (% log det(Df(x)V (x) Df(x)v)),er converges to

oy —a_ ast — oo. However, the oscillation of (% log || Df'(x)v]|);er is not a direct
consequence of this fact and the oscillation of (% log | Df'(x)V (x)|]);er When v is not
parallel to V (x) because the angle between D! (x)V (x) and D (x)v can also oscillate.

1.1.2. Bowen flow In [17], Ott and Yorke also indicated the oscillation of Lyapunov
exponents for a vector along the flow direction for a special Bowen flow by a numerical
experiment. By following the argument of [17] for a figure-8 attractor, we can rigorously
prove that the Lyapunov irregular set has positive Lebesgue measure for any Bowen flow.

Let (f");er be a smooth flow on R2 generated by a vector field V : R?Z — RZ of
class C'** (a > 0) with two equilibrium points p and p and two heteroclinic orbits y;
and y» connecting the points, which are included in the unstable and stable manifolds
of p respectively, such that the closed curve y := y; U y» U {p} U {p} is attracting
in the following sense: if we denote the expanding and contracting eigenvalues of the
linearized vector field around p by oy and —«_, and the ones around p; by 4 and —f_,
then

o > oy P

In this setting, one can find an open set U inside and near the closed curve y such that the
w-limit set of (f7(x));cr is y for all x € U. As explained, it was proven in [8,20] that
any point in U is Birkhoff irregular. In fact, if x € U, then one can find time sequences
(Tw)neN, (Tn)nen (given in Sect. 2) such that

lim l/rn(pofS(x)ds = M
0

n—00 T, 1+r ’ (12)
1 [o +7p(p '

lim T/ oo Foyds = LD FTeWP)

n—>o00 1, Jo 1+7
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for any continuous function ¢ : R*> — R, where r = ﬁ— and 7 = o = According to

Takens [20] we call such a flow a Bowen flow. We can show the followmg proposition
for the Lyapunov irregular set, whose proof will be given in Sect. 2.

Proposition 1.1. For the Bowen flow (f');cr with the open set U given above, any point
x in U is Lyapunov irregular for the vector V (x).

Remark. For the time sequences in (1.2) for which the time averages oscillate, we will
see that

1 1 N

lim — log [|Df™ (x)[| = lim — log | Df™ (x)| =0 (1.3)
n—00 T, n—oo T,

for any x € U. That is, the mechanism causing the oscillation of Lyapunov exponents is

different from the one leading to oscillation of time averages; see Sect. 1.2 for details.

1.1.3. Guarino—Guihéneuf-Santiago’s simple figure-8 attractor A disadvantage of the
arguments in Sects. 1.1.1 and 1.1.2 is that, although it follows the arguments that a point
x in the open set Uy U U or U is Lyapunov irregular for the vector V (x) generating the
flow, itis unclear whether x is also Lyapunov irregular for a vector which is not parallel to
V (x), because the derivative Df’ (x) at the return time ¢ to neighborhoods of p or pUp is
not explicitly calculated in the arguments (instead, the factthat D f' (x)V (x) = V(f'(x))
isused). On the other hand, Guarino, Guihéneuf and Santiago in [9] constructed a surface
diffeomorphism with a pair of saddle connections forming a figure of eight and whose
return map is affine (see Proposition (1.4)). By virtue of this simple form of the return
map, it is quite easy to prove that the diffeomorphism has an open set each element
of which is Lyapunov irregular for any non-zero vectors. Furthermore, we will see in
Sect. 1.2 that the calculation is a prototype of the proof of Theorem A.

Fix a constant o > 1 and numbers a, b suchthatl <a <b < o.LetI = [a, b] and
denote the map R2 5 (x, y) (0 2x, oy)by H.Foreveryn e N,let S, =1 xo™"1
and U,, = 071 x I, so that

H"(S,) =Uy, and H":S, — U, is adiffeomorphism.

See Fig. 1. Furthermore, let R : R?> — R? be the affine map which is a rotation of -3

around the point (“+b “”’) ie.

R(x,y)=(a+b—y,x).

We say that a diffeomorphism of the plane is said to be compactly supported if it equals
the identity outside a ball centered at the origin O, and moreover the diffeomorphism has
a saddle (homoclinic) connection if it has a separatrix of the stable manifold coinciding
with a separatrix of the unstable manifold associated with a saddle periodic point O,
so that it bounds an open 2-disk. Specially, we call the union of O and a pair of saddle
connections associated with O a figure-8 attractor at O, and it satisfies W*(0) =
W3 (0).

Proposition 1.2 ([9, Proposition 3.4]). There exists a compactly supported C°°-
diffeomorphism f : R? — R2 which has a saddle connection of a saddle fixed point
O = (0,0), and moreover there are positive integers ng, ko such that the following
holds:
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O] a b/

Fig. 1. Guarino—Guihéneuf-Santiago’s diffeomorphism

(a) There is a neighborhood V of O such that
U U rGSocV and fly=H.

n=no 0<t<n
(b) fX(U,) = S, for all n > ng and
R, y) = R(x,y) forall (x,y) €[0,02] x I.
In particular, for every n > ny,

fHR(x,y) = (@+b—o"y, 07 "x) € So, forall (x,y) € S,. (1.4)

Remark. 1f we suppose that f|y, = s, o f|y, o sy, where V; is the i-th quadrant of R?,

and s,, s, : R> — R? are symmetry maps with respect to the vertical and horizontal
axes, respectively, f has a figure-8 attractor at O, see [9].

Although the dynamics in Proposition 1.2 is defined on R?, one can easily embed the
restriction of f onthe supportof f into any compact surface. It follows from [9, Corollary
3.5] thatif z € S, then

n—1

1 .
lim — E o(f’(2)) = ¢(0) for any continuous function ¢ : RZ > R.
n—o00 p 4 ;
j=

In particular, any point in Sy, is Birkhoff regular. Our result for the Lyapunov irregular
set is the following, whose proof will be given in Sect. 3.

Theorem 1.3. For the diffeomorphism f and the rectangle Sy, given in Proposition 1.2,
any point z in Sy, is Lyapunov irregular for any non-zero vector.

Remark. We note that the piecewise expanding map on a surface constructed by Tsujii
[22] has a return map around the origin whose form is quite similar to one of the
diffeomorphism of Theorem 1.3. So, it is natural to expect that (a slightly modified
version of) the map in [22] has an open set consisting of Lyapunov irregular points for
any non-zero vectors.



