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Abstract: We determine the Lo.-algebra that controls deformations of a relative Rota—
Baxter Lie algebra and show that it is an extension of the dg Lie algebra controlling
deformations of the underlying LieRep pair by the dg Lie algebra controlling deforma-
tions of the relative Rota—Baxter operator. Consequently, we define the cohomology of
relative Rota—Baxter Lie algebras and relate it to their infinitesimal deformations. A large
class of relative Rota—Baxter Lie algebras is obtained from triangular Lie bialgebras and
we construct a map between the corresponding deformation complexes. Next, the notion
of a homotopy relative Rota—Baxter Lie algebra is introduced. We show that a class of
homotopy relative Rota—Baxter Lie algebras is intimately related to pre-Lie-algebras.
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1. Introduction

In this paper we initiate the study of deformations and cohomology of relative Rota—
Baxter Lie algebras and their homotopy versions.

1.1. Rota—Baxter operators. The concept of Rota—Baxter operators on associative alge-
bras was introduced by G. Baxter [6] in his study of fluctuation theory in probability.
Recently it has found many applications, including Connes—Kreimer’s [12] algebraic
approach to the renormalization in perturbative quantum field theory. Rota—Baxter oper-
ators lead to the splitting of operads [3,45], and are closely related to noncommutative
symmetric functions and Hopf algebras [16,27,56]. Recently the relationship between
Rota—Baxter operators and double Poisson algebras were studied in [23]. In the Lie
algebra context, a Rota—Baxter operator was introduced independently in the 1980s as
the operator form of the classical Yang—Baxter equation that plays important roles in
many subfields of mathematics and mathematical physics such as integrable systems
and quantum groups [10,47]. For further details on Rota—Baxter operators, see [25,26].

To better understand the classical Yang—Baxter equation and related integrable sys-
tems, the more general notion of an O-operator (later also called a relative Rota—Baxter
operator or a generalized Rota—Baxter operator) on a Lie algebra was introduced by
Kupershmidt [33]; this notion can be traced back to Bordemann [7]. Relative Rota—
Baxter operators provide solutions of the classical Yang—Baxter equation in the semidi-
rect product Lie algebra and give rise to pre-Lie algebras [2].

1.2. Deformations. The concept of a formal deformation of an algebraic structure began
with the seminal work of Gerstenhaber [20,21] for associative algebras. Nijenhuis and
Richardson extended this study to Lie algebras [43,44]. More generally, deformation
theory for algebras over quadratic operads was developed by Balavoine [4]. For more
general operads we refer the reader to [31,37,40], and the references therein.

There is a well known slogan, often attributed to Deligne, Drinfeld and Kontsevich:
every reasonable deformation theory is controlled by a differential graded (dg) Lie
algebra, determined up to quasi-isomorphism. This slogan has been made into a rigorous
theorem by Lurie and Pridham, cf. [38,46], and a recent simple treatment in [24].

It is also meaningful to deform maps compatible with given algebraic structures.
Recently, the deformation theory of morphisms was developed in [8, 18, 19], the defor-
mation theory of O-operators was developed in [54] and the deformation theory of
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diagrams of algebras was studied in [5,17] using the minimal model of operads and the
method of derived brackets [32,39,55].

Sometimes a dg Lie algebra up to quasi-isomorphism controlling a deformation
theory manifests itself naturally as an Lyo-algebra. This often happens when one tries
to deform several algebraic structures as well as a compatibility relation between them,
such as diagrams of algebras mentioned above. We will see that this also happens in
the study of deformations of a relative Rota—Baxter Lie algebra, which consists of a Lie
algebra, its representation and a relative Rota—Baxter operator (see Definition 2.10). We
apply Voronov’s higher derived brackets construction [55] to construct the L,-algebra
that characterizes relative Rota-Baxter Lie algebras as Maurer—Cartan (MC) elements
in it. This leads, by a well-known procedure of twisting, to an L,-algebra controlling
deformations of relative Rota—Baxter Lie algebras. Moreover, we show that this Lso-
algebra is an extension of the dg Lie algebra that controls deformations of LieRep pairs
(a LieRep pair consists of a Lie algebra and a representation) given in [1] by the dg Lie
algebra that controls deformations of relative Rota—Baxter operators given in [54].

1.3. Cohomology theories. A classical approach for studying a mathematical structure
is associating invariants to it. Prominent among these are cohomological invariants, or
simply cohomology, of various types of algebras. Cohomology controls deformations
and extension problems of the corresponding algebraic structures. Cohomology theories
of various kinds of algebras have been developed and studied in [11,20,29,30]. More
recently these classical constructions have been extended to strong homotopy (or infinity)
versions of the algebras, cf. for example [28].

In the present paper we study the cohomology theory for relative Rota—Baxter Lie
algebras. A relative Rota—Baxter Lie algebra consists of a Lie algebra, its representation
and an operator on it together with appropriate compatibility conditions. Constructing the
corresponding cohomology theory is not straightforward due to the complexity of these
data. We solve this problem by constructing a deformation complex for a relative Rota—
Baxter Lie algebra and endowing it with an Lo-structure. Infinitesimal deformations
of relative Rota—Baxter Lie algebras are classified by the second cohomology group.
Moreover, we show that there is a long exact sequence of cohomology groups linking
the cohomology of LieRep pairs introduced in [1], the cohomology of O-operators
introduced in [54] and the cohomology of relative Rota—Baxter Lie algebras.

The above general framework has two important special cases: Rota—Baxter Lie
algebras and triangular Lie bialgebras and we introduce the corresponding cohomology
theories for these objects. We also show that infinitesimal deformations of Rota—Baxter
Lie algebras and triangular Lie bialgebras are classified by the corresponding second
cohomology groups.

1.4. Homotopy invariant construction of Rota—Baxter Lie algebras. Homotopy invari-
ant algebraic structures play a prominent role in modern mathematical physics [53].
Historically, the first such structure was that of an A..-algebra introduced by Stasheff
in his study of based loop spaces [49,50]. Relevant later developments include the work
of Lada and Stasheff [34,52] about L ,-algebras in mathematical physics and the work
of Chapoton and Livernet [9] about pre-Lies-algebras. Strong homotopy (or infinity-)
versions of a large class of algebraic structures were studied in the context of operads in
[37,41].
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Dotsenko and Khoroshkin studied the homotopy of Rota—Baxter operators on asso-
ciative algebras in [15], and noted that “in general compact formulas are yet to be found".
For Rota—Baxter Lie algebras, one encounters a similarly challenging situation. In this
paper, we use the approach of L-algebras and their MC elements to formulate the notion
of a (strong) homotopy version of a relative Rota—Baxter Lie algebra, which consists
of an L.-algebra, its representation and a homotopy relative Rota—Baxter operator. We
show that strict homotopy relative Rota—Baxter operators give rise to pre-Liex,-algebras,
and conversely the identity map is a strict homotopy relative Rota—Baxter operator on
the subadjacent L,-algebra of a pre-Lie,-algebra.

1.5. Outline of the paper. In Sect. 2, we briefly recall the deformation theory and the
cohomology of LieRep pairs and relative Rota—Baxter operators. In Sect. 3, we establish
the deformation theory of relative Rota—Baxter Lie algebras. In Sect. 4, we introduce
the corresponding cohomology theory and explain how it is related to infinitesimal
deformations of relative Rota—Baxter Lie algebras in the usual way. In Sect. 4.3, we
study the cohomology theory of Rota—Baxter Lie algebras. In Sect. 4.4, we explain how
the cohomology theories of triangular Lie bialgebras and of relative Rota—Baxter Lie
algebras are related. In Sect. 5, we introduce the notion of a homotopy relative Rota—
Baxter operator and characterize it as an MC element in a certain Lo-algebra. Finally,
we exhibit a close relationship between homotopy relative Rota—Baxter Lie algebras of
a certain kind and pre-Liey,-algebras.

1.6. Notation and conventions. Throughout this paper, we work with a coefficient field
K which is of characteristic 0, and R is a pro-Artinian K-algebra, that is a projective
limit of local Artinian K-algebras.

A permutation o € S, is called an (i,n — i)-shuffle if 0(1) < .-+ < o(i) and
o(i+l) <--- <o().Ifi =0orn,weassume o = Id. The set of all (i, n — i )-shuffles
will be denoted by S(; ,—;). The notion of an (i1, - - - , ix)-shuffle and the set S, ... ;;)

are defined analogously.

Let V = @z V¥ be a Z-graded vector space. We will denote by S(V) the sym-
metric algebra of V. That is, S(V) := T(V)/I, where T(V) is the tensor algebra and
I is the 2-sided ideal of T(V) generated by all homogeneous elements of the form
x®y— (—1D)"y ® x. We will write S(V) = @fi?)Si(V). Moreover, we denote the
reduced symmetric algebra by S(V) := &> S/ (V). Denote the product of homoge-

neous elements vy, -+ - , v, € VinS"(V)byv; ®---OQuvy. The degree of vi O+ - - Q vy is
by definition the sum of the degrees of v;. For a permutationo € S, andvy, --- , v, € V,
the Koszul sign (o) = e(o; vy, -+ -, vy) € {—1, 1} is defined by

VIO Quy=¢e(0;01, , Un)Vs(1) O+ O Vg(n)-

The desuspension operator s~ changes the grading of V according to the rule
(s7'v)! := vi*! The degree —1 map s~! : V. — s~V is defined by sending v € V
toits copy s v e sV,

A degree 1 element # € g' is called an MC element of a differential graded Lie
algebra (EBkEzgk, [-, -1, d) if it satisfies the MC equation: do + %[0, 0] =0.
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2. Maurer-Cartan Characterizations of LieRep Pairs and Relative Rota—Baxter
Operators

2.1. Bidegrees and the Nijenhuis—Richardson bracket. Let g be a vector space. For all
n > 0,set C"(g, g) := Hom(A"!g, g). Let g1 and g5 be two vector spaces and elements
in g; will be denoted by x, y, z, x; and elements in g, will be denoted by u, v, w, v;. For

amultilinear map f : A¥g; ® Algy — g1, we define f € Ck”_l(g] D g2, g1 @gz) by

f((xls Ul)9 Tt (-xk+l9 vk+l))

= (—1)t<f(xr(1)w~ s Xz (k) Vr(kl)s " 7Ur(k+l))a0)-

‘[Eg(k’[)
Similarly, for f : AFgi ® Algy — go, we define f € C**'~1 (g1 ® g2, g1 ® g2) by

F(Gr, v, Gkt ves)
= Z (—1)r<0, F ey, = o 5 Xe@h) Vekat)s ,vr(k+1)))~

TES(M)

The linear map f is called a lift of f. We define g/ := A¥g; ® Algy. The vector space
A"(g @ go) is isomorphic to the direct sum of g&!, k +1 = n.

Definition 2.1. A linear map f € Hom( AL (g1 @ g0), g1 @ 92) has a bidegree k|1,
which is denoted by || f|| = k|/, if f satisfies the following two conditions:

() If X € g**1! then f(X) € g1 and if X € g©™*1, then f(X) € go;
(i1) In all the other cases f(X) = 0.

