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Abstract: We show how to derive asymptotic charges for field theories on manifolds
with “asymptotic” boundary, using the BV-BFV formalism. We also prove that the
conservation of said charges follows naturally from the vanishing of the BFV boundary
action, and show how this construction generalises Noether’s procedure. Using the BV-
BFV viewpoint, we resolve the controversy present in the literature, regarding the status
of large gauge transformation as symmetries of the asymptotic structure. We show that
even though the symplectic structure at the asymptotic boundary is not preserved under
these transformations, the failure is governed by the corner data, in agreement with the
BV-BFV philosophy. We analyse in detail the case of electrodynamics and the interacting
scalar field, for which we present a new type of duality to a sourced two-form model.

Contents

I. Preliminaries . . . . . . . . . . . .. 1087
1.1 Fields and functionals . . . . . . ... ... ... ... ........ 1087
1.2 BV-BFV formalism . . . .. ... ... ... ... .. .. ..... 1090
1.3 Comparison with Noether procedure . . . . . ... ... ... .... 1092
1.4 EXtension tO COIMErs . . . . . . . v v v v v vt v it 1095
1.5 Extended symmetries . . . . . . ... ... 1096
1.6 Geometric conventions . . . . . . . . . . . ... 1096
1.7 Parametrisation of the boundary . . . ... ... ... ........ 1099
1.8 Differential forms conventions . . . . . . ... .. ... ... .. .. 1100

2. Electrodynamics . . . . . . . ... ... 1100
2.1 BV-BFV approach to electrodynamics . . . . . .. ... ... .... 1100
2.2 Asymptoticfields . . . . . . ... o 1102
2.3 Changingthegauge . . . . . . . . . . .. . ... 1105
24 Green’sfunction . . . . . . . .. ... 1106

2.5 Lorenz versus other gauges . . . . . . . . . ... ... ... ... .. 1107


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-021-04061-7&domain=pdf
http://orcid.org/0000-0001-7101-5806

1084 K. Rejzner, M. Schiavina

2.6 Calculation of thecharge . . . . ... .. ... ... ... ...... 1108
2.7 Symplectic BFV analysis . . . . .. ... ... ... oL, 1113
2.8 Alternative falloff conditions . . . . . .. ... ... ... ...... 1117
3. The Scalar Field Theory . . . . . ... ... .. ... ... ... ..... 1118
3.1 BV-BFV analysis of thedualmodel . . . . ... ... ........ 1119
3.2 Asymptotic symmetries of the dual model . . . . .. ... ... ... 1120
3.3 Asymptotic symmetries of the free scalar field . . . . . ... ... .. 1120
3.4 Soft charge from the Fourier transform . . . . . .. ... ... .... 1122
3.5 Hard charges forscalarfields . . . . .. ... ... ... ... .... 1123
3.6 Shift symmetries by zero modes, global gauge transformations . . . . 1126
4. Summary and Outlook . . . . . . ... ... .. ... 1128
Introduction

Asymptotic symmetries for field theories in the presence of “boundaries at infinity” have
received great attention recently, after they have been shown to be related to Weinberg
soft theorems [Wei65]. The asymptotic structure of quantum electrodynamics (QED) and
general relativity (GR) has also been studied in a number of earlier works (see for exam-
ple [Ash81a,Ash81c,AS81, Ash81b, Ash87] for GR and quantum gravity and [Her95,
Her96a,Her98, Sta98,Sta99, Sta02, Her05,Her12,Stal3,Her17] for QED). A great sci-
entific effort has been devoted to this topic in the last decade, showing how asymptotic
charges are expected to arise in a host of scenarios, including the crucial examples
of general relativity [CL14,HLMS15], electrodynamics [HMPS14,CL15,KPS17] and
even scalar field theories [CCM18,CC18,CFHS19]. More abstractly, the question of
whether a gauge symmetry can become global, and hence present observable charges, is
a relevant one for both theoretical modelling and experimental probing of fundamental
theories.

One could also ask whether the conservation laws for the asymptotic charges in ques-
tion really arise from symmetries of the theory, i.e. transformations of fields that preserve
the action functional as well as the canonical symplectic form. This concern has been
raised in [Her17], where the asymptotic charge of QED and its conservation is derived
as a consequence of field equations, rather than the Noether procedure applied to large
gauge transformations (LGT), in contrast to [KPS17]. Here, by large gauge transfor-
mations we mean: transformations of the fields whose parameters have nonvanishing
asymptotics. Such transformations are shown to relate QED theories in different gauges
and they do not preserve the canonical symplectic structure on (asymptotic) Cauchy data
[Her17]. In [DW19] it was shown that quantum theories in different gauges could be
unitarily inequivalent, which would mean that a transformation that changes the gauge
does not actually preserve the quantum theory. This leads to the conundrum: in what
sense are the large gauge transformations symmetries of the theory?

In this paper, we solve this conundrum by employing a framework called BV-BFV—
due to Cattaneo, Mnev and Reshetikhin [CMR14]. For a manifold with boundary, the
BV-BFV framework is a combination of the Batalin—Vilkovisky (BV) approach to the
quantisation of a Lagrangian field theory associated to the “bulk” of said manifold,
and the Batalin—Fradkin—Vilkovisky (BFV) approach to its corresponding Hamiltonian
formulation, naturally associated to the boundary1 [BV77,BV81,BF8&3].

1 BFV provides a resolution of the reduced phase space of the theory, i.e. of the locus defined by canonical
constraints modulo symmetries.



Asymptotic Symmetries in the BV-BFV Formalism 1085

We adapt the BV-BFV framework to the case of “boundary at infinity”, to which
we associate the asymptotic scaling limit of a theory assigned to the boundary of a
scaled finite region. From such extended data we extract information on asymptotic
symmetries and charges. At the classical level, while we agree with the observation of
[Her17] that large gauge transformations have to relate theories in different gauges and
do not preserve the canonical (boundary) symplectic structure, we are able to show how
they can be interpreted as extended symmetries. Indeed, failure of gauge invariance of
the relevant boundary structures is to be expected, and is interpreted as structural corner
data.

The first advantage of the BV-BFV setting, when discussing the interpretation of
LGTs, is the model-independence and flexibility of the framework, which allows for a
direct generalisation of Noether’s analysis of charges. As a consequence, we are able to
reproduce the formulas from the literature on both sides of the controversy and point
out where the interpretational discrepancies stem from. This is not surprising, since
the BV-BFV data carry information about both the Lagrangian symmetries and the
behaviour of solutions to the equations of motion. Thus, after identifying the asymptotic
charge with the BV-BFV boundary action at infinity (see below), we can interpret it both
from the point of view of Noether charges (the interpretation favoured e.g. by [KPS17,
CL15,CE17]) and from the view-point of field equations (relating to the interpretation
of [Her17]). We show that, assuming appropriate fall-off conditions for the fields, one
can easily read off the correct expressions for asymptotic charges from the BV-BFV
data naturally associated to a theory on a manifold with boundary, and prove their
conservation.

Our results agree with the literature in the case of electrodynamics and the massless
scalar field. In particular, we compare the results on electromagnetic asymptotic charges
presented in [Her95,Her96a,Her98] with the investigations of [KPS17,CL15,CE17].
Using the same procedure, we derive the soft charges for the scalar field, compare them
with those derived in [Her95,CCM18,CC18], and show their conservation.

To recover the hard charges for scalar fields we propose a new kind of duality between
a sourced scalar field and a sourced two-form model (Sect. 3.5). To our knowledge, this
duality was not considered before, and recovers the usual duality in the sourceless limit.
We are then able to completely recover asymptotic charges for the sourced scalar field
from the BFV boundary action associated to the sourced dual two-form model, evaluated
on asymptotic data.

While our result is similar in spirit to the analysis of [CFHS19], we disagree on
the definition and the need of what they call “large gauge transformations”: shifts by
closed-but-not-exact forms (this differs from the nomenclature we adopt, see above).
Instead, we derive scalar asymptotic charges and their conservation by implementing
the (reducible) symmetry of the dual two-form model in the BV-BFV formalism. Then,
in Sect. 3.6 we show that transformations of the type employed by [CFHS19] do not
yield a well-defined BV structure, making their interpretation and relevance harder to
pin down.

The second advantage of the BV-BFV approach, in this context, is the possibility to
encode gauge invariance anomalies of relevant data in terms of cohomological data one
codimension higher, effectively setting up a bulk-to-boundary or boundary-to-corner
correspondence. This allows for a straightforward generalisation of the notion of sym-
metry of a field theory, where boundary and corner terms are not to be discarded, but
serve rather as higher codimension structural data. Our point of view relates to descent
equations [Zum85,MSZ385] (see the recent perspective [MSW19]), but is extended to a
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full symplectic and cohomological description of higher codimension data, for which a
quantisation scheme exists [CMR18].

While the interplay of Lagrangian symmetries and equations of motion is central
to the BV philosophy, bulk-boundary correspondences are at the core of the BV-BFV
framework. By combining these two philosophies we propose a systematic approach
to the calculation of asymptotic charges, and a new interpretation thereof as extended
symmetries. We discuss our new interpretation of conserved asymptotic charges of QED
in Sects. 2.7 and 4, where we compare to the literature and argue how this resolves the
interpretational conundrum.

In a broader context, our long-term goal is building a bridge between a systematic
approach to the quantisation of gauge theories in the presence of boundary,” such as the
BV-BFV formalism, and asymptotic quantisation. The latter is an idea dating back to
[Ash81a] to address infrared problems in QED and in quantum gravity (related to the
masslessness of the photon and graviton, and the long-range nature of the interaction)
by analysing the structure of asymptotic observables at null infinity.

The long-range character of the electromagnetic interaction manifests itself in the
classical theory via Gauss’ law. In quantum theory, implementability of Gauss’ law,
together with the assumption that observables should be local, leads to the conclusion
that the electric flux at space-like infinity is superselected (i.e., different configurations of
the flux label different unitarily-inequivalent representations of the net of local algebras
[Buc86]). Alternatively, one can implement Gauss’ law in the quantum algebra, where
the fluxes are not superselected, paying the price of giving up the locality [Her98]. Other
phenomena related to the long-range character of electrodynamics include breaking
of the Lorentz group and the infraparticle problem [MS86]. The latter means that the
electron’s spectrum is not point-like, since the electron has to be considered together
with the cloud of low energy (infrared) photons accompanying it. This fact, in different
guises, can be understood as a necessity for “dressing” charged particles, as discussed,
for example, in [DF16,Dyb17] and references therein.

This paper is the first step towards developing a unified framework for quantisation
of theories with boundaries and theories with long-range degrees of freedom, in the
spirit of perturbative algebraic quantum field theory [FR12b,FR12a]. The framework
we develop in this paper for the construction of classical asymptotic charges is general
enough to treat a broad spectrum of theories. One only needs to specify the dynamics,
the boundary/appropriate “infinity”, and the behaviour of fields at this boundary/infinity.
Then our extended BFV machinery returns the correct conserved charge. Although we
use mainly the language of [CMR14], the translation to the classical framework of
[FR12b] is straightforward.

A third main advantage of the BV-BFV approach is a direct access to a flexible
quantisation scheme. The axioms that a classical field theory with boundary needs to
satisfy are the starting point of the procedure presented in [CMR18], which has been
tested on a variety of field theories (e.g. BF theory [CMR18,CMR20], Yang—Mills
theory in dimension 2 [IM19], and split Chern—Simons theory [CMW17]).

The asymptotic adaptation of BV-BFV quantisation, and the precise relation to
[FR12a] is still work in progress. However, we expect to phrase Weinberg’s soft theo-
rems in this language, relating the quantum master equation, modified by the presence
of boundaries, to Ward identities.

The application of our procedure to other scenarios like nonabelian Yang—Mills,
Chern—Simons and BF theories is expected to be straightforward. The case of Gen-

2 In this case the “boundary” is at infinity.
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eral Relativity (GR) in the Einstein—Hilbert (EH) formalism, whose BV-BFV structure
for finite boundaries was investigated in [Sch16,CS16], will be studied in a further
publication. In space-time dimension 3 the BV-BFV construction of GR in vielbein
variables—often called Palatini—Cartan formalism—was presented in [CS19a], while
for its 4-dimensional analogue a crucial obstruction was found in [Sch16,CS19b]. On
the other hand, a BFV structure has been recently worked out from the reduced phase
space of Palatini—Cartan theory in dimension n > 3 [CS19¢,CCS20b], independently
from the BV theory in the bulk, and a BV-BFV-compatible formulation of tetradic grav-
ity has been given in [CCS20a]. We do expect asymptotic symmetries in this formulation
to be easier to compute than their Einstein—Hilbert counterpart.

