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Abstract: We consider the Fermi—Pasta—Ulam-Tsingou (FPUT) chain composed by
N > 1 particles and periodic boundary conditions, and endow the phase space with the
Gibbs measure at small temperature 8~ !. Given a fixed 1 < m < N, we prove that the
first m integrals of motion of the periodic Toda chain are adiabatic invariants of FPUT
(namely they are approximately constant along the Hamiltonian flow of the FPUT) for
times of order B, for initial data in a set of large measure. We also prove that special
linear combinations of the harmonic energies are adiabatic invariants of the FPUT on
the same time scale, whereas they become adiabatic invariants for all times for the Toda
dynamics.

1. Introduction and Main Results

The FPUT chain with N particles is the system with Hamiltonian
N—1 2 N— X X
Hep.q) =) - % Z VE(gjs1 —q)), VE() =% — —+b>=, (LD
j=0 Jj=0

which we consider with periodic boundary conditions gy = go, py = po and b > 0.
‘We observe that any generic nearest neighborhood quartic potential can be set in the form
of Vr(x) through a canonical change of coordinates. Over the last 60 years the FPUT
system has been the object of intense numerical and analytical research. Nowadays it is
well understood that the system displays, on a relatively short time scale, an integrable-
like behavior, first uncovered by Fermi, Pasta, Ulam and Tsingou [13,14] and later
interpreted in terms of closeness to a nonlinear integrable system by some authors, e.g.
the Korteweg-de Vries (KdV) equation by Zabusky and Kruskal [41], the Boussinesq
equation by Zakharov [42], and the Toda chain by Manakov first [31], and then by
Ferguson, Flaschka and McLauglin [12]. On larger time scales the system displays
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instead an ergodic behavior and approaches its micro-canonical equilibrium state (i.e.
measure), unless the energy is so low to enter a KAM-like regime [25,26,36].

In the present work we show that a family of first integrals of the Toda system
are adiabatic invariants (namely almost constant quantities) for the FPUT system. We
bound their variation for times of order 8, where B is the inverse of the temperature of
the chain. Such estimates hold for a large set of initial data with respect to the Gibbs
measure of the chain and they are uniform in the number of particles, thus they persist
in the thermodynamic limit.

In the last few years, there has been a lot of activity in the problem of constructing
adiabatic invariants of nonlinear chain systems in the thermodynamic limit, see [8,9, 18,
19,29,30]. In particular adiabatic invariants in measure for the FPUT chain have been
recently introduced by Maiocchi, Bambusi, Carati [29] by considering the FPUT chain a
perturbation of the linear harmonic chain. Our approach is based on the remark [12,31]
that the FPUT chain (1.1) can be regarded as a perturbation of the (nonlinear) Toda chain
[39]

N—1 N—-1
1 _
Hrp,@i=2 3 pj+) Vg —aqp), Vi) =e+x—1, (12)
i=0 =0

which we consider again with periodic boundary conditions gy = qo, py = po- The
equations of motion of (1.1) and (1.2) take the form

aH . aH / ! :
=, i pj=—7—=V@j+1—4q))—Vig—qj-1), j=0,..., N-—1,
J

4qj 3q,
(1.3)
where H stands for Hr or Hr and V for Vr and V7 respectively.
According to the values of b in (1.1), the Toda chain is either an approximation of the
FPUT chain of third order (for b # 1), or fourth order (for b = 1). We remark that the
Toda chain is the only nonlinear integrable FPUT-like chain [11,37].

The Toda chain admits several families of N integrals of motion in involution (e.g.
[16,24,40]). Among the various families of integrals of motion, the ones constructed by
Henon [22] and Flaschka [15] are explicit and easy to compute, being the trace of the
powers of the Lax matrix associated to the Toda chain. In the following we refer to them
simply as Toda integrals and denote them by J ® 1 <k < N (see (2.12)).

As the J®)°s are conserved along the Toda flow, and the FPUT chain is a perturbation
of the Toda one, the Toda integrals are good candidates to be adiabatic invariants when
computed along the FPUT flow. This intuition is supported by several numerical sim-
ulations, the first by Ferguson—Flaschka—McLaughlin [12] and more recently by other
authors [4,6,10,20,35]. Such simulations show that the variation of the Toda integrals
along the FPUT flow is very small on long times for initial data of small specific energy.
In particular, the numerical results in [4,6,20] suggest that such phenomenon should
persists in the thermodynamic limit and for “generic” initial conditions.

Our first result is a quantitative, analytical proof of this phenomenon. More precisely,
we fix an arbitrary m € N and provided N and g sufficiently large, we bound the
variations of the first m Toda integrals computed along the flow of FPUT, for times of
order

B
(b—12+C1p71)2

, (1.4)
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where (1 is a positive constant, independent of 8, N. Such a bound holds for initial data
in a large set with respect to the Gibbs measure. Note that the bound (1.4) improves to
,3% when b = 1, namely when the Toda chain becomes a fourth order approximation of
the FPUT chain. Such analytical time-scales are compatible with (namely smaller than)
the numerical ones determined in [4-6].

An interesting question is whether the Toda integrals J ¥)’s control the normal modes
of FPUT, namely the action of the linearized chain. It turns out that this is indeed the
case: we prove that the quadratic parts J2(2k) (namely the Taylor polynomials of order 2)
of the integral of motions J %) are linear combinations of the normal modes. Namely
one has

N—-1
k o~ A
JO ="V E;+ 0. D), (1.5)
j=0

where E; is the jth normal mode (see (2.21) for its formula), (p, q) are the discrete
Hartley transform of (p, q) (see definition below in (2.18)) and ¢ are real coefficients.
So we consider linear combinations of the normal modes of the form

Y GE; (1.6)

where (g;); is the discrete Hartley transform of a vector g € RN which has only
ZL%J + 2 nonzero entries with m independent from N, here L%J is the integer part of
%. Our second result shows that linear combinations of the form (1.6), when computed
along the FPUT flow, are adiabatic invariants for the same time scale as in (1.4).
Further we also show that linear combinations of the harmonic modes as in (1.6), are
approximate invariant for the Toda dynamics (with large probability).
Examples of linear combinations (1.6) that we control are

N . N .

w(§) e T () sl
Zsm =) Ej, Zcos ZVE;, ve=0,....|=|. A7
j=1 N j=I N 2

These linear combinations weight in different ways low and high energy modes.
Finally we note that, in the study of the FPUT problem, one usually measures the
time the system takes to approach the equilibrium when initial conditions very far from
equilibrium are considered. On the other hand, our result indicates that, despite initial
states are sampled from a thermal distribution, nonetheless complete thermalization is
expected to be attained, in principle, over a time scale that increases with decreasing
temperature.
Our results are mainly based on two ingredients. The first one is a detailed study of the
algebraic properties of the Toda integrals. The second ingredient comes from adapting to
our case, methods of statistical mechanics developed by Carati [8] and Carati-Maiocchi
[9], and also in [18,19,29,30].
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2. Statement of Results
2.1. Toda integrals as adiabatic invariants for FPUT. We come to a precise statements

of the main results of the present paper. We consider the FPUT chain (1.1) and the Toda
chain (1.2) in the subspace

N_ -
M= (p,q)eRNx]RN: quzﬁ,ijZO ) (2.1)

which is invariant for the dynamics. Here £ is a positive constant.
Since both Hr and H7 depend just on the relative distance between ¢ ;.1 and g, it
is natural to introduce on M the variables r;’s as
rji=qj+s1—4qj, 0=j=N-1, (22)

which are naturally constrained to

=
L

ri=0, (2.3)
0

J

due to the periodic boundary condition gy = go. We observe that the change of coordi-
nates (2.2) together with the condition (2.3) is well defined on the phase space M, but
not on the whole phase space RY x R" . In these variables the phase space M reads

N— N—
M:={(p,r) eRY xRV: Z i=0¢. (2.4)

1
=0

We endow M by the Gibbs measure of Hy at temperature 8!, namely we put

N—1 N—1
1
dpr = e PHFDD) 5 § rj=0]|3s § p;j=0] dpdr, (2.5
Zr(B) =0 iz0

where as usual Zr(B) is the partition function which normalize the measure, namely

N-—1 N-—1
Zr(B) :=f e PHr®D s [N =0] 6| D> pj=0]| dpdr. (26)
RN xRV =0 )

We remark that we can consider the measure du f as the weak limit, as € — 0, of the
measure

pirtoar (3 ~(2)5 )
due = dpdr.

~ 2 ~ 2
( Jow e~ Bt (2150 /) ~(ZI5 pive) g dr)
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Given a function f: M — C, we will use the probability (2.5) to compute its average
(f),1its L? norm Il £, its variance U]% defined as

()i=Elf1= [0 dur. @7
R2N
1712 =[P = [ 1P e, 2.8)
R2N
of = If— (NI (2.9)

In order to state our first theorem we must introduce the Toda integrals of motion. It
is well known that the Toda chain is an integrable system [22,39]. The standard way to
prove its integrability is to put it in a Lax-pair form. The Lax form was introduced by
Flaschka in [15] and Manakov [31] and it is obtained through the change of coordinates

bji=—pj. aj=eUTU =i 0<j<N-1. (210

By the geometric constraint (2.3) and the momentum conservation Zlivz_ol pj =0 (see
(2.1)), such variables are constrained by the conditions ‘

N—-1 N—-1
Y bj=0. J]a=1.
j=0 j=0

The Lax operator for the Toda chain is the periodic Jacobi matrix [40]

bo ap 0 ... an—1
ay b1 aj :
L, a):= 0 a by . 0 . (2.11)
SRS an—2
an—1 ... 0 ay_2 by_1

We introduce the matrix A = Ly — L_ where for a square matrix X we call X, the
upper triangular part of X

) Xy, i<
(X4)ij _{ 0, otherwise

and in a similar way by X_ the lower triangular part of X

)X, iz
(X-)ij = { 0, otherwise.
A straightforward calculation shows that the Toda equations of motions (1.3) are equiv-
alent to
dL (A L]
a7

It then follows that the eigenvalues of L are integrals of motion in involutions.
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In particular, the trace of powers of L,
1
Jm = —Tr(L™), ¥Yl<m<N (2.12)
m

are N independent, commuting, integrals of motions in involution. Such integrals were
first introduced by Henon [22] (with a different method), and we refer to them as Toda
integrals. We give the first few of them explicitly, written in the variables (p, r):

N-1 N-1 p2
Jm@r=—§%m, Jmmmw=§:ﬂj+fﬂ’
1=

i=0

N—1
1 )
I9p.r) == &ﬁ+m+mMeﬂ, (2.13)
i=0

S
P+ (D7 pipit + phe "+ ST w eI

Bl —

N—1
1(4)([), r) = Z |:
i=0

Note that J@ coincides with the Toda Hamiltonian Hy.

