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Abstract: We discuss various aspects of the positive kernel method of quantization of
the one-parameter groups 7, € Aut(P, ) of automorphisms of a G-principal bundle
P(G, m, M) with a fixed connection form ¢ on its total space P. We show that the

generator F of the unitary flow U; = ¢/ being the quantization of 7, is realized by
a generalized Kirillov—Kostant—Souriau operator whose domain consists of sections of
some vector bundle over M, which are defined by a suitable positive kernel. This method
of quantization applied to the case when G = GL(N, C) and M is a non-compact Rie-
mann surface leads to quantization of the arbitrary holomorphic flow r,h°1 € Aut(P, ).

For the above case, we present the integral decompositions of the positive kernels on

P x P invariant with respect to the flows r,h"l in terms of the spectral measure of F.

These decompositions generalize the ones given by Bochner’s Theorem for the positive
kernels on C x C invariant with respect to the one-parameter groups of translations of
complex plane.
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1. Introduction

From the very beginnings of quantum mechanics the problem of quantization is one
of the most fascinating and crucial ones for understanding the correspondence between
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classical and quantum physics. Excluding the field theory and restricting to the case of
mechanics only, by quantization of a Hamiltonian flow R > 7 — otF € SpDiff(M, w)
defined on a symplectic manifold (M, @) one usually understands the construction of a
corresponding unitary flow R > ¢ > ¢! f on a Hilbert space H. Additionally one claims
that the map Q : P(M,R) > F i F € L(D) which assigns to a classical generator
F the quantum one F' (a self-adjoint operator in H) is a morphism of some Lie algebras,
where P°°(M, R) is a Lie subalgebra of the Poisson algebra C*°(M, R) and L(D) is a
Lie algebra of anti-self-adjoint operators having a common domain D dense in .

Among known methods of quantization the Kirillov—Kostant—Souriau geometric
quantization [17,18,36] is one of the most elegant from a geometric point of view
and gives a precise construction of the quantum generator F for the given classical
one F € P°°(M,R). For this construction one needs to obtain a atF -invariant com-
plex Lagrangian distribution P C TCM and the appropriate measure (density) on the
quotient manifold M /P N P. However, this leads to serious difficulties if one wants
to quantize concrete mechanical systems. In order to omit these difficulties and for
deeper understanding of the relationship between the classical (M, w) and quantum
(CP(H), wrs) phase spaces in [25,28] a method of quantization based on the notion of
positive kernel (coherent state map) was proposed, which in our opinion completes the
Kirillov—Kostant—Souriau quantization in a natural way. For example one can find the
application of the coherent state method of quantization to concrete physical systems in
[15,29].

For a general theory of positive (reproducing) kernels and its role in differential
geometry (including Banach differential manifolds and vector bundles over them) and
representation theory we address to [5,6] and to the monograph [23]. See also the classical
paper [1] of N. Aronszajn.

Basing partly on [28], in Sects. 2 and 3 we briefly discuss how to extend the Kirillov—
Kostant—Souriau prequantization procedure defined for U (1)-principal bundle to the
case of an arbitrary G-principal bundle P (G, w, M) with a fixed connection form ¢ on

the total space P. In Sect. 2 we define the Poisson C*°(M, R)-module Pg’ (P, ) of

generators (X, F) € P(o;o(P, ¥) of generalized Hamiltonian flows r,(X’F) € Aut(P, v),

i.e. those which are solutions of generalized Hamilton Eq. (10). In Sect. 3 we gener-
alize the Kirillov—Kostant—Souriau prequantization morphisms to the morphism Q :
PX(P,9) — DIre (M, V) of PZ (P, V) in the Lie C*°(M, R)-module of differen-
tial operators of order less or equal one acting on the smooth sections I'**(M, V) of an
associated smooth vector bundle V. — M over M.

In Sect. 4 we consider the G-equivariant coherent state map R : P — B(V,H)
and the positive definite G-equivariant kernel K : P x P — B(V), where V and H
are complex Hilbert spaces and B(V, H) is the right Hilbert 3(V)-module of bounded
linear maps of V in H. In the same section the equivalence of the coherent state map «
and positive kernel K notions is shown and the method of quantization based on them
is investigated. Among others we show that the Kirillov—Kostant—Souriau differential
operator Q(x, ) can be treated as a self-adjoint operator F in the Hilbert space Hx
whose domain is defined by the G-equivariant positive kernel K : P x P — B(V) (see
(79) and (80)). The conditions on this kernel needed to quantize tt(X’F) € Aut(P, 1) are
presented in (73) and (74).

In Sect. 5 assuming that G C GL(V, C) is a Lie subgroup of GL(V, C) and that
there exists a coherent state map & : P — B(V, H) on the total space of P(G, w, M),
we define in a canonical way two other principal bundles P(GL(V,C), 7, M) and



Some Aspects of Positive Kernel Method of Quantization 935

UU(V), ", M) over M. The connection forms & € Foo(ﬁ, T*P ® B(V)) and 9
e, T*U ® T,U(V)) as well as the respective coherent states maps £ : P —
B(V,H) and a : U — B(V,H) are defined on these principal bundles by using of

R: P — B(V,H).Next we show, see Proposition 5, that the flows r,(X’F) € Aut(F, 5)
and r,(X’Fa) € Aut(U, 9“) have the same quantum counterpart e’ as the flow r,(X’F) €

Aut(P, 9).

In Sect. 6 we quantize the holomorphic one-parameter groups of automorphisms of a
holomorphic principal bundles P(GL(V, C), &, M) over a non-compact Riemann sur-
face M. For this relatively simple but non-trivial case the investigated theory is presented
in a complete way. In particular we obtain a Bochner-type integral decompositions of the
ft(X’F) -invariant positive kernels on P x P and show their relationship with the spectral
decomposition of the corresponding quantum generators Q (x, ) = F.

Some applications of the coherent state method in physics including quantum optics
are shortly discussed in Sect. 7.

2. The Poisson C°°(M, R)-Module Corresponding to the Group Aut(P, )

The main task of this section is the investigation of some variant of Hamiltonian mechan-
ics on a G-principal bundle P (G, w, M), where the role of the symplectic form is played
by the curvature form £2 of a fixed connection form » € '*°(P, T*P ® T,G). We will
define the Poisson C*°(M, R)-module (P’ (P, ), {-, -}») with the Lie bracket {-, -}»
givenin (11), which satisfies the Leibniz property in the sense of (13). The corresponding
generalization (10) of the Hamiltonian equation is presented. The model proposed here
in the case when G = U(1) and ¢ has non-singular curvature form reduces to standard
Hamiltonian mechanics on a symplectic manifold.

Let Aut(P, ¥) denote the group of diffeomorphisms of P which preserve the principal
bundle structure of P and the connection form . We recall that a T, G-valued differential
one-form ¥ on P is a connection form if and only if

U(pg) o Tkg(p) = Ady-1 0 9 (p), (1)
B (p) o Tkp(e) = idr,q, )

forany p € P and g € G, where k : P x G — P is the right-action « (p, g) =: pg of
the Lie group G on P and T, G is the tangent space to G at the unit element e € G, i.e.
the Lie algebra of G. By kg : P — P and k), : G — P we denoted the maps defined
by k¢ (p) := pg and k,(g) := pg. The connection form ¥ defines the spliting

_ 7 h
T,P=T'P&TIP,

of the tangent space T, P at p € P on the horizontal T;‘P := ker ¥ (p) and vertical

T;,’P, i.e. tangent to the fibre n_l(n(p)) of m : P — M, components (see e.g. [20]).
Let7: (R,+) — (Aut(P, v), o) be a one-parameter subgroup of Aut(P, ) i.e. the
map 7 : R x P — P is a smooth map which satisfies

%(pg) = u(p)g and 70 =0
Then for the vector field & € I'°°(T P) tangent to the flow {z;};cr one has

Tkg(p)§(p) = §(pg), 3)
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Le® =0, @)

where L¢ is the Lie derivative with respect to £.

The C*°(M, R)-modules of vector fields & € I'°°(T P) which satisfy the condition
(3) and the condition (3) together with the condition (4) will be denoted by '’ (T P)
and F%‘f o (T P), respectively. The C*° (M, R)-module structure on 'z’ (7' P), and hence

on its submodules FgO(ThP) and I'Z’ (T P), is defined by
C®M,R) xTF(TP)> (f,&) —> (fom)E e "G (TP),

where by T" P and TV P we denote the horizontal and vertical vector subbundles of T P,
respectively.

The tangent map Tz : T P — T M defines an isomorphism of C*>°(M, R)-modules
of horizontal vector fields F%O(Th P) on P and vector fields I'*°(T M) on M by

(T M (7 (p)) == Tr(p)E" (p). (5)

In the sequel we will need the C*°(M, R)-module CZ’ (P, T,G) which by definition
consists of smooth functions F : P — T,G satisfying the G-equivariance property

F(pg) = Adg-1F(p).

This module is isomorphic to the module of vertical vector fields F?;O (T'P) on P, where

the C°°(M, R)-module isomorphism v* : T'¥(T"P) AN CZ (P, T,G) is defined as
follows

VEE")(p) = 2 (P)E"(p) = D(P)ED)). (6)

Its inverse is given by

W TNF)(p) = Tip(@)F(p).

The correctness of the definitions above follows from (1) and (2), and from Tk, (p) o
Tip(e) = Tkpg(e).

Taking the decomposition § = & higvofe e ' (T P) on the horizontal and vertical
components and isomorphisms (5) and (6) we define

(X((p)), F(p) = (x* x v")(E)(p) :== (Tx(p)E" (p), ?(P)E(P)))

a C*(M, R)-module isomorphism 7* x v* : ' (T P) 5 (T M) x CF (P, T,G).
The inverse of 7* x v* is given by

(@ x v)TN(X, F)(p) = H*(X)(p) + T, () F (p),

where by H* : T®°(TM) — F%O(ThP) we denote the horizontal lift, i.e. the module
isomorphism inverse to 7 *.
For & € I'’(T P) one has

L0 = Lo + Lo =d(E"D) +E" do +d(E"9) +E°LdD
=EM Q2 +dEVLY) +[EVLD, 9] = H (X)L +dF +[F, 9]
= H*(X).2 + DF, (7)



Some Aspects of Positive Kernel Method of Quantization 937

where
1
2 =D =dv + 5[19, %]

is the curvature form of ¢ and
DF =dF +[9, F]

is the covariant derivative of F.
On FgO(TP) one has the structure of Lie algebra given by the Lie bracket [, -]

of vector fields. Using the C°°(M, R)-modules isomorphism 7* x v* : T'Z’(T P) =
[(TM)xCZ (P, T,G), we cancarry the Lie bracket [-, -] from I'g (T P) to I (T M) x
CZ (P, T,G) obtaining in this way the Lie bracket

{(X1, F1), (X2, F2)}y = ([X1, X2, —H*(X2)).DF| + H*(X1)).DF>
—2Q(H*(X1), H* (X)) — [F1, F2)), (8)

of (X;, Fi) = (* x v¥)(&), i = 1,2, where [F1, F2](p) := [Fi(p), F2(p)].

It is reasonable to mention here that the Lie algebra (I‘go(T P), [+, -]) is isomorphic
with the Lie algebra (I'*°(T' P/G), [, -]) of the Atiyah Lie algebroid, being a central
ingredient of the Atiyah exact sequence of algebroids

1
0— P xy1T,G>TP/GS>TM— 0,

see e.g. [22].