We denote the set of homogeneous linear maps of bidegree k|l by C* (g @ g2, g1 ® g2).

It is clear that this gives a well-defined bigrading on the vector space Hom( Xt
(gl@gg),gl@gz).WehavekH >0, k,l > —1because k+/+1 > landk+1, [+1 > 0.

Let g be a vector space. We consider the graded vector space C*(g,g) =
O C" (g, 9) = @2 Hom(A"*g, g). Then C*(g, g) equipped with the Nijenhuis—
Richardson bracket

[P, QINR = PoQ — (—1)PQoP, VP €Cl(g,9), 0 € Ci (g, 9), (1)
is a graded Lie algebra, where PoQ € CP*9(g, g) is defined by
(PoQ)(x1, -+, Xpig+1)
= Z (=D7P(Q(Xg(1)s -+ s Xo(ge1))s Xa(q42)s s Xo(prgeD))-  (2)
0ESy+1,p)

Remark 2.2. In fact, the Nijenhuis—Richardson bracket is the commutator of coderiva-

tions on the cofree conilpotent cocommutative coalgebra S¢(s~'g). See [43,51] for more
details.

The following lemmas are very important in our later study.

Lemma 2.3. The Nijenhuis—Richardson bracket on C*(g1 ® g2, g1 @ g2) is compatible
with the bigrading. More precisely, if || f|| = krl|ly, 11gll = kgllg, then [ f, gINR has
bidegree (ky +kg)|(Iy +1g).
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Proof. 1t follows from direct computation. O

Remark 2.4. In our later study, the subspaces Ck|°(91 ® g, 91 ®go) and C (g @
92, 91 D g2) will be frequently used. By the above lift map, we have the following
isomorphisms:

C%g1 @ g2, 1 ® g2) = Hom(A gy, g1) @ Hom(A*g1 ® g2, 82), (3)

C(g1 @ g2, 91 ® g2) = Hom(A g2, g1). 4)

Lemma 2.5. If || f|| = (—1)|k and ||g|| = (=D, then [ f, gIng = 0. Consequently,
EB;’;’?C‘”I (01D g2, 91D 92) is anabelian subalgebra of the graded Lie algebra (C* (g1 ®
92, g1 @ 92), ['7 ]NR)

Proof. Tt follows from Lemma 2.3. O

2.2. MC characterization, deformations and cohomology of LieRep pairs. Let g be a
vector space. For u € C'(g, g) = Hom(A%g, g), we have

[, mINR(x, y, 2) = 2(nop)(x, ¥, 2)
= 2(x ), 2) (0, 20,0 + (2, ).
Thus, @ defines a Lie algebra structure on g if and only if [, u]ng = O.
Define the set of 0-cochains Q&e(g; g) to be 0, and define the set of n-cochains
¢l (g: g) to be
Lie(g: 9) := Hom(A"g, g) = C”*l(g, g), n>1.

The Chevalley—Eilenberg coboundary operator dgg of the Lie algebra g with coefficients
in the adjoint representation is defined by

doef = (="' fInR. VS € ic(g: 0). (5)
The resulting cohomology is denoted by Hf';.(g; g).

Definition 2.6. A LieRep pair consists of a Lie algebra (g, [+, -]4) and a representation
p g —> gl(V) of g on a vector space V.

Usually we will also use 4 to indicate the Lie bracket [-, -1, and denote a LieRep pair

by (g, 13 p).
Note that ;. +p € C'%(g@ V, g@® V). Moreover, the fact that y is a Lie bracket and
p is a representation is equivalent to that

[w+p, nw+pINR =0.
Next, the following result holds:

Proposition 2.7. [1] Let g and V' be two vector spaces. Then ( & C MgV, g
), [+ ']NR) is a graded Lie algebra. Its MC elements are precisely LieRep pairs. O

Let (g, iu; p) be a LieRep pair. By Proposition 2.7, 7 = u + p is an MC element of
the graded Lie algebra ( ey CKolgVv,ga V), [, ']NR)~ It follows from the graded
Jacobi identity that d, := [m,-]yg is a graded derivation of the graded Lie algebra
(@1, CH%g @ V,g@® V), [, -INg) satisfying d2 = 0. Therefore we have
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Theorem 2.8. [1] Let (g, u; p) be a LieRep pair. Then ( &% CHO%(g @ V,g &
V), [, - INR, dn) is a dg Lie algebra.

Furthermore, (g, i + i'; p + p') is also a LieRep pair for i/ € Hom(A2g, g) and
o' € Hom(g, gl(V)) if and only if &’ + p" is an MC element of the dg Lie algebra
(8% @@V, g@ V). [ INr. dx)- O

Let (g, u; p) be a LieRep pair. Define the set of 0-cochains ¢°(g, p) to be 0. For
n > 1, we define the set of n-cochains €" (g, p) to be

(g, p) :=C" VgV, go V) =Hom(A"g, g) ® Hom(A" g @ V, V).

Define the coboundary operator 9 : €" (g, p) — ¢"*(g, p) by

af = (=D"""[u+p, fINR: (6)

By Proposition 2.7, we deduce that d o 3 = 0. Thus we obtain the complex
(©,2¢" (g, p), 9).

Definition 2.9. [1] The cohomology of the cochain complex (&}%,&" (g, p), 9) is called
the cohomology of the LieRep pair (g, i; p). The resulting nth cohomology group is
denoted by H" (g, p).

Now we give the precise formula for d. For any n-cochain f € €"(g, p), by (3), we will
write f = (fg, fv), where f; € Hom(A"g, g) and fy € Hom(A"'g® V, V). Then
we have

of = (0N @N)v), )
where (0f)g = dce fg and (3f)y is given by

@ v (x1, -+ xn, v)
= Z (_1)i+jfv([xiﬂxj]gax17""xAiv".yxAj""’x}’l?v)

1<i<j<n

+ (=" p(fgxr, -+ x0))v

+ 3D (oG fr (e, w)
i=1

_fV(xl""vai""’xn,,O(xi)U)>. (8)

2.3. MC characterization, deformations and cohomologies of relative Rota—Baxter oper-
ators. We now recall the notion of a relative Rota—Baxter operator. Let (g, [-, -15) be a
Lie algebra and p : g —> gl(V) a representation of g on a vector space V.

Definition 2.10. (i) A linear operator 7 : ¢ —> g is called a Rota—Baxter operator if

[T (x), T(M]g = T(IT(x), g + [x, T(»]g), Vx,y € g. (€))

Moreover, a Lie algebra (g, [+, -1g) with a Rota—Baxter operator 7T is called a Rota—
Baxter Lie algebra. We denote it by (g, [+, -1, T).
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(ii) A relative Rota—Baxter Lie algebra is a triple ((g, [+, -1¢), p, T'), where (g, [, -1g)
is a Lie algebra, p : ¢ —> gl(V) is a representation of g on a vector space V and
T : V — gis a relative Rota—Baxter operator, i.e.

[Tu, Tvlg = T(,o(Tu)(v) — ,o(Tv)(u)), Yu,veV. (10)

Note that a Rota—Baxter operator on a Lie algebra is a relative Rota—Baxter operator
with respect to the adjoint representation.

Definition 2.11. (i) Let (g, [, 15, 7) and (g', {-, -}¢/, T) be Rota—Baxter Lie algebras.
A linear map ¢ : g — g is called a homomorphism of Rota-Baxter Lie algebras if
¢ is a Lie algebra homomorphism and ¢ o T' = T o ¢.

(i) Let ((g, [, -1g), o, T) and (¢, {-, -}¢/), o, T') be two relative Rota—Baxter Lie alge-
bras. A homomorphism from ((¢', {-, -}g), o', T") to ((g, [, -1), p, T) consists of a
Lie algebra homomorphism ¢ : ¢’ —> g and a linear map ¢ : V' —> V such that

Top=¢oT, (11)
op' (X)) = p(p(x)) (@), Vxeg ,ueV. (12)
In particular, if ¢ and ¢ are invertible, then (¢, ¢) is called an isomorphism.

Define a skew-symmetric bracket operation on the graded vector space &;> Hom(AKV, g)
by

[0. 9] := (=1)""'[[e + p. 61NR. ¢INR. VYO € Hom(A"V, g), ¢ € Hom(A™V, g).

Proposition 2.12. [54] With the above notation, (®;2 Hom(AKV, g), [-, -] is a graded
Lie algebra. Its MC elements are precisely relative Rota—Baxter operators on (g, [+, -1g)
with respect to the representation (V; p). O

Let T : V — g be a relative Rota—Baxter operator. By Proposition 2.12, T is
an MC element of the graded Lie algebra (2 Hom(AKV, g), [+, -)- It follows from
graded Jacobi identity that d7 := [T, -] is a graded derivation on the graded Lie algebra
(@ZiolHom(/\k V, ), [, ] satisfying d% = 0. Therefore we have

Theorem 2.13. [54] With the above notation, (®;2 Hom(AYV, @), [, -], dr) isadg Lie
algebra.

Furthermore, T + T’ is still a relative Rota—Baxter operator on the Lie algebra
(g, [, 1g) with respect to the representation (V; p) for T' : V. — g ifand only if T' is
an MC element of the dg Lie algebra (@ZgHom(Ak V.o, [, ] dr). O

Now we define the cohomology governing deformations of a relative Rota—Baxter
operator T : V. — g. The spaces of 0-cochains ¢%(T) and of 1-cochains ¢! (7') are
set to be 0. For n > 2, define the vector space of n-cochains €"(T) as ¢"(T) =
Hom (A"~ 1V, g).

Define the coboundary operator 8 : ¢"(T) — &"*1(T) by

80 = (=" [T, 0] = (=1)" [l + p, TINR, OINR, V6 € Hom(A"~'V, g). (13)
By Proposition 2.12, (&7%,¢"(T), §) is a cochain complex.

Definition 2.14. [54] The cohomology of the cochain complex (ea;ozoo &"(T), 8) is called
the cohomology of the relative Rota—Baxter operator T : V. — g. The corresponding
nth cohomology group is denoted by H"(T).

See [54] for explicit formulas of the coboundary operator §.



Deformations and Homotopy Theory 603

3. Maurer-Cartan Characterization and Deformations of Relative Rota—Baxter
Lie Algebras

In this section, we apply Voronov’s higher derived brackets to construct the L,,-algebra
that characterizes relative Rota-Baxter Lie algebras as MC elements. Consequently, we
obtain the L ,-algebra that controls deformations of a relative Rota—Baxter Lie algebra.

3.1. Loo-algebras and higher derived brackets. The notion of an L ».-algebra was intro-
duced by Stasheff in [52]. See [34,35] for more details.

Definition 3.1. An L.-algebra is a Z-graded vector space g = @rezg’ equipped with
a collection (k > 1) of linear maps Iy : ®*g — g of degree 1 with the property that,
for any homogeneous elements xp, - - - , x,, € g, we have

(i) (graded symmetry) for every o € S,

ln(xo(l)’ s Xo(n—1), xa(n)) =e(o),(x1, -+, Xn—1, Xn),

(i) (generalized Jacobi identity) for alln > 1,

n
Z Z e@)p—iv1Ui(Xoy, - s Xo(i))s Xo(i+1)s ="+ > Xom)) = 0.

i=l 0€S i)
There is a canonical way to view a differential graded Lie algebra as an L;-algebra.