Our first result shows that the Toda integral J ™, computed along the Hamiltonian
flow ¢§{F of the FPUT chain, is an adiabatic invariant for long times and for a set of
initial data in a set of large Gibbs measure. Here the precise statement:

Theorem 2.1. Fix m € N. There exist constants No, o, Co, C1 > 0 (depending on m),
such that for any N > Ny, B > Po, and any 81, 62 > 0 one has

P (‘J(’”) oy, — J<'">) . 5la,<m>) <500, (2.14)

for every time t fulfilling
814/6
1] < 1o el (2.15)
(b-12+ci57)

In (2.14) P stands for the probability with respect to the Gibbs measure (2.5).

‘We observe that the time scale (2.15) increases to ﬂ% for b = 1, namely if the Toda
chain is a fifth order approximation of the FPUT chain.

Remark 2.2. By choosing 0 < ¢ < 4—1“ 81 = B¢ and 8, = B¢ the statement of the
above theorem becomes:

. c
P <‘J(’") oy, — J(’”)’ - %) < ,3_2(1: (2.16)

for every time ¢ fulfilling
‘81728
(b-12+c187)

lt] <

o - 2.17)
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Remark 2.3. We observe that our estimates in (2.14) and (2.15) are independent from the
number of particles N. Therefore we can claim that the result of theorem 2.1 holds true in
the thermodynamic limit, i.e. when limy_, oo Hr) — o < 0 where (HF) is the average
over the Gibbs measure (2.5) of the FPUT Hamiltonian Hr. The same observation
applies to Theorems 2.5 and 2.6 below.

Our Theorem 2.1 gives a quantitative, analytical proof of the adiabatic invariance of
the Toda integrals, at least for a set of initial data of large measure. It is an interesting
question whether other integrals of motion of the Toda chain are adiabatic invariants for
the FPUT chain. Natural candidates are the actions and spectral gaps.

Action-angle coordinates and the related Birkhoff coordinates (a cartesian version of
action-angle variables) were constructed analytically by Henrici and Kappeler [23,24]
for any finite N, and by Bambusi and one of the author [1] uniformly in N, butin aregime
of specific energy going to O when N goes to infinity (thus not the thermodynamic limit).
The difficulty in dealing with these other sets of integrals is that they are not explicit
in the physical variables (p, r). As a consequence, it appears very difficult to compute
their averages with respect to the Gibbs measure of the system.

Despite these analytical challenges, recent numerical simulations by Goldfriend and
Kurchan [20] suggest that the spectral gaps of the Toda chain are adiabatic invariants
for the FPUT chain for long times also in the thermodynamic limit.

2.2. Packets of normal modes. Our second result concerns adiabatic invariance of some
special linear combination of normal modes. To state the result, we first introduce the
normal modes through the discrete Hartley transform. Such transformation, which we
denote by H, is defined as

= , ko= cos | 2w +sin | 27 , J,k=0,...,
1Y 1Y J.k ,—N N N J

and one easily verifies that it fulfills
H*=1, HT=H. (2.19)

The Hartley transform is closely related to the classical Fourier transform F, whose
matrix elements are 7 := ——e™>"/¥/N a5 one has H = 0F — 3F. The advantage
of the Hartley transform is that it maps real variables into real variables, a fact which
will be useful when calculating averages of quadratic Hamiltonians (see Sect. 5.2).

A consequence of (2.18) is that the change of coordinates

RY xRY - RV xR, (p,q) — 3,9 := (Hp, Hq)

is a canonical one. Due to Z/’ pj =0, Zi qj = L, onehasalso pp =0, o = L/VN.
In these variables the quadratic part H, of the Toda Hamiltonian (1.2), i.e. its Taylor
expansion of order two nearby the origin, takes the form

N—-1 52

222 .

I P +;q; ,

HB@.@ =) " o =2sn <n%) : (2.20)
j=1
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We observe that (2.20) is exactly the Hamiltonian of the Harmonic Oscillator chain. We
define
ol

Ej=—t—2 j=1L.. N-1 2.21)

the jth normal mode.
To state our second result we need the following definition:
Definition 2.4 (m-admissible vector). Fix m € N and m = L%J For any N > m,

a vector x € RV is said to be m-admissible if there exits a non zero vector y =
(3O, Y1, .-, yi) € R with K1 < Zj ly;l < K, K independent from N, such
that

Xk = XN—k = Yk, for 0 < k < m and x; = 0 otherwise.

We are ready to state our second result, which shows that special linear combinations
of normal modes are adiabatic invariants for the FPUT dynamics for long times. Here
the precise statement:

Theorem 2.5. Fixm € N and let g = (go, ..., gN—1) € RN be a m-admissible vector
(according to Definition 2.4). Define

N—-1
o = ZEjEj’ (2.22)
=0

where g is the discrete Hartley transform (2.18) of g, and Ej is the harmonic energy

(2.21). Then there exist Ny, Bo, Co, C1 > 0 (depending onm), such that forany N > Ny,

,3>,80,0<s<%f,0nehas

o® Co
P(|q>o¢;,F—q>|>F>5ﬁ, (2.23)
for every time t fulfilling

’31—28

(o vrecw)”

1] =

(2.24)

Again when b = 1 the time scale improves by a factor 3,

Finally we consider the Toda dynamics generated by the Hamiltonian Hr in (1.2). In
this case we endow M in (2.4) by the Gibbs measure of Hr at temperature 8!, namely
we put

dur :

_ —BHr (p,r) - -
= e 8 ri=0]56 pi=0] dpdr, (2.25)
Zr(B) Z ! Z !

J J

where as usual Z7(f) is the partition function which normalize the measure, namely

Z7(B) ;:/ e PHI®.D) & Zr/:O b Zp,:O dpdr. (2.26)
RN xRN 7 ’ 7 ’

We prove that the quantity (2.22), computed along the Hamiltonian flow ¢>§1T of the
Toda chain, is an adiabatic invariant for all times and for a large set of initial data:
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Theorem 2.6. Fix m € N; let g € RY be an m-admissible vector and define ® as in
(2.22). Then there exist Ny, fo, C > 0 such that for any N > Ny, B > Bo, any §1 > 0
one has

C

P(|® oy, —®|>di00) < 75

(2.27)

for all times.
Remark 2.7. Tt is easy to verify that the functions ® in (2.22) are linear combinations of

N—1

3" cos (2@%) Ej, ezo,...,gJ (2.28)

J=0

(choose g¢ = gn—¢ = 1, gj = 0 otherwise). Then, using the multi-angle trigonometric
formula

cos(2nx) = (—1)"T», (sin x), cos(2nx) = T, (cos x),

where the T),’s are the Chebyshev polynomial of the first kind, it follows that we can
control (1.7). Actually these functions fall under the class considered in [29].

Let us comment about the significance of Theorems 2.5 and 2.6. The study of the
dynamics of the normal modes of FPUT goes back to the pioneering numerical simu-
lations of Fermi, Pasta, Ulam and Tsingou [13]. They observed that, corresponding to
initial data with only the first normal mode excited, namely initial data with £y # 0
and £; =0 Vj # 1, the dynamics of the normal modes develops a recurrent behavior,
whereas their time averages % fé E; o¢;1F dt quickly relaxed to a sequence exponentially
localized in j. This is what is known under the name of FPUT packet of modes.

Subsequent numerical simulations have investigated the persistence of the phe-
nomenon for large N and in different regimes of specific energies [4,6,7,17,27,32]
(see also [2] for a survey of results about the FPUT dynamics).

Analytical results controlling packets of normal modes along the FPUT system are
proven in [1,3]. All these results deal with specific energies going to zero as the number
of particles go to infinity, thus they do not hold in the thermodynamic limit. Our result
controls linear combination of normal modes and holds in the thermodynamic limit.

2.3. Ideas of the proof. The starting point of our analysis is to estimate the probability
that the time evolution of an observable ®(¢), computed along the Hamiltonian flow of
H, slightly deviates from its initial value. In our application & is either the Toda integral
of motion or a special linear combination of the harmonic energies and H is either the
FPUT or Toda Hamiltonian. Quantitatively, Chebyshev inequality gives

2
1 Op()—
P(10() = ®(O)] > A00)) < 552,
A2 o2
®(0)

VA > 0. (2.29)

So our first task is to give an upper bound on the variance o (1)—¢ () and a lower bound
on the variance o¢ (). Regarding the former bound we exploit the Carati-Maiocchi
inequality [9]

hi-eo = (10 HP) VieR (2.30)
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where {®, H}, denotes the canonical Poisson bracket

N—1
(®, HY = (3 ®)TOpH — (3p@)TdgH = Y 05, ®dp H — 8, @, H. (231
i=0

Next we fix m € N, consider the m-th Toda integral J ", and prove that the quotient

((70m, Hp)?)

2
O m

(2.32)

scales appropriately in 8 (as B — o0) and it is bounded uniformly in N (provided
N is large enough). It is quite delicate to prove that the quotient in (2.32) is bounded
uniformly in N and for the purpose we exploit the rich structure of the Toda integral of
motions.

This manuscript is organized as follows. In Sect. 3 we study the structure of the
Toda integrals. In particular we prove that for any m € N fixed, and N sufficiently

large, the m-th Toda integral J™ can be written as a sum % Z?[:l h;m) where each

term depends only on at most m consecutive variables, moreover h;m) and h,(:") have
disjoint supports if the distance between j and k is larger than m. Then we make the
crucial observation that the quadratic part of the Toda integrals J "™ are quadratic forms
in p and q generated by symmetric circulant matrices. In Sect. 3 we approximate the
Gibbs measure with the measure were all the variable are independent random variables.
and we calculate the error of our approximation. In Sect. 4 we obtain a bound on the
variance of J (r) — J™(0) with respect to the FPUT flow and a bound of linear
combination of harmonic energies with respect to the FPUT flow and the Toda flow.
Finally in Sect. 5 we prove our main results, namely Theorems 2.1, 2.5 and 2.6. We
describe in the “Appendices” the more technical results.

3. Structure of the Toda Integrals of Motion

In this section we study the algebraic and the analytic properties of the Toda integrals
defined in (2.12). First we write them explicitly:

Theorem 3.1. Forany 1 <m < N — 1, one has
1 N
(m)y _ (m)
= Z;hj , (3.1)
]:

where h

E.m) = [L™];; is given explicitly by

m—1

m—1
WPen =Y OMemak [T e T sl 62

(n,k)e.Am i=—m i=—m+1
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where it is understood rj = rjmod N, Pj = Pjmod N and A s the set

m—1
A {(n, K eNj xNj: Y @ui+k)=m,
i——#i
3.3
Vi >0, nj=0= nj41 =kis1 =0, 5=

Vi <0, iy =0=n =k =0].

The quantity m := |m/2], No = N U {0} and p™ (n, m) € N is given by

m—1
n_i+nog+ko\ /n_1+ng e ni+nig +kivr — 1\ (ni+nigq — 1
p(’”)(n, K) ::< k )( e ) I] ( i l+kA i+ >( i i+ ) (3.4)
i+1

nj+1

i=—im

i#—1
We give the proof of this theorem in “Appendix D”.

Remark 3.2. The structure of J®) is slightly different, but we will not use it here.

