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Abstract: The Muskat problem, in its general setting, concerns the interface evolution
between two incompressible fluids of different densities and viscosities in porous media.
The interface motion is driven by gravity and capillarity forces, where the latter is due
to surface tension. To leading order, both the Muskat problems with and without surface

tension effect are scaling invariant in the Sobolev space H 1+5 (RY), where d is the
dimension of the interface. We prove that for any subcritical data satisfying the Rayleigh-
Taylor condition, solutions of the Muskat problem with surface tension s converge to
the unique solution of the Muskat problem without surface tension locally in time with
the rate \/s when s — 0. This allows for initial interfaces that have unbounded or
even not locally square integrable curvature. If in addition the initial curvature is square
integrable, we obtain the convergence with optimal rate s.

1. Introduction

In the studies of fluid flows, interfacial dynamics is broad and mathematically chal-
lenging. Some interfacial problems in fluid dynamics that have been rigorously studied
include the water wave problem, the compressible free-boundary Euler equations, the
Hele-Shaw problem, the Muskat problem and the Stefan problem. The dynamics of the
interface between the fluids strongly depends on properties of the fluids and of the me-
dia through which they flow. However, a common feature in all the above problems is
that the interface is driven by gravity and surface tension. Gravity is incorporated in the
momentum equations as an external force. On the other hand, surface tension balances
the pressure jump across the interface (Young-Laplace equation):

[p] = sH. (L.D)

where [p] is the pressure jump, H is the mean-curvature of the interface, and s > 0
is the surface tension coefficient. Well-posedness in Sobolev spaces always holds when
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surface tension is taken into account but only holds under the Rayleigh-Taylor stability
condition on the initial data when surface tension is neglected. It is a natural problem to
justify the models without surface tension as the limit of the corresponding full models
as surface tension vanishes. This question was addressed in [4,5,8,9,29,36,37] for the
problems listed above. The common theory is the following: if the initial data is stable,
i.e. it satisfies the Rayleigh-Taylor stability condition, and is sufficiently smooth, then
solutions to the problem with surface tension converge to the unique solution of the
problem without surface tension locally in time. The general strategy of proof consists
of two points.

(i) To leading order, the surface tension term sH provides a regularizing effect. For
sufficiently smooth solutions, the difference between s H and its leading contribution
can be controlled by the energy of the problem without surface tension. This yields
a uniform time of existence T, for the problem with surface tension s — 0.

(ii) For sufficiently smooth solutions and for some 6 € [0, 1), the weighted mean
curvature s’ H is uniformly in s bounded (in some appropriate Sobolev norm) by
the energy of the problem without surface tension. It follows that s H, the difference
between the two problems, vanishes as s' =7 as s — 0, establishing the convergence
on the time interval [0, T,]. Note that the optimal rate corresponds to 6 = 0.

Therefore, the vanishing surface tension limit becomes subtle if the initial data is suf-
ficiently rough so that it can accommodate curvature singularities. As a matter of fact,
in the aforementioned works, the initial curvature is at least bounded. In this paper, we
prove that for the Muskat problem, the zero surface tension limit can be established for
rough initial interfaces whose curvatures are not bounded or even not locally L. Re-
garding quantitive properties of the zero surface tension limit, the convergence rates in
the aforementioned works are either unspecified or suboptimal. In this paper, we obtain
the optimal convergence rate for the Muskat problem. The next subsections are devoted
to a description of the Muskat problem and the statement of our main result.

1.1. The Muskat problem. The Muskat problem [43] concerns the interface evolution
between two fluids of densities p* and viscosities u® governed by Darcy’s law for flows
through porous media. Specifically, the fluids occupy two domains Q* = Q,i C R+
separated by an interface ¥ = ¥,, with Q* confined below a rigid boundary I'*, and
Q- likewise above I'". We consider the case when the surfaces 't and ¥ are given by
the graphs of functions, that is, we designate b* : R — Rand 5 : R, x R — R for
which

Y = {(x,n(, x)) : x € RY}, (1.2)
't = {(x,b5(x)) : x e R}, (1.3)
Q ={x,y) eR!xR : b~ (x) <y < n(t,x)}, (1.4)
Qt={(x,y) eRY xR :n(t,x) <y <b*(x)}, (1.5)

Q=Q'uQ . (1.6)

We also consider the case where one or both of 't = ¢. In each domain QF, the fluid
velocity u* and pressure p* obey Darcy’s law:

uiui + Vx,ypjE = —piged“, divx,yujE =0 in Qi, (1.7)



The Vanishing Surface Tension Limit 1207

where g denotes the gravitational acceleration, and e+ is the upward unit vector in the
vertical direction. For any two objects A* and A~ associated with the domains * and
Q7 respectively, we denote the jump

[A] = A~ — A*
whenever this difference is well-defined. In particular, set
g = glel.

At the interface, there are three boundary conditions. First, the normal component of the
fluid velocity is continuous across the interface

[u-n] =0 on X, (1.8)

where we fix 1 to be the upward normal of the interface, specifically n = (V) ~!(=Vn, 1)
with

() =v1+]|-%

Second, the interface is transported by the normal fluid velocity, leading to the kinematic
boundary condition

e =(Vnu -nlsg,. (1.9)

Third, according to the Young-Laplace equation, the pressure jump is proportional to
the mean curvature through surface tension:

[pll =sH(n) = —sdiv((Vn)~'Vn) on %, (1.10)
where s > 0 is the surface tension coefficient and
H(n) = —div((Vn)~'Vp) (1.11)

is twice the mean curvature of X.
Finally, there is no transportation of fluid through the rigid boundaries:

ut vEF=0 on I'?, (1.12)

where vt = £(Vb)~!(—Vb™, 1) is the outward normal of " *. If '+ = §, this condition
is replaced by the decay condition

lim w®(x,y) =0. (1.13)

y—=£00

For the two-phase problem, we have p* and ™ both as positive quantities. We will also
consider the one-phase problem where the top fluid is treated as a vacuum by setting
pt=pur=0and Tt =¢.

In the absence of the boundaries I'*, both the Muskat problems with and without
surface tension to leading order admit H 1+5 (R?) as the scaling invariant Sobolev space
in view of the scaling

n(x,t) — )Fln(kx, A31) and nix,t) — )Fln()»x, AL).
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In either case, the problem is quasilinear. The literature on well-posedness for the Muskat
problem is vast. Early results can be found in [6,7,17,23,31,49,51]. For more recent
developments, we refer to [22,24-26,30,34] for well-posedness, to [12,20-22,27,28,32,
34] for global existence, and to [13,14] for singularity formation. Directly related to the
problem addressed in the current paper is local well-posedness for low regularity large
data. Consider first the problem without surface tension. In [18], the authors obtained
well-posedness for H2(T) data for the one-phase problem, allowing for unbounded
curvature. For the 2D Muskat problem without viscosity jump, i.e. u* = u~, [22]
proves well-posedness for data in all subcritical Sobolev spaces W2 !*(R). In L2-based

Sobolev spaces, [39] obtains well-posedness for data in all subcritical spaces H %Jr(R).
We also refer to [2] for a generalization of this result to homogeneous Sobolev spaces
HI®)NHR),s € (%, 2), allowing non-L? data. In [45], local well-posedness for the
Muskat problem in the general setting as described above was obtained for initial data

in all subcritical Sobolev spaces H 1+%+(Rd ), d > 1. The case of one fluid with infinite
depth was independently obtained by [3]. Regarding the problem with surface tension,
[39,40] consider initial data in H**(R). In the recent work [46], well-posedness for data

in all subcritical Sobolev spaces H 1+%+(R‘1 ), d > 1, was established.

1.2. Main result. In order to state the Rayleigh-Taylor stability condition solely in terms
of the interface, we define the operator

RT() =1-[BmJmlIn=1- (‘B’(n)lf(n)n - %+(n)l+(n)n), (1.14)

where J* (1) and B+ (1) are respectively defined by and (2.14) and (2.21) below. Our
main result is the following.

Theorem 1.1. Consider either the one-phase Muskat problem or the two-phase Muskat
problem in the stable regime p~ > p*. The boundaries T'* can be empty or graphs
of Lipschitz functions b* € W (R?). Foranyd > 1, lets > 1 + % be an arbitrary
subcritical Sobolev index. Consider an initial datum ny € H®(R?) satisfying

infd RT(n9) > 2a > 0, dist(no, I'F) > 2k > 0. (1.15)

xeR

Let 5, be a sequence of surface tension coefficients converging to 0. Then, there exists

Ty > 0 depending only on ||no|lgs and (a, h, s, [,L:t, @) such that the following holds.
(i) The Muskat problems without surface tension and with surface tension s, have a

unique solution on [0, T,], denoted respectively by n and n,, that satisfy

N € C([0. T,): H* (RY) 0 L2([0, T,]; H**2(R%)), (1.16)
n € LO([0, T,); H*(RY)) N LA([0, T,); H** 2 (RY) n C([0, To]; HY (RY)) Vs’ <,
(1.17)
Iy M Lo 0,70 ) + | (7, 77)||L2([0’T*];HS+%) + \/g”nn”Lz([O,T*];H“%)
< Flmolas,a™h, (1.18)
inf inf RT(n,()) > «a, inf dist(n, (1), Fi) > h, (1.19)
t€[0,T:] xeR4 t€[0,T]
inf inf RT(n(¢ s inf dist t,FjE h, 1.20
te%(r){T*]xlerle () >a te%g’m ist(n(1) ) > (1.20)
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where F : R* x R* — R* is nondecreasing and depends only on (h, s, &, g).
(ii) As n — 0o, n, converges to n on [0, T,] with the rate \/s,:

-1
I = mlloeqo. sty + I =l ot < Ve F (ol @™ (1.21)

If in addition s > 2, then we have the convergence with optimal rate s,:

L2([0T]<HS*%)55'1'7:(||’70||H3',a7]). (1.22)

17 = nll oo o, 7,3 m5—2) + 110 — 7l
. . .. d

The convergence (1.21) holds for initial data in any subcritical Sobolev spaces H g+

(RYY. In particular, this allows for initial interfaces whose curvatures are unbounded in

all dimensions and not locally square integrable in one dimension. The former is because

H(no) e H _”%Jr(Rd ) ¢ L*® (R9Y and latter is due to the fact that in one dimension we
1
have H(ng) € H 2*(R) ¢ L? (R). This appears to be the first result on vanishing

surface tension that can accommlgcdate curvature singularities of the initial interface. On
the other hand, the convergence (1.22) has optimal rate s, and holds under the additional
condition that s > 2. This is only a condition in one dimension since s > 1 + % > 2 for
d > 2. Note also that s > 2 is the minimal regularity to ensure that the initial curvature is
square integrable, yet it still allows for unbounded curvature. See the technical Remark
1.3.