Lemma 3.2. Let (g, [, ‘14, d) be a dg Lie algebra. Then (s~ 'g, {Ii}125) is an Leo-

algebra, where 11(s™'x) = s7'd(x), lL(s7'x,s71y) = (—l)xs’l[x,y]g, Iy =0,
for all k > 3, and homogeneous elements x, y € g. O

Definition 3.3. A weakly filtered Loo-algebra is a pair (g, Fog), where g is an Lo-
algebra and F,g is a descending filtration of the graded vector space g such that g =
FigD---DFugD--- and

(i) there exists n > 1 such that for all kK > n it holds that Iy (g, - - - , g) C Fg,
(ii) g is complete with respect to this filtration, i.e. there is an isomorphism of graded
vector spaces g = 1(£1 9/Fng.

Definition 3.4. The set of MC elements, denoted by MC(g), of a weakly filtered Loo-
algebra (g, F.g) is the set of those o € g° satisfying the MC equation

+00

Z—lk(a,--~ ,a) = 0. (14)

k=1

Let a be an MC element. Define [{' : kg — g (k> 1)by

+00
1
l]?(xla ’xk) = E ;lk+n(a, L, 0, XY, axk)‘ (15)
n=0 " n

Remark 3.5. The condition of being weakly filtered ensures convergence of the series
figuring in the definition of MC elements and MC twistings above. Note that the notion
of a filtered L,-algebra is due to Dolgushev and Rogers [13]. For our purposes the
weaker notion defined above suffices.
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The following result is essentially contained in [22, Section 4]; that paper works with
a different type of L, algebras than weakly filtered ones, but this does not affect the
arguments.

Theorem 3.6. With the above notation, (g, {I{};X) is a weakly filtered L-algebra,
obtained from g by twisting with the MC element a. Moreover, o + o’ is an MC element
of (9, Feg) if and only if o’ is an MC element of the twisted Loo-algebra (g, {I{}{2).

One method for constructing explicit L,-algebras is given by Voronov’s derived
brackets [55]. Let us recall this construction.

Definition 3.7. A V-data consists of a quadruple (L, §, P, A) where

e (L,[-, ] is a graded Lie algebra,

e by is an abelian graded Lie subalgebra of (L, [-, -]),

e P : L — L isaprojection, thatis P o P = P, whose image is ) and kernel is a
graded Lie subalgebra of (L, [-, -]),

e A is an element in ker(P)! such that [A, A] = 0.

Theorem 3.8. [55] Let (L, b, P, A) be a V-data. Then (b, {lk}Ziol) is an Loo-algebra
where

lk(ala"' aak) = P["'[[Aaal]saz]a"' sak]» foralv"' ,aig € b (16)
~———
k
We call {lk}Zio1 the higher derived brackets of the V-data (L, §, P, A). O

There is also an L,-algebra structure on a bigger space, which is used to study
simultaneous deformations of morphisms between Lie algebras in [5,18,19].

Theorem 3.9. [55] Let (L, b, P, A) be a V-data. Then the graded vector space s~ L&
is an Loo-algebra where

Lis 'x,a) = (—=s7 A, x], P(x + [A, a])),
Lis™'x,s7hy) = (= D% s, yl,
(s 'x a1, ak=1) = Pl [Ix,ail, a2l -+ s ag—1], k=2,
I(ar, -+ ,ap—1,ar) = P[---[[A,a1],a2] - ,ar], k=>2.

Herea, ay, - -- , ar are homogeneous elements of ) and x, y are homogeneous elements
of L. All the other Lso-algebra products that are not obtained from the ones written
above by permutations of arguments, will vanish. O

Remark 3.10. [18] Let L’ be a graded Lie subalgebra of L that satisfies [A, L'l C L'.
Then s~ 'L’ @ b is an L.o-subalgebra of the above Loo-algebra (s 'L @ b, {I:2)-

3.2. The Lo-algebra that controls deformations of relative Rota—Baxter Lie algebras.
Let g and V be two vector spaces. Then we have a graded Lie algebra (&%,C" (g &
V,g® V), [ -INr)- This graded Lie algebra gives rise to a V-data, and an L ,-algebra
naturally.

Proposition 3.11. We have a V-data (L, , P, A) as follows:
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o the graded Lie algebra (L, [-,]) is given by (@72 C"(g® V,g@® V), [, INR);
e the abelian graded Lie subalgebra by is given by

h:=@2%Cc 1@V, ga V) =& Hom(A" 1V, g):; (17)

e P : L — L isthe projection onto the subspace b;
e A=0.

Consequently, we obtain an Lao-algebra (s™'L @ b, {I332), where I; are given by

Ls~'Q,0) = P(Q),
Ls7'0,s7'0) = (=970, O'Inr,
L(s7'Q.61,--- . 6_1) = P[---[Q.01INR: - - » Ok—1]INR>

for homogeneous elements 0,0y, - -+ , Ok—1 € b, homogeneous elements Q, Q' € L and
all the other possible combinations vanish.

Proof. Note that h = &' C 1" D(g o V,g® V) = & Hom(A"'V, g). By
Lemma 2.5, we deduce that b is an abelian subalgebra of (L, [-, -]).

Since P is the projection onto b, itis obvious that Po P = P.Itis also straightforward
to see that the kernel of P is a graded Lie subalgebra of (L, [-, -]). Thus (L, h, P, A = 0)
is a V-data.

The other conclusions follows immediately from Theorem 3.9. O

By Lemma 2.3, we obtain that

L' =a/%Cc"%geV,ge V), whee C"geV,gaV)
= Hom(A""'g, g) @ Hom(A"g® V, V) (18)

is a graded Lie subalgebra of ( S Cl@@V,g@ V), [ ']NR)~

Corollary 3.12. With the above notation, (s~ 'L’ &b, {1i}12}) is an Loo-algebra, where
l; are given by

Ls7'Q,s7'0) = (=970, O'INRs
L(s71Q,01,--- . 0_1) = P[---[Q.01INRs - - » Ok—1]INR>

for homogeneous elements 01, - - - , 6_1 € b, homogeneous elements Q, Q' € L', and
all the other possible combinations vanish.

Moreover, (s™'L’ @ b, {1;}12) is weakly filtered with n = 3 in the sense of Defini-
tion 3.3 with the filtration given by

F = R ®h,

Fr=Pls 'L'®b,bINR, - Fe =P [s'L"®b,bINR, - BINR, - - -
——
x

Proof. The stated formulas for the L,-structure follow from Remark 3.10 and Proposi-
tion 3.11. To see that the given filtration satisfies the conditions of Definition 3.3 it suffices
to note that any element / € [j can be writtenas h = Z:r;xi h; where h; € Hom(A'V, g)
and that the term 4| : V — g is nilpotent (even has square zero) when viewed as an
endomorphismof g V. O
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Now we are ready to formulate the main result in this subsection.

Theorem 3.13. Let g and V be two vector spaces, i € Hom(A%g, g), p € Hom(g ®
V.V)and T € Hom(V @). Then ((g, ), p, T) is a relative Rota—Baxter Lie algebra if
and only if (s~'7r, T) is an MC element of the Loo-algebra (s™'L' & b, {1;}]23) given

in Corollary 3.12, wherem = u+ p € C”O(g eV,gpV).

Proof. Since (s~'L' @ h)? = s~! (Hom(g Ag g ®DHom(gR V, V)) @ Hom(V, g) C
Fi(s~'L’ @ ), the MC equation is well defined. Let (s~ !7, T') be an MC element of
(s7'L' @b, {1;}123). By Lemmas 2.3 and 2.5, we have

[Ilz, TINRIl = OI1, [|[[7w, TINR, TINRII = =112, [[[7, TINR, TINR, TINR = 0.
Then, by Corollary 3.12, we have
+00

% ( 171, T),---, (s_ln, T))

bl
—

le((s*‘n, Ty, (s ', T)) + %lg ((s*‘n, T, (s 7, T), s\, T))

= (_S Ijlsjl INR! “"‘Z’]]NRfj]N”)
2 2
- (0’ 0)‘

Thus, we obtain [, 7]yg = 0 and [[7, TINR, TIng = 0, which implies that (g, ©) is
a Lie algebra, (V; p) is its representation and 7 is a relative Rota—Baxter operator on
the Lie algebra (g, ) with respect to the representation (V; p). |

Remark 3.14. Since the axiom defining a relative Rota—Baxter Lie algebra is not
quadratic, it can be anticipated that the deformation complex of a Rota—Baxter Lie
algebra is a fully-fledged Lo-algebra rather than a differential graded Lie algebra.

Let ((g, u), p, T) be a relative Rota—Baxter Lie algebra. Denote by 1 = u +p €
cl0gaVv,gaV). By Theorem 3.13, we obtain that (s !z, T) is an MC element of
the Loo-algebra (s~ 'L' @ b, {I; }729) given in Corollary 3.12. Now we are ready to give
the L -algebra that controls deformatlons of the relative Rota—Baxter Lie algebra.

Theorem 3.15. With the above notation, we have the twisted Lo-algebra (s_lL’ D

b, {l,ES ln’T)}Ziﬂ) associated to a relative Rota—Baxter Lie algebra ((g, ), p, T), where
T =+ p.

Moreover, for linear maps T' € Hom(V,g), 1/ € Hom(A%g, g) and p' €
Hom(g, gl(V)), the triple ((g, u+ 1), p + p', T + T') is again a relative Rota—Baxter
Lie algebra if and only if (s ' (/' + p'), T’) is an MC element of the twisted Loo-algebra

(@b R

Proof. If (g, u+ '), p+p', T + T') is a relative Rota—Baxter Lie algebra, then by
Theorem 3.13, we deduce that (s~ '(uw + ' + p + p'), T + T') is an MC element of
the L o-algebra given in Corollary 3.12. Moreover, by Theorem 3.6, we obtain that

Lo, o TG . —1y G717, T) 400
(s7H(u +p"), T') is an MC element of the Lc-algebra (s 'L’ @b, {/; 5}2). o
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Let (g, u) be a Lie algebra and (V; p) a representation of (g, u). By Theo-
rem 2.8 and Lemma 3.2, we have an L .-algebra structure on the graded vector space
o' CgeVv.ge V).

Let T : V — g be a relative Rota—Baxter operator on a Lie algebra (g, i) with
respect to a representation (V; p). By Theorem 2.13 and Lemma 3.2, we have an L -
algebra structure on the graded vector space &;> Hom(A*V, g).

The above Lo-algebras are related as follows.

Theorem 3.16. Let ((g, i), p, T) be a relative Rota—Baxter Lie algebra. Then the
—1
Loo-algebra (s™'L" @ b, {l,EA n’T)},ti‘j) is a strict extension of the Lso-algebra

O s~ ICH0g @ V, g @ V) by the Loo-algebra &;>Hom(AV, g), that is, we have
the following short exact sequence of Lo-algebras:

0 — @ Hom(A V., g) —> s 'L'dh > @} ' cH@gaV.go V) — 0,
(19)
where 1(0) = (0,0) and p(s~' f,0) = s~ f.