We now describe some properties of the Toda integrals which we will use several
times. The Hamiltonian density h;m)(p, r) depends on the set A and the coefficient
(m)
J

0 (n, k) which are independent from the index j. This implies that 4" is obtained

by h\"™ just by shifting 1 — j; in [18,19] this property was formalized with the notion
of cyclic functions, we will lately recall it for completeness.

A second immediate property, as one sees inspecting the formulas (3.3) and (3.4), is
that there exists C™ > 0 (depending only on m) such that

A <™ pM k) < C™, 3.5)

namely the cardinality of the set A" and the values of the coefficients o (n, k) are
independent of N.

The last elementary property, which follows from the condition 2|n| + |K| = m in
(3.3), is that

meven — h;.m) contains only even polynomials in p,
(3.6)
modd — h;m) contains only odd polynomials in p.

Now we describe three other important properties of the Toda integrals, which are
less trivial and require some preparation. Such properties are

(1) cyclicity;
(i1) uniformly bounded support;
(iii) the quadratic parts of the Toda integrals are represented by circulant matrices.

We first define each of these properties rigorously, and then we show that the Toda
integrals enjoy them.
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Cyclicity. Cyclic functions are characterized by being invariant under left and right
cyclic shift. Forany £ € Z, and x = (x1,x2,...,xN) € RY we define the cyclic shift of
order £ as the map

Se: RN — RN (8px)j 1= X(j+0)mod N - (3.7)
For example S; and S_; are the left respectively right shifts:
S1(x1,x2, ..., xN) == (X2, ..., XN, X1), S_1(x1,x2, ..., xXN) = (XN, X1, ooy XN—1)-
It is immediate to check that for any £, £’ € Z, cyclic shifts fulfills:
Se o Sp = Serrr, S[l =S_y, So=1, Seen = Se. (3.8)

Consider now a a function H : RN xRN — C; we shall denote by Sy H: RN xRY — C
the operator

(ScH)(p. 1) := H(Sep, Ser),  V(p.1) € RN x RY. (3.9)
Clearly S is a linear operator. We can now define cyclic functions:

Definition 3.3 (Cyclic functions). A function H: RY x RV — C is called cyclic if
S1tH=H.

It is clear from the definition that a cyclic function fulfills SeH = H V¢ € Z.
It is easy to construct cyclic functions as follows: given a function #: RN x RN — C
we define the new function H by
N-1
H(p,r):= Y (Sth)(p. ). (3.10)

£=0

H is clearly cyclic and we say that H is generated by h.

Support. Given a differentiable function F: RY x RY — C, we define its support as
the set

oF oF
suppF :=4q£€{0,...,.N—-1}: — =0 or — =0 3.1
ape ary
and its diameter as
diam (supp F) := sup d(, j)+1, (3.12)

i,jesupp F
where d is the periodic distance
A, j) ==min(ji — jl, N —[i = jI). (3.13)

Note that 0 < d(i, j) < [N/2].
We often use the following property: if f is a function with diameter K € N, and
K <« N, then

d@i, j)> K = suppS;fNsuppS;f =49, (3.14)

where §; is the shift operator (3.7). With the above notation and definition we arrive to
the following elementary result.
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Lemma 3.4. Consider the Toda integral Jm = % ij:l h;m), 1<m < Nin@3.1).

Then J™ is a cyclic function generated by n%him) , namely

N
1
J™pr==3Y"5;_ 2™ (p, r). 3.15
(p, 1) mj_ljll(pr) (3.15)

Further, each term h(m has diameter at most m. In particular hi.m) and h,((m) have disjoint

supports provided A(j, k) > m.

Circulant symmetric matrices. We begin recalling the definition of circulant matrices
(see e.g. [21, Chap. 3]).

Definition 3.5 (Circulant matrix). An N x N matrix A is said to be circulant if there
exists a vector a = (a j)?/z_ol € R such that

Ajk=ag—kymodN-
We will say that A is represented by the vector a.

In particular circulant matrices have all the form

ayg dnN-—-1 ... ay Aaj
ai ap an-1 az
A= : ap ap
aN-2 e - aN-1
anN—1aN—2 ... d1 Qo

where each row is the right shift of the row above.
Moreover, A is circulant symmetric if and only if its representing vector a is even,
i.e. one has

ar =an—r, Vk. (3.16)

One of the most remarkable property of circulant matrices is that they are all diagonalized
by the discrete Fourier transform (see e.g. [21, Chap. 3]). We show now that circulant
symmetric matrices are diagonalized by the Hartley transform:

Lemma 3.6. Let A be a circulant symmetric matrix represented by the vector a € RV,
Then

HAH ™' = V/Ndiagl@;: 0<j<N—1), (3.17)
where a = Ha.

Proof. First remark that a circulant matrix acts on a vector x € R" as a periodic discrete
convolution,

N—1
Ax=axx, (@*x)j=Y ajjx 0=<j<N-1, (3.18)
k=0
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where it is understood a; = daymod N - As the Hartley transform of a discrete convolution
is given by

N/ - o L.
[Haxx)k = \/T_((ak +an—i)xi + (ax — aN—k)xN—k)):

we obtain (3.17), using that the Hartley transform maps even vectors (see (3.16)) in even
vectors. O

Our interest in circulant matrices comes from the following fact: quadratic cyclic
functions are represented by circulant matrices. More precisely consider a quadratic
function of the form

1 1
O(p,r) = EpTAp + ErTBr +pTCr, (3.19)

where A, B, C are N x N matrices. Then one has
Qiscyclic <<= A, B, C are circulant . (3.20)

This result, which is well known (see e.g. [21]), follows from the fact that Q cyclic is
equivalentto A, B, C commuting with the left cyclic shift Sy, and that the set of matrices
which commute with S coincides with the set of circulant matrices.

We conclude this section collecting some properties of Toda integrals. Denote by

Jz(m) the Taylor polynomial of order 2 of J at zero; being a quadratic, symmetric,
cyclic function, it is represented by circulant symmetric matrices. We have the following
lemma.

Lemma 3.7. Let us consider the Toda integral

N
1
T @)= =" 8 1h{"(p.x).
(Pr) mj:1 j—11q (Pl')

Then hgm)(p, q) has the following Taylor expansion atp =r = 0:

R (.1) = ¢ + o™ (. 1) + )" (0. 1) + ) (p. 1) (3.21)
where each (p,im)(p, r) is a homogeneous polynomial of degree k = 0,1,2 in p and r

of diameter m and coefficients independent from N. The reminder (p(>"3’) (p, r) takes the
form -

(m) o 1Kl (m) k(1 _ T l Ten2 (nTr)* ! —snTr 4 32
o3 (p, 1) = E D% p"™ m,k)p*(1—n r+2(n r)” + 5 e (I-s)ds|,
= 0

(k.me A0
[k|=3

(3.22)

with A" and p™ defined in (3.3) and (3.4) respectively. Moreover the Taylor expansion
of J™ (p,r) at p = r = 0 takes the form

J™ @) =I5+ " @)+ 15 (), (3.23)

where
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ceR, meven
0, modd .

_ Jz(m)(p, r) is a cyclic function of the form

(m) __
- " =

pTA™p +rTA™r  m even

pTB™r, m odd (3.24)

I (p,r) = {

with A™  B™M) circulant, symmetric N X N matrices, their representing vectors
a™ b are m-admissible (according to Definition 2.4) and

a" =ai? >0, B =bf >0, Vosk=ii=|T| (25

(m)
— The reminder Jggl) is a cyclic function generated by (pfrf .

The proof is postponed to “Appendix A”. We conclude this section giving the definition

of m-admissible functions and we prove a lemma that characterizes them in terms of
1

Whas

Definition 3.8. G|, G5 : RY x RN — RY are called m-admissible functions of the

first and second kind respectively if there exists a m-admissible vector g € R" such
that

N-1 N—1
G = Z gaipjrist, Go:= Z gi(pjpjwi+rjrjs) - (3.26)
J,1=0 j,1=0

Remark 3.9. From Definition 3.8 and (3.20) one can deduce that both G| and G, can be
represented with circulant and symmetric matrices. Indeed we have that G; = pTG;r
where (G}) jx = &(j—k)mod v and similarly for G».

An immediate, but very useful, corollary of Lemma 3.7, is the fact that the quadratic
parts of Toda integrals are a basis of the vector space of m-admissible functions.
Lemma 3.10. Fix m € N and let G| and G2 be m-admissible functions of the first and
second kind defined by a m-admissible vector g € RN, Then there are two unique
sequences {c 1}7:0’ {d; }T:O’ withmax; |cj|, max; |d;| independent from N, such that:

m m
Gi=)Y an™. Gy=Y d"?, (3.27)
=0 =0

where J2(m) is the quadratic part (3.24) of the Toda integrals J"™ in (3.1).

Proof. We will prove the statement just for functions of the first kind. The proof for
functions of the second kind can be obtained in a similar way. Let J2(21+1) =pTBZ*Dr
where the circulant matrix B®**1) is represented by the vectorb@®*D andlet G| = pTG;r
where (G1) jk = g(j—k)mod N- Then

m m

2[+1

gl = ZC[B(zl+1) — gk = Zblg * )C[ .
=0 =0

From Lemma 3.7 the matrix 8 = [b,(czlﬂ)]k’% /—o 18 upper triangular and the diagonal

elements are always different from O (see in particular formula (3.25)). This implies that
the above linear system is uniquely solvable for (co, ..., ¢i). O
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4. Averaging and Covariance

In this section we collect some properties of the Gibbs measure dur in (2.5). The
first property is the invariance with respect to the shift operator. Namely for a function
f:RY x RN — R; we have that

(Sif)=(f), Vj=0,...,N—1, 4.1)

which follows from the fact that (S;).dur = dur.

It is in general not possible to compute exactly the average of a function with respect
to the Gibbs measure dup in (2.5). This is mostly due to the fact that the variables
pos - .-, PN—1 and ro, . .., ry—1 are not independent with respect to the measure du r,
being constrained by the conditions ) ; r; =), pi = 0.

We will therefore proceed as in [29], by considering a new measure dir ¢ on the
extended phase space according to which all variables are independent. We will be able
to compute averages and correlations with respect to this measure, and estimate the error
derived by this approximation.

For any 6 € R, we define the measure djtr ¢ on the extended space RN x RN by

1
Zro(B)

where we define Zr ¢(B) as the normalizing constant of djtr 9. We denote the expecta-
tion of a function f with respect to du g g by (f)e. We also denote by

e~PHE®D 0TI T3 apar, 42)

dure =

£ :=/ 1f(P, O dprg.
RQN

If | fllo < oo we say that f € L>(duryg).

The measure du r g depends on the parameter 6 € R and we fix it in such a way that
/ re =BV g = 0. (4.3)
R

Following [29], it is not difficult to prove that there exists Sy > 0 and a compact set
7 C R such that for any 8 > By, there exists 8 = 6(8) € Z for which (4.3) holds true.
We remark that (4.3) is equivalent to require that (r | >9 =0for j=0,...,N—1and

as a consequence <Z§V=_01 rj )9 = 0. We observe that <Z§-V=_01 r j) = 0 with respect to the

measure dug.
The main reason for introducing the measure duu ¢ is that it approximates averages
with respect to du r as the following result shows.