The proof of Theorem 1.1 exploits the Dirichlet-Neumann reformulation [45,46] for
the Muskat problem in a general setting. See also [3] for the one-fluid case. Part (i) of
Theorem 1.1 is a uniform local well-posedness with repsect to surface tension. The key
tool in proving this is paralinearization results for the Dirichlet-Neumann operator taken
from [1,45]. The convergences (1.21) and (1.22) rely on contraction estimates for the
Dirichlet-Neumann operator proved in [45] for a large Sobolev regularity range of the
Dirichlet data. Together with [45] and [46], Theorem 1.1 provides a rather complete
local regularity theory for (large) subcritical data.

Remark 1.2. In [8] and [9], the first results on the zero surface tension limit for Muskat
were obtained respectively in 2D and 3D for smooth initial data, i.e. X9 € H* for
some sufficiently large so. The interface is not necessarily a graph but if it is then the
convergence estimates therein translate into

1170 — 7)||LOC(|0,T*];HI(11‘d)) <Cysp, d=1,2, (1.23)
which has the same rate as (1.21).

Remark 1.3. The condition s > 2 in (1.22) is due to the control of low frequencies
in the paralinearization and contraction estimates for the Dirichlet-Neumann operator
G(n) f (see (2.8) for its definition). Precisely, the best currently available results (see

Sects. 2.4 and 2.5 below) require f € H? (R?) with o > % The proof of the LY H;_z

convergence in (1.22) appeals to these results witho = s — %

Remark 1.4. Tt was proved in [45] that the Rayleigh-Taylor condition holds uncondition-
ally in the following configurations:

e the one-phase problem without bottom or with Lipschitz bottoms;
o the two-phase problem with constant viscosity (u* = u™).
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When the Rayleigh-Taylor condition is violated, analytic solutions to the problem with-
out surface tension exist [49]. The works [47,48] and [ 15, 16] strongly indicate that these
solutions are not limits of solutions to the problem with surface tension. We also refer
to [35] for the instability of the trivial solution (with surface tension) and to [33] for the
stability of bubbles (without surface tension).

Remark 1.5. In Theorem 1.1, the initial data is fixed for all surface tension coefficients
5,. In general, one can consider 7, |;=0 = 1.0 uniformly bounded bounded in H*® (Rd)

such that the conditions in (1.15) hold uniformly in n. Then, for any s > 1+ %, we have

1m0 — nll oo o, 7.0 51y + 1 — n”L2([0,T*];HS’%)

< (V5n + 11,0 = 0l grs—1 ) F llmoll s, a™ ). (1.24)

On the other hand, if s > 1 + % and s > 2 then

—1
D=l oo, g2y il o< (swtlno=moll g-2) Flmolle, a7,
o (1.25)

Remark 1.6. By interpolating the convergence estimate (1.21) and the uniform bounds
in (1.18), we obtain the vanishing surface tension limit in H " forall s’ € [s —1,s):

s—s

||77n - 7]||Loo([0,T*];HJ’) + ||77n - n||L2([O,T*];HX/+%) = 5n2 ‘7:(”770”HS’ Cl_l). (126)
Convergence in the highest regularity L° H; is more subtle and can possibly be estab-
lished using the Bona-Smith type argument [10]. This would imply in particular that n
is continuous in time with values in H}, n € C; H; . In the context of vanishing viscosity
limit, this question was addressed in [41], while convergence in lower Sobolev spaces
(compared to initial data) was proved in [19]. For gravity water waves, the Bona-Smith
type argument was applied in [44] to establish the continuity of the flow map in the
highest regularity.

Remark 1.7. The proof of the local well-posedness in all subcritical Sobolev spaces
in [45] uses a parabolic regularization. Theorem 1.1 provides an alternative proof via
regularization by vanishing surface tension. We stress that the assertions about 7 in
Theorem 1.1 do not make use of the local well-posedness results in [45].

The rest of this paper is organized as follows. In Sect. 2, we recall the reformulation of
the Muskat problem in terms of the Dirichlet-Neumann operator together with results
on the Dirichlet-Neumann operator established in [1,45]. Section 3 is devoted to the
proof of uniform-in-s a priori estimates. In Sect. 4, we prove contraction estimates for
the operators J* which arise in the reformulation of the two-phase problem. The proof
of Theorem 1.1 is given in Sect. 5. Finally, in “Appendix 57, we recall the symbolic
paradifferential calculus and the Géarding inequality for paradifferential operators.

2. Preliminaries

2.1. Big-O notation. If X and Y are Banach spacesand 7' : X — Y is a bounded linear
operator, T € L£(X, Y), with operator norm bounded by A, we write

T = Ox_y(A).
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We define the space of operators of order m € R in the scale of Sobolev spaces H* (R?):

op" = op"(R?) = ﬂ L(H*(RY), HS 7™ (RY)).
seR

We shall write T = Oppm (A) when T € Op™ and for all s € R, there exists C = C(s)
such that T = OHS_)HA‘fm (CA)

2.2. Function spaces. In the general setting, to reformulate the dynamics of the Muskat
problem solely in terms of the interface, we require some function spaces.

We shall always assume that 7 € W1 *°(R?) and either ['* = ¢ or b* € W10 (RY)
with dist(n, b) > 0. Recall that the fluid domains % are given in (1.2). Define

H'(Q%) = {v € L}, () : Vi yv € LAQO/R, 0l j1gs) = IVeyvll2es.
2.1

For any o € R, we define the ‘slightly homogeneous’ Sobolev space

HY @R = € Lib@®) : V1 € HTT' RO} R, 1oty = 1V £l o ey

) (2.2)
When b* € W1 (R9), we fix an arbitrary number a € (0, 1) and define the ‘screened’
fractional Sobolev spaces

=3 dy _ 1y . If(x+k) = f0)I?
:Fa(n_hi>(R ) - {f € Ll()C(R ) . /]‘{d /l\kliq:a(nibi) Tdkdx < X /R
1

(2.3)
According to Proposition 3.2 [45], the spaces ﬁ:za (- bi)(Rd) are independent of 7 in

W Loo(RY) satisfying dist(n, b*) > h > 0. Thus, we can set

H(RY) if I* =g,

~1
HIRYH) =1 _1 , . 24
H;a(n_bi)(Rd) if b* € WL (RY).
It was proved in [38,50] that there exist unique continuous trace operators
. ~L ~1
Trosx : H'(Q%) - HZ(Z) = HE (RY) (2.5)
with norm depending only on 71l yir1.00 () and ||b* llyir1.00 (Rd) -
Finally, for o > %, we define
~ ~1
HI(R?) = HI (RY) n H' (RY) (2.6)

and equip it with the norm || - ”ﬁi = - ||H1 +1 -l gro.
+
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2.3. Dirichlet-Neumann formulation. Given a function f € R?, let ¢ solve the Laplace
equation

Ayyp=0 inQ™,
¢=f onX, 2.7
;}—‘é =0 onI'",

with the final condition replaced by decay at infinity of ¢ if '™ = (J. Then, we define
the (rescaled) Dirichlet-Neumann operator G~ = G~ () by
ap~

on
The operator G*(n) for the top fluid domain Q* is defined similarly. The solvability of
(2.7) is given in the next proposition.

G f=(Vn)

2.8)

Proposition 2.1 ([45] Propositions 3.4 and 3.6). Assume that either '™ = J or b~ €

. ~1

WL @Y. If n € WHO(R?) and dist(n, T'™) > h > 0, then for every f € H>(R%)
there exists a unique variational solution ¢~ € HY Q™) 10 2.7). Precisely, ¢ satisfies
Tro-.x¢ = f,

f Viyd - Viypdxdy =0 Vo e {ve H(Q): Trg-_sv =0}, (2.9)
o
together with the estimate
IVey@ll2@y = FUAVRlLIFI 1 (2.10)
H? (Rd)

for some F : R* — R* depending only on h and || Vb~ || oo (gd)-

As the functions b™ are fixed in W' (R?), we shall omit the dependence on || Vb~ || ; ®RY)
in various estimates below.
The Muskat problem can be reformulated in terms of G* as follows.

