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Abstract: We study the Cauchy problem for the integrable nonlocal focusing nonlinear
Schrodinger (NNLS) equation iq,(x, 1) + qyx(x, 1) + 2¢%(x,1)§(—x, 1) = 0 with the
step-like initial data close, in a certain sense, to the “shifted step function” xg(x) =
AH(x — R), where H (x) is the Heaviside step function, and A > 0 and R > 0 are
arbitrary constants. Our main aim is to study the large-¢ behavior of the solution of this

problem. We show that for R € (%, %), n=1,2,...the (x, t) plane splits

into 4n + 2 sectors exhibiting different asymptotic behavior. Namely, there are 2n + 1
sectors, where the solution decays to 0, whereas in the other 2n + 1 sectors (alternating
with the sectors with decay), the solution approaches (different) constants along each ray
x/t = const. Our main technical tool is the representation of the solution of the Cauchy
problem in terms of the solution of an associated matrix Riemann—Hilbert problem and
its subsequent asymptotic analysis following the ideas of the nonlinear steepest descent
method.

1. Introduction

We consider the Cauchy problem for the integrable nonlocal focusing nonlinear Schrédinger
(NNLS) equation with step-like initial data:

iq,(x,t)+qxx(x,t)+2q2(x,t)c}(—x,t) =0, xeR, t>0, (1.1a)
q(x,0) = go(x), x eR, (1.1b)
where
, X — —00,
qo(x) —> (1.1c)

A, x — o0,
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with some A > 0. Here and below ¢ denotes the complex conjugate of g. We assume
also that the solution ¢ (x, ¢) satisfies the boundary conditions (1.1c) for all # > 0:

0, x> —o0,
qlx,t) — A %o oo (1.2)

where the convergence is sufficiently fast.
The NNLS equation (1.1a) was introduced by Ablowitz and Musslimani [4] as a re-

duction r(x, t) = —q(—x, t) in the coupled system of nonlinear Schrodinger equations:
iqr (x, 1)+ qxx (x, 1) = 2¢7(x, D (x, 1) = 0, (1.3a)
irg(x, 1) — rex(x, 1) +2r% (x, g (x, 1) = 0, (1.3b)

(see also [24] for multidimensional versions of the NNLS) and has attracted much
attention in recent years due to its distinctive properties. Particularly, the NNLS equation
is PT symmetric [7],i.e.,if g (x, t) is its solution, so is g (—x, —t). Therefore, the NNLS
equation is closely related to the P T symmetric theory, which is a field in modern physics
being actively studied (see e.g. [11,14,25,33,51] and references therein). Also, the exact
soliton and breather solutions of this equation have a number of unusual properties. In
particular, (i) solitons can blow up in a finite time and (ii) the NNLS equation supports
both dark and anti-dark soliton solutions simultaneously (see e.g. [2,5,28,40,47-49]
and references therein; see also [50], where the general soliton solutions for the coupled
Schrodinger equations (1.3) are presented).

Apart from deriving exact solutions of the NNLS equation, it is important, in the
both mathematical and physical perspective, to consider initial value problems with
general initial data. The NNLS equation is an integrable system, i.e. it is a compatibility
condition of two linear equations (the so-called Lax pair, see (2.1) below) and, therefore,
it can be, in principle, treated by the powerful inverse scattering transform (IST) method
[1,23,41]. This method allows reducing the original nonlinear problem to a sequence of
linear ones, and in this sense to find the “exact” representation of the solution. The IST
method was successfully applied in [5] to the Cauchy problem for the NNLS equation
on the whole line in the class of functions rapidly decaying as x — =00 (see also [26],
where the complete integrability of (1.1a) in this class was proved).

Although the IST method provides some sort of exact formulas for the solutions,
the qualitative analysis of the Cauchy problem for the NNLS equation, particularly, the
long-time asymptotics of its solution, is a challenging problem. By using the IST method,
the original problem for an integrable system can be reduced to the matrix Riemann—
Hilbert (RH) factorization problem in the complex plane of the spectral parameter.
The jump matrix in this problem is oscillatory, which allows applying the so-called
nonlinear steepest decent method [20] for studying its long-time behavior. This method
was inspired by earlier works of Manakov [37] and Its [31] and finally put in a rigorous
and systematic shape by Deift and Zhou [20] (see also [15-19,38] and references therein
concerning the Deift and Zhou method and its extensions). The nonlinear steepest decent
method consists of series of transformations of the original RH problem in such a way that
for the large values of a parameter (say, the time ¢ in the original nonlinear evolutionary
equation) this problem can be solved explicitly in terms of special functions (e.g., the
parabolic cylinder functions, Riemann theta functions, Painleve transcendents etc.).

Problems with step-like initial data (with different behavior at different infinities) have
also been considered for a variety of integrable systems, which include the Korteweg—de



Long-Time Asymptotics for the Integrable Nonlocal Focusing Nonlinear Schrodinger Equation 89

Vries equation [6,21,27,30], the focusing and defocusing NLS equations [9,12], the
Toda lattice [17,46] and the modified Korteweg—de Vries equation [35] among many
others. A wide range of important physical phenomena manifest themselves in the be-
havior of solutions of such problems for large times, e.g., collisionless and dispersive
shock waves [28], rarefaction waves [29], asymptotic solitons [34], modulated waves
[46], elliptic waves [12], trapped solitons [3] to name but a few. Particularly, the so-
called modulated instability (Benjamin—Feir instability in the context of water waves)
phenomenon, which is suggested as a possible mechanism for the generation of rogue
waves [42], has been attributed in [10] to the local focusing nonlinear Schrodinger equa-
tion with nonzero boundary conditions.

In [44] we present the large-time analysis of problem (1.1)—(1.2) in the case of initial
data close (in the sense of closeness of the associated spectral functions) to the “pure step
function with the step located at x = 0”: go(x) = O forx < 0 and go(x) = A forx > 0.
In that case it is shown that there are two regions in the half-plane —oco < x < co,t > 0,
where the solution has qualitatively different large time behavior. Namely, for x < 0 the
solution is slowly decaying as t — oo and is described by the Zakharov—Manakov-type
formula [37], where the power decay rate depends on & = 7. On the other hand, for
x > 0 the solution converges to a constant ¢ = c¢(§) (depended on the direction &),
which can be described explicitly in terms of the spectral functions associated to the
initial data.

Notice that this asymptotic picture is in sharp contrast with that in the case of the
conventional (local) nonlinear Schrodinger equation

iqt(x,t)+qxx(x,l)+2q2(x,t)cj(x,t) =0. (1.4)

Indeed, in the case when the initial data decay to zero on one side (as in our problem), there
are three sectors with different asymptotic behavior: the Zakharov—Manakov (decaying)
sector, the plane wave sector, and the sector of modulated elliptic oscillations [12].
Moreover, if the both sides of the initial step are non-zero, then there can be five or even
more asymptotic zones, see [13, 15] for the focusing NLS equation and [8,22,29] for the
defocusing NLS equation.

Since the NNLS equation is not translation invariant, the behavior of the solutions of
problem (1.1)—(1.2) may depend significantly on the details of the shape of the initial
data. The present paper aims to rigorously demonstrate this effect taking the initial data
close to a “shifted step”, i.e., the pure step function with the step located at x = R with

some R > 0:
0, x<R
=1 ’ 1.5
qo(x) {A, ‘> R (L.5)

“Close” means that the spectral functions associated with the initial data have properties
similar to those in the case of the pure shifted step initial data (1.5), see Assumption A
in Sect. 2 below.

The paper is organized as follows. In Sect. 2 we briefly present the formalism of
the inverse scattering transform method in the form of the associated Riemann—Hilbert
factorization problem, developed in details in [44], and discuss the properties of the
spectral functions associated to the initial data (1.5). Then, in Sect. 3, we perform the
asymptotic analysis of problem (1.1)—(1.2) in the case of initial data close (in the sense
mentioned above) to the “shifted step” (1.5) following the ideas of the nonlinear steepest
decent method [20] (see also [36]) for studying the large-time behavior of solutions of
integrable nonlinear PDEs and taking into account specific characteristics (of the jump
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and residue conditions) of the basic Riemann—Hilbert problem. The behavior of the
solution of problem (1.1)—(1.2) at the edges of the sectors specified in Sect. 3 (as sectors
with qualitatively different large time behavior of the solution) is discussed in Sect. 4.

2. Inverse Scattering Transform and the Riemann-Hilbert Problem

2.1. Direct scattering. The focusing NNLS equation (1.1a) is a compatibility condition
of two linear differential equations (the Lax pair) [4]

{©x+lkg3cl>=U(x,l)(D, (21)

&, +2ik?03® = V(x, 1, k)P,

where 03 = ((1) _01 ) ®(x,1, k) is a 2 x 2 matrix-valued function, k € C is an auxiliary
(spectral) parameter, and the matrix coefficients U (x, f) and V (x, ¢, k) are given in terms

of g(x,1):
_ 0 q(x,1) (Vi1 Vi2
Ux,1) = <_q(_x, 50 ) V= <V21 V22>, 2.2)

where Vi1 = —Vy = iqg(x,t)g(—x,t), Vio = 2kq(x,t) +iq.(x,t), and Vo1 =
—2kq(—x,1) +i(q(—x,1))x.

