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Abstract: Based on the matrix-resolvent approach, for an arbitrary solution to the dis-
crete KdV hierarchy, we define the tau-function of the solution, and compare it with
another tau-function of the solution defined via reduction of the Toda lattice hierarchy.
Explicit formulae for generating series of logarithmic derivatives of the tau-functions
are obtained, and applications to enumeration of ribbon graphs with even valencies and
to certain special cubic Hodge integrals are considered.
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1. Introduction

The discrete KdV equation (aka the Volterra lattice equation) is an integrable Hamilto-
nian equation in (1 + 1) dimensions, i.e. one discrete space variable and one continuous
time variable, which extends to a commuting system of Hamiltonian equations, called the
discrete KdV integrable hierarchy. This integrable hierarchy has important applications
in algebraic geometry and symplectic geometry (in particular in the theory of Riemann
surfaces) (see e.g. [22]). Significance of the discrete KdV hierarchy was further pointed
out by E. Witten [39] in the study of the GUE partition function with even couplings—the
matrix gravity, and was recently addressed also in the study of the special cubic Hodge
partition function [15,19,20]—the topological gravity in the sense of [15,20]. The ex-
plicit relationship between the two gravities, called the Hodge—~GUE correspondence,
has been established in [15,20]. In this paper, by using the matrix-resolvent (MR) ap-
proach recently introduced and developed in [1-3,14,18] we study the tau-structure for
the discrete KdV hierarchy, and apply it to studying the above mentioned enumerative
problems.

1.1. The discrete KAV hierarchy. Let P(n) be the following difference operator

P(n) = A+ w, A, (D
where A denotes the shift operator A : f;; — f,+1. Introduce

Ag = (PP, ¢>0. )

Here, for an operator Q of the foorm Q = >, ., O« A, the positive part Q4 =
_o Ok A¥. The discrete KdV hierarchy is defined as the following system of com-
k>0 y g sy
muting flows:

aP—[A~ P] > 1 3)
aSj - 2]—17 ) ,] - .
For example, the s1-flow reads
owy,
= Wy (Wpt1 — Wp—1), “4)
3S1

which is the discrete KdV equation. The commutativity implies that Eq. (3) forall j > 1
can be solved together, yielding solutions of the form w, = w,(s), s := (s1, 52, 53, .. .).
Let us introduce

L= P> = A? + wyp1 +wy + wy w1 A2, 5)

Then Ayj—1 = (P¥), = (L)

4+
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Lemma 1. The discrete KdV hierarchy (3) can be equivalently written as

oL

o5 = [A2j-1. L], j=1 (6)

The proof will be given in Sect. 2. For the particular case j = 1, we have

O(wpy1 +wy)

= Wp42 Wp+l — Wy Wy—1, (7
asl
d(wy, wy—1
% = (Wpsl + Wy — Wy — Wy_2) Wy Wy—1. (8)
1

It can be shown that Egs. (7)—(8) are equivalent to Eq. (4); the details for this equivalence
are in Sect. 2.2.

Observe that Eq. (6) are the compatibility conditions of the following scalar Lax
pairs:

Ly, = Ay, ie. Yppo+ Wpet + W, — A) ¥y + Wy wy—1 Y2 = 0, )

Wn
a5, Azj1 . (10)

We want to write the spectral problem (9) into a matrix form. The scalar Lax operator
L, defined in (5), could be viewed as a reduction of

L = A+ai(n)A+ar(n)+az(n) A~ +as(n) A2,

which is the Lax operator of a bigraded Toda hierarchy. However, observe that L contains

A®V®" only (with even = —2, 0, 2). So, instead of considering a 4 x 4 matrix-valued Lax
operator, a 2 x 2 matrix-valued operator will be sufficient. Indeed, introduce
L A% 0 [ Wpr Wy — A Wy wy—g
L = <O A2) + U,, U, = < 1 0 . (11)

Then the spectral problem (9) reads

Yn ) _
L (%—2) = 0. (12)

1.2. The MR approach to tau-functions. In this subsection, we apply the MR approach
to studying further some basics in the theory of the discrete KAV hierarchy (in particular
about tau-function), and will arrive at a formula for computing logarithm of the tau-
function. Denote by Z[w] the ring of polynomials with integer coefficients in the variables

W= (Wy+i)licz-
Definition 1. An element R, € Mat(2, Z[w](A~"))) is called a matrix resolvent (MR)
of L, if