Proposition 2.2 ([46] Proposition 1.1). (i) If (u, p, n) solve the one-phase Muskat prob-
lem then 1 : R — R obeys the equation

1
= == =G~ (g0 n+sH). .11

Conversely, if n is a solution of (2.11) then the one-phase Muskat problem has a solution
which admits 1 as the free surface.
(ii) If (™, pT, n) is a solution of the two-phase Muskat problem then

1
n=—-——G"f", (2.12)
n

where f* := p*|s + ptgn satisfy

JT=fT=gn+sH),
=G = =G [t =0.

Conversely, if 1) is a solution of (2.12) where f= solve (2.13) then the two-phase Muskat
problem has a solution which admits n as the free interface.

(2.13)
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To make use of the results on the Dirichlet-Neumann operator established in [1,45,
46], it is convenient to introduce the linear operators

JE=JFm): v (2.14)

where f* : RY — R are solutions to the system

Id —1d 7\ (v
<M+G‘(n) —M‘G+(n)) (f) = <0> ' (&)

Introduce
.
+
L=Lp=2"F G- (2.16)
"

For the two-phase case, L coincides with %G+J * in view of (2.13). Thus, writing

L= (# + lﬁ’iL_ )L yields the symmetric formula

L=G J +G'J*". 2.17)

This formula holds for the one phase problem (2.11) as well. Indeed, when u* = 0
we have J* = 0 and J~ = Id, and hence L = G~. In view of (2.16), Proposition 2.2
implies the following.

Lemma 2.3 The Muskat problem (both one-phase and two-phase) is equivalent to

1
an+———L(gn+sH () = 0. (2.18)
wr+

The next proposition gathers results on the existence and boundedness of the operators
JE, G*, and L in Sobolev spaces.

Proposition 2.4 ([1] Theorem 3.12, and [45] Propositions 3.8, 4.8, 4.10 and Remark
4.9). Let u* > 0 and n= > 0. Assume dist(n, TF) > h > 0.
(i) If n € WHo°(RY) then

W= 0 +I0GT 0 +ILl . 1 < Flnllgre),  (2.19)
L(H?2 ) LHZ H™2) 2)

’H:g 2z, L(H2,H

where F is nondecreasing and depends only on (h, u™).

(ii) If n € H*RY) withs > 1 + % then for any o € [%, s], we have
1=l 2o gy + 1G N zeiig, o1y + 1N 2o o-1y < Fllnllas), (2.20)

where F is nondecreasing and depends only on (h, u*, s, o).
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2.4. Paralinearization. Given a function f, define the operators

BEL=BEf = (V) 2(Vn - V+GE) f, 2.21)
P =00 f = (V- VpBhH) f. (2.22)

We note here that B f = 8),¢i|g and Ut f = V,¢T |5, where ¢ solves (2.7). More-
over, as a consequence of (2.20) and product rules, we have

I1B* D g o1 + 1D g, o1 < FllInlle) (223)

foralls > 1+ % ando € [1,s].
The principal symbol of G~ (1) is

1, §) = (Vn2IER = (V- £)2, (2.24)

while that of G*(5) is —A(x, &). Note that A(x, ) > |&| with equality when d = 1.
Next we record results on paralinearization of Gi(n).

Theorem 2.5 ([1] Propostion 3.13, [45] Theorem 3.18). Lets > 1+% andlet§ € (0, %]
satisfy 6 <s —1— % Assume that n € H* and dist(n, TF) > h > 0.

(i) For any o € [%, s — 8], there exists a nondecreasing function F depending only
on (h,s,o,8) such that

FGE) =T + Ofg_, go-1+ (F (Nl #)), (2.25)

L) =T + Ogo, go—1 (F (0l Es)). (2.26)

(ii) For any o € [%, s, there exists a nondecreasing function F depending only on
(h, s, o,8) such that for all f € I:Ii (Rd), we have

VA

FGH ) =T = T ) = Ty - Y0+ O A Fllnllg) (Ul
(2.27)

L) f =T.(f — Tyssrm — Tygayy - Vn + OH ot (FUnllasH A+ ||77||HS+%,5))f-

(2.28)

o —

Proof (2.25) was proved in Proposition 3.13in [1] foro € [%, s — %] but its proof allows
foro € [%, s — &]. On the other hand, (2.27) was proved in Theorem 3.17 in [45]. Let

us prove (2.26) and (2.28). We recall from (2.17) that L = G—J~ + G*J*. Applying
(2.25) we have

FGEIEf =TI  f+ Oy yores (FllInllas )T * f.

By virtue of (2.20) we have || J* ||£(Ho,gi) < F(Inllgs), and thus

FGEIEf =T JE f + Opo_, yo—1es (F(Inll ) f-
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It follows that

L f =TlJINSf + Ogo_, go—1s(F Nl as)) f
= T)Lf + OHG_)HafHB(f(”n”HS))f’

where in the second equality we have used the fact that [[J]| = Id. This completes the
proof of (2.26). Finally, (2.28) can be proved similarly upon using the paralinearizaion
(2.27). O

Finally, the mean curvature operator H (-), defined by (1.11), can be paralinearized as
follows.

Proposition 2.6 ([46] Proposition 3.1). Let s > 1+ 4 and let § € (0, §] satisfying

§<s—1-— %’. Then there exists a nondecreasing function F depending only on s such
that

H(m) =T+ OH”%—>H“%*5 (Fnllas)n (2.29)
where
[ = (Vi) 322, (2.30)
In addition, if o > —1 then
NH e < Fnllas)Inll gos. (2.31)

2.5. Contraction estimates. Let s > 1 + % and consider n; € H*® (RY) satisfying

dist(n;, Fi) > h > 0, j = 1,2. We have the following contraction estimates for
GEm) — G*(n).

Theorem 2.7 ([45] Corollary 3.25 and Proposition 3.31). Forany o € [%, s, there exists
a nondecreasing function F : Rt — R* depending only on (h, s, o) such that

IG*= () — Gi(nz)llﬁiﬁya—l < F(In, ) las)Im — m2ll o (2.32)
and
IGE(n) — Gi(nz)llﬁiﬂm—l < F(lu, m) ) e — m2ll as. (2.33)

Theorem 2.8 ([45] Theorem 3.24). Let§ € (0, 3] satisfy§ < s—1—%. Leto € [5+8, 5.

Forany f € I?jt there exists a nondecreasing function F depending only on (h, s, o)
such that

F(GEm) f — GE)f) = =T =y (11 — m2) — Ty £ - V11 — m2)

+ 0y e (F(N G )Y = 2l gos ) .
(2.34)

where A1 is defined by (2.24) with n = ny.
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3. Uniform A Priori Estimates

Conclusion (i) in Theorem 1.1 concerns the uniform local well-posedness of the Muskat
problem with surface tension. Key to that is the following a priori estimates that are
uniform in the vanishing surface tension limit s — 0.

Proposition 3.1 Lets > 1 + % uw- >0, ut>0,5>0,and h > 0. Suppose

n € C([0, T]; H* (RY) N LA([0, T]; H**2(R%)) 3.1)

is a solution to (2.18) with initial data no € H* (R?) such that

inf inf RT(n(z)) > a > 0, 3.2)
1€[0,T] xeRd

inf dist(n(z), %) > h. 33
nf_ dist(n(0), T*) > (3.3)

Then, there exists a nondecreasing function F : R* x R* — R* depending only on
(h,s, ui) such that

171z o, 71:85) < lInollas exp ((5 + @ T F(Inll Loqo.71: 1) Cl*l)) (3.4
and

2 2
slinl 1 +allnl
L2([0,T1;H*"2) L2([0,T1;H*"2)

= 71 (Imollas exp (@ + DT F(Inll=qo.rimey a))a™')  33)

where Fy(m, n) = m>F(m, n).

Proof Set B = [B(n)J(n)1n and V = [V(n)J (n)]n. We shall write Q = Q(t) =
FIn®) | gs, a~!) when F(-, ) is nondecreasing and depends only on (4, s, ui). Note
that 7 may change from line to line. From (2.18) we have

(W +p7)dm +gL(mn +sLmH ) =0 (3.6)

for both the one-phase and two-phase problems. Fix § € (0, min(1,s — 1 — 4)). By
virtue of the paralinearization (2.28) (with ¢ = s) we have

gL(nn = g(Ty(n = Tgn) = Ty - Vi) + O (@ +Inll 1)1

o1
S>H" 2
On the other hand, (2.26) (witho =5 — %) together with (2.31) gives

SLODH() =sTHM+ 055, F(nllz)n
Combining this with the linearization (2.29) for H (n) yields

sLNH () = sTaTin+ 0 .3 305 SF Il s ),

I Ll

where we have applied Theorem A.2 to have T, = O, (F (7l as))-
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Then in view of (3.6) we obtain
(W* +u)am +sTTim + g(To(n — Tpn) — Tv - Vi)
=0 o F(nlla) L+ Indl v D)1+ 0 s s GF(nlan.
3.7

Note that A € F;, | € Fg and (B,V) € wl+d.oo Fg, with seminorms bounded by
F(Inllas). The symbolic calculus in Theorem A.3 then gives

.Tim = Tun + Ogps-s (F(Inlla+)),

T.(d — Tp) = Tha-B) + Ogpi-s (FInllas)),

Ty -V =iTzy = iRe(Tt.v) + Ogpi-s (F(Inllas)).