In Sect. 1 we review the basics of the BV-BFV approach to field theories on manifolds
with boundary, showing how it reproduces and extends Noether’s analysis of conserved
charges (Sect. 1.3), and state the necessary geometric conventions for the remainder of
the paper. We discuss the extension of the BV-BFV formalism to corners in Sect. 1.4,
and introduce the notion of extended symmetries in Sect. 1.5. Finally, we introduce two
descriptions of classical asymptotic data: the one in Sect. 1.6.1 is based on the approach
of Herdegen (see e.g. [Her17]) and the other one, introduced in Sect. 1.6.2, is used by
[CFHS19,CCM18,CC18].

In Sect. 2 we discuss the asymptotic symmetries of electrodynamics (ED): firstly
without matter fields and next in the presence of scalar matter. We show how one obtains
the asymptotic charges from the BFV data associated to ED, seen as abelian Yang—Mills
theory, once appropriate fall-off conditions on fields are imposed. This agrees with
[Her17,CE17,CL15]. In Sect. 2.7 we complement the analysis of asymptotic charges
with a discussion of the symplectic structure of ED, and its behaviour under large gauge
transformations. We show how the role played by corner terms (and their BV-BFV
interpretation) is key for the resolution of the interpretational conundrum around LGT’s.

In Sect. 3 we apply the same procedure to the (free) two-form model, dual to a (free)
scalar field on-shell, and recover asymptotic charges for scalar field theory, through
the BV-BFV analysis of its associated dual model. In order to do this we extend the
construction for free fields to the sourced scenario, and propose a modified duality
between a scalar and a two-form model in Sect. 3.5. Finally, we argue how constant
shifts and—dually—symmetries generated by closed but not exact forms do not yield a
BV structure in Sect. 3.6.

1. Preliminaries

1.1. Fields and functionals. We start this section by defining some geometrical struc-
tures, which we need in order to formulate the BV-BFV formalism. For more information
on infinite dimensional differential geometry see for example [KM97,Nee06].

Let M be a compact manifold with boundary (later on we will generalise this to
non-compact manifolds by imposing appropriate falloff conditions on fields). In the
simplest case of a field theory, classical field configurations are modelled as sections
of some (potentially graded) vector bundle. In general (e.g. in the case of gravity) the
space of field configurations is instead an infinite dimensional manifold. In this paper
we only consider the simplest situation, but all the structures introduced here generalise
straightforwardly.

Let E 5> M be a, possibly graded, vector bundle over M, and denote its space
of smooth sections by £ = I'(M, E), equipped with the standard Fréchet topology.
We can define classical observables as functionals on &, i.e. smooth maps in C*° (&, R).
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Smoothness is understood in the sense of Bastiani calculus [Bas64] (see also [ BDLGR18]
for areview). Most importantly, functional (variational) derivatives of functionals in this
framework are distributional sections. More precisely: for F € C®(&, R), we have
F™(p) e T'(M", E &”), where X is the exterior tensor product of vector bundles and
the prime denotes the strong dual (topological dual equipped with the strong topology).

Among all functionals, important role is played by local functionals. These are those
which can be written as

F(p) = / w (k)

where w is a top form on M that depends only on the finite jet j)lc‘ (¢) of the field
configuration ¢ at point x (intuitively, j )’f (p) is the value of ¢ and its derivatives up to
order k at point x, see [And] for more on jet spaces in field theory). Let C.(€, R) denote
the space of local functionals.

We can consider the tangent space T, of £ at a given point ¢ € £ and we notice
that 7,€ = €. Let TE denote the tangent bundle of £. Vector fields are understood as
smooth sections of this bundle and we observe I'(TE) = C® (&, £).

We define the cotangent bundle using the strong dual, meaning that T;E = &', which
is the space of distributional sections of E. Let E* be the dual bundle of E and £* its
space of smooth sections. We use the notation Q' (£) = I'(T*E) for 1-forms on &, i.e.
smooth maps from & to &’.

Denote £' = £* ®Dens, where Dens is the space of densities on M. We note that there
is a natural pairing between £ and &', which we denote by (., .). Using this pairing we
idyentify elements of &' with distributional sections in &', so there is a natural inclusion
Ecé.

Analogously to local functionals we can define also local forms Qlloc(g ) and local
vector fields Tjoc(TE). All this also generalises to multivector fields A° I'(TE) and
n-forms Q°(&).

For convenience of computation and in order to make contact with the physics liter-
ature, we introduce a formal notation for functionals, forms and vector fields on £. First
of all, we note that an important role is played by evaluation functionalson £. Letx € M
and fix a basis e, on the fibre of E, so that ¢ (x) = ¢“e,. We define ®¢ € C*(&, R) by

DL (p) = ¢ (x). (1

We can write local functionals in terms of those evaluation functionals. By the common
abuse of notation, we will often use the notation ¢* (x) instead of ®¢, i.e. we use the
same symbol for points in £ and coordinate functions on £. From now on we will also
suppress the index « in all the summations.

Vector fields, as derivations on C*° (&, R), can be formally written as:

)
X= / X500

where X € ['(TE), in the sense that X acting on F (i.e. the Lie derivative of F with
respect to X) is

oF

LxF(p) = / XpW5s
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Here X, € £, s0 X is amap from £ to £, as required. The objects 5z a( j are vector-field-
valued d1str1but10ns and we can think of them as forming a “basis” for the vector fields
(in the same sense as ® form a “basis” for local functionals). In physics literature these
are called antifields and we will denote them by CD):( or goi (x). Later on, we will consider

the odd cotangent bundle 7*[—1]€ and we want to treat ®, and @;{ on equal footing,
as formal generators. We will then also con51der derivatives with respect to these formal

generators and denote them by 3 w(X) and &pi o respectively.

As for 1-forms, we denote by 8 F' the 1-form obtained from a functional F € C*° (&€, R)
by taking the derivative, i.e. §F (p) € £ and for ¢ € &,

1
(8F (@), ¥) = lim —(F(g +14) — F(9),

where the pairing (., .) is the natural dual pairing between £ and £’.

The map & from C®(E, R) to Q! () is identified as the de Rham differential. It is
extended to n-forms by the graded Leibniz rule. The Lie derivative L is also extended
to n-forms on & by the formula

ﬁX =LXg—5tx.

In particular, for the evaluation functional ®¢, we can define § ®¢. The corresponding
1-form-valued distribution will be denoted by §®“ and by some abuse of notation also
Sp*.

The insertion of a vector field X into 1-form §®¢ results in the following functional:

(tx3PF)(9) = X5 (x),

SO We can thmk of 1-form-valued distributions §®“ as dual to vector-field-valued dis-

tributions d>x = o0 (x), with the dual pairing given by:

— ) =8%8(x —y).
5=
We can then write arbitrary 1-forms as

Q(‘P)=/Q¢(X)5q)x,

so the insertion of a vector field into a 1-form can be expressed in terms of the above
dual pairing as:

(xD)(@) = < [ auwse.. | X¢<y>d>§>
= [ [ 2umx o - = [2mx,m.

These considerations naturally generalize to multivector fields and n-forms. A degree-k
multivector field X can be expressed in terms of antifields as

Xk

X:/X(xl,...,xk)cbfl A BF
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where the product A is (graded) antisymmetric. The antifield number is the polynomial
degree of these multivector fields. Similarly, a degree-n form can be written as:

Q:/Q(xl,...,xk)(Sdel/\~-~/\8<I>xk,

Note that polyvector fields can be interpreted as functions on the graded manifold
T*[—1]E (the odd cotangent bundle). If £ is just degree 0, then T*[—1]E = £[0] &
E'[—11, so the functions on T*[—1]€ are identified withC® (£, R)® A\* £ = \°T(TE),
as required. For the precise definition of the completed tensor product ® and all the
topologies involved, see e.g. [Rej16]. As mentioned before, the antifields can be un-
derstood as odd generators, and elements of /\°® ['(T€) are functions of both fields ¢
and the antifields goi. In this sense, one can also define left and right derivatives with
respect to ¢+ and repeat the discussion presented in this section to introduce vector fields
and n-forms on T*[—1]€. Among those, the special role is played by the odd Poisson
bivector

/ ) )
= N —,
Sp(x)*  Sp(x)

which defines the antibracket

{F,G}=n(6F N 8G),
for F, G € \°® ['(TE) such that this is well defined (e.g. for F, G local). By dualization,
one can write this bracket also in terms of the odd symplectic form

Q= /3<1>j§ ASD, )

by means of
{F,G} = txptx5%2,

where X r is the vector field obtained by contraction of IT with the 1-form § F, similarly
with X . Note that § in (2) is the de Rham differential on 7*[—1]&, rather than on £.
Finally, we define the canonical one-form « to be

sz:a/@;{/\acbx:aa. 3)

1.2. BV-BFV formalism. A classical field theory on a manifold with boundary phrased in
the BV-BFV formalism [CMR14,CMR 18] is described by two sets of data, one assigned
to the bulk manifold and one to the boundary, together with an appropriate map between
the two. To the bulk manifold M one associates BV data

(F. 2,8, 0)

composed of

(1) A (—1)-symplectic graded manifold (F, €2).
(2) A degree 0 action functional
(3) Anodd vector field Q on F of degree 1 with the cohomological property [Q, O] = 0.
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In simplest cases (e.g. Yang-Mills theory), F is the odd cotangent bundle T*[—1]E of
some graded manifold £ (containing the classical fields in degree zero and the ghosts
in degree one). Functionals on 7*[—1]& are identified with polyvector fields on &, as
defined in Sect. 1.1. More generally, one can always identify (noncanonically) any
(—1)-shifted symplectic manifold with an odd cotangent bundle [Sch93], so we will use
it as a universal model.

To a boundary d M one assigns (exact) BFV data

(F, 2%, 5%, 0%
similarly composed of

(1) An exact (0)-symplectic graded manifold (F?, Q% = sa?), where § denotes the de
Rham differential on the space of local forms,

(2) A degree 1 local action functional S? on F?,

(3) An odd vector field Q? on F? of degree 1 with the property: [Q?, 0?1 = 0.

The BV-BFV construction connects the BV data associated with the bulk to the BFV
data associated with the boundary by means of a map

T F— FO, 4)
and the following relations hold

1o =88+ (5a)

1 * @0
ELQLQQ =nx"S (5b)
191’ =55? (5¢)

1 )

EtQaLQan =0 (5d)

Remark 1. Observe that if M has no boundary one defines BV data such that Equations
(5a) and (5b) hold without the corrections coming from the boundary. In particular, in
that case, Q is the Hamiltonian vector field of S and equation (5b) becomes the Classical
Master Equation.

If the BV theory is constructed from the data of a classical field theory with (gauge)
symmetries, the degree-zero part of F and S coincide with the classical data (F¢, Sc1),
the space of classical fields and the classical action functional. The BV-complex, given
by BL*:=(C*>°(F), Q) is a combination of the Koszul-Tate resolution of the critical
locus of S¢ and of the Chevalley—Eilenberg complex for Lie algebra actions. In this
language, the space of on-shell invariant functionals is given by the zeroth cohomology
group HO(BY).

The BFV data represents the reduced phase-space of the system, as defined by the
associated canonical constraints, i.e. functions {¢;} in involution® with respect to the
Poisson structure induced by ©°. It can be seen as a cohomological resolution of the
quotient of the vanishing set C:={¢; = 0} with respect to the action of symmetries, in
the sense that the space of invariant functions on the locus defined by C is the degree-zero
cohomology of the BFV complex [Sch09] BFV*:= (C>(F?), Q7).

3 The vanishing ideal of the constraints forms a Poisson subalgebra (the constraints are first-class). In our
construction the contraints are functions on the space of degree-zero boundary fields.
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When a theory can be given a BV-BFV description, one can discuss its quantisation
in this language [CMR18]. The crucial piece of data in that case is the map 7 : F — F?
and the relations (5), connecting the BV and BFV data together. In this paper we are
interested in purely classical considerations (concerning the nature of the asymptotic
symmetries arising when boundaries at infinity are taken into account), and could in
principle directly work with some given BFV data.

Remark 2. In discussing physical symmetries, a useful interpretation of degree-1 fields
(ghosts) in the BV formalism is as follows. They can be seen as functionals on the
space of symmetry generators, whose evaluation tautologically returns the (degree zero)
generator itself, as in formula (1). In particular, the evaluation of (the ghost-linear part
of) S? over gauge generators A € C>®°(M, g) is a degree-zero functional S?[A], which
we interpret as the classical charge (on shell). At least for gauge theories, this is exactly
the Maurer—Cartan form on a principal bundle [BCR83,BCRRSS88].

1.3. Comparison with Noether procedure. In this section we show how one recovers
the standard Noether analysis of surface charges from the (BV-)BFV picture. This com-
parison can be carried out precisely when the field theory enjoys symmetries that are
closed off-shell. A theory of this kind will be called “of BRST type” and for example
QED, Yang-Mills and the scalar field theory treated in this work are of this type. For
such theories, the BV-BFV data does indeed include a straightforward genearlisation of
Noether analysis. The main goal of this section is to prove that, if we denote by Qx[A]
the Noether charge associated to a (local) symmetry generated by a gauge parameter A,
then we have

S 8[A] = Qn[A]+ higher antifield number. (6)

Remark 3. Although in the remainder of the paper we use local functionals and local
forms on the space of fields, which typically arise by integrating functional- or form-
valued densities* over a spacetime manifold, we shall phrase this section in terms of
these densities themselves. This is done in order to make contact with the literature in
this field (see e.g. [[W94] and [OS19] for a more recent discussion). The correspondence
between the two becomes one-to-one by correctly considering boundary terms, which
we do by means of the map 7 between bulk and boundary fields (cf. Equation (4)). Then,
an expression involving density-valued local forms like f + dg is written as F + 7*G
where F = [, yfand G = /: 9y 8- For a densitised version of the BV-BFV construction
on stratified manifolds see [MSW19].