Lemma 4.1. Fix ,E > Oand let f: RN x RN — R have support of size K (according
to Definition 3.11) and finite second order moment with respect to du g g, uniformly for
all B > B. Then there exist positive constants C, No and B such that for all N > N,
B > max{po, B} one has

[F) = (Pl = 3172, = 13 (4.4)
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The above lemma is an extension to the periodic case of a result from [29], and we
shall prove it in “Appendix C”. As an example of applications of Lemma 4.1, we give a
bound to correlations functions.

Lemma 4.2. Fix K € N. Let f, g: RN x RN — C such that :

1. f.gand fg € L*(dr,p),
2. the supports of f and g have size at most K € N.

Then there exist C, Ng, Bo > 0 such that for all N > Ny, B > Po

CK
I(fg) = (f) (&)l =2[lfllo llglle + T(Ilflla lgllo + ||fg||9)~ (4.5)

Moreover, if f and g have disjoint supports, then

CK
1(£8) = (/) ()1 = = (11£1la Ngllo +11£&1lo)- (4.6)

Proof. We substitute the measure dur with diur ¢ and then we control the error by
using Lemma 4.1. With this idea, we write

(fg) —(f)(g) =(fg) — (& “4.7)
+(f8lg — (flo (8o (4.8)
+(fo (8)e — (f) (g) . (4.9)
and estimate the different terms. We will often use the inequality
(Yol < I fllo (4.10)

valid for any function f € L%(du F.0)-
ESTIMATE OF (4.7): By Lemma 4.1, and the assumption that fg depends on at most 2K

variables,
2K C'K
|<fg)—<fg)9|SCW\/((ng)@—(fg)%S ~ I ele

ESTIMATE OF (4.8): By Cauchy-Schwartz and (4.10) we have
[(fgde — (Flg (&)e| <21 feligle - (4.11)
ESTIMATE OF (4.9): We decompose further

(flo (8o — (f)(8) =(8)o ({(flo — () + ((g)o — (&) (o
+((g)e — () ((F) = (Fa) »

again by Lemma 4.1 and (4.10) we obtain

K
[(f)o (8)g — (f) ()] < Cligllol fle -

Combining the three bounds above and redefining C = max{C, C’} one obtains (4.5).
To prove (4.6) it is sufficient to observe that if f and g have disjoint supports, then
(fg)e = (f)o (8)e and consequently (4.8) is equal to zero. O
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In order to make Lemma 4.2 effective we need to show how to compute averages
according to the measure (4.2).

Lemma 4.3. There exists By > 0 such that for any B > Py, the following holds true.
For any fixed multi-index k,1,n, s € N(})V and d,d’ € {0, 1,2}, there are two constants

C]((ll) € R and Clizl) > 0 such that

(2)

i e O e G
T;ns<p“r' (/ e " r(l—é)zdé) (/ e 5 ‘(1—5)3@) > <
’BT 0 0 ﬁT

0

kj [
where p¥ = ]_[j-vzl p; and o =TT, /. Moreover:

=17
() if ki is odd for some i then C\| = C\7} = 0;
(ii) if ki, I; are even for all i then C\) > 0.

The lemma is proved in “Appendix B”.

Remark 4.4. Actually all the results of this section hold true (with different constants)
also when we endow M with the Gibbs measure of the Toda chain in (2.25) and we use
as approximating measure

1
Zr0(B)

here 0 is selected in such a way that

o~ BHT D) ,~0 X1 dpdr; 4.12)

durg ==

/ re 0r=BVr() qp = 0. (4.13)
R

We show in “Appendix B” that it is always possible to choose 6 to fulfill (4.13) (see
Lemma B.1) and we also prove Lemma 4.3 for Toda. In “Appendix C” we prove Lemma
4.1 for the Toda chain.

5. Bounds on the Variance

In this section we prove upper and lower bounds on the variance of the quantities relevant
to prove our main theorems.

5.1. Upper bounds on the variance of J™ along the flow of FPUT. In this subsection
we only consider the case M endowed by the FPUT Gibbs measure. We denote by
JM (@) = J0m o ¢>}_1F the Toda integral computed along the Hamiltonian flow ¢§1F of
the FPUT Hamiltonian. The aim is to prove the following result:

Proposition 5.1. Fix m € N. There exist Ny, Bo, Co, C1 > 0 such that for any N > N,
B > Po, one has

2 ©-1> Cr\ o,



Adiabatic Invariants for the FPUT and Toda Chain in the Thermodynamic Limit 829

Proof. As explained in the introduction, applying formula (2.30) we get

O';(m)([)_](m)(o) =< <{J(m)7 HF}2> tz, VvVt € R. (52)

Therefore we need to bound ({J m) H p}2>. For the purpose we rewrite this term in a
more convenient form. Since (-) is an invariant measure with respect to the Hamiltonian
flow of Hp, one has

<{J<'">, HF}> —o. (5.3)
Furthermore, since J ™ is an integral of motion of the Toda Hamiltonian H7, we have
{J(’"), HT} —0. (5.4)

We apply identities (5.3) and (5.4) to write
2 2 2
<{J<'">, HF} >= <{J(’"), Hp — HT} >—<{J<m>, Hp — HT}> . (55)

The above expression enables us to exploit the fact that the FPUT system is a fourth
order perturbation of the Toda chain. To proceed with the proof we need the following
technical result. O
Lemma 5.2. One has

N
(m) _ _ (m)
(J", Hp — Hry =Y H", (5.6)
j=1

where the functions H;m) fulfill

@) H;m) =381 Hl(m) Vj, moreover the diameter of the support of H;m) is at most m;
(i1) there exist Ny, By, C, C' > Osuchthatforany N > Ny, B > Bo,anyi, j =1,..., N,
the following estimates hold true:

1/2 4 \ /2
b-1D> ©-D* C
IH{™ g < C (T t55) IH" H™ g < C S tgu)
(5.7)
The proof of the lemma is postponed at the end of the subsection.

We are now ready to finish the proof of Proposition 5.1. Substituting (5.6) in (5.5) we
obtain

o o I

.. 2\ . . . .
Therefore estimating <{J m H F} > is equivalent to estimate the correlations between

Hi(m) and H;m). Exploiting Lemma 4.2 and observing that if d(i, j) > m then Hi(m)

and H;m) have disjoint supports (see Lemma 5.2 (i) and (3.14)), we get that there are
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positive constants that for convenience we still call C and C’, such that VN, 8 large

enough
2 /
(m) 7 (m) m)\ [ gy (m) ob-D" C .
‘(H,.’" Hjm>—<Him><HJm >‘5c< G tgs) Vi (5.9)
C[([-1?2
(mmH™) = () )] < < C=DT O vijiai ) s m.
J J N /34 135
(5.10)
From (5.8) we split the sum in two terms:
2
(m) gy(m) (m) (m)
(fom )= 5 () - )
ad, j)=m
L2 [l )
dd,j)>m
We now apply estimates (5.9), (5.10) to get
2 —1)2 / _1)\2 l
{J(m)’HF} <NC b-1 C N2C b-=1 +£
- B /35 AN
b-1?2 C
< NG, (—( - +ﬂ—§) (5.11)
for some positive constants Cy and Cs. O

5.1.1. Proof of Lemma 5.2 We start by writing the Poisson bracket {J "), Hr — Hr} in
an explicit form. First we observe that for any 1 < m < N one has from (2.12)

9J 1 9Tr(L™)
opj—1  m 9pj_1

JdL _
=Tr <L’”‘la—) =—[L" ", = —h;.’” D (5.12)
Pj—1

forall j =1, ..., N.Inthe above relation h;mil)

Toda integral defined in (3.2).
Next we observe that

is the generating function of the m — 1

N-—1
Hp(p, @) — Hr(p. @) = Y _ R(gjs1 —q)),
j=0
2 3 4
X X
R(x) =" -2 4+p — —1+x). 5.13
(x) "6 ! (e x) (5.13)
This implies also that
N
{100, by — tr) = 30" . @) (R'Gj-2) = R(o0)
j=1
N (5.14)

=G g~ h0.0) (R -2 — Ro)

=1

~.
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where, to obtain the second identity, we are using that hﬁmi D (0, 0)isby (3.15)and (3.21)
a constant independent from j and the second term in the last relation is a telescopic
sum. Define

H" = (hi.’"*”(p, r) — a1, 0)) (R'(rj—2) = R'(rj—)), j=1,...,N;
(5.15)

then item (i) of Lemma 5.2 follows because clearly H/(m) =S, H l(m). Furthermore,

since h;m_l) has diameter bounded by m — 1, the same property applies to H;m).
To prove item (ii) we start by expanding R’(r i—1) — R'(r j) in Taylor series with
integral remainder. Since

B 4 1
Ri(x) = ux%% / 5 (1 — £)%dE |
0

6
we get that
R~ R =222 s+ eswam, 616)
where explicitly
Ya(r) i=ry_ — 13, (5.17)
Ya(r) = ry_ /0 L1 - pylas - ro /0 L £)%ds . (5.18)

Combining (3.21) with (5.16) we rewrite H}m) in (5.15) in the form

Si—1
H" = 2 (0" + 68" + 02 (0= Dus+vs) )

where (pﬁ.m), j =0,1, 2, are defined in (3.21). Thus the squared L? norm of H j is given
by (we suppress the superscript to simplify the notation)

151 = 5200~ D > (WBocer) + (Viems (23 +2014202)) ) (5.19)

0,0'=1
b—1, ¢
BT (MX/_:] (3w w0 0e)o + (W3 Vag=3 (923 + 201 +2(p2))9> (5.20)
1 & 1,
" 36 ”Z; <'ﬁ4 e W>9 " 36 <‘ﬁ4 923 (9=3 + 201 + 2</>2)>9 : (5.21)

Consider now the terms in (5.19); by (3.24), (3.22) and (5.17), we know that each element
is a linear combinations of functions of the form

1
pk rl (/(; e—SnTr(l _ E)ng)

d d

1
(/ e 8T — g)3dg> , (5.22)
0
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with K| + 1] > 6+£2+¢ > 8,d,d € {0,1,2}. The number of these functions and
their coefficients are independent from N (see Lemma 3.7). By Lemma 4.3 it follows
that there exists a constant C > 0, depending only on m, such that

Ith.s. of (5.19)] < C (b — 1) 74 (5.23)

Analogously, line (5.20) is a linear combination of functions of the form (5.22) with
K|+ 1] >9,d,d {0, 1,2}. Applying Lemma 4.3 we get the estimate

1(520) < C' b — 1| 722 (5.24)

for some constant C’ > 0. In a similar way the expression (5.21) is a linear combination
of functions of the form (5.22) with |K| + 1] > 10, d,d’ € {0, 1, 2}. Applying Lemma
4.3 we get the estimate

(521 < C" B3, (5.25)

for some constant C” > 0. Combining (5.23), (5.24) and (5.25) we obtain estimate (5.7)
for ||Hj|lg. The estimate for ||Hi(m) H ng) lp can be proved in an analogous way. O

5.2. Lower bounds on the variance of m-admissible functions. Fromnow on we consider
M endowed with either the FPUT or the Toda Gibbs measure; the following result holds
in both cases.