Abundance of Observable Lyapunov Irregular Sets 1247

1.2. Idea of proofs of Theorems A and 1.3: anti-diagonal matrix form of the return map.

1.2.1. The figure-8 attractor We start from the Guarino—Guihéneuf—Santiago’s figure-8
attractor. Let f be the diffeomorphism given in Proposition 1.2. Then, it follows from
(1.4) that forany n > ng and z € S, Df n+ko (7 is an anti-diagonal matrix,

Df"(2) = (Gfﬁn T ) (1.5)

so DfCrtko+ntko) () = p f2n+ko fntko (7)) D f7+K0(z) is a diagonal matrix. Hence, if
we define the d-th return time N (d) from S, to | S, withd > 1 by

n=no

d
N() = Z n(d), nd)= 2d/_1no + ko (1.6)
d'=1

(notice that fN@(S,) C Sya,,), then it follows from a chain of calculations that for
any z € Sy,

_ _ 0 —o"0
DY) = (=) l<a—22d—'no 0 )

1 0 (1.7)
D@ = 07 (e )

and thus, for any v ¢ R ((1)> UR <?),

Jim. de) log H DfN(d)(z)vH —0. (18)

Furthermore, one can see by a direct calculation that with the function 9 : [0, 1] - R
givenby 9(¢) = —(1 —¢)/(1+¢)if ¢ > 1/3and ¥ (¢) = —2¢/(1+¢)if ¢ < 1/3,1it
holds that for any ¢ € [0, 1],
. 1
lim
d—oo N(4d) + | £2%ng |

log | DfNEDHE2 0l 2y | = 9 (o) logo,  (1.9)

where |a] for a € R is the greatest integer less than or equal to a. Note that N (4d) =
2% 0 + (4dko — ng), so N (4d) + [£2%ng | over ¢ € [0, 1] essentially realizes all times
from N (4d) to N(4d + 1). A detailed calculation will be given in Sect. 3.

1.2.2. The Newhouse open set Next we consider the diffeomorphisms in the Newhouse
open set given in Theorem A. Colli and Vargas constructed in [5] a diffeomorphism g in
a Newhouse open set with constants 0 < A < 1 < o such that for any C"-neighborhood
O of g and any increasing sequence (ng) k>0 of integers with lim sup; _, o #k+1/nk < 00,
one can find a diffeomorphism f in O together with a sequence of rectangles (Ry);2,
and a sequence of increasing sequence (71 )x>1 of integers with 77z = O (k) such that
F™*2(Ry) C Rie1 and for each (¥ + x, y) € Ry,

UG+ x,y) = (R — 02 x? — Ay, oM x), (1.10)
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where ny = ng + nyg and (X, 0) is the center of Ry, see Theorem 4.1 for details. Thus,
the derivative of the return map has the form

)2k 5 Tk
20y = ) (1.11)

A2~
Df"* (X +x,y) = ( g 0

Compare this formula with (1.5) for n = n(d) — ko and note that limy_. o (n(d + 1) —
ko)/(n(d) — ko) = 2.

The biggest obstaclein (1.11) to repeat the above calculation for Guarino—Guihéneuf—
Santiago’s figure-8 attractor is the term —2¢ 2" x: the absolute value of the term should
be as small as the absolute value of —A”* of (1.11), while o->** may be much larger than
A"k because 0 < A < 1 < o. Therefore, the key point in the proof is to find a subset Uy
of Ry such that any x € Uy satisfies the required condition | — 202 x| < E| — A" | with
a positive constant £ independently of k (Lemma 4.5), and to show f H2(Uy) C Upsr
(Lemma 4.4).

1.2.3. Some technical observations Finally, we give a couple of (more technical)
remarks on the similarity of mechanics leading to observable Lyapunov irregular sets
for the dynamics of this paper.

Remark. Tounderstand the time scale N (4d)+|¢ 24dnoj of (1.9), calculations of (partial)
Lyapunov exponents for the Bowen flow might be helpful. Let (f*);cr, V, p, p, U be
as in Sect. 1.1.2. Let N and N be small neighborhoods of p and p, respectively, such
that N N N = . Fix z € U and let 7, and 7, be the n-th return time of z to N and
N, respectively (see Sect. 2 for their precise definition). Then, since Df'(z)V (z) =
V(f!(z)) for each t > 0, both |Df™(z)V (z)|| and ||fo" (z)V (2)|| are bounded from
above and below uniformly with respect to n, which implies (1.3) (while (1.2) is a
consequence of [20]).

We further define p,, as the time ¢ in [0, 7,41 — 7,,] at which f ™% (z) makes the closest
approach to p (that s, p, is the the minimizer of || f™* (z) — p|l over0 < t < T,41 — Tn).
Then, since the vector field V is zero at p, it can be expected that || Df ™ (2) V()| =
|V (f™*Pn(z))| decays rapidly as n increases. In fact, we can show that
oy —a_p

lim log | Df™*Pn () V = <0,
e g | Df @V wtPira 1 h

which is “5*= when o, = B4 and «_ = B_. On the other hand, #(¢) in (1.9) takes the
minimum —% at¢ = %, so the minimum of (1.9) is

1 logo +logo 2
=—=logo = ——.
2 2

. 1 24d )y,
lim ——u— log H DfNGD+ = 0J(z)v
400 N (4d) + | 2500 |

Remark. We emphasize that the choice of (ng)keN in (1.10) is totally free except
the condition lim sup;_, o, n2+1/n2 < 00, while (n(d))gen in (1.6) must satisfy
limyg—con(d + 1)/n(d) = 2. This freedom makes the construction of the oscillation
of (partial) Lyapunov exponents of f a bit simpler. Indeed, in the proof of Theorem A
we take (ny)ren as

n2p+1 n2p

lim < lim
P—=>0 nyp P~ nyp—|

< 00,
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which enables us to conclude that for any z in an open subset of R, with some large
integer « and any vector v in an open set,

log A+l

lim log ” DfNZPfl(Z)vH _ ogatralogo
P=00 Nap-1 1+«
1 log A + B1

< lim — log HDfNZ”(Z)vH = og—ﬂoga’
p—00 N2p 1+,3

where @ = lim oo 12p+1/M2p, B = limp_ oo n2p/n2p—1 and Nj = (e +2) + (41 +
2)+- -+ (4 j +2) (so the “time at closest approach” N (4d) + [£2%ng | with ¢ € (0, 1)
for Guarino—Guihéneuf—Santiago’s figure-8 attractor is not necessary).

Remark. We outline why the open set V; in Theorem A is not easy to be replaced
by R? \ {0} by our argument. Again, Guarino—Guihéneuf-Santiago’s figure-8 attractor
might be useful to understand the situation. Let v be the unit vertical vector. Then,
it follows from (1.7) that | Df V@D (2)v| = o =2+ \which is much smaller than
the lower bound 1 — ¢ ~2**+Dno of | DN (z)v'|| for any non-zero vector v’ being
not parallel to v, and thus (1.8) does not hold for this v (see (3.1) for details). For
the diffeomorphism of Theorem A, this special situation on the vertical line may be
spread to a vertical cone I, := {(vi,v2) € R? | |vi] < K~ Yvy|} with a constant
K > 1 (see (4.9)) and it is hard to repeat the above calculation on the cone due to the
higher order term —202"x of (1.11). A similar difficulty occurs on a horizontal cone
Kn = {(v1, ) € R? | lva] < K1 |v11}, and the open set V¢ of Theorem A is given as
R\ (Ky U Kp).