In order to compare Noether’s analysis with the BV-BFV construction, we use a
density version of Equations (5), namely>:

low = SL +do° (7a)
%LQLQw =dL® (7b)
and similarly for their boundary counterparts, denoted by the superscript ?. It is also
useful to define the BV-BFV difference (see [MSW19])
AY=L? — 1567, (8)
4 More precisely, distributions.

3 The comparison is made by setting S = [ L together with @ = [ & and @ = [ 0, see Equation (3).
Notice that we require [Q, d] = 0.
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so that, combining Equations (7a) and (7b), we can write the failure of the invariance of
the BV Lagrangian density L under a gauge transformation to be

Lol =d (217 —1g0") =d (L7 + 7).

Let us assume that the theory we are interested in is “of BRST type”, i.e. itis described
by a Lagrangian density L on a space of fields Egrer that enjoys (off-shell) symmetries
encoded in a BRST operator Qggrsr, an odd vector field of degree 1 on Egpgr such that
[Qgrsts Osrst] = 0. Let us denote fields on Egrgr by @ (classical fields and ghosts), in
non-negative degrees. If 6 is the one-form on Egrsr Obtained by variation of the classical
action and integration by parts®

8Ly = EL +doy, )

we have
EQBRSTLCI = LQBRST[EH— + d(LQBRSTGN) =dB (10)

for some density B, and EL is a density valued in one-forms on Egrgr that defines the
critical locus of the theory (Euler—Lagrange equations of motion).

Remark 4. Notice that Equation (10) is sometimes expressed in the literature as
SaLe = EL(8A) +dON(SA)

where §5 denotes a gauge transformation with gauge parameter A, seen as a vector field
on the space of fields. Recall that the ghost fields that appear in the expressions of Qggsr
can be straightforwardly thought of as evaluation functionals on gauge parameters A
(see Remark 2). The two expressions coincide after evaluation.

The Noether charge density is defined by

and it is closed on-shell (for every A), i.e. dgy = 0. The Noether charge is then given
by integration:

On[A] = /QN[A]. 12)
oM

In this scenario, we can implement the following simplifying assumptions on the
BV data.” The space of BV fields will be given by F = T*[—1]Egpsr, and we denote

antifields by ®*. Let us denote the symplectic density by & = 86, with 6 (x) = @fS D,
(cf. with (3)), where § is the de Rham differential on F, and let Qggsr be the cotangent
lift of Qgrsr to T*[—1]Egrsr
The BV action functional, in this case, is simply given by
L=Lg+ [QBF«STG'

6 Oy is often referred to as the presymplectic potential of the theory.

7 1t is important to observe here that cases such as Chern—Simons theory, although they admit a symmetry
distribution which is closed off shell, are not always presented as a BRST-type theory in the sense used here,
for example when phrased in the AKSZ language. See [MSW19, Section 1.3 and Proposition 47] for more
details.
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The BV operator Q is obtained from the the standard Koszul-Tate—-Chevalley—Eilenberg
construction for a gauge theory, and coincides with the Hamiltonian vector field of L
with respect to the (graded) symplectic form |’ y @ . In the case of a BRST-type theory,
Q splits as

0= QBHST + 0Ok,

with Qg the Koszul differential® (only acting on antifields). We recall that Qg oF =
EL® (the ® component of EL) and zero otherwise, by definition of the Koszul differential
for the critical locus of the classical action S¢1. Hence, (Q g ®*, §®) = EL.

In order to prove (6) we need to show that

[L%14r = [gn)ar + higher antifield number,

where [-]sr denotes de Rham cohomology classes, and to do this we will first need to
show that
[Qa]dR = —[On]ar + higher antifield number. (13)

To this end, we observe that
do? = 1pw? — 5L = (Q®F, 8D) + (80, QD) — 5L
= FL + (Qepsr ®F, 6®) + (0%, 0®) — §Le1 — 85, 6)

= —dOy + (Qens: ®F, 8@) + (§DF, QD) — 815 6),

OBRsT

where we have used the splitting of QO = QBRST + Ok, and the explicit formula for L in
the second line, and (9) to get the third line. Hence, we prove equation (13) if we can
show that d6? + dOy is at least linear in antifields. But it clearly is, since

d0° +dOy = (Qursr ®F, 5®) + (0%, QD) — 815 6)
= (Qersr®*, 50) + (0%, 5(Q®)),

and QBRSTQ* is necessarily at least linear in ®*. This implies that

A0 +100y) = (1907 + Loy ON) = L0 ((QBRSTcpi, 5D + (dF, a(ch))) (14)

is also higher in antifield number. '
Now, with a little work one can check that A? = B (we refer to [MSW 19, Theorem
31]), so that, from Equation (8) we can argue that

dL? =d (N’ + LQea)

=d (B s Oy + higher antifield number)

—
OgRsT

= d (gn + higher antifield number) ,

where we have used Equation (14) and A? = B in the second line, so that the boundary
BFYV action reads:

§? = / gn + higher antifield number. (15)
oM

8 The “Tate” part of the Koszul-Tate differential is encoded in the cotangent directions of QBRST.



Asymptotic Symmetries in the BV-BFV Formalism 1095

Evaluating on a gauge parameter we obtain
5? [T'] = QnI[I'] + higher antifield number, (16)

as claimed.

The information contained in S? is at least twofold. It generates gauge transforma-
tions via its Hamiltonian vector field (the BFV operator Q?) and, as we have seen, it
computes the Noether charge. Simultaneously, one recovers the canonical constraints by
treating ghost fields in S as Lagrange multipliers.” As such, it provides a straightfor-
ward generalisation of Noether charges in the case where the symmetries of the theory
do not close off shell, and it also contains dynamical information.

Remark 5. In the above construction we have seen how the failure of gauge invariance of
the classical Lagrangian, the boundary term B, is controlled—in the BV-BFV setting—
by the “BV-BFV difference” A%:=L? —1»6?. This functional was defined and discussed
in detail in [MSW19, Definition 21], and it was shown to encode the failure of gauge
invariance of classical data. Often one finds that A? = 0, but this is not always the
case. This observation is linked to gauge anomalies, descent equations and holography.
While the example of Electrodynamics considered in this paper is such that A% = 0, the
sourced dual model of Sect. 3.5 does not, similarly to theories like Chern—Simons or B F
theory in dimension 3 or higher. This feature does not seem to impact the description of
asymptotic symmetries, and further investigation on the consequences of this observation
will be deferred to future work.

1.4. Extension to corners. We would like to discuss the extension of the BV-BFV re-
lations of Equations (5) to higher codimension strata like corners. This point of view
was presented systematically in [CMR14]. A density version of this construction, and
its relation to holography, is given in [MSW19].

When the boundary of a manifold M has a boundary of its own (a codimension 2
stratum for M), Equation (5¢) and (5d) will typically no longer be satisfied. In good
cases, one can associate additional cohomological structure to corners so that equations
analogous to (5) are satisfied. With an abuse of notation, let us denote said data by
(]—'33, Qd9 g9 Qaa), where (.7-'33, Qaa) is a 1-symplectic manifold associated to the
corner, !0 then:

LQasza =557+ né‘aaa

1
Stoigi Q! =ms" (17a)

where 75 : F? — F9 is a surjective submersion connecting the boundary and corner
data. Observe that 2 and Q2 are linked by!!

LoQ=n*QP (18)

as can be checked by applying § to Equation (5a). Analogously, as a consequence of (3),
we have ) N
Lo’ =m;Q%. (19)

9 Forthe application of this point of view to the nontrivial cases of General Relativity in the Einstein—Hilbert
and Palatini—Cartan formalisms see [CS16,CCS20b].
10 Typically this turns out to be the restriction of fields to the corner, possibly with some additional reduction.
1T The density version of this equation is Low = dw?.
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The underlying philosophy, here, is that out of the tower of BV-BFV relations one can
extract an inhomogeneous local form valued densities O® € Q*(M, F) which satisfy
the descent equation [MSZ85,ZumS85]

(Lo —d)O* =0. (20)

o2
loc

Q:fw’; szf’sz'; 933=/w'; (1)
M oM K

and so on. Then, Equation (20) encodes the appropriate BV-BFV relations between strata
of codimension k and k + 1.

For example, one can construct w® € 2
M)

(M, F) such that (denote by K the corner of

Remark 6. Observe that, in principle, one can make the BV Lagrangian L into a solution
L* of the descent equations as well. A universal solution was presented in [MSW 19, The-
orem 23]. Notice that higher codimension data controls the failure of gauge invariance
at lower codimensions.

1.5. Extended symmetries. When discussing gauge field theory, one typically requires
the gauge parameters generating a gauge transformation to be compactly supported in
the bulk manifold. A symmetry, then, is supposed to be a transformation that not only
preserves the action functional of the theory, but also the canonical symplectic form.

When said compact support is not required of the gauge parameters, it is often the
case that the quantities above will fail to be invariant, due to emerging boundary or corner
terms. However, according to the philosophy presented in Sect. 1.4, the non-invariance
of a particular piece of data is not relevant per se, as long as it can be controlled (or
compensated). Observe, indeed, that the possible failure of gauge invariance of the
Lagrangian—encoded in the boundary term B of equation (10)—plays a fundamental
in computing Noether charges (Equations (11) and (12)).

In this spirit, one can extend the notion of symmetry of the theory, regardless of
whether field transformations also preserve the (degree-zero) symplectic structure canon-
ically associated to the theory. Indeed, as long as one keeps track of the failure of gauge
invariance of the relevant data at every codimension, it is possible to recover invariance
as a whole in terms of composite objects that satisfy the descent equations (20).

Remark 7. The perspective outlined in this section will become important when dis-
cussing the interpretational coundrum of whether asymptotic charges should be thought
of as generators of large gauge transformations, or not. They will be interpreted as such,
in this extended sense, in Sect. 2.7.

1.6. Geometric conventions. When not stated otherwise, in this paper we work with the
four-dimensional Minkowski spacetime with signature (1, —1, —1, —1). However, our
constructions can be adapted to the case of asymptotically-flat spacetimes. We defer to
other dimensions and other topologies of spacetime to future work.

For our construction of asymptotic charges, we begin with identifying a sufficiently
large, precompact region Wg inside our space-time, bounded by a piecewise-null and
piecewise spacelike boundary dWpg := ZF UZ~ UHI UH,, with R > 0, as shown in
Fig. 1. Later on we will take a limit, where this region is enlarged “to infinity”.
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v

Fig. 1. Region Wg inside our space-time, bounded by a piecewise-null and piecewise spacelike boundary
Wg =TFUZ UHIUHD

In this work we will use two ways of parametrising the boundary: the R, s, [ variables
of Herdegen (see e.g. [Her95,Her17]) and the retarded light-cone coordinates. We present
our results in both parametrisations, not only to make it easier to understand for different
communities, but also because techniques used in proofs of our main results are slightly
different and it is instructive to see both.

1.6.1. R, s, variables. One way to describe null asymptotics of fields is to use a set
of variables introduced by Herdegen, which we refer to as R, s, [ variables in this work.
Let [ is a future-pointing null vector, ¢ a future-pointing timelike vector'? and R, s € R,
R > 0. Note that this set of parameters seems over-complete. There are two scalars and
one null vector, so altogether 5 free parameters. This redundancy is not a problem, since
[ runs over null directions, rather than null vectors.

In [Her17] (and previous works), one uses these parameters to define a space-time
point x according to:

t
x=Rl+s—,
t-1
More about variables R, s, ! can be found in [Herl7, Appendix B]. In particular, a
differentiable field B on Minkowski spacetime, defines B(R,s,l) = B(x) with the
scaling property: b(R/X, As, Al) = b(R, s,1), . > 0. Denote

0 0
Loy = laﬁ - lbﬁ .
One can show that:
0 . t¢
ﬁB(x)=lb,3(R,S,l)+mLabﬂ(R,S,l), (22)

12 1y [Her17] the author uses [ and ¢ rather than I and ¢, but we want to avoid confusion with the notation
for the time coordinate.
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where the dot denotes the derivative with respect to s and

a 0
LupB(R,s,1) =R <IQWB(X) -1 " B(x))
Very often we will use integration over the set of null directions. Let
Co={ll1-1=0,1°>0}.

and for a fixed ¢, define C? as the intersection of C, with the ¢ - I = 0 plane. C! is a
unit sphere in this plane and hence can be equipped with the usual metric whose line
elements is denoted by d2%. Following [Her17], let f(I) be a measurable function on
C4, homogeneous of degree —2. The integral defined by

/ fhd’l = / Fd?
ci

does not depend on the choice of the vector ¢. In the present paper, we will often make
use of this fact and identify the integral over the null directions on the left-hand side
with the integral over a concrete unit sphere determined by the choice of ¢. In a fixed
coordinate system, the natural choice is: ¢ = (1,0, 0, 0). We come back to this at the
end of the next section.