Proof. Forany (s~' f,0) € (s7'L' @ h)r2, by Lemmas 2.3 and 2.5, we obtain that
I, OINRll = Ol(n — 1), [I[[7, TINR, OINRIl = —1ln, [[[7, TINR, TINR, €INR = 0.

Moreover, for 1 < k < n, we have

———
k
andforn+1 <k,wehave [---[[ f, TINR, TINR> - - - » TINR = O. Therefore, we have
~——
k
1 +00 1
BT =Y sl (6T T 6T T 571 6)
k=0"" M
1
=L s ) AT A T 0) + =L (£ T, -+, T)

n

= ( — sz, fINR, [, TINR, OINR

1
n! ——

n

Forany (s~'f1,61) € s~'L' @ )" 2, (s7' fo,62) € (s7'L' ® h)"™~2, we have

I fill = (m1 — DI0, [161]] = =1|(n1 — 1),
12l = (n2 — DI0, [|62]] = —1](n2 — 1).
By Lemma 2.3, ||[[7, 01 INR, 61INRI| = —1|(n1+n2—=2), [ f1, 2INRI] = (n1—=2)[(n2—

D, ILf2, 1INRll = (n2 — 2)|(n1 — 1). By Lemma 2.5, for 1 < k, we have

[[[--- [z, TINR, TINR - » TINR, O1INR, O2]NR = 0.
k
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By Lemma 2.3, for | < k <nj — 1, we obtain that

LA, TINR TINR - -+ » TINR, O2INRI| = (01 — k = 2)[(n2 +k — 1).
k

By Lemma 2.5, for ny < k, we have [[---[[f1, TINR, TINR - - » TINR» 62]NR = 0. By

k
Lemma2.3,forl < k < np—1,weobtainthat||[[- - - [[f2, TINR. TINR - - » TINR O1INR

k
= (mp — k — 2)|[(ny + k — 1). By Lemma 2.5, for np < k, we have
[l TINR: TINR - - - » TINR, 01]NR = 0. Therefore, we have

k

l(sfln,T)( _lf], 01), (S_le, 92))

= Z —zm Ty T T T L 0D, (57 . 60)

k
1
=he s )+ 6T T, 00,60 + ——— Ly (A, T, -, T, 62)
np—1
niny 1
+ ()"l (o, Ty -+, T, 6))
np—1
= ((—D"“ls‘l[fl, falng, [T, 61 IR, 6
1
PR ——— [[f1, TINR- TINR - » TINR> 2INR
T
np—1
1
4 (=" [ [ £ TInm TInm - Tlm, 61 s ).
(np — 1!

ny—1

Similarly, form >3, (s7' £, 6;) € ¢s7'L' @ §)" 2,1 <i < m, we have

D (7 100, (57 fons 6))
m o l
- (0’ i;(_l) (; + 1 —m)!

[+ Lfes TR TINR B1INR, = Bt IR Bt INRs -+ 6 INR ).
— —

nj+l—m

where « = n;j(ny+---+n;_1). Thus, ¢ and p are strict morphisms between L ;-algebras
and satisfy pot=0. 0O
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4. Cohomology and Infinitesimal Deformations of Relative Rota—Baxter Lie
Algebras

In this section, ((g, ), p, T') is a relative Rota—Baxter Lie algebra, i.e. p : g — gl(V)
is a representation of the Lie algebra (g, u) and 7 : V. — g is a relative Rota—Baxter
operator. We define the cohomology of relative Rota—Baxter Lie algebras and show that
the two-dimensional cohomology groups classify infinitesimal deformations. We also
establish a relationship between the cohomology of relative Rota—Baxter Lie algebras
and the cohomology of triangular Lie bialgebras.

4.1. Cohomology of relative Rota—Baxter Lie algebras. We define the cohomology of a
relative Rota—Baxter Lie algebra using the twisted Lo-algebra given in Theorem 3.15.

-1
By Theorem 3.15, (s_lL’ ®h, {l,(: n’T)}Ziol) is an Lo-algebra, where 7 = u + p,
bh and L’ are given by (17) and (18) respectively. In particular, we have

—1 -1 -1
Lemma 4.1. (SilL/ @ h, lfs ”’T)) is a complex, i.e. lfs 1), lfs ™1 _ o,
: 1y 67T r00 ) (s7'7,T)
Proof. Since (s L & f),{lk }k=l) is an Lo-algebra, we have [; o
(s’ln',T) _
I =0. O

Define the set of 0-cochains Qlo(g, 0, T) to be 0, and define the set of 1-cochains
¢! (g, p, T) tobe gl(g) & gl(V). For n > 2, define the space of n-cochains " (g, p, T')
by

(g p.T):=C@p o) =C"""Ngov.gavec " Vgav.gaV)
- (Hom(/\"g, 9) ®@Hom(A" g @V, V)) ® Hom(A" 1V, g).

Define the coboundary operator D : €"(g, p, T) — ¢"*1(g, p, T) by

1
D(f.6) = (=" (= [n, fINR. [[7. TINR, OINR + — [ [ £ TINR. TINR. -+ TIng), (21)
N e~ —

n

where f € Hom(A"g, g) ® Hom(/\”_lg ®V,V)and 6 € Hom(A" "1V, 9).

Theorem 4.2. With the above notation, (EB:;Z)OQ” (g, p, T), D) is a cochain complex, i.e.
DoD=0.

Proof. Forany (f,0) € € (g, p, T),wehave (s~ f,0) € (s7'L’ @5)"~2. By (21), we
deduce that

D(f.0) = (—1)"~4¢ "D =1 £ ).

By Lemma 4.1, we obtain that (ea:;ozo()@" (g, p, T), D) is a cochain complex. m]

Definition 4.3. The cohomology of the cochain complex (®;2(,¢" (g, p, T), D) is called
the cohomology of the relative Rota—Baxter Lie algebra ((g, 1), p, T). We denote its
nth cohomology group by H" (g, p, T).
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Define a linear operator i1 : €" (g, p) — el by

1
hr f = (—1)"_2—, [-- [/ TINR TINRs -+ » TINR- (22)
n. ———

n

By (21) and (22), the coboundary operator can be written as

D(f,0) = (8f. 80 +hr f), (23)

where 0 is given by (6), and § is given by (13). More precisely,
(60) (v, -+, vn)

n
=Y (=D T, 01, -+, By, 0]

i=1
+ ) =D T O, B o)) (W)
i=1
+ Y EDMOT )W) — p(Tvp) W), vi, -, iy Dy, v).

1<i<j<n

(24)
Now we give the formulas for 47 in terms of multilinear maps.
Lemma 4.4. The operatorhy : Hom(A"g, g)®Hom(A""1g®V, V) — Hom(A"V, g)
is given by
(hTf)(U], ) Un)
= (_l)nfg(TU]a IR Tvn)
n
+ Z(_l)i+1 TfV(TUl, Y T'Uifl, TUi+1, R Tvnv Ui)’ (25)
i=1
where f = (fy, fv), and fy3 € Hom(A"g,9), fv € Hom(/\"_lg ® V,V) and
vy, ,0, € V.

Proof. By Remark 2.2, it is convenient to view the elements of @°,C" (g@® V; g® V)
as coderivations of S¢ (s_l (g ® V)). The coderivations corresponding to f and 7" will
be denoted by f and T respectively. Then, by induction, we have

[ [Lf TINR TINR: -+ » TINR(CGer, v1), -+, (s 0))
——

n

= ;(—1)1'(};)(M0(fg +fv) OM)((M, Vi), (s V)

i n—i

= (l’l!fg(Tvl, Tty TUn), O)

n
+<(—1)n S =D = DT fy (Tor, -+ Ty, Toigr, -+ Tog, v,-),O)
k=1
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= (n!fg(Tv1, -+ . Tv,),0)

n
+ (n' Z(_l)nil*‘leV(TUls ) Tvi—lv TU[+1, Y TU}’h vi)v 0)7

which implies that (25) holds. O

The formula of the coboundary operator D can be well-explained by the following
diagram:

d il
= &g, p) — (g, p) —— ¢*2(g, p) —

IR

- —> E(T) 5 entl(r) L Ty — ...

Theorem 4.5. Let ((g, i0), p, T) be a relative Rota—Baxter Lie algebra. Then there is a
short exact sequence of the cochain complexes:

0 — (&% (T).8) —> (@} (g. p. T). D) —> (@;2¢" (8. p). ) —> 0,

where 1 and p are the inclusion map and the projection map.
Consequently, there is a long exact sequence of the cohomology groups:

H" (1)

1) Y g 0. T) D 1 (g ) D HNT) —

where the connecting map c" is defined by " ([«]) = [hral], for all [a] € H" (g, p).

Proof. By (23), we have the short exact sequence of chain complexes which induces
a long exact sequence of cohomology groups. Also by (23), ¢" is given by ¢ ([¢]) =
[Ara]. O

4.2. Infinitesimal deformations of relative Rota—Baxter Lie algebras. In this subsection,
we introduce the notion of R-deformations of relative Rota—Baxter Lie algebras, where
R is a local pro-Artinian K-algebra. Since R is the projective limit of local Artinian
K-algebras, R is equipped with an augmentation € : R — K. See [14,31] for more
details about R-deformation theory of algebraic structures. Then we restrict our study to
infinitesimal deformations, i.e. R = K[¢]/(#%), using the cohomology theory introduced
in Sect. 4.1.

Replacing the K-vector spaces and K-linear maps by R-modules and R-linear maps
in Definition 2.10 and Definition 2.11, it is straightforward to obtain the definitions of
R-relative Rota—Baxter Lie algebras and homomorphisms between them.

Any relative Rota—Baxter Lie algebra ((g, [, -14), o, T) can be viewed as an R-
relative Rota—Baxter Lie algebra with the help of the augmentation map €. More pre-
cisely, the R-module structure on g and V are given by

r-x:=er)x, r-u=¢eryu, vreR, xeg, uecV.
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Definition 4.6. An R-deformation of arelative Rota—Baxter Lie algebra ((g, [+, -15), 0, T)
consists of an R-Lie algebra structure [-, -] on the tensor product R ®k g, an R-

Lie algebra homomorphism pr : R®k g — ¢glg(R ®Kk V) and an R-linear map

TR : R®k V — R ®x g, which is a relative Rota—Baxter operator such that

(e ®k Idg, € ®k Idy) is an R-relative Rota—Baxter Lie algebra homomorphism from

(R®k 8. [ -IR): R, TR) 10 (g, [+, -Ig), p, T).

Thereafter, we denote an R-deformation of ((g, [-, 1g), 0, T) by a triple (R ®k
g, [, - IR), PR, TR). Next we discuss equivalences between R-deformations.

Definition 4.7. Let (R ®x g, [, -Ir). pr. TR) and ((R ®k ¢. [, -15). o, TR) be two
R-deformations of a relative Rota—Baxter Lie algebra ((g, [+, 1g), o, T). We call them
equivalent if there exists an R-relative Rota—Baxter Lie algebra isomorphism (¢, ¢) :
(R®k g, [, -15), ok Th) — (R®K g, [, -IR), pR, Tr) such that

(e ®k Idy, e ®k Idy) = (¢ ®k 1dg, € ®k Idy) o (¢, ¢). (26)

Definition 4.8. A K[¢]/(¢2)-deformation of the relative Rota—Baxter Lie algebra
((g, [ 1g), p, T) is call an infinitesimal deformation.