2. Proof of Proposition 1.1

We follow the argument [17] for the figure-8 attractor,! so the reader familiar with this
subject can skip this section. Let ( f!),;cr be the Bowen flow given in Sect. 1.1.2. Let

N and N be neighborhoods of p and p, respectively, such that there are linearizing
coordinates ¢ : N — R? and ¢ : N — R? satisfying that both ¢ (N) and ¢(N) include
(0, 17% and

doflodp™ (rs)=(e%"r,e™s), doflod  (rs) = Prels) 2.1)

on (0, 1]2. Fix (x, y) € U. Let Ty be the hitting time of (x, y) to {¢ "' (1, s) | s € (0, 1]},
i.e. the smallest positive number ¢ such that f7(x, y) = ¢>’1(1, s) with some s € (0, 1].
Let s; be the second component of ¢ o f70(x, y). We inductively define sequences
(tn, Tn, tAna T)nens (Sns T, §na fn)neN of POSitiVe numbers as

e 1, is the hitting time of o1, sp) to {¢p~'(r, 1) | r € (0,11}, and r, is the first
component of ¢ o fn 0 ¢~ (1, 5,),

e T, is the hitting time of ¢~ (r,,, 1) to {¢~' (1, s) | s € (0, 1]}, and §,, is the second
component of ¢ o £ 0 ¢~ (ry, 1),

e 1, is the hitting time of $~1(1,§,) to {¢~'(r, 1) | r € (0, 1]}, and 7, is the first
component of ¢ o f o p~1(1, §,),

1 They implicitly ignored the higher order terms of the transient map of the flow, i.e. assumed that 5, = cry,
and s,4+] = ¢ry instead of (2.3) below.
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° T is the hitting time 0f¢ 1(rn, Dto{op™ L1, 5) | s € (0, 1]}, and s,,41 is the second
component of ¢ o f1 o ¢ L, D).

Then, from
(efa_t,,, ea+tnsn) = (ry, 1), (eiﬁ_tny eﬁ+tn§n) = (;I‘ls 1)

it follows that

log s N log s . .
ty = — g", rm=sn, 1 £ Sn =3b

(425 B+

(2.2)

with a = ‘;—: and b := ’2—: On the other hand, it is straightforward to see that both 7},

and 7}, are bounded from above and below uniformly with respect to n, and thus, since
the vector field V is of class C'*¥, one can find positive numbers ¢ and ¢ (which are
independent of n) such that

S, =cry+ 0(r,1+°‘), Spel = CFy + 0(r1+°‘) (2.3)
Moreover, we set
n—1 n—1
T, = T()+Z(tk + Ty +fk +T1), Tp:= T()+Z(lk + T} +[Ak +Ty) +t, + T,
k=1 k=1

that is, the n-th return time to N and N, respectively. Notice that Df’(x, y)V(x,y) =
V(f'(x,y)) for each t > 0. Hence, we have

.1 o1
lim —log [[Df™(x, y)V(x,y)|l = lim —log|[[V(1,sy)|| =0
n—00 T, n—00 T,

because ||V (1, s)|| is bounded from above and below uniformly with respecttos € (0, 1].

From now on, we identify ¢ (x, y) and <13(x, y) with (x, y) if it makes no confusion.
We further define a sequence (p,,)neN Of positive numbers as p, is the minimizer of

11 (Los) = plI? = €720 + 20053

(under the linearizing coordinate ¢) over 0 < t < t,, that is, the time at which f*(1, s,)
makes the closest approach to p over 0 < ¢ < t,,. Then, it follows from a straightforward
calculation that

log s,

oy +o—

pn = — +C1, L (1, so)ll = Cpsp= /@), 2.4)

= loga—loga, ,C = Ja?t e 2-C1 4 ¢3¢2+Ci and L is the linearized vector
2(a4+a_)

sub-field of V around p corresponding to (2.1), i.e L(x, y) = (—a—_x, a;y). We show
that

where C; :

. afr —a_p-
lim su log ||[Df™*Pr (x, )V (x, y)| < . (2.5)
msup g |IDf y W Y T

Fix € > 0. Then, it follows from (2.3) that one can find ng such that

C_Tp = 8Sp Z C4ly, C—Tp = Spt] = Cily
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for any n > ng, where c+ = (1 £ €)c and ¢+ = (1 & €)¢. Therefore, by induction,
together with (2.2), it is straightforward to see that

bAnéAn (ab) < sn . < (C )An AN (ab)”

bA, AA A DAy AA n\4
c_ (c_ nghn sy’ ) < Sugin < C+( cghnegsia) )

El

forany n > 0, where A, = 1 +ab +--- + (ab)" ! = (“b) 1 . Fix n > ng and write
N := ng + n to avoid heavy notations. Then, it holds that

(ab)" log (s,,OC_) — Cy <logsy < (ab)"log (snoC+) +C»,
a(ab)"1og (spyC-) — C2 < log§y < a(ab)"log (sn,C4) + C2

with some constant Cy > 0, where Cy = ci/ (ab_l)éi/ @=1 Thys, by (2.2) we have

™ > Z <—— — —> (ab) log (sn0C+) +Cyy +nC3

o+ By
= —m(ab)” log (SnOC+) + C’/lo + nC3

with some constants C,,, C ,’10 and C3. Furthermore, it follows from (2.4) that

b)*log (s,,C
pN_—(a) g(no +)+C3,
0[++Ol_

so that

a_ (a4 + B +a—+B-) "
v +py = Cy +nC3 + B Bt e (ab)" log (51, C+)

with some constants C, C;[O. On the other hand, by (2.4) it holds that

Tog |V (F™V*PN (x, y))I| = log [L(fP¥ 53y < %(ab) 10g (s, C—) + C}

with some constants C3, C é Therefore,

—o_p_ 1 Cc_
lim sup —— log [ Df ™% (x, )V (x. )l < e — P 1080nC),
n—oo Tn+ POn ot + ﬂ.,. +oa_ + /3_ ]0g(sn0C+)

bgg((;'—oc)) converges to 1 from below as €

goes to zero). In a similar manner, one can show that

Since € is arbitrary, we get (2.5) (notice that

lim inf log DS ™ (. )V (x, y) | = —obe 9P
n—oo T, + Oy Ol++,3++a_ +,8—

and we complete the proof of Proposition 1.1. O
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3. Proof of Theorem 1.3

Let f be the Guarino—Guihéneuf-Santiago diffeomorphism of Proposition 1.2 and N (d)
the d-th return time given in (1.6). Fix z € §,,. By induction with respect to d we first
show (1.7). It immediately follows from (1.4) that the first equality of (1.7) is true for
d = 1. Then let us assume that the first equality of (1.7) is true for a given positive
integer d. Since N2(d+1) — 1) = NQ2d+1) = NQ2d — 1) +n(2d) + n(2d + 1), by
the chain rule and the inductive hypothesis,

DfN(Z(d+l)—l)(Z) — Dfn(2d+l)(fN(2d) (Z))Dfn(zd)(fN(2d—l)(Z))DfN(Zd—l)(Z)

0 _0_22dl’l() O _01225171"0
- 0_722d+1n0 0 01722(1"0 0
0 —ag"0
d—1
x (—1) (0_22d1n0 0 )

d—1 0 oo d 0 —o'0
=(-1 _0_22d+ln0 0 = (-1 0_22d+1n0 0 .