1.6.2. Retarded light-cone coordinates. Another convenient way to describe the null
asymptotic of smooth fields on Minkowski spacetime makes use of retarded coordinates.
We start with the standard set of coordinates (, x, y, z) and introduce space-like spherical
coordinates (r, xA), with x4, A = 1, 2. Next, we define retarded (resp. advanced) light-
cone coordinates as u+ =t F r.

In coordinates (1, r, x1, x2), a line element in Minkowski metric reads:

ds = +du} + 2drduy — r?dQ2*, (23)

where d2? is the line element for the unit 2-sphere.!> The matrix representation of

Minkowski metric is
+1 +1

ge=| £1 0 0 , (24)
0 —rlgg
with determinant det(gy) = —rt det(gg2), and the inverse
0 =1
411 O
8+ = e (25)
) _r_2g52

Let {x4} A=12 be coordinates of a point on the unit two-sphere14 embedded in
three-dimensional Euclidean space. We denote the corresponding point of this three-
dimensional space by x. In this parametrisation, a spacetime point can be written as:

Uy +r
x:( + )
rx

13 In [KPS17] the unit line element on S2 is expressed in complex coordinates as d Q2 = 2y.zdzdz, with
¥oz = (1+22) 72, while in [Cam15,CL15,CE17] d2% = g4 pdxAdxB.
14 We refer to points on the unit two-sphere as x4, using the abstract index notation.



Asymptotic Symmetries in the BV-BFV Formalism 1099

To relate this particular coordinatisation to the formulation using (R, s, I) variables,
choose t = (1,0,0,0) and consider null vectors of the form I = (1, x), where X is
the unit three-vector determined by a sphere point x#. Then identify R with the radial
coordinate r, so that:

e () () () ()

where we used the fact that I - # = 1 and we identified Herdegen’s variable s with the
retarded time u, since s + r = ¢ for our choice of [ and ¢. Observe that, in particular, in
the (r, uy) coordinates we have I” = 1 and I** = 0.

1.7. Parametrisation of the boundary. In this paper we are concerned with symmetries
and associated charges that appear on asymptotic boundary components and corners
(i.e. boundaries of boundary components). For example, we will consider surfaces at
constant coordinate radius R and then take the limit for R — oo (see Fig. 1).

We denote by Z* the copy of S? x R obtained after taking the » — +00 (or R — +00
in the other description) limit while keeping u+ constant. We treat the limits Z* as
boundaries at infinity, and call them future/ past null infinity. From Z*, one gets two
connected components of dZ*, denoted Z} and topologically homeomorphic to two-
dimensional spheres, obtained by taking the limits u,. — =00, respectively. Similar
considerations apply to Z—.

1.7.1. Hyperbolic coordinates. Hyperbolic coordinates are used to analyse the behavior
of smooth fields in Minkowski spacetime at timelike infinity. They are defined by

,
t=Vt-rt,  p=——,
so that

t=1/1+p2, r=pr.
In these coordinates, the line element reads:
ds? = de® — 12 ((1 + 00 dp? + pdeZ) , (26)

and future timelike infinity i* is obtained by taking the limit T — co. A spacetime point
can then be written as

o= (Vi)

X

Finally, a point on the unit hyperboloid H* (i.e. T = 1) is written as

Y* = (V1 +p2, px).
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1.8. Differential forms conventions. A differential k-form is written in a local coordinate
chart as
1

a= E(xm,,,ﬂkdx’“ A AdxtE
withey,, ., totally antisymmetric in the indices. The operation of taking the Hodge dual
on a generating set of k-forms over an N-dimensional (pseudo)-Riemannian manifold
(M, n) is given by

VISL v

(xdx™ .. .dx") = ——n

Vk Pk Mk+1 MUN
n— k) Ry ot AX s dxtN

which, for a, 8 € Q¥(M) yields

1
aA*B = Eam_“ukﬂ“l“'”"dVol,, .

The indices are raised with the inverse metric, e.g. 8# = g"" X,, denotes the components
of the vector g = (¢”) "' (X), for g": TM 5 T*M.

The Laplace—Beltrami operator on a Lorentzian manifold of signature (1, —1, —1, —1)
is O = —(dd* + d*d), with the codifferential defined by

d* = xdx: QX(M) — Q1 (m).

Its restriction to co-closed forms, i.e. forms in the Lorenz gauge d*A = 0, is O|coclosed =
—d*d.

2. Electrodynamics

In this section we consider electrodynamics,' phrased in the Batalin—Vilkovisky lan-
guage, to show how we can recover asymptotic symmetries from the appropriate ma-
nipulation of the BFV data.

2.1. BV-BFV approach to electrodynamics. Electrodynamics is formulated in terms of
a U(1) Yang—Mills field theory coupled to matter. For simplicity, we model matter as
a complex scalar field, but the same analysis can also be performed for Fermions. For
a principal U(1) bundle P — M on a Lorentzian spacetime (M, g), possibly with
boundary,'® and given an associated C? bundle!” V — M, the extended space of field
configurations is

F =T*[-1] <.AP x QU(M, V) x 90[1](1\4)) , (27)

where Ap is the space of electromagnetic potentials A, which we will identify with the
space of fluctuations around a reference connection, Q°(M, V) is the space of complex
scalar fields (¢, @), and ¢ € QO[11(M) denotes “ghost” fields.

15 Throughout, we use the standard formulation of electrodynamics as a second-order field theory, i.e. where
equations of motion are second order. Other literature prefer to employ the first order formulation instead,
whose BV-BFV description can be found in [CMR14].

16 We will later restrict to a situation where (M, g) is a region in Minkowski spacetime.
17 On Minkowski spacetime the C2-bundle is trivial.
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There is a canonical shifted symplectic structure €2 on F, formally given by
Q= / SASA* +8c8c* + 8pd¢* + 88t
M

where we denoted fields in the cotangent fiber (also called anti-fields) by A* € Q3[—1]
(M), p* € QUP[—1](M, V*) and ¢* € Q°P[—2](M). Covariant derivatives for the fields
¢, ¢ are defined by dpp = dp +iqAp and dyp = dp — iqAp, with g € R a coupling
constant. The BV-extended action functional is then given by:

1 1 N B
S = / (_S_FA AxFp + 3 (dAgﬁ/\ *dAQ +m2¢<p) + A* Adyc +gFep — E%@) ,
T
M
(28)
where « is the Hodge operator induced by the Lorentzian structure on (M, g), and the
BV operator Q is given by

. 1
QA =dscQA" = —4—dA * Fp —iq@*xdap +iq *dapg
T

09 = cpQ¢* = (—da xda +m*)g +¢'c
0% = —cg 0@t = (—ds x dy +m>)g — G*
Qc =00ct = dsA* — ¢*¢ +5%¢

where we used that dA@ A xdagp = — xdap A dag.
Denote the matter current by J := —ig ¢ xda@ +iq xds@e. The classical equations
of motion (the degree-zero sector of the condition Q = 0) are given by:

c

daxFp=1J (29a)
(—dg *ds +m?)g =0 (29b)
(—dg*dy +m?*)g =0 (29¢)

Note that d4J = 0 on shell, since [F4, *F4] = 0.

Since Yang—Mills theory satisfies the BV-BFV axioms stated in equation (5) (see e.g.
[CMR14,MSW19] for details), we obtain—on a manifold with boundary—the following
BFV data (F?, §?, 07, Q%):

e The space of boundary fields is
Fo._* (Al*p x Q°(OM, V) x 90[1](31\4)) ,

where we denoted by A+ p the space of connections'® on the induced principal bundle
(*PondM.
e The boundary action is given by

.1 1
59 = ELQLQsz:/ d|:c (—4—dA*FA+J)] : (30)
M T

which is a degree 1 functional on F?.

18 Since in the bulk we considered fluctuations around a reference connection, the fields in Ax p can also
be thought of as fluctuations.
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o F? is equipped with the symplectic form ° given by

. 1
QY = / E(SAS[*FA]BM +8csA* +8@8[*xdaplam + 8pd[*xda@lam,
oM

e The BFV operator Qa is the Hamiltonian vector field of §?, i.e.
L2’ =857,

The projection map 7 : F — F9 is simply the restriction of fields and normal jets
to the boundary, composed with a redefinition of fields sending a normal jet of A (resp
@) - restricted to the boundary - to [xF4 s (resp. [*da@lysr), which is considered an
independent field. A careful analysis of the symplectic manifold of boundary fields for
the scalar case was given in [CM 14].

Remark 8. To obtain (30) we could make the following alternative choice (recall d4c
has even parity , since c is odd):

/dAcAdA*FAzf d(ch*FA)zf d(dac AN xFy)
M M M

Observe that this choice yields the same result without generating corner terms, but is
better suited to recover Herdegen’s formulas for soft charges [Her17], while (30), which
has the advantage of manifestly vanishing on shell, will be useful to reproduce formulas
in [KPS17].

More on the BV-BFV structure of Yang-Mills theory in the second order formalism
and its relation with extended phase spaces and edge modes can be found in [MSW19],
while the first order formulation has been discussed in [CMR14].

Remark 9. Note that the BV data presented above has been historically associated to
fields on compact manifolds, or equipped with vanishing boundary conditions, or given
for compactly supported fields. As such, it was never set up to interact with a choice
of fall-off conditions on fields. However, said conditions can be introduced once one
extends the BV-BFV construction to noncompact manifolds, by defining fields to be
sections of bundles supplemented with the appropriate falloff conditions. This is what
we will do in the next section.

2.2. Asymptotic fields. In this work, instead of considering S at a finite boundary, we
consider S? at infinity. To make this precise, we need to impose some fall-off conditions
on the variables A and ¢, to ensure that their asymptotes are well defined. Note that the
natural limit for the electromagnetic potential is the null infinity Z = Z* U Z~, while
the matter current J propagates to time-like infinity H = H* U H~. This translates to
the requirement that

yrlgréoAm:rt = rll_r)r;e Jlzx =0. 3D
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2.2.1. Freeelectromagnetic field. Inthenotation of [Her95,Her96a,Her98, Her05, Her17],
the asymptotic electromagnetic potentials are defined as follows:
lim RAx+R))=V(x-L1),
R—o0

lim RA(x — R =V'(x-1,1).
R—o0
Using instead the (7, u4, z, ) coordinates, one expands A as:

1
A=Y —A® 32

so that
Vs, ) = AD(uy, %),

where s = uy, I = (1, X) and X is a point on unit 2-sphere embedded in 3-dimensional
Euclidean space, as explained in Sect. 1.6.2.
Without external currents (J = 0) and assuming Lorenz gauge, A satisfies the wave
equation
OA=0 (33)

and the asymptotic fields have the “vanishing property’”:
V(+00,1) =0 =V'(—00,1), (34)

i.e. these vanish at time-like infinity. In [Her95,Her96a, Her98,Her05,Her17] these also
satisfy the following fall-off conditions:

const.

Va(s, D < praml (35)
Vals. Dl < <, (36)
similarly for V', but with the role of —oo and +00 exchanged.
2.2.2. Fields with sources. Now let us consider the equation with sources:
OAx) =4nJ(x). 37)

For this equation we know that the retarded and advanced Green functions AR/A exist.
We want the current J to describe incoming and outgoing matter fields in a scattering
experiment and the free radiation field

Arad — AR _ AA

should satisfy the fall-off conditions (35) and (36). The Pauli-Jordan function is defined
by A = AR — A2 We have, in relative coordinates,

A(x) = %sgn(xo)S(xz).
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In [Her95], A is represented as
1 1 2
A(x):—m/(S(xl)d l,
so the radiation field

, 1
A (x) = 47 / Alx = J(y)dy = —E/dy/dzl S'((x=y)-DJ(y)

= —i/dzlfdy(a’(x.l—y-l)J(y)) = —i/V,(x.l,l)dzl, (38)
2 2
where
Vi@, ) = /dy5(s —y-DJ()

and we have

lim RAR(x — Rl) = V;(—00,1), (39)

R—00

an RAM(x + Rl) = Vy(+00,1), (40)
—00

from the definition of retarded and advanced solutions.