Let R = K[¢]/(z?) and (R ®x g, [-, -Ir), PR, TR) be an infinitesimal deformation of
((g,[-,-1g), p, T). Since ((R ®k g, [, -Ir), pr, TR) is an R-relative Rota—Baxter Lie
algebra, there exist wy, w; € Hom(g A g, g), 00, 01 € gl(V) and 7y, 71 € Hom(V, g)
such that

[, -lR=wo+tw1, pr=00+t01, Tr=7To+17. 27

Since (€ ®xk Idg, € ®k Idy) is an R-relative Rota—Baxter Lie algebra homomorphism
from ((R®xk g. [, ‘IR), or. TR) to ((g, [, Ig), p, T), we deduce that

0)02[‘,']97 co=p, To=T.

Therefore, an infinitesimal deformation of ((g, [-, -1g), o, T) is determined by the triple

(w1, 01, T1).
Now we analyze the conditions on (w1, 91, 71). First by the fact that (R®k g, [+, -1+
tw) is an R-Lie algebra, we get

dcgw; = 0. (28)
Then since (R ®k V; p +to1) is a representation of (R ®x g, [+, ‘15 + tw1), we obtain

p(wi(x, y)) +o(x, ylg) = [p(x), o(M] +[o(x), p(¥)]. (29)

Finally by the fact that 7' + 7 is an R-linear relative Rota—Baxter operator on the R-Lie
algebra (R®xk g, [+, -1g +tw;) with respect to the representation (R®xk V; p +101), we
obtain

[Tiu, Tvlg +[Tu, Tivlg + 01(Tu, Tv)
=T(p(Tiww = p(Tiv)u + 01 (Twyw - o1 (Tv)u)

+T1<,0(Tu)v - p(Tv)u). (30)
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Proposition 4.9. The triple (w1, 01, 71) determines an infinitesimal deformation of the
relative Rota—Baxter Lie algebra ((g, [+, 1g), p, T) if and only if (w1, 01, Th) is a 2-
cocycle of the relative Rota—Baxter Lie algebra ((g, [+, 1g), p, T).
Proof. By (28), (29) and (30), (w1, 01, 71) is a 2-cocycle if and only if (w, 01, 77)
determines an infinitesimal deformation of the relative Rota—Baxter Lie algebra
((ga [a]g)v ,O,T) a
If two infinitesimal deformations determined by (w1, 01, 77) and (@), 0}, 7{) are
equivalent, then there exists an R-relative Rota—Baxter Lie algebra isomorphism (¢, ¢)
from (R®k g, [, ‘lg+tw)), p+toy, T+tT)) to (R®K g, [, Ig+tw1), p+tor, T+1Th).
By (26), we deduce that
¢ =Idg+tN, ¢ =Idy +tS, where N e gl(g), S e gl(V). 3D

SinceIdg+¢ N is anisomorphism from (R®xk g, [, -1g+1w)) to (R®xk g, [-, -1g+tw1),
we get
(,z)/l — w) = dceN. (32)
By the equality (Idy +tS)(,0+tQ/1)(y)u = (p+t91)((ldg +tN)y)(Idy +1S)u, we deduce
that
Q1 (Mu —o1()u = p(Ny)u+p(y)Su— Sp(y)u, VyegueV.  (33)
By the equality (Idg +tN) o (T +t7/) = (T +tTy) o (Idy +15), we obtain

T/ —Ti=—NoT+ToS. (34)

Theorem 4.10. There is a one-to-one correspondence between equivalence classes of
infinitesimal deformations of the relative Rota—Baxter Lie algebra ((g, [+, 1g), 0, T)
and the second cohomology group H*(g, p, T).

Proof. By (32), (33) and (34), we deduce that
(0. 01, 7)) — (w1, 01, T1) = D(N, S),

which implies that (w1, 01, 77) and (@}, 0}, 7}) are in the same cohomology class if and
only if the corresponding infinitesimal deformations of ((g, [+, -14), o, T') are equivalent.
O

Remark 4.11. One can study deformations of relative Rota—Baxter Lie algebras over
more general bases such as R = K[¢]/(#"), R = K[[f]] = 1(1£1n K[t]/(t") or indeed
over differential graded local pro-Artinian rings.

4.3. Cohomology of Rota—Baxter Lie algebras. In this subsection, we define the coho-
mology of Rota—Baxter Lie algebras with the help of the general framework of the
cohomology of relative Rota—Baxter Lie algebras.

Let (g, [-,-1g, T) be a Rota—Baxter Lie algebra. We define the set of 0-cochains

CORB(g, T) to be 0, and define the set of 1-cochains QIIQB(g, T) to be QIIQB(g, T) =
Hom(g, g). For n > 2, define the space of n-cochains QﬁB (g, T) by

Chp(a. T) = €] (g; 9) ® €"(T) = Hom(A"g, g) & Hom(A" g, g).
Define the embedding i : €}5(g, T) — €' (g, ad, T) by

i(f,0) = (f, f.0), VYf eHom(A"g,g),0 € Hom(A" g, g).
Denote by Im" (i) = i(€zz(g, T)). Then we have
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Proposition 4.12. With the above notation, (®,;°,Im" (i), D) is a subcomplex of the
cochain complex (@;C;OOQ:" (g, ad, T'), D) associated to the relative Rota—Baxter Lie alge-

bra ((g, [, -1g),ad, T).
Proof. Let (f, f,6) € Im"(i). By the definition of D, we have
D(f, [,0) = (Q(f, fNg, Qf, v, 80 +hr(f, [)).
By (7), we have (3(f, f))g = dcef. And for any x1, - - - , X141 € g, we have

@Cf, v X, ---, Xns1)
= Z (_l)i+jf([xi7-xj]gsxl»"'9xAi»"'»-xAja"'a-xnv-xn+l)

l<i<j<n

+ (D", X)) X g

n
+ Z(_l)l+1 ([-xl7 f(xla e a-£i7 e ,xnvxn+l)]g
i=1

_f(xlv"' 7xAi7"' > Xns [xizxn+1]g)>
= (dcef)(x1, -+, Xn41)-

Thus, we obtain D(f, f,0) = (dce f. dce f, 86 + hr (f, f)) = i(dce f, 60 + hr (f, 1)),
which implies that (&,Im" (i), D) is a subcomplex. |

We define the projection p : Im" (1) — €z (g, T) by
p(f. f.6) = (f.6), V[ Hom(A"g.g).6 € Hom(A" g, g).

Then for n > 0, we define Dgp : €xp(g, T) — 6%'3] (g9, T) by Drp = p o D oi. More
precisely,

Dre(f,0) = (dCEf, 560 + Qf), Vf € Hom(A"g, g), 0 € Hom(/\"*lg, 9), (35)

where § is given by (24) and 2 : Hom(A"g, g) — Hom(Ag, g) is defined by

@00 = (D" (f(Txo Tx)
- ZTf(Txl, sy Txi—y, xi, Txigy, - - ,Txn)>.
i=1

Theorem 4.13. The map Drp is a coboundary operator; i.e. Drp o Drp = 0.
Proof. By Proposition 4.12 and i o p = Id, we have
DrpoDrg =poDoiopoDoi=poDoDoi=0,
which finishes the proof. O

Definition 4.14. Let (g, [-, -15, T) be a Rota—Baxter Lie algebra. The cohomology of
the cochain complex (@2, €xg (g, T), Drp) is taken to be the cohomology of the Rota—
Baxter Lie algebra (g, [-, -1, T). Denote the nth cohomology group by Hgy (g, 7).
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Theorem 4.15. There is a short exact sequence of the cochain complexes:

0 — (®%C(T), §) — (@:%Chs(a, T), Drp) —> (@:%%¢1.(g; 9), dog) —> O,

where 1(0) = (0,0) and p(f,0) = f for all f € Hom(A"g,g) and 6 €
Hom(A" g, g).
Consequently, there is a long exact sequence of the cohomology groups:

" (L) n H"(p) " n
C— HN(T) = Hip (e, T) — HL. (g, g) — H™N(T) — -+,

where the connecting map c" is defined by c" ([a]) = [Qal], for all [a] € H{,.(g, 9)-

Proof. By (35), we have the short exact sequence of cochain complexes which induces
a long exact sequence of cohomology groups. O

Remark 4.16. The approach used to define Dgrp, can be also used to obtain the L -
algebra structure { [k} 1 on @,y (g, T) controlling deformations of Rota—Baxter Lie
algebras. By Theorem 3 15, we have the Loo-algebra (9,¢" (g, ad, T), {{x}{2) which
controls deformations of the relative Rota—Baxter Lie algebra (g, ad, T). Deﬁne lx by

(X1, -+, Xi) == ple (X)), -+ -, W(Xy)),

for all homogeneous elements X; € &,Cp(g, T). Then (&,C5(g, T), {k}f27) is an
Lo-algebra embedded into (@,¢" (g, ad, T), {lx}) as an L-subalgebra.

Remark 4.17. Similarly to the study of infinitesimal deformations of relative Rota—
Baxter Lie algebras, we can show that infinitesimal deformations of Rota—Baxter Lie
algebras are classified by the second cohomology group lezB (g, R). We omit the details.

4.4. Cohomology and infinitesimal deformations of triangular Lie bialgebras. In this
subsection, all vector spaces are assumed to be finite-dimensional. First we define the
cohomology of triangular Lie bialgebras with the help of the general cohomological
framework for relative Rota—Baxter Lie algebras. Then we establish the standard clas-
sification result for infinitesimal deformations of triangular Lie bialgebras using this
cohomology theory.

Recall that a Lie bialgebra is a vector space g equipped with a Lie algebra structure
[ ]g: A2g —> ganda Lie coalgebra structure § : g —> AZg such that § is a 1-cocycle
on g with coefficients in A2g. The Lie bracket [, -] g in a Lie algebra g naturally extends
to the Schouten—Nijenhuis bracket [, -]Jsn on A°g = @i>0 A1 g More precisely, we
have

[x1 Ao AXp, YA A YglsN

= Z (_1)l+j[xi7yj]g/\xl /\"'xAi"'/\xp/\yl /\"')A/j"'/\yq-
EE

An element r € A’g is called a skew-symmetric r-matrix [47] if it satisfies the
classical Yang—Baxter equation [r,r]gy = 0. It is well known [33] that r satisfies
the classical Yang—Baxter equation if and only if 7* is a relative Rota—Baxter operator
on g with respect to the coadjoint representation, where r* : g* — g is defined by
(rf(&),m) = (r,€ Am) forall &, n € g*.

