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Abstract: We study the spectra of quantum trees of finite cone type. These are quantum
graphs whose geometry has a certain homogeneity, and which carry a finite set of edge
lengths, coupling constants and potentials on the edges. We show the spectrum consists of
bands of purely absolutely continuous spectrum, along with a discrete set of eigenvalues.
Afterwards, we study random perturbations of such trees, at the level of edge length and
coupling, and prove the stability of pure AC spectrum, along with resolvent estimates.

1. Introduction

Our aim in this paper is to establish the existence of bands of purely absolutely continuous
(AC) spectrum for a large family of quantum trees. One of our motivations is to provide
a collection of examples relevant for the Quantum Ergodicity result proven in [6].

For discrete trees, the problem is quite well understood when the tree is somehow
homogeneous. The adjacency matrix of the (g +1)-regular tree T, has pure AC spectrum
[—2./9,2./q] as is well-known [21]. If we fix a root 0 € T, and regard the tree as
descending from o, then the subtree descending from any offspring is the same (each is
a g-ary tree), except for the subtree at the origin (which has (¢ + 1) children). We say
that T, has two “cone types”. It was shown in [19] that if T is a general tree with finitely
many cone types, such that each vertex has a child of its own type, and all types arise in
each progeny subtree, then the spectrum consists of bands of pure AC spectrum. This
problem was revisited in [5], where these assumptions were relaxed to allow T to be any
universal cover of a finite graph of minimal degree at least 2 (see also [9] for similar
results concerning more general operators on these discrete trees). In this case however,
besides the bands of AC spectrum, a finite number of eigenvalues may appear.

A natural question is whether AC spectrum survives if we add a potential. This is
motivated by the famous Anderson model [8] where random independent, identically-
distributed potentials are attached at lattice sites. It remains a major open problem to
prove such stability for the Anderson model on the Euclidean lattice Z¢, d > 3 [30].
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The first mathematical proof showing the stability of pure AC spectrum was obtained
in [22] in the case of regular trees (Bethe lattice) under weak random perturbations,
thus providing the first example of spectral delocalization for an Anderson model. More
general trees were subsequently treated in [16,20], always in the setting of discrete
Schrodinger operators. The stability of AC spectrum under perturbation by a non-random
radial potential was proved in [19] in case of non-regular trees of finite cone type.

In this article we consider quantum trees, i.e. each edge is endowed some length
L. and we study differential operators acting on the edges with appropriate boundary
conditions at the vertices specified by certain coupling constants. The presence of AC
spectrum for quantum trees appears to have been studied less systematically than in the
case of discrete Schrédinger operators. In case of regular trees Ty, it was shown in [12]
that the quantum tree obtained by endowing each edge with the same length L, the same
symmetric potential W on the edges and the same coupling constant « at the vertices, has
a spectrum consisting of bands of pure AC spectrum, along with eigenvalues between the
bands. The setting was a bit generalized quite recently in [13], where each vertex in a 2¢-
regular tree is surrounded by the same set of lengths (L1, ..., L), each length repeated
twice, similarly the same set of symmetric potentials (Wi, ..., W,), and the boundary
conditions are taken to be Kirchhoff. The nature of the spectrum is partly addressed, but
the possibility that it consists of a discrete set of points is not excluded. Finally, it was
shown in [1] that the AC spectrum of the equilateral quantum tree [12] remains stable
under weak random perturbation of the edge lengths. The theorem however does not
yield purity of the AC spectrum in some interval; one can only infer that the Lebesgue
measure of the perturbed AC spectrum is close to the unperturbed one. We also mention
the papers [17,28] which consider radial quantum trees, for which a reduction to a
half-line model can be performed.

Our aim here is twofold. First, go beyond regular graphs. We are mainly interested
in the case where the tree is the universal cover of some compact quantum graph. This
implies the set of different lengths, potentials and coupling constants is finite, but the
situation can be much more general than the special Cayley graph setting considered
in [13]. We show in this framework that the spectrum will consist of (nontrivial) bands
of pure AC spectrum, plus some discrete set of eigenvalues. Next, we consider random
perturbations of these trees. We can perturb both the edge lengths and coupling con-
stants. This setting is more general than [1], where the tree was regular and the coupling
constants were zero. But our main motivation here is especially to derive the purity of
the perturbed AC spectrum, along with a strong control on the resolvent, which is an
important ingredient to prove quantum ergodicity for large quantum graphs. We do this
in a companion paper [6].

1.1. Some definitions.

1.1.1. Quantum graphs Let G = (V, E) be a graph with vertex set V and edge set E.
We will assume that there are no self-loops and that there is at most one edge between
any two vertices, so that we can see E as a subset of V x V. For each vertex v € V,
we denote by d(v) the degree of v. We let B = B(G) be the set of oriented edges (or
bonds), so that |B| = 2|E|. If b € B, we shall denote by b the reverse bond. We write
op for the origin of b and ¢, for the terminus of b. We define the map ¢ : B —> E by
e((v,v")) = {v, v'}. An orientation of G is amap ot : E —> B such thate oot = Idg.

A length graph (V, E, L) is a connected combinatorial graph (V, E) endowed with
amapL: E — (0,00).If b € B, we denote L := L(e(b)).
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A quantum graph Q = (V, E, L, W, ) is the data of:

— Alength graph (V, E, L),
— A potential W = (Wp)pep € eBbeB c%([0, Lp1: R) satisfying for x € [0, L],

WLy — x) = Wp(x). (1.1)

— Coupling constants o = (cty)pey € RY.

The underlying metric graph is the quotient
={x = (b, xp);b € B,xp €0, Lpl}/ ~,

where (b, x;) ~ (b', x},) if b’ = b and x}, = Lj, — xy.

A function on the graph will be a map f : ¢ — R. It can also be identified with a
collection of maps (f5)pep such that f,(Ly —-) = f;(-). We say that f is supported on
e for some e € E if f = 0 unless e(b) = e.

Ifeach f;, is positive and measurable, we define [, f(x)dx := % Y ben fOL” Fo(xp)dxp.
We may then define the spaces L? (%) for p € [1, oco] in the usual way.

Condition (1.1) simply requires W to be well-defined on ¢ (no symmetry assump-
tion).

When G = (V, E) is a tree, i.e., contains no cycles (which will be the case in most
of the paper), we say that Q is a quantum tree, and we denote it by the letter T rather
than Q, while the set ¢ is called a metric tree and is denoted by 7.

1.1.2. Orienting quantum trees Let T be a combinatorial tree, that is, a graph containing
no cycles. We denote its vertex set by V (T) or just V, its edge set by E(T), and its set of
oriented edges by B(T). In all the paper, we will often write v € T instead of v € V(T)
to lighten the notations.

In this paragraph, we explain how we can present the tree T in a coherent view, that
is to say, fix an oriented edge b, € B(T), and give an orientation to all the other edges
of T, by asking that they “point in the same direction as b,”.

More precisely, let us fix once and for all an oriented edge b, € B(T), corresponding
to an edge ¢, € E(T). If we remove the edge ¢, from T, we obtain two connected
components which are still combinatorial trees. We will write T;ﬂ for the connected

component containing f5,, and T, for the component containing op, .

Letv € ']I"r be at a distance n from 1y, Amongst the neighbours of v, one of them
is at distance n' — 1 from 1y, we denote it by v_, and say that v_ is the parent of v. The
other neighbours of v are at a distance n + 1 from ¢5,, and are called the children of v.
The set of children of v is denoted by .#,*. On the contrary, if v € T, is at distance n
from oy, its unique neighbour at a dlstance n — 1 from oy, is called the child of v, and
denoted by v., and its other neighbours are its parents, whose set we denote by .4~
These definitions are natural if we see the tree at the left of Fig. 1 as a genealogical tree.

Let V* = (V(T)\{op,. t,}) U {0}. We define a map b : V* — B(T) as follows:
we set b(o) = b,, and, if v € Tl’;o, then b(v) = (v_,v), while if v € T,;, then
b(v) = (v, v;). One easily sees that e o b : V* — E(T) is a bijection, so that
b o (e o b)~! is an orientation of T. The map b serves to index all oriented edges: those
in TI‘ZO by their terminus, those in ']I‘;a by their origin, and b, by its “midpoint” o. The
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latter makes sense once we turn T into a quantum tree T. We denote L, := Ly () and
W, := Wp(v). The metric tree .7 can be identified with the set

T = | |10.L,] = {x = (. x))|v e V¥, x, €10, L, 1} .

veV*

A function on .7 will then be the data of ¥ = (¥,)yev*, where each ¥, is a function
of the variable x, € [0, L,].
On a quantum tree, we consider the Schrédinger operator

(V) (xy) = =) (xy) + Wy (x) Y (xy) (L.2)
with domain D(.747), the set of functions (y,) € P W22(0, L) satisfying the so-
veV*

called §-conditions. Namely, for all v € ’IFZO,

Yo(Ly) =Y, (0) Yo, € A5 and Y 9 (0) =y (Ly) + e ihu(Ly) |
veEN*

(1.3)

while for all v € Tb_o,

Yo (Ly ) = ¢p(0) Yo € A~  and Z Yy (Ly_) + @y (0) = ¥7,(0) .
v_€N
(1.4)

Finally, we have v¥,(L,) = ¢0+ (0) Yo, € ’/1{)+a Zm lﬁ[)+ 0) = w(/;(Lu) + oy, Yo(Ly),
and ¥, (Lo ) = v¥0(0),>., Vv, (Lo )+ap,, ¥o(0) = ¥/ (0). In a common convention
we will refer to the «, = 0 case as the Kirchhoff-Neumann condition.

Remark 1.1. The above conventions mean that we see T as a doubly infinite genealogical
tree. This is what we called the coherent view; it can also be pictured by saying that we
imagine an electric flow moving from T, to T+

There is another way of orienting the graph which we call the twisted view. This is
done by turning b, into a V-shape and viewing V (T) as offspring of 0. See Fig. 1 for an
illustration; here one should think that o is a source from which the electric flows moves
outwards. When necessary to highlight this genealogical structure, we will write T} for
the set of offsprings of 0. Each vertex v has a single parent v_ and several children; all
the edges take the form {v, v_} for a unique v.

The link between the two views is immediate: functions on ’]1';;0 in both views coincide,

while on T, , one replaces b by b and derivatives take a sign. Here b = (tp, 0p) is the

edge reversal of b. Hence, in the twisted view,! all functions in the domain of 57 satisfy
(1.4).

1 These views of the tree have the advantage of avoiding the assumption that T has a special “root” vertex
of degree one [1,28]. Such assumption simplifies the orientation a bit, but is not satisfied in many natural
situations. As will be clear later, we will only need to study functions supported in T?}E , which is why we did

not specify what happens on b,. But one could specify that v, from the coherent view becomes (1,0(1) wéz) )
in the twisted view, with w,, )(x) = Yo(x + Lz—") and 1//,,2)()6) '#o(L" —x), forx € [0, %]-
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Flow

Coherent view Twisted view

Fig. 1. The two views of a tree

Given v € V*, z € C, let C;(x) and S;(x) be a basis of solutions of the problem
=y + Wy, = zyry satisfying

C.(0) S;(0)y _ (10
<C§(O) S;(0)> = (o 1) : (1.5)

Then any solution v, of the problem satisfies

Yo(Ly,2)\ _ Y (0, 2) _ [ Cz(Ly) Sz(Ly)
<%(LU’Z)) = M.(v) <%(0’ Z)) where M. (v) = (C;(LU) S;(LU)>' (1.6)

If W, = 0 then the basis of solutions is
S (x) = —F——, C,(x) = cos 4/zx;

if Wy(x) = c1+cacos(2mx/Ly) then S;, C, would be Mathieu functions. It is a standard
fact that S, (x), C,(x) are analytic functions of z € C (see for instance [26, Chapter 1]).

1.2. Trees of finite cone type. We define a cone in T to be a subtree of the form T} or
’]I‘;, for some b € B(T). Each cone ']I‘z has an origin #5, and each cone T; has an end
0p.

We say that two quantum cones T}, and T}, are isomorphic if there is an isomorphism
of combinatorial graphs ¢ : T} — T}, such that Ly) = Ly, Wyp) = W, and
oy(v) = ay for all v € T} Isomorphic T, and T,, are defined the same way.

We say that T is a tree of finite cone type if there exists b, € B(T) such that:

(i) There are finitely many non-isomorphic quantum cones T, asv € T} .
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(ii) There are finitely many non-isomorphic quantum cones T, yasw € T,

Here (#5,)— = op, and (0p,)+ = tp,. Note that in a regular tree, all cones ']I‘}j,E are
isomorphic, but a necessary condition for it to be a quantum tree of finite cone type, is
that its edges and vertices be endowed with finitely many lengths, potentials and coupling
constants.”

If T is a tree of finite cone type, with b, € B(T) fixed, we may introduce a type
function ¢ : ']I‘;;a — Ny = NU{0}, taking values in a finite set, such that £(v) = £(w) iff

T;rv_ ) = T(+w ) a8 quantum trees. Similarly, £ : T, — N satisfies £(v) = £(w) iff
T(v v = T(w W) Note that if £(v) = £(w), then W, = W,,, L, = Ly, and a, = oy,

since the corresponding isomorphism respects this information. Hence, any coherent

quantum tree T of finite cone type comes with the following structure:

(a) A fixed b, € B(T).

(b) Two finite sets of labels AT = {i1,...,im}, A = {Jj1,..., ju} and two matrices

= (M; j)i je+s N = (Nij)i jeu—-Ifv € ’]I‘Jr has type j, it has M ; children
of type k. If w € T, has type j, it has N, x parents of type k.

(c) Finite sets {L; }leg[i {Wi}iea= and {«;};cq+ encoding the lengths, potentials and
coupling constants, respectively. More precisely, b, is endowed a special length L,
and potential W,,. If (v_,v) € T;ﬂ with £(v) = i, then L, = L;, W, = W; and
oy = «;. The same attribution is made if (v, vy) € ’]I‘;o with £(v) =i.

If we take the rwisted view instead, we only need one alphabet 20 = A* U A~ and
one corresponding matrix M = (M; ;); jex.

A trivial example is the equilateral, (¢ + 1)-regular quantum tree, with identical
symmetric potentials W on each edge and identical coupling constant & on each vertex
[12]. In this case, all vertices in T ~ have the same type, and we get two 1 x 1 matrices
M =N =(q).

An important class of examples comes from universal covers of finite undirected
graphs. More precisely, if G is a finite undirected graph and T is its universal cover,
then T is a combinatorial tree satisfying condition (i). If we endow G with a quantum
structure G and lift it to T in the natural way, then the corresponding T will be a quantum
tree of finite cone type.

Quantum trees of finite cone type satisfying (a)—(c) will be our basic, “unperturbed”
trees. We denote the Schrodinger operator (1.2) acting in this setting as .74j. It is self-
adjoint, as a consequence of Theorem 17 in [23]. Later on, we shall study random
perturbations of these trees, and denote the corresponding self-adjoint operator by 2.,
where ¢ is the strength of the disorder.

We make the following assumption on T":

(C1%) For any k,l € ", there is n = n(k, ) such that (M");; > 1. Similarly, for
i, j €U, thereis n = n(, j) with (N"); ; > 1.
See Remark 1.2 below for a discussion of this condition. We may now state a first

theorem, which describes the structure of the spectrum of 7y = 21 on atree T of finite
cone type. We denote by G(x, y) = (4 —2)~ I(x, y) the Green’s function of J%.

2 Also note that it is not required that there are finitely many non-isomorphic quantum trees T(_v_’ V) 88
RS ']I‘Zﬂ . To illustrate this point, consider the binary tree (so each vertex has 3 neighbors except for the special
root x with 2 neighbors), let b, = (*, v), with v either neighbor. Then all cones ']I';; C ?1‘;0 look the same;

they are binary trees. However, the backward cones T, are distinct in each generation, because they “see” the
special root at distinct distances. Despite this, T has finite cone type.
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Theorem 1.1. Let M, N satisfy (C1%). Then the spectrum of &) consists of a disjoint
union of closed intervals and of isolated points: o (76)) = (Ur Ir) U'B, where the I, are
closed intervals, and ‘3 is a discrete set. The spectrum is purely absolutely continuous
in the interior of each band Io,ﬁ. For A € fr, and for any v € T, the limit Gé“o(v, v)
exists and satisfies Im GS“O(U, v) > 0, where Gy is the Green’s function of 7.

Let szfo be the Weyl-Titchmarsh functions of 7 as defined in [1], see (2.2). Let
R)jio = in+i0,0 when the limitexists. Theorem 1.1 implies that Im R)to(v)+lm R;’O(v) >

0 in /,. We will need the stronger property that Im RI’O(U) > 0 for all v. For this, we
introduce the following strengthening of (C1%).

(C1) The quantum tree T is the universal cover of a finite quantum graph G of minimal
degree > 2 which is not a cycle.

Remark 1.2. Condition (C1*) means that on T+ , any cone type [ € A" appears as
offspring of any k € 2* after a finite number of generations and similarly for T_ Itis

not required that cone types in 2™ appear in T+ - we only need the matrices M and N
to be separately irreducible. We can also allow for “rooted” trees where the root o has
degree one. In this case the situation is a bit simpler actually; we only have to deal with
one matrix M. Condition (C1%¥) applies in particular to trees with a “radial periodic”
data, i.e. data that are periodic functions of the distance to the origin (such as some
examples appearing in [28]).

Assumption (C1) implies (C1%*) (see Remark 3.2), and is in fact more restrictive. In
particular, T is “unimodular”, that is, all data is somehow homogeneous as we move
along the tree. This excludes for example the binary tree and more generally radial
periodic trees, where the root plays a special role. However, such unimodular trees are
still very general, they are actually the most interesting for us, and many techniques
(such as a reduction to a half-line model) fail to tackle them. Even in the very simple
case where the base graph G is regular but the edge lengths are not equal, the lifted
structure in general will be neither radial periodic, nor identical around each vertex (in
contrast to [13]).

Note that the case where G is a cycle is already known when the couplings are zero.
In this case J#7 is just a periodic Schrodinger operator on R (of period < |G]), it is
well-known that the spectrum is purely AC in this case [27, Sect. XIII.16].