Proposition 5.3. Fix m € N, let G be an m-admissible function of the first or second
kind (see Definition 3.8). There exist Ny, fo, C > 0 such that for any N > Ny, B > Po,
one has

N
o =(6% -6 = Cor (5.26)
Proof. We first prove (5.26) when G = G| = pTG r where G| is a circulant, symmetric

matrix represented by the m-admissible vector a € RY. We now make the change of
coordinates (p, r) = (Hp, Hr) which diagonalizes the matrix G; (see (3.17)), getting

N—1
Gi®.D) = VN Y &)

Jj=0
So we have just to compute
N-1 N-1 2
oG, = N< > E,mjmﬂ-> ~-N < ?;ﬁj?j> (5.27)
i,j=0 j=0
N-1 2
_Nzgjgl p]pl </r\zr] Zg] Pj rj s
i,j=0

where we used that pj t Pk 7 T ; are random variables independent from each other.
We notice that py, pa, ..., py—1 are i.i.d. Gaussian random variable with variance

B, o = 0 (see (2.1)), so that we have (p;) = O and (p; pi) = % ij=1,...,N—1
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(remark that this holds true both for the FPUT and Toda’s potentials as the p-variables
have the same distributions).
As a consequence, (5.27) becomes:

=gz 2 (7) = 5 (FrHoine) = 5 (i), (5.28)

Since G is circulant symmetric matrix so is Q% and its representing vectorisd := g g.

2
Next we remark that the identity <(Z§\’:01 r j) > = 0 implies

1 2 . .
(rjri>—_—N 1 <r0>, Vi #j.
Applying this property to (5.28) we get

N-1

O’Gl = Z d r]r]+1 = ﬁ<rg>d()+ l Zd[ <rjrj+1>
P ’ a
1
- L) (- 5 ) 529

1#0

By Lemmas 4.1 and 4.3 we have that, for N sufficiently large, (r3) > ¢p~". Finally,
since the vectors g, d are m-admissible and 2m-admissible respectively we have that

m
do=@+Qo=Y g >=cm. Y. di=Y d<Cp, (5.30)

=0 10 10

for some constants ¢,, > 0 and C,,, > 0. Plugging (5.30) into (5.29) we obtain (5.26)
for the case of m-admissible functions of the first kind.

For the case of admissible functions of the second kind, one has G, = pTGop+rTGor
with G, circulant, symmetric and represented by an m-admissible vector. Since p and r
are independent random variables one gets

0G, = OpTGap+rTGor = OpTGap + OrTGor = OpTGop-
Then arguing as in the previous case one gets (5.26). O

By applying Proposition 5.3 to the quantity Jz(m) that is an m-admissible function of the
first or second kind depending on the parity of m, we obtain the following result.

Corollary 5.4. The quadratic part Jz(m) of the Taylor expansion of the Toda integral
J™ near (p,r) = (0, 0) satisfies

N
E )

o2 >C

o (5.31)

for some constant C > Q.
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In a similar way we obtain a lower bound on the reminder Jg) of the Taylor expansion
of the Toda integral J near p = 0 and r = 0.

Lemma 5.5. Fix m € N. There exist Ny, Bo, C > 0 such that for any N > Ny, 8 > Po,
one has

N
02 < C—. (5.32)
I3 B
Proof. Recall from Lemma 3.7 that JS;) is a cyclic function generated by Z(lm) =

%(p(;';) . Thus, denoting h&m) =S8 1%&’"), we have Jfg) = Z}V:] 715’") and its variance
is given by

N
2 7(m) 7(m) Tm)\ [7(m)
DY <hl.'” R )- <hl.’" ><h o ) (5.33)
i,j=1
We can bound the correlations in (5.33) exploiting Lemma 4.2, provide we estimate
first the L?(dur.9) and L>(dur.9) norms of h}m) and h;m)hgm). Proceeding with the
same arguments as in Lemma 5.2, one proves that there exists C > 0 such that for any
N > No, B > Po.
R lg < CB=2, ™ RS g < CB. (5.34)

By Lemma 3.7, the function 715'") has diameter at most m, so in particular if d(i, j) > m,

the functions El(m) and Eim) have disjoint supports (recall (3.14)).
We are now in position to apply Lemma 4.2 and obtain

‘(Egm)ﬁﬁ'm)_<ﬁ§m)><ﬁgm)>‘ << Vi, j (5.35)

= E’
(AR = () ()| < ]\gy Vi jid, j)>m,  (5.36)

for some constant C’ > 0. Thus we split the variance in (5.33) in two parts
2 _ 7 (m) 7(m) 7m)\ [7-(m) 7 m) 7 (m) 7(m)\ [7-(m)
Gom X R-EEE) e 3 )
= d(i,j)<m dad,j)>m
and apply estimates (5.35), (5.36) to get (5.32). |
Combining Corollary 5.4 and Lemma 5.5 we arrive to the following crucial proposition.

Proposition 5.6. Fix m € N. There exist Ny, Bo, C > 0 such that for any N > N,
B > Po, one has

N

T = CF. (5.37)

Proof. By Lemma 3.7, we write J© = J" + 2\ + " with J{™ constant. By
Corollary 5.4 and Lemma 5.5 we deduce that for N and B large enough,

- - /N o c
Ty =0y Z Oy = 0y = =g \VCT = [

which leads immediately to the claimed estimate (5.37). |
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6. Proof of the Main Results

In this section we give the proofs of the main theorems of our paper.

6.1. Proof of Theorem 2.1. The proof is a straightforward application of Proposition 5.1
and 5.6. Having fixed m € N, we apply (2.29) with & = J and A = §; to get

|b—1|2+C1)t2
@ T
B B>) &

from which one deduces the the statement of Theorem 2.1.

P( ‘J(m)(t) — J(m)(o)‘ = 510'1011)(0)) < Co ( 6.1

6.2. Proof of Theorem 2.5 and Theorem 2.6. The proofs of Theorems 2.5 and 2.6 are
quite similar and we develop them at the same time. As in the proof of Theorem 2.1, the
first step is to use Chebyshev inequality to bound

2
1 04—
P(P(1) — @] > hoo) < —5 —9—7 (6.2)
A (oS

where the time evolution is intended with respect to the FPUT flow ¢%. or the Toda flow
@' Accordingly, the probability is calculated with respect to the FPUT Gibbs measure
(2.5) or the Toda Gibbs measure (2.25).

Next we observe that the quantity @ := Z?]:_]l g, Ej defined in (2.22) can be written
in the form

N—1 N—1
1 1
O(p,r)= ) gEi=—+= 1 (pjpju+rjrjsr) = Ga(p.r), (6.3)
P j;g] J 2\/NNZ_08 (PJPJ+ J J+) 2N P

where g € RY is a m-admissible vector and G>(p, r) is a m-admissible function of the
second kind, as in Definition 3.8. As the inequality (2.29) is scaling invariant, proving
(6.2) is equivalent to obtain that

2
1 96—,
22 g2

P (IG2(t) — G2| > rog,) <
O'G2

(6.4)

Applying Proposition 5.3 we can estimate 0(2;2. We are then left to give an upper bound

to 0(2;2 ()—Ga" By Lemma 3.10, there exists a unique sequence {c j};f’;ol, with max; |c;|

independent from N, such that G (p, r) = ;%:—01 Cl J2(21+2), where J2(21+2) are defined

in (3.24). Hence we bound
m—1
0G,(1)—G(0) < Z [ 012(2/+2)(t)_J2(21+2>(0).
1=0

Next we interpolate Jz(y) with the integrals J?? and exploit the fact that they are
adiabatic invariants for the FPUT flow and integrals of motion for the Toda flow. More
precisely

012(21)0)712(21)(0) < UJ2(21>(I)7J(21)(0 + GJ(2I>(0)—JZ<21)(0) (6.5)



836 T. Grava, A. Maspero, G. Mazzuca, A. Ponno

+ 00— g2 (6.6)

By the invariance of the two measures with respect to their corresponding flow and
Lemma 5.5, we get both for FPUT and Toda the estimate

é]N

?, (6.7)

= = <
012(2[)(t)_J(21)(t) 512(20(0)_1(21)(0) 0423!) =

for some constant C 1 > 0and for 8 > Bpand N > Ny. As (6.6) is zero for the Toda
flow (being J @D (1) constant along the flow), we get

CIN
2

Garogy—Go = g3 ©.8)
for some constant C; > 0 and for § > By and N > Ny. Combing Proposition 5.3 with
(6.8) we conclude that

P (|G2 O¢;~ — G2| > 510(;2) < V8 > 0, (6.9)

Ci
828’
namely we have concluded the proof of Theorem 2.6.

We are left to estimate (6.6) for FPUT, but this is exactly the quantity bounded in
Proposition 5.1. We conclude that

CIN b—1?* C
2 ! | | 2)1‘2, (6.10)

UGZ°¢5:—GZ < —‘33 +C3N (—ﬂ4 + E

for some constant C; > 0, j = 1,2, 3 and for 8 > By and N > No.
Combing Proposition 5.3 with (6.10) we obtain

Ci Ci(lb-17
P(|G20¢;—~—G2|>)\.O'GZ)SW+F<T+F lz. (611)

Choosing . = 7% with0 < ¢ < }‘, (6.11) is equivalent to

c
P(|Gzo¢; —Gy| > ‘;?) < ﬂ—zlg (6.12)

for some redefine constant C; > 0 and for every time ¢ fulfilling (2.24).
We have thus concluded the proof of Theorem 2.5.
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A. Proof of Lemma 3.7

In order to prove Lemma 3.7 we describe more specifically the Toda integrals and
characterize their quadratic parts. Equation (3.15) follows by the explicit expression of

h(].m) in (3.2), as the coefficients o™ (n, k) do not depend on the index j. We recall that
hgm) takes the form

him)(p’ r) = Z (_1)|k|p(m)(na k) pke—nTr i
(k,n)e Alm
with

suppk, suppn C B,%(O) = {j:d0, j) <m)}, K| +2n| = m.