1
HS—>H“7(

where Re(Tz.y) = %(Tg.v + Tg*.v)- It then follows from (3.7) that

1+ )0 +5Tun + 9 Tua-myn — iRe(Tz.v)n)
=0, @Fnlad A+l 4 D+ 0 sy 6F (Il
(3.8)
We set ny = (D)*n. Appealing to Theorem A.3 again we have
[(D)*, Tl = Ogpss3—s (F(lInlla+)),
(D), Tra-p)] = Ogperi-s(F(Inllms, a™"),
[(D)*, Re(Tg.v)] = Ogpsti-s (F(Inllus)),

where [A, B] = AB — BA and in the second line we have used the lower bound (3.2)
for (1 — B) together with the fact that A > |&|. Note that we have adopted the convention
that f(”n”Hs) = .7:(”7’)”[-1? s O) This 1mphes

(u™ + 7)o +sTyns + G(Tx(l—B)ns - RG(E-V)%)
= 0L2—>H‘% (g1 + ||T)s||H%_5))77s +00p1-5(gQ)ns + 0H3 3,5 (5D)1;.

7_)1_1—'74-6
(3.9)
Since iRe(T%.y) is skew-adjoint, by testing (3.9) against n;, we obtain
(W +p) d
#E”ns”iz +5(T>J775, ns)LZ +9(Tx(173)77s, nJ)L2
= ofa[a+mdl s Dnclzlngl s+l linsl g J+sinsl sl s ).
(3.10)

where (-, -);2 denotes the L? pairing. The term involving 1 + || ||H 1 is treated as
follows:

sl s Dlinsllzzlmsll o < Wmsliz2linsll 3+ Insliz2 sl yslinsll

< Qlnsllyslimsl -
(3.11)
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In view of (3.2) and the fact that A(x, &) > |&|, we have the lower bounds

-3,3 1 3
A1 —=B) =alg], 1A= (Vn) "L = ——=I[&|".
(I llw1.e0)

Moreover, A(1 — B) € Fg and /A € Fg’ with seminorms bounded by F(||n]| gs). Then
applying the Gaarding’s inequality (A.9) gives
2
1@l 5 < QU g Il 3 s + (Tians. mo) 2 ). (3.12)
1@l < Q(Indl sl + Tapyme n)pz). G13)
H2 H?2 H?2

where W (D) denotes the Fourier multiplier with symbol W defined by (A.3). In addition,
we have

lullagr < CUNY(D)ullpr + |lull2) VreR.
Thus, (3.10) amounts to

W +u)d

. S (st +alncl? )

<Q(9|I77v|| yy-slisll 1+ slnsll s slingll

— +
||77s||Lz (3.14)

).

3
H2

We use Young’s inequality and interpolation as follows:

1
2(1 ) 2
sl 1 sllmsll 1 = 51175 IImII < (109)° 172+ —— 10002 IImIIH%
(3.15)
and similarly,
2(1 1 5
sl 3-slmsll 3 = IInslle ||ns|| < (109)° 172+ —— 10002 IlnsllH%

(3.16)

Applying these inequalities to (3.14), and then subtracting terms involving || g ||H 1, we

obtain for a larger Q if needed that

pwrHpd 2 1 2 2 2

_— + —(s + <(g+s N172- 3.17
5 dtllnslle Q( ||ns|IH% gllnsIIH%)_(g )QlIns 172 (3.17)

A Gronwall’s argument then leads to

+glnl?

1
ctornin+ o= (s )
iy (wo.r:a) o ”’7” L2(0.T]: H™* D)

s+3
[0.T];H""2)
< llnoll3« exp ((s+g)TQT),

where Q7 = F([Inllzeqo0.71; B°) a~!) with F depending only on (&, s, u*). In partic-
ular, we have the H* estimate (3.4). As for the dissipation estimate, we have

5
I L —

< lnol« exp (s + DT F(Inlliqo.ri o)) Q-
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On the other hand, plugging (3.4) into Q7 gives
Qr = FlInllz=qo,r3;m5), 8~ ")
= 7 (Inollus exp (s + @ TF(Inllqo.rymsy ")) o)
Therefore, upon setting F| (m, n) = m2F(m, n) we obtain

2

2
slin L +allnl
) L2([0,T1;H*"2)

L2([0,T];H**2
< 71 (Inolls exp (& + O TF(Inllqo.rymsr a7")) a7 )
which finishes the proof of (3.5). O

4. Contraction Estimates for J +

Our goal in this section is to prove contraction estimates for J¥ () at two different
surfaces 71 and 7. This is only a question for the two-phase problem since for the

one-phase problem we have J~ = Id and J* = 0. Given an object X depending on 7,
we shall denote X ; = X|;=; and the difference
Xs = X1 — Xa.

Proposition 4.1 Letr s > 1 + % and consider n; € H* (RY) satisfying dist(n I3 r+) >
h>0j=12 Foranyo € [%,s], there exists F : Rt — RY depending only on
(h,s, o, ui) such that

155 s g < FNlms e 4.1)
IIJfIIHa%g; < F(N) sl as, 4.2)

where we denoted
Ng = (1, n2) |l a5 4.3)

We shall prove Proposition 4.1 for the most general case of two fluids and with bottoms,
ie. u™ > 0and I'* # (. Adaption to the other cases is straightforward.

4.1. Flattening the domain. There exist nf € CJ*19(R?) such that
b_(X)+§ <n,(x) =< n,/(X)—g, nj(x) < nI(X)—g <b*(x)—h VxeR! (4.4)
and for some C = C(h, s, d),
I egriooeay < CCL+ Il + Inall ). (4.5)
For j = 1,2 we set Q, = Q;* u Q]_* where
QF =1,y 1 x e RY 4n(x) < £y < 07 (). (4.6)

Note that Q, = {(x,y) : x € R, n;(x) <y < nf(x)} is independent of j € {1,2}.
For small T > 0 to be chosen, define p; (x, z) : R x [—1,1] by

: _ 2y ~7lzl(Dy) ! - 1 +
0j(x,z2) =1 —=z")e njx) — Ez(l —2)n, (x) + Ez(l +2)n,(x). @4.7)
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I

Lemma 4.2 There exists K > 0 depending only on (s, d) such that if tK|[nj||lgs < 13

then I
d:0;(x,2) > 5 e (x,2)eRYx (=1,1), j=1,2. (4.8)

For j = 1,2, the mapping
;R X[~1,113 (x,2) = (x,0,(x,2)) € R

is a Lipschitz diffeomorphism and respectively maps R¢ x [0, 1] and R? x [—1, 0] onto
QI,,‘ and Q;] Moreover, there exists C = C(h, s, d) such that

VPl poord =11y < C(1+Ny), (4.9)
||V(¢;1)||L°°(Q*) < C(+Ny). (4.10)

Proof We first note that ®;(x,0) = X; = {(x,n;(x)) : x € R4}, Di(x,1) =
{(x,nf(x)) : x € R} and ®;(x, —1) = {(x,n; (x)) : x € R?}. Thus, in order to
prove that ®; is one-to-one and onto, it suffices to prove that d;0;(x,z) > ¢ > 0 for
ae. (x,z) € R4 x (=1, 1). For z € (—1, 1)\{0} we have

1 1
0z0j(x,2) = 5(1 —22)(nj(x) —n, (x)) + 5(1 +22)(nf(x) — nj(x))
—2z(e7"FIP) 1y, (x) — sign(z) (1 — 22)e TP (DY (x).

Forz € [§,1],1 -2z € [—1, 4] and 1 + 2z € [3, 3]. In addition, by (4.4) we have
F(n_n¥) = h/2. Consequently,

1 1 h
7 (1 =20 (x) = m, () + (1 +22) (3 (x) = 1 (x) = 3 (4.11)

Similarly we obtain (4.11) for z € (—1, —%) and z € [—%, %]\{0}. Next writing

Izl ,
(€D~ 1y = o [ e PN 00
0
we obtain that
h
0:0j(x,2) = & — K lInjllms V(x,2) € R? x (1, 1)

for some constant K = K (s, d). Note that the condition s > 1 + % has been used.
Choosing T > O such that TK ||n;| gs < h/12 gives 3;0;(x,z) = h/12forae. (x,z2) €
R x (=1, 1).