That is, the first equality of (1.7) holds for d + 1. In a similar manner, by induction with
respect to d, we can prove the second equality of (1.7).
We next prove that z is Lyapunov irregular for any nonzero horizontal vector v =

<S ) By the first equality of (1.7), we obtain

0
log H DfN(Zd_l)(Z)UH —224=1p5log o +log|s|
= —logo. 3.1)
NQd—-1) (2241 — Dng + 2d — Dky d—oo
On the other hand, it follows from the second equality of (1.7) that
log [DfNCD @] log 5| 0
NQ2d) (224 — Dng + Q2d)ky d—oo

In a similar manner, we can show that z is Lyapunov irregular for any nonzero vertical
vector.
Finally, we will prove (1.8) and (1.9), which immediately implies that z is Lyapunov

irregular for any nonzero vector v ¢ R ( (1)) UR (?) For simplicity, we assume that

£2%pg is an integer. Essentially, the proof of (1.8) is included in the discussion until
now. Thus, we show (1.9). By (1.7) and the item (a) of Proposition 1.2,

—2¢-2%p, 0
N(4d)+¢2% _ |9
Df () = ( 0 _ o~ (1=02%ngng
_ o (1=0)2ng o (1-302%n
- 0 —go )

Fix a vector v = (i) with su # 0. If 1 — 3¢ < 0, then

(1=302%n0
. o _
dlggo H( 0 —G”")U =1
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Hence, since N (4d) + £2%ng = (1 + ¢£)2%ng + (4dko — ng), we get

1 1—
lim ——— 3
d—o0 N(4d) + ¢2%pn, 1+¢

On the other hand, if 1 — 3¢ > 0, then

lim o (17302 0 v
d—00 0 —o'

log H DfN(4d)+;24dno (Z)UH - _ log o.

co—(17302%n0 _

Thus we get
) 1 4d —(1-0)+0-32)
AN @) + £2%n, 02| P @ 1+¢ 08
28
=— logo.
1+¢

This completes the proof of Theorem 1.3. O

4. Proof of Theorem A

In this section, we give the proof of Theorem A. In Sect. 4.1 we briefly recall a small
perturbation of a diffeomorphism with a robust homoclinic tangency introduced by Colli
and Vargas [5]. In Sect. 4.2 we establish key lemmas to control the higher order term
in (1.5), and prove the positivity of Lebesgue measure of Lyapunov irregular sets in
Sect. 4.3. Finally, in Sect. 4.4, we discuss the Birkhoff (ir)regularity of the set.

4.1. Dynamics. Let us start the proof of Theorem A by remembering the Colli—Vargas
model with a robust homoclinic tangency introduced in [5]. The reader familiar with
this subject can skip this section. Let M be a closed surface including [—2, 2]%, and a
diffeomorphism g = g, : M — M with a real number u satisfying the following.

(1) (Affine horseshoe) There exist constants 0 < A < % and o > 2 such that

1 1
glx,y) = <:i:a (x + 5) , Ay F 5) if

and Ao2 < 1;
(2) (Quadratic tangency) For any (x, y) near a small neighborhood of (0, —1),

1
x+ =

1
< —, <1
2= Iyl <

2, y) = (n— x* =y, x).

Then, it was proven by Newhouse [15] that there is a u such that g has a C2-robust
homoclinic tangency on {y = 0}. See Fig. 2.
Colli and Vargas showed the following.

Theorem 4.1. ([5]) Let g be the surface diffeomorphism with a robust homoclinic tan-
gency given above. Then, for any C"-neighborhood O of g (2 < r < 00) and any
increasing sequence (ng)keN of integers satisfying ”12 =01+ n)k) with some n > 0,
one can find a diffeomorphism f in O together with a sequence of rectangles (Ry)xeN
and an increasing sequence (i )N of integers, satisfying that n, = O (k) and depends
only on O, such that the following holds for each k € N with ny := ng + ng:
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~
_

A
i 2

a
Ryt

Fig. 2. Colli—Vargas’ diffeomorphism

(@) f"**(Ry) C Rist;
(b) For each (X + x,y) € Ry,

SRR+ x, y) = (et — 02" x7 F Ay, £0"x),
where (X, 0) is the center of Ry.

Refer to the “Conclusion” given in p. 1674 and the “Rectangle lemma” and its proof
given in pp. 1975-1976 of the paper [5], where the notation R; was used to denote a
slightly different object that we will not use, and our Ry was written as R;. See Remark
4.2 and Theorem 4.8 for more information.

By the coordinate translation 7y : (x, y) — (x —Xg, y), which sends (X, 0) to (0, 0),
the action of f*2| R, can be rewritten as

_2ng .2 ng
S x o kxs F Aty
Fy : <y> — ( Lok y >, 4.1)

which sends (0, 0) to (0, 0), that is,
F2(x, y) = k:{ o Fr o Tx(x,y) forevery (x,y) € Ry.
Note that for each [ > k,
firto fru-12 oo ft2 — Tl o (Fjo Fiojo--- o Fy) o Ty,

so the oscillation of (% log | Df™"(x)v|)nen for each x € Rj; with some k and each
nonzero vectors v in an open set follows from the oscillation of

1
((nk+2)+-~-+(n1_1+2)+(n1+2)

log |D(FjoF_jo0---0F) (x)vll)
leN

for each x € Ty (Ry) and each nonzero vectors v in the open set, which we will show in
the following.
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4.2. Key lemmas. First, let us fix some constants in advance. Fix a small neighborhood
O of g, and let (713 )iy be the sequece given in Theorem 4.1. Notice that Ao < rol < 1.
Take a sufficiently small > 0 and a sufficiently large integer ng > 2 so that

—1

1+3»7+8nO
Ao T <1,
and fix 1| <« < B < 1+ n such that
6p—4+8ny !
Ao~ TF <1, o’B?<2 and ro® < 1. (4.2)

Let (n,?)keN be an increasing sequence of integers given by

0 ~ 0 1 .
ny, = lnoa? B | —izp, ny, = lnoa?™ BP | — fipe1, (4.3)

which are natural numbers for each p by increasing ng if necessary. Since x — 1 <
x] < x and nxy = O(k), by increasing ng if necessary, we have

0 . -
N3 p41 _ noaP BP — iz N a(l+nzp) 1+
ngp noa? BP — 1 —ny, noa? P — 1 —niap

Laptl _ = ~
napy2  noaPT P —jigpn B +72pe1) “lin
Nopel  noaPHIBP — 1 —fippy noaPt P — 1 —fizpy

so it holds that n2 = O((1 +n)*), which is the only requirement to apply Theorem 4.1.

Setn, = ng + 71k, then we obviously have

nap = [noa? BP], napsr = [noa?'Br].
Define sequences (b )ren and (gx)xen of positive numbers by

_ Zf-oo . Mkt 1+i
j=—

kaU 2t

and

—1
6p—4+8n L

ng
8k=<k6 2-$ ) .

Remark 4.2. Define by by

~ _ Zfoo Nt 1+i
i=0 i

by =0 N

then R; of Theorem 4.1 is of the form
~ ~ ~1 ~1
Re = | % — euby, T + ey | [—2017,3 , 2019,3}

with some constant ¢ satisfying that

| =
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see the “Rectangle lemma” and its proof given in pp. 1975-1976 of [5] (as previously
mentioned, in the paper our Ry is written as RZ‘ and the notations Ry is used for another

object). Note that by < by. Thus, Fy in (4.1) is well-defined on any rectangle of the
form

1
[—cby, cbi] x [ b, c\/b ] with0) < ¢ < 3
In the paper [5] the notation by was used to denote 5k, but this positive number is not
explicitly used in the following argument, so we defined by as above for notational
simplicity.