Ry Un - Uy, Rn = 0. (13)
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Definition 2. The basic (matrix) resolvent R, is defined as the MR of L satisfying

R, = (é 8) +0(17"), (14)
trR, = 1, detR, = 0. (15)

The basic resolvent R, exists and is unique. See in Sect. 3 for the proof. Write
R,(0) = (1 ;noé'}\()“ F a%g) . (16)

Then Definition 2 for R, (1) is equivalent to the following set of equations

Bn = —Wn Wn—1 ¥Yn+2 a7
2t on+1 = (A — Wps1 — Wy) Yns2 (18)
(A = Wn1 — W) (@ — 42) = Wn W1 Vn = Wnt2 Watl Vard 19)
U + Q2+ Buyn =0 (20)

together with Eq. (14). These equations give recursive relations and initial values for the
coefficients of oy, B, ¥ (see (60)—(62) below), which will be called the MR recursive
relations.

Lemma 2. For an arbitrary solution w,(8) to the discrete KdV hierarchy, let R, (\)
denote the basic matrix resolvent of L evaluated at w,, = w,,(s). There exists a function

tIKV () satisfying
9 logrd* V) i tr (Ry(MRa () — 1
2 T = a—w?r @D
=1 105 H
1 1 9 TIKdv
X + ; Fa_sl ]Og t,(,inV = [Rn+2(}")]211 (22)
dKdV _dKdV
T T
2 n=l W (23)

dKdV _dKdV
Thtl  Tn
Moreover, the function r,deV (s) is uniquely determined by w,(s) up to a factor of the

form

e“”+ﬂ0+2k3| Biesk
b

where o, Bo, B1, P2, . . . are arbitrary constants that are independent of n, s.

We call r,?KdV(s) the tau-function of the solution w, = w;,(s) to the discrete KdV
hierarchy.

The matrix-resolvent method then allows to compute logarithmic derivatives of
r,?KdV (s), which is achieved via the following proposition.

Proposition 1. For any k > 3, the generating series of the k;,-order logarithmic deriva-
tives of r,fleV (s) has the following expression:

. 24

3 1 0 logrdV(s) 1 3o (Ru(hoy) - Ru(2sy))
_ PV .)\'ik+l 0sj ...0s8, k s ]_[fle()\ai — Agi+1)

where it is understood that oy+1 = 0].

The proof of this proposition is in Sect. 3.5.
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1.3. The factorization formula. In [14] we gave the definition of tau-function for the
Toda lattice using the MR approach. Observe that the discrete KdV hierarchy (3) is a
reduction of the Toda lattice hierarchy. Therefore, for the arbitrary solution w,(s) to
the discrete KdV, we can also associate another tau-function 7, (s) of the solution wy, (s)
obtained via the reduction (see Sect. 4.2 for the precise definition). In particular, this
tau-function satisfies that

Tn+1(8) Tu—1(8)
wy(s) =
7; (s)
It turns out that the t,(s) factorizes into a product of two as given by the following
theorem.

Theorem 1. There exist constants «, Bo, B1, B2, - .. such that

T, (S) — ean+ﬁ0+2k>l B Sk TdeV (S) TdeV(S) (25)

The proof of this theorem is in Sect. 4.

Remark. Identity (25) echoes an identity between Hankel determinants. Indeed, let
du(X) be a measure with even moments on R. Denote p; = ])Jdu()»), j = 0.
(todd = 0.) We know that

det(pivj ) ,_y = det(paiaj2);"/2) det(paisnja)) )" (26)
If we deform the measure du(X) to be du(r;t) = e~ ZJ'th-"“ﬂd,u()n), then the
LHS-(27)™" becomes a Toda tau-function (cf. the formula (3.9) of [10] and the ref-
erences therein; cf. also [10,14,34]; the (2r)™" is a normalization factor for conve-
nience that does not affect the fact that the LHS is already a Toda tau-function). If all
the even Toda times are zero, then the t-deformed measure remains even and the fac-
torization (26) holds identically in t = (0, 51, O, 53, ...). Moreover, note that the RHS
of (26) with deformation consists of two determinants which can be identified with
the Hankel determinants associated with certain s-deformed measures on R, where
s = (s1, 52, ...). Then to see (25) from (26), at least for special cases, one needs to
further show that each of the rwo determinants is a tau-function for the discrete KdV hi-
erarchy. The more precise statements for a special case may be deduced from the recent
arXiv preprint by Massimo Gisonni, Giulio Ruzza and Tamara Grava [26] regarding
Laguerre Unitary Ensemble (LUE) with the consideration of the parameters « = —1/2
and o = 1/2, respectively in the notations of [26] (cf. also [8,9]).