Though the language of Lie algebroid theory will not be used later, we note that
the projection on the first component pry : I'**(TM) x CZ (P, T.G) — I'*°(TM)
corresponds to the anchormapa : T P/G — T M of the Atiyah algebroid. Hence, from
the defining property of the anchor map we have

pri{(X1, F1), (X2, F2)}s = [pri (X1, F1), pr (X2, [2)]
and

(X1, F1), f(X2, F2)}y = f{(X1, F1), (X2, F2)}y + X1(f) (X2, F?). 9

These properties of pr; and {-, -} can also be obtained directly from their definitions.
The above structure of Lie C*°(M)-module on I'**(T M) x CZ (P, T,G) restricts

to PF(P,¥) = (7" x v*)(F%‘jﬂ(TP)) making it a Lie C*°(M, R)-submodule of

'(TM) x C(O;O(P, T.G). It follows from (7) that (X, F) € Pgo(P, ¥) if and only if

H*(X).2 +DF = 0. (10)

Let us note here that the condition (10) is invariant with respect to the Lie C*° (M, R)-
module operation. Thus, for (X1, F1), (X2, F2) € P°°(P, ©¥) the Lie bracket (8) sim-
plifies to the form

{(X1, F1), (X2, F2)}y = (X1, X2, 22(H*(X1), H*(X2)) — [F1. F2])
= ([X1, X2], H*(X1)LDF> — [F1, F2]) = ([X1, X2], H*(X1)(F2) — [F1, F2)).
(11)
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In the case when the curvature form §2 is a non-singular 2-form, i.e. when éh L2 =0
implies Sh = 0, one has from (10) that for (X, F) € PgO(P, ¥) the vector field X €
['°°(T M) is defined uniquely by the function F' € CZ (P, T.G). So, in this case we
have the C*°(M, R)-modules morphism b : CZ (P, T,G) — Pg (P, ). Note here
that ' € kerb if and only if DF = 0, which does not mean in general that F' = const.
Substituting X1 = b(F}) and X, = b(F3) into (11) we obtain the Lie bracket

{F1, 2}y = {(b(F1), F1), (b(F2), F2)}» (12)
of Fi, Fh € C go(P, T,G), which satisfies the Leibniz property
{F1, fF2}y = f{F1, P2}y +6(F)(f) F2 (13)

in sense of C*°(M, R)-module.

Assuming G = U(1) we find that CZ’ (P, T.G) is canonically isomorphic with
C® (M, R) and the curvature form £2 is identified with the closed dw = 0 2-form w on
M, which is a symplectic form in the non-singular case. Hence, formula (12) reduces to
the symplectic Poisson bracket and (13) to its Leibniz property.

Taking the above facts into account, further we will call (PgO(P, ?), {-, -}v) the
Poisson C*°(M, R)-module.

In the framework of the assumed terminology it is natural to consider:

(i) the Eq. (10) as a generalization of Hamilton’s equation to the arbitrary Lie group
G case;

(i1) the one-parameter group tt(X’F) € Aut(P, ) as a generalized Hamiltonian flow
generated by (X, F) € PZ’(P, ) (in non-singular case by F € CZ (P, T.G)).

In the next two sections we propose and investigate a method of quantization of the
Hamiltonian flow rt(X’F) € Aut(P, ¥) based on the notion of G-equivariant positive
kernel on P x P.

Though our considerations below are valid for an arbitrary Lie group G we will as-
sume that G C GL(V,C) = GL(N, C) is a Lie subgroup of the linear group GL(V, C)
of a complex N-dimensional Hilbert space V. By (-,-) : V x V — C we denote the
scalar product for V and by

GxV>s(g,vm—gveV

the canonical action of G in V. The group of unitary maps of V as usually will be denoted
by U(V) = U(N).

3. Kirillov—Kostant-Souriau Prequantization Morphism

In this section we generalize the Kirillov—Kostant—Souriau prequantization procedure
[17,18,36] for the case of an arbitrary Lie group G C GL(V, C), i.e. we obtain the Lie
C* (M, R)-module morphism Q : P (P, 1) — DI (M, V) of the Poisson module
PZ (P, ) into the Lie module of differential operators of the order less or equal one
acting on the smooth sections of some complex vector bundle V. — M over M.

To this end we define the smooth complex bundle V := (P x V)/G — M over M
associatedto P(G, w, M) by theaction PxV xG 3 (p, v, g) — (pg, g 'v) € PxV of
the Lie group G on P x V. One has the natural C*° (M, R)-module isomorphism between
the module I"*°(M, V) of smooth sections of V. — M and the module CZ (P, V) :=
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{f eC®(P,V): f(pg) =g ' f(p) for g € G} of G-equivariant smooth functions
on P defined by the one-to-one dependence

Y (p) = L(p. F(P)] = {(pg. 8 f(p)) : g € G} (14)
between ¢ € '*°(M, V) and f € CZ (P, V). Using (14) we define
Q.Y (p)) == [(p, E(/H(P)], (15)

forany (X, F) = (m*xv*)(§) € PZ (P, ¥) thedifferential operator Q (x,r) : (M, V)
— (M, V) of order less or equal one. Let us note here that if £ € Fg‘fﬁ(TP) and
feCZ(P,V)then&(f) e CF(P,V).

Since T* x v* : Fg‘fl?(TP) = P& (P, ¥)is anisomorphism of the Lie C*°(M, R)-
modules, from (14) and (15) one obtains

[Qx1,F)s Qxa, )] = Qx1,F), (X2, F2)} o » (16)
Orx,r) = fOX,F) 17)

where on the left hand side of the equality (16) we have the commutator of the differential
operators and {-, -}, is the Lie bracket defined in (11). Since in the case dim¢ V = 1
and G = U (1) the Lie C°°(M, R)-modules monomorphism

0 :PX(P,9) — D'I'®(M, V) (18)

is the Kirillov—Kostant—Souriau prequantization morphism we will further extend this
terminology to the general case. By D! T"*°(M, V) in (18) we denote the Lie C*° (M, R)-
module of differential operators of order less or equal one acting on '*°(M, V).

In order to establish a more explicit expression for Q (x, ), where (X, F) € P°(P, ¥),
we will use the decomposition £ = £ + £V of & € I‘g‘fﬁ(TP) on the horizontal and
vertical components. The flows 7, and t,h tangent to £ and £" satisfy

w(p) = 7' (p)gt. p), (19)

where g : R x P — G is the cocycle related to the vertical (tangent to £) flow 7, by
7/ (p) = pg(t. p).

Proposition 1. The cocycle g : R x P — G corresponding to (X, F) € Pg’ (P, ©) by
(19) has the following form

g(t, p) =0, (20)

Proof. Since for £ = (7* x v (X, F)) € '3y (T P) onehas §(F) = £((0,§)) =
(Le¥, &) + (0, [, &]) = 0 we find that '

F(z(p)) = F(p). (2D
Combining (21) with (19) we obtain
F((p)) = g(t, pYF(p)g(t, p) ™",
Applying 7, to both sides of (19) we obtain

T (P) =75 ( (PN g, p) =1 (T (p)g (s, T (p)g(t, p) =7l (P)g(s. T (p)g(t, p).
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From the above and from (19) we find that

gls+1,p)=g(s, 1" (p)g(t, p).

Differentiating the equality above with respect to the parameter s at s = 0 we obtain
differential equation

d
8t p) = F(tl(p)g(t, p) = g(t, p)F(p) (22)

onthecocycleg : Rx P — G C GL(N, C). The equality (20) is obtained as a solution
of (22) with the initial condition g(0, p) = ly. O

For f € CZ (P, V) one has en(f),EV(f) € CZ(P,V)and

") (p) = (df, ") (p) = (DF, E)(p), (23)

d d
EV(f)(p) = (df, ") (p) = Ef(pe’””))lz=o = Eé’"”’”f(ﬁ)lr:o =—F(p)f(p),
(24)

where D : CZ(P, V) — ' (P, T*P ® V) is the covariant derivative of f defined by
Df :=df o pr' =df +vf.

BZ prior . TP — T" P we denoted the projection of T P on its horizontal component

! geﬁning the covariant derivative V : (M, V) — I'*°(M, T*M ® V) as usual by

Vy (r(p)) == [(p.Df(p)] = [(p, df (p) + P (p) f(P)], (25)

where ¢ is defined in (14), and using Egs. (23) and (24) one obtains from (15) the
following expression

Ox,F)=Vx —F, (26)

for the Kirillov—Kostant-Souriau operator Qx,r) : '*°(M,V) — I'**(M, V). Let us
note here that the 0-order differential operator F acts on ¢ € I'*°(M, V) as follows

(Fy)(m(p)) == [(p, F(p) f(p)].

We note also that F(pg) f(pg) = g~ F(p) f(p) and (Dg f)(pg) = g~ g f)(p).
The Kirillov—Kostant—Souriau operator is the generator

1
Q.Y (m) := lim n (B ) (m) —  (m)]

of the one-parameter group %; : I'*°(M,V) — I'*°(M,V) acting on the sections
Y e I'(M, V) by

(Z) ) := 1"y (0 (m)),
where the flows 7,” : V — Vand o, : M — M are defined by

7/ [(p. v)] := [(21(p). v)]
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and by

o1((p)) == (i (p)),

respectively. The vector field X € I'*°(T M) in (26) is tangent to the flow {o;};cR.

If the curvature form 2 is non-singular the C°°(M, R)-module morphism b : CZ°
(P, T,G) — I'°*°(TM) leads to the Kirillov—Kostant-Souriau prequantization mor-
phism

Q:C¥(P,T,G)> Frs Qr =Vx, — F e DIT®(M, V)

for the Poisson C*°(M, R)-module (CZ’ (P, T.G), {., .}y), where X p = b(F) and Pois-
son bracket {F|, F>}y of F1, Fp € Cgo(P, T.G) is defined in (12).

Furthermore we will need the vector bundle V := (P x V) /G — M associated to
P (G, , M) by the action

PxVxG>3(pvgr (pg.gv)ePxV
as well as the C°°(M, C)-module
CZ(P,V):={f eC¥P,V): f(pg) =g f(p) for g € G} 27)

of the V-valued smooth function on P. Similarly as in (14) the equality v (p)) =
[(p, f(p))] defines the isomorphism I'*°(M, V) = COGO(P, V) of C*°(M, C)-modules.
Using this isomorphism we define

Q. @(P)) = [(p, E(H)(p)]

another Kirillov—Kostant—Souriau differential operator acting now on I'°(M, V). For
vector field & € I‘go(T P) tangent to 7; from (19) we find

(F)( )—17 (oo = L7 (o)) 4 t, ) li=0 f(p)
E(Hp _dtf T(p t:O—dtf T, (P))1i=0 dtg D) =0 f(p
=Df(p)+F(p)'F(p),

where
Df:=df+v'f.

Next, using the covariant derivative V: e, V) - T'®WM, T*M & %_7) defined
by Vyr((p)) := [(p, D f(p))] we obtain

Ox.r)=Vx+F', (28)
the generator of the flow
E)(m) := /P (o_(m)), (29)

where F Ty and rf’ : V — V are defined as follows

(F'y)((p)) = [(p, F(0) " F(p)]
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and
o/ [(p, )] == [(%1(p), )]

for [(p, v)] € V. )
The covariance properties (16) and (17) for Q are proved in an analogous way as for

Q. )
Now let us mention that using the scalar product (-, -) in V one defines for ¥; €
(M, V) and ¥, € I'*(M, V) the smooth function

(W1, Y2 () == (F1(p), fo(p)) (30)

on M. One sees from (Y1, ¥2)) (01 (77 (p))) = (f1(z(p)), f2(t:(p))) that the following
property

X (Y1, ¥2)) = (Ox, py ¥, ¥a)) + (V1. Q(x, ;) ¥2))

for the pairing (30) is valid.

Fixing a local trivialization s, : Oy — P (where |, .; Oy = M is an open covering
of M) of the principal bundle P (G, 7, M) one defines the local cocycles g, (¢, -) : Oy —
G and hy(t, ) : Oy — G by

T (sq(m)) = s (01(m)) gy (2, m), (31)
) (50(m)) = 54(07(m)) g (£, M) (32)

for sufficiently small ¢. From (19) and (20) one has
T (s (m)) = /' (s (m))e! " ™). (33)
Hence, from (31)—(33) one obtains
8a(t,m) = hq (1, m) exp(t F (sq(m))). (34
From (34) and the cocycle properties

8a(t +5,m) = gu(s, 01(m))gu(t, m),
ho(t+5s,m) = hy(s, o;(m))hy(t, m)

we have

he(t, m)eSF(Sa(m)) — ESF(Su(Jt(m)))ha (t, m),
which is equivalent to

ho(t, m)F (sq(m)) = F(sq (07 (m)))ha (2, m).