By the construction of (ny)xen, we have that n; /(ng +1) < B!~* for each k < I. Hence,
since ny is increasing,

Any, <2nk+nk+1+nkT+2+~-~
2
4(ni + 1
<20me+1) 1+é+ﬂ—+ _ Hmtl)
2 2—-8
Therefore we have
74<”k+1) 4
o P <by <o ™ foreachk € N (4.4)
and
4011 1) *4“;”1‘;;2) if ki
_ Ayt o = if k is even,
bry1 >0 P > { 4Bn2) (4.5)
o B if k is odd.

Furthermore, it follows from (4.2) that e can be arbitrarily small by taking k sufficiently
large, so there exists a positive integer ko such that for any k > kg and p > 0, we get

2aP BP — n b+ _10g2 > (x”+2,3p+2.
7 logex

Fix such a k¢. Then it immediately holds that for any k > ko and p > O,

pRp 2aPBP —pn! 1 pe2pp+2 1 p+igp+l
8,30”3<8k0”3 " <& p < -& p (4.6)
2 2
In the following lemmas, we only consider the case when k is an even number
because it is enough to prove Theorem A and makes the statements a bit simpler, but
similar estimates hold even when k is an odd number. We first show the following.

Lemma 4.3. For every even number k > ko, p € NU {0} and j € {0, 1},

)\nk+2p+_/ /bk+2p+] < 8](

p+//31’_,1
bk+2p+1+]
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Proof. Fix an even number k > ko. We will prove this lemma by induction with respect
to p. For the case p = 0, it follows from (4.2), (4.4) and (4.5) that

—1
6f—4+8n),

Ak Jby < Ak < (ko =

ny 74(ank+2) l_n—l
) o TP <g f by,

noak/2+ g/2_1

and since "r’l‘—zl > > — nl—k by the construction of ny,

Z T dkrgE =
A Sy < U] o =2k
6‘3_4"'8"1;-11 nk.L:lZl _ABnga1+2) a_n;1
< (ko 2-p ) o P <g - brsn.

Next we assume that the assertion of Lemma 4.3 is true for a given p € N U {0}.
Then we have

W22 /bn+2p+2 < \HA2pa2 o~ 2Mka2p2
—1 n
OB —4+8m 15 pa2 ”k'% _ Mangyppin+d)
< ()Lo 2-p ) L 2-p

ap+1ﬁp+] _n—l
<& - biy2p+3

and

W23 /bn+2p+3 < \A2p3 g T 2Mkr2pe3

-1
OB =448 12 p43 \ Nk
< (Ao =P )

_ 4By py3t2)

Mk+2p+3

Otp+2ﬁp+| _nk—l
<& ~bri2p+a-

That is, the assertion of Lemma 4.3 with p + 1 instead of p is also true. This completes
the induction and the proof of Lemma 4.3. O

Define a sequence (U, )m>0 of rectangles with k > ko by

L% L%
Ukom = {(m): ol < & b, 1yl < &P \/bkm} 4.7)

for each integer m > 0. Then, by Remark 4.2, Uy ,, is included in Ry, for any large
m (under the translation of (Xz.,, 0) to (0, 0)), on which Fj,,, in (4.1) is well-defined.
Then we have the following.

Lemma 4.4. For any even number k > ko, m € NU {0} and x € Uy,
Frim—10 Frym—20 -+ 0 Fr(x) € Ug .

Proof. Fix an even number k > ko, an integer m > 0 and x € Uy o, and set xi ,, =
Fiym—10 Figem—20- - -0 Fr(x), where xj o is interpreted as x so thatxy o € Uy o. Denote
the first and second coordinate of x , by Xk, and yi ,,, respectively. We will show that
(Xk.ms Yk.m) € Uk,m by induction with respect to m € N U {0}.

We first show that (xg s, Yk,m) € Uk,m for m = 1. It holds that

—ny

1
2ng 2 dng 2,2 2 2
lxk 1l = — o7 x; F A" yr| < o™ eibi + M er/bi < gibis1 + &, " brar.
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In the last inequality, the first term is due to the equality o*" b,% = by+1 implied by the
definition of by, and the second term comes from Lemma 4.3. Hence, it follows from
(4.6) that

1 1
[xk,1] =< Eegﬁbkn + ESgﬂbku = 8Zﬁbk+1 < &kbiy1

and
2
[yi,1] = [0 xi| < 07" erby = ex/bis1,

which concludes that (xx 1, Yk.1) € Uk+1-
Next we assume that (X ., Yk,m) € Uk,m form = 2p and 2p + 1 with a given integer
p > 0. In addition, we assume (as an inductive hypothesis) that

(@p)r*!
|k 2p+1] < & brs2p+1,

which indeed holds in the case when p = 0 as seen above. Then it holds that

2n 2 n
[Xk2ps2l = | = o720 g o F AR e o pa|

4 2(ap)? ;2 (aB)P
<o nk+2p+18k B bk+2p+l +knk+2p+18k B /bk+2p+1

—1
(aB)P a”*lﬁ”—n
& P & : bk+2p+2

A

2(ap)?
& P bk+2p+2 +&

1 p+l 1 p+l p+l
< ESIEMS ) brt2p+2 + 58;((“/3) briapra = 8,8”3 ) br+2p+2,

|yk,2pe2] = [0"520 X 241 |
2 (@p)r*! (@p)P*!
< g Tkerelg) bisaps1 = &, Vbis2pe2,
2 2
[xXk2pe3] = | — 0720200 5 0 F APy 000
Angs2ps2 2(01,3)p+1 2 Ng42 p+2 (O‘,B)p+l
S o TTE bicvapra + 2722870/ brrapea

2(ap)P*! @pyrt (@Bt —n!
€ k "Ek

IA

bisapsz + € brs2p+3

1 p+3 1 p+3
Egliaﬁ) k+2p+3 + Egl(ca ) bri2pss

(0(/3)’”'2
€k

IA

P

(a ) +1
bi2p+3 < &, P bi+2p+3,

IA

|Vk2p+3] = |0"2P*2 51 210
p+l p+l
< o 2wr2g @Dy = 6P briapes.
This shows that (xx m, Yk.m) € Uk.m form = 2p +2 and 2p + 3, which complete the
proof of Lemma 4.4. 0O

6p—a+8n; !
Since 0 < Ao~ ZF < 1 forany k > 0 by (4.2), there exists a positive integer m’
such that

-1
6p—4+8n;

log Ao® > (aB)? log (Aa =B )

for any k > 0. Fix such an m’. Fix also a real number & € (0, 1).
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Lemma 4.5. There exist positive integers k1 > ko and mq such that for any even number
k > ki, any integer m > mq and any x € Uy,

2|xk,m |O-2nk+m S %—)\‘nkﬂn ,
where Xy, is the first coordinate of Fiym—1 0 Fiym—2 0 -+ 0 F(x).