Since

9:0j(x, 2) = —2ze~ Py - (x) — sign(2) T (1 — 29)e P (D, )y (x)
1 B 1
- 5(1 —22)n, (x) + 5(1 +22)n} (x),
there exists K’ = K’ (s, d) such that

1820 (x, D llwreoax(—1,1y) < K'lInjllgs—1 + K'Tlnjllgs + K'(1+ Ns—1),
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where we have used (4.5). Then in view of the fact that t||n;| gs < hK —1, we obtain

lojllwioomids(—1.1y) < C(+Ns), C=C(h,s,d), (4.12)
whence (4.9) follows. On the other hand, we have CD;I (x,y) = (x,«;(x, y)) where

y=0;(x,2) < z=«;x,y) ae. (x,2) € R x (=1,1). (4.13)

Then the relation «; (x, ¢ (x, z)) = z yields

Oykj(x,0j(x,2)) = W, Oxkj(x,0j(x,2) = —% (4.14)
Thus, in view of (4.8) and (4.12), we obtain (4.10). O
Lemma 4.3 Set
Yoy = {21092 @y e (4.15)
(x,y), (x,y) € Q\82
and
= —VTVTI . (4.16)
|det VY|
Then, Y is a Lipschitz diffeomorphism on Q and
m <detVY(x,y) <C(1+N5) a.e.(x,y) €Q, 4.17)
VYl + IV Do) < FW). (4.18)
Moreover, M satisfies
M —1dllLe(2) < F(Ns)lInsllas, (4.19)
1M —1d]l 20y = F(No)lnsll 1 (4.20)

Proof According to Lemma 4.2, Y is a Lipschitz diffeomorphism on €2... For (x, y) €
Q\Q, wehave Y = Id, and hence Y is a Lipschitz diffeomorphism on Q2 and M —1Id = 0.
It thus suffices to consider (x, y) € Q4. On Q, we have T (x, y) = (x, 01(x, k2(x, ¥)),
and so

1 0
VIt y) = (a(x, v bx, y))

where
a(-x7 )’) = XQl(-xv ’(2(xa }’)) + 8ZQ1(X7 KZ(X, y))asz(xv y)v
b(x,y) = d;01(x, k2(x, y))dyk2(x, y).
Using (4.14) (with j = 2) gives

a(r.y) = dx01(x, k2(x, ¥))9:02(x, k2(x, y)) — x02(x, k2(x, ¥))3:01(x, k2(x, y))
e 8:02(x. K2(x. ) ’

dz01(x, k2(x, ¥))

b(x,y) = 9.00(x, k2 (x, ¥))
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In view of (4.8) and (4.12) we obtain

Caany StV ) =b0.y) SCA+N) e (x.y) € Q. (42D)

Next we compute

1 /1-b a
M_Id=Z< a a2+b(b—1)>'

Using the above formulas for a and b together with (4.7) and (4.8) we deduce that

(@, b — Dllr=@,y = F(N)Insllas
@, b = Dllz2,) = FWN)lInsll 1

This combined with (4.21) leads to (4.18), (4.19) and (4.20). O

4.2. Proof of Proposition 4.1. The proof proceeds in three steps.
Step 1. We first recall from (2.15) that J*v = f* where f* solve

Id —-1d 7\ (v
<M+G_(fl) —H_G+(Tl)> (f*) N <0) ' (422)

From the definition of the Dirichlet-Neumann operator we see that f* = ¢*|x where
g7 solve the two-phase elliptic problem

AgT =0 in Q%
g —qgt=v onX,

0.9~ Ong* 0 on> (4.23)
w wh s
d,+gT =0 onI*.
To remove the jump of g at ¥ we take a function 6 : Q2 — R satisfying
1
0(x,n(x)) = —Ev(x), 0 =0 nearI'*, (4.24)
101l 71 () = C(1+ |In||w1,oc)llv||H%(Rd), C=C@). (4.25)

Then, the solution of (4.23) can be taken to be g := (r £ 6)|g= where r € HY(Q)
solves
—Ar =+A0 in QF,
r _ dr _ 11
T = 3,,9(M+ + M,) on X, (4.26)
d«r =0 onI¥,
A function 0 satisfying (4.24) and (4.30) can be constructed as follows. Let ¢(z) : R —
R* be a cutoff function that is identically 1 for |z| < % and vanishes for |z| > 1. Set

y — ﬂ(x))

p 4.27)

0(x,2) = —%g(z)e—‘“w”v(x), 0(x,y) = 0(x,
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Then, 6 (x, y) = O for |y —n(x)| > h,and hence 8; = O near '+ in view of the condition
dist(n, ') > h. Moreover, (4.30) is satisfied.
Integration by parts leads to the following variational form of (4.26):

1 — l + l - 1 + .
/(L_Jr%)w.wdxdy:/ (i__ 2z )ve.wdxdy, Vo € H'(Q).
QM M QM H

(4.28)

For example, for ¢(z) : R — R a cutoff function that is identically 1 for |z| < % and
vanishes for |z| > 1, we set

y —nx)
r—

Then, 6 (x, y) = 0for |y —n(x)| > h, and hence 8; = 0 near I'* in view of the condition
dist(n, Fi) > h. Moreover, we have

O(x,2) = —%g(z)e‘lzl(D”v(x), 0(x,y) =0/(x, (4.29)

101l g1 @) = CA+nllwie) vl C=C@. (4.30)

1 9
HZ(Rd)

By virtue of the Lax-Milgram theorem, there exists a unique solution r € H'() to
(4.34) which obeys the bound

+
Il @) = CuHNON f1 g = CA+ IInllwl.w)llvllH%(Rd)- (4.31)
Consequently,
JEv=fF =Trg:  s(r £6), (4.32)
and hence by the trace operation (2.5),

IIJivIIN% < F(Ny) vl (4.33)
HZ (RY)

1 .
2 (R4
? HZ2(RY)

We note that 0 defined by (4.29) depends on 7, and so does r.

1
Step 2. In this step we prove contraction estimates for J si = JljE - J2i in ﬁij . Recall
that Y defined by (4.15) is a Lipschitz diffeomorphism on 2. Let 61 be defined as in
(4.29) with n = n1, and let 6, = 01 o Y. Let us check that 6, obeys (4.24) and (4.30)
for n = n,. Indeed, using the fact that Y : ¥, — X we have

1
02(x, n2(x)) = 01 (x, T(x, m2(x))) = 01(x, n1(x)) = —Ev(X)-

On the other hand, since Y = Id near I'* and 61 = 0 near I'%, we deduce that 6 =0
near '+, Finally, the bound (4.30) for 8, follows from (4.30) for #; and the Lipschitz
bound (4.18) for Y.

According to Step 1, we have

T = Tros 5, () £6))

where r; € H'(Q) satisfies

lo- Lo+ 1o- 1o+ .
/(—‘{ +%)Vrj-v¢dxdy=/ (%— « >V9j~V¢dxdy Vo € H(Q).
Q\u- pu Q\u- n

(4.34)
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Set7 =r> 0 Y ! and recall that §; = 6, o Y L. Combining (4.31) and (4.17) gives
”72”[-'11(52) < F(Ny).

Since map ¢ > ¢ o Y ! is an isomorphism on H' (), with M = VYVY'/|det VY|
we have for all ¢ € HL(Q) that

n

where gradients of scalar functions are understood as row vectors, and the rows of the
Jacobian matrix VY are the gradients of each component of Y. Taking the difference
between (4.35) with j = 2 and (4.34) with j = 1, we obtain

IQ— 1Q+ IQ* 1Q+
/ (-2 + 2R MV drdy = / (= - L)veMVe' dxdy, (435)
QM M Q H

lo- l + lo- 1 +
[ (2w 50V = 9 avdy = = [ (24 50) VR — 1094 axdy
Q 128 Q

s u u*

lg- g
+ / ( oA )v91 (M —1d)Ve' dxdy
o\u=
(4.36)

for all ¢ € HI(SZ). Setting ¢ = 7 — r and using the estimate (4.19) for M — Id in
L°°(2) we obtain

172 = rill gy < COHIM =l @ (172l 1 gy + 16141 c2)

4.37
< FOND sl ol y. @30

On the other hand, using (4.20) for M — Id in L2(Q) instead gives

172 = rill g1y < CUHIM = 1dl| 20 (I V72l L (@) + VO] oo (2) 438)
< FWN)lnsl  1lvllas, ’
H?2
where in the last inequality we have used the fact that
1721l ) + 101 Lo @) < F(N) vl as.
Sincer, =7 o0Y,0b =007Y,and Y : in — QT, ¥, — X1 we have
Tros 5, (2 % 02) = Trge 5 (2 £ 601),
and hence
Jiv="Trge 5 (n£60) —Trge_ 5 (£ 60)
=Trgsy, (M £00) = Trge_ 5 2 £601)
=Trgs 5, (1 —72).

In view of (4.37) and (4.38), the trace operation (2.5) yields
2
+

1550l 1 < FNDInsll s vl (4.40)
H H2

+

+
15 vllHl = FN)lmsliaslvll 1 (4.39)
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For the proof of (4.1), we shall only need (4.40).
Step 3. We have J]iv =JE(m)v = fjjE where

-
{;G;J;Z]—__UI%G;f; —0, J=12. (4.41)
By taking differences we obtain f;~ = f and
Gy~ G = G - Gy gy @a2)
w o w w

where we recall the notation Gai = Gf - GE—L. Combining the contraction estimate
(2.32) with the continuity (2.20) for J * we deduce that

- - 1
IG5 5 | o1 + 1G5 fo o1 < F(N)Insllue vlles Vo e (5 s]. (4.43)

We take § € (0, %] satisfyingo < s — 1 — ‘21. In light of the paralinearization (2.25) for
GT, we have

| 1 | | ut+u” _ 1
—G fy ——Giff =T, (—fi +—f)+R' = ———T, f; + R,
no 176 IJ/+ 1J8 I(M— 8 M+ 8) 7,U,+ 1Js

_ 1
IR o106 < FONDI Sy e W0 € 15,5 = 81
(4.44)
It follows from (4.42),(4.43) and (4.44) that if
1 1
ve[z,s—é], v+46 <o, ae[z,s], (4.45)
then
1T, f5 Il o108 = F(NI f5 N gv + F (N Insllao lvll - (4.46)
Applying Lemma A.6 we have
WD) fs Npvs = FUnillzs)NTay S5 Il goe-r + FAnillas) L fs g
But for 7 > %,
Ny = CIND) - e+ Cl- s
HE
whence (4.46) implies that
I fs N gvs = FINOISs Iy +F (N lnsllae vl s (4.47)

provided that v and o satisfy (4.45).
We note that (4.40) implies that

Ifs 11 = F(Nolnsll 1 llvllas, (4.48)
H H2

[S]
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and hence (4.1) holds for o = % Now fix o € (%, s]. We use (4.47) to bootstrap the
base estimate (4.48) to

I fs e = FWNInsllae vl as- (4.49)

Indeed, we can always take § smaller if necessary so that % + 8§ < o. Plugging (4.48)
into (4.47) with v = % yields (4.49) with % + § in place of o. Continuing this n steps, n
being the greatest integer such that % +né < o, we obtain (4.49) for % + nd in place of
o. This is justified since v = L (n — 1)4 satisfies (4.45). Thus, for possibly one more

step to gain o — (% + nd) derivative, we obtain (4.49). The proof of (4.1) is complete.
Finally, (4.2) can be proved similarly except that one uses the contraction estimate
(2.33) to estimate G5 f5" in (4.43).