In order to obtain %ha (t,m)|;=0 € T,G we note that from (32) it follows that
h d
§" (s (m)) = T'sq(m)X (m) + TKsa(m)(e)Eha(t, m)|i=0. (35)
Next, applying @ (s (m)) to both sides of (35) and using (2) we obtain

d
Eha(t’ m)|i—o = =0 (sq(m))(T'sq(m) X (m)) = —0e(m)(X(m)),
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where 9 (m) 1= U (5o (m)) o T'sq(m) = (s59) (m).
Introducing the notations ¢ (m) := %gd (t,m)|;=0 and F,(m) := F o s4(m), after
differentiating (34) at + = 0 we obtain the equality

bo(m) = —(Vo, X)(m) + Fy(m), (36)

which is useful for finding the local expression for the infinitesimal generator of the flow
3 T(M, V) — T'°°(M, V) defined in (29). Namely, we have

(Zp)m) = 7Y (01 (m) = 7,/ [sa (01 (M), (f ©54)(0—1(m))]
= [tsa (01 (m)), (f 0 5a)(0—1(m))] = [56(m)ga(t, 61 (M), (f 0 5¢) (01 (m))]

= [sq(m), gu(t, o (M))(f 0 5¢)(0—(m))]. (37)
Thus for f, := f osy : Oy — V one has
(Z fa)(m) = go(—t,m)~" fo(o_(m)). (33)

Differentiating both sides of (38) at ¢+ = 0 and using (36) we obtain the local repre-
sentation

(Qx.F) fo)(m) = =X (fo)(m) + ¢o (m) fo (m)
= —(X + (¥, X)) (fo) (M) + Fo(m) foo(m)
= — (VX fa)(m) + Fy(m) fo (m), (39)
of the Kirillov—Kostant-Souriau prequantization operator Q(x,ry : I'*°(M,V) —
'*°(M,V), where V?‘( = X + (¥y, X) is the local form of the covariant derivative
V defined in (25). Similarly we have
(Ox.F) fo) (m) = =(V§ o) (m) + f o (m) Fo ()’ (40)

for Q(X,F) M, %_7) — (M, v)
In the local gauge the Hamilton Eq. (10) assumes the form

X .24 +DF, =0, 41)

where
2y 1= (50)*2 = dVo + %[0% Vel (42)
DFy :=dFy + [V, Ful- (43)

Ending this subsection let us mention the well known equivariance formulae with
respect to the gauge transformation

sg(m) = sq(m)gup(m), (44)

where gop 1 Oy N Op — G is the respective transition cocycle, i.e. gop(m)gp, (m) =
8ay (m). Namely, one has

Dp(m) = g3 (M) (M) gup (M) + 2o (M) (dgap) (), (45)
Fg(m) = go (m) Fo (m)gas (m), (46)
Qp(m) = gq (m)$2a(m)gap (m), (47)
fo(m) = g (m) fu(m), (48)
Bp (M) = o3 (M) (M) 8 (M) — 843 (M) (X gap) (), (49)

where m € Oy N Og.
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4. Positive Definite Kernels and Quantization

In the previous section we obtained the formulas (26) and (28) on Kirillov—Kostant—
Souriau prequantization operators Qx,r) and Qx, ry as well as their local versions
(39) and (40). Here we will present a procedure which allows us to treat them as self-
adjoint operators in a Hilbert space. This quantization procedure is based on the notion
of G-equivariant positive kernel, see [28]. In order to make the paper self-sufficient we
present the above procedure in detail. Some new results complementary to the ones in
[28] will also be presented in this section.

The theory of reproducing kernels for smooth vector bundles over smooth Banach
manifolds and related linear connections one can find in [5,6].

Let us recall here that we have assumed thatdim¢c V = N < +ocand G C GL(V) =
GL(N, C). Further, by B(V) = Maty«n (C) we denote the C*-algebra of linear maps
of V and by B(V,H) the right Hilbert B(V)-module of linear maps I' : V — H
from the Hilbert space V into the separable Hilbert space H. Let us note here that from
dimc V < +oo follows boundness of I' : V. — H. The B(V)-valued scalar product
() :B(V,H) x B(V,H) — B(V) on B(V, H) is defined by

(T'; A) :=T*A
for', A € B(V, H), where the operator I'* : H — V is the one adjointto I" : V — H.

Definition 1. A smooth map 8 : P — B(V, H) will be called a G-equivariant coherent
state map if it has the following properties:

(i) the G-equivariance property, i.e.
R(pg) = R(p)g (50)

for any p € P and for any g € G;
(i1) non-singularity, i.e.

ker R(p) = {0}, orequivalently R(p)*&(p) € GL(V,C) (&2))
forany p € P;
(iii) the set K(P)V is linearly dense in H, i.e.

m ker R(p)* = {0}, orequivalently {&(p)v:p € P and v € V}L = {0}.
peP
(52)

By R(p)* in (51) and (52) we denoted the map K(p)* : H — V adjointto R(p) : V —
‘H, i.e. such that (¥’ |R(p)v) = (R(p)*¥, v) for € H and v € V, where (-|-) is the
scalar product in Hilbert space H. For the existence of & : P — B(V,H) with the
above properties see [24].

Definition 2. A smoothmap K : P x P — B(V) will be called a G-equivariant positive
definite kernel if it has the following properties

(i) the G-equivariance property, i.e.
K(p.qg) = K(p.q)g (33)

forany p,q € P and g € G;



Some Aspects of Positive Kernel Method of Quantization 945

(i1) non-singularity, i.e.

K(p,p) € GL(V,C) C B(V) (54)
forany p € P;
(iii) positivity, i.e.
J
> (i, K(pi, pj)v) 20 (55)
ij=1
for arbitrary finite sequences pi,..., py € Pandvy,...,v; € V.

From the positivity condition (55) one obtains the following properties of the kernel

K(p,9)" =K(q.p)

and

K(ph,qg) = h'K(p, q)g,

where g,h € G and p,q € P.

The above structures are mutually dependent. Extending the rather well known
scheme from the theory of reproducing (positive) kernels [3,23] to this more geometri-
cally complicated setting we shortly describe this dependence.

Starting from the coherent state map & : P — B(V, H) we define the G-equivariant
positive definite kernel by

K(p,q) = R(p)"K(q). (56)

The smoothness of the kernel (56) and the properties (53)—(55) follow from the smooth-
ness of R : P — B(V,’H) and its properties mentioned in (50)—(52).

The opposite dependence needs longer considerations. Firstly let us define the vector
space

Dk = f:ZK(-,qi)v,': qgi€ P, vieV (57)

ieJ
of V-valued functions on P, where J is a finite set of indices, i.e. the vector subspace
Dk C Cgo(P, V) which consists of linear combinations of the functions K (-, g)v

indexed by ¢ € P and v € V. In order to define the scalar product ( filf)k of fi, fo e
Dk we extend the summationsin f| = Ziejl K(, ql.l)vi1 and f, = Zje./z K(, qu.)v? to

the set of indexes J = J1UJp and define {p1, ..., ps} = {ql,...,q}]}u{qlz,...,q%z}.

After that assuming vjl. =0forj e J\ Jand v? = 0 for j € J\ Jo we define the
scalar product

(filfa)k =Y (v}, K(pi, pp)v3), (58)

ijel

of fr = djes K(o,pj)vf,wherek =1,2.
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In particular one has

(FIKC, pvdk =Y (vi, K (pi, p)v) = (f(p), v). (59)

iel
From (59) and the Schwarz inequality for the scalar product (58) one obtains

1/2 1/2

(F(p), vl = HFIKC, podk] < (FIF) LK, UK (-, pho) e
< I fllk . K(p, )2 < I F1Ik 1K (p. P2 |0l (60)

From the inequality (60) one sees that || f||x = (f|f)}(/2 = 0 implies f = 0, so,

Il - llx is a norm on Dg. ) )
We conclude from (60) that the evaluation functional E,(f) := f(p) satisfies

LE, (A1 < 11K (p, p)I211 Fllk
i.e. it is a bounded functional on Dk for every p € P. So, we can extend it to the Hilbert
space Hx D Dk being the abstract extension of the pre-Hilbert space Dx € C go (P, V).

It follows from (60) that for any equivalence class [{ f,,}] € Hxk of Cauchy sequences
{f.} C Dk one defines

fp) = lim_fu(p)

a function f : P — V depending on [{ f,,}] only. Hence we see that the Hilbert space
‘Hk is realized in a natural way as a vector subspace of the vector space of V-valued
functions on P which satisfy the G-equivalence condition from (27).

Now, rewriting (59) as follows

(fIKC. p)v)k = (fIEsv)k,

where f € Hig,v € Vand E} : V — Hg is the conjugation of E, : Hg — V, we
define the coherent state map .ﬁK : P — B(V,Hk) by

Rk(p):=E, =K(,p).

One easily sees that the properties (50)—(52) for Rx : P — B(V, Hg) follow from the
ones for K given in (53)—(55). The smoothness of Rx : P — B(V, Hy) follows from
the smoothness of the positive kernel K (see Proposition 2.1 in [28]).

As we see from (56) a coherent state map & : P — B(V,H) defines the positive
kernel K : P x P — B(V). The Hilbert space H g for this kernel is isomorphic to the

Hilbert space H, where the isomorphism /g : 'H —> Hg is defined by
Ix i H > |Y) — Ik (IY) = RO"|Y) € Hk. (61)

In order to see that /x is indeed an isomorphism we note that for |) € Dg, where
Dg C H is defined by

Da:=11Y)=) R(pjv;: pjeP, v;eVy, (62)
jeJ
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one has ]1(|1//> = ZjeJ K(~, pj)vj and <IK|I//>|I[(|W)>K = <W|W)H, i.e. Ig : Dﬁ —
Dk is a linear isometry of dense linear subspaces Dg C H and Dx C Hg, so it extends
to the isomorphism of the Hilbert spaces.

The isometry Ig : ‘'H — Hg defines the isomorphism of Banach spaces L, :
B(V,H) = B(V,Hg)by Lj, A = Ig o A, where A € B(V, H).

Therefore, if the coherent state map £ and the positive definite kernel K are related
by (56), then

Rrg =Ig o R.

If Rk = Ik, 0 &1 = Ik, 0 K2, then Ry = LI,}'OIK R, i.e. the positive definite kernel K
2 1

defines the coherent state map £ up to an isomorphism of the Hilbert space H.

Now let us consider the tautological bundle 7y : Ey — Grass(N, H) over the
Grassmanian of N-dimensional subspaces of the Hilbert space 7{. By definition the total
space of this bundle is

Ey :={(y,q) € H x Grass(N, H) : y € q}

and 7y := pra|g,, Where pry is the projection of H x Grass(N, H) on its second
component.
The coherent state map R : P — B(V, H) defines the following morphisms

(K1 [Rln
\%

Ey

<

by Ty TN

d M 2] Grass(N, 'H) (63)

M

of vector bundles, where the morphism [K '] : V — V is defined by
V'3 [(p. v)] — [K~'1(p. v)]) = [(p. K(p. p)"')] € V. (64)
The horizontal arrows on the right hand side of (63) are defined by
M > [pl=n""(x(p)) — [RI(p)) := R(p)V € Grass(N, H)
and by
V'3 [(p. v)] — [RIn([(p. 0)]) := (R(p)v. [RI([p]) € Ey. (65)

Correctness of the above definitions follows from the defining properties (50)—(52) of
the coherent state map & : P — B(V, H). The bundle morphism defined in (64) is an
identity covering isomorphism of vector bundles with inverse given by [K] : V — V.

Restricting the scalar product (-|-) of H to the fibers 7, 1(q) of the tautological
vector bundle 7wy : Ey — Grass(N, H) and using the vector bundles morphism (65)
one defines

Hip ([(p, V)], [(p, w)]) := (R(p)v|R(p)w) = (K (p, p)v, w) (66)

the Hermitian structure on the vector bundle ny : V — M.
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Proposition 2. The coherent state map R : P — B(V, H) defines by
9a(p) == (R(P)*R&(p) ™' A(p)*dA(p) (67)

the metric (with respect to the Hermitian structure (66)) connection form¥g € I'°(T*P®
T.G) on the G-principal bundle P(G, 7w, M).