Let r be a skew-symmetric r-matrix. Define §, : g —> /\2g by §,(x) = [x, rlsn,
for all x € g. Then (g, [-, 14, §,) is a Lie bialgebra, which is called a triangular Lie
bialgebra. From now on, we will denote a triangular Lie bialgebra by (g, [-, -1, 7).
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Definition 4.18. Let (g1, [+, -1g,, 71) and (g2, {-, -}g,, r2) be triangular Lie bialgebras.
A linear map ¢ : g» — g1 is called a homomorphism from (g2, {-, -}g,,72) to
(g1, [+, -1g;, 71) if ¢ is a Lie algebra homomorphism and (¢ ® ¢)(r2) = r1. If ¢ is
invertible, then ¢ is called an isomorphism between triangular Lie bialgebras.

The above definition is consistent with the equivalence between r-matrices given in
[10].

Let g be a Lie algebra and r € A?g a skew-symmetric 7-matrix. Define the set of
0-cochains and 1-cochains to be zero and define the set of k-cochains to be AFg. Define
d, : Akg — AMlgby

dox =[r.xlsn. Vx € Af. (36)
Then df = 0. Denote by H*(r) the corresponding kth cohomology group, called the kA
cohomology group of the skew-symmetric r-matrix r.
For any k > 1, define W : AK*lg — Hom(Akg*, g) by

(WOOEL - 6 &) = (X EL A AEAE1), Yx € A g &,y € g™
(37
By [54, Theorem 7.7], we have

W(d,x) =8(¥(x), Vx e kg (38)

Thus (Im(W¥), §) is a subcomplex of the cochain complex (@K (r?), 8) associated to
the relative Rota—Baxter operator r*, where Im(¥) := @ {W¥(x)|Vx € AFg} and § is
the coboundary operator given by (13) for the relative Rota-Baxter operator r*,

In the following, we define the cohomology of a triangular Lie bialgebra (g, [, -14, 7).
We define the set of 0-cochains Q%LB (g, 7) to be 0, and define the set of 1-cochains to
be Q:%LB (g, r) :== Hom(g, g). For n > 2, define the space of n-cochains €, (g, r) by

(g, r) := Hom(A"g, g) @ A"g.

Define the embedding i : €% o(g,7r) — @"(g,ad*, r) = Hom(A"g, g) ®

Hom(A""'g ® g*, g*) @ Hom(A" ! g*, g) by
i(fo ) =(f, . ¥(x), VYfeHom(A"g, g), x €g,

where f* € Hom(A" " 'g ® g*, g*) is defined by

(f*(-xlv s Xn—1, E)ﬂ xn) = _<€:’ f(-xlv s, Xn—1, -xﬂ)>' (39)
Denote by Im” (i) the image of i, i.e. Im" (i) := {i(f, X)[Y(f, x) € €} 5(g, M}

Proposition 4.19. With the above notation, (®,Im" (i), D) is a subcomplex of the
cochain complex (€" (g, ad*, r?), D) associated to the relative Rota—Baxter Lie alge-

bra ((g, [, -1g), ad*, ).
Proof. Let (f, f*, W(x)) € Im"(i). By the definition of D, we have
D(f, 5 W00) = (U, [)gs QUL g 8V + Ry (f, ).

By (7), we have ((f, f*))g = dcef. By (8), we can deduce that (3(f, f*))g =
(dce f)*. By (24) and (25), we can deduce that 8V (x) +h,.: (f, f*) € Im(¥). Thus, we
obtain

D((f. f*. ¥ (00))) = (dce f. (dce /)", 8W(x) +hz(f. f)
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= i(doe . W (BW OO +half, 1)),

which implies that (@,Im” (i), D) is a subcomplex. O
Define the projection p : Im" (i) — & z(g, r) by

p(f, f*,0) = (f,6"), Y[ €Hom(A"g,g), 6 € (W(OIVX € A"g),
where 6° € A"g is defined by (6°, & A --- A &) = (0, -+, Ex_1), &,). Define the
coboundary operator Drg : €y p(g,7) — Q%ilB (g, r) for a triangular Lie bialgebra
by
D1 = po Doi.
Theorem 4.20. The map DrLp is a coboundary operator, i.e. Dt o DrLp = 0.

Proof. Since i o p = Id when restricting on the image of i, we have
DTLBODTLB =poDoiopoDoi=poDoDoi=0,
which finishes the proof. O

Definition 4.21. Let (g, [, 14, 7) be a triangular Lie algebra. The cohomology of the
cochain complex (©;2,¢%, 5(g,7), DrLp) is called the cohomology of the triangular
Lie bialgebra (g, [+, 14, r). Denote the nth cohomology group by Hy 5(g, 1).

Now we give the precise formula for the coboundary operator Dty . By the definition
of i, p, D and (38), we have

Dria(f, 1) = (dce /. ©f +d,x),  Vf € Hom(A"g, 9). x € A"g,  (40)
where d, is given by (36) and ® : Hom(A"g, g) — A"lgis defined by Of =
(s (f, )

The precise formula of ® is given as follows.

Lemma 4.22. For any f € Hom(A"g, g) and &1, - - - , Eq441 € g%, we have
(Of &1 A ANépr)
n+l

=Y (DNE, FEFED, - PP E D, P ED, e E))). (D)

i=1
Proof. By the definition of %,y given by (25), we have

(OF 61 A+ Anar)
=W e (f fDEL - Ene)
= (e (f, fOEL - E), Enrt)
= (D" (fGFED, - r ED), Ener)

+ Y DR ED, D R E) e R ED, 6D, )
i=1
n+l

=Y (=D"NE, FEEED, L E D P ED, e PR E))),

i=1
which finishes the proof. O
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Theorem 4.23. Let (g, [-, 14, 7) be a triangular Lie bialgebra. Then there is a short
exact sequence of cochain complexes:

0 — (B, A" g.dr) — (D} 5(g. 7). DrLp)
s (@€ (@ 9). dce) — O,

where t(x) = (0, x) and p(f, x) = f forall x € N'gand f € Hom(A"g, g).
Consequently, there is a long exact sequence of cohomology groups:

n H" n H'(p) " n
s 1) B ) S (@ g) > H ) — -, (42)

where the connecting map c" is defined by c" ([a]) = [O«a], for all [a] € H};.(g, 9).

Proof. By (40), we have the short exact sequence of cochain complexes which induces
a long exact sequence of cohomology groups. O

Remark 4.24. In a forthcoming paper [36], we will use the functorial approach
to give the Lo-algebra structure on @;>( & (g, ) that control deformations
of triangular Lie bialgebras, and establish the relationship with the L,-algebra
(®72%€" (g, ad*, r¥), {[k}12) given by Theorem 3.15.

We will now consider R-deformations and infinitesimal deformations of triangular
Lie bialgebras using the above cohomology theory, where R is a local pro-Artinian
K-algebra with the augmentation € : R — K.

Any triangular Lie bialgebra (g, [, -1, ) can be viewed as a triangular R-Lie bial-
gebra with the help of the augmentation map €.

Definition 4.25. An R-deformation of a triangular Lie bialgebra (g, [, -14, r) contains
of an R-Lie algebra structure [+, -]g on the tensor product R ®k g and a skew-symmetric
r-matrix X € (Rokg)®r(ROKkg) = R®K g®k g suchthate @k Idg is an R-Lie algebra
homomorphism from (R ®x g, [-, -]Ir) to (g, [+, -1g) and (¢ ®k Idg ®k Idg)(X) =r.

Definition 4.26. Let (R®kg, [, -]r, X) and (R®K g, [, ']iR’ X’) be two R-deformations
of a triangular Lie bialgebra (g, [, -14, 7). We call them equivalent if there exists a
triangular R-Lie bialgebraisomorphism ¢ : (R®xkg, [-, -]fq, XY — (Rexg, [ 1R, X)
such that

¢ ®k 1dg = (€ ®k Idg) 0 . (43)

Definition 4.27. A K[¢]/(z?)-deformation of the triangular Lie bialgebra (g, [+, -1g, 7)
is called an infinitesimal deformation.

Let R = K[r]/(t*) and (R ®x g, [-, -]r, X) be an infinitesimal deformation of
(g,[-,1g,7). Since (R ®k g, [+, -Ir, X) is a triangular R-Lie bialgebra, there exist
wp, w1 € Hom(g A g, g) and Xy, X € /\%(g such that

[, lR=wo +tw;, X = AXp+1tAX]. 44)

Since € @k Idg is an R-Lie algebra homomorphism from (R®x g, [+, -1r) to (g, [-, 1),
we deduce that wy = [+, -]g. By (€ ®k Idg ®k Idg)(X) = r, we deduce that Xy = 7.
Therefore, an infinitesimal deformation of (g, [-, -14, r) is determined by a pair (w1, X7).
By the fact that (R ®k g, [+, -1g + f@1) is an R-Lie algebra, we get

dcgw; = 0. 45)
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Then by the fact that r +z.X] is a skew-symmetric r-matrix of the R-Lie algebra (R ®k
g, [+, -1g + 1), we deduce that

2(d, X} + Owy) = 0. (46)

Proposition 4.28. The pair (w1, X1) determines an infinitesimal deformation of the tri-
angular Lie bialgebra (g, [-, 14, r) if and only if (w1, X1) is a 2-cocycle of the triangular
Lie bialgebra (g, [, 1g, r), i.e. Drip(w1, A1) = 0.

Proof. By (45) and (46), we deduce that (w1, X7) is a 2-cocycle if and only if (w;, A7)
determines an infinitesimal deformation of the triangular Lie bialgebra (g, [-, -14,7). O

If two infinitesimal deformations of a triangular Lie bialgebra (g, [, 14, 7) corre-
sponding to (w1, A1) and (o}, X]) are equivalent, then there exists a triangular R-Lie
bialgebra isomorphism ¢ from (R ®x g, [-, -1 + f@}, R +tX]) to (R QK g, [, -1 +
tw1, R +tAX1). By (43), we deduce that

¢ =Idg +tN, where N € gl(g). 47)

Since Idg +¢N is an isomorphism from (R®xk g, [-, -1 +1w]) to (R®Kk g, [, -1g +1w1),
we get

a)’l — w) = dceN. (48)

By the equality ((Idg +tN) ® (Idg + tN))(r +tX]) = (r +1 X)), we obtain
X — X =-(Idg® N+ N ®1Idy)(r) = ON. (49)

Theorem 4.29. There is a one-to-one correspondence between the space of equivalence
classes of infinitesimal deformations of (g, |-, -14. r) and the second cohomology group

Hz(g, r).