Assume that V; is well-defined and that V; satisfies (36). For physical reasons (see
[Her17]), assume that for v on the unit future hyperboloid (i.e. v € H,), the current J
behaves as

J~130ps(v), T +00. (41)
In this case o
V) (&oo, 1) = f PP ), (42)
Hy V- l

so Vj(+00, I) need not vanish! (in contrast to the asymptote of the free field, see (34)).
The total field decomposes as

A= AR 4 A" — AA 4 pout (43)

Clearly, A"/°U have to solve the homogeneous equation (33), so they are free fields
and (assuming that incoming and outgoing fields satisfy the fall-off conditions (35) and
(36)), we have the following identities for the asymptotes:

Vs, 1) = Vy(s, 1)+ VI"(s, 1) = Vy(+00, 1) + Vs, 1)

V' (s, 1) = Vy(—o00, 1)+ V" (s, 1) = Vy(s, 1) + VO'(s, 1)
Hence

V(+00,l) = Vj(+00,l), V'(—o00,l)=V;(—00,l),

which means that V (+o0, I) and V/(—o0, I) come entirely from matter and contribute
to the hard part of the charge. We also have

V(=00,1) = Vj(+00,1) + V' (=00, 1),
V' (+00,1) = Vy(—00,1) + V" (+00,1),
so both soft and hard components contribute to the matching property that reads:

V' (+00,1) = V(—00,1). (44)
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2.3. Changing the gauge. In [Her17, Chapter 7], one considers a change of gauge:
A=A+dA,

where A is a Lorentz potential, but A not necessarily. The asymptotic field corresponding
to A is defined by:

Vip(s, 1) = dim RAL(RL+st/t -1).

For this limit (and also the limit of A) to exist, A has to be of the form (formula (36) of
[Her17], also confirmed by [CL15]):

ARL+5t/t-1) = &* (l)+ﬁt(s Do, 45)

which in u, r, X variables amounts to:
Ax)=rx@&)+00¢™,

where L(X) = &*(1, X). The expansion at time-like infinity takes the form (following
[CL15)):

A(x) =dp(p, £)+O0(x™°) (46)

The resulting contribution to the potential can be computed in the R, s, I variables, using
the rule (22):

3 1 . . -
pAGH/ 1+ RI) = E(Vb ) +1, (,Bt(s,l)—t-V /t-l)) (47)

where V¢ is a vector-valued function such that
Lape* () = 1,VE () = 1L,VE (),

and it has properties (see appendix C to [Her17]):

VoD =2vED, 1vE ) =0, LV ) =0. (48)
Crucially:
1 [1-VEQW)
= — | ———=d*'. 49
e 0 4n/ I )

We also have:

e 2y /ﬂ 27 (50)

(t-1)? t-1
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2.4. Green’s function. Following [CL15,CE17], we consider A such that Ay satisfies
Laplace equation on the hyperboloid. It is then given in terms of the corner data as

A (y) =/G(y;)?/)k(£’)d2)2/

where y is the variable at the hyperboloid, y = (p, X) and G is the Green function
discussed in [Cam15] with the property that

lim G(y;x) =8 —%').
pP—>00
Remark 10. Observe that we do not require that A satisfies the wave equation on the

whole of M. Indeed, this would be incompatible with the observations in [Herl7],
reported below in Sect. 2.5.

It is also shown in [CL15,CE17] that

G(y: &) = @) 1+ p2 = pi - )72,
while in Herdegen’s notation:
Gl = @m) ' -v) 2.
Here G is obtained from G, after we set y = (p, £),1' = (1, #") and v = (m, 0X)
(i.e. Herdegen’s v is Y from [CL15,CE17], compare with Sect. 1.6). Thus, both refer-

ences use the same Green’s function. Let A/ (v) = A (y). This allows us to write:

1 e
4w | (v-1)?

An(v) = / G, Det()d?l = d’l. (51)

Using formula (50), we obtain
1 (v VEQA) ,
A =— | ————24d°l'.
n(©) 47 f vl

As a consistency check, consider the limit

d*,

lim
p—>00 v-l

v-Vg+(l)dzl:/‘l~V8+(l/)
17

where I = (1, x). Using (49), we obtain

1 Ve
lim _/L()cﬂl:g([)’
p—oo 4 v-l

as expected.
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2.5. Lorenz versus other gauges. 1If both A and A are in the Lorenz gauge, then (fol-
lowing [Her17]):

Vs, 1) =V(s, D) +1la(s, ).

Assuming \7(+oo, l) = V(+00,1) = 0, it also follows that a(+00, ) = 0. In [Herl7,
Section 3.2], it is shown that this implies that

1
Ax)=—— / alx -1, l/)dzl/ +y*,
2
where y* is a constant.!® The null asymptotics are:
e¥ = lim A(st £ RI) = y*,
R—o0
where
— + 1 / 27/

so the matching requirement ¢*(I) = ¢~ (I) (see Remark 13) cannot be met! This
means that if we want the potential A to be in the Lorenz gauge and to have non-trivial
asymptotics at null infinity, the null asymptotics e* of the gauge parameter A violate the
matching requirement. This is a potential issue, since the derivation of the asymptotic
charges as presented e.g. in [KPS17,CE17], assumes all these three properties to hold:
Lorenz gauge, non-trivial null asymptotics and the matching requirement. Since the
Lorenz gauge is actually only needed asymptotically (so that A3y would satisfy the
Laplace equation on the hyperboloid H), we will not impose it in the bulk, so that the
no-go result of Herdegen can be circumvented.

Let us now discuss what happens in non-Lorenz gauges. Note that in equation (47),
the contribution from the Lorenz gauge enters the term proportional to ;. More gen-
erally, the whole term proportional to I; can be absorbed into a residual Lorenz gauge
transformation of V and redefinition of ¢* (7). The non-trivial change of the asymptotics
is therefore described fully by Ve () and, following [Her17], we interpret the resulting
transformation (identified as the large gauge transformation of [KPS17]) as

Vs, 1) =V(s,1)+VE ().

The gauge parameter A used to construct VE'(I) does not satisfy the wave equation
in the bulk (since A = A + d A cannot be in the Lorenz gauge), but we require that it
satisfies it at time-like infinity. We assume A to be of the form:

Ax) = dn(p, )+ f(T),
with f vanishing for T — oo.

19 1n [Her17], yi is denoted €4. We adopt this notation to avoid confusion with &%, the asymptote of the
gauge generator A.
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2.6. Calculation of the charge. We now want to show how a correct specification of
boundary fall-off conditions on the fields, and an explicit choice of coordinates around a
lightlike boundary d M (with corners!) allows us to reproduce known results on asymp-
totic symmetries in electrodynamics.

The leading idea behind our analysis is that the total asymptotic charge (in the lit-
erature [HMPS14,KPS17] it is derived from large gauge symmetries®?) is identified as
the boundary action S? in the BFV formalism, and the “charge conservation” is the
consequence of the fact that §? vanishes on-shell. Although there might be deviations
from this paradigm, as discussed in Remark 5, for the cases at hand we show that the
BFV boundary action is the correct functional to consider.

Let us consider a region Wg, whose boundary consists of 4 pieces: dWg = 7} U
Z7 UHT UHL (cf. Sect. 1.6, Fig. 1). Formula (30) takes the form

1
59 =/ c<——dA*FA+J)
Wr IWr 47

and we immediately observe that, by virtue of Equation (29),
Shy, 0 (52)
for all R, where &~ means on-shell, i.e. imposing the equations of motion.

Remark 11. Note that, in general, the boundary action does not vanish only by imposing
the classical equations of motion, especially if it depends on ghosts and antifields of
higher order (see (82) below). What we really mean with ~ is taking the degree-zero
cohomology of the Koszul-Tate part (the lowest antifield number®') of the BV differ-
ential. In practice, this is achieved by setting to zero antifields and ghosts for ghosts and
quotienting out the EOMs. This demonstrates that the BFV data encodes a large variety
of structural information, which needs to be extracted in the appropriate way.

We are interested in the limit

a : 9
S = llm SW

R—0 R

Clearly, also S° ~ 0 and S? naturally splits into two terms (corresponding to null and
time-like asymptotics):

1

S = —— lim cdp x Fa+ lim cJ, (53)
477 R—o0 AWg R— o0 AWg
T d,soft . d,hard
= m Spoze + M S (54)
where
Sa,soft _ 1 d F
I:'U:z-r_ - _E capx I,

THUT;

20 The notion of large gauge transformation is somewhat ambiguous, as different authors use the same
terminology to denote different concepts. Here, it is intended as gauge transformations that do not vanish at
infinity.

21 See Sect. 1.1 for the definition.



Asymptotic Symmetries in the BV-BFV Formalism 1109

and

d,hard
S = cJ.
HiUH: /7.1;qu

As noted before (Remark 8), the soft term can also be written as

1
Sa,soft

TrUT" = _E dAC*FA. (55)

THUT;

2.6.1. Soft charge in (R, s, 1) variables. We start with the first term in formula (53).
Our assumptions on A imply that the limit is well-defined and we can re-write this term
as

1
d,soft 1. d,soft o : 2
Stor- = Rli)moo SI,’;UI; =~ /2+qu Rli)moo(R dac ANxFp(x))
1
= lim (R%dsc A *Fa(x)) — — / lim (R%dac A *Fa(x),
4 J7+ R—o0 4w J7- R0
where x = Rl + 55 l and x' = —Rl +s-5 7 l Let’s focus on the first terms and evaluate
the ghost at the gauge parameter A, as discussed in Remark 2. We use the fact that
t . .
lim RF,, <s—+Rl) ~ 1 Vp(s, 1) —=1pVy(s,1), (56)
R—o00 t-1

to find the limit of F4 and the expansion (47) to find the limit of d4 A.
Treating Vs+, I,V as one forms with index lowered using the metric (in the sense
that e.g. I” = g(I, -) is simply written as [), we obtain:

—4 ST A] = /Rlim (R2ds A AxFy) %/V5+(l)/\*(lA Vs, 1))
—00

A A

1 + . . 1
=3 / VE €angr 180! My Vdx® A dx® A dx? = 3 /dV011+€mbd6abgf77gm77f v,

/ds/d2 5'5d —5’ad) 7" I,V = / ds/dz l’V‘E v —1~V’~’*V"> ,
—0Q —0Q
(57)

where we used that I” = 1 (see Sect. 1.6.2), dx? A dx? A dx? = €@ |det(h)|~2dVol+
and A is the induced metric on Z*, the determinant of which is 1. Observe that ¢ abd €abfg =

2(5’5”1 Y ad) Since I - VE© = 0 (see Eq. (48)), and neither V¢ nor I” depend on s,
we obtam ﬁnally
SIS AL = ——/ lim (R dal x Fy) ~ +—/dle8 OV (—o0, 1) = QM
S2

and similarly, the contribution from Z~ gives:

. 1 _ .
SIS A] ~ e / dAVE (V" (400, 1) = — Q%

S2
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So, assuming the matching requirement
= W)=¢el), (58)
the “soft” contribution to the boundary action takes the form:

3.50f ~ X .
SI:SIK [A] ~ ontt+ _ ontt .
Remark 12. Here we have defined charges from the evaluation of the boundary action

on different boundary components following the convention that along the past infinity

boundary, the sign gets reversed: Sgﬁ'Oft =: :th"f‘i. The on-shell vanishing of the

boundary action is then directly linked to on-shell conservation of charges.

Remark 13. Note that the matching property (44) of the asymptotic potential [Her95]
(see (2.26) and the following discussion) is a consequence of equations of motion and the
fall-off condition. In contrast to that, the matching requirement (58) is an extra condition
imposed on gauge parameters. It is not a priori clear if this condition can be fulfilled. In
fact, it was shown in [Her17] that for A in the Lorentz gauge and A satisfying the wave
equation (both with appropriate fall-off condition), this requirement cannot be met.

2.6.2. Soft charge in retarded coordinates. To relate this to the results of [KPS17], we
use the retarded coordinates, as described in Sect. 1.6.2. From Equation (54), we compute
the “soft” contribution to the boundary action:

1

. 1 .
S = /WR dac ndyx Fa=—— / dVolyy, div(X) (59)
M

where XV = 7, (VEF").
More directly, we get (recall that for an abelian group dq x F4 = d x Fa)

1 1 c
Sgi;\(})? = _E / d(Cd * FA) = _E f dVOlO— [ﬁa)h(\/ggaugkv}?pw)} . (60)

WR 3VVR

Observe that the integral over 0}V splits into a null boundary part and a hyperboloid
part; however, because of the fall-off conditions and the continuity of the field A, in the
limit for T — oo the Hyperboloid contribution vanishes (cf. with Equation (31)).

Assume A € QU(M) is a gauge parameter as the one introduced in Sect. 2.3, i.e.
A(x) = A|7(X) + O(r~1). Note that, when restricted to Z ~ R x S2, A is constant
along the R direction.??