Theorem 1.2. If T satisfies (C1), then the spectrum of 74 consists of a disjoint union
of closed intervals and of isolated points: o (7)) = (Ur I,) U B, where the I, are
closed intervals, and ‘3 is a discrete set. The spectrum is purely absolutely continuous
in the interior of each band I,. For A € I, the limit RLio,o(v) exists for any v € V and
satisfies Im R;\r’o(v) > 0.

Remark 1.3. In Theorems 1.1 and 1.2, it is not excluded in principle that | J, I, = ¥, i.e.
the spectrum consists of isolated points. We think this never happens for infinite quantum
trees of finite cone type with the §-conditions we consider, i.e. we believe these should
always have some continuous spectrum. We did not find such a result in the literature
however. This is why we dedicate Sect. 4 to prove the following: if T satisfies either:

(1) Assumption (C1) and has a single data (L, o, W) (all edges carry the same length,
coupling and symmetric potential),

(2) Orhas ageneraldata (L., a,,, We)ecE(G), but the finite graph G is moreover Hamil-
tonian,
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then .7t always has some continuous spectrum, i.e. |_J, I, # (). Recall that a finite graph
is Hamiltonian if it has a cycle that visits each vertex exactly once. Note that as a discrete
tree, T may cover many different graphs. We only need one of these finite graphs to be
Hamiltonian. For example, we can consider any regular tree, despite the fact that some
regular graphs (like the Petersen graph) are not Hamiltonian.

In particular, the Cayley tree considered in [13] can be realized as the universal cover
of the complete bipartite graph K3, 2,, which is Hamiltonian. For this, use the fact that
K24 24 has a proper 2g-edge-colouring and put the same length/potential on edges of the
same colour. The lift of this is then a tree which has the same data around each vertex,
and we may take Ly4; = L, W,4; = W, to be in the setting [13]. Then our theorems
imply this tree has nontrivial bands of pure AC spectrum, thus enriching the results of
[13]. Again, this is just one very special application of our framework.

1.3. Random perturbations of trees of finite cone type. Fix a quantum tree T satisfying
(C1). As explained in Remark 3.2, any such tree is a tree of finite cone type. We fix an
edge e € E(T), and see our quantum tree in the twisted view (in which all vertices are
descendent of a vertex o), so as to deal with a single alphabet 2 and a corresponding
matrix M. We denote the lengths and coupling constants of the unperturbed tree T by
(Lg)vev* and (ag)vev. These can also be denoted (L?)ieglu{o} and (Ol?)iegl. We assume
there are no potentials on the edges and the couplings are nonnegative:

W2=0 and «>0. (1.7)

We now want to analyze random perturbations of T. For this purpose, we introduce
a probability space (§2,.#,P), a family of random variables w € £ — (LY)yecy*
representing random lengths, and a family of random variables @ € 2 +— (o))yev
representing random coupling constants. In principle we could also consider random
potentials w € 2 — (W{)ycv+, however here we assume there are no potentials on the
edges even after perturbation. We also assume the perturbed couplings are nonnegative:

W®=0 and o > 0. (1.8)

‘We make the following assumptions on the random perturbation (see Remark 1.1 for
the notation T}):

(P0) The operator 72, is the Laplacian on the edges acting on 5 w22(0, LY), sat-
istying §-conditions with coupling constants («y’),e, Which are assumed to
satisfy

LY € [LS—S,L2+8] and «af € I:O(B—S,Ol8+8].

(P1) Forallv, w € T/, the random variables (%, LY) and («), L%) are independent

if the forward trees of v and w do not intersect, i.e. if ’]ITL » N T;’M w) = @.
(P2) For all v, w € T} that share the same label, the restrictions of the random
variables («¢®, L®) to the isomorphic forward trees of v and w are identically

distributed.

Remark 1.4. Assumptions (P1) and (P2) hold, in particular, for independent identically
distributed random variables (which is the main case we have in mind).
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We shall consider intervals 7 lying in the interior of the unperturbed AC spectrum:

>=U 1, (1.9)

where I, are given in Theorem 1.2.
We will also need to ensure that the various sin (\/)_»Lv) do not vanish. More pre-
cisely, by (P0), the perturbed lengths all lie in j teu{O}[L j,min(€), Lj max(€)], where

L min(e) = L(j). —¢cand L max(e) = L? + ¢. We then assume
INg =9, (1.10)

where the set Z = 2, is a “thickening” of the Dirichlet spectrum, given by

n2n2
- U U[ L% (8 L3 (s)]

JjeAU{o} n=0 Jj,min

This ensures that sin (vAL®), sin (vVALY) # O forany » € I, v € T and .
Recall that the Weyl-Titchmarsh functions R;(v) will be introduced in (2.2). Intro-
duce the following condition:

(Green-s) There is a non-empty open set /1 and some s > O such that for all b € T,

-5
< 0.

Condition (Green-s) implies in particular that the spectrum in /; is purely AC, as long
as it stays away from the Dirichlet spectrum, see “Appendix A.2”. Here (Green-s) refers
to “Green’s function” and the moment value s. In fact, such inverse bounds on the WT
function imply moments bounds on the Green’s function; see Corollary 2.1.

Introduce the following assumptions:

sup  E (’Im R} 11y (o)
rel;,ne(0,1)

(C0) The minimal degree of T is at least 3.
(C2) For each k € 2, there is k” with My j» > 1 such that for any / € 20 My; > 1
implies My ; > 1.

The second assumption ensures that each vertex v € T has at least one child v’ such that
each label found in .4,* can also be found in </va'. See [5] for examples of such trees.

Theorem 1.3. Let T satisfy (C0), (C1), (C2) and (o, L) satisfy (P0), (P1) and (P2), and
be without edge potentials. Let I C X be compact with I N 9 = (. Then for any
s > 1, we may find g9 (1, s) such that (Green-s) holds on I for any ¢ < &y. In particular,
o (J€1°) has purely absolutely continuous spectrum almost-surely in I.

The “in particular” part is due to Theorem A.1.

In the above theorem, the disorder window &o(/, s) depends on the value of the
moment s. We can actually obtain a disorder window valid uniformly for all s, but at the
price of assuming some regularity on the §-potential:

(P3) Foranyv € T, £(v) = j, j € 2, the distribution v; of a; is Holder continuous:
there exist C,, > 0 and 8 € (0, 1] such that for any bounded / C R,

maxv;([) <C, - |I|ﬂ.
jeA
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This holds e.g. if the v; are absolutely continuous with a bounded density (then 8 = 1).

Theorem 1.4. Suppose in addition to the assumptions of Theorem 1.3 that (P3) is sat-
isfied. Then there exists eo(I) such that for any ¢ < gy and any s > 1, (Green-s) holds
onl.

We finally mention that assumptions (1.7)—(1.8) in the last two theorems come from

R} (0p)
Z

our choice to work with the quantity in the proof, as it behaves quite nicely with

respect to Cayley transforms and transmission from edge to edge. The sign assumption

R? (0p)
Z

o > 0 (and where relevant W, > 0) ensures that Im > 0 when Im z > 0 (see the

proof of Lemma 2.3 in “Appendix A.1”) This “Herglotz;’ property is a necessary input
for our proof.

2. Green’s Function on Quantum Trees

The aim of this section is to derive quantum analogs for the well-known recursive
formulas of the Green’s function on combinatorial trees. These identities will play a key
role in the spectral analysis of the quantum tree, and may be of independent interest. In
fact, we shall also need them when studying quantum ergodicity in [6]. Some of these
identities appeared before in [1].

In all this section, we fix aquantum tree T, and denote by Wé’azx (T) the setof v = (Yry)
such that ¥, € W22(0, L,), > ||1/fv||%;vz.2 < o0.

If b € B(T), we write, as in Sect. 1.1, T} for the connected component of T\ {e(b)}
containing 7, and T, for the component of T\{e(b)} containing o, where T\{e(b)} is
the combinatorial tree T to which we removed the edge corresponding to b.

If x = (b,xp) € 7, we define a quantum tree T} by T} = [x;, 1] U T}. More
precisely, add a vertex v, at x, let V(T}) = V(T}) U {vy}, E(T}) = E(T}) U {vx, 1},
L.ty = Lo — xb, W) = Wo)lLy—xs,1,1>» @, = 0, and the lengths, potentials
and coupling constants be the same as those of T} on the rest of the edges. In a similar
fashion, we define T, = T, U [0p, x5].

Letu = (b, up) € 7.By [1, Theorem 2.1], which remains true in our context, if we
define jfjﬂa" on ﬁui to be the Schrodinger operator —A + W with domain D(%rr‘iax),

the set of ¢ € Wr%{azx(Tui) satisfying é-conditions on inner vertices of T,f, then for
any z € C* := H := {z € C : Imz > 0}, there are unique z-eigenfunctions VZJTM €
D(Jﬁr?a"), U, € D(e%”T‘z_la") satisfying U_., (n) = V;u (u) = 1. Complex eigenvalues
exist because %rﬂax is not self-adjoint, as there are no domain conditions at u.
u
Note that, by uniqueness, if v, v’ € .7 withv € 7, ,thenon 7, the functions U,
and U, must be proportional. Similarly, V;o and V;O, must be proportional on 7" if

o € 7. Therefore, the quantity introduced in (2.1) below is independent of the choice
of 0 and v.

Lemma 2.1. Let z € C*. The resolvent (A1 — z)~' of #4 is an integral operator with
kernel G*(x, y) defined as follows. Givenx,y € 7, fixo, vsuchthatx,y € ;' N7 .
Then

UL V2,0

ifyeJr,
GZ _ %,o(}’) X
(-x7 Y) U; (},)V: ()C) . _ (21)
v z0 lfy c 2 ,

%){o )
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where W}, (x) is the Wronskian
Wiy (x) = VUL () — (V) ()US, () .

Versions of this lemma previously appeared in [1, Lemma A.2] and [17, Lemma D.15].
We give the proof in “Appendix A” for completeness.

Since foreach z € C*, G* satisfies the §-boundary conditions in each of its arguments,
we deduce that, whenever o, = 0,y = v, we have G*((b,0),-) = G*((V',0), -) and
G%(-, (b,0)) = G*(-, (b',0)). These quantities will therefore be denoted by G*(v, -)
and G*(-, v) respectively.

As in [1], we define the Weyl-Titchmarch (WT) functions (which are analogous to
Dirichlet-to-Neumann functions) for x € .7 by

(VF,) (x) U)W
— 27 " and R (x) = —2Y _~.

R (x) =
2 () Vi, (x) U_,x)

2.2)

Note that we take here the coherent point of view, which is why there is a negative sign
in the definition of R (x).
Given an oriented edge b = (0p, tp), we define

_ G*(op, 1)
~ G%(op.0p)

¢*(b) (2.3)

Remark 2.1. If a < inf o (J¢1), then ¢%(b) is well-defined on C\(a, 00), i.e. the de-
nominator does not vanish, as follows from (2.1) and the proof of [1, Theorem 2.1(ii)].
The proof also shows that z — ¢#(b) is holomorphic on C\ (a, co) and real-valued on
(—00, al.

In the case of combinatorial trees, {*(b) coincides with what was denoted ¢, (7p) in

G (0p1p) _
G*(op,0p)

[3]. In fact, by the multiplicative property of the Green function, we have

G*(0p,0p)¢5, (1)
G<(0p,0p) = C(f,, (p).

In the case that T is the (¢ + 1)-regular tree with equilateral edges, with identical
coupling constants and potentials, then ¢*(b) is the quantity ™ (z) in [12], and is in-
dependent of b. Moreover, the limit £~ (1) = lim; o u~ (A +1in) exists in this case,
provided that X is not in the Dirichlet spectrum, i.e., that sin(AL) # 0.

Finally, for the quantum Cayley graphs of [ 13], the % (b) coincide with the multipliers

Wm (z). Hence, there are finitely many distinct £%(b). Moreover, in this setting, ¢ (l;) =
¢*(b), and ¢*(gb) = ¢*(b), where g is an element of the group acting on the graph.

Given an oriented edge b, we will denote by .4,* the set of outgoing edges from b,

i.e. the set of b’ with o = 1}, and b’ # b.

Lemma 2.2. Let z € C*. We have the following relations between {* and the WT
functions RZi :

¢ (b) = C.(Lp) + RF(0)S:(Lp) . &5(b) = SL(Lp) + RZ (1)Sz(Lp),  (2.4)
SI(Lp) 1 _ C:(Lp)

- 3 RZ (Ob) = - A
S:(Lp)  Sz(Lp)¢=(b) S:(Lp)  S.(Lp)c=(b)

RI(1p) =
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Moreover,
1 (bt C,(Lp+ S/(L
“)S.(Ly) Sg (L L= SZ(Lb)+SZ(Lh)+at”’ 2.6)
¢2(b)S:(Lp) bre 2(Lp+) bre 2(Lp+) 2(Lp)
. S.(L by G*(op,
_é-Z(b) — Z( b) , é- ( ) — (Ob Ob) i (27)
¢2(b) G*(1p, 1p) ¢:(b) Gy, 1p)
and
C,(Lp+ S/(L 04 1
3 Gl Sy s SO oy
L Sz(Lpt)  Sz(Lp) — S:(Ly)  G*(tp, tp)
b+€'/Vb 1y ~1p
where b’ = (tp, tyy). Given a non-backtracking path by, .. ., by (that is to say, op,,, = ty,
and ty,,, # op, foralli € {1, ...,k — 1}), we have the multiplicative property

G0y ty) = G¥(0p,, 05 )% (b1) - -+ 3 (bk) = G¥(t,., th )% (B1) - - ¢ (by) . (2.9)
Finally, for any path by, . . ., by, we have
G*(op,, ty,) = G*(tp,, 0p,) - (2.10)

Vi) Wi, (op)
z = Lo  , _vo 77
Proof. By (2.1), {*(b) = GRS R
checked by differentiating it. Moreover, since V;_' ,(xp) is a z-eigenfunction on b, we have
VI () = Co(Lp)VE (0b) + S:(Lp)(VE,)) (0p). Hence, we have as claimed ¢*(b) =

But the Wronskian is constant on b, as

~ z U_. .
Ca(Lp) + RY (00)S:(Lp). Next, ¢7(b) = Zle-o) = - ((Z’)) again by constancy of %,

on b. Writing (1.6) in the form
V(op, )\ _ (V) _ ( Si(Lp) —S:(Lp)\ (V)
(W(oh,z)) = M.®) (Wm) = (—c;(Lh) C(Lp) ) (w%m) - @10
we get U (0p) = SL(Lp)U_ (tp) — S:(Lp)(U_ ) (1), s0 ¢3(b) = S.(Lp) + R (1)S-
(Lp) as claimed.
Next, VX, (vp) = VI, (0p)Cz(yp) + (V) (05) Sz (¥p), s0

RY(0p)S;(Lp) + C2(Lyp)

Rt = R 00 S.(Ly) + ColLy)

. 2(b)—C.(L
Using RY (0p) = W, we get

¢5(b)SL(Lp) — C,(Lp)S.(Lp) + CL(Lp)S.(Lp)
£2(b) S (Lp) '
The first part of (2.5) follows by the Wronskian identity C (x)S.(x) — C(x)S;(x) = 1.
For the second part, by (2.11),
—(U;U)/(Ob) B Cé(Lb)Uz_;v(tb) — Cz(Lb)(UZ_;U)/(tb)
U..,(op) SLLp U, (ty) — S (Lp)(U_. ) (1)

R} (tp) =

R; (0p) =
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_ C:Lp)R (1) + Cl(Lyp)
S.(Lp)R; (tp) + SL(Lp)

The claim now follows as before using (2.4).
Since V;T R satisfies the §-conditions, we have

S’ (Lp) 1
R} (op+) = R (tp) + oy, = = — oy, (2.12)
b+2+ ‘ ‘ "USLy) SLpeEd) "
e,
Recalling (2.4), this proves (2.6).
By (2.1),
L W) WU W) (VA @)
G*(tp, tp) U_, () V;;O(t;,) U_, @) szo(tb) ’
SO
! = —(RF(tp) + R- (1)) (2.13)
Gt 1) e e '
SL(Lp) 1 ey _ SB)=SL(Ly)
We have R} (1) = sz<Li) ~ suwpem and RE (1) = Tb)” by (2.4) and (2.5).
Hence,
~1 ‘(b
R (19) + R (1) = RO 2.14)
S:(Lp)s2(b)  S:(Lp)
proving the first part of (2.7).
For the second part, we sh?wed that G%(ftf,bt;),) — 1—;;&121)52@) , so replacing b by b we
S:(Lp)  _ 1=3(B)EE (D) ¢*) _ G(0p,0p)
deduce that Cop.on = 6 280 =y = Garn)
It follows from (2.13) and (2.14) that
1 RSO
¢3S (L) Si(Lp) Gt 1)
Inserting this expression in (2.6), we obtain (2.8).
As previously observed, the Wronskian is constant on each b, so ¢ Z(l;) = (L]/f(((;j)) .

Hence,
U_., () VE, () U, (vo) U )
Wiowr)  U_ (v1) U, (v)
_ U_., o)V, (vk)
sz,o(vk)

G* (tpy . 1y,)
G*(0py,0p;)

G (tpy, th )% (b1) - - £ (by) =
= GZ(Obl , tbk)'

By (2.7), ¢%(b1) - - ¢3(bx) = &5 (b1) - -~ 5 (by) -
Finally, it follows from (2.9) that

G (tn,, 0p,) = G (ty, th )5 (br) - - - £7(b1) = G (0py, 1)

, proving the other equality.
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For the following lemma, fix 0, v € V and consider the WT functions (2.2). Assume
thatoy, 1, € V(TF)NV(T,), thatistosay, thatb € B(T}) andb € B(T;). LetTJr cT
and T,, C T, be the subtrees starting at o5 and fp,, respectively. Let Gsz (x, y) be the
Green kernel of the §-problem on T;, . This means the usual §-conditions atv € V (T}, ),
with «,, = 0. Similarly, GT; (x, y) is the Green kernel of the §-problem on Tz_b~

We will need the notion of Herglotz functions [14] throughout the paper. A Herglotz
function (a.k.a. Nevanlinna function or Pick function) is an analytic function from C*
to C*. Herglotz functions form a positive cone: if fi, f> are Herglotz and ay, a are
positive constants, then aj f1 +az f> is Herglotz. Composition of two Herglotz functions
is again a Herglotz function. The functions z + /z and z — —1/z for example are
Herglotz.