The next corollary follows from Proposition 1 and Theorem 1.

Corollary 1. Fix k > 2. Let w, = w,(8) be an arbitrary solution to the discrete KdV
hierarchy, and t, the tau-function reduced from the Toda lattice hierarchy of wy(s). The
following formula holds true:

3 log 7, (s)
i B3y 05), Z a +A)tr [Ry(uoy) -+ Ru(ro)] 252
1 il T - — -
k= A )‘ik)r e | | O YY) (A1 —22)

27)
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In practice, the two tau-functions 7, and r,‘linV of some solution for the discrete
KdV hierarchy may both have geometric/enumerative meanings; this is the case for the

Hodge-GUE (see below).

Remark. As we shall see from Sect. 4.2 that the above mentioned reduction does not
mean that vz"di‘, w;"d“ (see Sect. 4.2) are independent of the even Toda times fg, t, . . ..
The reduction means the v;"da(O, t1, 0,13, ...) = 0; but the usage of the MR of Toda in
the way of [14] would compute also the correlators containing the correspondence to
to, t2, . . .. The introductions of the MR of the discrete KAV hierarchy and of the operator

1 + A are essential that surprisingly solve the problem in a simple form.

1.4. Application. We will first apply Corollary 1 to some counting problem. Then by us-
ing the Hodge—GUE correspondence [15,20] we compute some combinations of Hodge
integrals.

1. Enumeration of ribbon graphs with even valencies. Enumeration of ribbon graphs
is closely related to the random matrix theory [4,7,11,27,30,34]: e.g. to the Gaussian
Unitary Ensembles (GUE) correlators; the partition function with coupling constants in
a random matrix theory is often a tau-function of some integrable system. Given k > 1
and ji, ..., jr > 1, denote

(tr M0 - M2jk)c = k! Z n2 =287 g, 21, L 20, (28)

Ul _ kL
0<g= 7 —a2t3

1

——— 2
#SymT 29)

ag(2ji, ... 2%) = )

r

Here, |j| = ji + -+ + jk, and ) denotes summation over connected ribbon graphs
" with labelled half edges and unlabelled vertices of genus g with k vertices of valen-
cies 21, ..., 2jk, and # Sym I" is the order of the symmetry group of I" generated by
permuting the vertices.! The notation (tr M2/! - .. tr M?Jk) is borrowed from the litera-
ture of random matrices, where it is often called a connected Gaussian Unitary Ensemble
(GUE) correlator. For every k > 1, denote

e (tr M. M2jk)

Er(n; M, ..., ) = - -
k( 1 k) Z )\1]1+1 . )\‘]k*’l
Jtsees Jik=1 1 k

<. (30)

Definition 3. Define a 2 x 2 matrix-valued series R,()\) € Mat(2, Z[n][[k_l]]) by

oo

) 10 2j =D fej+va, j—m-18,; 1 —n?) Byyn

Rn(2) == (0 O) + ZO AJHL B, ; (= 1B, j — Qj+ DA, (D
Jj=

with
Anj = m—=1D2F1(—j,2—n;2;2), (32)
Byj = n=1D2F1(1—=j,2-n;2;2)+(n—=2)2F1(1—j,3-n;2;2). (33)

k(i
! The number a ¢ (j1, s 2 ji) has the alternative expression ag (21, . .., 2ji) =Yg l_gfszylél g ) , where

> denotes summation over connected ribbon graphs G with unlabelled half-edges and unlabelled vertices
of genus g with k vertices of valencies 2j1, ..., 2 k.
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Theorem 2. The following formulae hold true:

2j — Dl . : .
Ei(n;2) = n Z(J—<2F1(—J,—n; 2;2) = jabFi(I = j, 1 =n; 35 2)),

227+1
Jj=1
(34)
(1+A) [tr (Ry(A )Ry (12))] 2
E>(n; Ai, Aa) = — , 35
2000, 2) (k1 — 72)? (k1 — 72)? a
1 1+A)|tr (Ry(hgy) - Ry(Ag
Ex(n;h, .. ) = —;Z( F [ (RuCoy) Ga))] (k=3), (36)

k
oeSk H(;l()\'(rz - )\'Ug+l)
where R, (1) is defined in Definition 3, and it is understood that c+1 = 071.