Using retarded/advanced light-cone coordinates and complex coordinates on the 2
dimensional sphere we get

dVol = 2r2drduy (1 + z7) " 2dzdz,

from which, recalling the explicit expression of formulas (24) and (25) for Minkowski
metric, we obtain

22 Recall that £ is a coordinate parametrising s2.
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9,50 . d.soff . i _
—47151488%, = —4x Rli)moo SI;:B},; = Rh_)moo 2y.:dzdzdu r’e(z, 7) [Bu Fu.r
THUI,
1 _ _
+t— [az (\/Eg”gzzFri) +0; («/ggmigzzFuiZ> + C'C-] ]
NG
= lim 2yrdusdzdz c(z, 7) [rzauiFui, + [az(ysz,Z FyEF,,) + c.c.]]
—> 00
THUI,

2ydusdzd? ¢(z, 7) [aui FO + [BZ(yZZF,(?) e c.c.]]
AUy A

~ —nyzgdZdZC(Z,Z)F;%i+/2VZZdZdZC(Z’Z)F,,E%)r
T Ir

UF/duiZJ/zzddeC(z,Z) I:aZ(VZZF,f(i)Z)'i-C'C':I ; (61)
T+

where we used that F,(S ) — 0 due to the assumed fall-off conditions (Eq. (32)), as
well as the vanishing property Fu(%z (+00,27,2) = Fu(%)r (=00, z,z) = 0 (cf. Equation
(34)). Observe that the combinations g"+g“+", g'" g% and g™+ g% have the same sign

regardless of the choice of signature for Minkowski metric.
)

_ 2 . .
F(=00,2,2) = Fu(,)r (+00, z, 7) implies

The matching property (see Equation 44) F ﬁ
that

0~ —4r ST [A]
~ — f duy:zdzdZ A9, (Y F0D) + / du_y,zdzdZNa. (v F%) + c.c.
A -
_ Soff —soff
=_4n[ :Sot_Qesot:I’

which proves the conservation of the charge and is tantamount to the calculations pre-
sented in [KPS17].

2.6.3. Soft charge from the BV-BFV perspective. To summarise, in the previous two
subsections we have shown that, in the absence of matter, the vanishing of the boundary
action on shell (Equation (52)) implies the conservation of the soft charge:

Q:SOft ~ Q;S()ft' (62)

This suggest that the result is then independent of the coordinates chosen and the
parametrisation of the asymptotic fields. We will clarify this statement in Sect. 2.7, where
the asymptotic symplectic structures in the two parametrisations will be compared.
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2.6.4. Hard charge in (R, s, 1) coordinates. For the computation of the “hard” charge
we assume that the current J has asymptotic behaviour determined by (41). The corre-
sponding contribution to the boundary action is given by:

Evaluating the ghost at A, we obtain
sihad A1 = | (lim A))ps()dv — [ (lim A)(v)p—(v)dv,
HrUH- H+ T H- T>00

where the relative sign comes from the parametrisation of 7{~. Using the asymptotic
expansion of A at time-like infinity (Equation (46)), this becomes:

S AT = [ Apewpeoids = [ A @p-do.

so applying (51), we obtain:

ar +(l) 1 & (l)
Sy A= o / Ceodtay— o [ S ot
= v VEWD) 04 (v )dzldv—_/ v-VE (l) o_(v)d2ldv,
4 v-l

where in the second step we used the identity (50). Assuming again the matching con-
dition (58), we obtain:

SE) hard [A] = Qhard+ _ Qha.rd—

HAUH~ & € ’
where
1 Vel
an:d+: 4,_/v—l() (v )dzldv _ _/Vg(l) Vi (+00, l)dzl
T v

where we inserted the expression for V; given by equation (42). Similarly:

1
hard— — — / Vel - Vy(—o0, Ddl,
4

and the total contribution from the hard charge is:

hard __ hard+ hard—
Qs — ¥ - Qs .
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2.6.5. Hard charge in retarded coordinates. We use a coordinate system adapted to the
t-hyperboloid part of the boundary of Wg (see Sect. 1.7.1), and then take a limit for
T — 00. Observe that the fall-off conditions for the current J imply that the terms on
I vanish in the limit R — o0, so we can discard them from the outset. We compute

d,hard d,hard .
Spivop- 1] = Jim S [A]= lim / dVoly = Ay J
HIUHT
= lim / dVolHH3J/d%e/c(y;)e’)s(;e’)

T—>00

HHUHT
/ dVoly+ / d’%'G(y; £ JPe®)
HYUH~
1
471

Ye(d)

d’s’ f dVoly+ A/)zpi(Y)

HYUH~

Y -
d*z’ f dVoly=

H*UH~
hard+ _ ~hard—
& &

(Y-

&

= p=(Y)

1
471

El

where we used Equation (41) to rewrite J ) and Equation (50) between lines 4 and 5.

2.6.6. Total charge from the BV-BFV perspective. The total charges are given by:
1

Q: — soft+ + Qhard+ ~ 4_ f dle*’(l)(Vj(+oo, D+ Vout(_oo’ D)
T
1 271y/¢€
=— [ dIV*)V(—0o0,l)
4

and

1 .
Q; = Ot~ 4 Qhard— ~ o /dles(l)(V](—oo, D+ V"™ (+00,1))
TT

1
= —/dleS(I)V’(+oo,l),
4

so vanishing of the boundary action in the BV-BFV formalism implies the charge con-
servation

2.7. Symplectic BFV analysis. Recall that the BFV structure comes equipped with a
symplectic form Q? on a graded manifold of boundary fields F?, which is related to the
canonical (—1)-symplectic BV form 2 by

LoQ=n*Q0. (63)
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For Yang—Mills theory (and in particular Electrodynamics) with scalar sources this reads

1
= / 1A+ Fal + SASc +898[xdap] + c.c. (64)
T
oM

and Q? is the Hamiltonian vector field of S? with respect to Q7. Notice that we treat
[* F 4] restricted to the boundary as an independent field. The first term is equal on-shell
to the standard symplectic form used in asymptotic quantization of the electromagnetic
field [AS80]. In [Her96b], this symplectic form is refereed to as radiated symplectic
form, so we will use the notation 2r,q for it and distinguish it from Qpe,, which is the
symplectic form used by Herdegen (ibid.).

Recall that, in the notation of [Her95,Her96b,Her17], the asymptotic variables on
Z* are V and V; the symplectic form in terms of these variables is given by

1 +00
Qier = — / ds/d218V~8V. (65)
4

To compare this with Qrag = f %SAS[*F '], we consider the following limit:
M

1 R?
lim —(SAS[*FA]z/ lim —38AS8[*Fal, (66)
R—o00 4 R—o0 41
T I+

where we have extracted R? from the volume form on I}, ie. dVol+ = deVOIIi.

Using equation (56) and the reasoning presented in the paragraph following that equation,
we conclude that

R? )
lim —SAS[*FA] / lim —38AS[xFa]l =~ /SV(I) ASx(I AV (s, D))
R—o0 R—oo 47

Z+ I+ A

= / ds/dzl (I"8V -8V —1-8VsV")

—00

/ds/d2l5V (SV—/ds/dzl((SV nHsv’,
—0Q —00

since I” = 1, and both A and xF4 have 1/R leading terms at Z%. Now we use the fact
that V -1 is, on-shell, the total charge of the system, which vanishes in the chargeless case
(see e.g. formula (2.3) of [Her96b]). Then, variations on the vector space of chargeless
asymptotes must also be chargeless, i.e. I - §V = 0, making this expression the same as
(65):

R2
lim —38AS[*F ] = QHer-
R—o0 4

Z‘+
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A similar reasoning can be also repeated for 7. Then, the space of (chargeless) asymp-
totes V (s, I) and vector valued functions V (s, [), with symplectic form given by Qper, is
identified (on shell) with the space of boundary fields {A|sas, [*Falas} with symplectic
form QRrag.

Remark 14. To treat the charged case, Herdegen is also using Qpe, rather than Qpag,
even though they differ in this case. The proper way to treat it from the geometrical
perspective is to work with affine spaces, to fix the reference connection and then consider
perturbation that are either charged or chargeless, depending on the choice of field space

topology.

Observe that one can compute the canonical brackets associated to Qpe, after applying
a large gauge transformation (LGT) on (on-shell) bulk field configurations®® V; = V; +
Vf+. Following [Her17], one gets

(Vy, Vo) = {V), V2}+/dlef+ Va(—o0, 1) — {1 < 2}. (67)
52

If X, = yer % denotes the LGT, this is recovered as:

+00
Lx, Qper = f ds/d2lav8+-5\'/ ~ /d215v8+ -8V (—00,1), (68)
—0oQ S2

S2

where we used that, on shell, V (s, 1) = 9,V (s, I), and that 9, ve' =0to identify a total
s-derivative, while V (+00, ) vanishes in the sourceless case. Formula (67) is obtained
by (68) by simply evaluating on two on-shell configurations.

The failure of invariance of the canonical structure under Large Gauge Transforma-
tions is argued to mean that LGT’s are “not symmetries of the asymptotic structure”.
We will show now that from the viewpoint of BV-BFV the failure of invariance of Q°
is in fact expected and fully consistent with the structure, if one appropriately takes into
account the corner data. Indeed, it is a straightforward calculation to check that £ 09 QY
as anticipated in Sect. 1.4, is a total derivative (off-shell):

Ly = f d (8¢8[xFa)) . (69)
oM

To compare (69) with Equation (68), we use (56) again. For simplicity, we consider the
free theory (i.e. / = 0). Let A be a gauge parameter implementing the given LGT, so
that A transforms to A + d A, as discussed in Sect. 2.5. Then the Z* contribution to the
invariance-breaking term takes the form:

Rlim R?d (8¢8[*Fa]) [A] ~ —an / R>8(dA) A S[*Fal
T; T;
=/an (RE5(dA) A S(xFy)) ~ /S(VS*)(I) A S A V(s, 1))
A A

23 Seen as functions of the initial (asymptotic) values {V/, V}.
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/ds/d%sv& 8V & /d215v8+(1)- 8V (=00, 1), (70)
—00

where we have commuted § and d and we used the fact that in the sourceless case
d x F4 ~ 0 1in the first line, while the explicit asymptotic expressions Ve andI AV for
d A and F4 respectively were used to obtain the second line. The last line is equivalent to
(68). The breaking of the invariance is related to the fact that in general V (—oo, 1) does
not vanish. For the sourced case, this invariance-breaking is characterized by AV (I) =
V(—o00,1) — V(+00, I) (using the notation of [Her17]).

We can interpret the final expression in Equation (68) as a symplectic structure
on the space of “chargeless” variations Ve at the asymptotic corner, i.e. such that
I- V< =0, and on-shell variations of the asymptotic field V. The canonical Poisson
brackets associated to this symplectic form compute exactly the failure of Equation (67).

Alternatively, starting again from (69) we can compute (off-shell)

lim | R%’d (5¢8[xF4])[A] = lim / R2SAS[xF4] = / d*L5e(l) SE(I).
R—o0 R—o0
T3 0T} T+UTS

(71
This means that we can identify two symplectic manifolds on the corner. The first one is
the space of vector valued functions Ve orthogonal to [ (i.e. chargeless) and asymptotes
V (Foo, 1), with symplectic form given by Equation (70). The second one is given by the
space of functions & (1) on 2 together with the space of asymptotes Ff,f) , with symplectic
form given by Equation (71). The fact that they are both obtained from Equation (69)
means that, on-shell, there is a symplectomorphism between these two spaces, given
by Equations (49)—relating (1) to ver (I)—and (56), which in turn relates F,(,f)i to
V (Fo0, ).

Remark 15. The expression on the right hand side of Equation (71) is the infinitesimal
version of the corner symplectic structure identified by Donnelly and Freidel in [DF16].
One obtains their exact expression by considering finite gauge transformations A —
g 'Ag+g~'dg for g a group-valued function. In their work, gauge invariance is restored
by means of an extension of the physical phase space (and gluing is achieved through
fusion of symplectic data). Despite the slight difference in the underlying philosophy,
the detected phenomenon is the same. The asymptotic BV-BFV analysis contains all
the relevant physical information, and packages it in a way suitable for quantisation
[CMR18].

Let’s now come back to the BV-BFV interpretation of Equation (69). If we denote the
corner manifold by K, we can denote the space of corner fields by 7/ 99 — C®[1(K, 9)®

Q? (K g"). There is a natural surjective submersion 77 from the space of boundary fields
to F29 % given by restriction of fields, 24 and the right hand side of formula (69) can be

interpreted as the canonical one form on F2?, denoted by ©2%?. Then we have
L@ =7*Q".

2 Technically, this is done in two steps: restrictions of fields yields a pre-symplectic manifold, which then
needs to be reduced to yield Fla(a. For theories such as Yang—Mills this step is almost trivial.
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Equation (71) computes the asymptotic limit of the corner symplectic form %7, Observe
that if we denote the projection to nonvanishing asymptotic corner fields by 7, the
structural BV-BFV relations hold:

Ly =n3QY (72)

where Qgg is the r.h.s. of Equation (71). The BV-BFV axioms require the map 7, to be
a surjective submersion. This can be shown easily if the space of fields is a vector space,
by multiplying the desired asymptotic with an appropriate homogeneous function and a
compactly supported function vanishing at 0. In general this would depend on the choice
of field space topology (and hence the “size” of tangent space) and has to be verified.