Proof. From the equivariance property (50) one has

9a(pg) = (R(pg)*R(pg)~ ' A(pg)*dA(pg)
=g "R RPN (@ ¢ R(p)dR(p)g = g Va(p)e,
for g € G, so ¥ satisfies (1).
In order to show the condition (2) we take X := %g(r)h:o, where | — g, ¢[> ¢t —

g(t) € G is a smooth curve in G such that g(0) = e, and substitute T« ,(e) X into both
sides of the definition (67). Thus we obtain

Ia(p)(Tip(@)X) = (R(p)*R(p) ™' &(p)*dR(p)(Tkp(e)X)
d

= (R(P)*R(P) ' ’(p)*d(Roky) ()X = (ﬁ(p)*ﬁ(p))_lﬁ(p)*dt R(pg®)li=o
d
= (ﬁ(P)*ﬁ(p))flﬁ(ﬁ)*ﬁ(r))ag(l)ltzo =X (68)

From (68) we see also that T, P = ker #g(p) @ T;,’P and (9g(p), &(p)) € T,G for

E(p)eT,P.
It follows from

dK(p, p) = K(p, p)¥a(p) +9a(p)*K(p, p), (69)

where K (p, p) = R(p)*R(p), that ¥ g is a metric connection with respect to the Hermi-
tian structure (66). In order to see this let us take fi, f> € CZ (P, V). Then from (69)
one obtains

d{f1(p), K(p, p) f2(p))
= (dfi(p) +9(p) f1i(p), K(p, p) 2(p)) + {f1(p), K(p, p)(df2(p) + O (p) f2(p))).
(70)

Since arbitrary sections ¥, Y, € ['**(M, V) of the vector bundle 7wy : V — M can be
written as ¥; (m(p)) = [(p, fi(p))],i = 1, 2, from (70) we obtain

dH 1, ¥2) = H(VY1, ¥2) + H(Y1, Vi),

where V : T®(M,V) — TI'®(M,T*M ® V) is the covariant derivative defined
in (25). O

After these preliminary considerations we propose a method of quantization of the

generalized Hamiltonian flow r,(X‘F) : P — P tangent to the vector field & = (7™ x

vI(X, F) e Iy, (T P), where (X, F) € PF(P, ).

Definition 3. A strongly continuos unitary representation U X-%) : (R, +) — (Aut H, o)
of the additive group (R, +) is the positive kernel (coherent state) quantization of a gen-
eralized Hamiltonian flow t*-F) : (R, +) — Aut(P, ) if there exists a coherent state
map R : P — B(V,H) such that:
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(i) the connection form ¥ is equal to ¥ g defined in (67);
(i1) the equivariance property

K@D () = U Ap) 1)
for R : P — B(V,H) is fulfilled with respect to both considered flows.

From the condition (iii), see (52) of the Definition 1 it follows that rt(X’F) defines
U,(X’F) in an unique way.

Let us also note that if & : P — B(V,H) is a one-to-one smooth map and the
flow t; € Aut(P) satisfies R(7;(p)) = U;R(p) for a certain unitary flow U;, then
7, € Aut(P, ¥g) and thus there exists (X, F) € (T M) x CE‘T%(P, T.G) such that
T = tl(X’F) and U; = U,(X’F). Additionally (X, F) satisfies the generalized Hamilton
Eq. (10) for the curvature form £2z defined by ¥ 5. If £2 is non-singular then the vector
field X € I"°(T M) is uniquely defined by F € CZ (P, T,G).

Since for the non-singular curvature form £2 the Eq. (10) allows one to define X €

I(TM) by F € CF(P, T.G), so, in this case we will use the notation r/ and Uf
instead of rt(X’F) and Ut(X’F).

It follows from Stone’s Theorem, see e.g. [35], that therAe exists a self-adjoint operator
F with domain Dz dense in H such that UX") = ¢i'F From (71) we see that Dg

definedin (62)is a Ut(x’ F) invariant dense linear subspace of H. From (71) it also follows
that the functions R > ¢ +— U;|y) € H, where |f) € Dg, are differentiable. So, see

Theorem VIIL.11 in [35], Dg is an essential domain of the infinitesimal generator F' of
(X,F)
U, .

Differentiating both sides of the Eq. (71) with respect to r € R we obtain

iFA(p) =6(p) = ((* x v (X, HIR) (0) = (H*XOR)(p) + RPIF (),
)

Note here that for any p € P one has Ran &(p) C Dg C Dz. We also note that the
last equality in (72) follows from (19)—(20) and (71).
The symmetricity of F on the domain Dg is equivalent to the equation

0 = [(H*(X)R)(p) + R(P)F(P)I"K(q) + & (P)[(H* (X)R)(q) + R(@) F ()],

where H*(X) is the horizontal lift of X € I'>*(T M) with respect to .
From (72) and (67) we find that the mean values map (-) : F' + (F') defined by

(F) := (R(p)*&(p)) ' &*(p)FA(p) = —i F(p)

is inverse to the quantization Q : F +> F of the classical generator F of the Hamiltonian

flow ¢ .

Using the isomorphism /¢ : H — Hg we can represent the quantum flow U,(X’F)
and its generator F in terms of the Hilbert space H g . Namely, we have

IxkoUXP ot = 5,
and

IxoFolg' = QO p),
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where ¥, and Q( x,F) are defined in (29) and (28), respectively.

Having in mind the Hilbert spaces isomorphism /g : H — Hg, defined in (61), we
see that Dk defined in (57) is a common essential domain of the self-adjoint operators
Q( x, F) being the generators of the flows U,(X’F).

According to Definition 3 the problem of quantization of the classical flow R > ¢ —
r,(X’F) € Aut(P, v) which solves the generalized Hamilton Eq. (10) reduces to the
finding of a coherent state map K : P — B(V, H) satisfying the conditions ¢ = ¥ g
and (71). Taking into account that K : P x P — B(V) defines R : P — B(V,H) up
to a unitary map U : 'H — 'H it is reasonable to formulate these conditions in terms of
the positive definite kernel:

9(p) = 0s(p) = K(p, )~ dgK(p, D)lg=p, (73)
K(p.q) = K@ (p), v (g). (74)
Now, let us describe the quantization conditions (73) and (74) in terms of local

representations £ 1= Rosy 1 Oy — B(V, H)and Kgg 1= K08 : Oy xOp — B(V)
of R: P —> BV, H)and K : P x P — B(V).

Proposition 3. (i) The conditions (73) and (74) written in terms of a local representa-
tion sy : Oy — P assume the following form

Pa(m) = Kaa(m,m)~ ' dy Kaa(m, n)ln=m. (75)

Kap(m,n) = go(t,m) Kap(o, " (m), 0" () gp (2, n) (76)

where ¥y := si0, the local cocycle g, (t, m) and the flow o,(X’F) M — M are
(X,F) (X,F)

related by (31), if we put T, = 1, and oy = 0,
(i1) The infinitesimal version of the condition (76) is the following

X (Kap)(m, n) + ¢og(m)Kgp(m, n) + Kgg(m, n)pg(n) =0, (77)

where X (Kgp)(m, n) == 4 Kg5(0 " (m), 6,7 (n)) 120, ire. X (m, n) = (X (m),
X (n)), and ¢q(m), defined in (36), satisfy the equation

Exﬁa + d¢a + [V, dal = 0 (78)
equivalent to the Eq. (41).

Proof. (i) The equality (76) follows from (31).
(i) One obtains (77) by differentiating of (76) with respect to the parameter ¢ € R at
t = 0. The condition (78) we obtain from (41) using (36), (42) and (43). |

Let us also mention the transformation formulas

Rp(m) = Ry(m)gep(m),

and

Kz, (m,n) = gop(m) Kas(m, n)gs, (n),
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where gop : OuNOpg — Gisthecocycle definedin (44)andm € O,NOg,n € O, NOs,
between two local representations.

The domain Dy of the generator F contains D 2 C Dz the dense subset Dg defined
in (62) which consists of [) = Z ics 8p;(nj)vj € Dp, wherenj € (9,3], vj € Vand
J is finite. So, the local version of the formula (72) is the following

iFRg(n)v = X (Rp)(n)v + Ke(n)dp (n)v. (79)

The domains D(Q (x,r)) and D(Q(X, r)) of the Kirillov—Kostant—Souriau operators

Owx.r) @ D(Qx.r) — T®°M,V) and Qx.ry : D(Qx.r) — I®(M,V) de-
fined in (26) and (28), respectively, in the local representation consists of the vectors

V=2 ic; Kap(mj,)vj € D(Qx,r)) and V= Yjes Kpy, (onj)vj € D(Qx.F))-
The local version of (26) and (28) are

Ox.rKapg(m, )v = X(Kgp)(m, )v+ Kgg(m, )pg(-)v (80)

and
Ox.ry Kap(-,m)v = X (Kzp) (-, m)v + do () Kap (-, n)v. (81)

Summing up the above facts, we see that the problem of quantization of classical flow
ft(X’F) described by the generalized Hamilton Eq. (10) (in local representation by the
Egs. (41) or by (78)) is reduced to the problem of finding a solution Kgg : Oy x Og —
B(V) of the Egs. (75) and (77), where X, F, and ¥, are fixed and satisfy (78). In general
this is a rather hard task. However, it is possible to do this for some particular cases. For
this reason see Sect. 6.

5. Extension and Reduction

It turns out that if G € GL(V, C), then having a principal bundle P (G, w, M) and
a coherent state map R : P — B(V ‘H) one can define in a canonical way two other
principal bundles P(GL(V, C), 7, M)and U(U(V), 7%, M) over M with the structural
groups GL(V,C) and U(N), respectively. Moreover the coherent state method of quan-
tization of the generalized Hamiltonian flows on P (G, w, M) extends uniquely to each
of these principal bundles giving the same quantum flows as in the case of P(G, 7, M).

Indeed, since G is a Lie subgroup of GL(V,C) one can define the GL(V, C)-
principal bundle P(GL( V,C), 7, M) over M in the following way:

(a) the total space P is the quotient P = (P x GL(V,C))/G defined by the action
5g :PxGL(V,C)>(p,g)— (pg, g’lgf) e PxGL(V,C) (82)

of G on the product P x GL(V, C);
(b) the bundle projection 7 : P — M is defined by

7(l(p, ®)) = 7(p),

where [(p, )] == {(pg. §7'%) : g € G} e P;
(¢) the right actionk : P x GL(V,C) — P of GL(V,C) on P one defines by

G (P, DD = [(p, DIk = [(p, EM)].
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One has a natural principal bundles morphism E : P — P defined by

E(p) :=1[(p,e)],

which covers the identity map id : M — M of M. Note here that

E(pg) =[(pg. )l =[(p,. )] =[(p,eDg = E(p)g

for g € G C GL(V,C). Hence, according to the Proposition 6.1 in Chapter II of
[20], there exists uniquely defined connection H* : T3 M — Ty P which in the case
considered here is related to the connection H* : Ty(,yM — T, P on P by

H% = T®; 0 E)(p) o 3, (83)

where § = [(p, ?)] € P.
The connection form & € I‘OO(P T*P®B (V)) corresponding to (83) is the follow-

ing
(. DD =7 '0(pT+3 'dz.
Having the principal bundles morphism E : P — P we can extend a G-equivariant

coherent state map & : P — B(V,’H) as well as an automorphism t € Aut(P) of
P(G, m, M) to the ones defined on P. These extensions are defined as follows

RUP. DD = KP)E,
([(p, D = [(x(p). ] (84)
The correctness of the above definitions including their independence on the choice of

representative (pg, g7'2) € [(p, g)], where g € G, one can check easily.
If we extend the map F : P — T,G, defined in (6), to the map F : P — B(V) by

Fl(p. D) =2 '"F(p)3. (85)

then the following relations
DR P) =7 'DF(p)3, (86)
HE(X) 25 = 37 (H}(X)2,)8 (87)

are fulfilled, _where D and £2 are the covariant derivative and the curvature form corre-
sponding to ¥.

The above allows us to formulate the following proposition.
Proposition 4. A generalized Hamiltonian flow r,(X’F) € Aut(P, ) extends by (84) to
the flow ?I(X’F) € Aut(P, V) and one has the equality ?Z(X’F) = r,(X’F) of the flows,
where F : P — B(V) is defined in (85), i.e. the extension ?t(X’F) is a generalized

X, F)

Hamiltonian flow 1', on P.

Proof. It follows from (86) and (87) that (X, F ) satisfies equation
H*X).2+DF =0 (88)
if and only if (X, F) satisfies Eq. (10). O
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In order to define the principal bundle U (U (V), 7%, M) let us note that having a
G-equivariant coherent state map £ : P — B(V,H) we can define the map @k :
PxGL(V,C)—- PxGL(V,C)

1
Pk (p.8) = (p, K(p, p)?3),
where K (p, p) = R(p)*R(p). This map intertwines
Dl o g = Py o Dy (89)
the action (82) with the action

PU(p,3) == (pg, c(p. &', (90)
where the U (V)-valued cocycle ¢ : P x G — U (V) is defined by

1 _1
c(p,g):=K(p,p)2gK(pg, pg) 2.