Proof. By (48) and (49), we deduce that
(@}, X)) — (w1, X1) = DLe(N),

which implies that (w1, X7) and (a)’l, Xl’ ) are in the same cohomology class if and only
if the corresponding infinitesimal deformations of (g, [-, 14, 7) are equivalent. a

5. Homotopy Relative Rota—Baxter Lie Algebras

In this section, we introduce the notion of a homotopy relative Rota—Baxter Lie algebra,
which consists of an L-algebra, its representation and a homotopy relative Rota—Baxter
operator. We characterize homotopy relative Rota—Baxter operators as MC elements in
a certain Lyo-algebra. We show that strict homotopy relative Rota—Baxter operators
induce pre-Liey,-algebras.
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5.1. Homotopy relative Rota—Baxter operators on Lo-algebras. Denote by
Hom"(S(V), V) the space of degree n linear maps from the graded vector space
S(v) = @fSSi(V) to the Z-graded vector space V. Obviously, an element f €
Hom"(S(V), V) is the sum of f; : S/(V) — V. We will write f = 2 fie Set
c(V,V) .= Hom”(é(V), V)and C*(V, V) := ®,czC"(V, V). Asthe graded version
of the Nijenhuis—Richardson bracket given in [43,44], the graded Nijenhuis—Richardson
bracket [-, -]NR on the graded vector space C*(V, V) is given by:

[f, gINR 1= fog — (=1)™g3f, Vf =) fieC"(V,V),
i=1

g =) g €C(V.V), (50)
j=1

where fog € C"™*"(V, V) is defined by

= (X A(Se) =2 (T o) on

k=1 i+j=k+1
while f;6g; € Hom(S™*/~1(V), V) is defined by

(fiogj)(v1, -+, Vigj—1)
= Z €(0) [i(8i(Wa(lys *** s Vo (j))s Vo (jal)s *** » Va(ivj—1)).  (52)

(TGS(J',,',D

The following result is well-known and, in fact, can be taken as a definition of an
~o-algebra.

Theorem 5.1. With the above notation, (C*(V, V), [-, -INR) is a graded Lie algebra. Its
MC elements Z,tg lx are the Lo-algebra structures on V. O

Definition 5.2. [35] A representation of an L-algebra (g, {It};2) on a graded vector

space V consists of linear maps px : gk-1 @RV — V, k> 1, of degree 1 with the
property that, for any homogeneous elements x1, --- , x,—1 € g, v € V, we have

.
Z Z () Pn—ix1 Ui (Xa(1)s =+ s Xo (i) Xo(i+1)s =+ * > Xo(n—1)» V)

i=1 0eSipi-1)

n
YY) e (=) OO o (X (1), K i)

i=1 0eSy—ii-1)

Pi Ko (n—i+1)s "+ s Xg(m—1), v)) = 0. (53)

Let (V, {px};2) be a representation of an Lo-algebra (g, {{x};>). There is an Loo-
algebra structure on the direct sum g @ V given by

L(Geravn), oo s (s 0p))
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= (le(x1, -+, x0), Z(—1)xi("i+‘+"‘+x")pk(x1, X Xidls s Xk V).
i=1

This Loo-algebra is called the semidirect product of the Loo-algebra (g, {{;};>) and
(V. {px}{Z), and denoted by g x, V

Now we are ready to define our main object of study in this section.
Definition 5.3. Let (V, {,ok} 1) be a representation of an L-algebra (g, {lk}zg). A

degree O element 7 = Tk € Hom(S(V), g) with Ty € Hom(Sk(V) g) is called
a homotopy relative Rota—Baxter operator on an Loc-algebra (g, {Ix};2) with respect
to the representation (V, {p¢};29) if the following equalities hold for all p > 1 and all
homogeneous elements vy, -+, v, € V,

> r =
!
kll:x +km_t O'ES(]\I <1, p—1—1) m:
'Tp—t(pm+1<Tk1 (Vo) Vo)) s Tow (Vo (g 4o 4105+ 5 Vo)) Ua(t+1)>s
Vo (t+2)> """ » Urr(p))

= > > ?1 (Tiq (Vo Votn)s s Ty (Vo tyeneteyr 41

k4 +kn=p 0 ES(k, .. ky)
, UU(p)))'

A homotopy relative Rota—Baxter operator on an L,-algebra is a generalization of
an O-operator on a Lie 2-algebra introduced in [48].

Definition 5.4. Let (g, {{t};29) be an L-algebra. A degree 0 element 7' = Zk 1 T €

Hom(S(g), g) with T, € Hom(Sk (), g) is called a homotopy Rota—Baxter operator
on an Lqo-algebra (g, {[t}29) if the following equalities hold for all p > 1 and all
homogeneous elements x1,--- ,x, € g,

Z Z 8( )
m!
kytetkm=t UES(kl <k 1 p—1—1)

1<t<p-1

Tp—s (lm+1<Tk| (o) Xotn)s s Tk (Yo Gty bty +D) s+ Xo (1))

x(f(t+l))a Xo(t42)s * xc([)))

= 2 > %ln(ﬂq(%(l)w“,xauq)),

kit-tkn=p 6 €Sk, ... k)
s Ty (X0 Ry oty g 415 - ’x"(”)))'

Remark 5.5. A homotopy Rota—Baxter operator T = ,ti‘j T € Hom(S(g), g) on an
Loo-algebra (g, {{x};2) is a homotopy relative Rota—Baxter operator with respect to the
adjoint representation. If moreover the L,-algebra reduces to a Lie algebra (g, [, -1g),
then the resulting linear operator T : g —> g is a Rota—Baxter operator.
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Definition 5.6. (i) An L-algebra (g, {{x};>) with a homotopy Rota—Baxter operator
T = Zg Ty € Hom(S(g), g) is called a homotopy Rota—Baxter Lie algebra. We
denote it by (g, {1le}12, AT }ES)-

(i1) A homotopy relative Rota—Baxter Lie algebra 1satr1ple ((g {2 AP AT S ),
where (g, {{x};2)isan L —algebra (V. Ao} isa representatlon ofgona graded

vector space V and T = ) ;7 Tk € Hom(S(V), g) is a homotopy relative Rota—
Baxter operator.

A representation of an L;-algebra will give rise to a V-data as well as an L.-algebra
that characterize homotopy relative Rota—Baxter operators as MC elements.

Proposmon 5.7. Let (g, {Ik};2) be an Loo-algebra and (V, {p};2) a representation
of (9, {Ik}325)- Then the followmg quadruple forms a V-data:

e the graded Lie algebra (L, [-, -]) is given by (C*(g® V,g® V), [, -INR),
o the abelian graded Lie subalgebra b is given by b := @,czHom" (S(V), g);
e P : L — L isthe projection onto the subspace b,

o A = ZZﬁ (Ix + pr).

Consequently, (b, {[t}2) is an Loo-algebra, where |y is given by (16).

Proof. By Theorem 5.1, we obtain that (C*(g® V,g @& V), [, -INR) is a graded Lie
algebra. Moreover, by (52) we deduce that Im P =  is an abelian graded Lie subalgebra
and ker P is a graded Lie subalgebra. Since A = Y ;& (k + px) is the semidirect
product L -algebra structure on g @ V, we have [A, A]ygr = 0 and P(A) = 0. Thus
(L, b, P, A)is a V-data. Hence by Theorem 3.8, we obtain the higher derived brackets
{l};2 on the abelian graded Lie subalgebra b. |

Moreover, for all n > 1, we set

Fa(h) = T2 Hom(S' (V), ). (54)

1=n
Lemma 5.8. With above notation, (, {};2) is a weakly filtered Loo-algebra.

Proof. By (54), we have h = Fi(h) D --- D F,(h) D ---. Moreover, by Lemma 2.3,
we have

e (Fuy (8, Fuy (B), -+ -, Fu(0) C Fajangtin (B) C Fi(h). (55)
Thus, we deduce that (b, F, (b)) is a weakly filtered Loo-algebra with n = 1. |

Remark 5.9. In fact, the above argument shows that (f), ]—'.(h)) is a filtered Lo-algebra
in the sense of [13].

Theorem 5.10. With the above notation, a degree 0 element T = Y ;5 Ty €
Hom(S(V), g) is a homotopy relative Rota—Baxter operator on (g, {Ix};2) with respect
to the representation (V {01332 if and only if T = Srl Tris an MC element of the
Loo-algebra (b, {;:};29).

Proof. By Remark 2.2, we will view the elements of C* (g V, g V) as coderivations of
S¢ (g®V). Moreover, we view @, czHom" (S(V), @) as an abelian graded Lie subalgebra
of the graded Lie algebra Coder(S¢(g@ V)) and we denote by P the projection onto this
Lie subalgebra. The coderivations of S¢(g @ V') corresponding to Z;f] Ik, Z;z‘j Dk
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and Y 7% Ty will be denoted by [, p and T respectively. Then T = Y ;> Ty is an
MC element of the Lo-algebra (b, { k} 1) if and only if

= 1
Zn— A7+5, 7T T]=0. (56)
n=1 n

In fact, we have

. n
7 O T T T — —_— i T ... T 7 0 T .. T
[...[[l+,o,T],T],-.-,T]_Z( 1) (i)(To oTo(l+p)oTo oT).
n = i n—i
We denote by pr, the natural projections from S(@® V) to g. Thus, forall vy, - - - vy €

V, we have

(prgol-- [[z+p,T] Tl T (i, ,vp)

11

:(prgo[of-~-of)(v1,-~~,Up)—n(prg07_"0,507_"~-~0T)(v1,-~-,vp).
n n—1

By (52), we obtain that

(prgoiof~-~of)(v1,-~-,vp)

n

= Y > S(G)ln(Tkl(va(l),”',va(kl)),

ky+-+k,=p UESU"I s kn)

, Ty, (vo(k1+~~+k,1_]+l), RN vﬂ(p)))
and
n(prgoTopoT~~~oT)(v1,-~-,Up)=n Z Z e(r)
n—1 lfl.;.m:.kn 11—1 teg(kl kp_1.p—1)
<t<p—

~(prEl oTo /3) (Tk1 (Veys = vekn)s s Ty (Ve tgetnat1)s ** * 5 V2()) s

Vr(t)+1), """ U‘[(p))
X T o
ke tetky, Ig€S<kl kp_1.1,p—1—1)
I<t<p— 1
'Tpft(pn(qu (Vo1)s =+ s Votkn)s  » Ty
(Ud(k1+~-+kn,2+1)v R Uo(t))v UG([+1))7 Vo (t42)s " " » UG(p))‘

Thus, (56) holds if and only if T = Z 1 T € Hom (S(V) g)isa homotopy relative
Rota—Baxter operator on (g, {{x};2) with respect to the representation (V, {0x};2). O
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At the end of this section, we show that a homotopy relative Rota—Baxter operator
corresponding to a representation V naturally gives rise to a Lo, structure on V.

Proposition 5.11. Let T = Tk € Hom(S(V), g) be a homotopy relative Rota—
Baxter operator on (g, {lx}2 ) wzth respect to the representation (V, {pi}729).

(i) el TINR ( S e+ ,ok)) is an MC element of the graded Lie algebra (C*(g® 'V, g®

V), [+ INR);
(ii) there is an Lo-algebra structure on 'V given by

L1 (ur, -, V1) = Z Z

kit tkm=t 0 €Sk, .. k. 1)

e(o)
pm+l<Tk1 (Voys s Vo) s Ty

(Vo (ko1 +1)5 Vo (1)) vo(z+1)>; (57)

(iii) T is an Loo-algebra homomorphismfromthe Loo-algebra (V, {;}{2) to (g, {lk}2).

Proof. (i) For any ¥ € Hom(S'(g) ® S/(V), g) and Y € Hom(S/ (g) ® S/ (V), V), we
have

[--[[X, TINR: TINRs - -+ - TINR = 0,
~———
i+1
(D, TINR TINRs -+ » TINR = 0.

i+2

Thus, [-, T]NR is a locally nilpotent derivation of (C*(g ® V, g @ V), [-, -]NR)- Since
el TINR is an automorphism of (C*(g@® V,g® V), [-, -INR), We have

+00 +00
[T (3 i+ o)), TR (3 + 00 ) e
= +0o0 +00 !
= elTInR |:Z(lk +p). > (i + Pk):| =0,
NR

k=1 k=1

which implies that el~7INR ( Sk + pk)> is an MC element.