Assuming that there exists g (x, ¢) satisfying (1.1) and (1.2), we define the 2 x 2-
valued functions ¥ (x, ¢, k), j = 1,2, —00 < x < 00,0 <t < 00 as the solutions of
the linear Volterra integral equations [44]:

X

Wi(x,t, k)= N,(k)+/ G_(x,y,k)(U(y,1)

—U_) Wi (y, 1, k)e* =% gy ke (C*,C), (2.32)
o0
\y2(xstvk):N+(k)_/ G+(x1 y’k) (U(y3t)
—U) Wa(y, 1, k)% gy, ke (C,CY), (2.3b)

where

A 10
Na(k) = (5 21;«), N-(k) = (;;k 1), Ga(x,y,K) = Du, 1, D[Py, 1,017,

with b (x, 1, k) = Na(kye=kes20n0ms 1, — <(0> 6‘) v s (—OA 8) fere k<

(C*, C7),whereC* = {k € C| &+ Imk > 0}, means that the first and the second column
of a matrix can be analytically continued into respectively the upper and lower half-plane

as bounded functions. Then ¥, (x, 1, k)e_(ik"+2ik2’ Jo3 j = 1,2 are the (Jost) solutions
of the Lax pair (2.1) for all k € R\ {0} and thus W and W, are related by

Wi (x, 1, k) = Wy (x, £, k)e  ReH2RN03 gy (kesdikiNos  p e R\ {0}, (2.4)

where S(k) is the so-called scattering matrix; it can be obtained in terms of the initial
data only, evaluating (2.3) att = 0: S(k) = \DZ_I(O, 0, k)¥(0,0,k).

Since the matrices U(x, t) and N4 (k) satisfy the symmetries AU (—x, HA~L =
U(x, 1) and, respectively, AN_(—k)A~! = N, (k) with A = (9}), it follows that
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AW (—x,t, —k)A_1 = Wy (x,t, k) for k € R\ {0}. In turn, this implies that the scat-
tering matrix S(k) can be written as

_ (ai1(k) —=b(=k)
S(k) = (b(k) ol ) keR\ {0}, 2.5)

with some b(k), a1 (k), and a (k) such that a;(—k) = a;(k), j = 1, 2. Moreover, a; (k)
and a> (k) have analytic continuations into the upper and lower half-planes respectively.
We summarize the properties of the spectral functions in the following proposition
(CE={k e C| £Imk > 0}) [44]:

Proposition 1. The spectral functions a(k), j=1,2, and b(k) have the following prop-
erties

1. ay (k) is analytic in k € C* and continuous in C+ \ {0}; as (k) is analytic in k € C~
and continuous in C~.

2.aj(k) = 1+0(1), j = 1,2 and b(k) = O () as k — oo (the latter holds for
k e R).

3. a1(=k) = aj(k), k e C-\{0};  a»r(—k) = asr(k), k € C—.

4. ay(k)ax (k) + b(k)b(—k) = 1, k € R\ {0} (follows from det S(k) = 1).

5. Ask — 0, ay (k) = 220 1 0 (L) and b(k) = 422 + 0 (1).

Remark 1. Item 5 of Proposition 1 follows from the behavior of W;(x, 1, k) as k — 0,
which has an additional symmetry [44]:

1 g 2i 1
vk = o (Z;g t;) +0(1), vk = (Z;g t;) +0(k),
(2.6a)

2i (vy(—x,t I (v5(=x,t
wil(x, 1, k) = - (%E_i t;) +0k), WP 1,k = — (Z_fg_i t;) +0(1),
(2.6b)

with some v;(x, 1), j = 1, 2, where \I-fj(.i)(x, t, k) denotes the ith column of W; (x, 1, k).

2.2. Spectral functions for the “shifted step” initial data. In the case of pure “shifted
step” initial data (1.5), the associated spectral functions can be calculated explicitly:

A%,
aj(k) =1+ me‘““{ (2.72)
ak) =1, (2.7b)
A .
bk) = ﬂe2”<’e . (2.7¢)

Indeed, evaluating (2.4) for x = —R and ¢ = 0 it follows that the scattering matrix S(k)
can be determined by

S(k) = e"kRo3@ (R, 0, k)W (—R, 0, k)e' R, (2.8)
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Taking into account (1.5), from (2.3) for = 0 we have

Vi (=R, 0,k) = N_(k), (2.92)

R .
Wy (—R,0,k) = Ny(k) — / G+(—R,y,k) (8 _OA> Wy (y, 0, k)e KEBIo3 gy,
—R

(2.9b)
where W>(x, 0, k) for x € [—R, R] solves the integral equation
R 0—A "
Wa(x, 0, k) = Na (k) —/ G(x, y, k) <0 0 )wz(y,o, k)e!t 07 dy,
X
x € [—R,R]. (2.10)
Direct calculations show that
emik(r=y) A (,ik(x=y) _ =ik(x=y)
Gi(x,y,k) = ( 0 3t ( k=) ) ’
and, therefore, the solution W>(x, 0, k) of (2.10) is given by
| A G2ik(R—x)
Wy(x,0,k) = (O 2ik | ) x € [—R, R]. 2.11)

Substituting (2.9) and (2.11) into (2.8) gives (2.7).

The locations of zeros of aj (k) in C*, which clearly depend on A and R, and the
behavior of the argument of a; (k) for k € R are described in the following proposition
(throughout the paper, the notation ny, na, ni,ny € Z, n1 < nj stands for the set
{ni,n1+1,...,n2};if n > na, then it is assumed to be the empty set).

Proposition 2. (i) For0 < R < 2”—A, ay (k) has one simple zero in Ctark = ikg, ko > 0,

where kg is the unique solution of the transcendental equation

A
k= Ee*Z’fR, k e R. (2.12)
Moreover, for all € > 0,
—&
/ dargay(k) € (—m, m). (2.13)
—0Q

(ii) For % <R < (2"2#, neN, al_(k) has the following properties:
e aj(k) has 2n + 1 simple zeros in C*: {iko; {p;, —P; 7:1}. Here kg > 0 is the
solution of (2.12), {Re p; };'.:1 are the ordered set of solutions of equation

A
k= += sin(2k R) ek R cotkR) (2.14)
considered for k < 0 (see also Fig. 1), and

Imp; =—Repjcot(QRep;R), j=1,n. (2.15)

Notice that
,n. (2.16)
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Fig. 1. “Evolution” of the zeros Pjs j=1,2,3,a3R — o0
o Letwy=0,w; = %forj =1, n, and wp4) = 00. Then
—Wp—j+1 -
/ dargai(k)=Q2j— Hm, j=1,n, (2.17a)
—0Q
—§
/ darga(k) € (2j — D7, (2j + Dn),
—00
—Op_jr1 < —E < —wu—j, j=0,n. (2.17b)

(iii) If R = Wﬂ)r some n € N U {0}, then ay(k) has 2n + 3 simple zeros in C*+ at
{:I:%, iko, {pj, —ﬁj}’j’-zl}, where ko > 0 is the solution of (2.12), Re p; (j = 1,n)
are the solutions of (2.14), and Im p; are determined by (2.15).

Proof. Observe that the equation a; (k) = 0 is equivalent to the system

{kl = F4 sin(2k; R)e 22k, (2.18)

ky = £%5 cos(2k; R)e k2R,

where k = k1 +iky, k € @\ {0}. Due to the symmetry relation a; (k) = a1(—l€) it is
sufficient to consider (2.18) for k; > 0 only.

(1) Assuming k1 = 0, the system (2.18) reduces to the equations ky = j:%e_y‘zR and
thus aj (k) has exactly one, purely imaginary simple zero (with k5 > 0) forall R > 0
and A > 0, and its imaginary part is the solution of (2.12).
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(i1) Assuming k» = 0, the second equation in (2.18) implies that k1 must be equal to
% with some n € N U {0}. But then, from the first equation in (2.18) we conclude
that k1 = %. Therefore, k = % is a simple zero of aj(k) if and only if there exists
n € NU {0} such that & +27n = 2AR.

(iii) Now, let’s look at the location of zeros of a; (k) in the open quarter plane k1 > O,

ko > 0. Dividing the equations in (2.18) we arrive at (cf. (2.15))
nw
ky = —kjcot(Rk1R), ki # iR’ neN, (2.19)
from which we conclude (cf. (2.16)) that

2n— 1 nmw
ky € <T, ﬁ) , neN. (2.20)

Substituting (2.19) into the first equation in (2.18) and taking into account the sign of
sin(2k1 R) for ky satisfying (2.20), we obtain an equation for k| in the form

A dn — 3 2n —1
k= Esin(2k1 R)ZIRCOCKIR)  for k) € <( n )n, @n )n)’ neN,

4R 2R
(2.21a)
or

(4n — )m nmw

A
k1 = —= sin(2k; R)e* 1 ReOCKR) o1 k) € , , neN. (2.21b)
2 4R R

Since the r.h.s. of (2.21a) and (2.21b) monotonically decrease in the corresponding
intervals for k1, it follows that Eq. (2.21) have no solutions for 0 < R < %, whereas

for (2"2% < R < (2"2# Eq. (2.21) have n simple solutions {kl,j}'}zl such that

kije (S 7). j = Ta ef. 2.16).