5. Proof of Theorem 1.1

Lets > 1+ %, u~ >0,u* >0,and s € (0, 1]. Consider an initial datum ny € H* (Rd)
satisfying

inf RT(n9) > 2a > 0, (5.1)
xeRd
dist(no, T'F) > 2h > 0. (5.2)

Theorem 1.1 will be proved in Propositions 5.1, 5.2 and 5.5 below. Precisely, Proposition
5.1 establishes the uniform local well-posedness for the Muskat problem with surface
tension belonging to any bounded set, say s € (0, 1]. Then, in Propositions 5.2 and
5.5, we prove that in appropriate topologies, n'®) converges to 1 with the rate /s and s
respectively.

Proposition 5.1 There exists atime Ty, > 0depending only on ||no|l ms and (a, h, s, u™=, g)
such that the following holds. For each s € (0, 1], there exists a unique solution

1 € C(10. T): H*®RD) N L2([0. To); H**3 (RY) (5.3)
to the Muskat problem with surface tension s, n®|,—o = no and

< Fnollgs,a™h

(5.4)
for some nondecreasing function F : R* x R* — R* depending only on (h, s, u*, g).
Furthermore, for all s € (0, 1] we have

1 W 0.7, + 1012 +sln®2
RO L ) 20T H*3) L2071 H*3)

3
inf inf RT(n® (s Za, 5.5
te%gr*];?w (1) > 74 (5.5)

t

3
inf dist(n®(r), %) > Zh. 5.6
el[g’m ist(n**’ (1) ) > 5 (5.6)

Proof According to Theorems 1.2 and 1.3 in [46], for each initial datum ny € H*
satisfying dist(no, ') > 2h > 0 and for each s > 0, there exists 7, > 0 such that the
Muskat problem has a unique solution

n® € C([0, Tol; H) N L2([0, Te); H'*3)
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satisfying inf;c7, dist(n® (1), T'*) > %h. We stress the continuity in time of the H®

norm of 7®). Now we have in addition that 7 satisfies the Rayleigh-Taylor condition
(5.1). Thus, we define

T =sup{T € (0, Ts] : in
t

3
f inf RT(n® (s ~al. 5.7
dnf inf RT(®() > Ja} (5.7)

We shall prove that 7,” > O foreachs € (0, 1] and there exists T, > Osuch that 7 > T,
for all s € (0, 1].

Step 1. We claim that there exist 6 > 0 depending only on s, and Fy : Rt — R*
depending only on (h, s, u*, g) such that

B @) ) O = 1B o) lno| - = (3 +1)Fo(Es®)

O(Rd) T
(5.8)
forall t < T, where
E = |02 s ()2 . 5.9
(1) =1n ”C([O,t],H ) +5|n ”Lz([O,t];H”%) (5.9
Set
A0) = [B0HP ) 0 ) In® (1) — [B (10)J (10) Tn0.-
The continuity properties (2.20) and (2.23) of J * and B+ imply that
IA@) |51 < 1TBOS @) T 0 O I (Ol gs—1 + ITB 10) I 10) ol g1
< F>In®Ollus) + F(In® 01 )
< F(Es(1)).
(5.10)

On the other hand, denoting 8% (n®) (1)) = %,i and JE () (1)) = J,i, we can write

A@) = (B, 7 =BT )@ — (B Iy — BEIT)no
= (B, — B, 00 +By (J,7 — IO @) + By Iy @) — o)
— (BF = BHI D @1) — BEIF — I (1) — BEIT 0@ (1) — o).

We treat the first two terms since the other terms are either similar or easier. The con-
traction estimate (2.32) witho = s — % gives

160 @) = Gl g, g < FEOINT O = moll oy

From this and the definition of 8% it is easy to prove that

+ _ gt (s) _
1B =BGl 5, g = FEOND O = ol

1 ~

_1
Then recalling the continuity of J* from H*~2 — Hi % we obtain

1B, = B) @Oy = FEO)Nn @) —noll -
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Next regarding B, (J; — J; )n(s)(t) we use the contraction estimate (4.1) with o0 =

1
S =2

- - (8) ) —
7= IG Iy = FEON O = noll oy

s — v
together with the continuity (2.23) to have
1By (= Jo Ol .3 < FE)In™ @ = noll -
Therefore, we arrive at

IADN g = FEO)® @) =noll - (5.11)

To bound ||n® (1) — nol| . we first use the mean-value theorem and equation (2.18)

[~]

to have

t
(s) _ (s)
I () noIIH_%S/O 180 @I _ydr

t
(s) (s)
SF(Eg(t))fo glln (r)IIH% +5s[|H(n (r))IIH%dr

= FE) (18l llcqop s + 12510 | )
B ” L2(10.]:H*2)

1
< 3+ 0 FEa) (I e +VaIMN, )

foralls € (0, 1]andr < T,. Interpolating this with the obvious bound [|7®) (£)—no || g5 <
F(M,(t)) gives

1@ = moll .y < (F + 1) F(E(1) (5.12)

for some 6y € (0, 1) and F depending only on (#, s, /,L:t, @). Then in view of (5.11), this
implies

IAON, 3 = 6%+ F(E ),

Fixing s’ € (max{1 + %, s — %}, s) and interpolating this with the H® bound (5.10) we
obtain

LAyt < (7 + 1)) F(Eq (1))

for some 6 € (0, 1). Using the embedding H s'=1 ¢ L®(R?) we conclude the proof of
(5.8).

Step 2. We note that (5.8) implies the continuity of

[0, Ts] 3¢ — inf RT(n®(1)).
xeRd

Thus, in view of the definition (5.7) and the initial condition (5.1), we have T,” > O for
alls € (0, 1].
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By the definition of 7;", conditions (3.1), (3.2) and (3.3) in Proposition 3.1 are satisfied
for all T < T;. Thus, the estimates (3.4) and (3.5) imply the existence of a strictly
increasing 7> : R* x R* — R* depending only on (&, s, u*, g) such that

Fa(m,0) > m> ¥m >0 (5.13)
and
M(T) < Fo(Inollas + TF(Mo(T),a™"),a™") (5.14)
foralls € (0,1]and T < T, where
MT:(5)2 .S+(5)2 +5 ()2 )
s(T) = ™Mo, r1: 15y + 10 ”Lz([O,T];H”%) lIm ”Lz([O,T];H”%)
>t ol
Ty = ot (5.15)

25 (F2 ol o), a )

independent of 5. We claim that
Ms(T) < Ko := F>(2lnollgs.a™') VT < min{T5, 77}, Vs e (0.1].  (5.16)

Assume not, then there exists sg € (0, 1] and 73 < min{7>, Ts*o} such that Mg, (T3) >

Ko. Since M4,(0) = ||170||%15 < Ky, the continuity of T +— E;,(T) then yields the
existence of T4 € (0, 73) such that M,,(T4) = Ko. Consequently, at T = T4, (5.14)
gives

Fa@linollas,a™) = Fo(lnol + TaFo(F2lmollas, o), a7t ) ™!

=5
= B(lmoll e + BF2(F Il a™"), a7 a7
=k

Gl a™")
) nolles, >

where we have used the definition of 75 in the last inequality. This contradicts the fact
that 7, was chosen to be strictly increasing.
Now for all T < min{7>, 7"}, we use (5.8) and the fact that E;(-) < M;(-) to have

inf inf RT()® (1)) > inf RT(no) — (T2 + T)Fo(Ms(T))
t€[0,T] xeRd xeRd

> 2a— (T2 + T Fo(Ko).

Choosing T, < T3 sufficiently small so that

0 1
(7 + T9 Fo(Ko) < 50 (5.17)

we obtain

. . 3 .
lel[%,fT] xlélugd RT(7n®) (1)) > Ea VT < min{T,, T;}. (5.18)
Clearly, T is independent of s. Moreover, (5.18) and the definition of 7, show that
T, < T} forall s € (0, 1]. Finally, since Ty, < min{7>, 7,7}, (5.16) and the definition of
T guarantee that the estimates (5.4), (5.5) and (5.6) hold true. O
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Proposition 5.2 There exists F : R* x R* — R* depending only on (h, s, u™, g) such

that

(s1) _ (s1) _ 71(52)”2

I -3
L2([0,T,); H*"2) (5.19)

77(52) ”200([0’]"*];[.”—1) + ||TI
< (51 +52)F(Inoll s, a™")
for all s1 and s, in (0, 1].