(ii) By (56), el~TInr ( Z 1+ pk)>|v is a sub Lo-algebra structure on V. It is

straightforward to deduce that the L ,-algebra structure on V is just given by (57).
(iii) By the definition of a homotopy relative Rota—Baxter operator and (57), we
deduce that T is an Lo-algebra homomorphism. O

5.2. Strict homotopy relative Rota—Baxter operators on Leo-algebras and pre-Lieoo-
algebras.
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Definition 5.12. Let (V, {,ok};iol) be a representation of an L.,-algebra (g, {lk}zz’l).
A degree 0 element T € Hom(V, g) is called a strict homotopy relative Rota—Baxter
operator on an Lo-algebra (g, {Ix};2) with respect to the representation (V, {ox}72) if

the following equalities hold for all p > 1 and all homogeneous elements vy, - -- , v, €
V,
P
Ty, Tvp) =Y (=)W Tp (Tuy oo Top g, Tvpr, -, Top, vy).
i=1
(58)

Remark 5.13. A strict homotopy relative Rota—Baxter operator is just a homotopy rel-
ative Rota—Baxter operator 7T = Z;’:i T; € Hom(S(V), g), in which 7; = 0 for all
i>2.

Let V be a graded vector space. Denote by Hom” (S(V) ® V, V) the space of degree
n linear maps from the graded vector space S(V) ® V to the graded vector space V.
Obviously, an element f € Hom”(S(V)®V, V)isthesumof f; : S""/(V)®@V — V.
We will write f = >/} fi. Set C*(V, V) := Hom"(S(V) ® V, V) and C*(V, V) :=
@nezC"(V, V). Asthe graded version of the Matsushima—Nijenhuis bracket given in [9],
the graded Matsushima—Nijenhuis bracket -, -]yn on the graded vector space C*(V, V)
is given by:

[f.glwn = fog—(=)"gof, ¥f=) fieC'(V,V), g

i=1
+00
=) g eC(V.V), (59)
j=1
where f ¢ g € C"™(V, V) is defined by

+00

ros=(Xh)e(La) =L ( T sow). @

k=1 i+j=k+1

while f; ¢ g; € Hom(S™*/=2(V) ® V, V) is defined by

(fiog)i, -, vigj—1)
= Z £(0) fi(8j(Wa(l), * » Vo (j=1)» Vo (j))s Vo(j+l)s "= » Vo (i+j—2)s Vitj—1)
0€S(j-1,1,i-2)
+ Z (—=D%(0) fi a1y, -+ s Vo(i=1)» & Wo (i) =+ > Vo (itj—2)» Viej—1)), (61)
UES(,'_L!‘_I)

where o = n(Vs(1) + Vo(2) + - - + Ug(i—1)). Then the graded vector space C*(V, V)
equipped with the graded Matsushima—Nijenhuis bracket [-, -]y is a graded Lie algebra.

The notion of a pre-Liey,-algebra was introduced in [9]. See [42] for more applica-
tions of pre-Lies,-algebras in geometry.

Theorem 5.14. [9] Let ZZZ’} Ok be a degree 1 linear map from the graded vector space
S(V)®V to the graded vector space V. Then (V, {Ok};iol) is a pre-Liexy-algebra if and
only le}:io] Oy is an MC element of the graded Lie algebra (C*(V, V), [, -]Jun). O
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Now we show that there is a close relationship between the graded Lie alge-
bra (C*(Vv V)v ['7 ']MN) and (C*(Va V)5 ['5 ]NR)' Define a gra‘ded linear map o
C*(V,V) — C*(V, V) of degree 0 by

O(f) =) () =P(fi), Vf =) fi e Hom"(S(V)®V,V),

k=1 k=1

where ®( f) is given by

Q(fOW1. v = Y 80) fioy. 1 Vo(k)

(TGS(]{,LU

(_l)Ui(vi+l+”.+vk)fk(U11 R i)lv sy Uk, Ui)~

I
i

Theorem 5.15. @ is a homomorphism from the graded Lie algebra (C*(V, V), [+, - ]MN)
to the graded Lie algebra (C*(V, V), [+, -INR)-

Proof. 1t follows from a direct but tedious computation. We omit details. O

In the classical case, the symmetrization of a pre-Lie algebra gives rise to a Lie
algebra. The following result generalizes this construction to pre-Lies,-algebras and
L -algebras.

Corollary 5.16. Let (g, {0k};2) be a pre-Lies-algebra and we define Iy by

Le(xr, - x) = O (x1, -+, x1)

k
= Z(_I)Xi(Xi+l+m+Xk)9k(-xla T -Seis ce oy Xk, xi)‘ (62)
i=1

Then (g, {Ik}72) is an Loo-algebra. We denote this Loo-algebra by g€ and call it the
sub- adJacentL -algebra of (g, {Qk} - Moreover (g, {Gk} 1) is called the compatible

pre-Liexo-algebra structure on the Loo-algebm aC.
Proof. Tt follows from Theorems 5.1, 5.14 and 5.15. O
Let (g, {6x}{2) be a pre-Lie-algebra. For all k > 1, we define Ly : Sy —
g by
Li(xt, -y x—1, X)) = O (xn, - -+, Xg—1, Xk)- (63)

Proposition 5.17. With the above notation, (g, {Lk} 1) is a representation of the sub-

adjacent Loo-algebra g€. Moreover, the identity map Id 1 g — gisa strict homotopy
relative Rota—Baxter operator on the Loo-algebra g€ with respect to the representation

(9. (L}

Proof. For all x1, --- , x, € g, by the definition of pre-Lie,-algebras, we have

n—1
Z Z €(0) Lp—iv1(li (Xo(1)s **+ s Xo(i))s X (i+1) =+ Xo(n—1)» Xn)

i=1 0eSin-i-1)
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n
3 ey L,

i=1 0€Sq-ii-1)

Xo(1)s > Xo(n—i)s Li o (—it)s s Xo(n=1)> Xn))

~1
62).(63)
= Z Z E(T)0n—ix1(Bi (Xz(1)s -+ 5 Xe(i=1)> X2())s

i=1 teSi_1,1,n-i-1

Xe(i+)s " s Xe(n=1)» Xn)

n
+ Y e @)D, (X, Koy O
i=1 TES(,,,,'J,])
(xr(n—i+l)s L Xr(n=1), Xn))
=0.

Thus, we deduce that (g, {Lk} 1) is a representation of the sub-adjacent Loo-algebra

g¢. By (62), we deduce that Id is a strict homotopy relative Rota—Baxter operator on g©
with respect to (g, {Lk} - |

Now we are ready to show that strict homotopy relative Rota—Baxter operators on an
Loo-algebra (g, {[x}2) induce pre-Lieso-algebras. This generalizes the result given in

[2].

Theorem 5.18. Let T € Hom(V 9) be a strict homotopy relative Rota—Baxter opemtor
on an Loo-algebra (g, {lk} 1) with respect to the representation (V, {pk} 1)- Then

(V. A{6:}{2) is a pre- Lleoo-algebra where 6 : @V — V (k> 1) are llnear maps of
degree 1 deﬁned by

Ok, -+ o) = ok Ty, -+, Tog—1,vr), Yvr---, v €V, (64)
Proof. By the fact that py is a linear map of degree 1 from graded vector space Sk~ (g) ®
V to V, we deduce the graded symmetry condition of 6;. Moreover, forall vy - - - , v, €
V, we have

Z Z £(0)0;(0; (Vo (1), -+ s Va(i=1)s Vo (i))s Vo (i+1)> = = s Vo(n—1)» Un)

i+j=n+l ge§
i>1,j>2 G-1,1,j-2)

Y Y (D) G e(6)0; (01, Vo (i)

l+j n+l ge§
e (i-Li-1)

0i (Vs (j)s " » Vo(n—1)s Un))

64)
e Z Z e(@)pj(Tpi(Tviy, -+ » TVo(i=1)s Vo (i)

i+j=n+l ge§
i=1,j=2 (i—1,1,j-2)

TV (is1)s*** » TVo(n—1): Un)

P X T ey,

i+j=n+l ge§
i=1,j>1 (j—1,i—1)

(Tva(l), o Tug =1y, Pi(T gy, -+ s TVs(—1), Un))
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_ Z Z Xi:(_l)vr(s)(Ur(.r+l)+"‘+vr(i))8(1-)

i+j=n+l 7€S; ;i - s=1
i=1,j>2 (i,j=2)

P (Tpi(TUr(l)v cee, fvr(s), <, Ty Vo), Torisny, - - s TUr(u—1)s vn)
PYX Cipomar oy,

i+j=n+l T€S i 1
i=1,j>1 (j—Li=1)

(Tvey, - Toei—1y, pi(Tr(ys 5 TVr(n—1)s Un))
(58)
= Z Z e(@pj(li(Tveay, -+ Tvey), Tvegsnys - s TVr(—1)s Un)

i+j=n+l T€S; i
iZ1jz2 0T

P Y ey,

i+j=n+1 ‘[ES(jil.iil)

i>1,j>1
(Tvr(l)v coo L Tue—ny, Pi(Toey, -+ Torg—1y, vn))
Dy,
Thus, (V, {Gk}Ziol) is a pre-Lie-algebra. O

Corollary 5.19. With the above conditions, the linear map T is a strict Loo-algebra
homomorphism from the sub-adjacent Loo-algebra VC to the initial Lso-algebra

(CRUS P
Proof. 1t follows from Theorem 5.18 and Corollary 5.16. O

At the end of this section, we give the necessary and sufficient conditions on an Lo-
algebra admitting a compatible pre-Liey,-algebra.

Proposition 5.20. Let (g, {lk}zg) be an Lo-algebra. Then there exists a compatible
pre-Lieso-algebra if and only if there exists an invertible strict homotopy relative Rota—
Baxter operator on (g, {Ii};29).

Proof. Let T be an invertible strict homotopy relative Rota—Baxter operator on
(g, {I}32) withrespect to arepresentation (V, {0x}; ). By Theorem 5.18, (V, {6x}29)
is a pre-Lieso-algebra structure, where 6y is defined by (64). Since T is an invertible
linear map, there is an isomorphic pre-Lies-algebra structure {©;}{>] on g given by

Ok(xr, -+ xx) == TOT "xp, - T g, T )
= Tor(xr, - x-1, T~ o) (65)
for all x;---,xx € g. Since T is a strict homotopy relative Rota—Baxter operator, we
have
k
B (xr, o X, x0) = Y (DS O T o (e X, T )

i=1
k

= (=DEHFEONE (xR X ).
i=1
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Therefore (g, {O¢};)) is a compatible pre-Lies-algebra of (g, {{x};2).

Conversely, by Proposition 5.17, the identity map Id is a strict homotopy relative
Rota—Baxter operator on the sub-adjacent L-algebra g¢ with respect to the represen-
tation (g, {Lx};29). |
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