Concerning the winding properties of argaj(k), (2.13) (for 0 < R < %) follows
from the inequality

A2 1-2
A kR S 1 where ko = 2T e N, (2.22)
4k? 4R
(m)
whereas (2.17) (for @4 DT < R < ZLDT) follows from
. 1 —2m)r
——eM R > 1 for kgm) = (—m), meN, m>n, (2.23a)
4k, 4R
Az, 1 —2m)x
Fe‘“k(”‘)R < —1 forkgy = %, meN, m<n. (2.23b)

(m)
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2.3. The basic Riemann—Hilbert problem and inverse scattering. The Riemann—Hilbert
formalism of the inverse scattering transform method is based on constructing a piece-
wise meromorphic, 2 x 2-valued function in the k-complex plane, which has a prescribed
jump across a contour in the complex plane and prescribed conditions at singular points
(in case they are present).

The analytic properties of the Jost solutions W; suggest defining the 2 x 2-valued
function M (x, t, k), piece-wise meromorphic in C \ R, as follows [44]:

vt @
S WP (k) ). ke T {0},

M(x,t, k) = (2.24)

(2)
W, 1,00, %k)k)) L keC\(0).

Then the scattering relation (2.4) implies that the boundary values My (x,t, k) =

lim  M(x,t, k), k € R satisfy the multiplicative jump condition
K —k,k'eCE

My(x,t, k) =M_(x,t,k)J(x,t,k), k € R\ {0}, (2.25)
where ,
_ [ T+ rrak) ra(k)e 2k
St k) = ("1 (k)eZikx+4ik21 1 ’ (2.26)
with the reflection coefficients r| and r, defined by
b(k) b(—k)
rik) = ——, rk) = ——. 2.27)
ai (k) az (k)
Observe that by the determinant relation (see item 4 in Proposition 1) we have
1
l+r(k)ryk) = ———. (2.28)
ai(k)az (k)
Moreover,
M(x,t, k) — 1, k — oo, (2.29)

where [ is the 2 x 2 identity matrix.

Taking into account the singularities of W;(x, t, k), j = 1,2 and a; (k) at k = 0 (see
Proposition 1 and Remark 1), the behavior of M(x,t, k) at k = 0 can be described as
follows:

X,t) —v2(—
M(x,t,k) = Az“j(o) v, 1) —2(=x, 1) (I +0(k)) <k O), k — i0", (2.30a)
Aar 0 V2065 1) —U1(=x, 1) %
2 _ —x.,t v (x,1)
M(x,t, k)= _l< E( X, 1) U‘;Z()(C(’)g) +0(k), k—i0", (2.30b)
A \=v1(—x,1) 50
or, in terms of M only,
;0 0 4%
— i) N 1
hm M(x, tk)<0k>_M(x,t,zO )(_% O>' (2.31)

Now, being motivated by the properties of a;(k) and a»(k) in the case of “shifted
step” initial data (see Proposition 2), we make the following additional assumptions on
a1 (k) and as (k) in the case of general step-like initial data satisfying (1.1c):
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Assumptions A: o
(a-1) a; (k) has2n+1,n € NU{0}, simple zeros in C*\ {0} atk = iko with kg > O,
at {pj};?zl and at {—ﬁj}’}zl withIm p; > 0andRe p, < --- <Re p; <0.
(a-2) ay (k) has no zeros in C-.
(b) There are w,, > 0, m = 0, n + 1, such that

—00=—wp+] <Repy, < —w, <Rep,—1 < —wp—1 <---
<Rep; < —w; <wy =0, (2.32)
—Wn—m+1 _
f darg (ay(k)az(k)) = 2m — D, m = 1,n, (2.33a)
—0o0

and

—£
/ darg (aj(k)ax(k)) € (2m — D)m, 2m + 1)m),

o0

—Wp—m+l < =& < —wp_p, m= ()7_” (2.33b)

In accordance with this assumption, M (x, ¢, k) satisfies the residue conditions:

lee_ks MO (x, 1, k) = _dlg(}go) o~ 2kox—4ikgt pr(2) (1, iko), lyol = 1, (2.342)
=LlKo
/ in: F 02
Res MO (x, 1, k) = mT(];]a R L RN E (2.34b)
=Pj j
1 i .—2
kBe% M(l)(X, t, k) = _ﬁ dl( ﬁ )e le./x+4leZM(2)(x’ t, _ﬁj)’ J — 1’ n, (234C)
=7, ja1(=p;

where yo and 1; come from the relations \Ilfl)(O, 0,iky) = yO\IJf)(O, 0,ikg) and

\Ilfl)(O, 0,pj)) = nj \1152) (0,0, p;) for the eigenfunctions of the first equation from
the Lax pair (2.1).

Remark 2. If b(k) allows analytical continuation into a sufficiently large band in the
complex plane, the norming constants take the form:

Yo = b(iko), nj = b(pj).

The matrix-valued function M defined in (2.24) can be uniquely characterized as a
solution of

Basic Riemann-Hilbert Problem: Given (i) b(k) for k € R, (ii) a;(k), j =
1,2 having the properties of Proposition 1 and satisfying Assumptions A, with
{iko, {pj, —p;}}} being the zeros of ai(k) in C*, and (iii) yo and {n;}}, find the
2 x 2-valued function M(x, ¢, k), piece-wise meromorphic in k relative to R and
satisfying the following conditions:
(i) Jump conditions. The boundary values My (x,t,k) = M(x,t,k £i0), k €
R\ {0} satisfy the condition

Mi(x,t, k) =M_(x,t,k)J(x,t,k), k € R\ {0}, (2.35)

where the jump matrix J(x, t, k) is given by (2.26), with r; (k) given in terms of
b(k) and a; (k) by (2.27).
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(ii) Normalization at k = oo:
M, t,k)=1+0Gk™Y, k— oo.

(iii) Residue conditions (2.34).

(iv) Pseudo-residue condition at k = 0: M (x, t, k) satisfies (2.31).
Assume that the RH problem (i)—(iv) has a solution M (x, ¢, k). Then the solution
of the Cauchy problem (1.1), (1.2) is given in terms of the (12) and (21) entries of
M(x,t, k) as follows:

qg(x,t) =2i lim kM>(x,t, k), (2.36)
k—o00
and
q(—x,t) = =2i klim kMyi(x,t, k). (2.37)
—00

Remark 3. We coin a term “pseudo-residue” for condition (2.31) since M hasn’t, in
general, an isolated singularity at k = 0, but after applying appropriate transformations
of the basic Riemann—Hilbert problem it turns into a conventional residue condition (see
the RH problem (3.17)—(3.22) below).

The solution of the RH problem is unique, if it exists. Indeed, if M and M are
two solutions, then condition (2.31) provides the boundedness of M M Yatk =0
and, therefore, the applicability of standard arguments based on the Liouville theorem:
MM~ turns to be a function analytic in the whole complex plane approaching I at
infinity; thus it equals / identically.

Remark 4. From (2.36) and (2.37) it follows that in order to present the solution of (1.1),
(1.2) for all x € R, it is sufficient to have the solution of the RH problem for, say, x > 0
only.

3. The Long-Time Asymptotics

In this section we study the long-time asymptotics of the solution of the Cauchy problem
(1.1), (1.2). Our analysis is based on the adaptation of the nonlinear steepest-decent
method [20] to the (oscillatory) RH problem (i)—(iv).

3.1. Jump factorizations. Introduce the variable £ := 7. and the phase function
0(k, &) = 4kE +2k>. (3.1)

In view of (2.36) and (2.37), we will study the RH problem for & > 0 only. Moreover,

we will consider x, # > 0 in the open sectors, where —¢ € (—w,—mm+1, —Wp—p) for

some m = 0, n (see Fig. 3), and will study the asymptotics as ¢ — oo while keeping &

fixed. A special attention will be paid to the directions & = £ Re p,_,,, see Sect. 4.
The jump matrix (2.26) allows, similarly to [43], two triangular factorizations:

1 O\ /1+ri(k)rk 0 _n® 20
J(x,t, k)= ( nk) __2it0 1) < " (O)”Z( ) 1 > <1 1+r1(k)rzik)e )

Tr (R)r2 (k) T+r1 (ra (k)
(3.2a)
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Im# <0 Imé >0

—£
Imé >0 Imé# <0

Fig. 2. Signature table

B 1 rz(k)e—Zite 1 0
- (0 1 ) <r1 (k)e*? 1)' (325)

Since the phase function 8 (k, &) is the same as in the case of the local NLS, its signature
table (see Fig. 2) suggests that we follow the standard steps [16,20] to remove the
diagonal factor in (3.2a). The original RH (relative to the real axis) can then be deformed
to a new one relative to a cross, where the jump matrix converges, as t — 00, to the
identity matrix uniformly away from any vicinity of the stationary phase point k = —&.