In particular it is clear that h%m) has diameter 2m < m.
Now we Taylor expand around r = 0 the exponential with integral remainder:

1 T)3 1
e_“Trzl—nTr+§(nTr)2+(n;) / ¢ (1 — 5)2 ds
0

and we substitute it in hgm), obtaining an expansion of the form:

e =Y DM ok
(k,n)e Am

1 Tr)3 1
p* (1 —n'r+ E(nTr)2 + % /0 e (1 — 5)? ds) )

We can rewrite the above expression in the form

(m)

0.0~

+o" @)+ .1+l (1)

where (pém), ¢ =0, 1,2, are the Taylor polynomials at (p, r) = (0, 0). Their explicit
expressions read

(p(()m) = Z »™(m,0), (p{m) =— Z p"™ (1, 0)nTr — Z o™ (n, K)p,
((),n)EA"”) ((),n)EA(”’) (k.n‘}(e‘f}(”’)
(m) (m) (nTr)? (m) k. T (m) k
= 3 "m0 =+ 3 p™mkptaTr 3T o™ kop.
(0,n)e A(M) (k,me A(m) (k,me A(m)

lk|=1 lk|=2
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We deduce from these explicit formulas that if m is odd then (p(()m) = 0 as well as the first

sum defining (p{m) and the first and last one defining cpém). Indeed the sums are carried

on an empty set. If m is even the second sum defining <p§m) and the second one defining

<p§m) are zero for the same reason. Concerning gogg) , it has a zero of order greater than

3 in the variables (p, r), and it has the form
(m

ey = > (=HMp™m k)

(k,n)e A(m)
|k|=3

1 T3 1
P (1—nTr+ s@me?+ O [ g 204
2 2/

These, together with the explicit formula of ™ (n, K), prove (3.21).
It is easy to see that defining

| Nl | Nl
(m) . (m) (m) . (m)
Jom = Z Sj@om ) Jlm = 2 :Sj%m )
m 4 m “
=0 =0
1

=z <

Sjed,

Sl

N—-1
1
(m) _ ) m) . _
Jy ._EZS]% N
j=0

~
Il
(=]

we immediately get that
T = g+ " 1 g
Clearly Jém) it is a constant that is zero for m odd; moreover thanks to the boundary

condition (2.4) and the linearity of J ](m) we have that J l(m) = 0. Further, Jgg) is clearly

a cyclic function. In order to get (3.24) and (3.25) for J2(m) we have to split the proof in
two different cases.

Case m odd. In this case thanks to the property of gogm), the definition of Jz(m) and (3.20)
we get that there exists a cyclic and symmetric matrix B such that:

J2(m) =pTB™r.

Moreover since the diam(k), diam(n) defining goém) are at most 7 (see Remark 3.4) we
have that the vector b representing the matrix B is m-admissible and from (3.4)
we have that b;m) = b%”lj are positive integers forall j =0, ..., .

Case m even. As before there exist two matrices A”, D™ represented by m-admissible
vectors such that:

Jz(m) =pTA™p+rTDMr, a,(cm) = a%"_)k eN, d,((m) = d%"_)k eN, 0<k<nm.

We have just to prove that the two matrices are equal; to do this we exploit the involution
property of the Toda integrals. Indeed we know that { JUD,J (k)} = 0, for any j, k. It
follows easily that also their quadratic parts must commute:

{7909 =0, vk (A1)
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To compute explicitly the Poisson bracket we change coordinates via the Hartley trans-
form (2.18) getting that:

J(m) x/_Zajp]+d]] \/_Za]pj+d]wqj,
2
]() ZPJJ"‘)‘IJ’

where w; = 2sin (rr ﬁ) As the Hartley transform is a symplectic map, by (A.1) we
get

=

-
0={s2 5" =VN Y o2 @ - d) 5id;. (A2)
1

.
Il

which implies that a; = c/l\] for all j # 0. To prove that also ay = c/i\o we come back to
the original variables getting that:

| e, ” ”
5’") \/—_'a\ \/—_ ; (cos (27r %) + sin (271%)) ,
V.
1 . ik jk
d;m) fdo +— f kz <cos (2nﬁ> +sin (Zn'ﬁ)) ,
This means that a(m) d(m) = 50%30 forall j =0,..., N — 1. Since a™, a"™ are

m-admissible it follows that ar(:' +)1 = d(m)1 = 0 so that

a—do _ _om _ g

«/ﬁ m+l1 m+1

:0’

which proves the statement.

B. Proof of Lemma 4.3

We prove the lemma for both the FPUT and Toda measure.
First of all we observe that for d, v =2, 3:

H min (e dnjrj 1) (/ 7§"Tr(1—§)vd$)d < % H max (eid”/r/,l). (B.1)

/eSuppn Jj€Suppn

This means that we have actually to prove that for any fixed multi-index k, 1, n € N{)V
there exist two constants Clﬁll) € Rand C1(<21 > 0 such that:

<pkr] 1_[ min (e—n/-r_,-’ 1)> > C(l)ﬁ \k\+|l ’ (BZ)
0

Jj€Suppn
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—nar _ K[+
<pkrl 1_[ max (e, 1)> < Cl({zl),B T, (B.3)
Jj€Suppn 0

Moreover since for the two measures ditr g, diir ¢ all p and r are independent random
variables and moreover the p; are independent and normally distributed according to

N, B~1y, it follows

<pkrl 1_[ min (e_”-fr/, 1)> = <pk>9 <rl 1_[ min (e_”-/'r-f, 1)> (B.4)

Jj€Suppn Jj€Suppn 0
k_ 1 7n/-r_,- :< k> 1 7n_,-r_,'
<p r | 1_[ max (e ,1)> pe) (T | 1_[ max (e ,1) (B.5)
Jj€Suppn 0 Jj€Suppn 0
where

(k; — D!
——, kjal

R s L Y

i 0

0, some k; odd

Here k!! denotes the double factorial. Instead the distribution of the r; is different for
the two measures, so we need to calculate it separately for the FPUT and Toda chain.

FPUT chain. Let’s start considering <rl min (e_'”, 1))0:

Jr- rle_er_ﬂ(éJ'%er%)dr + Jre rle*’”e_er_ﬂ(éJ'%SJf%)dr

0 fR e—é‘r—ﬁ(%+§+%)dr

<r1 min (e_’”, 1)>

(2 g b (2
_1 fR, rle” V8" (2+3ﬁ+“f‘)dr+jﬁvrle VB e VR (2+3~/7‘+4f‘)dr

2 3

)
fe (5 g,

B.7)

Since for g large enough () is uniformly bounded, it follows that there is a positive
constant C; such that:

(rl min (e, 1))0 > (—1)1%. (B.8)

,32

We notice that if [ is even then the right end side of (B.8) is positive. The proof for
(r' max (e="", 1)), follows in the same way so we get the claim for the FPUT chain. O
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Toda chain. For the Toda chain the computation is a little bit more involved, so we
prefer to split it in different parts.

Lemma B.1. Consider the measure 4.2, then there exists a fo > 0 such that for all
B > Po there exists 0 = 0(B) € [1/3, 2] such that

0 k=1

<"§>9 - 0(%) k£1" (B.9)
g2

Proof. First we prove that, for any B large enough, we can chose () in a compact
interval Z such that (r;), = 0. We notice that:

35 fR e~ O+Br=pe™" g,

K\ _ 4k
<r >9 =D fR e—O+p)r—Pe " qp
[(8+6
(e~ =x) i Ok [n x0+P=1e=Prdx i ag% 510
- fR+ 0B—Tp—Bxdy F(g(—;e) ’ :
where I'(z) is the usual Gamma function and we used the following equality:
/Ootzfle”"dt _Ia
0 xz
In the case k = 1 one obtains
'@ +p)
=1 - B.11
(r)p =log(B) NCIY) (B.11)
'(2)

Introducing the digamma function ¥ (z) =

T [28]and using the inequality

1 1
logx — — <y¢(x) <logx — —, Vx > 0,
X 2x

it is easy to show that there exists o > 0 such that V8 > B, one has

1 1 1
v (5+0) <100 (5+0) - gy < 1on?

and

1
V(2+p) =log(2+p) — 78 > logB.

Since x +— ¥ (x) is continuous on (1, +00), by the intermediate value theorem there
exists 8(B) € [1/3, 2] fulfilling ¥ (6 + B) = log B which implies by (B.11) that

r'e+p)

rily =log(h) — o7 =

(B.12)
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We will prove the remaining part of the claim by induction; (B.10) leads in the case
k =2 to:

0 / _
<r2>9 B, (F ©+8) ln(ﬁ)F(0+ﬁ)>

re+p" pe
B’ B’

= rorn® (F(e 5 VO P - ln(ﬂ))> (B.13)

=(rj)y W @+p) =B +y @ +p)

=y D@ +p),
where 1) is the sth polygamma function defined as ¢ (z) := & lﬁ(z) .Forx e Rit
has the following expansion as x — +00:

PO~ it S E B (B.14)

k=0

where Bj are the Bernoulli number of the second kind. Therefore

(), =v om0 (5).

So the first inductive step is proved. Next suppose the statement true for k£ and let us
prove it for k + 1.

<rk+1> — (o ot (F(9 +B) — ln(ﬂ)F(9+ﬂ))
B r(9+/3)

6
— (_1)k+l a ( IB
F(9 +B) " l"(6’ +p)

k+1 k
=& F(e /3>39

W@ +p) - ln(ﬂ)))

(W (6 +p) —In(B)) (B.15)

@+ /3))
k k ’39

k+1 k n n
Heb F(9+ﬁ)n§<n> (F(mﬂ))a”’(g”g)

—0+ Z <z>(—1)n+1 <rk_”>0 WY@ +p) =0 (ﬂ%) :
n=1 2

where we used (B.12) and (B.14). O
We are now ready to prove the last part of Lemma 4.3 for the Toda chain:
fR* rle—(9+ﬁ)r—ﬂe_’ dr + ./R* rle—(9+/3—n)r—ﬂe_'dr
fR e~f0r—Be"dr
fR+ rle—(0+ﬁ)r—ﬁe_’dr
Jp e @Pr—Be dr

<rl max(1, e_”’)>6 =
(B.16)

The last integral can be estimated in the same way as in the previous lemma, moreover
the lower bound follows in the same way, so we get the claim also for the Toda chain. O
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C. Measure Approximation

In this section we show how to approximate the measure du, in which the variables
are constrained, with the measure dug, where all variables are independent. The proof
follows the construction of [29] (where it is done for Dirichlet boundary conditions)
which applies both to the Gibbs measure of FPUT (2.5) and Toda (2.25). To simplify
the construction we consider a general potential V: R — R and make the following
assumptions:

(V1) There exist By > 0 and a compact interval Z C R such that for any § > By, there
exists & = 0(B) € 7 such that

/ re PV dr = 0. (C.1)
R
(V2) There exist 8y, C1, C2 > 0 such that for any 8 > B, with & = 0(B) of (V1), one
has
Ci k —0r—BV(r) C2 _
,3k/2</R|r| e dr<ﬁk/2, k=0,...,4. (C2)

In particular the moments up to order 4 are finite.
(V3) There exists Bg > 0 such that VB > g, with & = 6(8) of (V1), one has

inf |6r + BV (r)| > —o0, (C.3)
reR

namely the function r — 6r + BV (r) is bounded from below.
Both the FPUT potential Vr(x) and the Toda potential V7 (x) satisfy the assumptions
(V1)—(V3) by the results of “Appendix B”.
We define the constraint measure d" on the restricted phase space M as
v LS I RS S e
du ;:Z (ﬂ)e =172 ¢ j=1"Vil s er:() ) ijzo dpdr,
14 . -

J J
(C4)

and the unconstrained measure d,ug on the extended phase space RV x RV as
duy = ! e P Yirin e BIIVED =017 dpdr; (C.5)
Zyo(B)

as usual Zy (B) and Zy ¢(B) are the normalizing constants of duV, d,ug respectively.
We denote the expectation of f with respect to the measure du" as (f )y and with
respect to the measure d,u,g as (flyo-

1/2
We also denote by || flv.¢ := < f 2>V . the L? norm of f with respect to the measure

dug .