Every Herglotz function f has a canonical representation [14, Theorem ILI] of the
form

f(z):Az+B+/<L— ! )dm(t), 2.15)
R

t—z 1412
where A and B are constants and m is a Borel measure satisfying fR(l +12)~ldm < oo,

Lemma 2.3. Let b € T and z € C*. Let 0,v € V be such that b € T and b € Tj.
Then we may express
R (0p) = v R (1) = -t (2.16)
<= GE (ons 0p) ST G ) '
% 1

where GZTi (v, v) are defined with the Neumann condition at v.
v

The functions F(z) = R;(ob), R (tp) and G*(v, v) are Herglotz functions. If all
Wy > 0and ay > 0, then F(z) = R{j;”), R;'”

Moreover, we have the following “current” relations:

are also Herglotz.

3 ImR;(olﬁ)g% and Y ImRI (1) < Im R, (Z’).
iy ¢2(0)] My 122(b)|
2.17)

Equality holds in both cases if Im z = 0, whenever defined.

Most statements of this lemma appear in [1]. We give the proof in “Appendix A” for

completeness. We also deduce that — 5 Eib ; and S;(Lp)%(b) € C*, see Remark A.2.

The following corollary says that the inverse moments of the i imaginary part of the
WT functions essentially control all relevant spectral quantities on the tree:

Corollary 2.1. Let I C R be compact, | N 9 = @, and z € C*. Fix cy, ¢3, ¢3 > 0 such
that for all z € 1 +1[0, 1], Lp € [Lmin, Lmax],

c1 = ISz (Lp)l <c2 and  |Co(Lp)| < c3. (2.18)
Then for any p > 1, and b € T,

G (0. 0p)|” < |ImRF(0p)| 77, 17B)P < ;" Y |Im RE ()| 77
bre Mt
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and

I _
IRF(op)|” < e P2P7 L ey ” Y [Im RY (0p) |77 + ¢}
brem*

Also note that R (1) = R;(og) + W using (2.4), s0° up to choosing ¢4 > 0

with |S; (Lp)| < c4, a control over all R;(ob), b € T, implies a control over all R ().

Proof. We have by (2.13), |G(0p, 0p)|” = |R} (o) + R (0p)| ™7 < |Im R} (0p)| 7.
By (2.12),

- - SI(Lp) -p
EOI = IS LEBI < 6 |, + = Y REop)
Se(Lp) i
“'b
_ S’(L —-p
<c p‘Im (oelb + (L) _ Z R;(%*))‘
Sy
“'b
— —-P —
=" Y mRIep) = m R o)l
brem*

where we used that — ;EZ; and R} (o.) are Herglotz in the last line, with b* € ;"

arbitrary. Hence,
§5(b) — C(Lp)|P
Sz(Lb)

= ;7207 (e m RE (0p0)] 77 +F)

|RZ ()| =

< 2PN B)P + cf)

3. AC Spectrum for the Unperturbed Tree

The aim of this section is to prove Theorems 1.1 and 1.2.
Let T be a quantum tree of finite cone type, with the structure described in Sect. 1.2.
Given (v_,v) € B(TZU), we denote

() = G*(v_,v)
¢ = G*(v_,v_)

This notation is simply analogous to the one introduced in Sect. 1.1.2, and does not mean
that ¢* is a function of the terminus alone. It simply means that each discrete edge in
’]I‘;:a can be specified by indicating the terminus alone. We also let £*(,,) = £%(b,).

Denote g“]? = {%(v) if £(v) = j. Then (2.6) says that for each j € 2*,

1 m m

& Co(Ly) | SiLy)
M; =N M 2Ry 3.1
2 Mgy = 2 Mgy gyt G

— +
é';Sz(Lj)

3 1f Wy, is symmetric, i.e. Wy, (Lp — xp) = W (xp), then S;(Lp) = Cz(Lp), s0 R (tp) = RY (0p).
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The matrix elements M ; were defined in Sect. 1.2(b). The system (3.1) is reminiscent
of the finite system of equations that appears in the combinatorial case [5,19] for ¢ jz =
¢% (v). In order to put it in a nicer form, we denote h; = S, (L ;)¢ ]z Then we get the
following system of polynomial equations:

=

c.(L S'(L7)
where Fj(z) = aj+ Y 1y Mjk S, ((Lf)) + S;(L;)'

An analogous system of equations involving the matrix N = (N; ;) arises when

hkh —Fj@hj+1=0, j=1,....m (3.2)

considering cones in T;o. We restrict ourselves to the above system; the other one is
analyzed similarly.

We mention that a similar system of equations in a more special framework appeared
recently in [13, Eq. (4.8)]. In this case, one has M; ; = 1 for each j and M; ; = 2 for
k#j.

Our aim in the following is to control the values of ;Mm

as n | 0. For the models
[12,13], the ¢¥ ; are uniformly bounded. The following 51mple criterion gives a sufficient

condition for this to happen. Note the condition M ; > 0 below implies that each vertex
of label j has at least one offspring of its own type. Later we will relax that restriction.

Lemma 3. 1 Suppose M ; > O for some j. Then |§;| < 1 for any z € C\R. In fact,
6517 < 37

This lemma parallels the combinatorial case [19, Lemma 3], see [13, Lemma 3.9] for a
special case.

Proof. Letz € C* and b with £(t,) = j. Then (2.17) becomes Y ;" ; M Im R} (k) <
Im R? (j)

1£51%
7212 Im R} (j) 1
0, as seen from the proof of (2.17). Thus, |§j| <M, mRG) = M
The case Im z < 0 can be adapted without difficulty, in this case Im R} (o) should

be replaced by | Im R} (o.)| in (2.17). O

, where RY (k) :== R} (o0.) if £(t.) = k. The inequality is actually strict if Im z >

The lemma implies in particular that |§)‘+IO| = —— forany A € R.

There are many models of interest for which the condition of Lemma 3.1 is not
satistfied, so we next consider the general case. Now the limit {“‘0 may no longer exist,

but we aim to show this problem can only occur on a discrete subset of R.

Proposition 3.1. There is a discrete set ® C R such that, for all j = 1,...,m, the
solutions hj(A +in) = S;\+i,7(Lj)§;“+m of (3.2) have a finite limit as n | 0 for all
A € R\®D. The map A — SA(Lj)g‘j).‘*iO is continuous on R\D, and there is a discrete set
D' such that it is analytic on R\(D U D).

Proof. We follow the strategy in [5, Sect. 4]. The aim is essentially to decouple the

system (3.2) and show that each & satisfies an algebraic equation Q ;(h ;) = 0. For this,
we will use an algebraic tool from [24].
< hyhj — Fij(z)hj + 1. Clearly,

Let 1o € R, and let Pj(hy, ..., hy) = > 4 SZ(Lk)
Pj € K[hy,..., hy], where K = Jiﬁo is the field of functions f(z) possessing a
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convergent Laurent series f(z) = Z?o:_n o 4j (20)(z — Ao)/ in some neighbourhood
Ny, C Cof A.

Let K' = _#,, be the field of functions f which are meromorphic on N;, N C* for
some neighbourhood Ny, of Ag. Then K is an extension of K, and we know that S. (L ;)¢ ]Z

belongs to K’ (see Remark 2.1) and satisfy P;(S;¢7, ..., S:¢5) = 0. Calculating the
Jacobian (%(h)), we find
M; .
P _ s2<’L’k‘>h‘ k#J

M;.
ahk Zl 1 SZ(L()h€+ SZ(L) F (Z) k_.]

oP;
Jé=det | 2L
) (ahk>

We will show that z — J< is not the zero element of K'. For this, we first study the
asymptotics of J? as z — —oo0.

Let

h=S8.(Lx)¢f

Take z = —r? with r > 0 large. We remark that
C_.(L S" (L)
im 2D g m =2 (3.3)
r—oorS_ (L) r—o00orS_.2(Lg)

This follows from classical estimates [26, Chapter 1]. In fact,

sinirL sinhr L . ,
S_2 (L)~ = C_,2(L) = cosirL =coshrL ~ §_ ,(L).

More precisely, we write

C_2(L)  coshrL+R(r, L)
_2(L)  sinhrL+rR'(r, L)’

where R(r, L) = C_,2(L) — coshrL and R'(r, L) = S_,2(L) — $2L By [26, p. 13],
rR'(r,L) R(r,L)

ST i — 0asr — oo. Since coshrl _, 1 (3.3) follows Hence,

— Oand sinhrL

Fj(—rz)N(Xj+r+erMj,k~er asr — o0. (3.4)

On the other hand, since 4 is Herglotz (see Remark A.2), it has a representation of the
form (2.15).If tp = inf o (J7), we also know from Remark 2.1 that . ; (1) is well-defined
and real-valued for A < #g. By [32, Theorem 3.23], the measure m is thus supported on
[70, 00). Hence, for large r (say 2> —tp+ 1),

1 — 2t dm(r)
t+r2 1412

hj(—r*) = —Ar*+B +/

Iy

where we used that i -(—r2) =lim,0h; (—r? +in) and dominated convergence (recall
that 424

is a finite measure). Thus,

hj<—r2>__A_£+/°°‘—%z dm(1)
2 2, tHr? 1412

—r r
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Using dominated convergence again, we see that / (—r?)/(=r?) - Aasr — oo. This

implies that
. 2
P ote ey = 0,
S,rz(Lk)

Therefore, recalling that the C; were defined in (3.4), we find that as » — oo,

—Cir+0(e ") O(e"L2) o 0(e"Lm)
Py OE™)  —Cr+0@E) - 0™
J7' =det . . . .
Ot O@E™™2) o =Cpr+0(@"tm)

Hence, J”2 ~ (=D)"Cy---Cpr™ = Cr™ # 0 for r large enough. Since z — J* is
holomorphic on C\[ag, 00), it follows that it cannot vanish identically on any neigh-
bourhood N, N C*. Hence, J* is not the zero element of K.

It follows by [24, Proposition VIII.5.3] that each S;¢ ]Z is algebraic over K. By the
Newton-Puiseux theorem (see e.g. [29, Theorem 3.5.2]), each £ thus has an expansion
of the form

hj@) =Y an(z—20)"" (3.5)

n>=m

in some neighbourhood N, of Ag. Here m € Z, d € N, and the entire series ), a,z"
has a positive radius of convergence. In particular, z +—> Szg“]? is analytic near any

A € Njy,\{ro}. The set ® corresponds to those Ag for which m < 0 in the Newton-

Puiseux expansion at Ao, and the set D’ corresponds to those Ag for which d > 1.
Since, for any Ao, the map z — h(z) is analytic in Ny, \{Ao}, we see that, for any

Ao, we have (’D U ’D’) N (NAO\{)»o}) = (J. Therefore, the sets © and ®’ are discrete. O

Our next aim is to show that all WT functions have a positive imaginary part on most
of the spectrum.
Let op be the union of the Dirichlet spectra:

m
op = JIreR:Su(L)) =0}.
j=1
We would like to index the WT functions by vertices, but the notation R+(v) is a bit

ambiguous since R} (#5) # R (op+) even if t, = op+ = v. So we take the convention
that

RF(op) ifb=(v_,v) €T},

RE() :=
SO = N REG) b = (0,0 € T,

(3.6)

Here (tp,)— = op, and (0p,)+ = tp,. This keeps with the convention of Sect. 1.1.2 of
indexing functions v (b) by their terminus* on Tgﬂ and their origin on T;ﬁ

4 The notation is probably a bit awkward since for v € 'H‘Za, v is the terminus of b yet R?E(v) = Rzi (0p).-

We stress however that Rg: is not a function of the vertex op, alone but depends on the whole directed edge b,
so it should really be read as a function v (b), which we index by the terminus.
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As there are finitely many types of ¢*(b) for b = (v_, v) € B(T;ﬂ), we see by (2.4)
there are finitely many types of R;(ob) (this may not be true for R (0p) for such b).
We denote R (j) := R¥(op) if b = (v_,v) € "JI‘ZO and £(v) = j € A*. Similarly, we
denote R (k) = R, (tp) if b = (v, v4) € ’JI‘;O and L(v) =k e A~

By some abuse of notation, we assume the discrete sets D, D’ of Proposition 3.1 are
the same for the system analogous to (3.2) which involves the matrix (N; ;).

Remark 3.1. Denote RkjE = Rit+i0' Then the limits R} (j) exist for A € R\(D U op)
and j € A*. This follows from Proposition 3.1 and (2.4), which implies that R} (j) =
¢} —Ca(L))
S3(Lj)
It follows that Rki(v) existforv € {op,, tp,} and A ¢ DUop. Infact, M b,) = %
for some j, € 2A*, which exists by Proposition 3.1, so RI (op,) exists by (2.4). Similarly

. Similarly, the limits R, (k) exist for k € 2.

the result for the (V;;) system implies the existence of ;’\(I;o) and R, (tp,). Finally if
1p, has type j, € A, then RS (tp,) = Y jy M, k Ry (k) — ay,, by (2.12), which exists
by the previous paragraph. Similarly R (0p,) = > j_; N ik Ry (k) + oy, exists.

Proposition 3.1 tells us moreover that Ririo(v) are analytic on R\(® U D’ U op).
In particular, their zeroes do not accumulate. Hence, there is a discrete set ®” such that
Rf(w) + R; (v) #0fori e R\(®UD' UD"Uop) and v € {0p,, 1,}. We therefore
define

Do:=DUD'UD"Uop.

We may actually generalize the result of Remark 3.1 as follows.

Lemma 3.2.(a) If A ¢ © U op, then Rit(ob) exists for all b = (v_,v) € ']I‘;;o and
Ric(th) exists for all b = (w, wy) € ']I‘;n.
(b) If moreover A ¢ Dy, then G* (v, v) exists for any v € T, and G*(v, v) # 0.

Proof. By symmetry it suffices to prove (a) for T} . Consider b = (v—,v) € T} .
We already know that RI(ob) = RI( J) exists from Remark 3.1. Next, we show by

1 : : 1
TOS Iy S finite. Note that we already know RG]

(2.5). So consider any oriented edge b = (13, v). Applying (2.6) to b instead of b, we may
express in terms of some C;, S, functions, plus ¢*(0) for b’ € Ji%*. One of

induction that is finite by

1
2 (B)S. (Ly)
themis £*(b, ), whose limit on the real axis exists from Remark 3.1. The rest are precisely
those with b’ € J@”\{b}, which also exist by Proposition 3.1. Thus, m exists

for any b = (#,, v). By induction we get existence for any (v—, v) € T;ﬂ. It follows
from (2.5) that R; (o) exists for all such b = (v_, v) € TZO.

(b) By Remark 3.1, R;f(v) + R, (v) # 0forv = op,, tp,. Using (2.13), this implies
G*(v, v) exists. We now observe that

G¥(Vs, U4) = So(Ly) & (v, v4) + &5 (v, 04)*G¥ (v, V) . (3.7
In fact, by (2.7),

gz(v» v4)
—GZ
£ (vy, v)

Sz (Ly)

G*(vy, vy) = GZ(v. v)

(. 0) = (@ v+ )&E @, G v, v)
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as claimed. Using Proposition 3.1, we thus deduce the existence of G*(w, w) for all
w e ’]I‘Zo. Similarly the existence of w € ’JI’;O follows from the analog of Proposition 3.1

with the (N; ;) system. Finally using (2.13) we see that (a) implies G*(v,v) #0. O
We now observe that under (C1%), all the WT functions are related as follows:
Lemma 3.3. Suppose T satisfies (C1*) and let & € R\(® U op).

((1; II{Im RAXIO(]H)RE)Ofor some j € AL, then Im Riio(j) =0forall j € AT
ii) Assume A € 0-
IfIm R} ;o (j) = O for some j € A* and Im R, (k) = 0 for some k € A~, then
Im G**0(v, v) = 0 and Im R;iio(v) =O0forallv eT.
The same conclusion holds if Im G**%(w, w) = 0 for some w € T.
(>iii) For any v € T, we have

o (H)\Do = {» € R\Dp : Im G*0(v, v) > 0\ Dy .
Proof. We first note that ¢ JA # 0, due to the relation
o= 5 hj | _I/SA(L')
WL S SZ(L shi = Fj(3)

and the fact that the Ay are finite.

Suppose that Im R} (k) > O for some k € A* and let [ € A*. Then by (C1%),
(M™)1x = 1, so if v has label / and w has label k, there is a path (uo, ..., u,) with
uy =vand u, = w.Denote b; = (u;_1, u;). Then applying (2.17) repeatedly,

Im R} (1) =Im R (0p,) = Y [¢*(e1) -+~ ¢*(e,1)* Im R} (0c,)
(e2:er)
A A 2 +
= 157(b1) -+ §7(br—1)|” Im R} (05,) > 0,
where the sum runs over all (r — 1)-paths (e3; e,) outgoing from by, and the last inequality

holds because Im R} (05,) = Im R} (k) > O and all £} # 0.

Sounder (C1¥),if Im R} (j) > Oforsome j € A", thenIm R} (k) > Oforallk € A,
So if Im R} (j) = 0 for some j € 2™, then it must be zero for all j € A*.

The proof for R, ;, is the same.

For (ii), say 1, has type j,. Since R} (tp,) = > j Mj, xR} (k) — oy, by (2.12),
we get Im R (1,) = 0 by (i). Using (2.5), this implies Im ¢*(b,) = 0, which by
(2.4) implies that Im R (0p,) = 0. Similarly, if 05, has type j, then R; (0p,) =
22:1 Nj kR, (k) + g, , so Im R, (0p,) = 0 by (i), also implying Im R, (t,) = 0
via (2.5), (2.4). Now R} (v) + R; (v) # 0 for v = op,, tp,. Using (2.13), this implies
G’ (v, v) exists, and Im G* (v, v) = 0 for v = 0p,, tp,. Since Im G)‘(tbo, tp,) = 0 and
Im ¢*(tp,, v4) = Im;‘A = 0, then using (3.7), we get Im G*(vy, v;) = O for any
v € JV so Im G)”(w w) =0forall w e T+ by induction. Similarly, we may use
Im G* (Ob,,, op,) = 0 along with (2.7) to deduce that Im G*(v,v) = 0forallv € T, b,
This proves claim (ii) for the Green function.