Notice that £ s is a differential on the space of boundary fields—the BFV operator.
Therefore, Equation (69) implies that, although the symplectic form fails to be a cocycle
for the BFV differential, such failure is controlled by a symplectic form (of degree 1)
associated to a space of corner fields (cf. Sect. 1.5).

In the presence of higher codimension strata we can find a solution of the descent
equation, i.e. an inhomogeneous local form valued density @ ®:

@ = 5ATSA +8c8c + 5AS[*Fal +8ATSc + 8c8[xFal, (73)

which satisfies
(Lo —d)yw® =0. (74)

Equation (21) tells us that we can recover the symplectic forms at every codimension
by restriction of @ ® and integration over the appropriate submanifold (stratum).

2.8. Alternative falloff conditions. It would be interesting to understand the role of so-
called overleading gauge transformations, which have been related to certain subleading
versions of the soft photon theorem [CL16]. Let us comment here briefly on this.

Overleading gauge transformations can be thought of as generated by gauge param-
eters who have a linear large-r behaviour: A ~ r. One first observation is that, as such,
it is not immediately possible to include them in our discussion, for they do not preserve
the space of fields with given falloff condition (A + d A will not have the same large-r
behaviour).

On the other hand, it is at least conceivable that one might construct charges (and
more generally observables) as a function of fields and gauge parameters at finite regions,
and then proceed to take the scaling limit. This naive procedure, which produces certain
finite answers despite the asymptotic divergence of fields and gauge parameters, seems
to be the one taken in the literature. Indeed, it is easy to gather that the calculation in
Equation (61) will produce a very similar output to [CL16, Eqts. (4.5) and (4.6) Section
4.1], by allowing c to grow like r. From our point of view, though, this is not entirely
justified due to the above mentioned problem (overleading parameters do not preserve
asymptotes), but also because it is not clear how one should get rid of divergent terms
(which appear nevertheless).

In [CL16, Section 4.1] mention is made of a prescription aimed at “projecting-out™
divergent contributions. At the present moment, we do not see how this can emerge
neither as a natural operation, nor even as a possible arbitrary choice, the independence
on which would then need to be checked.

Finally, it must be observed that overleading gauge parameters, in the treatment of
[CL16], are always intended to satisfy the wave equation. This is a result of the request
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that the gauge transformation preserve the (Lorenz) gauge fixing condition. In Sect. 2.5
we showed how, following Herdegen, we cannot have all three: preservation of gauge
condition, nontrivial asymptotes at null infinity and the matching requirement. It could
be interesting to explore whether overleading gauge transformations might change this
paradigm. However, since this is beyond the scope of the present paper, we defer a full
analysis of this to further research.

3. The Scalar Field Theory

In this section we discuss the case of asymptotic symmetries in the scalar field. Inspired
by the work in [CC18,CFHS19], we will show how conserved asymptotic charges for
the scalar field can be obtained from the BV-BFV approach to a “dual” two-form model.
In doing so, we extend the standard duality of free models to the sourced scenario. This
provides an alternative to the analysis presented in [CFHS19], which instead considered
symmetries of the dual model to be given by elements of the cohomology group H?(M).
In Sect. 3.6 we show that this type of symmetry (akin to constant shifts of a scalar field)
does not admit a BV description.

Throughout, we consider (M, g) to be a closed, 4-dimensional Lorentzian manifold
with boundary, and the space of classical fields® is F.;:=C* (M, R) 5 ¢. The classical
action functional is given by

S = /*gdq& Adg, (75)
M

where *, is the Hodge-dual operator defined by the pseudo-Riemannian metric g.
Free scalar field theory is classically equivalent to a theory of 2-forms B € Q(M)

Saual = / dB g dB, (76)
M

meaning that, on-shell, we can set dB:= %, d¢ and—up to symmetries—we obtain a
diffeomorphism of the spaces of solutions of the Euler Lagrange equations of the two
models. In what follows we will drop the subscript g and denote x; = *.

Remark 16. To be precise, note that the equation of motion d x d¢ = 0 is the statement
that the three-form Hy:= % d¢ is closed. Assuming that H 3(M) = 0, we can then find

B € Q%(M) such that Hy = dB, as done above. This is clearly the case on Minkowski

space M = IM*, but it is in general not true, and the condition H3(M) = 0 needs to be
checked.

Notice that the “duality” between a free scalar field theory and a free two-form model
is incoded in the pair of equations:

_ 24
!d*d8_0<:>d¢_0 o

dxdp =0 < d*B=0

toggling between the Bianchi identity and field equations. We will see in Sect. 3.5 how
to extend this to field equations with nontrivial external sources.

25 One could as well consider complex-valued scalars.
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Remark 17. Clearly the definition of B is not unique, and the theory enjoys a symmetry
B — B+ dy. Notice that y is also defined up to an exact form, and thus enjoys an
additional symmetry y — y + dt. This is an example of a reducible symmetry, which
can be easily treated in the BV formalism.

In what follows we will analyse the dual field theory in the BV formalism, and then
recover the “soft” scalar charges of [CCM18]. We assume that H 3M) =0.

3.1. BV-BFV analysis of the dual model. The dual model has a built-in symmetry given
by rescaling B by a closed form g. The standard way to proceed here would be consid-
ering the “gauge” symmetry of B in terms of exact forms B — B + dy, and extend the
dual model to the BV setting.

A different point of view was proposed in [CFHS19], which relies on symmetries
B — B+, generated by g € H>(M), i.e. a closed but not exact form on M. We will
turn to this latter possibility—and the complications that arise—in Sect. 3.6, after we
have analysed the standard case.

Notice that in B — B + dy, the form y also enjoys a symmetry, as we can freely
map y — y +dt. The BV formalism produces the extended action functional

SBV. / dBxdB+Bidy +yidr, (78)
M
and the BV operator ¢ g Qqya = 5531‘;1

OB=dy Qy=dt Qt=0 (79)
OB* =d»dB Qy* =dB* Q% = dy* (80)

that satisfies [Q, Q] = 202 = 0, on the space of fields:
Faval :=T*[—1] (QO(M)[Z] x QUM)[1] x QQ(M)) > (%, y5 BY B, y, 7).
If M has a non-empty boundary, it is easy to check that the boundary one-form
ad = fsBHB+Biay +y*st (81)

oM

with Hg:= * dB|3 ), and the boundary action

S = f dyHp +dtB* (82)
oM
satisfy the BV-BFV axioms, namely
10Qqual = SS(ﬁlZl + ﬂ*afmal (83)
and
1 * @0
5t0toQaual = 7" Squar: (84)

with 7 simply the restriction of fields (and normal jets) to the boundary. For simplicity
of notation, we will drop the subscript “dual” in what follows.
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3.2. Asymptotic symmetries of the dual model. We would like now to revert to the
scalar field description, and use the boundary action found so far as a generator for our
asymptotic charges. In what follows, we will reconstruct asymptotic symmetries from
the BV-BFV formulas obtained so far, after choosing appropriate fall-off condtions.
Observe that the on-shell condition *d3 = d¢ restricts to the boundary

Hp = xdBloy ~ dolom

and if the boundary component has a boundary of its own, for example a sphere at the
corner of a lightlike boundary, we get

57~ f dydlay = / dyé, (85)
oM U; a(aM)i

where the symbol ~ means that we enforced the equations of motion and set antifields to
zero, and (A M) denotes the i-th connected component of the boundary (with appropriate
orientation).

Evaluating the boundary action on a specific gauge parameter I' € Q!(M) (see
Remark 2), we can extract the volume form of $2 from the two-form d I', defining a
function A € C*(S?) such that

dT(x) = A(x)dS?, (86)

so that the corner term becomes

Sr] = f A(x)pd S (87)
U; d@Mm)i

3.3. Asymptotic symmetries of the free scalar field. We would like to discuss now how
formula (87) produces asymptotic charges for scalar fields. From now on, we restrict
our discussion to asymptotically flat Lorentzian manifolds M and, for simplicity, one
can consider Minkowski spacetime.?0

In retarded light-cone coordinates we define a boundary at infinity Z by the condition
r = R — oo. We consider scalar fields with the following radial dependence:?’

o0
o= ¢,
k=1
with ¢(k) independent of r, so that
1 1 1
dp = -dpV +Y  —dp® —dary ——¢®.
o =-dp+ ) 5dp® —dry ¢

k=2 k=1

Observe that the dr part is obviously not present in the restriction d¢|yy . From the
definition of Hy = xd¢ we get

1 1
— N2 de® _ *)
H¢‘—Zrk*d¢ *er,kM :
k=1 k=1

26 possible global effects will not be discussed here.
27 We consider this radial expansion in order to match with [CFHS19].
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so, requiring that Hy = d BB, we are lead to

1
B=Y —B%®,

and we set the fall-off condition for y to be such thaty = )72, rlky QN
As in the case of Electrodynamics, we can express the above results in terms of
(R, s,1) variables. Following [Her95], we define

lim Ro(x+Rl) = x(x-1,1), (88)
R— o0
and identify

xG. D) =W (uy, 2).

We assume the fall-off conditions

t.
x(s, D] < 228 (89)
sE
. const.
Ix (s, DI <SlT’ (90)

so that x (+o0,1) = 0 (i.e. qbf,l)(oo, x) = 0), and recall that in the absence of external
currents we have
Oy =0. (Y]

Under these assumptions, it was shown in [Her95] that
1
P (x) = ——/)'((x 1,Dd* . 92)
2

Now consider the past null asymptotics. Take a homogeneous function x’ satisfying (89)
and (90) with [ replaced by past-pointing null directions —I. We then have

lim Ro(x — Rl = x'(x-L,1). (93)
R—o0

and identify x'(s, 1) = ¢>(_1) (u—, x). Fall-off conditions analogous to (89) and (90) imply
that x'(—00,1) = 0 (i.e. V) (—00) = 0).
The field can now be also expressed as:

d(x) = 1 / x'(x-1,Dd’l. (94)
2T
Comparing (92) and (94) we obtain:
/()'((s, D+x'(s,1)d*l=0. (95)

It was shown in [Her95] that this in fact implies

X, D+x'(s,1)=0. (96)
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We obtain the existence of the limits y (—oo, I) and x’(+00, I) as well as
x(s. D)+ x'(s. 1) = x(—00,1) = x'(00,1). CH)

This is again the matching property, analogous to (44).

We have seen that, as a consequence of the interplay between field equations and
fall-off conditions, in the absence of external currents, the asymptotes of the scalar field
at 7+ and Z~ and at i* vanish:

$ (+00) = ¢V (—00) =
lim Plyx = O

T—>00

Hence, with the area form on S? being proportional to 72 in retarded coordinates, one
shows that the corner term (87) is given by

N INES —/A<1>¢i‘>d29+ f 1V Va2q ~ 0, (98)
z* Iy

which coincides with the conservation of the (smeared) asymptotic charge, as analysed
in [CC18,CFHS19], with A an arbitrary function on the two dimensional celestial
sphere.

In the notation of [Her95], we can write this as:

- / AD () x (=00, Dd?L + / A D) ¢ (00, d?l ~ 0,
which is the smeared version of the matching property (97) and we identify:
o5 = — / My (=00, hd’l, QO = - / 2Dy (+o00, 1)d"1 .
A I,
Hence (98) is the on-shell charge conservation:
~ ft—
o5 ~ 05

3.4. Soft charge from the Fourier transform. Another way to interpret formula (98) uses
the Fourier representation of the field, so can be applied only on Minkowski spacetime.

In [Her95] one writes the Fourier representation of the field ¢ (x) (denoted by A(x) in
the original) as

p(x) = /a (P)8(pHe(pNe " Pdtp = —/—a (E,. p)e ' C"Ep=3D)

Let
a(p) =d'(Ipl, p),
and we define (analogously to [CCM18]) the unsmeared soft charge as:

soft+ . i @ 2 foop
o = hmo > (a(wx) + a*(wx)) . 99)

X
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Next, we note that
d () =% (.])/o,

and use thw following formula proven in [Her95]:

}(O, )= L /OO x(s,ds = —Lx(—oo, ). (100)
2 2

—0Q
It is now easy to see that fields with non-vanishing x (—oo, I) are the infrared singular
ones (1/w behavior around 0). Inserting this into (99), and identifying x (—oo, ) in
retarded coordinates with ¢J(r])(—oo), we obtain:

Q™ ~ 1im (w0 (@, 1) /o +c.c.) ~ iV (—o0, ),
w—0

so smearing with an arbitrary function A" on the two-dimensional celestial sphere, we
obtain

Q5" ~ fszk“@wdm,

as expected.

3.5. Hard charges for scalar fields. Inthis section we would like to approach the problem
of computing hard contributions to the charge obtained in Sect. 3.2, when sources for
the scalar field are added to the model. We aim to utilise the dual model description to
be able to gain information on asymptotic charges for scalar fields, however the duality
outlined above strictly holds in the absence of sources. As a matter of fact, when a source
for the scalar field is present, namely when?®

dxdg =" =+Jy, (101)

we have dHy = J ¢E4), and the naive duality outlined in Sect. 3 breaks down (we defined
Hg:=* d¢ as in Remark 16).