The cocycle property c(p, g)c(pg, h) = c(p, gh) and the unitary property c(p, )"
c(p,g) =1y forc: P x G— U(V) follow from (53).

From (89) we see that @k defines an automorphism [®k] : P — P of the principal
bundle P(GL(V C), @, M) which covers the identity map of the base M. The inverse
[Pk~ =@ x-1] of this automorphism transforms  and F in the following way

2P DD = (P TD)A(p. DD
= 7' [Kw. 20K )7+ K(p, ) @K D), )|+ 77,
2

and

F'((p, D)) == (F o [® 1 D((p. D) =T 'K (p, p)ZF(p)K(p 128 Zg,

respectively.

It follows from c(p, g) € U (V) that the submanifold P x U(V) C P x GL(V,C)
is invariant with respect to the action (90). Therefore, one can consider the quotient mani-
foldU := (PxU(V))/G asthetotal space of a U (V)-principal bundle U (U (V), 7", M)
over M with bundle projectionmap 7* : U — M and therightaction«” : U x U (V) —
U of U (V) defined as follows

7" ([(p, )] == n(p),
" ([(p, O], ¢) = [(p, o).

Let us note here that [(p,0)] € (P x U(V))/G is defined by [(p,O)]:=
{(pg.c(p.g)"') : g € G).

Taking the Lie algebra (V) := {Y € B(V) : (Yv, w) + (v, Yw) =0 for v, w € V}
of U (V) and the real vector space $(V') of the Hermitian (Hv, w) = (v, Hw) endomor-
phisms H € B(V) one obtains the Ad(U (V))-invariant splitting B(V) = (V) @ H(V)
of B(V). So, according to Proposmon 6.4 of Chapter II in [20], the anti-Hermitian part
of 9" after restriction 94 := (19“ ")) |y to U C P defines a connection form

on the U (V)-principal bundle U(U(V), ", M). Restricting F¢ := E(F” — (FYN)|y
to U C P one obtains a {(V)-valued U (V)-equivariant function on the total space of
UuuWw), ", M).
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Therefore, by fixing a coherent state map & : P — B(V, H) on the total space of
principal bundle P (G, 7, M) we reduce a generalized Hamilton system on P described
by (88) to the one defined on U by ¢ and F“. Let us stress here that this reduction
depends on the choice of 8 : P — B(V, H) in a canonical way.

Now, we discuss the problem of quantization of the generalized Hamiltonian flows

r,(X’F) R r,(X’F) and r,(X’Fa) on P, Pand U , respectively, which are reciprocally related.

We collect the main facts under our consideration in the subsequent proposition.

Proposition 5. If a flow II(X’F) € Aut(P, V) is quantized in the sense of Definition 3,
then:

(i) The flow tl(X’F) is also quantized in sense of Definition 3, i.e. one has D = U
and USPOR((p, DD = REED[(p, D). Additionally one has the equality

ﬁt(X,F) — U[(X’F) of the quantum flows.

(ii) The total space U of UU(V),n", M) is invariant with respect to r,(X’F) €
Aut(ﬁ, 5) and r,(X’F)|U = t,(X’Fa) € Aut(U, v%). The connection form 9 satis-

fies
0! =94 == a*da (92)
the quantization condition (i) of Definition 3, for the coherent state map a : U —
UV, H) C B(V,H) defined by
1o
a([(p, O] == R(p)K(p, p)~2C, (93)
where U(V, H) is the set of isometries of Hilbert space V into the Hilbert space
H.
(iii) The generalized Hamiltonian flow ‘L't(X’ FY e Aut(U, ©%) is quantized in the sense of
Definition 3 and the quantum flow Ut(X’F ) U,(X’F ) =
U,(X’F) to the quantum flow Ut(X’F) .

corresponding to it is equal

Proof. (i) From ¢ = ¢ we have

I(Up. DD =& R R() T R(p) dR(pT+Tdg
= R(I(p. DD RAP. D)™ KA. DD RAUP. ) = 93 (1(p. RID.

Next, from (71) and (84) taken for T = tt(X’F) we obtain

UR((p. DD = UR(P)E = &KX P ()7 = 2P (1. D).

(i) The quantization property for tt(X’F) implies that

K@ (), 55" () = K(p. p). (94)
This condition is equivalent to the following one

O o (15 xid) = P xid) o dk.

Since the flow r,(X’F) xid:PxGL(V,C) - P xGL(V,C) also commutes with
the action ®* : Px GL(V,C)x G — P x GL(V,C) of G and (Dg(P xU(V)) C
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P x U(V) we find that U C P is invariant with respect to the flow rt(X’F). From
(94) one obtains that a : U — U(V, H) defined in (93) satisfies

Ura(((p. &) = a® D ([(p. D). 95)

Restricting 9% = [@K—l]*5 = [Px1 ]V t0U C P and using (91) one obtains
(92). i

(iii) The quantization of t, ,(X’F) |y as well as the equality U; = U}* follows
from (92) and (95). |

(X, FY _

According to (62) the essential domains of the generators F: Dx — H and Fa .

Do — H of flows U, = ¢'F and U, = T are the following

Dﬁ = {Z.‘é(fﬁl)vl 1ﬁi (S 1’;, V; € V}

ieF

and

Dy = {Za(ﬁi)vi :pieU, v e V}7

ieF
where F is a finite subset of Z. 1
Since R(pi)v; = R(pi)givi, a(pi)v; = ﬁ(Pz)K(PuPz)_favz and v; € V are
chosen in an arbltrary way we obtain that Dy = D, = Dg. So, we have also the

e/(luahtles F Fa = F for the generators. However, the formula (72) taken for F and
Fa is different from the one for F'. Namely, we have

iFR(P) = (H*OR)(P) + RPF(P), (96)
where = [(p, 3)] € P, and
iFaa(p) = (H™(X)a)(p) + a(P)FU(P), (97)

where p = [(p,c)] € U.

From (96) and (97) we easily see that the mean value functions (f )y and (ﬁ) for
these generators on the coherent states are equal

DR (F)(p)g = FU(p, D)D),
Fa ([(p, O = (Fo @1 D(U(p, D)D)

(X, F) (X, F)

to the generators F and F* of the Hamiltonian flows 7 and 7,

Taking the positive kernels

, respectively.

K, §) = RPYR@ =2 K(p, ph,
where 17: [(177 E)]» a = [(q, E)] € Fand

AB.§) = a(P)*a@) = K(p. p) 2K (p.q)K(q. q)"?
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where p = [(p, 9], 9 = [(q, b)] e U, we obtainthe domains Dg C C= (P, V)=

_ N GL(V.C)
['°(M,V) and Dy C C%(U, V) = T'®(M,V), see (57), of the corresponding
Kirillov—Kostant—Souriau operators Q(x, P Dg — I'*°(M, \_/') and Q(X, Fay : Dy —
M, V).

Summing up the above considerations we conclude that there are three equivalent

ways of quantizing of the flow a,(X’ B by the positive kernel method based on the principal

bundles P(G, &, M), IS(GL(V, C), 7, M)and U(U(V), ", M) over M, respectively.
The choice of one of these ways depends on the physical as well as mathematical aspects
of the model under investigation.

For example, the quantization based on U (U (V), %, M) is directly related to inter-
pretation of the positive kernel A : U x U — B(V) as the matrix valued transition am-
plitude kernel. More precisely, let us take such v, w € V that |v|| = ||w|| = 1. Then the
vectors a(p)v, a(g)w € H have norm equal to 1 also, i.e. they describe pure states of the
system and the transition amplitude between them is (a(p)v|a(@)w) = (v|A(pD, ) w).
So, one can interpret A(p, q) as the transition amplitude matrix between the states p
and g. For more exhaustive discussion of these physical aspects we address to [25,26].

Ending, let us mention that if the base M of the principal bundle P(G, &, M) is a
complex analytic manifold then it is resonable to use an approach based on the principal
bundle P(GL(V,C), 7, M). As an example of such a situation see Sect. 6.

6. Quantization of Holomorphic Flows on Non-compact Riemann Surfaces

In this section we will apply the method of quantization presented in Sect. 4 to the
case when P(GL(V,C), w, M) is a holomorphic GL(V, C)-principal bundle over a
non-compact Riemann surface M.

There are two reasons which motivated us to consider this case. The first one is its
relative simplicity what allows to solve the system of differential Eqgs. (75), (77) on the
kernel Kgp : Oy x Og — B(V) under the assumption that (X, Fy) € P’ (P, ¢). The

above assumption, as was shown in Sect. 4, allows us to quantize the flow r,(X’F) €

Aut(P, 1), using the kernel Kzg obtained in such a way. The second reason is that this
type of kernel (equivalently coherent state map) occurs in various problems of quantum
optics, e.g. see [16,38]. We omit here the subcase when M is acompact Riemann surface,
since then the Hilbert space H postulated in Definition 4.1. has finite dimension, which
makes the theory less interesting from a mathematical point of view, but not necessarily
from a physical one, e.g. see [14,30-32].

Using the invariants of the flows r,(X’F) € Aut(P,v) and the appropriate gauge
transformation, we will reduce the Eqs. (75) and (77) to the linear ordinary differen-
tial Eq. (129), which is solvable for (X, F) € PgO(P, ). The solutions of (129) are
presented through the formula (126) in Proposition 9 and Proposition 10. We will also
obtain the integral decompositions (151) of the positive kernels K B (v, z) invariant with

respect to the flows tt(X’F) on the positive kernels K z4(v, z; A) presented in Proposi-

tion 13. The relationship between the B(V)-valued measures d (F(’)‘E I'p)(A) used for
these decompositions and the spectral measure of the generator F of the quantum flow
uxh = ¢/'F" is described as well.

One proves, eg. see Section III par. 30 in [9], that for a non-compact Riemann surface
M one has Hl(M, GL(N,0O)) = 0, i.e. any GL(N, O)-valued holomorphic transi-

tion 1-cocycle (gup) € Z'({O}qer, GL(N, ©)) is solvable 8up = 60,551, where the
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holomorphic maps 84 : Oy, — GL(N,C), a € I, represent a holomorphic 0-cocycle.
Therefore, all holomorphic vector bundles V — M as well as the holomorphic principal
bundles P(GL(V,C), &, M) over M are trivial.

Being in the framework of the above category we will quantize the holomorphic
flows tt(X’F) € Aut(P, v) only. We will assume also that the coherent state map R :
M x GL(V,C) — B(V,H) is a holomorphic map.

The existence of a holomorphic flow U,X = n(r,(X’F)) € Aut(M) on a Riemann
surface M radically restricts the class of non-compact Riemann surfaces with this prop-
erty. Namely, see eg. [10], one proves that any non-compact Riemann surface M which
admits a non-discrete group of automorphisms is biholomorphic to the one listed below:

(1) the Gauss plane C = C\ {oo},
(ii) the punctured Gauss plane C* := C \ {o0, 0},
(iii) the unitdiscD :={z € C: |z] < 1},
(iv) the punctured unit disc D* := D\ {0},
(v) anannulus A, :={ze€ C:r < |z| < 1}, where0 < r < 1.

Since the groups Aut(M) of automorphisms of M = C, C*, D, D*, A, C Cx CP(1)
can be considered as the subgroups of Aut(CP(1)) = SL(2, C)/Z, we find that:
@O Aut(C)={z—~az+B:xaeC*,BecC}=C*xC,
(i) Aut(C*) = {z > Qz Or 7 % T € (C*} = 7, x C*,
(iii) Aut(D) = {z > %fz—:g el =18k =1,a,8¢€ (C} = SU(,1)/Z,,
(iv) Aut(D*) ={z > az:a e S} =S,
(v) Aut(A,) = {z > azorz>rdiae Sl} >~ 7, x SL.
For all these cases M is a circularly symmetric open subset in C. So, the inclusion
map M > m — 1(m) =: z € C defines the global chart which is common for all

Riemann surfaces considered here. Hence, the vector field X € I'*°(T M) tangent to a
holomorphic flow 0¥ € Aut(M) is given by

Jd ——0
X = w(z)g+w(z)a—z, (98)

where w(z) is a second order polynomial
w(z) =c2 +az+b (99)

with coefficients satisfying the following conditions
(i) c=b=0if M =C*,D*, A,,
(i) c=0if M =C,
(iii) c = —banda =2iw,w € R,if M = D.
From the above conditions we see that if » = 0 then one also has ¢ = 0 in (99).