In the above formulae

o .
i(b); 2/ b Dbb+1) 22

R by = S @iz abz aar DB 2
= ; Jj! c 1 clc+1) 2!

is the Gauss hypergeometric function. Recall that it truncates to a polynomial if a or b
are non-positive integers. In particular,

J R
. 9. _ i [ J n
maFi(=j 1= m%2) = ) 0:21(1')<i+1>'
1=

The proof of Theorem 2 is in Sect. 5.

1I. Combinations of certain special cubic Hodge integrals. The particular solution to
the discrete KdV hierarchy considered here will be actually the same as in I. Denote by
M i the Deligne-Mumford moduli space of stable algebraic curves of genus g with

k distinct marked points, by £; the iy, tautological line bundle on ﬂg,k, and E, ; the
Hodge bundle. Denote

Yi = (L), i=1,...k,
Aji=cj(Egr), j=0,...,8.

The Hodge integrals are some rational numbers defined by

i1 ik 5 J1 Jg . |41 Jg . )
/7 Yt A Ay = (,\1 R T”...le>g’k,
Mk

ilv"'vika jlﬂ~~'7jg20-

These numbers are zero unless the degree-dimension matching is satisfied

k g
3¢ —3+k =) ir+ ) Lje (37)
=1 =1
We are particularly interested in the following special cubic Hodge integrals:

' 1
(Q -7 )g,k’ with Qg := Ag(=1) Ag(—1) Ag(i)’
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where Ag(z) = ‘?:0 Aj z/ denotes the Chern polynomial of the Hodge bundle Eg x.
Significance of these Hodge integrals is manifested by the Gopakumar—Marifio—Vafa
conjecture [25,33] regarding the Chern—Simons/string duality; see e.g. [37] and the
references therein.

Notations. Y denotes the set of partitions. For a partition A, denote by £(A) the length
of A and by |A| the weight of L. Denote m(}) := ]_[loil m;(}) with m;(A) being the
multiplicity of i in A.

Definition 4. For given g, k > 0 and an arbitrary set of integers iy, . .., iy > 0, define
1)@()»)
. . g—1 (=
Hg,ll ..... i =2 Z m()\‘)' Q Tr+1 tl)g, LO)+k’ (38)
where [i| ;=11 + - +ik, T/ (=T, - Ty, and Tyyp 1= Ta 41 - T+l -

It should be noted that according to (37), “Z/\GY” in (38) is a finite sum.
The following lemma will be proved in Sect. 5.2.

Lemma 3. The number Hg ;, ., vanishes unless |i| < 3g — 3 +k.

.....

Corollary 2. The numbers Hy ;, . i, satisfy
(i) Fork =0,

" 0, g =01,
0w = Eze2 32(
’ oD o081 — DiE) Tttt g = 2.

(ii) Fork =1,V j > 1,

2j 2g—1 Ji+] LT (2)
Hyi + ———
(et ¥ e (G

g>0 0<i<3g—3+k

D=

_ (2]+1)” 2j —n! 1
o |: (2 e)B

TR A TG R } &

where A, j and B, ; are defined in (32)—(33).
(iii) For k > 2,

l—[k (2]r>
ek Z )\’/1+l )\'Ik"'l Z 2 Z 1_[-]”+1 801,k

Jlsees Jie=1 g>0 i1,..,ix>0 r=1
\t|<3g 3+k
1 Z I:Rl (e) Rl (e)] Ok.2
- Tk - 2
k oeSy H(Z:l()‘w - 6@+1) (A1 —22)

(4)(2)

jij2 \J1 J2

— 8o Y, L (40)
itz A

J1,j2=1

where R, () is defined as in (31).
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The proof, using the Hodge—-GUE correspondence and Theorem 2, will be given in

Sect. 5.2. We note that the sum ) ;, ;>0 appearing in the LHS of (39), (40) has the
li|<3g—3+k
following alternative expression, which can be deduced from “Appendix A”:

Z l_[.]erHgll

i1,.,i>0 r=1
|1\<3g 3+k
T
m
q;k(q_k)'//\/lgq gqml_]{[+l< 1_1ﬁm)l_[ l_ijm.