In order to get rid of the diagonal factor in a factorization like (3.2a), one usually
[16,20] introduces a (scalar) function §(k) that solves the scalar RH problem with the
jump condition 8;(k) = §_(k)(1 + ri(k)ra(k)) for k € (—oo, —£&). In the case 1 +
ri(k)ra(k) > 0 for all k € R, as takes place for the local NLS equation, § (k) is defined
via a Cauchy integral involving In(1 + r1 (k)r2(k)). However, in the case of the nonlocal
NLS equation, the values of 1 + 1 (k)rz(k) are, in general, complex, which would lead
to a strong singularity of § (k) at k = —£. In order to avoid this, we proceed as follows:

1. First, define some “partial delta functions™:

85 (K) = 85 (K; n_y, On_se1) = XP {i / — I+ n@n) d;} ,

27Tl Wp—s+1 { - k
s=0,m—1form>1, (3.3a)
1 (=% 1
S (k) = Sy (k. &2 Opat) = eXD {—. / n+n(©r) d;} . (3.3b)
27Tl —Wn—m+1 C - k

where —& € (—wy_m+1, —®n—_m), m = 0, n and the following branches of logarithm
are chosen for s = 0, m (notice that since we deal with & > 0, the behavior of r; (k)
at k = 0 does not affect §,, (k)):

¢
In(1+71(0)r2(0) =In |1 +r(Hr2(Q)| +i (/ darg(1+r1(2)r2(2) +27TS> .
- (3.4
2. Second, define

8k, &) := [ ] 8s . (3.5)

s=0
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In this way, we have that (i) 6(k, &) — 1 as k — oo and (ii) it satisfies, for each
—& € (—wn—m+1, —Wn—m), m = 0, n (see (2.32)), the jump condition

84k, £) = 8_(k. )1+ r1(k)ra(k)), k € (=00, &) \ {—wn— Y1y (3.6)

Moreover, it has particular singularities at k = —w,—s, s = 0,m — 1, and k = —&.

my
Namely, adapting the convention that [][ Fy; = 1if m| > m; and integrating by parts

in (3.3), (3.5) takes the form o
m—1 m
Sk, &) = (k+&)"F [k +wn) " exp { > xs(k)} , (3.7)
s=0 s=0
with
s (k) = —% /_ "tk — 0 de In(1+ 1 () (©)), s = 0,m — T form > 1,
! —Wp—s+
1 (3.8a)
1 —&
Xm (k) = T3 In(k — ¢) dy In(1 +71($)r2(8)), (3.8b)
Tl —Wn—m+1
and

1 j -5
V(=E) = =5 In[L+ 1 (=§)ra(=6)] - é (/

—00

darg(1 +r1($)r(2)) + 2nm> ,

(3.9
so that (see Assumptions A(b) (2.33) and relation (2.28)) Im v(—§&) satisfies the inequal-
ities

—% <Imv(-§) < 3

Remark 5. In our asymptotic analysis, it is important to have Im v(—§) € (— %, %). This
property will provide the convergence, as t — oo, of the solution of the deformed
Riemann-Hilbert problem (relative to the cross centered at k = —£&) to the identity
matrix, see Sect. 3.2 below.

Now we define
M(x,t,k) = M(x, 1, k)8 (k, £), (3.10)

and notice that M satisfies the following conditions:

e normalization
Mx,t,k) =1, k— oo; (3.11)

e jump conditions

Mo(x, 1, k) = M_(x, 1, k) J (x, 1, k), keR\({—wn,s};"z;)lu{O}), (3.12a)
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where

1 0\ (1 2®siks) i |
r082(KE) 20 1/ \o Hrl(k)nik) e Fonds
J(x,t,k) = mz) _2it0 1 0
T »5)e
2 ., sitg 1 |+ k€ (=§,00)\ {O};
0 1 ri(k)§=(k, £)e”'"" 1

(3.12b)
e residue conditions at zeros of ay(k):

Res MV (x. 1. k) = Yo —2kox—4ik5tM(2) 1. iko), —1,
SRMT D = sk 6 et thod. ol
(3.13a)
Y nj 2ipix+4ipt 7 (2 .
ResM(l)x,t,k " —— p/M”x,t, i), =1,n,
e M L ) = 2 B) 12y, g
(3.13b)
~ 1 — P
Res MV (x, 1, k) = ——— PP D ( p, ),
k=—p, nja1(=p;)8*(=p;, &) !
j=1n; (3.13¢)

e pseudo-residue condition at k = 0:

- 1o\ - o 0 £8200,8) .
kgrl;(l)+M(x,t,k)<6k>_M(x,t,lo)(_%5_2(0’82 0 ) (3.14)

e singularity conditions at k = —w;,_5, s =0, m — 1:
Myi(x,t,k)(k+wu—s) % = 0(1), k —> —wy_s. (3.15)

Conditions (3.11)—(3.15) constitutes the Riemann—Hilbert problem, whose solution
is (by the Liouville theorem) unique, if it exists.

3.2. The RH problem deformations. In order to turn oscillations to exponential decay
in the Riemann—Hilbert problem (3.11)—(3.15), we “deform” the contour off the real
axis. When doing it, we assume that the reflection coefficients r;(k), j = 1, 2, can be
analytically continued into the whole complex plane. This takes place, for example, if
qo(x) is a local (finitely supported) perturbation of the pure step initial data (1.5). Other-
wise, it is possible to approximate r; (k) and #(;?z(k) by some rational functions with
well-controlled errors (see [16]). The modern way to deal with non-analytic reflection
coefficients is to use the d generalization of the nonlinear steepest descent method (for
the local NLS equation, see [38,39]).
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*Pn—1

Fig. 3. The domains Q, j=0,..., 4 and the contour I' = P U... Uy

Define M (x,t, k) as follows (see Fig. 3; here on is chosen in such a way that all
zeros of aj (k) are located in it):

M(x, 1, k), k e S0,
- MBS k.E) ,—2ith .
M(x,t, k) ‘+”(’<>’2<"> . ke,
0
- 0 N
M(x,t, k) . ke,
(3.16)

M(x,t,k)

2 —2it0
L a8tk )e >,ke%’

M(x,t, k) = (— 1 k)8~ 2(k £)e2it? |

~ 0 .
M(x, 1, k) rl(k)é_z(k ) 2irf 1) k€.
l+r1(k)r2(k)

By (3.12b), M (x, t, k) has no jump across the real axis while having point singularities
atk = —w,—5, s =0, m — 1 and at k = 0. Specifically,

Mx,t, k) k+w,_s) % =0(), k— —wp_g, s=0,m—1, (3.17)

whereas the singularity condition at k = 0 takes the form of a conventional residue
condition:

Res MP(x, 1, k) = co&)MD(x,1,0), (3.18)
. _A8%(0,€) . " . .
with cg(§) = =—;=*. Indeed, item 5 of Proposition 1 implies that
rik) = — + 0(k?), k— 0,
iA
and thus, by (3.16) for k € Qz, we have
A82(0, §)
2ik

M (k) = MO0y +0(1), k — i0*.
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Similarly, by (3.16) for k € fZg and the development of r; (k)
(k) A +0(1) k—0
ra(k) = —— ; ;
. 2ik

we have

MDY+ 0(1), k—i0,

2
M® k) = —A(Sz(.(;); :
l

and thus (3.18) follows.
The jump conditions for M (x, ¢, k) are formulated on I':

M.(x,t,k)y=M_(x,1,k)J(x,1,k), kel, (3.192)
with the jump matrices
| nWEkE) 210
1+r (k)ra (k) , k € ];1,
0 1

1 0 ke
A (k)82 (k. £)e210 1) v
J(x,t, k)= (3.19b)

1 —ra(k)8% (k, §)e2i1 .
(0 2058 ) ke

1 0 .
n®s2k8) i (|0 KETA
1+r1(k)r2 (k)

Other characteristic properties of M (x, t, k) follows from their analogues for M(x,t,k):
the normalization condition

M(x,t,k) > I, k— oo (3.20)
and the residue conditions
Res M. 1.0) = e1(e, )M P w1, iko). Iwo] = 1. (3.21a)
=iko
Res MV (x, 1. k) = £, oM@, 1, pp). j=Ton, (3.21b)
=Dj
Res MV 1.0 = fi0.0MP (1, =7, j=Ton, (3:210)
:—pj
where
—2kox—4ik2t  2ipjx+dip’t
Yoe 0 nje J
cax, ) =——5—- [ilx,))= .j—z,
ay(iko)é=(iko, &) ai(pj)é=(pj, &)
. —2ipx+4ipit
Fiten = (3.22)

nja1(=p ;)8 (=p;. &)