Next, if v € ']I‘;]'n, we know that Im R} (v) = Im R} (j) = 0. By Lemma 3.2 G*(v,v)
exists, and we showed Im G*(v, v) = 0. Using (2.13), it follows that Im R, (v) = 0.
Hence, Im R/\ﬂE (v) =0forv e ']I‘Zo. The claim for ']I‘;a follows similarly.
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Now suppose that Im G*(w, w) = 0 for some w € T. By symmetry we may as-
sume w € ’JT;;D. Recall that G*(v, v), R)jf(v) exist by Lemma 3.2. By (2.13), we get
Im R (w) = Im R, (w) = 0.Consider w, € .4,;. By Proposition3.1, M (w, wy) exists,
so using (2.4), we get Im ¢*(w, w,) = 0, hence Im G*(w,, w;) = 0. On the other hand
Im R} (w) = 0 implies Im R} (w_) = 0 by (i), so we similarly get Im Hw_,w) =0
and Im G*(w_, w_) = 0. This shows that Im G*(v, v) = 0 for all v € T} and also
for v = op,, since by definition (3.6), Im R} (0p,) =: Im R} (j,) = 0 for v = 1, if
(ty,) = jo.Nowifu € </V0b_ , then as in (3.7) we have G* (u, u) = S,\(LL,);**(O;,U, u)+
¢*(op,, u)>G*(0p,, 0p,), butIm R} (0p,) = O implies we have Zb_e%f Im R} (t,-) =
Im R, (0p,) = 0,s0Im R, (,-) = 0 foreach b™, so Im R, (k) = O for all k € 2~ by
(i) and we deduce again that Im G*(u, u) = 0 for u € Ji{,;, hence for all u € ']T;o by
induction.

Finally, to prove (iii), recall that if E y; is the projection-valued measure E ;4 (J) =
xJ (74), then o () = supp E s4. Moreover, E y;(J) = 0 if and only if 1 r(J) = 0
for all f € LZ(T), where 1 (J) = (f, xs (%) f). By [32, Lemma 3.13], we know
that supp uy = {A € R: Im(f, G* f) > 0}. Since Dy is a discrete set, we deduce that
supp 1 \Do = {1 € R\Dg : Im(f, G* f) > 0}\Dp.

Let 4o € R\Dg and suppose there is & such that Im G* (v, v) = 0 for all [ :=
(A0 — &, Ao +¢&). Then Im R}~ (w) = O for all w by (ii), so Im(f, G)‘f) = O for any f by
Lemma A.1. Thus, u ¢(1) = Oforall f € L2(T), 0 E y; (1) = O and thus Ao ¢ o ().

Conversely, fix A € R\®g and v € T. If Im G*(v,v) > 0, then Im Rj{(v) > 0 or
Im R, (v) > 0, say the former holds and letv = o,. Thenby Lemma A.1, Im(, G'f) >
0 for f = ¢,_,, since g;;E()L) > ¢ll¢y., I > 0. In fact, p;- Il = 0 would imply

C).(x) = R, (0¢)Sx(x) forall x € e, contradicting the fact that C, and S, are linearly in-

dependent. We thus showed that {A € R\Dy : Im G*(v, v) > 0}\Dg < supp m\Do C
o (H)\Do. O

Lemma 3.4. If T satisfies (CI%*), then:
(i) For any j € A*, k € A~, the map o ()\Dg 3 A — Im R} ,,(j) +Im R, (k)

A+
has a discrete set of zeroes. The same holds for o (F)\Dg > A — Im G*0(v, v),
foranyv e T.
(ii) o (J€) is a union of closed intervals and isolated points, | J, I, U B. The limits
G0 (v, v) exist in the interior I and satisfy Im G*(v, v) > 0, for any v € T.

(iii) The spectrum of Hr is purely absolutely continuous in any compact subset K C I..

Proof. We know that f(A) = R} (j) + R;_ (k) is analytic on R\Dy, so if Im f (1) =0
forsome Ag ¢ Do, wemay expandIm f(A) =), .o ba(A—2o)" ford € (Ag—e, Ao+é),
where b,, = Im a,, and (a,) are the coefficients for f(1). Suppose Ag € o (7)\Dy. If all
b, = 0 then Im f is identically zero on (Ao — &, Ao +¢). In view of Lemma 3.3 (ii)—(iii),
this contradicts that Ay € o (). Hence let k be the smallest index with by # 0. Then
Im f(A) = (A —210)*g(1), where g(A) = 3, o bu+k (A — 10)". Clearly g(h0) = by # 0
and g is continuous, so we may find ¢’ < & such that both (A — A¢)¥ and g () are nonzero
on (Ao — &', Ao + &)\ {Xo}. This shows that A¢ is an isolated zero of Im f, as required.

This proves the first part of (i). For the second part, suppose Im G* (w, w) = 0 for
some w € T. By Lemma 3.3, this implies Im R (j) +Im R; (k) = 0. Hence, A must lie
in the preceding discrete set of zeroes.
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For (ii), recall that o (J4)\Do = {A € R\Dp : Im G*(v, v) > 0}\Dy, again by
Lemma 3.3. By Proposition 3.1 and (2.4), we know A +— R; (v) is continuous, so
R\®g > A — G*(v, v) is continuous by (2.13). Hence, {» € R\Dy : Im G*(v, v) > 0}
is a union of intervals (_J, J» which is independent of v by Lemma 3.3. We take I, as the
closure of J. and 5 = o (H) N Dy.

Finally, if K is a compact subset of I, we know that G*(v, v) is uniformly bounded,
and the same holds for Rf(v). In particular, if v = o, and ¥ is supported in e, we get
using respresentation (A.2) along with (2.13) that sup, . [{(¥, G’\lﬁ)l < oo. The claim
follows by the density of the linear span of such ¢v. O

This completes the proof of Theorem 1.1. We next move to Theorem 1.2.

Remark 3.2. Condition (C1) implies (C1%). In fact, as remarked in [5], all cone types are
indexed by the directed edges of the finite graph G. If we consider the universal cover
T rooted at the midpoint o of some b, € B(G) (here o is not viewed as an added vertex,
just a reference point), this means that the type of each vertex v € T is determined by
a directed edge, so there are at most |B(G)| types. By [25, Lemma 3.1], we know the
non-backtracking matrix of B(G) is irreducible. This implies that if T is considered
in the rwisted view, and if M is the single matrix over some alphabet 2 encoding all
cone types, then M satisfies: for any k, [ € 2, there is n(k, [) such that (M");; > 1. In
particular, (C1%) holds if we take the matrices M, N encoding the types in ']I‘Zn and T, ,
respectively.

Proof of Theorem 1.2. Since (C1) implies (C1%), we already know that o (7)) has the
structure given in Theorem 1.1. Let A € I be in the interior of an AC band.

Within the twisted view, all vertices are offspring of o and we deal with the single,
combined alphabet (. Under the stronger assumption (C1), we know the larger matrix
M is irreducible. Consequently, if we suppose that Im R} ,;,(j) = O for some j € 2,
then the statement in Lemma 3.3 (i) now implies that Im R} ;,(j) = O for all j € L.

Now let v € T. We know Im G* (v, v) > 0, so by (2.13), Im R;f(v) +Im R, (v) >0,
soeither Im R} (v) > OorIm R, (v) > 0by the Herglotz property. In the former case we
are done. Suppose that Im R} (v) = 0.Say v = #, forsome b € B(T)and £(v) = j.Then
0 =Im R} (1) = Y j_; M« Im R} (k) implies that Im R} (k) = 0 for some, hence all,

k € 2. But by 2.4), R (1) = Rf (o) + “EL4E 50 Im R} (1) = Im R} (07).

As mentioned in Remark 3.2, under (C1), all cone types are indexed by the directed
edges of G, in particular "JT% is one of the finitely many nonisomorphic cones>. In other

words, Im R (03) = Im R} (r) for some r € 2. Hence, Im R, (1,) = 0. We thus get
Im R} (v) + Im R; (v) = 0, a contradiction. Thus, Im R} (v) > 0. O

4. Examples of Nontrivial Spectrum

For Theorem 1.2 to be interesting, we’ll need to know that o (7)) is not reduced to the
isolated points 3. Our aim in this section is to give some examples in which this can be
proved. We believe the phenomenon to be true for a wider class of examples.

5 This property is why we need (C1); it is not necessarily true under (C1%#). cf. footnote in Sect. 1.2.
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4.1. Equilateral trees. Let G be a discrete graph of minimal degree > 2 and T = G
its universal cover. We know from [10, Sect. 1.6] that the spectrum of the adjacency
matrix o (27r) has a continuous part. Actually their argument remains valid for the
normalized adjacency matrix Pf(x) = ﬁc)(d f)(x) (and also if we add potentials).
Consequently, using [11, Theorem 3.18], the induced quantum tree with equilateral edge
length, identical symmetric potentials, and identical coupling constants, will also have
some continuous spectrum. Using Theorem 1.2, we can now conclude:

If Gisagraphofdegree > 2,if T = G is its universal cover, and we endow each edge
of T with the same length L and potential W, and each vertex with the same coupling
constant «, then o (A7) consists of non-empty bands of purely absolutely continuous
spectrum, and possibly some isolated eigenvalues.

This generalizes the case of regular trees previously considered in [12,31].

We may easily extend this to graphs with several lengths which are rationally depen-
dent. More precisely, if in G, we have L; = n; L for some n; € N*, add n; vertices of
degree 2 to the edge ¢, with Kirchhoff-Neumann conditions. Then using the previous
claim, we see that T also has nontrivial AC spectrum in this case.

4.2. An argument of Bordenave-Sen-Virdg. We now consider the non-equilateral case.
For this, we start by adapting an argument from [10] to quantum graphs.

We begin with some definitions, which appear in a more general framework in [10].

Let G be a discrete graph and T = G its universal cover.

A labeling (or colouring) of the vertices of T isamap n : V(T) — Z. With respect
to a given labeling, we call a vertex v:

(a) prodigy if it has a neighbour w with n(w) < n(v) and such that all other neighbours
of w also have label less than 7 (v),

(b) level if it is not a prodigy and if all of its neighbours have the same or lower labels,

(c) bad if it is neither prodigy nor level.

The tree T = G is equipFed with a natural unimodular® measure on the space of
rooted graphs, namely P = il D reG 8631

We say the labeling n on T is invariant if there exists a unimodular probability
measure on the set of coloured rooted graphs, which is concentrated on {[T, v, n]},eT.
See e.g. [3, Appendix A] for some background on coloured rooted graphs.

Let S C £2(G)bea subspace and let Pg be the orthogonal projection onto S. We say
that S is invariant if Ps(gv, gw) = Ps(v, w) for any g € I", where I" is the group of
covering transformations with G/I" = G.

Given an invariant subspace S C ¢2(G), we define its von-Neumann dimension by

dimyn S = Ep[(8,, Psd,) =G Z Ps(%, %) .
xeG

A line ensemble in T is a disjoint union of bi-infinite lines (/;). More precisely,
Z :V(T) x V(T) — {0, 1} is a line ensemble if:

- ZL(u,v) =0if {u,v} ¢ E(T),
- ZLu,v) =2, u),

6 A measure is unimodular if it invariant under the moving of the root. More precisely, it should satisfy
I Yo FUG, 0,0 ) AP(G,0]) = [ Y p FUG, 0, 0]) dP([G, 0]). See [10, Sect. 1.4] for details.
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4
24 62 ®:

Hamiltonian cycle in Ky 4.

Fig. 2. The lift of a Hamiltonian cycle is a line ensemble covering all vertices of T. (Each coloured bold line
is infinite.)

— forany v € V(T), we have >, .Z(u, v) € {0, 2}.

Abusing notation, we then let . = {e : Z(e) = 1}, which gives a subgraph
consisting of disjoint lines.

We say a line ensemble .Z is invariant if there exists a unimodular probability
measure on the space of weighted rooted graphs, which is concentrated on the collection
{[Tv v, g]}UET'

We say that T is Hamiltonian if there exists an invariant line ensemble . that contains
the root with probability 1.

Remark 4.1. Recall that a finite graph G is Hamiltonian if there is a cycle in G which
visits each vertex exactly once. If G is Hamiltonian, then G is Hamiltonian in the

above sense. In fact, if C = (xp,...,x;) is a cycle in G, then its lift to G is a
line ensemble . which generally consists of a disjoint union of countable lines (I;),
where [; = (..., X0, ..., Xm, X0, ...) (see Fig. 2). Since it is a lift, this line ensem-

ble is invariant. More premsely, if [H, v, R] denotes an equivalence class of graph H
with root v and edge weight R(e) for ¢ € E(H), then [G,v, 7] = [G gv, Z] for
any covering transformation g. This by definition of the universal cover and .Z. So

the measure P = \Fll Y oreG 81G .7 1s well-defined and unimodularity follows from
Z(x,y)eB(G) f,y) = Z(x,y)eg((;) f(Q,x).
m C
Moreover, P(o € .¥) = ﬁ Y oveg licy = ﬁ Y veg lxec = % If C covers G,
we thus get P(o € .£) = 1.

In particular, the (g + 1)-regular tree T, is Hamiltonian, since it covers the complete
bipartite (¢ + 1)-regular graph on 2(g + 1) vertices, which is Hamiltonian.

We may now state our adaptation of [10, Theorem 1.5] to quantum trees. Here, if G is
a finite graph, we denote by G = G(«, I, W) the quantum graph obtained by endowing
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each edge with a length L., a potential W, and each vertex a coupling constant ¢, SO
the Schrodinger operator 7 = —A + W acts with §-conditions. We say that T = G
if T = G is endowed with the lifted structure o, = @zv, Lu,v) = L(zu,7v) and
W(u,v) = W(nu,nv)-

Recall definition (1.5) of S, (xp).

Proposition 4.1. Suppose G is a finite Hamiltonian graph. Endow G with a quantum
structure G with §-conditions and let T = G. If A is an eigenvalue of H7, then ) must
be a Dirichlet value, i.e. S, (Lp) = 0 for some b.

Proof. Suppose .7 has an eigenvalue, say 74, = A, for some ¢, € L>(.7).
Suppose on the contrary that S) (Lp) # O for all b.
Let ¢ = ¢|y. We claim that

(@ $1)(v) = Wy.(0)@n(v),

where

C Luv
EABOEDY S;”((L”) ;oand Wa) =ou+ ) #))

u~v u~v

and uv := (u, v). In fact,
©:. () . (tou) @ (0vu)Cr(Lyy) ,
Z S (L) Z < 5, (Lu) Z [ S (L) Wl(””“)}

Lu,
=) S*((LW)) o (V).

u~v

Let &, C £%(T) be the set of functions satisfying this eigenvalue equation, i.e. € &,
if and only if

W)y (w) = Y % (.0

u~w

Note that €, is invariant. In fact, let M, = < — W,. Then M, is self-adjoint.
This is because all weights are real-valued and symmetric. Moreover, €, = ker M,.
Now, if g € I', let (Ug f)(v) = f(g_lv). Using that agy = oy Lgu,gv) = Lu,v)»
Wigu,gv) = Wi v), it easily follows that U, ‘"M u ¢ = M, Standard arguments imply
that Ug_1 Pg, Uy, = Pg,, so €, is indeed invariant.

Let C be a Hamiltonian cycle in G, so its lift .Z is a line ensemble as in Remark 4.1.
Using the line ensemble, we may use the construction of [10, Theorem 1.5] to define

for any k € N* an invariant labeling n; : V(T) — Zj of the vertices of T by integers
which satisfies:

— b:=P(oisbad) < 1/k,
— vertices in .Z with 0, (v) # 0 are prodigy. Vertices in .Z with n(v) = 0 are bad,
— vertices outside .Z are level.



562 N. Anantharaman, M. Ingremeau, M. Sabri, B. Winn

In our case, all vertices are in .%, so there are no level vertices.

We now argue as in [10, Theorem 2.3]. Here the situation is simpler as there are no
level vertices. Let B be the space of vectors which vanish on the set of bad vertices. Then
dimyn B =P(oisnotbad ) = 1 — b. Let ¢ = &, NVB. Then using dimyn(R N Q) >
dimyn R + dimyy 0 — 1, we have

dimyy €, < b+ dimyn ¢ .

We show &' is the trivial subspace by induction on the label j, showing that from low
to high, any f € & vanishes on vertices with label j. Remember vertices v can only be
prodigy or bad.

Recall that we have finitely many labels. Let jj be the smallest label and let v be
of label jo. If v is a bad vertex, then f(v) = 0 since f € B. Note that v cannot be a
prodigy. Hence f(v) = 0 on vertices of smallest label.

Now assume f € €& vanishes on all vertices with label strictly below ;. Since f € 9B,
we know f vanishes on bad vertices. If v is a prodigy vertex of label j, then v has a
neighbour w such that f vanishes on w and all neighbours of w, except perhaps v. But

(4.1) gives gHP = Wy (w) f (W) = Yy usw 5hrs 80 if the RHS is zero, then

f)=0.

Recalling that b < 1/k, we have showed that dim €, < 1/k. As k is arbitrary, we
get dim €, = 0. It follows that &, = {0}. Indeed, we have Pg, (v, v) = O for all v, so
tr Pg, = 0,50 || Pg, llop < || Pe, i = 0, implying &; = {0}. It follows that there is no
¢2 function on T such that ahr = Wy, By [15], it follows that there is no L? function
on T such that Hrp = A¢. In other words, A is not an eigenvalue of Ht (contradiction).

O

4.3. More examples. Let T = G. We now show the spectral bottom ag = inf o (Hr) is
strictly below the smallest Dirichlet value. By virtue of Proposition 4.1, if G is Hamil-
tonian, this implies agp is not an eigenvalue. In particular, ag is not an isolated spectral
value, so in view of Theorem 1.2, there is some pure AC spectrum near ay.

Recall that if Q; are the quadratic forms associated to operators H;, then H; > H»
if D(Q1) € D(Q2) and Qi(f. f) = Qa(f, f) for f € D(Qy). If Hi > H then
inf o (Hy) > inf 0 (H3).