Organization of the paper. In Sect. 2, we derive several useful formulae. In Sect. 3, we
study MR, and use it to describe the discrete KAV flows and the tau-structure. Section 4
is devoted to the proof of Theorem 1. Proofs of Theorem 2 and Corollary 2 are in Sect. 5.

2. Basic Formulation

In this section we will do some preparations for the later sections by reviewing the basics
of the theory of the discrete KdV hierarchy.

2.1. Some useful identities. Recall that P(n) := A +w, A~', L = P2. Denote

P = Y A AY, L= 1, (41)
keZ
L/ =Y mjmA*, =0, (42)
keZ

where the coefficients Ay i (n) and m ;(n), k € Z belong to Z[w]. It is easy to see that
if kis odd, orif |k| > 2, then m j ; = 0. It is also easy to see that

mjk = Azj—1k- (43)
Lemma 4. The following identities hold true

mj 2(n) = wywy—1mja(n—2), (44)
mjom) = mj_1,—2n)+mj_1 2 +2)+ (Wpt1 +wy) mj—1,00), (45)
mj _2(n) —mj _o(n —2) — (Wy—1 + wy—2) (mj_1,—2(n) —mj_1,_2(n — 2))

+ Wy Wyp—3mj—10n —4) —wy wy—ymj_10n) = 0. (46)

Proof. Comparing the constant terms of the identity
L =L07'L = LLi! 47
we obtain that

mjon) = mj_1,2(n)+ (Wps1 +wy) mj_1,0(n) + Wy42 Wne1 M j—1,2(n)
= mj_1,2(n+2) + (Wps1 +wyp) mj_1,0(n) + wy wy—1mj_12(n —2).
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This proves (44)—(45). Similarly, comparing the coefficients of A2 of (47) we obtain

mj o) = mj_1-4(n)+ Wp—1+wy—2)mj—1,-2(n) + wy wy—1mj—1,0(n)
= mj_1,-4(n+2) + (Wps1 +wp) mj_1 —2(n) + Wy wyp—1mj_y 0 —2),

which implies identity (46). The lemma is proved. 0O

Lemma 5. The following identities hold true

Ap1(n) = wy Ag1(n—1), (48)
Ago(n) = wpyr Ag—1,1(n) +wy Ag11(n — 1), (49)
wy Ag1(n — 1) —wpy1 Ag1(n) + wpp Ag—10(n — 1) —w, Ag_1 o(n — 1) = 0,
(50
Agon+1) — Ago(n) = wp2 Aga(n) —wy Ago(n —1). (51)

Proof. 1dentities (48)—(50) are contained in the Lemma 2.2.1 of [14] (see the proof
therein). Identity (51) follows from comparing coefficients of A on the both sides of the
following identity:

PZ+1P — PP@+1
The lemma is proved. 0O
Taking £ = 2j — 1 in identity (51) and using (43) we obtain
mjom+1) —mjon) = wyermjo(n) —w,mjr(m—1). (52)

We call this identity the key identity. It should be noted that the above identities (43)-
(46), (48)—(51) hold in Z[w] absolutely (namely, the validity does not require that wy,
is a solution of the discrete KdV hierarchy), because they are nothing but properties of
the operators P and L.

2.2. Proof of Lemma 1. Note that this lemma means the following: if w, = w,(s)
satisfies (3), then it satisfies (6); vice versa. Firstly, let w,, = w,(s) be an arbitrary
solution to (3), i.e.,

P
— = [Ay;_1, P
ds; [ 2j-1 ]
forall j > 1. Since L = P2 we have
L P 0P
— = P—+_—P = P[Ayj_1, P]+[Azj—1, P]P = [Azj_1, L].
aSj 8s,- 3Sj

Secondly, let w,, = w,(s) be an arbitrary solution to (6), namely, it satisfies that

0(Wyt1 + Wy)

T = W2 Woe1 M 2(1) — Wy Wy mj2(n — 2), (53)
J

8(wnwn71)

5 = wy wy—1 (mjo(n) — mjo(n —2)). (54)
5j
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Identity (53) implies that

a

Wn
(A+1)
3Sj

= Wn+2 Wn+1 mj,Z(n) — Wn+1 Wp mj,2(n -1

+ Wy+1 Wn mj,2(n =1 — wywp—y mj,Z(n -2)
= wyr1(mjon+1) —mjon) +wy(mjon) —mjon — 1)),
where we have used identity (52). Identity (54) implies that