3.5.1. Duality in the presence of sources. To extend the duality outlined above to the
case of a scalar field coupled to external sources, we will consider a model encoding the
equations of motion

dxdB = xJg.

Let us specify this discussion for the case of Minkowski spacetime M, for which H* () =
0, k > 0. We wish to establish a duality between these two models, and we do so by
parametrising the possible primitives of d x d¢ = Jy by means of the 2-form field B,
and the primitives of d x d3 = Jg by means of the scalar ¢. Consider the following
relations:

28 The superscript reminds us that 1424) is a top form, whereas Jj is a function.
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d*dg = Jg d*dB = Jg (102a)
xd$ = dB+Hg «dB = d¢ +Hp (102b)

with Hg, Hp choices of primitives,?® i.e such that dHy = »Jy and dHp = »Jp. By
applying dx to the Equations in (102b), we further derive the relations

O=dxdB+dxHy O0=dxdp+dx*Hpg. (103)
Then, if we want the models (102a) to be “dual”, we need to enforce

—d*Hy =d*dB =~ Jp (104)
—d*Hg =d*dp ~ Jy

Remark 18. Observe that the relations in (104) require that, if ¢ has no sources, Hgy must

vanish, and B is “dual” only if also Jg = 0, since d*d 3 = 0. This is an enhancement of

the duality expressed by Equation (77), as d*B = 0 implies that ¢ satisfies (¢ = Jo,

and vice-versa. In particular, Equations (104) contain the standard sourceless duality

(77) as a special case.

Then, if we define the interacting two-form model to be given by the action functional:

St = /dB*dB — B« Jg, (105)
M

with d » Jp = 0, we have that an interacting two-form model is related to an interacting
scalar model whenever the relations (104) hold.

Remark 19. Observe that we do not need to know the explicit form of interaction that
generates Jg, and we can just consider it as an effective external source. The approach
of [CFHS19] to hard scalar asymptotic charges, which proposes a link to a dual model
with non-local sources, does not directly fit in our language. Although we were not able
to simply adapt the argument used in their work, it would be interesting to understand
how the two approaches might be related. We plan to address this question in our future
work.

3.5.2. Calculation of hard charges. To compute the hard charge for this model, we
modify the BV-BFV calculation of Sect. 3.1 in the following way. The sourced classical
action (105) is extended to a BV action functional in exactly the same way as we did in
Sect. 3.1, with the difference that the BV operator Q on the antifield BF will read

OB  =d«dB —xJp (106)
Hence, from Equation (82) we get

§? = /dy (d*dB — xJg) + dt B (107)
M

29 On manifolds with nontrivial cohomology, primitives are defined modulo closed forms, not necessarily
exact. We will not discuss this case.
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Evaluating this on a gauge parameter I' € Q! (M), and in virtue of the (on-shell) relations
(104) and (102b), we have:

S ~ /dF (xdB ++Hy) = /dFd¢ (108)
oM oM

where now ¢ is a solution of [l¢ = Jy.
Let us split S?[I"] as in (54) and compute S%’fsfzt_ ['] and S%ES%_ [I"] separately. We
start with the soft charge:

SOl & / dTd¢ = —/k(])x"“t(—oo, 1)d2l+/A(‘>Xi“’(+oo,l)d21,
I+UZ~ A I;

since the free asymptotes at Z* and Z; are now x°“‘(—o0, [) and Xi“/(+oo, [), respec-
tively. They appear from the following decomposition of ¢, a solution to [l¢p = Jy
(compare with [Her95]):

¢=¢R+¢in=¢A+¢out_

The free fields ¢"/°" solve the homogeneous equation (91) and, assuming that incoming
and outgoing fields satisfy the fall-off conditions (89) and (90), we have the following
identities for the asymptotes:

X, 1) = xy(s, D)+ 5" (s, 1) = xg (+00, 1) + x (s, D)
X (5.1 = xs (=00, )+ X (5,1) = xs (s, 1) + X (s, )
Hence
X(+Oo,l) = X1(+Oovl)v X/(—Oo,l) = XJ(_Oovl)a
and we have the matching property (compare with (97) in the free case):
x'(+00,1) = x(=00,1), (109)
We identify (in analogy to Sect. 3.3):
Qi(()il’§+ = _ / )»(I)XOU[(—OO, l)dzl . Qi(zg— = _ / )‘(I)Xi“/(+oo, l)dzl )
I+ Ir
The hard charge contribution is given by:
o _[T] ~ / dldeg — / dld¢ = / dTd(A® — ARy = — / dUx %%,
H* H~ HYUH~ s2

where (following [Her95])

xs(s, D) =/dy5(s —y-DJp(y)
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and the boundary values are

J¢(v)d

-~ n(v),

2o (oo, 1) = /
H:t

which agrees with [CCM 18], upon identification:

QhE = f AWy (o0, D)

Hence

d,hard ~ hard+ hard—
S’H*‘UH‘ [F] ~ Q)L(l) - Q}L(l) .

Finally, we can write the formula for the boundary action in the form:
ST = [ A0 oty + s (o0, D)L
+ / KOG (o0, 1) + 1 (=00, 1)d’l

__ / 200y (—o0, Dl + f (D) (400, Dd* = Q%) — Oy ~ 0.
(110)
where

+ hard+ soft+
Qo =0n +Qu -
Hence (110) is the total charge conservation and at the same time, a smeared version of
the matching property (109), proven in [Her95].

3.6. Shift symmetries by zero modes, global gauge transformations. In this section we
would like to analyse a particular class of transformations that arise from considering
either shifting a scalar field by a constant or, dually, the B field by an element of H2(M)
(assumed notempty). In [CFHS 19] these are called large gauge transformations, because
in their work they are interpreted as ultimately being the same. We prefer to resort to the
more standard nomenclature and refer to them as global gauge transformations.
The action functional for a scalar field does not admit local gauge symmetries, but it
admits shifts by constant maps
pr— P+ (111)

where « is a constant function on M, i.e. da(x) =Qora € HO(M).

Similarly, we have a symmetry for B generated by closed-but-not-exact forms B €
H*(M),i.e.dp = 0but B # dy. We observe, en passant, that this is not possible on
Minkowski space, since H ZMY = 0.

Note that both these transformations are to be considered symmetries of the zero
modes (more than a symmetry of the fields), i.e. elements of the kernel of the kinetic
operator (that is the quadratic part of the Lagrangian density). We will see shortly that
these transformations do not really admit a BV description in the usual sense.
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Let us try to construct the BV-data for this field redefinition. The space of fields is
now (« is promoted to ghost-number 1)

F=TH—1] (Fc, x Ho[l](M)) (112)
and the extended BV action reads

St = /*d¢> Ndg + ¢ta, (113)
M

with ¢F the cotangent field for ¢.
The —1-shifted symplectic BV-form is

Q= / S¢St + sadat
and the action of the BV operator Q on fields is

0 =0o; Q¢' =dxdd; Qu=0; Qu’=¢

sothattpQ =65+ 7*a?. On the other hand, the BV extension for large symmetries in
the case of the dual model reads

Sl targe = / dBxdB+ B
M
and the associated BV operator
oB=p 0p=0

OB* =d xdB Qp* = Bt

The problem with the above naive construction is that these operators are not cobound-
aries, i.e. Q% # 0. In fact, we compute

Q%" = 0(0a") = Q¢* =d xdp # 0.
and similarly for the dual model:
Q’B* =d»dB #0.

both of which only vanish on shell. Hence this construction (for symmetries given by
constants and, dually, elements of the second cohomology group) does not yield a BV
data.

Ignoring this and pushing through with formal calculations, for the shift B — B+ 8
with B € H?(M), one gets a “formal boundary action”

S%R[ﬂ]”/ﬂM: /d(ﬂ¢) (114)
oM oM
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whichis acorner term. In the limit R — oo, assuming the same fall-off 8 = Z,fil rk B &)
we get that df = 0 implies that 8% = g%+ In particular 5@ = 0 = dV and
B = dp® . Then, equation (114) becomes

S7Ipl = lim S}y, 18] = f (Vo)
7z

=/d(dﬁ(2>¢“>) = /sz dBP eI = /;2 dVolgipV |2 .
A

This is the same conclusion as the one reached in [CFHS19]. It is evident, though,
that on spaces with trivial second cohomology, the procedure used in [CFHS19] needs
to be better understood. One possibility, might be to phrase this in terms of relative
cohomology (see, e.g., [BT13]). We note, however, that the construction presented in
Sects. 3.1 and 3.2 avoids this problem, while still reproducing the correct asymptotic
behaviour. Thus, we believe it provides a neat description of how soft charges emerge
from the symmetries of the dual model.

One possible way to overcome the difficulty above might be to think of the global
transformations for the scalar/dual model as shifts in zero modes, rather than proper
symmetries. One can extend the BV construction in order to consider infinitesimal shifts
in the space of zero modes, a framework that is related to formal geometry. In a nutshell,
introducing a differential d on the space of solutions to d * d B = 0, which we can think
of being a field-version of de Rham differential, we obtain that, for 8 € Q2(M) coclosed

Stormal = /d(B +B)xd(B +B) + B*dp (115)
M

satisfies the differential modified classical master equation:

{Sformal, Sformal} = dsgormal (1 16)

reconstructing a formal version of the BV-BFV construction. We refer to [BCM12,
Section 3] and [CMW 19, Section 3.3.2] for an introduction of this technique in relation
to the Poisson sigma model and, more generally, AKSZ theories, and defer its analysis
for the case at hand to a subsequent work.>”

4. Summary and Outlook

In this manuscript we have laid the foundations for a rigorous analysis of asymptotic
charges within the BV-BFV formalism [CMR14,CMR18], adapted to manifolds with
asymptotic boundaries. The study of electrodynamics and scalar field theory, while
mostly in agreement with literature content, shows how the BV paradigm correctly
encompasses the two main aspects proper of asymptotic charges: the relation to gauge
symmetries and Noether charges, as well as a strong link with the equations of motion.
In particular, reducibility of symmetries, such as the one featured in Sect. 3.1, is easily
implemented in the BV formalism, which then becomes the formalism of choice for
subsequent generalisations.

30 We would like to thank K. Wernli for pointing this out to us.
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In the case of electrodynamics, we have shown how the on-shell vanishing of the
boundary action, a piece of structural BV data, leads to the existence of a conserved
quantity Q,, akin to a Noether charge, which in the recent literature (see e.g. [KPS17])
is suggested to be the generator of a large gauge transformation. On the other hand, in
[Her17] it is argued that the transformation in question is not a symmetry, but rather a
map into a different sector of the theory.

We agree with part of the latter claim of [Her17]: in order to derive the conservation of
0., one needs to consider transformations of the gauge potential that lead away from the
Lorentz gauge. However, we also show that by appropriately choosing falloff conditions
for such transformations, one can reproduce the formulas derived in [CL15,KPS17,
CE17]. Indeed, we have shown that Q, is computed by the boundary action $?, seen
as the BFV version of the Noether charge, for gauge transformations with nonvanishing
asymptotics. Hence our interpretation is also close to the one of [KPS17].

To give an answer to our initial question “in which sense are LGT’s symmetries
of the theory” we have performed an analysis of the canonical symplectic structure
of Electrodynamics, and showed how its failure under large gauge transformations fits
naturally in the BV-BFV language. This suggests an extension of the notion of symmetry
for a gauge field theory, which agrees with the philosophy that led to the study of descent
equations. In other words, large gauge transformations are extended symmetries of the
theory, completely encoded in higher codimension structural data of the field theory, and
possibly fundamental for a correct, covariant and functorial quantisation of the theory
[CMR18].

Important implications for the quantum theory follow from the fact that LGTs of
[CL15,KPS17,CE17] are transformations between theories in different gauges. Indeed
the results of [DW19] suggest that different gauges lead to unitarily in-equivalent theo-
ries, i.e. representing different sectors, as also stated in [Her17].

In the context of (sourced) scalar field theory, we have generalised a duality relation
with a (sourced) two-form model, endowed with a reducible symmetry. By treating
this “dual” gauge theory within the BV-BFV formalism, we have managed to deduce the
conservation of both soft and hard asymptotic charges for the scalar field [CCM18,CC18]
from the vanishing of the boundary action for the dual theory. This result, which is fully
analogous to the case of Electrodynamics, clarifies the statement presented in [CFHS19],
and challenges their interpretation of large gauge transformations.

A natural continuation of this program is, one the one hand, an analysis of asymptotic
charges for general relativity. The BFV structure for GR, presented in [CS16,CCS20b],
is very rich and nontrivial, and we believe it will provide the optimal starting point for
said analysis. On the other hand, the BV quantisation scheme, once adapted to asymptotic
boundaries, is the natural framework in which to phrase Ward identities for asymptotic
charges, and their relation to soft photons theorems. We plan to say more about the
quantised theory, the emergence of asymptotic Ward identities and the behaviour upon
the change of gauge in our future work.
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