Similarly to M s M (x,t, k) can be characterized as a unique solution of the RH
problem specified by conditions (3.17)—(3.22).
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Proposition 3. For any fixed § = 7 with & > 0, the solution of the Riemann—Hilbert
problem (3.17)—(3.22) can be * reduced’, ast — 00, to a sectionally meromorphic
matrix-valued function M (&, t, k), in the sense that q(x, t) extracted from the large-k

asymptotics ofM(x, t, k) and M* (&, t, k) are exponentially close as t — o0:

q(x,t) =2i hm kM5 (&, t, k) + exponentially small terms, t — 00, (3.23)
q(—x,t) = =2i khm kMS; (&, t, k) + exponentially small terms, t — oco. (3.24)
—00

Here M solves one of the following Riemann—Hilbert problems, depending on the
value of &, with a single residue condition at k = 0 (to simplify the notations, we set

ma
Repo:=0and [] Fs=1ifm; >my):

s=m|

i) for —wp—ms1 < —E < Re py_m, m =0, n, M solves
( 1%

MSE 1, k) = M™ (&, t, k) J (&, 1,k), kel, (3.25a)
MY E 1, k) — 1, k — oo, (3.25b)
ResM‘” @ g, 1,k) = B EM> Vg, 1,0, (3.25¢)

with

A82(0, &) "= 2\
a5 = ( A70,5) ]_[ (w > : (3.26)
=0 Pn—s
and
m—1 k o3 m—1 k —03
15 =[] ===} Jenhb ([ et} kel 327)
$s=0 k — Pn—s =0 k — DPn—s
(ii) for Re pp—pm < =& < —wp—m, m = 0,n — 1, M* solves

M, 1, k) = MEE 1, k)JYE, 1, k), kerl, (3.282)
M® (&t k) — 1, k — oo, (3.28b)
1k2e3 M3 D (g 1, k) = 3 (E)MS P (g, 1,0), (3.28¢)

with

2ip2_ m_l DPn— 2
g (E) = — < é S) : 3.29

"= 10 e 52

and

i+ o3 I+ —03
+ Wn—s + Wp—s ~
JSE, 1, k) = dk) Joo, k) (dk) ] —2== ,kel,
E ( 1_[ k Pn—s Sl_!) k — Pn—s
(3.30)
with d (k) = —X%

= k—pn-m
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Proof. (i) First, consider —w,,—n+1 < —§ < Re pp_p, m = 0, n. Then M(x, t, k) has
m singular points k = —w,_s, s = 0,m — 1, and m exponentially growing residue
conditions at k = p,_s, s = 0, m — 1, see (3.21b). Introducing M (x, ¢, k) by

m—1 —o3
. A k+ wy_g
Mt k) = Mot [ [] e——t) . keC, (3.31)
—0 k— Pn—s
s=
we obtain that M (x,t, k) is, on one hand, bounded at k = —w;,_5, s = =0,m—1,and

on the other hand, has exponentially decaying residue conditions at all points of the
discrete spectrum: ikg, pj, —p s j= 1, n. Direct calculations show that M (x,t, k) has

the residue condition at ¥ = 0 and the jump across [ as indicated in (3.25) and (3.26).
It follows that g(x, t) and g(—x, t) obtained via (2.36) and (2.37) from the large-k
asymptotics of M (x, t, k) are exponentially close, as t — o0, to that obtained from M’
provided the latter exists as a solution of the RH problem (3.25).

(i) Now consider Re p,—;, < —§ < —wp—m, m = 0,n — 1. Then M(x, t, k) has
m singular points at k = —w,—5, s = 0,m — 1, and m + 1 exponentially growing
residue conditions at k = p,_s, s = 0, m. Applying the same transformation (3.31) and
ignoring the decaying residue conditions, we arrive at the Riemann—Hilbert problem
with the exponentially growing residue condition at k = p,,_,, (see (3.22)):

M E, 1, k) = MY (&, 1, k) J“ (&, 1,k), kel, (3.32a)
M®E,1,k) — 1, k — oo, (3.32b)
Res MV (E 1, k) = fx, )M D(E, 1, pp_m), (3.32c)
=Pn—m

ResM ™ (€, 1,k) = c§" (€)M D (E,1,0), (3.32d)

Pn—mtw@p—g

m—1 2
where f(x,1) = fu_m(x, 1) ] (M> , ¢§°(§) is given by (3.26), and
s=0

ml o . Lty S -
JS(x,t,k) = ) J(x, k) - ,kel.

In order to cope with the problem of growing residue condition, we make the following
transformation (recall that d (k) = )

k
= =i
MY E 1, k) = M™ (&, t, k)d™ % (k). (3.33)

Then M (&, 1, k) solves the RH problem with exponentially decaying residue condition
atk = py_m:
MEE 1 k) = MY (&, 1, k)T, 1,k), kel, (3.34a)
M* (&, 1, k) — 1, k— 0o,  (3.34b)

2
Res M D(E, 1, k) = 22 1S O (e 1 i), (3.34¢)

717" —m f(-x7t)
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t ¢ &
N oD
EDNEN o(1 SN

: 20 Y [ L
o(1) A8*(0,8)+0(1) ™, S
2 -
o(1) v A8(0,5)+0(1)
0 X 0 X

Fig. 4. Asymptotic behavior of the solution forn =0 andn = 1

2
Pr—m

M> D g t,0), 3.34d
5 6) &.1,0) ( )

ResM® P (g, 1, k) =
RegM ™ D&

where J45 (&,1, k) is given by (3.30). Ignoring the decaying residue condition at k =
Pn—m» We arrive at the Riemann—Hilbert problem (3.28). Therefore, as in case (i), (3.23)
and (3.24) hold provided (3.28) has a solution M“*. The existence of solutions of the
RH problems (3.25) and (3.28) can be justified for ¢ sufficiently large, see the proof of
Theorem 1 below. 0O

Proposition 3 suggests the rough (up to terms of order o(1)) asymptotics of g (x, 7):

Proposition 4. As t — oo, g(x, t) has the following asymptotics (see Fig. 4):

m—1 2
48%0.9 [] (“’—’) +o(1), —Repuom <& < Opomat,
s=0 n-s
Q(xs 1) = ()(1), —Wn—m+] < ‘S <Re Pn—m OF Wp—m < é'- < —Re Pn—m>
_472 m—1 ,— 2
# l_[ (@) +o(1), Repp—m <& < —wp_m,
A82(0, —§) g0 \@n—s

_ (3.35)
where m = 0, n.

Remark 6. The asymptotic formulas (3.35) hold in the case of the “shifted step” initial
value (1.5) withn =0for0 < R < %, and with the corresponding value of n € N for
Q2n—m <R < Qn+)m

24 24 °

Remark 7. The spectral functions associated to the “shifted step” initial value (1.5) with
0 < R < 75 satisfy conditions of the Theorem 1 in [44]. The rough asymptotics, as
well as the precise one (see Theorem 1 below) are consistent with that obtained in [44].

Remark 8. The ordering of Re p; and —w;j, j = 1, nin (2.32) is crucial for our analysis.
Indeed, let n = 1 and assume that —w; < Re p; < 0. Then, applying (3.31) for
—w1 < —& < Re pj, we (asymptotically) arrive at the following Riemann—Hilbert
problem:

M2 (x,t,k) = M® (x,t,k)J%(x, 1, k), kel, (3.36a)
M (x, t,k) — 1, k — co, (3.36b)
Res M @ (x,1,k) = ;' (x, ) (p1 +01)*M* D(x, 1, py), (3.36¢)

k=pi
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2
Rest® @ (x, 1, k) = co— 1% D (x, 1,0), (3.360)
k=0 D1

where J% (x, t, k) = (,’;ﬁ‘;‘) J(x,t,k) <k+“") kel and ffl(x,t) is expo-

nentially growing. Since the residue conditions (3.36¢) and (3.36d) are formulated for
the same column, we cannot proceed as in the proof of Proposition 3 above.

Applying the nonlinear steepest descent method [16,20] we are able to justify the
existence of solutions of the RH problems (3.25) and (3.28) and to make the asymptotics
presented in (3.35) more precise.

Theorem 1. Consider the Cauchy problem (1.1) and assume that the initial value qo(x)

converges to its boundary values fast enough and that associated spectral functions

aj(k), j = 1,2 satisfy Assumptions A. Assuming that the solution q(x, t) of (1.1) exists,

it has the following long-time asymptotics, uniformly in & in compact subsets of the
m

2
corresponding intervals (to simplify the notations, we set Re pg := 0and [| Fs =1
s=m1

ifmp > my):

(i) for —wp—ms1 < —& < Re pp_m, m = 0, n we have three types of asymptotics,
depending on the value of TIm v(—&):
D) ifImv(=£) € (=%, —1] then

2
g(x,1) = A8%(0,8) H (‘; )
472V g (£) exp{—4ir€2 + i Re v(—&) Int) + Ry (£, 1).
2) ifImv(—§) € (—%. ¢), then

m—1 2
g 1) = 48%0.6) [ | (‘”‘)

s=0 n—s

e $—Imv(- S)al(g)exp{—4it§'2+iR€U(—E)lnt}
17 IIMVCE) o (2 expl4its? — i Rev(—§) Int) + R (&, 1).