Taking into account the above facts we present below the list of possible holomorphic
flows 0¥ on M.

Proposition 6. The following holomorphic flows are possible:
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(1) for M = C*, D*, A, one has
o (2) ="'z, (100)

where a € C\ {0} for C* and a = iw, w € R\ {0}, for D* and A,;
(ii) for M = C one has

b
o (@) = ezt — (e — 1), (101)
where a € C\ {0}. Note here that for a = 0 the formula (101) reduces to
o) =z+bt; (102)

(iii) for M = D one has

z(o cosh ot + iw sinh pt) + b sinh ot

0 (2) = = — (103)
zb sinh ot + o cosh ot — iw sinh ot
ifo :=+/—w?+|b? # 0and
z(l+iwt) + bt
o (2) = sl +ion +bt (104)

bt +1—iowt

if o = 0. For the formula (103) it is reasonable to distinguish the following two
subcases 0 € R\ {0} (—w? +|b|> > 0) and ¢ € iR\ {0} (—w? +|b|> < 0).

Remark 1. One can consider the flows (100-104) as a one-parameter subgroups of the
Mobius group and in accordance with the standard classification of its elements we
obtain:

(i) The flows (100) are elliptic for a = iw € iR and loxodromic in all other cases.
(ii) The flows (101) are parabolic for b # 0 and for b = 0 we obtain (i).
(iii) The flows (102) are parabolic.
(iv) The flows (103) are hyperbolic for p> > 0 and elliptic for p> < 0.

(v) The flows (104) are parabolic.

In order to quantize the flows rt(X’F) whose projections n(r,(X’F)) = J,X on M are
listed in (100)—(104), we recall that for every non-compact Riemann surface M the holo-
morphic principal bundle P(GL(V, C), w, M) is trivial. So, there exist a holomorphic
section s, : M — P and the corresponding trivialization K, : M — B(V,H) of the
coherent state map which are defined on the whole of M. The Egs. (78), (75) and (77)
in this trivialization assume the following forms

X(Fo)(Z,2) + [Fu(Z, 2), Pa(2)] = 0, 8;%(Z, 72) =0, (105)
— N | 0Kaa -

Ve (Z,2) = Kaa(z, 2) 3z (z, 2)dz, (106)

X (K3)(Z, 2) + Kaa (2, )¢ (2) + ¢ (2) Kaa(Z, 2) = 0, (107)

respectively. Note here that the positive kernel Kz4(Z,2) = Ry(2)*Ry(z) is anti-
holomorphic in the first variable and holomorphic in the second one.
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The relation (36) between the classical data ¥y, Fy, X in this case is the following
Ga(2) = —(XL0e)(2, 2) + Fu (2, 2). (108)

Substituting 9, (z, z) given by (106), into (108) we obtain the equation

_ _ _ 0Kge _
Kao(Z,2) Fo(Z, 2) = Kaa(Z, 2)Pu(2) + w(2) a2 (z,2) (109)
on the kernel Kzo : M x M — B(V) complementary to the Eq. (107).
Remark 2. Summarizing, we see that the flow r,(X’F) € Aut(P, 9) can be quantizable

iff the kernel K, satisfies (106), (107) and (109) for given classical data ¥y, Fy, w.

For simplification of the Egs. (107) and (109) we make use of the gauge transforma-
tions listed in (44)—(49), which in this case are given by

952, 2) = o5 (DPa(Z, D8up (2) + 85 () (dRap) (2),
Fg(Z,2) = 843 () Fu(Z, 2)8ap (2),

_ -1 “1,.,98ap
?8(2) = 8op (2)Pa(2)8ap(2) — W(2)84p (2) oz (2). (110)
We see from (110) that if the equation
080,
w(z) gzﬂ (2) = Pa(2)8ap(2) (111)

has a holomorphic solution g8 : M — GL(V, C) for the given ¢, and w, then there
exists a holomorphic section sg : M — P such that the Egs. (107) and (109) reduce to
the following ones

X(Kgp)(z,2) =0, (112)
_ _ aKﬁﬁ _
Kgp(z,2)Fp(z,2) = w(2) 5 (z,2) (113)
and Eq. (105) reduces to
X(Fp)(z,2) =0. (114)

The existence of a holomorphic solution g4 € O(M, GL(V, C)) of the Eq. (111)

on M depends on %4)& which is a holomorphic function at least on the domain My :=
M\ {z1, 22}, where z1, zp € M are the roots of the polynomial w (the cases z; = z» or
{z1, 22} = @ are admissible also).

For the cases mentioned in Proposition 6 one has

(i) if M = C*,D*, A, then My = M;
(i) if M = C then M, =(C\{—§}fora # 0and My = C fora = 0;
(iii) if M = D then My = D\ {z;} for |b|> — w* < 0 and My = D for |b|> — w? > 0.

From the above we have:

(a) for the cases (ii) and (iii) if the function %qﬁa extends as a holomorphic function to
C and to D, respectively, then (111) has a holomorphic solution;
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(b) for the remaining cases we note that the pull-back of the Eq. (111) on the universal
covering MO of My always has aholomorphic solution and if this solution is invariant
with respect to the natural action of the group Deck(Mo /Mp) on M then it defines
a holomorphic solution of (111) on M.

Hence we see that by the gauge transformation (110) the large class of functions ¢,
could be brought to ¢g = 0. Further we will investigate this case only.
Let us note that for ¢g = 0 the local form (41) of Hamilton Eq. (10) is

0= ﬁxl?/g = Xudvp+dFpg

where the connection form ¥4(z, z) = 5,3 (z, z)dz is related by

Fp(z.2) = (XL0p) (3. 2) = w(2)Vp(Z. 2) (115)
to the function Fg : M — B(V). See equalities (36) and (78) for this reason. So, in
order to consider the holomorphic flow r,(X’ F) as a Hamiltonian flow generated by (X, F)

we define 19/3 (z, z) by (115). Therefore the kernel K ; B quantizes the Hamiltonian flow

n(rt(x F)) = a, if and only if it satisfies the Eqs. (112) and (113), while Fg satisfies
Eq. (114).

Due to the circular symmetry of M C C we expand Rg : M — B(V,H) as a Laurent
series

Rp(z) =) Tuz", (116)

nelJ

by definition convergent in the norm topology of the Banach space B(V, H). Let us
mention that because V is finite-dimensional the norm convergence of (116) is equivalent
to its strong convergence. The set of indices J, which numerate 0 £ '), € B(V, H) in
(116), is an infinite subset J C Z of the ring of integer numbers Z. For M = C, D,
in particular, one has J = N U {0}. The condition (52) on the coherent state map
fp 1 M — B(V,H) implies

(Thov:nelJ and v eVt ={0). (117)

Taking into account the norm convergence of (116) we can express

1 Rp(z)
Tn=>— P
2mi s) 2

dz (118)

the coefficients I';, by R : M — B(V, 'H), where S,}) ={zeC: |z|=p} C M.
From (116) we obtain that

Kzp(Z.2) = Rp()* Rp(a) = Y Thl,"7" (119)
m,nel

Using this expansion we find that the Eq. (112) is equivalent to the two-variable second
order difference equation

cm— DIy _Tp+cn— DT, + (an+am)T;,T,
+b(n + DI Tyt +5m + DI, Ty = 0 (120)

on the coefficients I'}; ', € B(V), where one assumes that '_; = 0if / = N U {0}.
In the next proposition we present some properties of the coefficients I';, € B(V, 'H)
whenever they satisfy the Eq. (120).
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Proposition 7. (i) Ifb =c =0and Re a # 0, then ', =0 forn € J \ {0}.
() Ifb=c=0anda =iw € iR\ {0}, then
F;knrn = F:Fnamns (121)

form,n e J.
@iii) If b # 0 then J = N U {0} and T, are linearly independent in B(V, H).

Proof. For b = ¢ = 0 the Eq. (120) reduces to
(an+am)iT, =0 (122)

forall m,n € J. Thus, for Re a # 0 one obtains that I';, = 0if n # 0. This proves (i).
In the case Re a = 0 the Eq. (122) gives I';;, ", = 0 for m # n, so (ii) holds.

(iii) If b # 0 let us assume that operators I',,, n € N U {0}, are linearly dependent.
Then there exists N € N such that

N-—1
Ty =Y sl (123)
n=0

Let us put in (120) n = N and rewrite this equation as follows
[cim — DTy +b(m + DTy " Ty
=T} [c(N = DIy_i + (aN +am)I'y +b(N + DIy ], (124)

Next substituting Iy defined by (123) into the left hand side of (124) and using Eq. (120)
again we find that

b(N + DI Ty = =T [(@aN +am)I'y +c¢(N — DIy _1]
N—1
+F;‘n |:Z sple(n — DT, + (an +am)Ty, + b(n + 1)Fn+1]:|
n=0
for arbitrary m € N U {0}. Thus, due to (117), we have

b(N + D)I'yy1 = —(@N +am)I'y —c(N — D'y

N—-1
+ Z sple(n — DTy_1 + (an +am)Ty +b(n + DTye1],
n=0
which means that I'y4 is a linear combination of {I'g, ..., ['xy_1} too. Repeating the

above procedure we conclude that dim H < N, which leads to the contradiction with
the assumption that dim H = oco. Ending, let us note that for » # 0 one has I';,, # 0 for
all m € N U {0}. Since, assuming I, = 0 for certain m we obtain from Eq. (120) that
cm—DIy_1+bm+ 1)y, 1 = 0. Itleads to the linear dependence of {I'; },enujo}- O

Corollary 1. The vector space

Dr = {Z Toutn @ Uy € v} (125)

neF

is dense in H, where F is a finite subset of Z.
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Let us observe that for M = C the flows (100) and (101) are conjugated by the
translation T (z) := z + f’—l. From this and from the point (i) of Proposition 7 we have:
Corollary 2. If Re a # 0, then Rg(z) = yo = const. Therefore, the flows o,x =

n(t,(X’F)) corresponding to this subcase are not quantizable by the coherent state map
method.

Hence taking the above statement into account we will assume subsequently thata = iw,
where o € R.

In order to find a solution K z4(z, z) of the differential Eqgs. (112) and (113) we note
that using (112) and (114) one can write K B and Fyg as the power series of areal variable
IleACR:

Kpp(G2) = @p(IZ0) =) Cl(Z,2)", (126)
neJ

FpGG2) =(IEZ2)) =Y 0ul 2", (127)
nelJ

where C, = C, ,{, , O, € B(V). By definition we assume the norm convergence of these
power series expansions of the functions @5 : A — B(V) and ¥g : A — B(V) defined
on the range /(M) =: A of an invariant / : M — R:

X((z,2) =0, (128)

of the flow atX tangent to the vector field X defined in (98).
qustituting K Bp and .Fﬂ given by (126) and (127) into the Eq. (113) we reduce this
equation to the ordinary linear equation on the function @g

d
v(I)d—IGDﬁ(I) = ®g(1)¥Ps(1), (129)

where W is defined by Fg through the Eq. (127), and the i R-valued functionv : A — iR
is defined

al _
v(1(z,2)) == w(z)—(z,2)
az
by the invariant /(z, z). The correctness of this definition follows from the Eq. (128)
and from [w, X] = [w, wos + w4=] =0.
Since @5 = @; and v = —v we have from (129) that @gW¥g + lI/g(D;; = 0 which in
the case M = C, D is equivalent to Zsz(Cl QOk—1 + QZ,ICI) =0.
Summarizing the above facts we conclude:

Corollary 3. The flow r,(X’F) is quantized by the positive kernel K gp=Ppol if and
only if the function @g : A — B(V) is a solution of the Eq. (129), where Wg and v are
related to Fg and X through (127) and (128), respectively.