Proof. Since g, goes to zero as k — 00, there exists an even number k; > ko such that

/7

o <o

for any k > k1. Recall that kg is an even number. Note that
nk_l(ot,B)_mTH(log(Z)»_la) —logé&) - 0 asm — oo,
so by the choice of m’, there exists an mg € N such that for every m > my,
m’ 6/374-*8";1 m+1
log ha® > (@B)% log (Ao =5 ) +ng) (@B)"F (log(2h 7o) — log ).
Multiply the inequality by (¢ )’ = , then we get

—1
6B—4+8n X

(@B)"3" logr0® +n log € = ()" 1og( - )+n,;01 log21"lo).

Hence, it follows that

—1 S —1 m+l -1 6ﬁ74+8nk_01 (aﬂ) m/+2m+1
"o (Aa®) @) 7 > Mo (Mo ®) @) 7 > 207 o) (MW)
because m; L > f%}, where [x] denotes the smallest integer which is larger than or
equal to x. Raise the above inequality to the ny,-th power, together with (4.2), then we
have

-1 m+m+1
()/574+8nk0

L 2
Ag—ls(kaa)nko(aﬁ)fﬂ > 2()»0 )nko(olﬂ) 2( (‘Zﬁ) z )(aﬁ)T

@ "7\ )3 @p)'?!
= 2( ko ) = 28k

for any k > k.
Fix an even number k > kj and an integer m > mg. Then, due to Lemma 4.4, the
definition of b4, (4.4) and the above inequality, we have

2|xk |0-2"k+m < 28(0‘.3) 2ka+m02nk+m

Y
= 28](:“3) V bram1

@5 o @5
S 28k o k+m+1 S 28]( o k+m+1

< ka_]f(ka“)"k(aﬂ)[j]a_”k"'"”. 4.8)



1260 S. Kiriki, X. Li, Y. Nakano, T. Soma

On the other hand, when m = 2p,

Wem < amalBPHL o4 g emel o Unkal’“ﬁl’—l

thus
Herm o etm+l Ao_l(kaa)"ko‘pﬂl).

Similarly, whenm = 2p + 1,

Wik < )Lnk(x”+1/3”+1 and okl < onka1’+'ﬁp+l—l - Unkoﬂ’"z,ﬁp—l7
thus

)\nkﬂno,n]”m” > )\U_I(Aga)"k“p+lﬁp . )\.0’_1()\(70‘)""“””/3’”1 .

Therefore, we have

Atk — ()t o M) o Mkl > )Lafl()Laa)nk(aﬁ)“”mUfnk+m+1‘
Combining this estimate with (4.8), we get

2, o kem < EXKm,

which completes the proof of Lemma 4.5. O

4.3. Lyapunov irregularity. Let k1 and m¢ be integers given in the previous subsection,
and we fix even numbers k > k| and m > m throughout this subsection.
Fix x € Uy o and define xy ju+j = (Xk,m+j» Yk,m+;) for each j > 0 by

Xim+j = Fram+j—1 0 Fiamsj—2 0+ 0 Fp(x).

Recall Lemma 4.5 for & € (0, 1), and set

1
K:=—.
3§

Fix also a vector v = (vo, wo) € Ty, ,, M with

K < % < K, 4.9)
wo

and inductively define v; = (v;, w;) for each j > 0 by
Vsl = D Frymej (X, me )0
For notational simplicity, we below use
K:=k+m
and
(npinpiag) =Np+Np2 +Npra+---+Npiag

for each p, ¢ € N. For simplicity, we let (n,;n,_2) = 0for p € N.
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Lemma 4.6. There exist constants C; (j = =2, —1, ...) such that

(v C2p71)L(nl(+1;nK+2pfl)O'(nK;nK+2pf2)U0
va - p - :}:C2p72)\'(n/(;nk+2p72)0—(”K+l;nk+2pfl)wo

_ V2p+l _ Czp)\’(nl(;n}(+2p)o~(’ll(+l;”K+2p71)w0
V2p+l = W2p+1 - iczp_1A(”K+1§"K+2p—l)o-(nk§"K+2p)UO

1 3
forevery p > 0, and that 3 <ICj| = zforeveryj > =2

Proof. We prove Lemma 4.6 by induction. We first show the claim for p = 0. The
formula for vy obviously holds with C_, = C_; = 1. Due to (4.1), we have

-2 2ny ' LS
DF (xk.m) = ( ianfk,n :FO )’

and

vr\ vo ) —2xk,mc72"'( vo F A wg
(wl) = DFK(xk,m) (w0> = ( +o" g .

By Lemma 4.5, (4.9) and the definition of K,

1
(23102 vl < EX" vl < EKA™ ol = 33" wo).

vr\ CoA™ wy
wy ]~ \£C_jo™vy )

with a constant Cy satisfying

In other words,

1 1
1 —=-<|Cl <1+ 4.10
3 =Gl =T+3 (4.10)

Next we assume that the claim is true for a given p > 0, and will show the claim
with p + 1 instead of p. Note that

U2p+2 U2p+1
V2p+2 = (wzl;.,_z) = DFis2p+1(Xk,m+2p+1) (w;;“)

’

— _2xk,m+2p+lOﬂznwzp+I V2p+1 F Atea2pl W2p+1
+ o t+2p+l v2p+1

whose first coordinate is
214 42p+1 (i snies2p) (M3 0e42p—1)
—2X),m+2p+107 2P Co A o =g
:|:C2p7])\.(n’{+l;nk+2p+1)0(nk;n’(+2p)v0,

and second coordinate is

:I:CZP)\,(nK;nK+2P)U(nK+I ;nl(+2p+l)w0,
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by the inductive hypothesis. On the other hand, it follows from Lemma 4.5, (4.9) and the
monotonicity of (n;);en that the absolute value of the first term of the first coordinate is
bounded by
%—)\‘nx+2p+1 |C2p |A(’1K§"K+2p)0(nx+l §”K+2p—1) |U)()|
< SK)\"1K+2]7+I |C2p |)\(”k—l SMe+2p—1 )O- (nl(+2;nl(+2p) Ivol
1 ATt

3 o™

% |C2P |X(nk+l ;n)c+2p+l)o— (nk§nk+2p) | Vo | X

|C2p |)\(”K+l lnx+2p+1)o-(nk Mi+2p) | vOl

IA

Hence, we can write V2p+2 aS
(Mie+13M0c42p+1) oy (e s 42p)
vp2 Y _ [ Coprih g Plug
w2[7+2 - :l:Csz.(nK;nK+2p)G(nK+l;nK+2p+l)wO ’

with a constant C3,4 satisfying that

1 1
[Cop-1l — §|C2p| < |Copr1l = 1Cop—1l+ §|C2p|- 4.11)
Similarly,
v v
Vaps3 = <w22’;:33> = DFc2p2(Xkme2p+2) <w2211:-22>

’

_  —2Xk,ms2p+20 Zea2pi2yy o AP, o
+ o c+2p+2 v2p+2

whose first coordinate is

—2Xk,m+2p+20 2n;<+2p+2 C2p+1 )\’(nK+| SMe2p+l )O- (e lnx+2p) V0

:FCQ.[JA’(HK §”K+2p+2)0- (Mie+13Mk+2p+1) wo,
and second coordinate is

:l:C2p+1 )\‘(nl(‘i-l ;n/(+2p+l)o— (nl(;’ll(+2]7+2) Vo

by the previous formula. On the other hand, it follows from Lemma 4.5, (4.9) and the
monotonicity of (n;);cn that the absolute value of the first term of the first coordinate is
bounded by