3) ifImv(—§) € [&, %), then

m—1 2
q(x, 1) = A8%0,6) [ | (“’)
s=0

n—s

41728 g (£) expldite? — i Rev(—£) Int) + Ra(E, 1).
(ii) for —Re pp—m < —& < Wy—ms1, m =0, n:
gx, 1) = 1727 MV () expldire? — i Re (&) Int) + Ra(—£, 1)
(iii) forRe pp—pm < —& < —wp—pm, m = 0,n—1:

GO, 1) = 172V E) g () expldite? — i Rev(—&) Int) + Ra(E, 1)
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(iv) forop_m < —& < —Re pp—m, m = 0, n — 1 we have three types of asymptotics,
depending on the value of Im v(§):
D) ifImv(é) € (—3, —¢]. then

_4ﬁ2_ m—1 ﬁ 3 2
q(x,t) — n—m l_[ <_n s>

A82(0, —€) o \@n—s

P e L g2 _
5(6) exp{dité” —iRev(§)Int} + Ry (=§, 1),
2)ifImv() € (—¢. &), then

_4—2 m—1 ,— 2
q(x,t) Prn—m l—[ <pn—s)

A0, —£) g \@n—s

+1727 MV ) g5 () expl4its? — i Re v(€) Int)
4oV E g ) expl—dirg? + i Rev(€) Int) + Ry (£, 1).

3)ifImv(E) € [L, 1), then

_4—2 m—1 ,— ] 2
qlr, 1) = —— 2= 1‘[(5’“)

AS2(0, —£) g \Bns

4172 MV g (£) exp{—4itE2 + i Re () Int) + Ra(—E, 1).

Here |
S8k, &) = (k+ &) ]tk +wns) " exp [szac)} : (3.37)
s=0 5s=0
and
1 ' =5
v(=§) = 5 In |1 +ri(=§)r2(—=5)| — = </ darg(l+r1($)r(g)) + an) ,
b4 27 \J_oo
(3.38)
with
o) = _% /_wH Itk — &) de In(1+ 11 (©)ra(©)), s=0.m—1, (3.3%)
l —Wp—s+1
1 —&
Xm (k) = B / In(k — &) de In(1 +r1(§)r2(5)). (3.39b)
7l —Wn—m+1

The constants aj(§), j = 1, 6 are as follows:
m—1
V(e (6)) &+ Pn—s)?
£2r (=&)L (iv(—=§))
{—%v(—é) + % —2) (=) + 3iv(=§) 1n2} ,
s=0

a(§) =

exp
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s=0

@) = O Civ—E) ©

m—1
ﬁ H (E"‘pnfs)_2 . m
T+ L a2Y p(—6) — 3iv(—6) In2
Xp 2v( &)+ i Xs ;

s=0

m—1
\/; 1_[ (ﬁn—s_é)z . m
@) = — 0 —exp V@) + -~ 2 %@ ~3ivE 2},
P (ET (—iv(E)) 2 4 =

JTE T 6 + puy)

s=0

L (—E)T (—iv(—&))
{—%V(—S) + % + 2; Xs(—E) — 3iv(—£) lnz} :

as(§) =

exp

as5(€) =
o Ezrz(E)F( e

V7 (¥ o) 1j0<ﬁn_s -7
@ol®) = RGN P

{—%@+%+2sz(s>+3i@1nz},

\/_H(pn s_ T i m
{——Tsn? —-2) %@ —31'@1112} :

2 s=0

s=0
where
as _ A82(0,€) = Wn—s ? as# _ 2ip}%—m — Pn—s 2
WE =" 1:!)(;:__) SO TR0 1:[ (w )
Finally, the remainders R;(§,1), j = 1, 3 are as follows:
o™, Imv(—§) > 0,
R, 0)=10(t""Int), Imv(—&) =0, (3.40)
O (r~1+mvEDN - Imv(—£) <0,
O (¢~ 1+21mvE=0l) - Imy(—¢) > 0,
Ry, 1) = o(z—llnt) Imv(—§) =0, (3.41)
0( ) Imv(—§) <0,

and

0 (t71+2|lmv(*~$)|), Imv(=§) #0,

Ry =RiE D+ R 1) =1 (+'Ins) Im v(—&) = 0.

(3.42)

Sketch of proof of Theorem 1. We apply the nonlinear steepest descent method to the
Riemann-Hilbert problems (3.25) and (3.28). The implementation of the method is
close to that presented in [43], so here we briefly describe the main steps of the proof,
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paying attention to its peculiarities due to Assumptions A and referring the reader to
[43] for details.

We begin with the asymptotics for the Riemann—Hilbert problem (3.25), the analysis
for (3.28) being similar (see also Remark 9). First, we reformulate (3.25) in such a way
that instead of the residue condition we have the jump across a small counterclockwise
oriented circle Sy centered at k = 0O:

g’ &)

M &, t, k) ((1)_ 1k ) k inside Sy,

M (&, t, k), otherwise .

M (E, 1, k) =

Then M (&, t, k) solves the Riemann—Hilbert problem

M®E, 1. k) = MS (&, 1, k). 1,k), ke UsS, (3.43a)
M, t,k) — 1, k — oo, (3.43b)
with A
J(E,t, k), keTl,
JOE 1 k) = _0® 3.44
(&, 1, k) 1 ). keSo (3.44)
0 1
Introduce the rescaled variable z by
k= —— _¢, (3.45)
NET
so that
Q210 — e%—mgz.

Introduce the “local parametrix” mg* (&, ¢, k) as the solution of a RH problem with the
“simplified” jump matrix J%*(§, ¢, k) in the sense that in its construction, r; (k), j = 1, 2
are replaced by the constants r;(—&) and 6 (k, &; {a)n_s}Z:Ol) is replaced by (cf. (3.7))

iv(—g) m—1 m
§ ~ (%) H(wn_s — &) exp {Z Xs(_‘i:)} :

s=0 s=0

Such RH problem can be solved explicitly in terms of the parabolic cylinder functions
[31,43].
Indeed, m§* (£, t, k) (cf. mo(x, t, k) in [43]) can be determined by

mas (&, 1, k) = AE, Om" (&, z(k) AT (E, D), (3.46)
where

- m—1 —o3
QitE*+Y x5 (=£))o3 )
A 1) =e s=0 8r) 2 ]_[ (wn—s — &) ; (3.47)
s=0
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ml (&, ) is determined by

m"(§.2) =mo(6.)D7 (6.2). €9 j=0.4. (3.48)
see Fig. 5, where
Do(6, 2) = e T,

1 vré“v(—é) 1 0
Di(€,2) = Do(§, 2) 0 1+rf”(*§1)r§”(*$) , Dy(&,2) = Do, 2) (rlaS(_s) 1) >

5D _ o 0
D3(§,2) = Do(§,2) Dy(§,2) = Do(§,2) i IR B
TP O (=5
with
(k) = (k)”ﬁ <—k — p"‘s>2 r$S (k) = ra(k) 1‘[ (’”L)z (3.49)
r =r U ) r2 K—pns) .

and mq (&, z) is the solution of the following RH problem in z-plane, relative to R, with
a constant jump matrix:

mo+(§,2) = mo—(§, 2) jo(§), z € R, (3.50a)
mo(E.2) = (I + O(1/2)) e~ o350, ¢ 0. (3.50b)
where ;
: L+ (—E)rs (=) 155 (—§)
Jjo§) = < lriu(_;) 2 ) . (3.51)
O

Itis the RH problem for m (€, z) that can be solved explicitly, in terms of the parabolic
cylinder functions, see, e.g., Appendix A in [43]. Since we are interested what happens
for large ¢, we actually need from mg (£, z) (and, correspondingly, m' (£, z)) its large-z
asymptotics only. The latter has the form

m (35 z2)=1+- ( yO(E) ’BE)E)) + O(z_z), 7 — 00,

where

me_%v(—f)e_¥
_ ’ 3.52
ﬂ(é) rlaS(_é:)F(—iV(_é:)) ( a)

e 3V (8T

= . 3.52b
YO = s Cor e (3:920)

Now, having defined the parametrix m(’ (&, ¢, k), we define M (&, t, k) as follows (cf.
m(x,t, k) in [43]):

] A:w(g,r,k)(nagf)—l(g,t,k)V(k), k inside S_¢,
M® (&, t, k) = { M*(§,1,k), k inside So, (3.53)
M E, 1, k)V (), otherwise ,
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Fig. 5. Contour and domains for m! (¢, z) in the z-plane

g’ ®
(1) - 1k ), and S_¢ is a small counterclockwise oriented circle cen-

tered atk = —&. Then the sectionally analytic matrix M solves the following Riemann—
Hilbert problem on the contour I' =T" U S_¢:

where V (k) = (

M, 1,k) = MO (&, 1, k)T (&, 1, k), kel, (3.54)
M, 1, k) — 1, k — oo, (3.55)

with the jump matrix (cf. (3.23) in [43])