In the next proposition we will present the invariants / and v o [ in correspondence
with flows o/X listed in Proposition 6.
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Proposition 8. (i) For M = C*, D*, A, one has w(z) = iwz. Thus
I(z,2) =2z, v(I) =iwl, (130)

and 1(C*) = A =10, 00[, I(D*) = A =]0, 1[ or I(A,) = A =]r2, 1], respec-
tively.
(ii) For M = C one has w(z) = iwz + b. Thus

1(Z,2) = wiz +ibz — ibz, v(I) =i(wl +|b|%), (131)

and I(C) = A =Rifo=0,1(C) =A=[-LL oo[ifo>0and I(C) = A =
] — o0, 2Ly ifw <0,
(ili) For M = D one has w(z) = —bz* + 2iwz + b. Thus
2wzZ +ibz — ibZ
1@ = =5 ) = (1P + 201 + 6P, (132)
-2z
and ID) = A =Rjforb #0, I(D) = A =] —00,0[forb =0, w < 0 and
A =]0, 00[ forb =0, w > 0.
Proof. By straightforward verification. 0O

Now, based on the formulas given in Proposition 8 we will find the dependence of
¥, € B(V) onthe C, € B(V). This task is equivalent to solving the difference
Eq. (120) with the {C,},c as initial data, see (138). We will investigate the subcases
mentioned in (130), (131) and (132) separately.

Proposition 9. For the case b = 0, see (130), which concerns with an arbitrary M =
C,D, C*, D*, A, we have

IrTy = Cpbmn (133)
form,neJ CZ.
Proof. See formula (121) of Proposition 7. O

Now, let us shortly discuss the subcases presented in Proposition 9. From (133) it
follows that the Hilbert space H can be decomposed

H=EPr.v

nelJ

into the orthogonal I',, VLI, V, for n # m, eigenspaces of F. The eigenvalue of F
corresponding to I, V is nw € wJ, so the subset wJ C R is the spectrum of F. We note
here that J C Z could be chosen as an arbitrary infinite subset of Z. Thus the spectral
decomposition of the operator F is given by

F=Y nob,
nelJ

where P, are the orthogonal projectors on the eigenspaces ',V C ‘H. The kernels
K4(v, 2) for all these subcases are given by the same formula

Kpp(0,2) =) Cali2)",

nelJ
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where 0 < C,, € B(V). For dim¢ V = 1 this type of kernels was investigated in [27],
where their relationship with the theory of g-special functions was also shown.

For the remaining subcases, i.e. if b # 0 we will obtain the dependence of I'}; T, on
the C, comparing the coefficients in front of monomials v"*z" occurring in the equality

o0 oo
D rpr =Y Gl (3.2)",

m,n=0 n=0
valid for arbitrary v, z € C, D, which follows from (119) and (126).
Proposition 10. (i) For the case M = C and b # 0 we have

n+m
Tiln =Y Bn.Cl. (134)
I=n
where
- l
ﬂlmn — (ib)n_m< m >< )wm+n—l|b|2l—2n’ (135)
l—n/)\m
ifm <n.

(i1) For the case M = D and b = —c # 0 we have

n+m
TwTw= Y BunCr. (136)
l=n—m
where
m .
I—1+ l
I _ :n—m
Binn =1 /2(:)( I—1 )<2l+2j—n—m>
% <21 + 2] —n- m) (Zw)”+m_l_2jbj+l_n5j+l_m (137)

j+l—n

ifm < n.

The respective formulas for m > n one obtains by conjugation of the ones presented
in (135) and (137) and transposition of the indices.
(iii) For both cases described above one has

TiT, = (ib)"C,. (138)
Proof. By straightforward verification. O
Next proposition describes the action of generator F of the quantum flow U,(X’F) =
¢''F on the coefficients T', € B(V, H) of the Laurent expansion (116).

Proposition 11. The vector space Dr defined in (125) is contained Dr C Dy in the
domain of F and one has

iFT, =c(n — DTy_y +anly +b(n + Dpay, (139)

forn € J, where we assume I'_1 = 0if J = NU {0}.
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Proof. After applying '’ F to both sides of equality (118) we obtain

L a1 1 1 |
F F F
My =t 2mi fis‘l z”“ﬁﬂ(Z)dZ = 27i 5! zn+1e” Rp(2)dz. (140)
o o

1

v+l

Since one has || A g (@)l < -7 su 1 |1Rs(2)]l < o0, so due to Lebesgue’s
/3 pn+1 pZESp /3 g

dominated convergence theorem the derivative % l=0 at t = O of the right-hand side of
(140) commutes with the integral over S}). Thus, we have

. d {1 IS
[ FT, = — | — FRe(z)dz | =
= (27ri ﬁg EERR RS R

: ! d(ﬁ(x())>| d : f X (8Rp)(2)d
= — _— o _ EE—
2ri Js1 2+ dt RO D) =042 =50 s1 2" AL
1 1

- el +al + bz YHId
2mi Jg1 2+ IGZJ( ¢ ¢+ bl )lhdz

1 1 .
=5 P, Z[c(l — DIy +ally +b( + DT12dz

P leJ
=c(n— D1 +anly +b(n + D pyy. (141)

Hence, using also Stone’s Theorem, we find that the rank of I, belongs to Dz and
thus (139) is valid. To obtain the successive equalities in (141) we have used the norm
convergence of the series (116). O

The expression (79) for the generator F: Dy — 'H and the expressions (80) and
(81) for the Kirillov—Kostant—Souriau operators Qx,r) : D(Q(x,r)) — rhol (M, V)
and Q(x.r) : D(Qx.F)) — [l (M, V) in the case under consideration, i.e. when
¢ = 0, assume the following forms

iFRy @0 = w(2) (%ﬁﬁ) @, (142)
and
- 0 -
Owx.rKpp(z, v =w(z) (8—ZK,§,3> 2 v,
- — /(0
Qux.nKpgg(-, v = w(z) <8_5Kﬁﬁ> ¢, 2

The essential domains of the above operators are given by

Da= V=) Rpzjvj: ;€M v;eV, ¢,
jeF

and by

D(Qx.F) =¥ = ZKB/S(Z/’ Jvjiz;eM, v;eV, ¢,
jeF
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DQx.r) =¥ =Y Kzgl.z))vj: 2, €M, v €V, ¢,
JjeF

respectively, where F is a finite subset of Z.

Proposition 12. If b # 0, then T'g = Rg(0) € B(V, H) is a generating element for i F
in the Hilbert B(V)-module B(V, H), i.e. the elements (i F)"T"g, where n € NU {0}, are
linearly independent and they span a linearly dense subspace of B(V,H). Moreover,
one has

T, = K,(iF)Ty, (143)

where the polynomials
n
Kn(ih) = Zal" in)!
=0

are defined by the recurrence

K1 (id) = [iAKn(iX) —naK,(ix) — (n — DcK,—1(G1)]  (144)

(n+1)b
with the initial conditions K_1(iA) = 0 and Ko(i\) = 1.

Proof. The linear dependence between Iy, iF To, ..., (il? )Y'Ty € B(V,H) and Iy,
ry,...,T, € B(V,H), where n € NU {0}, given by the equations

k
Ik =) af (i F)To,
=0

where k =0, 1, ..., n, is invertible. Hence, and from the linear independence of I';, €
B(V, H) we conclude that the vectors (i F)"Tg € B(V,H), n € NU {0}, are linearly
independent.

From Proposition 7 it follows that the operators I', span a dense subset of BV, H),
s0, (i F)"'T"g span too. O

Now, let us describe the relationship between the coherent state representation (142)

and the spectral representation of the generator F of the quantum flow U,(X’F) —oi'F.
Therefore, let E : R — L(H) denote the resolution of identity or equivalently the
spectral measure E : B(R) — L(H) of the self-adjoint operator F, i.e. ¥ € Dz if and
only if

/Azdwww)(x) < o
R
and one has
Fy = / M (EY)(2) (145)
R

for ¥ € Dp, see Chapter VI §66 in [2] for details. Above by £(H) and by B(R) we
denoted the lattices of orthogonal projections of H and Borel subsets of R, respectively.
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From Proposition 11 follows that ',V C D+, so, using (143) and (145) we find that
I, = K,(iF)Ty = / K,(iMd(ETo)(L). (146)

R

Next, substituting I';, given by (146) into (138) we obtain
- - n -
Cp = (ib)"I\Ty = / (ib) ™" Kn(ir)d(TGET o) (1) = Zil*n(b)f”a?m, (147)
R =0

where p; € B(V) defined by
o = TEF"Ty = / Ad(TEETo) (L) (148)
R

are the moments of the positive 5(V)-valued measure
d(TGETo)(A) :=d[(ET0)"(ET0)](A).

Summing up we conclude from (126) and (147) that through the Hamburger mo-
ment problem defined by (148) one obtains the relationship between the positive kernel
Kgg(v,2) and the resolution of identity £ : R — L(H) of F.

Let us define the Hilbert B(V)-module L2(R, d(T'§ETy)) of B(V)-valued Borel
square integrable functions y : R — B(V), i.e. such ones that (y; y);2 < M1y, where
0 < M € R, in sense of B(V)-valued scalar product

(v;8)12 SZ/RV(/\)*d(F(TEFo)(?»)(S()»)

of the square integrable B(V')-valued functions y, § € L*(R,d (Fa‘ ET)). As it follows
from (125) and (143) 'y € B(V, H) is a generating element in B(V, H) for F, so we
have the isomorphism

T:L*R,d(TEET)) >y —> / d(ETo)(W)y (L) =: T € B(V, H)
R

of the defined above Hilbert B(V)-modules.
Using the isomorphism Z and (143) we find that

Fp =Z(Kn(i)ly)
and, thus
o
Rp(@) =) Tu" = T(Rp(z: ), (149)
n=0
where the function £g(z; -) € L*R,d (Fa"E [o)) is defined by the power series

Rp(z;h) = (Z Kn(m)z”> Iy, (150)

n=0
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convergent in the norm || - ||;2 := [|(:, )2, where by || - | we denoted the norm on
B(V). Later on we will see in Proposition 13 that it is also point-wise convergent.
We note here that the equivariance condition

R0 () = " Rp(2)
written in terms of fg(z; A) assumes the following form
R0 (2); 1) = € Rp(z; 1),

Taking into account (149) and that (Rg(v); Rg(2)) = (Re(v; -)); Ra(z; )2 we
obtain the integral decomposition

Kgp(0.2) = /RKM({), 2 WA(TEETo) (L), (151)

where

oo
Kpp(@.2:0) = Rpu: D) Rp@ ) = | D Ku(@OK,(0)7"" | Iy, (152)

m,n=0

of the kernel K BB (v, 2) = Rp(v)*Rg(z) invariant with respect to the flow atX quantized

byei’F.
Combining (126) and (147) we obtain the expression
— 1
Kzg(v,z3A) = Ky(irx)——1I1w,2)" | 1 153
3p(0. 23 1) (2:;) n(i0) e )) v (153)

on the kernel Kgﬁ (v, z; A) which is different to (152).
The equivalence of (152) and (153) follows from the equality

m+n

E T IT R . o L 1 .
L AGE ; iy P K@,

valid for the polynomials K, (i 1), where ,Bf,m are given: by (135)and L = n for M = C,
by (I137)and L =n — m for M = D.
Comparing the right-hand sides of (150) and (153) we obtain

Kgp(0.z:2) = R (%1(5, 2); k) : (154)

where 1 (z, z) is the J,X -invariant presented in (131) and (132) of the Proposition 8. In
the next proposition we will present expressions on K, (iA), R5(z) and K B (v, z; A) for
the cases when b # 0.
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Proposition 13. (i) If M = C and b # 0 then we have

L (e
where (x), = x(x+1)...(x +n — 1) is the Pochhammer symbol,
i 1 iw
Rp(zsA) = —1Fp (——k; ——Z> Iy, (156)
w 1) b
Konzn =2k (=1a AP 25 1, asy
22V, Z; = — —— A, ———=V — — —U .
BB Z a)l 0 a) |b|2 Z bZ 3 \%
If a = iw = 0 the formulas above take the form
. 1 /irn\"
Kp(id)=—=\—) . (158)
n! \ b
Rp(zn) = e'belly, (159)
Kap(@.zi0 =00, (160)

(i) If M = D and b # O then for |b|* — w*> # 0 we find that polynomials K,, are given
by (non-orthogonal) Meixner—Pollaczek polynomials P,,(O) (x; @) as follows

n
Ko(id) = [ ==—— ) PO (=ir/A;
n(iL) (Zibsm(p) n (—iA/As @)
Ae'? \" Qu), i 2
= Fi(—npu——:2u;1—e =) |,=
(2ibsin<p) T ‘( mop= 2w b= e ) uso
(161)
where A := ‘%T |b|2 — w? and cos ¢ = % (if |b|> —w? > 0, then ¢ € [0, /2],

if |b]* — w* < 0, then A and ¢ are imaginary, A, ¢ € iR, and ¢/i € [1, oo[) and

N
2ibsing — Ae 'Yz \ 4
Rp(z; 1) = : My, 162
p&:4) <2ibsin<p—Ae“/’z> v (162)
. ir
B 2|b|*sing + Ae 1 (0,2)\ *
Kz5(0,z; 1) = - —— Ly, 163
pp(0: 2 A) (2|b|zsm¢+Ae“P1(v,z) v (163)

where I (v, z) is given in (132).
For b # 0 and |b|?> — w* = 0 we have that the polynomials K, are expressed by
(non-orthogonal) Laguerre polynomials Li,_l) (x) by

Ko (ih) = (%)" LD G /w)
_ (w)n (x+1),

ib n!