In T there are finitely many different kinds of edges (lengths and potentials). To each
oriented edge b, we associate the smallest Dirichlet: the smallest & such that Sg (Lp) = 0.
Denote the least of those values by &p and let (v, w) be the edge on which it is attained
(choose one of them if there is more than one edge with the same lowest Dirichlet value).

Consider the quantum star graph around v, with the usual §-condition at v, and
Dirichlet conditions at the extremities w’ ~ v. Denote this (compact) graph by % and
let E be its smallest eigenvalue. We claim that

a) < Ey < é&p.

For the first inequality, let H, f = Eof. Then Eg = % where Q, is the

quadratic form associated to H,. Let f be the extension of f by zero to .7. Then
f € D(Qrt), where Qr corresponds to Ht. So

Or.9) _ Qv ) _ Q4 _

ap = inf

20 lgl> — 112 IfIR
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For the second inequality, note that if f € D(H,) and H, f = Ef, then on the edge
b7
f(xp) = ACE(xp) + BSE(xp).

Due to the Dirichlet conditions at extremities of the star, (L) = 0. If E < &p then
SE(Lp) #0and B = —ACEg(Lp)/SE(Lp). Evaluating at x;, = 0, the centre of the star,
reveals that A = f(v). Thus,

Ce(xp)SE(Lp) — Ce(Lp)SE(xp)

fxp) = f(v) Si(Ly)
The condition at v, Y ", ., f'(0p) = oty f(v), leads to
3 _Cew) _ (4.2)
SE(va’)

w/~v

Denote the left hand side of (4.2) as a function of E as Z(E). A solution Z(E) = ay
will be an eigenvalue of the star graph.

Let us consider the behaviour of Z(E) as E increases to &p. We first show that as E
approaches &p from below, Sg(Ly,,) — 0 from above. For this, note that:

— by [26, Theorem 6(a)], Sg, (x) has exactly two zeros on [0, Ly, ]. These are thus
{0, Lyw}. If E < &p, since Sg(0) = 0 and S (0) = 1, we know that Sk is positive
near 0. If we show that its first zero on (0, c0) occurs after L., this will imply that
SE(Lyyw) > 0, which is what we seek.

We thus check that if E < &p, then the first zero of Sg on (0, o) occurs after the
first zero of S, . For this, let f(x) = SE(x)SZgoD (x) — SE(x)Sg, (x). Then f'(x) =
SE(x)Sg, (x)(E — ép), which is negative until the first zero of Sg or Sg,. Suppose
for contradiction that the first zero of Sg (call it Lg) is before the first zero of Sg, .
Then we get that £(0) =0, f(Lg) > 0,but f'(x) < 0on (0, Lg), which is absurd.
This proves the claim.

Next, S;@D (Lyw) < 0 because Ly, is the first zero of Sg, after x = 0. By the
Wronskian relation Cé”D(va)S(/g’D(va) = 1,50 Cg,(Lyw) < 0 too. Therefore, since

&p is the smallest Dirichlet eigenvalue, all the terms in Z(E) are either finite or diverge
to +oo as E ' &p, so that Z(E) diverges to +oo as E 7 &p.

On the other hand, from the proof of Proposition 3.1, we know that
as E — —o00, so Z(E) — —oo in the same limit.

Together we have

Ce(Lp)
SE(Lp)

— 400

Z(E) > —oc0cas E — —oo and Z(E) - +o0oas E 7 &p.

Since Z is continuous, there is a solution to Z(E) = «, strictly below &p, as claimed.

5. AC Spectrum Under Perturbations

We now aim to prove Theorem 1.3. For this, we adapt the approach of [20], see also [16]
for some earlier ideas.

A very sketchy outline of the argument is as follows. Our results in the previous
sections tell us that we have a good control over the unperturbed operator: it has pure AC
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spectrum in X', and all relevant spectral quantities such as the Green’s functions and WT
functions have alimit on X', which has a strictly positive imaginary part. Let H? be such a
spectral quantity to be chosen later, where z € C* and v € V(T). The aim is now to prove
an LP-continuity estimate in mean with respect to the disorder . More precisely, in some
semi-metric y onIH, see (5.1), we aim to show thatlim ¢ SUP_e14i(0,1) E(y (h%, H)P) =
0, where A% is the analogous spectral quantity for the perturbed operator (equal to H}
when ¢ = 0). Such a uniform stability result directly implies almost-sure pure AC
spectrum in the combinatorial case, by classical results. In our case we will have to work
further (Sect. 5.3 and “Appendix A.2”).

The important question now is which Herglotz function to choose for H;. In the
combinatorial case it is natural to take % (b), withb = (v_, v). We considered something

close in Proposition 3.1, namely S;(Lp)¢*(b). For the present continuity considerations,

H: = % seems to behave better. Still, the function /zS;(Lp)¢*(b) will also play

an important role in fixing the disorder window later on (“Appendix B”). Of course it
can be argued that all such quantities are related in Sect. 2, but one needs to be careful
because the aim is roughly to prove strict contraction estimates on E(y (A%, HZ)?) in
termsof ), NF E(y (h,, HS)?P), so adding/multiplying terms to 4%, is not a very good
operation, although there are partial answers (Lemma 5.1 and Lemma 5.2).

We have not discussed how the L”-continuity actually proceeds; we outline the proof
in Sect. 5.2 after giving some important expansion estimates in Sect. 5.1.

5.1. The two step expansion estimate. Consider the hyperbolic discD = {z € C: |z]| <
1} equipped with the usual hyperbolic distance metric

d(z,7) = cosh ' (1+68(z, 7)),
where

lz— 2|

D= T a1y

lz|, 1z'] < 1.

We will use the M&bius transformation € (z) = ZZ—;‘ that sends the upper half plane

model H isometrically to the disk model. Its inverse is €~ (1) = ill_L‘;. Note that if, for
g, h € H, we set

y(g. h) = Ifl;—fn'zh, 5.1
then
y(g.h) =28(¢€(g). € (). (5.2)
In fact,
(g —D)(h+1) — (g +D)(h — D) 1

5(€g,€h) =2 = zy(g,h)-

(Ig +il* — g =il (1A +i]* — |h —i|?)

The following is a more adequate replacement of [20, Lemma 1] to our framework.
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Lemma 5.1. Let K be a compact subset of the hyperbolic disc 1. Then there exists a
continuous function Cg : R* —> R*, such that Ck (0) = 0, and

S(hiz, A7) < (I/\1|2 +Ck (A1 — kzl)) 8(z,2) + Cx (1A — A2)

forall 7 € K and for all 7/ € D, for all »; € C such that |1;| < 1.
More explicitly, if rk = max;eck |z| < 1, we can take Cg (t) = ﬁ - 1.

Proof. First assume A1 # 0. Suppose z # z'. We have
A el 0 [ el A I

|z — 2|2 (1= azH(A = 222 ?)
o lz— XAy 1712

|z — 2|2

2 1 7 ? /
S Ml T+ =222 | —) 8z, 2),
lz — 2|

where, to obtain the first inequality, we used that |A;] < 1. Let g = 1 — rg. If
lz —7| > ‘STK we have

§(Mz, A7) = M 8(z,7)

< |A1] -8(z,2)

2
Z
B(hiz. 222) < <|M|+I?»1—?»2| e ) 5(2.7)
(|A1|+<1+2r1<a,()|x1 A2|) 5(2,2). (5.3)

Now assume |z — 7/| < ’37’( Then |7'| < ‘57'( +rg = 1+2r’(,so

(2= 2|+ 11— a7 - 122
1 —z1HA =212
2z — 2| - Mk = Aol - 12+ A — Aaf? - 172
(I —[z»H =121
< Ml ) +2 bl A2I+<11+’K) A1 — Aol
(1—r2)1 - (17£)2)

The first assertion follows. For the explicit formula, we check the relevant terms in (5.3),

(5.4) are bounded by 4 i 11:':1’:)2 A1 — Az2]. As rx < 1, this will complete the proof.

Note that [A; — A2] < 2, so

S(Mz, A2z7) < 2]Aq|

= M%8(z,2) +2

(54)

201+ 2rk S 2l — xz| + (1 +2rKa,;1>2|A1 —hal?

2 1+
52{1+ 'K +( ) }IM rKZIM Al
1 K ( K)

ﬁ for x € [0, 1], we have

For the other term, using

1
<
1—x2 —
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P - (hy —hal + (PP IM — Mo 1 =g+ (L4rg)?

2 Terg \2 = T 11— 22l
(I —rp) 1 = (F55)?) (1 —rg)(1 = (%))
1+rg
pREEr )
Finally, if 11 = 0, 80uz.008) = 27550 < 25.1¢ 12— 2 = % then
1< —ﬁ:iﬁ and the claim follows. Otherwise |z'| < 1+2rK , SO ﬁ < ﬁ, proving

the claim. O
We will also need [18, Lemma 2.16], which we recall below:
Lemma 5.2. Forany g, h, z € H,
max {y (g, h+2),y(g+z. )} = (1 +¢4(2)y (8. h) + ¢4 (2),

4z 4)z)?
where c4(z) = —I + Im o

We now consider T in the twisted view. If T is a tree with parameters ({ag}, {Lg})
before perturbation and ({«{’}, {L$'}) after perturbation, and if b = (v—, v) € B(T) =
B(T}), we set

. RY ,(0p) P RY o (0p)

v A

where R} ,(0p) is the WT function of (T, {L{}, {«}) and R;,L,O(Ob) the WT function
of (T, {Lg}, {ozg}). The notation may seem a bit confusing since the WT function is
evaluated at v_ instead of v. However, this is in accordance with the notations of Sect. 1.1,

where the oriented edges are indexed by their endpoint, and where we write ¢, instead
of ¢y, if v = 1,. We also define for b = (v_, v),

g = w and If = —Z Loy
Nz NG
Then the §-conditions (1.4) applied to V;;' ,(x) give
(1) a()
> hv+—gv+ﬁ and Y0 Hi =T+ (5.5)

veEN* vre Nt

We shall assume the coupling constants «, > 0 and potentials W > 0. In this case
we can ensure that A% and H} are Herglotz functions (Lemma 2.3), so their Cayley
transform lies in ID. In this case, g5 and I are also Herglotz by (5.5).

Remark 5.1. Assume there is no potential on the edges: W, = 0. Then the functions
h% and g are also connected by the following relations: if b = (v_, v) and we expand

szo(xv) in the basis C;(xy) = cos \/zx, and S; (x,) = % we get

R} (0p)S.(Lp) + CL(Ly) R (0p)cos \/zLy — /Zsin be
RE@0)S(Lo) + Co(Ln) — Re(0p) ™0 4 cos /2L,

RI(n) =
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h? cos \/zLy—sin /zL
v4 v v
so gy = h~ SinZLyrcos Ly - . From this, we find

- .
gg i — - cos /zLy —isin \/zL, N

gy +1i €08 \/zLy +1sin /zLy

as previously observed in [1]. We also remark that we can invert the Mobius identity

2% cos \/zLy+sin /zL,
—g; sin /zLy+cos /zLy *

C(gy) =

defining g% in terms of A% to get hi =
We finally define
yo(h) =y (hy, Hy) .
The following plays the analog of [20, Lemma 2].

Lemma 5.3. Let K be a compact subset of the hyperbolic disc, and assume that z varies
in a compact subset such that H? € H and € (I'}) € K for all v. Then (see equations
(5.6), (5.7) and (5.8) below for the definition of the quantities q, o and Q)

yo(h) < (1+Ck (N1 +cu(e)

Im HJ, -y (h)
x Z ZMEJV+ Im HZ( Z C]w(h)Qu’,w(h)Cosau/’w(h)>
Vet we N+

+2Ck (€Y + (1 +Ck(eN)cy(e),

|e2‘*[LL — 621\[1")| < &/, where Cg(t) = (1_% -t

if sup, ,,
and

4¢ t
cy(t) = sup 1+ .
v U+€,/VU+ Im H5+ ( Zv+€</1/1,+ Im H1§+

We will apply this when K = J {€(I'?) : z € I +i[0, 1]}, where I is a compact
interval on which I'**19 exists and Im I'**19 > 0. Note that the union here is finite as
the unperturbed model is of finite cone type. For the same reason, the supremum in cy
is a maximum.

The quantities ¢, Q, o are defined by formulas similar to those in [20]: for x, y €

qy(h) = Iy (5.6)
ZMEL/VU"' Im hu
cos oy y(h) = cosarg(hy — H)(h, — Hy) (5.7)
\/Im he Im by Im HE Im Hyy () yy ()
Oy y(h) = (5.8)

I(Amhy Im Hiyy(h) + Im hy Im Hiyy(h))

assuming h, # HZ and hy # HZ, otherwise we let QO y(h) = cosay y(h) = 0.
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Proof of Lemma 5.3. Using (5.2) and Remark 5.1, we have
yalh) = 286 (H), € (h5) = 28 (V1% (1), V6 (g5 )
By hypothesis, €' (I77) stays in K. Applying Lemma 5.1 and (5.2), we deduce that

vo(h) = (1+Cx (NY (I, g) +2Ck (£ . (5.9)

Suppose «? > &Y. Using (5.5), we need to estimate

19} 0
hZ, — HE [ —
(U+EZ/V + v+§/1/v+ I) (U+EZ/1/ + v+§V + f )

(5.10)
where the inequality holds by y (5 +z,&+z7) <y(£, &) ifImz > 0, as easily checked.

%\cc

ﬂ)
Since we are assuming o’ > a > 0, we have — ”ﬁa” € H. Using Lemma 5.2, we

may drop the term W ﬁ % It oz > af, we simply replace (5.10) by

0 w
y ZH;—%,Z%—“—;E v 3 H f LYk

vt vieNt vye Mt ereJV+

0 9]
and remove a”&?" using Lemma 5.2. Finally, as calculated in [20, Lemma 2],

‘ S oHL - Y K 3 ImH5,~yv/(h)( > Imh;Qvf,w(h)cosavf,w(h)).

vee Nt vee Nt et weN*

Dividing by (Im } |, H,,)(Im }_, h,,) completes the proof. O

Remark 5.2. Note that Zw qv, = 1.Onthe otherhand, Q, ,, is aquotient of a geometric
and arithmetic mean, so 0 < Q. , < 1. Since —1 < cosa,,, =< 1, this shows that

=1 =X et qwQvweosay y < 1.

We now deduce a “two-step expansion”. We will assume our tree satisfies (C2). In
other words, for each vertex v, there is a vertex v’ € JV,f such that every label found in
A, F can also be found in .#_7. We then say that v’ is chosen w.r.t. (C2).

From now on, we denote

=M.
If % = 1, and %’ is the vertex chosen w.r.t. (C2) corresponding to *, we let
S = (AN U AT
Given x € S,, let

cx(h) = Z qy(h) Qx,y(h) cos ay, y (h) (5.11)

YES«
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and for x € S/, let

e = (3 4y Quy () cosar y D) (Y 4y (1) Oy (W) cos ey ()

YES yeSy
= cw(h) Z qy(h) Qx,y(h) cosay,y(h). (5.12)
yESy
It follows from Remark 5.2 that ¢, (k) € [—1, 1]. We next define for x € S,
Im H}

1Hy 5.13
ZyGS* Im H){ ( )

Px =

and for x € Sy,
Im H:, Im H} Im H}
= = p =
(Zyes* Im Hf)(ZueS*/ Im HMZ) ' Zues*/ Im Hbf

Then )" . g , px = 1. Note that ¢, (h) is a quantity that depends on the random param-

eters of the perturbed graph, whereas p, is non-random. '
Recall definition (1.9) of the set X'. Using (5.5), we also have Im Fv“lo >0on X.

DPx (5.14)

Proposition 5.1. Let I C X be a compact interval. There exists a continuous function
o_ .0
Cr.u : 10,00)? — [0, 00) with C1 (0, 0) = 0 such that if SUp_cp4i0.17.0 | —=* ﬁ“w <e

H 1% H 0
and Sup,¢4if0.1).v |e2VLY — 2Vily| < ¢/, then

ve(h) < (1+Cru(e, ") Z pxcx(M)yx(h) + Cr (e, &) .

)CES*_*/

Proof. Let K = |J A€ (I?) : z € I +i[0, 1]}. We apply Lemma 5.3 to v = x, then
tov ="Ifc; (e, &) =2Ck(e) +cp(e) + Cx(¢)cp(e), the statement follows by
taking Cy g (e, &) = 2cr.p(e, &) +cru(e, €)?. O

To use this result under assumption (P0), note that

Q2VILY _ G2iVZL) WVZLGHL) | | iVZ (LY =LY _ oivZ(L)—LY)

<2sinVa(Ly - Ly)
< 2cje.

: w : 0 .
Thus, |eZVZLY — e2Vily| < ¢/ with ¢’ = 2¢;e.

5.2. LP continuity of the WT function. The aim of this subsection is to establish the
following uniform continuity result in L”-norm:

Theorem 5.1. Let T satisfy (C0), (C1), (C2) and («, L) satisfy (P0), (P1) and (P2). For
all compact I C X, IN D =@, and p > 1, there is eo(I, p) > 0, no(1, ep) > 0 and
Cp : 10, &0) = [0, 00) with limg_,o Cp, () = 0 such that forany v € T, & < &,

sup  E(y(h}, H)?) < Cple), sup  E(|h5, — Hy|P) < Cple) .
zel+i(0,n0] zel+i(0,n0]

(5.15)
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Given the key results of Sect. 5.1, much of the proof of Theorem 5.1 goes as in
the combinatorial case [20], so we only outline the main ideas. The latter part of this
proof becomes nevertheless more technical in the quantum setting, due to the more
complicated relations among the Green’s functions [see (5.23)], so we give the necessary
modifications in “Appendix B”.

Recall that T = T is defined by a cone matrix M on a set of labels 2 satisfying (CO0),
(C1) and (C2). We previously denoted * = #;,. More generally, given (v_, v) € B(T})
with £(v) = j, if we consider the subtree Tzru,, vy We shall denote v = *;. The set S*j’*;
is then constructed analogously, and all results of Sect. 5.1 apply without change (this
works in particular for *; = 0p,).

Let us now discuss the proof of Theorem 5.1 in several steps:

Step 1: The Euclidean bound follows from the hyperbolic one.