The main result is the following one:
Theorem C.1. Assume that (V1)~(V3) hold true. Fix K € N and assume that f: RN x
RN — R have support of size K (according to definition 3.11) and finite second order
moment with respect to d,u;/ . Then there exist C, No and Bo such that for all N > Ny,
B > Bo one has

K

[Py = vl = CG\ e = DT (C6)
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C.1. Proof of Theorem C.1. Introduce the structure function

Qn(x) = / e PIIVED Gy dxy.  Vx €R. (C.7)

X1+ X y=x

The important remark is that Q2 (x) is N-times the convolution of the function e AV
with itself thus it is the density function of the sum of N iid random variables distributed
—BV(x)
ase
Next, for 8 € R, we define the conjugate distribution

1 o _ —BV (x)—6x
U (x) = X Qn@),  ze(B) .:/Re BYM=0x gy (C.8)

As before, we remark that U 1(\,9 )(x) it is N-times the convolution of the function

e~ BV O=0% with itself thus it is the density function of the sum of N iid random variables
{Y,fg) (B)}1<n<n distributed as

1
YOB) ~ Y = — e PV 0 gy (C.9)
" 2()
moreover thanks to (C.1) we know that (Y @) = 0.
N
1
The central limit theorem says that the rescaled random variable —— Z Y,f(’) B
n=1
converges in distribution to a normal A/(0, 1). We want to apply a more refined version
of this result, called local central limit theorem, which describes the asymptotic of this
convergence.
In particular we will use a local central theorem whose proof can be found in [34,
Theorem VII.15]; to state it, we first define the functions

ka
Vd+2
av(x) = J_ ZH,+zs<x)Hk,(W> (C.10)

B(v)

where H; is the j-th Hermite polynomial, y; is the d-th cumulant! of ¥, A (B), and B(v)
is the set of all non-negative integer solutions ki, . . ., k, of the equalities k1 +2ky +- - - +
vk, =v,ands =k; +ky+---+ky.

Theorem C.2. (Local central limit) Let {X,} be a sequence of iid variables such that

(1) Forany 1 <n < N, one has E[X,,] = 0.
(ii) There exists k > 3 such that E [|Xn|k] < +00 for all n. Moreover 6> := E [X%] > 0.

(iii) The random variable #ﬁ Zy]:jzl X, has a bounded density py (x).

Then there exists C > 0 such that

I 2 gy (x) C
Sllp pN(X) — Ee 2+ U/2 N(k D2’ (Cll)

where the q,,’s are defined in (C.10).

m

! We recall that yg = Y. ¢ (g d!(=1)"™1+d =1 Gny + .+ mg — DT, mz‘,x(’,ﬁ where o is the /th

moment of the random variable and C(d) is the set of all non-negative integer solution of ) _; Im; = d.
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Applying this theorem in case X, = Yn(e) (B) , one gets the following result:

Corollary C.3. Assume (VI1)—(V3). There exist Ny, Bo, C > 0 such that for all N > Ny,
B > Bo one has

- C
=N

1 x? 2. qu(x/oV/N)
——exp| — +
JrnaIN 57N ) * 2 N,

Proof. We verify that the assumptions of Theorem C.2 are met in case X, = Yn(e)(ﬁ ).
Item (i) and (i7) hold true thanks to assumptions (V1) and (V2), in particular (ii) is

U (x) - (C.12)

N
1
true with k = 4. To verify (iii), we note that —— E Y (9)(/3) has density given
y O"»\/ﬁ — n y g

by ovNU 1(\,9 ) (6+/Nx). This last function is N-times the convolution of go(r) =
e~0r=BV() By assumption (V3), gg € L>®(R) and by (V2) it belongs also to L' (R). So
Young’s convolution inequality implies that o /N U 1(\,9 )(O' V/Nx) is bounded uniformly
in x, hence (iii) of Theorem C.2 is verified.

We apply Theorem C.2 with py (x) = oNU 1(\? ) (6+/Nx), then rescale the variable x

to get (C.12). O
We study also the structure function
~ B N
On(E) = / e TEI=18 g L dey.
E1+..+En=§
and the normalized distribution
~ ~ B2
Un@) = ———x @nE), 7B :=/e_7§ dg. (C.13)
G R

We have the following result:

Lemma C4. Forany N > 1, any 8 > 0, one has

- 2
Uy () = p exp<—£>. (C.14)

2n N 2N

Proof. The function Uy is the N-times convolution of Gaussian functions of the form

Bg2 . . . . . . .
g&) =,/ % e~ 2%". Since convolution of Gaussians is a Gaussian whose variance is
the sum of the variances, (C.13) follows. |

We can finally prove Theorem C.1:
Proof of Theorem C.1. The proof follows closely [29]. We assume that f is supported

onl, ..., K, the other cases being analogous. Using that
Zy (B) = 2y (0) 2y (0),
and denoting p := (p1, ..., px) and T := (ry, ..., rg), we write
K S K
Qn-k (— > izt rj) Qn-k <— p By Pk)

RK xRK

~ du
Qw (0) S (0) a
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2
mem:wm<w2ﬁd%—ﬂzﬁﬂmﬁ}mﬁAmw@mmucmx

Qv k() Ul(flK(x) et Qy_k (&) _ ﬁz(vgll((g) 1
Qv P GeBNE Qv TP GeBNE

we write the difference (f)y — (f)y ¢ as

K
8_9 Z,‘:] rj

K GE)E @D

(v —=(flve = / f®.7)
(zo(

RK xRK
where
) K ~(6) K
UnyZg (_ Zj:l Vj) UnZk (‘ Zj:l Pj)

©) (= .
U ®.7) = ~ -1
U?(0) )

Now we use that

g_ngzlr/
OG5 dif = (1)y — 1)y = 0
Jot e ot g O B = e =

so that we can write the difference (f)y — (f)y ¢ as
e ? Zf:l T

(zo(BNK @ (BNK

Flv = (Flvs = / (F@D — (F)vo) vO @, ) dit

RK xRK

Using Cauchy-Schwartz we obtain that

Ay = (Fhvol 1= Fhvollvie ITPNv e,

so in order to prove (C.6) we are left to show that uniformly in N and g one has
K
10Plv.e = C- (C.15)

Using (C.12) and (C.14), we have that

ULk 0 OV &)
Uy ) 030

=

2
Next we use that |[e™*

a2 pe?
e 202(N-k) 20N-K) _

N N ( X )+ K
N2\ o /N=Kk) N-K

2 .. .
b* _ 1] < a® + b2, the explicit expression

2
- 3_3 V3
e 2 (x x)—603,

1
qi(x) = N
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the estimate % < C for some C independent of 8 (which follows by (C.2) as in our

o
case y3 < C,B*3/2), to obtain that there exists C > 0 such that VN > Ny, V8 > fo,

©) 77(0) 2 3
Uy ¢ X)) Uy 2 C ;
N(ef( : iv(ef(é) —Ii= _<K+ﬁ§2+£+x_2+x3_>'
Uy 0) Uy 0) N o o o°N
Substituting x = — Zle rj,§=-— Zf.(:l pj»and computing the L? norm (with respect

to d,ug ) of the terms in the r.h.s. of the last formula give the claimed estimate (C.15). O

D. Proof of Theorem 3.1

In this “Appendix” we prove Theorem 3.1. From the structure of the matrix Lax matrix
L in (2.11), we immediately get

[L"]j;(a,b) = Sj—1 ([L"]1(a, b)),

where S; is the shift defined in (3.7), thus we have to prove formula (3.2) just for the
case j = 1.

To accomplish this result we need to introduce the notion of super Motzkin path
and super Motzkin polynomial, that generalize the notion of Motzkin path and Motzkin
polynomial [33,38].

Definition D.1. A super Motzkin path p of size m is a path in the integer plane Ny x Z
from (0, 0) to (m, 0) where the permitted steps from (0, 0) are: the step up (1, 1), the
step down (1, —1) and the horizontal step (1, 0). A similar definition applies to all other
vertices of the path.

The set of all super Motzkin paths of size m will be denoted by s.M,,.

In order to introduce the super Motzkin polynomial associated to these paths we have
to define their weight. This is done in the following way: to each up step that occurs at
height k, i.e. it joins the points (/, k) and (I + 1, k + 1), we associate the weight ai, to a
down step that joins the points (/, k) and (I + 1, k — 1) we associate the weight ax_1, to
each horizontal step from (/, k) to (I + 1, k) we associate the weight by. Since k € Z, the
index of a; and by, are understood modulus N. At this point we can define the total weight
w(p) of a super Motzkin path p to be the product of weights of its individual steps. So it
is amonomial in the commuting variables (b, a) = (b_z;, ..., by, a—z, - . ., ai), where
m = |m/2]. We remark that the total weight do not characterize uniquely the path. We
are now ready to give the definition of Motzkin polynomial:

Definition D.2. The super Motzkin polynomial s P, (a, b) is the sum of all weight of
the elements of s M,,;:

sPaa.b)= Y w(p). (D.1)
pesMy,

We are now ready to relate the Toda integrals to the super Motzkin polynomial
sPy(a,b).
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Proposition D.3. Given the Lax matrix L in (2.11) then:

[L’"]Ll (a,b) = sP,(a,b) (D.2)
where the super Motzkin polynomial sPy(a,b) is defined in (D.1) and a; =
AjmodN> bj =bjmodN-

Proof. In general we have that:
[Lm]l,l = Z Ll’lejlij"'ijfl’l‘ (D3)
jeNm-1
To every element of the sum we associate the path with vertices
0,0, (L,Li—1), @ a=1,..c,@je—=1,....m=1,ju1—1), (m,0)
where

~ )k if j <m
K=o =N it ji = .

This is a super Motzkin path pj and we can associate the weight w(pj) as in the descrip-
tion above therefore we have

LijiLjj, - Lj,_y,1 = w(pj.