1Fi (=n; o+ 1; A/ 0) |g=—1, (164)

and

ﬁﬂ(z;k):exp< +2 )nv, (165)

wz —ib
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_ M (v, 2)
K; A = —— |1 166
5p(U, 73 ) = exp <a)1(6,z)+|b|2> v, (166)

where I (v, 7) is given in (132).

Proof. For M = C one can put in (144) ¢ = 0 (see (99)). Thus it is easy to check that
(158) and (155) are solutions of this recurrence equation fora = 0 and a = iw # 0,
respectively. The relations (159), (160), (156) and (157) follow immediately from (150),
(153) and the definition of the hypergeometric functions.

For M = D one has ¢ = —b and a = 2iw. Let us introduce the polynomials Q,
defined by

n!b"i"
AVL
where A € C\ {0}. Then (144) takes the form

On(A) =

K, (—iA¥), (167)

2w |b]?
AQn(A) = Opr1(A) — nXQn(A) +n(n — 1)7an_1(k).

This is a three-term recurrence formula on monic polynomials Q,, with the initial con-
ditions Q_1(A) = 0 and Qo(A) = 1. By Favard’s Theorem, see e.g. [7] Theorem
4.4, the solutions of (167) are non-orthogonal polynomials described in [21]. Namely,

for |b]> — w®> # 0 and A = —l%"‘ |b|?2 — w? the polynomials Q, are the (non-
orthogonal) monic Meixner—Pollaczek polynomials O, (%) = WP(O) (X; @) and
for |b|> — w?* = 0and A = —w the polynomials Q, are the (non-orthogonal) monic

Laguerre polynomials Q, (1) = n!(=D"LED (). This proves (161) and (164).

To prove (162), (163), (165) and (166) it is enough to observe that (150) and (153) is
nothing else than the generating function for the family of polynomials {K}° ;, which
for Meixner—Pollaczek and Laguerre polynomials may be found in [21] as well. O

The integral decomposition (151) taken for the case dimc V = 1,b 2 0anda =0
leads to Bochner’s Theorem, see e.g. [35], which is one of most important instruments
in the operator theory [2] as well as the probability theory. So, as a by-product of our
method of quantization applied to the case M = C, D we obtain a family of Bochner
type integral decompositions presented in Proposition 13 for the positive definite kernels
invariant with respect to suitable holomorphic flows X on the Riemann surfaces C and
D as well as on the ones which are biholomorphic to them. We stress here that these
decompositions are valid for the arbitrary dimension of the Hilbert space V.

Now let us discuss in details the case when dimc V = 1. In this case one has
the natural isomorphism B(V, H) = ‘H. Therefore, after applying the Gram—Schmidt
orthonormalization procedure to the elements F"I'g € H, where n € N U {0}, which
according to Proposition 12 are linearly independent and span the vector subspace Dr C
D¢ C 'H dense in 'H, we obtain the orthonormal basis

In) := P,(F)Ty € Dr (168)
in H.
The polynomials P, (A) of degree n appearing in (168) are orthogonal with respect

to the positive measure d (F(*)‘E I'g)(A). They satisfy the three term recurrence

APy (M) = bp_1Pyr_1 (M) +ap Py (A) + by Py ()
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defined by infinite Jacobi matrix J. One can express the coefficients a, and b, of this
matrix as well as the polynomials P, (A) in terms of the moments u,, see (148), of the
measure d(I'§ ET) (). For the respective formulas see Chapter I of [1].

The self-adjoint operator F expressed in the basis (168) assumes the three-diagonal
form

Fln) = by_1|n — 1) +au|n) +bpln + 1), (169)

as well as in the basis I';,, n € N U {0}, see (139).
We summarize the facts mentioned above defining

[ln) := Ty,
P(F"To) := P,(F)Tp = |n),
K(F'Ty) := K,(iF)Ty =T,

the operators

Dr
P/ K

Dr - Dr

which by definition intertwine the bases {I";}7° , { F Fr To}o2 . and {|n)}7° , of the Hilbert
space H.

Proposition 14. The domain Dr+ of the operator I'* adjoint to T contains Dr, which is
also the range of I'. Hence Dr+ is dense in 'H.

Proof. For¢ € H and ¢y = Zne]_— cp|n) € Dr one has

ch @)

neF

[{@ITy) < W) DY Helt)l> < (W) Y Hellw)l?

neF nelJ

Thus we see thatif ), [{¢|Tn)|? < oo then ¢ € D(I'*), so, we need to prove that

D UwITa)? < o0 (170)

neJ

for any m € J. Let us consider three subcases mentioned in Proposition 9 and Proposi-
tion 10 separately.

For the subcase of Proposition 9 it follows from (133) that )", _; (T IT) % =
(T T |2 < o0.

To prove (170) for the subcase (i) of Proposition 10 where M = C let us observe that
the quantities ﬁm L =n,...,n+m,given by (135) form, up to the factor (ib)", a finite
family of polynomlals of the variable n of degree no greater than m with coefficients
depends on b, w, m. Thus from (134) we obtain that for fixed m € N U {0} one has

n+m

VTwlTn) < " D 1BhallCil —— 0
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where the last limit follows from the fact that the right hand side of (126) is convergent
for arbitrary I € R (see (131)), i.e. /|Cy| — 0, and "/|,B£n’n| — |b|. Finally, (170)

holds due to the root test for the convergence of a series.
The proof of (170) for the subcase (ii) of Proposition 10 where M = D is similar to the
previous case. Namely, from (137) follows that the quantities ﬂ’ l=n—m,...,n+m

form, up to the factor (ib)", a finite family of polynomials of the variable n of degree
no greater than 3m with coefficients depending on b, @, m. Thus

m,n>

n+m

VATwlla) < 1617 Y 1B allCil === 0

[=n—m

because the right hand side of (126) is convergent for arbitrary grates | /| € R (see (132)),

ire. J|C,] = 0. O

We see from the above proposition that the assumption of the Theorem VIII.1 in [35]
are fulfilled and thus we have:

Proposition 15. (i) The adjoint operator T'* is closed. _
(ii) The operator T is closable and one has T = I'™*, (I')* = T'*.,
(iii) The operator T*T' = T'*I'** defined on the dense domain Dr«p =¥ € Dy :
Ty e Dr.} is self-adjoint (see Exercise 45 in Chapter VIII of [35]).

Let us mention an interesting possibility to describe the coherent state map £ : D —

H which quantizes a holomorphic flow 0¥ : D — D on the disc. Namely, let us define
Ro:D — Hby

Ro(2) =Y 2" In). (171)

n=0

From (171) and from the closability of " : Dr — Dr we find that
Rp(2) = T'Ro(2).

The above allows us to represent

oo
Kzp(@.2)= Y (m|T*T|n)o"z"

m,n=0

the positive kernel K B in terms of the matrix elements (m|I"*T'|n) of the positive self-
adjoint operator I'*I"™* = I'*T.
Proposition 16. I[fdim V = 1 thenfortheflow o;(z) = e*z,z € M = C, D, C*, D*, A,

there exists a holomorphic section sg : M — P(GL(1,C), m, M) for which ¢g(z) =:
¢o = const.

Proof. We need to show that when dim V = 1 the Eq. (110) has solution gop : M —
C\ {0} for ¢pg(z) = ¢o. Let us rewrite this equation in the following form

80{ o -
O ) (a72)
Z a
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Because each M is a circularly symmetric domain in C, the holomorphic function
¢o : M — C is globally defined by its Laurent expansion

Pa(2) =) pat”.

nelJ

Let us define a holomorphic function on M

VD= Y ol

neJ\{0}

This definition is correct since &/n — 1 for n — oo.

Because z%ﬁz‘) = ¢(z) — po, then for ¢p = po the holomorphic function gug(z) =

¢V @ is a solution of (172) holomorphic on M. O

Corollary 4. If Re ¢pg # O, then the flows mentioned in Proposition 16 are not quantiz-
able.

Proof. 1f ¢g(z) = ¢5(0) = ¢ # 0, then for b = 0 the Egs. (107) and (116) give
[(m+n)+2u+iwm—n){Ty Ty =0,

where § := Rea, w := Ima and u := Re ¢g. Hence, we find that I';, £ 0 iff n =
—% € Z. So, Rg(z) = I'yz" and from defining property of f5 : M — 'H it follows that
dimc H = 1. The above contradicts the postulates of Definition 1. O

In the next section we will shortly discuss a possible physical applications of the
obtained results.

7. Remarks About Physical Applications

In the theory of quantum mechanical systems there are two naturally distinguished ways
of representing quantum Hamiltonians. The first one is by Schrodinger differential op-
erator having domain in the Hilbert space L2(RY, dV x) of square-integrable functions.
The second one, called Fock representation, is given by using the creation and annihila-
tion operators which are the weighted shift operators acting in an abstract Hilbert space.
The Schrodinger approach is used if one defines a quantum system starting from its
classical counterpart (Schrodinger quantization). The Fock approach is usually applied
to systems which do not have the classical equivalents. This for example happens in
quantum optics [11,12,39] and nuclear physics [19], where the annihilation operators
describe the quantum amplitudes of distinguished modes of a quantum physical system.

In order to integrate a quantum system, i.e. to obtain its evolution in time, one needs
to find the spectral resolution of the Hamiltonian. This is the main mathematical task of
quantum mechanics leading to the spectral representation of a quantum Hamiltonian.

The coherent states representation of the physical system investigated in this paper
was initiated by E. Schrodinger in 1926 in the paper [37] and next was investigated by
Fock [8] and Bargmann [4], and is known in quantum mechanics as the Bargmann—Fock
representation. Later it was revitalized in quantum optics by Glauber [12]. Let us also
mention also the contribution of Perelomov, see [34], to this subject, i.e. the construction
of coherent state maps through the irreducible representations of Lie groups.
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In the papers [25,26] a method of quantization of an arbitrary Hamiltonian system
based on the notion of coherent state map was proposed and its generalization to the
case of an arbitrary G-principal bundle we investigated here. Therefore, the illustration
of the above method by its application to concrete physical systems is desirable. The
coherent state method of quantization of the harmonic oscillator [37] is the most known
and one can find it also in the textbooks of quantum mechanics. The two cases related
to atomic physics crucial from the physical point of view, i.e. Kepler and MIC-Kepler
systems, were quantized by the coherent state map method in [15,29], respectively. One
can find a large class of systems quantizable by the coherent state method in optics
[14,16,38], where one usually considers a finite number of modes of an electromagnetic
field self-interacting through a nonlinear medium [11,33,39]. In the papers [30-32] the
classical and quantum reduction procedures were applied to the system of nonlinearly
coupled harmonic oscillators (modes) which leads to quantization of the Hamiltonian
systems on circularly symmetric surfaces called Kummer shapes [13,30]. This is a case
to which one can apply the results obtained in Sect. 6. The detailed discussion of all
mentioned cases would require considerable extension of the paper, so we plan to make
it the subject of a subsequent publication.

Finally, let us mention our belief that the kernel decomposition (151) presented in
Proposition 13, which generalizes the one considered in Bochner’s Theorem to arbitrary
noncompact Riemann surfaces, will find applications in probability theory problems.
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