Proof Denote n; = n®i), j =1,2, and ns = n1 — 1 which exists on [0, 7,]. We fix
8 € (0, min(%, s—1— %)) From (2.18) we have that s evolves according to

(W +p7)dms = —g(Lsni + Lans) — s1 LiH () + s2L2 H (12). (5.20)
By (2.20) and (2.31),

1L HMPN m3 = FAInjla)THOHN oy = FAmjla)lngll g 621

[N}

We now paralinearize L, and L. Applying (2.26) witho = s — % — & gives
Lons = Tuns+ 0, sy (FINms. (5.22)

As for Lg we write

Ls= Y GyJf+G3J5. (5.23)
T=+—

Using (2.25)ato = s — % — §, we have
Yo Gy =TuUy =N+ Y 0 1y S (FIND
i — 4y Hy® —H 2
Recall that Ny is given by (4.3). However,
J{—J;: (Jf—Jf)—(J{—J;) =ld—-Id=0

and by virtue of Proposition 4.1 (witho = 5 — % —94),

+ _
=0l ).

S—>H,
We thus obtain

+ ,+
i;‘_ Gyly=0 .3 (F(Ns)||n5||H:7%75). (5.24)

As for th J li, we apply Theorem 2.8 witho = s — % and (2.20) to have

+ 7+
FGy I f = _T)Ll%lijliffla - Tmlijlif - Vs + OH“—)HS’% (f(NS)”U(S”HS,%,g)f,

and hence

> GiIEf = =Turmusms — ooy - Vis+ 0, s (FNDInsll 1) .
+=+,—
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Combining this with (5.24) yields
Lsf = =Turmn1rns — Tiwy iy - Vos + OHS—>H“% (]"(Ns)llnalle,%,g)f. (5.25)
From (5.22) and (5.25) we have

Lons + Lsm = Toons — TaypsynimMs — Tiwynm - Vs
N, N,
$O 4 JFONDEO,(FONDIsl g )

v—j—é_)Hx—

Interchanging 1 and 1, gives

Lins + Lsnz = Toyns — T8, 00m M8 — T1w201m - Vs
$O 1y A FWNOs+ O (FWNDIsl g )m

sfzfzi*)Hsf

But Lns + Lsna = Lans + Lsni, thus taking the average of the above identities yields

Lons + Lsni = To.a—1871m)e s — Tws1m. - Vs + OHS_L -3 (F(Ns)ns

2_8—>

+0 s (FODInsll )G+ ),

where
1
(M1 = 1BII),, = 5 (4101 = [BrA D) + 221 = [B2020m2) )
and similarly for ([0 J1n)e. It then follows from (5.20) and (5.21) that

(w" +p)0ms = —gToa—1871m)e 15 + 8T w1, - Vs + R,
||R1||Hy, < gf(Ns)Ilnalle,l s (51 +92)F (NN, 3.

(5.26)

3
2

Next we perform H s—1 energy estimate for (5.26). Introduce ns s—1 = (D)S’1 ns. Upon
commuting (5.26) with (D)*~! and applying Theorem A.3 we arrive at

(1™ + 1 )omss—1 = —8To—1B I 15.5—1 + BIRe(Tw s n)g £ ) 5,51 + R

2
IRI,, -1 < 8F(Nollns,s—tll 15+ F(Ny) _le,-nnjnHH%,
j:
(5.27)
where F depends only on (&, s, u™). Moreover, the uniform estimate (5.4) implies that

Ny < Flnollas, a™b). (5.28)

Testing (5.27) against ns s yields

W +u)d
— Im5.5-1172 = = 9(Ta(—1BIIm)a Ms.5—1: Ms.5—1) 2 + (R M5.5-1) 12,
where we have used the fact that i Re(T([[sn J“n)a.g) is skew-adjoint.

From (5.5) we have that (A(1 — [®BJ 1))y is an elliptic symbol in Fg:

(1 = [BII))e = alél, My (0.(1 = [BIIn))a) < F(Ny,a™),
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where F depends only on (4, s, u*, g). Applying the Garding inequality (A.9), we have
sty < Fllnole. &) ((Faa—gm smma a1 155-1) 2 + sl g Mol g ).

This combined with the estimate for R in (5.27) and (5.28) implies

(W +p)d g 2
R +— _
> ||775y 1||L2 o 75,5 1IIH%
5 (5.29)
= 907 Ms.s—ll 4 -sWms.s—tll g + Q. lmss—tll, 4 D silmill
where
Qr, = F(lmoll s, a™"), (5.30)
F depending only on (h, s, u*, g). Using interpolation and Young’s inequality, we have
2(1-3
s, 51 %_gllnsll e L LY
<(10QT*) ||776v 1||L2 100Q2 lI7s,5— 1|| (5.31)
s 2
ﬁjlln,,IIHH%IIna,s—llle 1OOQ Al I 100Q2 15,5~ 1||

Thus, for possibly a larger F in Qr,, we obtain

+

(MW" +p7) d

g
g s 7, + = ||775,s—1||2 < gOr, Ins.5— 1||L2+QT*25 ||n,||2

or, o

(5.32)
Finally, since n;s|;—0 = 0 and by (5.4)

T
2 —1
s,-/ I yde < Flnollas, a=b),
0 H**2

an application of Gronwall’s lemma leads to the estimate (5.19). O

Now let 5, — 0 and rename 7, = 1®") solution to the Muskat problem with surface
tension s, on [0, 7i]. The uniform estimates in (5.4) show that along a subsequence 7,
converges weakly-* to

n e L(0, T,1; H*) N LA(0, T,]; H*?) (5.33)
together with the bounds

1 < Fllnollas, ™). (5.34)

o0 sy +
nllooqo. sy + Ml 0 sed

The estimate (5.19) implies that (n,), is a Cauchy sequence in C([0, T.]; HHn
L%([0, T,J; HS_%). Therefore,

me — 0 in C([0, Tul; H*~Y) N LA([0, T,]; H*~2); (5.35)
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in particular, n|;—o = 19. Moreover, by interpolating between L;°H; and C,; H =1 we
deduce that n € C([0, T%]; HS/) forall s’ < s.Since n, — nin CtHj_l C CiL$, (5.6)
gives

3
inf  dist ,TH) > Zh. 5.36
I(I)I,T*] ist(n (1) ) > 7 (5.36)

tell

Lemma 5.3 5 is a solution on [0, Ty] of the Muskat problem without surface tension
with initial data 1.

Proof For each n, we have from (2.18) that
1
Oinn + ——— L) (gnn +$H(1,)) =0 (5.37)
ur+p

For any compactly supported test function ¢ € C*®((0, T;) x R?), we have

Ty 1 Ty
/ Moipdxdt = ﬁ/ / @L(1n)(gnn + sH (nn))dxdr. (5.38)
0 nr+u— Jo o Jrd

Clearly, (5.35) implies that

T, T,
/ N orpdxdt — / norpdxdt.
0 0

The continuity (2.20) of L combined with (2.31) and the uniform bound (5.4) yields
< 'S} s
5nIIL(nn)H(nn)IILZ([O’T*];H_;&) FmnllLe=qo,r1; 5 ))5n||77n||L2 0.1 )

S Ve Fmollms, a™h).

Since s — % > 0, this implies

T
‘ /0 fR L (1) (sn H (n))dxdt| < llgll 2 1L (s H (1))l 2,
< «/E”(P”L)Zm]:ﬂ“}olms, ail) — 0.

Next we write

L0a)nn — Ly = (L(p) = L)) 0 + L) (0 — 1)

+

= “;7_’”‘_(0177,1)1*(%) — G0+ L) — )

="M+“ [(G= ) = 6= )~ @ne = G~ (I~ ) = I~ G0)a |

+ L) (M0 — ).

Combining (2.32) and (2.20) we obtain

1(G™ @) = G @)™ mal 03

< F ) LK .
< FU O Mllqo vl =all o0y
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On the other hand, (2.20) and (4.1) yield

G~ (TI)(J (M) —J~ (n))n”“LZ ([0,T,1; H® 2)

< oo .Ygs —_ .
< FUlMn, mIlLeqo,7.7: 52) 100 ||L2([0’T*];HS,%)

Finally, by (2.20) we have

1L () (1 = )l _3 = Flmallzeqo,ra;m5) I — 1l 1

L%([0,T,]; H* 2) L2([0.T,):H*"2)

Putting together the above considerations, we obtain

T,
'/ / <0(L(nn)nn—L(n)n)'
0 R4

< o s - 0
< ||<P||L§’,7:(||(nn, M L0, 7.0; Hs)) 110 n”LZ([o,T*];H“%) —

by virtue of the strong convergence (5.35) and the uniform H* bound in (5.4). We have
proved that

T, T.
* l *
/ norpdxdt = T/ f oL (n)(gn)dxdt
0 wr+u— Jo  Jrd

for all compactly supported smooth test functions ¢. Therefore, 1 is a solution on [0, 7]
of the Muskat problem without surface tension. 0O

Lemma 5.4 We have
3
inf inf RT(n(z)) > Ea (5.39)

1€[0,Tx] xeRd

Proof Set
K = [B®ma)J ), — 1B J (m1in.
Arguing as in the proof of (5.11) we find that

IK |2 < FU s M) 1mn — nll s
S Flmollas, a= Y — nll s

On the other hand, by estimating each term in K we have

1K Il 5=t < F(I G llas) S Fllimollzs, a™").