In fact, if the y-bound is proved, then using the Cauchy-Schwarz inequality,

E(1h% — HZ|P)* < E (y(h, H)P)E ((Im b3 Im HZ)?) < C(e)E (1B3|7) |HE|P.
(5.16)

To bound the moment E(]A5|”), one uses the simple inequality

El <4y (. 0)Ime +2[¢|, &, ¢ €H, (5.17)

applied to £ = h% and ¢ = H}.
Step 2: To prove the y-bound, it suffices to show that for each j € 2,

E (v (85, H)P) = (14 c1(@)(1 = 80) Y P (g (") + Ce), (5.18)
ke

as long as P = (P ;) forms a nonnegative irreducible matrix (and c;(¢), C(¢) — 0
as ¢ — 0). Indeed, the Perron-Frobenius theorem then provides a positive eigenvector
u € R% such that PTu = u. If we consider the vector Eyy = (E(y[hi/,, Hjj]”))jeg[,

then (5.18) implies that
(u,Epy)ea < (1 —=8)u, PEpy)ca +C(e) = (1 = 8){u, Epy)ca + C(e),

0 (u, Epy)ea < C((Ss), and the y-bound easily follows.

Step 3: To prove (5.18), we apply the two-step expansion (Proposition 5.1) to get

B(yi, H)P) = A+ Co® EB(( Y] peectim )"

XES, | ./
¥

+(1+Cr )"~ 'Crm (5.19)

The idea now is that for p > 1,

(X petnm) = Y pn®’ = max yHEE)” (520

x€S x€es K
i, - J
I A
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as follows from Jensen’s inequality and the facts Y p, = 1 and |cx (k)| < 1. However
the first inequality is generally strict for p > 1, and this is what provides the (1 — §p) in
(5.18) if we choose P = P(z) to be the matrix

Pjy = Z Px

xes, .,
*jox

0(x)=k

for j, k € 2, which satisfies the requirements of Step 2.
To derive the strict contraction for (5.20) more precisely, the authors in [20] introduce
an additional averaging over the permutations of S*j «. preserving the labels. Let
N

;= {m: S*_/,*’,- — S*j,*/j | 7 is bijective and £(r (x)) = £(x) forall x € S*j’*;_}.

Fix * = x;. Recall we denote functions ¢ on [0, Ly] by ¢, if b = (v_,v). If

v ESywandmw € I1, then ¢ry = Ps o) if TV € Sy, and ¢y 1= Py 7y if TV € Sy,

Denote H* = (H{)xes,, € C5+ . Given g € HS+ and 7 € I1, we denote

gom = (8r(x))xe S By (2.16) and the symmetry of the tree, we get for the unperturbed
WT function

H*=H%om (5.21)

for all # € I1. By (P1), (P2) and (2.16), A% and h§ are independent and identically
distributed for x, y € S, . that carry the same label. Hence,

E(f(h%) =E(f(h°om)) (5.22)

for any integrable function f and all & € I1.
Recall from Remark 5.1 that

g% cos \/zLy + sin y/zL,

he =
’ —gf; sin /zLy +cos \/zL,
On the other hand, g§ =}, h;, leen g € H3+ itis therefore natural to define
g« = g (z,a, L) by
¢y (g) cos /zL + sin /zL
y= D0 L e = ——+ Y g (523)
—¢w(g) sin \/zL +cos \/zL =

In particular, for g = H* = (H?), we get (H)(z,a’, L%) = H;,.

Introduce the notation g)(cn) = gn(x) for x € S, . We also define

¢4 (g) cos \/ZL +sin \/ZL
—pw (g™ sin \/ZL +cos \/ZL |

Note that g # gy, in fact 7+ is not even defined. On the other hand we have
HT (z,a%, L) = H, by (5.21).
Given g € H5+, 7 € IT and g+ (z,a, L) as in (5.23)—(5.24), we denote

(JT)

= (g )w = (5.24)

()

Y (&rn), HY) 1 x € Sy,

() — )y —
v (8) = vx(g )_{y(gff),Hj,) —
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Then in view of (5.22), the mean in the RHS of (5.19) becomes

E(( X pxcx(h)yx(m)"):'TlﬂE(Z( > pe@mrm)").

XES*._*[ 71617]' XES*.V*[
77 7

(5.25)

To implement the strict inequality in (5.20), given p > 1,z € H, o, L > 0, one
defines Kip) = x,ﬁ”) (z,a, L, : % > R, by

Yren(Tres, , pred” (@1 ()7

14
Zner[ ers*,*/ nyx(ﬂ)(g)

Here, Kip ) depends on «, L via c,((n) (g) ==cx (g(” )). Indeed,’ recall that c¢y(g) involves
cy(g) for y € Sy, and ¢y (g) involves g,/, which in turns depends on o, L.
The RHS of (5.25) now becomes

I
— (e (= ol LY 0) Y Y P (7). (5.27)

“]/' .
welljxes,
y i

If all yx(”) (h) ~ 0 then we are done, so the nontrivial work is when & ¢ B,.(H), where
S*-,*/. z
B.(H):={geHl 77 :y(g, Hy) <rVx e S*j’*/j}.

This case is controlled by Proposition 5.2 below. To state it, recall that we assume I is

away from the Dirichlet spectrum in (1.10). This implies, for the L in /cip ),

min |sin (vZL)sin (VELY) | = ep > 0. (5.28)

zel+i[0,1]

Proposition 5.2. Let I C X be compact and satisfy (1.10) and let p > 1. Forany * = x;,
there exist 5.(1, p) > 0, e.(I,ep) > 0, (I, ep) > 0 and Ry : [0, e,] — [0, 00) with
limg—. ¢ R« (e) = 0 such that for all ¢ € [0, &,],

sup sup sup sup kP (z 0, L, g) < 1—8,.
z€l+i[0,n4] |L—L2,|§£ |oz—oz2,|§s geHS*v*/\BR*(g)(H)

Proposition 5.2 is remarkable as it gives a uniform contraction estimate on the random
variable. Using it in (5.27), we get the (1 — 8g9) we were seeking in (5.18) (take 69 =
min jeg( 8y, ), thus completing the proof of Theorem 5.1.

The proof of Proposition 5.2 is given in “Appendix B”.

7 Note that cin)(g) # crx(g) in general. For example, if x € Sy and mx € S/, then c)(f)(g) is defined by

a single sum while ¢z x (g) is a product of two sums, as in (5.11)—(5.12).
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5.3. Proof of pure AC spectrum. We may finally conclude with the proof of Theorem 1.3,
which we recall:

Theorem 5.2. Let T satisfy (C0), (C1), (C2). For all compact I C X, I N9 = @, and
p > 1, thereis eo(I1, p) > 0, no(1,ep) > 0, C;,(I, ep) > 0 such that for any v € T,

sup E(ImRF()|P) <C), and  sup E(RZ)[*") < C), (5.29)
zel+i(0,70] zel+i(0,n0]

forall € € [0, gy) and all («®, L) satisfying (P0), (P1) and (P2).
In particular, 7€/ has pure AC spectrum almost surely in I.

Proof. We showed after (5.16) that sup, . 7,0, E (1h%|7) < 00. So for b = (v_, v),
E (IR, )I7) = 12" E(h)") < Cp

for any z € I +1(0, no]. On the other hand, observe that

—1 —1 . .
v <iImhﬁ’ iImHﬁ) -7 (1Imhf),1ImH5) =7 (hi’ Hj)

In particular, using (5.17) with & =i/Im A% and ¢ =i/Im HZ, we get

gt [y HDY ’
- (Im Hy)P .

1
Im H:

‘Im h3
Hence,
E(Imhri|~") < C),
for any z € I +1i(0, o], by (5.15). In particular,
E (IR}, )| 77) = z| PPE(Ih3|77) < Cy.

On the other hand, for any b, R (1) = R;(O;;), and we know all results hold true for
the tree T,, = T}_ (recall we are assuming (C1)). So we also have E (| R, (v)|?) < oo

b
forany p € Z.
Finally, for (Im R (v)) ™7, denote \/z = a +ib. Then

m b = alm R} (v) — bRe R} (v) _. &
Iz ||

Hence,

1 1
E(mrrar) =B )
Im R* (v)? |F. +bRe R (v)[?

1
:ap]E< 1 ) . )
|F, +bRe R} (v)|P {\F4|>\2bReRZ(U)\}(a))

+ pE( 1 - . >.
R v bRe RE )P (12| <[2b Re R} ()]} ()

For the first expectation, we have |F, + b Re R} (v)| > |F;| —b|Re R} (v)| > %lFZL For
the second expectation, we make use of the lower-bound for Im R} (v)/ Im z proved in the
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“Appendix” (Lemma A.2) to conclude that there is some C > 0 with | F,+bRe R;(v)| =
alm R;(v) > aC Im z for any z, v, w. Summarizing, we get

E(ImRf () ") < Qa)P E(|F,|") + C"P(Im2) P P (|F;| < [2bRe R (v)])
< Qa)P|z| 7P E (Am k) ~7P)
)

using Markov’s inequality. The right-hand side is bounded uniformly in z € I +i(0, 1],

since % = % = Rel 7 This completes the proof of (5.29).

The consequence on pure AC spectrum follows from Theorem A.1. O

Re R} (v)

C7Plz|P(mz) P (2b)P E
+C Mz P (Im z) 7 (2b) (‘ i

5.4. Uniform inverse moments. We now aim to prove Theorem 1.4. The arguments of

this section are inspired from their analogs [2,4] in case of regular combinatorial graphs.
Note that (P0) implies that the distributions v; of &}, have compact support supp v; <

[0min — €, 0fmax + €]. In particular, all moments M. = max, E[|e’|] < oo exist.

As in Sect. 3, we denote R} (k) := RY(0p) if £(15) = k. Note that here R} (0p) is
random; even if £(f,) = £(#;) this doesn’t imply that R;(ob) and R;(ob/) are equal.
However their distribution are the same, which justifies the notation for the purposes of
this section. We also let Q = maxyeT deg(v) — 1 and ¢ = min,cT deg(v) — 1.

Let I C X be compact with I N &2 = (. Fix no(l, ep) as in Theorem 5.2. Given
6 €(0,1) and ¢ > 0, we introduce

05.(8) ={x e R: P(Im RLin(j) >8)>68 Vje Vne@,n}. (5.30)

Lemma 5.4. There exist gy, 5 > 0 such that I C o .(8) for e < &.

Proof. By Theorem 5.2, fixing p = 2 we find &9(/), C; such that E(| Im RE(j)|7?) <
C3 50 by Jensen E(Im RE(j)) > E(|Im RE(j)|"2)~12 > ¢; /% > 0.

Suppose that P(Im RLin(j) > ) <Ssforsomer €1, j € Aand n € (0, ng). Then

E[Im R}, ()] = E [Im Ry () i a3, 795]

. —1/2
+E [Im R i () Ui RLinU)s&] < (C8) 245 < ;Y

if § > 0 is small enough, yielding a contradiction. Here, we used Cauchy-Schwarz and

the bound E[| Im RLin (j)|2] < C;. Hence, I € ¢/,.(5) for some § > 0 as claimed. O

Givenz € Ctand j € , let

F@ =P (mRI() <x). F0)=maF/() and HI () =P (15| < x) .
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Lemma 5.5. Let I C R be compact, IN Y =0, ¢ >3, A€ l,n>0andz = A +in.
Then

1

Fo(x) < Fo(xy” 2>q+cugg<yﬂF(4f : )q+y§)

forallx > 0andy € (0, cr], where B is from (P3), c; =
chosen as in (2.18).

Proof. By (2.17) we have

c
106G and c1, ¢y, c3 > 0 are

Im RY (0p) = [£%(B)[* Y Im R (0p+). (5.31)
bre Mt

So given y > 0, if Im R (05) < x, then either [£%(b)| < y, or Im R} (0p+) < xy~2 for
all b* € 4,*. Recalling the matrix M = (M; ;) we thus have by independence,

F () < Fl ey )Mt oo P ey ™ )Mim 4 HI (y) < F.(xy 24 + HI (y).

Now, assuming ¢ < |S;(Lp)| < ¢z and |C;(Lp)| < 4QCé2y < 4y we have by (2.6)

e S 7 e

bre Mt

1 () =P (

@y So (L) |+ [Co (L)l +ISc(Lo)| Y 1RE(0p)] = v
bre Mt

=P (
P (Czlom,l +@y) e Z IR (0p)] = yil)
(

IA

bre Mt
=P (loy) = Gean) ™) +P (Y IR0 = ey ™)
bre Mt

m

< Ge) M+ 3 Mk P (IRF M) = 20en ™).
k=1

where M. = max, E[|ay|*] < co. But fort = ﬁcw’
P (IR (op)| > 1)
z _ Z
b (|c ()~ C(L)| t) p <|; ()] + (e1/4Qcy) _ t)

S(Ly)] c1
2
o)z D) <P (I BS.Ly)| 2 it)
Se(ly) 3 ReRf(op)| < 5-and Y ImR¥(op) < —)
5.(Ly) 2 %

bre st 1 bre ‘1

=(
< P (Jou, +Re
(

4 2
< P | oy, lies in an interval of length —— and Z Im R “(op+) < —)
Cl bre. /V+ Clt
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< Cu(%)ﬁ ( Z Im R* (0p+) < it) <o 4t>ﬂFZ <4chzy>q. (5.32)

1

Here we used that — g Eé is Herglotz and that {R} (05+)} are independent of e, as

follows from (2.16), and bounded the probability by first conditioning over the random
variables different from at , so that the “interval” above is fixed.

Thus, if ¢c; = where |C,(Lp)| < c3,thenforany 0 <y <c¢; < m

4qcc >

8 4
= ety (Y 0o (TEE)
! 1
O

Theorem 5.3. Let I C 0.(8) be bounded, » € I, ¢ > 3, n € (0,n9) and z = L +1in.
Then

F,(x) < CU,Q,S,gxﬁg/S
forall x € (0, xs], for some C, g s < 00 and x5 = x(5,v, Q,¢, 1) > 0.

Proof. The theorem is proved by gradually improving on the decay. First, take y = x!/4
in Lemma 5.5 to get for x € (0, c‘}],

4 q
1

so using the bounds x‘g/z[FZ(MfTC2 x1/2)]17 < xP/2 and x5/ < xP/? for small x, we get
1

F.(x*) < F.(x)? + C] oxP/*. (5.33)

Since A € ¢.(8), we have F (x) = max; P(Im R} (j) < §8) <1 —éforany x € [0, §].
Choose xg < min(8, ¢}, (7 8 < (1-%)x3e.

4ct
So there is some o9 € (0, 8/ 16] such that

5
F.(xo) < (1 - 5)x3ao.

Now define recursively x, = x . We show by induction that F'(x,) < (1 — g )xzao.

We know this for n = 0. Next, for n > 1, using (5.33), induction and g > 2, we have
S\2
F (xp) < Fz(Xn71)2+fo/4 = <1 - 2) 20[0 +x Cxﬂ/4 20

=[(1- ﬁ) +Cxf o < (1 - é)xﬁ”‘o,
2 2

where we used x;,, < xo, 209 € (0, 8/8] and xp < (%)8/5. Hence, if x € (0, xo], so
that x € (x,+1, x,] for some n, using that F, is monotone increasing, we get

8 8
Fox) = Fa) = (1= 5 )ty = (1= 5)a0 <2
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This proves a first power decay which we now improve. Suppose we have

F,(x) <cx®

$3ey A LS 12
< cx3T® 4 Cx3en (P 4 o3t

g 3ts o 3t¢ Bs Brge ¢ o pi3a ¢
If g > 3, then 31+§21+§>1Also ifa < 4,then 3 l+gZ 3 ]+§>a since
1

B¢ +3a¢ > 3w + 3ac. Finally, 3(1_+§) > 7> g, since ¢ > 3, so m > ﬂ4—§_ We

I\)

thus showed that if ¢ > 3, then the decay power is strictly increased as long as o < fiTg.

Iteration thus proves the theorem® when g > 3 (because xBs/4 < xPs/ 5).
The rest of the proof is devoted to the case ¢ = 2, where we need to improve again.
Using (2.17) twice, we have

Im R (0p) = [¢7(B)* Y 1€ (61> D Im R} (0p++)

b+ b+
=2 ez /142
¢y 1EE (M) .
> ++
= SI(Ly) 26 C(Lyo) > Im RZ (0pr)
b (o | + 15T |+ X 1ss,on + b
2 217014112
cie b
-y 15 0 ) 3 Im R (o).

~ (ctlog, | +1Co(Lp)| + 2oy 1820 + 34 [C2 (L)) 2

Define the events Eg = {|o, | < y i,

Ei = {|£Z(b")| > y~! for at least two b*},
Ey = {15 (b)| > y~! for exactly one by},
E3 = {|£°(b")| < y~! for all b*}.

Using an estimate from (5.32), we have

P < SEE2 [ wn = )] =eno( =) ()

For Eg N E», [£3(b™)| < y~! for all b* # b}, so we have

1¢(bg)]
cilog |+ 22, g 1C(Lp)] + D [£2(07)]
B I . I
Cl\azb\+27b,~,b |CZ(Lb’)|+Zh+;£b6 1Z2EH — Q+c1 +y(0 + e ’
* RG]

8 The exponent of the first term is increased by % at each step, the second one by at least 5 ((l’ +oy 88 for

the last one, it already has the required decay. After finitely many steps, the exponent thus reaches ﬂ s,



578 N. Anantharaman, M. Ingremeau, M. Sabri, B. Winn

since

erlen, 17201 gy 1Co (L) e 2t 165 (07 — e @+ hesroy”!
ISICH] - y!