VL kymd (5, 1,k J% (&, 1, k) (&)~ (&, 1, k)V(k), k € [y, k inside S_¢,
T E k) = VLR 6hes) N E, 1 k) V (), keS.e,
VLI TCE 1 V() otherwise.
5 (3.56)
Observe that the solution of the original problem is given in terms of M**(&, ¢, k) as
follows:

q(x, 1) =2i (cgf(g) + Jim k 195 (&, t,k)), (3.57)
—00
and
q(—x,1) = =2i lim kMSS (&, 1, k). (3.58)
— 00

Notice that (rh(“)s)_1 (&, t, k) has the following large-r asymptotics:

R E 1,0 = A, D) & VRIK+E) A E. 1) = 1+%+f@, 0,

(3.59)
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where the entries of B(&, t) are as follows (cf. with (3.32) in [43]):
B11(§,1) = B, 1) =0, (3.60a)
42 S y—e) . mol
BpG.n=—ip&e = @)D s -6 (3.60b)
s=0
—4i1§2-2 3" x,(—)

m—1
By (5, 1) =iy(©)e =7 @M [ (@ns — 82, (3.60¢)
s=0

and the remainder is (cf. (3.33) in [43]):

. O (1—1-Imv(=5)) o (;~1+Imv(~£)
r.1) = <0 Et—l—lm v(—é)g 0 gt—lﬂm v(—E)g) » 1 —> 00, (3.61)

The jump matrix in (3.56) can be estimated similarly to [43], giving that || Jas &,t,)—
1 ||L2(f‘|)ﬂL°°(f‘1) — 0 ast — oo, with uniform error estimates for £ in compact subsets
of the intervals indicated in the statement of Theorem 1. Particularly, this provides the
unique solvability of the RH problem (3.54). Moreover, we evaluate the asymptotics of
M9 (&,1,k) ast — oo using its integral representation in terms of the solution of the
singular integral equation:

A;I“S(é,t,k)=1+#/ M(é,t,s)(f”‘g(é,t,s)—I)i, (3.62)
2mi Jp, s —k

where p solves the integral equation u — C,u = I, with w = J — I and the Cauchy-
type operator C,, defined as follows:

1
Cof = (C_fw)(k) = — lim f&we) ;o
2ni K-k Jp, s—K
k'e—side
Since V (k) is uniformly bounded on [} and does not depend on and x, we can proceed as
in [43] and conclude that the main term in the large-t evaluation of M“¥ in (3.62) is given
by the integral along the circle S_¢. In this way we obtain the following representation

for M@ (&,t, k) (see (3.30) and (3.34) in [43]):

- v~k ((nﬁgsrl(s,t,k) —1) V (k) dk + R(E, 1).
2mi S_¢

Taking into account (3.59) we conclude that

lim & (M‘”(g, k) — 1) — B(E, 1)+ R(E, D), (3.63)

_(RiE ) R, D)+ R, 1)
where R(&,1) = <R1(§, 1) Ri(E. 1) + Ra(E. t)> and (see (3.60))

as as 2
goseny = L [ B0 B — B

VB B L))

(3.64)
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Remark 9. In the analysis of the Riemann—Hilbert problem (3.28), the reflection coeffi-
cients r;.” (k), j = 1,2 (see (3.49)) have the form

2 2
i) =riod” 2(")1_[ (#) , ‘”(k)—rz(k)d2(k)l_[ (—““" ) ,

k — pu—s

1 0 .
whered (k) = = p Moreover Vk) = ( ) 1) in the definition of M*$ (&, ¢, k)
—as

(see (3.53)). Therefore,

q(x, 1) =2i lim kM (&, 1,k), (3.65)
k—o00
g(=x,1) = —2i (cgf#(g) + Jim kMSs (€, 1, k)) , (3.66)
—00

and B4 (&, 1) and R(&, t) in (3.63) are as follows:

_ O g, B 1)
BU(E 1) = — § ’ ’

as# 2 as# ’ (367)
VB B, 1) — Bu (e ) B 1)

_ (RiG D+ Ra(E. 1) Ro(E 1)
and R, 1) = <R1(s, 0+ Ro(E. 1) RaE, r))'

4. Transition Regions

Theorem 1 presents the asymptotics of g (x, ) along the rays § = 7. = const uniformly

for all £ in compact subsets of R \ {£Re p,,,, Tw,, |m = 1, n}, i.e., for all fixed EelR
except the boundaries of sectors with qualitatively different asymptotic behavior. Since
the asymptotic regimes (decaying and non-decaying) in the adjacent sectors do not match
as & approaches the edges of the sectors, there must be certain transition zones between
the sectors. The study of transition zones is a challenging and all-important problem.
These zones are a rich source of interesting nonlinear effects, such as shock waves and
asymptotic solitons, among many others.
One can distinguish three types of qualitatively different transition zones:

(1) zones near the rays § = =Re py, m =1,n

(2) zones near the rays £ = £w,,, m = 1, n,
(3) azone as & approaches 0.

First, we address the transition zones for & = £ Re p,,,, m = 1, n and show that in
these zones, g (x, t) asymptotically behaves as solitary kinks propagating along the rays
& = +£Re py.
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Theorem 2. Fix an integer m such that 0 < m < n — 1. Then, under assumptions of
Theorem 1, the solution q(x,t) of problem (1.1), (1.2) has the following asymptotics
along the rays € = £ Re pp_p:

2ip,%_mch(_Repn—m)
Pri—m +c‘”(— Re pum) [ (&', 1)
—=2ip. n m ,f”m(x 1)

Doy + 8 (—Re py_p) f5,,(x', 1)

+ Flp—m(x' 1), t—> 00, x=—4Rep,_put+x,
qx, 1) =

+Fopm(x',1), t— 00, x=4Rep,_nt—x',

4.1

where i’ (§) is given by (3.26), f'*, (x', 1) is given by

9 = NMn—m exp{.2ipn_mx/ 2— 4it(Re? pp_m +1m? po_m)} 42)
ar(Pn—m)8*(Pn—m, —Re pp_m)

—1
ml_[ (pn—m — Pn—s )2

—m twy—
s=0 Pn—m n—s

and Fj,_n(x', 1), j = 1,2 are decaying terms. The asymptotics (4.1) holds for all
x" € Randt > 0 such that

(x', 1) — (&, t)llgz > g forall j €Z, 4.3)

with any fixed ¢’ > 0, where (¥',t;), j € Z are the zeros of the denominators of the
principal terms in (4.1):

~/ In|Cp_p| Re pp—pm In|Cp_p| + Gp—pp Im pp_py j
X =—"——, t;j= 3 3 “4.4)
2Im py—pm 4 pp—m|*Im py_p, 2| pp—m|
with ¢p_, = arg C,,—p, and
-1
_nn—mc(a)s(_ Re pu—m) T Pn—m — Pn—s 2 . ibnm
Chom = B N ) = |Ch_mle .
Pr—ma1 (Pr—m)8=(Pn—m, —Re pp_m) 5=0 Pn—m + Wp—s

More precisely, the decaying terms Fj,_,(x', 1), j = 1,2 have the following form
depending on the value of Im v(Re py—m):

1) ifImv(Re pu—m) € (—%. —¢], then
t_%_lm V(Re pmfm)

Flp-m(&' 1) =
”’” (P2_y + €8 (—Re ppo) [, (X, 1))?

Ri(Re py—m,t
x a7 exp{—4it Re? pp_m +i Re v(Re pp_m)Int} + 1(+nm)
&
F2,n—m (-x/, t) = [_%_Im V(Repm—m)
(P2 1M i + RE - 6 (= Re pu_n) [, (x', 1))?

(P2 + 85 (= Re puem) 25, (x', 1))2

Ri(Re p,— m,t)

x ag exp{4it Re? pp—m — i Re v(Re pm—_m) Int} + =
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2) ifImv(Re p—m) € (—%, %) then

t*j*Im v(Re pym—m)

(P2_ + €3 (— Re ) £25,,(x7, 1))?
+iRev(Re py—m)Int}

Fl,n—m(x/a r) =

w1 —L+Im v(Re ppm) (Pn m R€ pp—m — i Im py_py CSS(_Repn m) Fim
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a7 exp{—4it Re? Pm—m

(', 1))?

(Pr—m + €7 (= Re prm) [, (x", 1))?

Re 1
X ag exp{dit Re? Pm—m — i Rev(Re py—m) Int} + W

FZ,nfm(x/, 1) = t—%—lmv(Repm,m)
(iﬁ%_m Im py—m +Re pr—m - cgs( Re p,— m)f S 1))?
(P + €6 (= Re pum) [, (', 1))
X 09 eX {4itRe2 Pm—m — I Rev(Re pm m)Int}
p

/
+1 2+Imv(Repm m) f —m (
(Do + ¢’ (—Re p_ m>f S (1))

R3(Re Jt
X 10 exp{—4itRe2 Pm—m +1Rev(Re py_)Int} + —3( I/); - )

3) ifImv(Re pu—m) € [£. %), then

Fl e m(x t) =t 2+ImV(R€Pm m)

(Pp_ Re ppm — i 1M py_py - ¥ (= Re pup) £2,(x, 1))?
(P + € (= Re pu) £312,, (', 1))?