é:)\’")(+2p+2 |C2p+l |A’(”K+] SMic+2p+l )O-(nk§nk+2p) |U()|

< éK)\.nK+21)+2 |C2p+1 |)\‘(n/<;nk+2p)0-(n/(+l ln/(+2p+l) |w0|
1 . .
— 5 |C2p+1 |)\‘(nl()n)(+2[)+2)o-(n)(+l vnK+2p+1) |w0|

Hence, we can write v3,.3 as

v2p+3 . C2p+2)\.(n";n’(+2”+2)0' (M1 ;n/(+2p+l) wo
w2[7+3 :l:C2p+])\.(n’("'l;n’("'zl”l)()'(n’(;n’(+2p+2)U() ’
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with a constant C3 4, satisfying that

1 1
|C2pl — §|C2p+l| < Cops2l = [Copl+ §|C2p+l|- (4.12)

Finally, combining (4.10), (4.11) and (4.12), we get

l—1 1+1+ <|Cij|<1+ l+1+ —3
2 30 32 - = 3 32 T2

for any j > 0. This completes the proof of Lemma 4.7. O
Given two sequences (ap)p>0 and (bp) >0 of positive numbers, if there exist con-
stants cg, c¢; > 0, independently of p, such that

a
C()<—p<cl,
p

then, we say that a, and b, are equivalent, denoted by a, ~ b).
Lemma 4.7. For every p > 0, we have
|U2p| ~ A’(n;(+];nk+2p—1)0-(n)(;nl(+2[)—2) < k(”k?nk+2p—2)o-(nk+1;nK+2P—|) ~ |w2p|,

| ~ )\'(n/(;n/(+2p)o(nk+l;nk+21771) < A'(nl(+l;nl(+2p*1)O—(nK;nK+2p) ~

[v2p+1 [wap+1l.

Proof. The equivalence relations follow from Lemma 4.6 directly. Since 0 < 1 < 1,
o> 1,

(Mie+15M0c42p—1) (e ics2p—2) (e nica2p—2) (e 15M0c42p—1)
)\'K K+2p <)\'KKP’O—KKP < gVt l(p’

which gives the former formula immediately. In order to prove the later formula, it suffice
to notice that

)\4(’%;”1(4—217) < )L('1K+2§n;(+2p) < )\4(”;(+12n/(+2p—|)’
O-('1K+]§”K+2p—l) < O-("K+2;n)(+2p) < O'("K;n’(+2p)'
This completes the proof of Lemma 4.7. O
An immediate consequence of Lemma 4.7 is that
”va” ~ )\,(nl(;n)(+2p—2)o—(nk+|;nK+2p—])’
||v2[7+1 ” ~ )\'(nK'FI;nl(+2p71)g(nl(;nl(+2p)'
Since both k and m are even numbers, for every integer p > 0, we have
S+p s+ K+p+l p &+
[Mier2p —no2 P BITP| < 1, |nys2ps1 —noa2 P BITP < 1.
According to Lemma 4.7,

im log ”D(FnHZP ©::-0 FnK+1 o Fn,()(xk,m)voll
p=0 (g +2) + (N4 +2)+"'+(n/<+2p +2)
lo
i elloapui
P=X0 Ny t Nyl + -t Ne2p t+ O(p)
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log At ner2p—1) o (i icr2p) 4 o(p)
P00 Ny + Nyl +"'+n:<+2p+0(P)

m (Mpes1 + M3 + -+ +nk+2p—l) log A+ (ny + g + - - + nK+2p) logo + O(p)

li

p—0o0 M + Myl + -+ +Neg2p + O(p)

. noefBila(l+aB+ -+ @B)P Dlogh+(1+af+--+(f))loga]+ O(p)
p—oo noa2 B[l +a+af +a2B+---+@B)Pl+ O(p)
logh + Blogo

T 1+

and

IOg ”D(Fn,dz,,,l o--+0 FnH] o FnK)(xk,m)vOH

im
P00 (e +2) + (Mg +2) + -+ (Mye2p—1 +2)
log ||v
i g 02y
=00 Ny + Nyl + -+ yey2p—1 + O(p)
log AV es2p=2) i (st es2p=1) 4 O (p)
= lim

P=0 Ny Nyl t e+ Heg2p—1 t O(p)

— lim (M + My + -+ +nK+2p72) log A + (M4 + M3 + - +”K+2p71) logo + O(p)

p—o0 e + Mgy + -+ Reg2p—1 + O(p)
. ne? Bla(l+af+-+@B)P Dlogh+ (1 +af+---+ (@B’ Hlogo]+ O(p)
P00 e B[l +a+af+a2B+---+@B)P—l +aPBP=11+ O(p)
__logi+alogo
l+a

Since
logh+Blogo  logi+alogo
1+8 1+«

together with the remark in the end of Sect. 4.1, this completes the proof of the assertion
for the Lyapunov irregularity in Theorem A, where Uy and V are the interiors of

Fe_10F¢_p0---0 Fi(Ugo0) (under the coordinate translation) and {(vo, wo) | K<

[vol .
fuop < K1}, respectively.

4.4. Birkhoff (ir)regularity. To show Birkhoff (ir)regularity, as well as the uncountability
of f up to conjugacy in Theorem A, we need a more detailed description of Colli—Vargas’
theorem as follows. Let g be the surface diffeomorphism of Theorem 4.1 and

BY = g([—1.11) N ([0, 1] x [=1,1]), B* :=g(—1.11) N ([—1,0] x [—1, 1]).

Foeachl e Nand w = (w, wa, ..., w;) € {+, —}l, we let
l .
BY =) g7 B, Gl =B\ (Bl UBL_),

Jj=1
where w+ = (wy, ..., w;, £) € {+, —}/*L.

Theorem 4.8 ([5]). Let g be the surface diffeomorphism with a robust homoclinic tan-
gency given in Theorem 4.1. Take
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e a C"-neighborhood O of g with2 < r < 00,
e an increasing sequence (ng)keN of integers satisfying ng =01+ n)k) with some
n >0,
e a sequence (gg)keN of codes with gg € {+, —}"2.
Then, one can find
e a diffeomorphism f in O which coincides with g on BY U B",
e a sequence of rectangles (Ry)keN,
e increasing sequences (y)en, (M) reN of integers satisfying that iy ‘= Ag+Mgy] =
O (k) and depends only on O,
o sequences (Z)keN, (Wy)keN of codes with z, € {+, —}"™, w; € {+, —}"*

such that for each k € N, (a), (b) in Theorem 4.1 hold and

(©) Ri C G for 2, = 2,5l 17", where [w]™" = (wy, ..., w2, w) for each w =
(Wi, wa, ..., wy) € {+ —}, 1 eN.