RHS is > ¢. Hence, for ¢ = c%cz_ 2¢2 we have

. Assuming y < 1, the

P({ImR}(0p) < x}NEgNE;) <P (52 Z Im R} (0p++) < x) < F.(&7%x)%.
b(’;*e(/ﬂ,a

-1
Finally, for Eg 1 E3, we use (5.31) along with [¢*(b)| > < Q+€l)c‘02

W. Ify is small,
this is > Cy, so we get

P ({Im R (0p) < x} N Eg N E3) <P <C2y2 > Im R (op+) < x) < F.(C™%xy )2,
b+

Estimating P(Ejj) < y¢ M by Chebyshev, we thus showed that
F.(0) < CyP R ')+ @20 + Fo(C2xy 722 4 )e

. ) s
Assuming we showed that F,(x) < cox?, then choosing y = x 3+, we get
- 285 dag o 342 P
F.(x) < Cx 34 x 34 4 ox2% 4 C'x 3¢ Q) | oy
2Bc+4a : 2
To get ﬁngg > «a we must have 28¢ +4a¢ > 3o +4ac,ie o < %, soa < ﬁs—g

6+4¢ < 1 B
3+4c Iric > 5 = s since ¢ > 3. We thus showed the

suffices. Next, >
. . ﬂg
decay exponent can be strictly improved up to 7. O

> 1. Finally,

Proof of Theorem 1.4. Given p > 1, choose ¢ such that p < ’55—§ By Lemma 5.4, we
have I € o.(8) for some § > 0 and ¢ < g9. As p > 1, given A € I, we have by the
layer-cake representation,

[e¢) o0
E(/ImR:(op)| ") = pfo rf"IIP’(Hm R¥(op)|™' = r) dr =p/0 P F G dr

By Theorem 5.3, denoting 5 = xs_l, we know Fz(t’l) < Cu,Qt’ﬂg/5 for all + > ;.
Hence

2 o]

8
P! dt+pC/ 1P dr = 1f +

Is

5p C

E (| Im R (0p)| 7 SP[ T el B
( 4 ) 0 IBS‘_Spth'/S_P

We may assume 5 > 1 by taking a smaller x; if necessary. Since this holds forany A € 1
and n € (0, no), we get

5p
sup sup E(|Im R (o)) < ¢’ (1+—C, )
rel 1e(0,70) ( ‘ )= B —5p "¢
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A. Proofs of Some Technical Facts

A.l. General results.

Proof of Lemma 2.1. Given f € L?*(T), define G*f = fy G*(x,y)f(y)dy. We
should show that G* f € D(/#) and (#4 — 2)G*f = f, so that G* = (g — z) !

Assume f is continuous on .7 and supported inaball A C T.Letx = (b, xp) € 7,
with x5 € (0, Lp). Fix o, v € T such that b € B(T}) N B(T;) and A C T; N T, . By
definition,

+
G* = VJr d - d
(G*fHx) = (X)/ V%Zo( )f(y) y+U_.,(x) 7 sza( )f(y) V.
Hence,
(sz)(X)—(V+)()/ f()d +(U_,) (x) Mf()d
%%( A L P e K
(A.1)
where the term % f(x7)— %‘gﬁ)m f(x™) from Leibniz’s rule canceled,
all functions being continuous. Next, 1
(G ) (6) = (V2,)(x) / (1 d
/ %o( )f g
HUZ) @) / %0( )f(y)dy f,
where we used that %(Ux{”)mf(x_) — %Wf(f) = — f(x). Recalling
that " = (W — )¢ fory = VI, U_, we get (G°f)" = (W —2)G*f — [, s0

V- 2G f = f.
For the boundary conditions, note that G f (x) = fT G(x,y) f(y)dyand (G* f) (x) =
fT 3y G*(x, y) f(y)dy by (A.1). Soit suffices to check that x — G*(x, y) satisfies the §-

conditions. But this follows immediately since V;,o € D(AE™)and U € D(%rTax).
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Finally, as Hr is self-adjoint, we have by the spectral theorem | f||> = |[(J% —
z)fon2 JrIh =z dugey = [Tmz? [pdugy = |Imz2|G* fI?, ie. |G f <

Im -1 £1I. This holds on the subspace of continuous f of compact support. By the den51ty

of such functions, G extends to a bounded operator on L>(T) satlsfymg IG?|| < Imz

We proved that G* f € D(7) and (1 — z)G*f = f assuming f is continuous
of compact support. For general f € L*(T), take a sequence ( fj) of such functions
with f; —, f. We showed G*f; € Wé‘azx (T) for each j; this space being complete,
we obtain a subsequence (G* f, ) converging in W,%{i(T). The limit must be G* f since
G* f is the L? limit of G* f;. It follows that (/1 — z)G* f = f a.e., and for each x, we
have G* f(x) = limg G* fj, (x) and (G* )" (x) = limg(G* f},)'(x), so we deduce that
G* f satisfies the boundary conditions. 0O

Remark A.1. Fix an edge b € B(T) and choose o, v with b € B(T}) N B(T,). Then for
x = (b, xp),y = (b, yp) € T, we can also express

- +
_ ¢z:h(x)¢zi,(Y) lfy c y+’
GZ (x ) — R;(()b)"'Rz (op) x (A 2)
T Y 6,000, , :
— = : ifye 7,

R (op)+R; (0p)

Uz, o VEW : ,
= ( ") and qS b(x) = Vo This follows immediately from (2.1),

(2.2), since the Wronsklan Wi, (v) = W7, (b, yp) is constant for y, € [0, Lp]. Note
that

where qbz p(X) =

2o, (X) = C.(xp) & RE (05)S:(xp) (A3)
for x = (b, xp) € 7. On the other hand,
Gy(y,x) = G3(x,y)
forx = (b, xp), y = (b, yp) € 7, since x € %i <= y € 7.7 This implies
(f1.G* f2) = (f2. G" f1)
for any real-valued f; supported on e(b). Hence, for any f = fi +1f supported in e,

(f,G°f)= (1, G f1) +({f2. G  f2) . (A4)

Lemma A.1. Fix b € B(T) and suppose R (0p) = RE
zero. Then for any f supported in e(b),

+io(0p) exist and are not both

Im R} (0p)g; (M) +Im R} (0p) g7 (%)

A _
mif G = IR (0p) + R} (o)

, (A.5)

where

+ £ 2 2
gy ) = [{(fiRe 3, )1210,1,1| +

+
‘ (fr Im ¢))\;b>L2[0,Lb]

In particular, if Im R)jf(o;,) = 0forall b € B, then Im(f, G* f) =0 forall f € L*(T).
This lemma was stated without proof in [1, Eq. (A.15)].
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Proof. First note that it suffices to prove this for real-valued f. In fact, for f = f1 +if>,
we then use (A.4) and deduce the result, since g}l M)+ g}z ) = g} (M) as easily checked

and similarly for g (1). So assume f is real.

Since b and A are fixed, we shall denote R* := Ric (0p) and ¢pF = ¢¢ »» and drop b
indices in x; and f;, for simplicity. ’
We have by (A.2),

A - NP
560 =g [ 1w ([ ewemrmae

Ly

+ [ 9T ) () dy) dx

X

But by (A.3),

¢* ()¢9~ (y) = C()C(y) = R™C(x)S(») + R*S(x)C(y) — R"'R™S()S(y),
¢~ ()P (y) = C)C(Y) + RTC(x)S(y) = R™S()C(y) = R'R™S(x)S ().

Thus, ¢~ ()¢™(y) = 9T ()P~ (¥) + (RT + R)(C(x)S(y) — S(x)C(y)). Hence,

(f.G'f) =

R 1 R= / L f) (T (x)e™ (y)dydx

Ly L},
—/0 FE)fO)(Cx)S(y) — S(x)C(y)) dydx.

Since f is real-valued, we get

Im(R* + R™)
IR*+ R Jio.L,p2
Re(R* + R™)
IR +R1E Jou,pe

1
= m{ Im(R* + RT)[(f,Rep*)(f,Re¢p™) — (f, Im¢*)(f, Im¢ )]

—Re(R* + RO, Im¢*)(f,Redp™) + (f,Redp")(f, Imp )]} . (A.6)

m(f, G* f) = FE)f() Re[p™ ()¢~ (»)]dy dx

FE)f(y) Im[¢*(x)¢™ (y)]dy dx

Now Re ¢p* = C(x) & (Re R*)S(x) and Im ¢ = (+Im R*)S(x). Hence, the term
in curly brackets is

Im(R* + R7) [(f. C) +Re R*(f. $)] [( /. c> ReR™(f. S)]
—Im(R* + R7) [ImR*(f, $)] [~ Im R™ (/. S)]
—Re(R*+R7) [Im R*(f, $)][(f. C) —Re R™(f, S)]
—Re(R*+R7) [(f.C) +Re R*(f. $)| [~ Im R™(f. S)]

= (f,C)* Im(R* + R7) + (f, C)(f, S)[(Im R* + Im R™)(Re R* —Re R")

— (ReR*+Re R7)(ImR* —Im R7)]
+{f, S)z[(Im R*+ImR7)(ImR*ImR™ —ReR*ReR™)
+(ReR*+Re R7)(ImR*Re R~ +Im R~ Re R")]
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= (f,C)?Im(R* + R7) +2(f, C)(f, S) [ImR™Re R* —Im R*Re R~ |
+ (£, 8)*[dm R*)*Im R~ +Im R*(Im R7)* + Im R~ (Re R*)?
+Im R*(Re R)?]. (A7)

On the other hand,
ImR*g; +Im R g} = Im R* [((f, C)—ReR™(£,$))* +(m R/, S>2]
+Im R~ [((f, C) +Re R*(f, $))* + (Im RNH2(/, S)z] :

which is exactly the expression at the end of (A.7). This completes the proof of (A.5).
Finally, if Im R)\i (op) = Oforall b € B, then Im(f,, G* f,) = 0 for all f}, supported
in b, by (A.5). The same ideas show that Im(f;, G* f;y) = 0 in this case. In fact,
we don’t need to go through all the above calculations, just note that in (A.6), we get
Im¢* = (£Im R*)S = 0.
It follows that Im( f, G* f) = O forall f € L*(T). O

Proof of Lemma 2.3. We may find an L solution U .., on T, satisfying the §-conditions

at vertices w ¢ {op, v}, the Neumann condition at o, and l7z_v (v) = 1. Asin (2.1), we
get

Uz, OV, ()

i +

G4, (x,y) = Wi0.0, () ifye Z ,
T3, Y =) 0, 00vE, " pu
Hig . LY ET

where #7, , (x) = v;o(x)(ﬁgv)/(x) — (V;;'O)/(x)ﬁz_;v (x).
1 W00, (0b)

: _ _ _ (Vz;o)/(ob) _ _ pt
In particular, G-, on = T v, — 0 Vason = Rel0p):

Similarly, we find ‘7;0 on T} satisfying Neumann’s condition at 75, yielding

Uz, 0VE, ()

23U 1 +

G:_(x,y) = %z,u,qz(x) ify e 77,
T, Y U OVE,00 o e
sz,o,th(x) y X 0

.. _ . —1
so we get similarly R, () = —G'Zl" e

b
To see the Herglotz property [17], note that if L%”TTX is as in Sect. 2, then

u

. 2
Vi A Ve 12 = VAL Vi Vid gy = 20mz - IV g -
On the other hand, the left-hand side can also be computed by integration by parts on
every edge. All the boundary terms except the one at u cancel thanks to the self-adjoint
conditions. We thus obtain

(Vi A VI 12070 — (P Vi VE) 12070

4 zu’

= VI, @)(VE) ) — (VI )V, ).
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(V) ()
Vi
ImRY(u) =Imz ||V, ||%-;, implying the result by taking u = op. The claim for R is

Since V1, (1) = 1, this reduces to 2iIm(V},)" (1) = 2iIm . We thus showed

+

similar: the preceding proof shows that in the twisted view, ( ‘;")(:;) is Herglotz, and the

negative sign is there to pass to the coherent view. These claims in turn show by (2.13)
that z > G*(v, v) is Herglot29

.
To show that Ri;;") is Herglotz, we use the same approach. First,

2
(Vi A Va2 g + <%‘§“V§w Vioizn =2Rez- IV, 17 T

On the other hand, the left-hand side is 2Re(V, , %”T‘ga" V). Integrating by parts
yields

21V By *+ Vi WV 1207

+ Y Vi@ +ReVE, (u)(vgu)’(u)).
veV(TH\{u}
Asbefore, szu(u) = land (szu)’(u) = R} (u).Hence,Re R} (1) = Rez|| V;;-u”iZ(Z;r)_
IV 12 g0y = Vi WVED 12070 = Eevmpnu @ Vi, 0.
Let /z = r +is. It follows that

i (F29) Z i g Re L 1
m(ﬁ)_mzez+mﬁ

Iz VP = sRezl|VE P +sI(VE) 17+ (VE, WVE ) + X |V, (0)7)

zu’

Re R,

r? +s2
_ImGEVDIVE P +sUVE) 1P+ (VE WVE) + X el VE, )P)

zu’

|z
Since Im(zﬁ) = |z] Im /Z, the RHS is clearly positive if W > 0 and &, > 0 for all v.
We next prove the current relations. Since V;O satisfies the §-conditions, we have
Zb*e/i{]* RY(op+) = RI(tp) + oy, 5O Zb+6/1/b+ Im R} (op+) = Im R (#). Similarly, as
Zw_EJwa U, (Ly )+o,Uy(0) = U, (0), we get Zb,e%f Im R (tp-) = Im R (0p).
Suppose Hf = zf andlet J, (xy) = Im[ £ (x3) f'(x3)]. Then J/(xp) = Iml| £/ (xp) |+
F )W (xp) f(xp) — zf (xp)] = —Im z|f(x;,)|2. Hence, J (x;) decreases on b, in par-
ticular, J(t5) < J(0p). Thus,

V()P Tm R (1) = Im[V, (1) (ViE,) (8)] < |V, (0p)]? Im RY (o).

+ [V, (op)? + _ ImRY(0p) .
Thus, Im R7 (#5) < W Im R} (0p) = O This proves (2.17) for R}. Since
|U;U(0b)|21m R (0p) = —Im[U;v(ob)(U;v)/(ob)], the claim for R follows simi-

larly.

9 Though it is known that z +— (¥, G*v) is Herglotz for any ¥ € L2(T) by the spectral theorem, we
followed this somehow roundabout argument to deduce the same holds for z — G%(v, v). See the Appendix
of [7] for a more general result.
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Finally, if the terms are defined for Im z = 0, then equality follows from JZ’ (xp) = 0.
O

Remark A.2. The method above also shows that z +— —% is Herglotz.

In fact, Im(§) Im[S,(L)S,(L)] < Im[S,(0)S,(0)] = 0. If the

1
) = IS (L)I2 1S:(D2
potentials are symmetric, so that Sg (L) = C,(L), we also get Im( S éf)) ) <
Recall that Im R} (1) = Zb+e%+ Im R} (op+) > 0. Using (2.5),

M)~ ImR*(1y) — Im SLe) _
S.(Lp)Z=(b) i S.(Ly) ~

Thus, we also get Im(S;(Lp)¢* (b)) > O for any b.

Above we have shown that Im R} (v) = Imz || V+ 113 We would like to replace

vl 27y
the L2 norm by a lower bound that does not depend on z, v or any of the potentials. This
is proved in the following lemma:

Lemma A.2. Letthe potential W = W), be bounded, |W ||oo 1= sup,ep I WellLeoqo,1,]) <
00, and let K C C* be a compact set. Then there exists C = C(K, |Wllso) > 0 such
that for all z € K and all v € V(T), we have Im R;(v) > ClImz.

Proof. We begin with the following general fact: let M, £ > 0. There exists ¢ > 0 such
that for any potential Q on [0, £] wzth I Q||OO < M, and any solutionof — f"+Qf = 0on
[0, €] with £(0) = 1, we have || f]|? 200 2 > c¢. Indeed, suppose to the contrary there are

On, fuwith |Qnllec < M and f, solutlons with f,,(0) = 1 such that || f || 120,¢) — O-
Then || f/|l;2 — 0. This implies || f, [ly22 — 0 (because in one dimension, | - [|y2.2
is equivalent to [lu|| ;2 + [lu”||,2). But W>2(0, £) € C'[0, £], in particular this implies
Il fullcofo.ey = 0, s0 fu(0) — 0, a contradiction.

Taking Q = W — z and [0, £] the edge in T} outgoing from v we find for f = V;v,

2 2
”V;:U”T‘E 2 ”f”LZ(O,l) 2 c
We showed in Remark A.2 that z — % is Herglotz. We also have:
Lemma A.3. If the potentials W are all non-negative, the function z + ; S(L()L) .

Herglotz.
Proof. Consider

d (S;@)Sz(x) Sg(x)Sz(x)>

dx N
_T@S@ | S0P S0P S50
Vz vz vz Vz

_ (W) = 9IS )P
vz

1 }_ W(x) = 2)IS: ()1

— 1 ! 2 —
218, (x)] Im{ﬁ NG



Absolutely Continuous Spectrum for Quantum Trees 585

= —2iW(x)|S;(x)]* Im {i} — 2i[S.(x)] Im {i} - WZI- VISP
V7 Z

Integrating this from 0 to L we get

L L
2iImﬁ/ |Sz(x)|2dx—2ilm{%}/ (W(x)|sz(x)|2+|sg(x)|2) dx
0 0

_ SHD)S(L)  SUL)S-(L)  SL(0)S:(0) N S52(0)S2(0)
-z vz N vz

S/(L)S.(L —S'(L
= —2ilm 5W5%AL) :2i|SZ(L)|ZIm{¢}.
V7 728z (L)
As W > 0, we deduce that —5 (1) eCt. O
= /25:(L) :

A.2. A criterion for AC spectrum. We recall the following fact [27, Theorem XII1.20].
Suppose H is a self-adjoint operator on a Hilbert space F€, with resolvent G*.
Suppose there exists p > 1 such that for any ¢ in a dense subset of €, we have

h .
lim inf / | Im(p, G*p)|P di < co. (A.8)
0 Jg

Then H has purely absolutely continuous spectrum in (a, b).
This criterion also appeared later in [22] for p = 2. In [27], lim inf} | ¢ is replaced by
SUPy, <1 but one sees from the proof that the above statement holds.

Theorem A.l. Suppose a Schrodinger operator Ht on a quantum tree satisfies the fol-
lowing: there exists p > 1 such that for any b € T,

1
lim inf/ JZ dr < oo. (&.9)
o Jr ([m RLin(ob) |Sx+in(Lb)|2)

Then Ht has purely absolutely continuous spectrum in I.
In particular, if conditions (1.10) and (Green-p) hold, then P-a.e. operator Hy has
pure AC spectrum in 1.

Proof. Let ¢ € L?(.7) be continuous, compactly supported in a ball A C .7.