Ry(Re pn—m, 1)

X agexp{dit Re? Pm—m —ILRev(Re py—pm) Int} +
P 8/2

—as 2
HS /
an m(x t) =1 2+ImU(RC[)m m) (.x t)

’

Do+ (— Repn o) [ (! 1)?

X (10 exp{—4itRe2 Pm—m +iRev(Re pp—p) Int} +
g2

Ry(Re punm, 1)

with
24 M 2
ﬁ(CSS(— Re pu_m)) Pn—m H (Pn—s —Re pu—m)
s=0
a7 = -
Re? py_mra2(Re pp_m)T(iv(Re pp_m))
b4 3mi “ .
x exp{ == V(Re puom) + —— —2 Y xs(Re py) +3iv(Re ppm) In2 ¢,
2 4 gt
m—1 5
ﬁ 1_[ (Pn—s —Re py—m)™
s=0
oag =

Re? Pn—m?1(Re pp_p)'(—iv(Re py_m))
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. m

T i ,

X exp {_Ev(Re Pn—m) + T +2 E xs(Re py—m) — 3iv(Re py—m) 1112} >
s=0

m—1
ﬁ l_[ (pn—s —Re pn—m)2
s=0

a9 = 2 — —
Im* p,_ur2(Re py—n) T (—iv(Re pp—m))

T_ 3mi o —
X exp —EV(RG Pn—m) — —— — ZZ Xs(Re pp—m) — 3iv(Re pp—pm)In2 ¢,
s=0
4.5)
m—1 5
ﬁpn—m 1_[ (Pn—s —Re pn—m)_
=0
a0 = —— — —
Im?* p,_mri(Re py—n)T(iV(Re py—))
T i e
xexpy—=v(Re pp_pm) — — +2 Zﬁ(Re Pn—m) +3iv(Re py—;) In2 ¢ |
2 4 =
(4.6)

and Rj(Re py_, 1), j = 1,2, 3 are given by (3.40), (3.41) and (3.42).

Proof. Similarly to Item (i) in Proposition 3, it can be shown that along the ray & =
—Re p,—n (see Fig. 3), the long-time behavior of ¢ (x, ) can be described in terms of
the solutions of the RH problem (cf. (3.25))

Mfr”(s, tky=M¥E t,k)JYE, 1, k), k € f, (4.7a)

MY E, t k) — 1, k — oo,  (4.7b)

ResM™ (€, 1,k) = " (©)M* V&, 1,0), (.7¢)
Res MW (E 1,k) = £, OMSDE, 1, ppom). 4.7d)
=Pn—m

where &€ = —Re py_m, J* (&, 1, k) is given by (3.27) and [, (x', 1) = fr_m(x,1)
m—1 2
5| (';:m%) with x = —47 Re pp_m + ' is given by (4.2). Notice that the shift
S=
x" € R doesn’t affect the value of the slow variable & = j{—t ~ —Re py_m ast — oo.
Using the Blaschke-Potapov factors (see, e.g., [23]) one can show that the RH problem

ResM® D (. 1. k) = c* €)M V&, 1,0), (4.82)
Res M@V (&, 1,k) = 1%, (x'. /M P&, 1, pu_m). (4.8b)
=Pn—m

M® (&, 1,k) — 1, k — oo, (4.8¢)

can be solved explicitly for all x’ € R and ¢ > 0 away from any fixed vicinities of the
singular points X', t;, j € Z, see (4.4), by (we drop the arguments of the respective
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functions)
(P/zl—m+chfrilim)kfpg—m CSSPg—m
. 2 as ras 2 as ras
K _mteo’ i )(k_[’nfm) (1’ _mtC f— )k
Mav x/ ¢t k — (Pn m¥€0_Jn—m n—m>0 Jn—m . 49
( ’ E’ ’ ) I’mef;im (pgfm_"cgs f:im)k_l’nfmcgs frtllim ’ ( )
(pg—m"'cgsf:im)(kfpn—m) (P%_m"‘CSJ )k

where x’ and ¢ satisfy condition (4.3).

Notice that M (x', &, 1, k) = O(¢'~") as (x/, 1) — (¥/,1;) and M (x', &, 1, k) =
O(1) as x" — +o00, which implies that the asymptotics in Theorem 2 are uniform w.r.t.
x’ outside any (fixed) neighborhood of x” = X',

Since M9 solves RH problem (4.8), M (x', &, t, k) defined by

M (€, 1, k) (M)~ (x', &, 1,k), koutside S_¢,

MY (X' &1, k) =
.8 ) M* (&, t, k), otherwise ,

where S_¢ is a small counterclockwise oriented circle, satisfies the following RH prob-
lem on f] =fu S_¢:

MO k) = MEQ 6L TS G g k), ke, (4.10a)
M &1 k) = 1, k — oo, (4.10b)
with
M (x', €, 1, k) JU (&, 1, k) (M®) (&, &,1,k), ke, koutside S_¢,
Toa g k) = (M) (61, k) keS¢,
JU (&, 1, k), k € 'y, k inside S_¢.
4.11)

Notice that ¢ (x, t) is given in terms of M9 as follows (recall that —& = Re pj,—n):

et = 2PnonCE’ (—Re prm)
P2+ €8S (= Re puom) £05,,(x', 1)

q(=x.1) = = 5 —a

pnfm +CO (_ Re pn*m)fn—m(x ) t)

+2i lim kMG, €, 1, k), (4.12)
k— 00

—2i lim kM (x',&,1,k), (4.13)
k—o00
for all x’ € R, ¢t > 0 satisfying (4.3). Constructing 5’ (&, ¢, k) as in the proof of

Theorem 1 (see (3.46)), we define M (x',&,1,k) by

ras (.7 vasy—1 Tras ./ PR
M‘”(x/,f,t,k)z{M &, k)y(mg’ ) (&, t, )M (X', &, 1, k), kinside S_¢,

M x' &, t, k), otherwise .
y A 4.14)
Then M% (x', &, t, k) solves the following RH problem on the contour I';:
ME (& 1 k) = M (&6, K)T“ (X' &,1,k), kel (4.15a)

M» (&1, k) — 1, k — o0, (4.15b)
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with the jump matrix (we drop the arguments of M (x', €, 1,k))

(M®)~ V8 (&, 1, k) TS, &, 1, k) g~ (€, 1, k)M, k € Ty, k inside S_¢,
Jo @ 1k) = 1 (M%)~ 0ngs )~V (&, 1, k)M, keS_e.
JoS (&, 1,k), k e Ty, k outside S_¢.
(4.16)
Taking into account that M is bounded inside S_¢ and arguing as in the proof of
Theorem 1 we have

o 1 . .
lim k (M‘”(E, 1 k) — 1) =—— | ey ((ﬁzgsrl(g, 1 k) — 1) M dk
k— 00 2mi S_¢
R, 1)
+ 8/2 ’
and thus
. ) R, 1
lim & (M“S(x’,g,t,k) - 1) — B gy + R (4.17)
k— o0 8/2

_(RiE ) R, D)+ Ry, 1)
where R(&,1) = (Rl(é, 1) R 1)+ Ro(E, t)) and (see (3.60))

MY M3 Boy — M3T M3 Bro - (Mi3)* Boy — (M33)* Bz
— (M52 By + (M$)? By —M& M{S By + M5 M43 By
(4.18)

“as 1
Bué(x/’g:’t) — ﬁ(

(here M} = M (', §,1,=§)). O

Remark 10. As x’ — +00, the principal terms in (4.1) match the asymptotics (3.35) in
the adjacent sectors. Moreover, they resemble singular, kink-type exact solutions of the
focusing NNLS equation [44], which correspond to the reflectionless potentials:

A

qa,p(x,t) =

On the other hand, the principal terms in (4.1) satisfy the NNLS equation (1.1a) if and
only if

2

—1 ( Pn—m—Pn—s

A52<0,s>‘_ Mo [T (22225
U

Pn— GiR,|P—|=‘ . ;
e e al(Pnfm)‘Sz(pnfmy_RePnfm)

in this case, the leading terms in (4.1) coincide with (4.19) with some A, ¢ € R.

Describing the transition zones of type (2) and (3) are open, challenging problems,
which will be considered elsewhere. Here we notice that for the transition zones of type
(2), we face the problem that v(§) takes the value %, namely, |Imv(—w,,)| = 1/2,
which causes problems with the solvability of the asymptotic RH problem of type (3.25)
or (3.28), since the norm of the corresponding Cauchy-type operator does not decay as
t — oQ.
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In the case when & approaches O (the transition region of type (3)), we encounter
another difficulty: the slow variable & and the singularity of the Riemann—Hilbert prob-
lem (see (2.30) and (3.18)) merge (cf. [32], where the problem for the classical focusing
nonlinear Schrodinger equation with singularities on the continuous spectrum is consid-
ered). We partially address the latter problem in [45], for initial data close to (1.5) with

2—

R = 0, where we present the asymptotics along the curves s = * 4la = const, with any

fixed s € (0, 00) and @ € (0, 1). In this case, the asymptotics inside the parabola t = %
is an open problem as well.
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