This is clearly a bijection. The sum of the weights of all possible super Motzkin paths,
is defined to be the super Motzkin polynomial s P, (a, b) and thus we get the claim. O

Proceeding as in [33, Proposition 1], we are able to prove the following result, which
together with Proposition D.3 proves Theorem 3.1:

Proposition D.4. The super Motzkin polynomial of size m is given explicitly as

sPa@b)y= > pmk) [] b} (D.4)

(n,k)e A i=—m
where A is the set

m
A0 . {(n, k) eNy x Ny > Qni+ki) =m,

- , (D.5)
Vi>0, nj=0=n41 =k =0,

Vi <0, ni+1=0:n,~=k,~=0}

where i = |m/2] and p™ (n, m) € N is given by

_ ki n_i+n i
(m)nk:=n1+n0+o 1+no
Pt = (") AR

i=—m

i1

(”i + il + ki1 — 1) (”i + il — 1) D.6)
kit1 N+l ' )
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Proof. For a give super Motzkin path p starting at (0, 0) and finishing at (0, m) let k;
be the number of horizontal steps at height i and let n; be the number of step up from
height i to i + 1. We remark the number 7; of step up from height i to i + 1 is equal to the
number of step down from i + 1 to i. We define the vectors kK = (k—j7, k—ji+1, - - -, ki)
andn = (n_j, n—z+1, - - -, N7) and we associate the product

m
2)‘1,‘ k,‘
1_[ a; 'b;'.
i=—m

Next we need to sum over all possible super Motzkin path p of length m connecting
(0, 0) to (0, m). Since the number of steps up is equal to the number of steps down, one
necessarily have

m
Z Qn; +kj)=m.
i=—m

Furthermore since the path is connected it follows that it is not possible to have a vertex
at height i + 1 without have a vertex at height i > 0 and the other way round if i < 0.
Therefore one has

Vi>0, n,=0=n;41 =kiy1 =0,
Vi <0, niz1=0=n; =k =0.

This proves the definition of the set A in (D.5). The final step of the proof is to
count the number of paths associated to the vectors kK = (k_j, k—ji+1, - .-, ki) and
n = (n_z,n—j+l, ..., N5). We want to show that this number is equal to ,o(m)(n, k).

A horizontal step at height i can occur just after a step up to height i, another horizontal
step at height i, or a step down to height i. This leaves a total of n; +n; different positions
at which a horizontal step at height i can occur. Since we have k; of horizontal steps, the
number of different configurations with these step counts is the number of ways to choose
k; elements from a set of cardinality n; +n;+] with repetitions allowed, i.e. ("i +"”kli+k" _1).

The number of different configurations with n; steps at heighti and n;4 atheighti +1
is given by the number of multi-sets of cardinality n;4; taken from a set of cardinality
n; and this number is equal to ("1™ h.

For the horizontal steps at height 0, they can also occur at the beginning of the path, this
increase the number of possible positions by 1, so the number of these configurations

with these steps counts is ("°+"k61+k°). In this way we have obtained the coefficient
o (n, K). O

References

1. Bambusi, D., Maspero, A.: Birkhoff coordinates for the Toda lattice in the limit of infinitely many particles
with an application to FPU. J. Funct. Anal. 270(5), 1818-1887 (2016)

2. Bambusi, D., Carati, A., Maiocchi, A., Maspero, A.: Some analytic results on the FPU paradox. In
Hamiltonian partial differential equations and applications, volume 75 of Fields Inst. Commun., pages
235-254. Fields Inst. Res. Math. Sci., Toronto, ON (2015)

3. Bambusi, D., Ponno, A.: On metastability in FPU. Commun. Math. Phys. 264(2), 539-561 (2006)

4. Benettin, G., Christodoulidi, H., Ponno, A.: The Fermi—Pasta—Ulam problem and its underlying integrable
dynamics. J. Stat. Phys. 152(2), 195-212 (2013)



850 T. Grava, A. Maspero, G. Mazzuca, A. Ponno

5. Benettin, G., Pasquali, S., Ponno, A.: The Fermi—Pasta-Ulam problem and its underlying integrable
dynamics: an approach through Lyapunov exponents. J. Stat. Phys. 171(4), 521-542 (2018)
6. Benettin, G., Ponno, A.: Time-scales to equipartition in the Fermi—Pasta—Ulam problem: finite-size effects
and thermodynamic limit. J. Stat. Phys. 144(4), 793-812 (2011)
7. Berchialla, L., Giorgilli, A., Paleari, S.: Exponentially long times to equipartition in the thermodynamic
limit. Phys. Lett. A 321(3), 167-172 (2004)
8. Carati, A.: An averaging theorem for Hamiltonian dynamical systems in the thermodynamic limit. J. Stat.
Phys. 128(4), 1057-1077 (2007)
9. Carati, A., Maiocchi, A.: Exponentially long stability times for a nonlinear lattice in the thermodynamic
limit. Commun. Math. Phys. 314(1), 129-161 (2010)
10. Christodoulidi, H., Efthymiopoulos, C.: Stages of dynamics in the Fermi—Pasta—Ulam system as probed
by the first Toda integral. Math. Eng. 1, mine-01-02-359 (2019)
11. Dubrovin, B.: On universality of critical behaviour in Hamiltonian PDEs. In: Buchstaber, V.M. (ed.)
Geometry, Topology and Mathematical Physics. American Mathematical Society Translation Series 2,
vol. 224, pp. 59-109. American Mathematical Society, Providence (2008)
12. Ferguson, W.E., Flaschka, H., McLaughlin, D.W.: Nonlinear normal modes for the Toda chain. J. Comput.
Phys. 45(2), 157-209 (1982)
13. Fermi, E., Pasta, P., Ulam, S.: Studies of nonlinear problems. Lect. Appl. Math. 15, 143-156 (1974)
14. Fermi, E., Pasta, P., Ulam, S., Tsingou, M.: Studies of nonlinear problem, I. Los Alamos technical report,
LA-1940 (1955). https://www.osti.gov/servlets/purl/4376203
15. Flaschka, H.: The Toda lattice II. Existence of integrals. Phys. Rev. B 9(4), 1924-1925 (1974)
16. Flaschka, H., McLaughlin, D.W.: Canonically conjugate variables for the Korteweg—de Vries equation
and the Toda lattice with periodic boundary conditions. Prog. Theor. Phys. 55(2), 438-456 (1976)
17. Fucito, E., Marchesoni, F., Marinari, E., Parisi, G., Peliti, L., Ruffo, S., Vulpiani, A.: Approach to equi-
librium in a chain of nonlinear oscillators. J. Phys. 43, 707-713 (1982)
18. Giorgilli, A., Paleari, S., Penati, T.: Extensive adiabatic invariants for nonlinear chains. J. Stat. Phys.
148(6), 1106-1134 (2012)
19. Giorgilli, A., Paleari, S., Penati, T.: An extensive adiabatic invariant for the Klein—-Gordon model in the
thermodynamic limit. Ann. Henri Poincaré 16(4), 897-959 (2015)
20. Goldfriend, T., Kurchan, J.: Equilibration of quasi-integrable systems. Phys. Rev. E 99, 022146 (2019)
21. Gray, R.: Toeplitz and circulant matrices: a review. Found. Trends Commun. Inf. Theory 2(3), 155-239
(2006)
22. Henon, M.: Integrals of the Toda lattice. Phys. Rev. B 3(9), 1921-1923 (1974)
23. Henrici, A., Kappeler, T.: Global action-angle variables for the periodic Toda lattice. Int. Math. Res. Not.
(11):Art ID rnn031, 52 (2008)
24. Henrici, A., Kappeler, T.: Global Birkhoff coordinates for the periodic Toda lattice. Nonlinearity 21(12),
2731-2758 (2008)
25. Henrici, A., Kappeler, T.: Results on normal forms for FPU chains. Commun. Math. Phys. 278(1), 145—
177 (2008)
26. Izrailev, F.,, Chirikov, B.: Statistical properties of a nonlinear string. Sov. Phys. Dokl. 11(1), 30-32 (1966)
27. Livi, R., Pettini, M., Ruffo, S., Sparpaglione, M., Vulpiani, A.: Relaxation to different stationary states
in the Fermi—Pasta—Ulam model. Phys. Rev. A 28, 3544-3552 (1983)
28. Luke, Y.: The Special Functions and Their Approximations, vol. I. Mathematics in Science and Engi-
neering, vol. 53. Academic Press, New York (1969)
29. Maiocchi, A., Bambusi, D., Carati, A.: An averaging theorem for FPU in the thermodynamic limit. J.
Stat. Phys. 155(2), 300-322 (2014)
30. Maiocchi, A.: Freezing of the optical-branch energy in a diatomic FPU chain. Commun. Math. Phys.
372(1), 91-117 (2019)
31. Manakov, S.: Complete integrability and stochastization of discrete dynamical systems. Sov. Phys. JETP
40(2), 543-555 (1974)
32. Onorato, M., Vozella, L., Proment, D., Lvov, Y.: Route to thermalization in the «-Fermi-Pasta—Ulam
system. Proc. Natl. Acad. Sci. 112, 4208-4213 (2015)
33. Oste, R., Van der Jeugt, J.: Motzkin paths, Motzkin polynomials and recurrence relations. Electron. J.
Comb. 22, 04 (2015)
34. Petrov, V.: Sums of Independent Random Variables. Springer, New York (1975)
35. Ponno, A., Christodoulidi, H., Skokos, C., Flach, S.: The two-stage dynamics in the Fermi—Pasta—Ulam
problem: from regular to diffusive behavior. Chaos 21(4), 043127 (2011)
36. Rink, B.: Symmetry and resonance in periodic FPU chains. Commun. Math. Phys. 218(3), 665-685
(2001)
37. Sawada, K., Kotera, T.: Toda lattice as an integrable system and the uniqueness of Toda’s potential. Prog.
Theor. Phys. Suppl. 59, 101-106 (1976)
38. Stanley, R.: Enumerative Combinatorics, vol. 1, 2nd edn. Cambridge University Press, New York (2011)


https://www.osti.gov/servlets/purl/4376203

Adiabatic Invariants for the FPUT and Toda Chain in the Thermodynamic Limit 851

39. Toda, M.: Vibration of a chain with nonlinear interaction. J. Phys. Soc. Jpn. 22(2), 431-436 (1967)

40. Van Moerbeke, P.: The spectrum of Jacobi matrices. Invent. Math. 37(1), 45-81 (1976)

41. Zabuski, N., Kruskal, M.: Interaction of “solitons” in a collisionless plasma and the recurrence ofinitial
states. Phys. Rev. Lett. 15, 240-243 (1965)

42. Zakharov, V.: On stochastization of one-dimensional chains of nonlinear oscillators. Sov. Phys. JETP
38(1), 108-110 (1974)

Communicated by C. Liverani



	Adiabatic Invariants for the FPUT and Toda Chain  in the Thermodynamic Limit
	Abstract:
	1 Introduction and Main Results
	2 Statement of Results
	2.1 Toda integrals as adiabatic invariants for FPUT
	2.2 Packets of normal modes
	2.3 Ideas of the proof

	3 Structure of the Toda Integrals of Motion
	4 Averaging and Covariance
	5 Bounds on the Variance
	5.1 Upper bounds on the variance of J(m) along the flow of FPUT
	5.1.1 Proof of Lemma 5.2

	5.2 Lower bounds on the variance of m-admissible functions

	6 Proof of the Main Results
	6.1 Proof of Theorem 2.1
	6.2 Proof of Theorem 2.5 and Theorem 2.6

	Acknowledgements.
	A Proof of Lemma 3.7 
	B Proof of Lemma 4.3
	C Measure Approximation
	C.1 Proof of Theorem C.1

	D Proof of Theorem 3.1
	References