Ep . E) . p
/ | Tm (g, G**g)|P da = / Im f ()G (x, y)p(y)dxdy| di
Eo Eo AxA
E;
, - .
<ol 1A ”/E /AA|G“‘"(x,y>|f’dxdydk.
0 X
(A.10)

L L,/
Now [, 4 |G*(x, )P dxdy = o o Jo ! 1G(xps yp)IP dxp Ay
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Fix b, b’ € B(A). Since for any v € V, y, + G*(v, yy) is an eigenfunction with
eigenvalue z, we have!©

S:(Ly — yp)G* (v, 0p) + S:(yp) G*(v, 1)

G*(v, yp) = S (Ly) ,
Z !

similarly for the first argument, so we deduce that for (b, x3), (b, ypy) € T, b # b/,
S:(Lp — xp)G*(0p, ypr) + S: (xp) G*(tp, Y')

z —
G*(xp, ypr) = S.(Ly)
_ Se(Lp — xp)S(Liy — ypr)G*(0p, 0py) + S:(Liy — xp) Sz (yp)G* (0, 1)
a So(Lp)So(Ly)
. S:(xp)S:(Ly — yp) G (tp, o) + S:(xp) Sz (yp ) G* (1, 1) O ALD
Sz(Lp)S:(Lp)

Let by, ..., by be a path with by = b and by = b’. We observe that for any by,| € %:,

1/2
P RISCH RS CATR LY A
(bé;bl/ﬁl)

<memny2

| Im R (01,

1

Z(h1) ... L 1Im R* (o5, )|1/2
1£5(b1) -+ - C7(br) | | Im R? (0p,,,)]'/2

IA

where we used (2.17) repeatedly in the last step. On the other hand, by (2.13),

1 1

|G*(0p,, 0p,)| = — < ,
VT IR (o) + R (0p)] T Im R¥ (0p,)

where we used the fact that R?F(v) is Herglotz. Hence,

)| =< " : n 72
| Im R? (0p,) Im R? (0p,,,) 1"/

|G*(0py 1,

The other G*(vp; v,) appearing in (A.11) are bounded similarly.
For b = b/, the first equality in (A.11) should be modified as we don’t have an
eigenfunction at the point x;, = y. In fact, assuming without loss that x;, < y;, we have

Xb, Yb) = 7 Oz (Lp)Lz(Xp) — Lz (Lp)Iz(Xp Obs Vb
G*( ) S(Lb)([S (Lp)C(xp) — C(Lp)S; (xp)1G*( )

+8-(xp)[G*(tp, yb) + Sz (Lp)Cz(yp) — C-(Lp)S-(yp)]). (A.12)
This can be checked by explicit calculation from (A.2) and (2.13): these tell us that
G*(0p, yp) = G*(0p, 0p)P ™ (0p)d™ (yp) = G* (01, 0p)$™ (¥p),

G*(tp, yp) = G*(0p, 0p)~ (yp)" (Lp)
= G*(0p, 0p) [T (yp)~ (Lp) — (RT + R7)(CL(Lp)S:(yp) — Sz(Lp)C:(yp))]

10 Thisholdsif the potentials W are symmetric, otherwise one should replace S; (Lj—xp) by Sz (L) C7 (xp)—
C;(Lp)Sz(xp). This does not affect the argument.
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= G*(0p, 0p)[CL(Lp) — R™S(Lp)1¢* (yp) + C-(Lp) Sz (yp) — S(Lp)C2(yp).

Here we passed from ¢~ (y5)¢* (Lp) to ¢* (yp)¢~ (Lp) as in Lemma A.1. Inserting this
into the RHS of (A.12) gives G*(0p, 0p)¢~ (xp)d* (yp) = G*(xp, yp) as asserted.

In any case, for any b € B, fOL” S, (xp)|? dxp < c, uniformly in A +in € (Ep, Ey) +
i(0, 1) (in fact, A > S (x) is analytic). Recalling (A.10), (A.11), we have proved that

Eq .
/ | Tm({g, G} i
Eo

Ex da
~ 2 _
<&l - 1P Y / ; e |
b epon B0 1M RE(0p) Tm R (0p)[P721 S (Lp) So (L)

where b” is any edge with oy = t;. Applying Cauchy—Schwarz and (A.9), we see that
(A.8) is satisfied for any continuous ¢ of compact support. Hence, Ht has pure AC
spectrum in (Ey, E1).

In particular, if (Green-p) holds for a random tree, then by Fatou’s lemma and Fubini,
we have

1
E [ lim inf f > > da
P01 5, (10 RSy (0) Sisin (L) )

1
gliminf/]E > > | dr < o,
"0 T\ (Im Ry (00) 1S, (L) )

where we applied (Green-p) in the last step. It follows that the lim inf on the left-hand
side is finite for [P-a.e. operator Ht. Hence, P-a.e. Ht has pure AC spectrumin /;. O

B. The Uniform Contraction Estimate

The proof of Proposition 5.2 goes by analyzing different cases. Following [20] we
introduce “visible sets of vertices” Vis, (g, ¢) and Vis_ (g, ¢). The idea is that we seek
a strict contraction for KfT) by estimating some terms in the weighted sum (5.26). By
controlling the visibility we ensure that estimates on Q)(cﬂ))/ (g)cosa )(C”y) (g) do not become
“invisible”, for example by the weightings g,(g) or y,(g) becoming too small (which

would jeopardize an implied control over c)(f) and /ci‘" ), respectively [recall (5.11)—

5.12)].
( OI)I]C sees that Lemmas 4 and 5 in [20] hold verbatim for quantum graphs.

We then study three cases to prove Proposition 5.2. In the first case, certain yx(”) (g)is
very small. This implies the terms in the sum defining /cip ) (g) have different magnitudes,
and the result follows from (an improved) Jensen inequality. In the second case it is
assumed that all yx(”)(x) have essentially the same size, but certain Im gyz) ,y € Sy
is very small. In this case one proves that certain c)(cn)(g) must be small, so the result
follows from [20, Lemma 5]. Finally in the third case, it is proved that if ¢ ¢ B,(H),

then there are always 7, x, y such that Q") (g) cos i) (g) is uniformly smaller than
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one. Assuming we are neither in the first nor the second case, one deduces that some

c;")(g) is small, concluding the proof again using [20, Lemma 5]. See [20, Sect. 4.7]
for more details as to how these cases are put together to prove Proposition 5.2.
For quantum graphs, the first and second cases are the same as in [20]. Up to this point

we are only using calculus and the definition of K,Ep ) (g) and c,(g). So more precisely,
Propositions 4 and 5 from [20] hold without change to quantum graphs.

For the third case however, we need some effort to carry out the adaptation.

We start with the following lemma.

Lemma B.1. Given z € H, we have that — cot (ﬁL) € H. In particular, assuming
W =0, we have that {*(b) sin (ﬁLb) € H.

S/(L)
Vz8:(L)
cialising to W = 0 we get that — cot /zL is Herglotz.

For the second claim, from (2.5) it follows that

Proof. In Lemma A.3 the more general fact that —

is Herglotz is proved. Spe-

-1 _ RImw)  Si(Lp)
VZS-(Lp)t*(b) JZ o J2S(Ly)’
R (1)

so by the previous part and the fact that 7% € H, we get that e H.

) S
; o Vz8:(Lp)s=(b)
Again, specialising to W = 0 completes the proof. O

In analogy to (2.4), saying that *(b) = C,(Ly) + S;(Ly)R7 (0p), given g € Ho.o,
we define {;(*’) = ;;(*/, a, L) by

¢5(+") = cos /ZL + gw sin /ZL . (B.1)

Then ¢}, (', ayr, L) = ¢§(x, ') as expected. Moreover, from (5.23), one easily checks
that ¢ *) = @ \1/2L+cos NI that m = ¢w(g) — cot /zL, which
implies that sin(ﬁL);é(*’) € H by Lemma B.1.

We consider the argument of vectors related to the operator’s Green function. The
convention is that argz € (—m, w]. Moreover, we denote by dgi (-, -) the translation
invariant metric in S' which is normalized by dsi (0, 1) =m.

Denote Z{ = ¢5(v—, v) sin VzLY, the unperturbed ¢7 sin \/zL of the edge (v_, v).
We define a quantity, related to the ‘minimal angle’ of this with the real axis, by

1
0p := Emin {dsi(arg Z7, B) | B € {0, 7}, z € I +i[0, 1], k € A}, (B.2)

where we denoted Z,i = Z% if v has label k. In view of Lemma B.1, since I C X' is
chosen compact, the minimum exists and we have 6y > 0. We also let

gozmin{ImH,f:Z e I +1[0, l],kte},

glzmax{lsz|:zel+i[0, 1],k€9l}, (B.3)

where we denoted H,, = H{ for v of label k and similarly for I". Again ¢o > 0.
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We shall also need the function

g1 =¢€;(r) = min inf inf — HY|. B.4
! 1) x€eS, v zel+[0,1] g, H\ B, (H?) 18 <l (B.4)

‘We may now state the main result of this “Appendix” (corresponding to case 3 in the
above discussion).

Proposition B.1. Let I C X be compact and satisfy (5.28). There is ¢ = c(6p) < 1,
&+(6o, co, I, ep) > 0and R : [0, e,) — [0, 00) with lim._.o R(e) = 0 such that for all
(oS [0’ 8*)v lf‘

—-gE€ HS*»*’\BR(S)(H) and gy = g4+ (2, a, L) is defined by (5.23)—(5.24),
~le—al| <eand |L — L%| <e¢,
—1Imz € [0, ni] for some 1, (60, €p),

then there is w € I1 with
Q)(f;(g) <c¢ or cos a)(fy) (g) <c,

either for some x,y € Sy orforx = %" and all y € S, \{*'}.

Proof. First recall that for & € C

dgy (arg(§1), arg(£2)) = dg1 (arg(£1£2), 0) = dg) (arg (2) 0) . (B.5)

Also, fora, B,y € S!, we have by the triangle inequality and translation invariance,
dgi(a+B,y) = dsi(a,0) —dsi (B, y). (B.6)
Moreover, as oy y(g) = arg((gx — H)(gy — H)Z,)), we have by (B.5),

dgi (tx,y(8). 0) = dg (arg(gx — Hy), arg(gy — HY)). (B.7)

By Lipschitz continuity, we may find c; such that for all z € 7 +i[0, 1] and L €
UsealL? — 1, LY + 1], we have

‘sinﬁ(L—L?)( < |L—LY. (B.8)
We also take ¢ such that

06—0[0

ﬁi

<c)-la—all. (B.9)

‘We then choose

. Oy Boep Boep
5* = min / gOa ’ 2 g() ’ (BIO)
c;(1+60) ™ 4crgi(1+60) 2c;(1+g7)(1+6p)

2¢1(1+ ¢?
M;p = max (d,, M) (B.11)

ED
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and define R : [0, ¢,) — [0, c0) by

1+06
R(e) =76, with 6, = ; % M pe,
(]

where €1(r) is defined in (B.4). By [20, Lemma 10] or [18, Lemma 2.18], R(¢) =
2

go(g%feg) is well-defined, since go — 0 > 0 by the choice of &..

Take g € Hs*v*’\BR(e) and ¢ € [0, &,). If there is x € Sy, such that g, = HZ, then
Qy,y(g) = 0 by definition for all y € S, ,» and we are done. So assume that g, # H}
forall x € S, .». We also assume

dgi(@{™)(g).0) <6y forallwr € Tandx,y € Sy (B.12)

since otherwise we are done. Our aim is to show dgi (af;(g), 0) > 6 for some & € IT

and all y € S, \{*'}.
Recall that H; ) = H; forw € IT and x € S, . We set

1'57) = Z (gﬁ”) — Hyz)
yGS*/
Recalling (B.7), our assumption (B.12) implies that
77| = e — HY| (B.13)
forall # € IT and x € Sy, and

dg (arg(x"), arg(e\™ — HY)) < 26 (B.14)

X
forall w € IT and x € S, . See [20, Lemma 9] or [18, Lemma 4.19] for a proof. O

We now proceed with two claims.
Claim 1. There exists w € Il such that |t>£7)| > (lg—f")MI,De.

Proof of Claim 1. We assumed that g ¢ Bg(e), so there is X € S, v such that y;(g) >
R(¢). By the choice of ¥ w.r.t. (C2) there is 7 such that 7 (X) € Sy. By (B.13) and the
definitions (B.4) of ¢; and R above, we obtain

(1+60)

|t
0o

(=7 h (=7 hH
( _

T2 180 — HE )l = I8z — HE| > e1(R(e) = 6, = Mi.pe.

0
Claim 2. Denote Z*(v) = ¢*(v—, v) sin /zL, and w = a—\/;*/ Then we have

o) — Hi =75, (*’)zg)(*’)[ (2 = w) {1 +cot 2L cot VLY

o sin /z(L — LY) sin /Z(L — LY) }
¥ sin/zL sin \/zLY, sin /zL sin \/zLY,

} (52 +1)
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Proof of Claim 2. 'We have by (5.23),

o _ gt b (g cos \/ZL +sin \/ZL I5cos /zLY, +sin /zLY,
A ;= . - . 0 0
* ¥ =g (g™)sin ZL +cos /ZL  —TI77sin \/zLY, +cos \/zL?,
1
" (—¢w(g™)sin /ZL + cos VZL) (=T sin /zLY + cos \/zLY)
X [¢*/ (&™) {cos /zL cos \/ZLY, +sin y/zL sin \/ZLY,
. 0 - 0
+ IS (sin \/zL cos /zLy, — cos y/zL sin /zL)))}
0, o - 0
— I (cos \/zL cos o/zL,, +sin \/zL sin y/zL},)
+sin y/zL cos v/ZLY, — cos /ZL sin ﬁLg/]
(@@ = I cos JZ(L = LY) + (¢ (8" ) I + 1) sin Z(L — L))
(—pw (87 sin /ZL + cos /ZL) (— I sin /LY, + cos /zLY)

gf:f) cos y/zL—sin \/zL

But by reverse Mgbius transformation, ™y =
y $v (87 g:f) sin y/zL+cos \/zL

. Hence,

sin? \/ZL — gf,r) sin \/ZL cos \/zL

gf/r) sin \/zL + cos \/zL
1 1

g sin \/ZL + cos \/ZL i ()

—¢(g7) sin \/ZL + cos \/ZL = +cos+/zL

by definition (B.1). Thus,

g = H = &5 (D55 () @0 (8™) = T {cos /z(L = LY)
+I7% sin /z(L — LY)}
+(I5)? + Dsin/z(L — LY)].

Next, ¢ (§™) = Yyes, 887 = %, 50 (¢ (¢™) = I7) = 77 — w. Claim 2
follows.

Conclusion: By Claim 2, using arg(§¢) = arg(§) +arg(¢) and arg(§ +¢) = arg(§) +
arg(l +¢ /&), we get

arg(gf;) — H}) = arg (Z;”) () Z5(+)) +arg |:(1 — %){1 +cot 4/zL cot ﬁLg,
T,

ope . SVEL —LY) }+ (I9)?+1  siny/z(L — LY) }
¥ sin/zLsin \/zLY, " sin /zL sin \/zL?,
(”))

«

+arg(t
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We thus get for the permutation 77 € IT taken from Claim 1 and all y € S,\{*'}

dgi (o7, (2),0) = dg (arg(gff) — HY), arg(g" — H;))
w
> dgi (arg(Z;m(*/)Zé(*’)), O) —dgi <arg |:1 - E
*/
sin /z(L — LY,
+(1—% I — \/_(. *)0
T, sin \/zL sin ﬁL*,
(F5)*+1  sin/z(L—LY)
" sin /zL sin \/zL?,

n (1 — %) cot 4/zL cot ﬁLE/], 0)
T,

—ds (arg(rﬁ”), arg (g — Hf))

where we used (B.6) twice. To bound the first distance, note that we have Zj(x') € H
and dgi (arg Zé(*’), B) = 106y for B € {0, 7}, by the definition (B.2) of 6y. Moreover,
since Zz(ﬂ)(*/) € H by the argument after (B.1), we have dg (arg(Zg(m(*/)), B) >0

for B € {0, 7}. Hence, dg: (arg(Zé(*’)Z;ﬂ) (%)), 0) > 106y. The last distance can be

estimated by (B.14).

For the second distance we begin by noticing |2

T

(B.9), so this follows from Claim 1 and (B.11). Also*, using (B.8),

(I5)?+1  sin(yz(L = LY))
fy) sin (vzL) sin (zL2)

(ct+ Db cye
- M],Ds(l +6y) ep

and

cré
<2¢1—
€D

( wy . sin(yzZ(L—LY))
|- —)F; . .
rﬁf) ¥ sin (yzL)sin (y/zLY)

Now as noted in [20, Lemma 8], for any ¢, & € C, |¢| < 1, we have

dgi (arg (1 +£ +¢),0) < T if§=0.
sriae .0 = dgi (arg&,0) + 55 if &€ #0.

We use this with & = (1 — #) cot (/zL) cot (y/zL?) and

—w w sin (y/z(L — LY))
¢ ry) N ( ti,”)> ¥ sin (zL) sin (y/ZL2)
+(F*Z,)2 +1  sin(yz(L - LY))

Ty sin (vzL)sin (zL2)

o
(7)| < ﬁ. In fact, |[w| < cje by

(B.15)
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From the estimates above,

b, o (si+Do  2ere6
1+90 ED MI,D(1+9()) ED
- 6o N 6o N 6o - 369 ,
T 1+60 2(1+6p) 2(1+6p) — 1+36

[¢] <

using (B.10), (B.11). Here, we used 6y < % (which holds since 6y < 1”—0).

Applying (B.15) thus yields

dg (1, (), 0) > 1080 — 369 — 260

—dg (arg [ 1 - % cot 4/zL cot ﬁLg,], 0)
T,

> 500 — dg; (arg 1— % ,O) —dg1 (arg [cot VzL cot «/ELQC|, O)
T,

The first distance is controlled again by (B.15) with & = 0. For the second distance,

we observe that Re z is not a Dirichlet value for Lg,, L by assumption (5.28), so the
argument tends to 0 as Imz | 0. So for Im z small enough, the last distance is < 6.
This yields

dgi (@), (2), 0) > 560 — 6 — 60 > 6.

The assertion follows by letting ¢ := cos6y. O
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