Fix a neighborhood O of g and a sequence (ng)keN as given in (4.3). To indicate the

dependence of z = (gg)keN on f and (Ry)ken in Theorem 4.8, we write them as f; and

(Ri,z)keN-
We first apply Theorem 4.8 to the sequence z = (52 )keN given by

2= (b h 2, 2k € ()

for each k > 1. Then, it is straightforward to see from the item (c) of Theorem 4.8 that
for any k € N, continuous function ¢ : M — R and € > 0, there exist integers k» and
L such that

sup [p(f7 (X)) —@(p,)| < e

XERy

whenever
Nk, kKY+Lo<n <Nk, k' +1)— Lo

with some k' > k;, where p, is the continuation for f; of the saddle fixed point of g

corresponding to the point set ]B%’(‘Jr’ +) and

q
N(p,q) =) (nx+2)

k=p

for each p, ¢ € N with p < q. Hence, it holds that
1 n—1 )
. - J —
Jim_ Zow(fz (x)) = ¢(p.)
J:

for any k € N, x € Ri and continuous function ¢ : M — R. Since the open set Uy,
consisting of Lyapunov irregular points constructed in the previous subsection is of the
form f7' (Up, xr) with some positive integers n and k', it follows from the remark following
(4.7) and the item (a) of Theorem 4.8 that Uy, C Ry with some k. This implies that any
point in Uy, is Birkhoff regular.
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Notice that the choice of (z/1 , z/z, ...) in z is uncountable. On the other hand, if z =
(gg)keN andw = (wg)keN are of the above form (in particular, Qg =(++ ..., w) €
{+, —}"2 withw; € {+, —})and z; # wj forsomek, then f; and fy are not topologically
conjugate, or f and fy, are topologically conjugate by a homeomorphism /4 on M and
h(Rk.z) N Rk = ¥ for every k, because of the item (c) of Theorem 4.8 and the fact that
both f; and fy, coincide with g on BY U B" . Therefore, since there can exist at most
countably many, mutually disjoint open sets (of positive Lebesgue measure) on M due
to the compactness of M, we complete the proof of the claim for the uncountable set R
in Theorem A.

We next apply Theorem 4.8 to the sequence z = (52 )keN given by

0 (+, ..., + 2 if 2p — 1)? <k < (2p)? with some p
k — = ..o — 2 if(2p)? <k < (2p +1)* with some p

with z;( € {+, —} for each k > 1. Then, it follows from the item (c) of Theorem 4.8 that
for any k € N, continuous function ¢ : M — R and € > 0, there exist integers k> and
Lo such that

sup [p(f; () —@(p,)| <€

xeRy
whenever
N(k,k'y+Lo<n < N(k,k'+1)— Lo, max{ks, 2p — 1?} <k’ < (2[))2
with some p, and

sup |@(f(x)) —g(p_)| < e

X€eRy
whenever
Nk, kKY+Lo<n <Nk, k+1)— Lo, max{k, 2p)’} <k < (2p+1)?

with some p, where p_ is the continuation for f; of the saddle fixed point of g corre-
sponding to the point set IB%’(‘_ _..)- Hence, if we let

(6+1)%
N(@) =Nk, L+ 1)) = Nk, £2) = Y (u+2),
k=02+1

then for any k € N, x € Ry and continuous function ¢ : M — R, we have

1 Nk, 2p)H)-1 _
N2p—1) Z o(ff @) =9(p,)+o(1)
Jj=N(k.2p—1)?)
and
1 N(k,2p+1)?)—1 ‘
Ny X @) =e@o+e.

j=N(k,(2p)?)
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Since N(1) +N(2) +- - - + N(£ — 1) = o(N(£)), this implies that, with £ := [+/k] which
we assume to be an odd number for simplicity,

Nk, 2p+1)3)—1

Yoo e @)

J=0

1
N(k, 2p +1)?)

Nk, 2p+1)?)—1 .
D e ) +o()
Jj=N(k.£2)
N +NUl+2)+---+N2p—1)
T NO+NE+D+---+NQ2p) P(py)
Nl+D+NL+3)+---+NQ2p)
NW@)+N{L+1D+---+NQ2p)
— ¢(py) (p— 00).

1
TNk Cp+ D) — Nk, 62)

p(p-)+o(l)

Similarly we have

N(k,2p)H—1

Z o(f{ () = o(p_).

j=0

1
lim ————-
p=o0 N(k, (2p)?)

That is, any point in Ry is Birkhoff irregular. Therefore, repeating the argument for R,
we obtain the claim for the uncountable set Z in Theorem A. This completes the proof
of Theorem A.

Remark. The proof of Birkhoff (ir)regularity in this subsection essentially appeared in
Colli—Vargas [5]. The difference is that our (ng)keN increases exponentially fast because

of the requirement (4.3), while their (ﬂg)keN is of order O (k2).
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Appendix A. Lebesgue Measurability of Irregular Sets

Although it might be a folklore theorem, we have never seen the proof that Birkhoff
and Lyapunov irregular sets are Lebesgue measurable. In this appendix we show that
Birkhoff and Lyapunov irregular sets are Lebesgue measurable as a corollary of the
following proposition.

Proposition A.1. Let T be a Polish space and (0,),eN a sequence of functions from
M x T to R. Then the irregular set I of (6,)nen over T, given by

I = {x € M | there exists t € T for which lim 6,(x,t) does not exist} ,
n—o0

is a Lebesgue measurable set of M.
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For simplicity, we assume that M is an open subset of R and identify 7 M with M x R¢.
The Birkhoff irregular set of a continuous map f : M — M is the irregular set of
(On)nen,

n—1

1 .
bn(x.9) == =D po fI) ((x.9) € M x COM)),
j=0

over T = CO(M), i.e. the space of all continuous functions on M, and the Lyapunov
irregular set of a differentiable map f : M — M is the irregular set of (0;,),enN,

1
On(x, v) := - log IDf" vl ((x, v) € M x R\ {0})),

over T = R?\ {0}.
Proof. We first note that [ is the projection of

T:= {(x,t) eM x T | lim 6,(x,t) does not exist}
n—o0

along the Polish space T, that is,
I = {x € M | there exists t € T such that (x, 1) € T} .
We will show that 7 is a Borel set. For each n € N, «, B € R, we define open sets
Ap(a) and B, (B) of M x T by
Ap(@) ={(x,t) e M x T | 6,(x,t) > a},
By(B) ={(x,1) e M x T | 6,(x,1) < B}.
Notice that

{(x,t) €M x T | limsup6,(x, 1) za} = U A@

npeNn=ngo

and

{(x,r) € M x T | liminf6,(x, 1) < ﬂ] - N U .o

nopeNnz=no

Hence, we get that

= U [N Ua@|n N Us®||.

(a,ﬁ)e@z noeNn=ngp noeNn=ng
<o

which implies that T is a Borel set, as claimed.

Due to the well-known facts that every projection of a Borel set along a Polish space
is an analytic set (i.e. the image of a continuous map from a Polish space X to T'), and that
any analytic set is Lebesgue measurable, the irregular set / is a Lebesgue measurable
set. O

Remark. From the above proof, the Birkhoff irregular set for each ¢ € C°(M) and the
Lyapunov irregular set for each v € R? \ {0} are Borel measurable, while it is unclear
whether the Birkhoff and Lyapunov irregular sets of f are Borel measurable because we
might need to consider a non-denumerable union of Borel measurable sets to find these
irregular sets.
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