Choosing s’ € (max{%, s — 2}, s — 1), then interpolating the above estimates gives

—1
”K”LOO([O,T*];LOO(Rd) =< -7:(||770||H% a )||’7n 77||L00([0 T:HS— 1)

for some 6 € (0, 1). Then, (5.39) follows from this and (5.5). 0O
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Now in view of the properties (5.34), (5.36) and (5.39) of n, we see that in the proof
of (5.19), if we replace n®") with n,, n*2) with 5, and (s1, s2) with (s,, 0), then we
obtain the convergence estimate

—l
0 = 1l oo g0, 7,3 1151y + 11110 — nIILz([O b = < Vs F(nollas,a™ ). (5.40)

Furthermore, assume that 11 and 7, are two solutions on [0, 7] of the Muskat problem
without surface tension with the same initial data no and that both satisfy (5.34), (5.36)
and (5.39). Then the proof of (5.19) with s; = s> = Oyields that n; = 5, on [0, Ty]. This
proves the uniqueness of 7. In other words, we have obtained an alternative proof for the
local well-posedness of the Muskat problem without surface tension for any subcritical
data satisfying (5.1) and (5.2).

The next proposition improves the rate in (5.40) to the optimal rate.

Proposition 5.5 If in addition s > 2, then

mn = 0l Lo o, 7,3; 152y + 0 — n”LZ([o,T] - <sF(lnollas. o™, (5.41)

where F : R* x R* — R* depends only on (h, s, u*, g).

Proof We follow the notation in the proof of Proposition 5.2 but set n; = 5, and n, = 7.
Then, ns = n,, — n satisfies

(1 +p)oms = —g(Lam + Lons) —spL1H (). (5.42)
Applying (2.20) and (2.31) witho =5 — 5 > ylelds

ILyH@ON g = FAmlla)IHOON o3 < Fimla)imll, oy 6:43)

5
2 H 2

. . . _ 3.1
Next we paralinearize L, and Ls. For Ly we apply (2.26) witho =5 — 5 > 5

Lons = Tums+ 0y s (FIN)s. (5.44)

H ™2

Ls can be written as in (5.23). Using (2.25) witho = s —
that J; — J§ = 0, we obtain

Y Gyi= ) ONSJ

+=t,— +=+,— foH

% together with the fact

[\S][9%}

g FOND I

Applying Proposition 4.1 witho = s — % > %, we obain

+ _
Jii= OHM,;;%(”"‘S”H“%)’
and hence
+ o+
i}_;_ Gy =0, 5. FWNlnsl ).

On the other hand, Theorem 2.8 can be applied witho = s — % > %, implying

> GYIFf = =Ty, — Tiwynay - Vs + O

el 3o (FODIsll L 3) .

H’S—
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We thus obtain

Lsf = =Dumsinisns — Tiwnay -Vos+ 0, s (FNDImsll_3) -
(5.45)
Applying this with f = 7y, then combining with (5.44) and symmetrizing we arrive at

Lons + Lsnt = To.a—1871m)e 15 — Tawsime - Vs

$O s FNOM+ 0 s (FNDImsl g

Plugging this and (5.43) into (5.20) leads to

(1" + u)dms = —9T6.01-1B7I)e 15 + 8TV I, - Vs + Ry + R5,
IR} ||Hs_g+,s < gf(Ns)Ilnalle,%, (5.46)

IIR’zllHS_% = snF (Nl .-

Next we set 15, s—2 = (D)*~2n5 and commute the first equation in (5.46) with (D)2

to obtain after applying Theorem A.3 that

(F + 1 )ms.5—2 = —9T0.0—1B I In)e 18.5—2 + GIRe(T(u 1 1p)a £ )05,5—2 + R1 + Ra,
IIRlllH_%H; < gf(Ns)llna,s—zllH%,
||732||H_% < ﬁnf(Ns)IlmllHH%,

5.47)
where F depends only on (h, s, #*). An L? energy estimate as in (5.29) yields
(W +pn7)d 2 g 2
T nssallfs + = Ins.s—
T, ms.s—2117 2 a7 7.5 2||H% (5.48)

<g9r, IIna,s—zllﬂ%,g IIUa,s—zllH% +5,9r, Im IIHH% ||?75,s—2||H 1,

[

where Qr, is given by (5.30). Interpolating as in (5.31) we obtain

" +u)d
Taﬂﬂm—zﬂiz +

9
or,

2 2 L2 2
ms,s—2l1” 1 < 9Qn Ins,s—2ll72 + 5, Qnlmll” 1.
H2 2

(5.49)
From the uniform estimate (5.4) we have

T
f 1%, dt < F(inollas, a™h).
0 H "2
Thus, applying Gonwall’s lemma to (5.49) we arrive at (5.41). O
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Appendix A. Paradifferential Calculus

In this appendix, we recall the symbolic calculus of Bony’s paradifferential calculus.
See [11,42].

Definition A.1 1. (Paradifferential symbols) Given p € [0, 00) and m € R, FZ’ (RY)

denotes the space of locally bounded functions a(x, &) on R? x (R%\0), which are C*®
with respect to & for £ # 0 and such that, for all « € N? and all £ # 0, the function
X > Bg‘a(x, &) belongs to W# -2 (R?) and there exists a constant C, such that,

1 p—
VIEIZ 2, 10EaC, ) lwaseray < Ca(l+1ED" .
Leta e ') (R%), we define the semi-norm

M@= sup  sup [[(1+[EDT"0¢aC, €)oo a). (A1)
lerl <2(d+2)+p [g]> L

2. (Paradifferential operators) Given a symbol a, we define the paradifferential opera-
tor T, by

Tu(E) = )¢ / X (€ — 0, pyacE —n, MW aG) dn, (A2)

wherea(0, £) = f e g (x, &) dx is the Fourier transform of a with respect to the first
variable; x and W are two fixed C* functions such that:

W) =0 forll =5, Wap=1 forllz |, (A3)
and x (0, n) satisfies, for 0 < ¢; < &, small enough,
x©@.m)=1if 0] <elnl, x@ n) =0 if |0]> el
and such that
VO. ). 19508 x O, | < Cap(1+ [n))~1*7IAL

Theorem A.2 Forallm € R, ifa € T} then

T, = Oopn (M{'(@)). (A.4)
Theorem A.3 (Symbolic calculus). Leta € I, a’ € F;"/ and set § = min{1, r}. Then,
(i)
TuTy = T + O g e (M;" (@M (@) + MI" @M (a’)); (A.5)
(it)

T} = T+ Ogpn-s (M"(@)). (A.6)

a
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Remark A.4 In the definition (A.2) of paradifferential operators, the cut-off W removes
the low frequency part of u. In particular, if a € I'y’ then

| Taull o < CMG (@)||Vull gorm-1 = CMG' (@) ||lull gosm.1,
and similarly for other estimates involving paradifferential operators.

Proposition A.5 (Gdarding’s inequality). Assume a € ' withm € Randr € (0, 1]
such that for some ¢ > 0

inf Re(a(x, §)) = cl&|™. (A7)
(x.6)eRY x (R1\{0})

Then, for all o € R, there exists F : Rt x R* — R* nondecreasing such that

19Dy < FM @) ) (Re(Tatw, )2 + ), s ) (A8)

2

and
19Dl 5 = FM @), ™) (Re(Tatt, )2+l gl g ) (A9)

provided that both sides are finite. Here, V(D) is the Fourier multiplier with symbol ¥
given by (A.3).

Proof We have
1 *
Re(Tu,u);2 = E((Tau, w2+ (T u, u)Lz)
1
= (TRe(aytt, U) 2 + 5((T,;k — Tp)u,u)2).
According to Theorem A.3 (ii), 7, — T7 is of order m — r and
2
(T} = Tu, w)2)|| < (T, — Ta)MIIH% IIMIIH% < CM;"(a)IlullH%-
Setb = (Re(a))%. By virtue of (A.7) we have b € 2 and M2 (b) < F(M"(a)). We
write

(Tre@yts w) g2 = (TpTpu, u) g2 + (T2 — TpTh)u, u) 2
= (Tpu, Tb*u)Lz + (T2 = TpTp)u, u) 2

= 1 Tpull 7> + (Tou, (Tj — Ty)u) 2 + (Tp2 — TpTp)u, u) 2.

Applying Theorem A.3 (ii) once again we deduce that 7} — 7}, is of order 7 — r and

| Ty, (T = To)uys2| < WDyl 1T = Ty 215 < F O @)l s

2

where we used Remark A.4 in the last inequality. On the other hand, an application of
Theorem A.3 (i) yields

2

|((Ty = To Ty, w) 2| < FM @, ™Dl s
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Thus, we obtain
IToull;> < (Tre@yu, )2 + F(M (@), ¢ Hull® | s (A.10)
2
By shifting derivative differently in the above inner products, we have the variant
1 Tpull7> < (Tre@uts w) g2 + F(M" (@), ¢~ Dllull 1 lull 1. (A1)
Next we note that 7,17, — W(D) = T}-1Tp — T is of order —r and
WDl 5 = 1Ty Toull g + [Ty Ty — U (DYull
< F(M]"(a), ¢ DI Tpull 2 + F(M" (@), Cil)IIMIIHn,m (A12)

n_
Finally, a combination of (A.10) and (A.12) leads to (A.8), and a combination of (A.11)
and (A.12) leads to (A.9). O

The proof of (A.12) also proves the following lemma.

Lemma A.6 Leta € ', r € (0, 1], be a real symbol satisfying a(x, &) > c|&|" for all
(x,&) € R? x RY. Then for all s € R we have

1 (D)ulls < FM (@), ¢ Tall s + F (M (@), ¢ Dl gprs—r. (A13)
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