OWp 41 owy,
+ Wyl = Wpat Wy (Mjo+1) —mjo(n)) + wys wy
aSj 3Sj

(mj,o(n) —mjo(n — 1)).

n

Combining the above two identities and assuming that w, # wy+1 yields

dwy,

o = W (mjon) —mjo(n—1)) = Coef-1[A2j_1, P]. (55)
J

(One can see from (53) that solutions satisfying w, = w,4+1 are independent of s.
Therefore these trivial solutions also satisfy (3).) The proposition is proved. O

2.3. Lax pairs in matrix form. In this subsection we write the scalar Lax pairs (9)—(10)
into matrix form. The following lemma plays an important role.

Lemma 6. The wave function \, satisfies that

dYn

3Sj

J
= MY+ Y M (mic 2 ¥ —wawamimis10Yn-2), j =1 (56)
i=1

Proof. We have for any j > 1

(L), = ('L), = (W), Lo+ (W) L) + ((7),L-)
= (LN, L - ((Lj’1)+ L_)_ + ((Lf’l)f L)

= (L] )+L +mj_, 2 — wywy_1mj_10A".

+

.
In the above derivations it is understood that L = L(n) and m j = m ;(n). Therefore,
. . j . .

Ay = (L), = L/ + Z(mifl,fz — Wy a1 mi—1 90 ATH) LT V> 0.

i=1

The lemma is proved. O
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Lemma 7. The vector-valued wave function V,, = (1#,,, wn_z)T satisfies that
oy,
3Sj

= Vi, j=1, (57)

where V(n) are the following 2 x 2 matrices

M M T mig 2wy wamr Yoy AT miy o(n) )
M T im0 —2) mjon—2) =Y {_ A mi_1 _o(n)
(58)

Vj(n) = (

Proof. Equation (57) follows straightforwardly from (56) and (9). O
We therefore arrive at

Proposition 2. The discrete KdV hierarchy are the compatibility conditions of (12)
and (57):

iU,
3Sj

= Vim+2)U, — U, Vi(n), j=1,2,3,....

3. Tau-Structure for the Discrete KdV Hierarchy

In this section, we use the MR method to study the tau-structure of the discrete KdV
hierarchy; in particular, we will prove Proposition 1. The notations about the matrix-
resolvents are the same as in the Introduction.

3.1. The MR recursive relations. Write

[ anvj — cn'j
=) E =) (59)

j=0 j=0

Then we find that a,_;, ¢, ; satisfy

Cnj+l = (Wp—1 +Wp—2) Cp,j + Gn j +an-2,j, (60)
An,j+1 — Ap4l,j+1 + (Wpa1 + Wy) (@na2 — Gn j) + Wptl Wy Cpad,

— Wp Wnp—1Cn,j = 0, (61)

-1
an,j = Z(wn Wn—1 Cn,i Cn, j—1—i — Gn,i Gn,j—1—i) (62)

i=0

as well as

ano = 0, cno = 1. (63)

Lemma 8. The basic resolvent of L exists and is unique.

Proof. Observe that multiplying (18) and (19) gives (20). This proves existence of R,,.
Uniqueness follows directly from the MR recursive relations (60)—(62), as we can solve
ayn,j, Cn,j uniquely in an algebraic way for all j > 1. The lemma is proved. O

For the reader’s convenience we give in below the first few terms of the basic resolvent
of L:

Wp—1Wn .. Wn—1Wn Wn—1 (Wp+Wn+1) Wn .
1+ - + — = — e +
lan(‘ ")
1 Wp—2+Wy,—1 Wy—1Wp
x + T + .« e _T + .« e
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3.2. MR and the discrete KdV flows. In this subsection we use the basic MR to express
the discrete KdV flows. (We would like to mention that the materials that we give in this
subsection are rather standard.) Let R, be the basic matrix resolvent of L.

Lemma 9. The following formulae hold true:

Cpj = mjon—2), (64)
an,j = mj,—Z(n)- (65)

Proof. By identifying their recursive relations as well as the initial values of the recur-
sions. O

It follows from the above Lemma 9 that the matrices V;(n) defined in (58) have the
following expressions:

Vitn) = (MRa), + (0 0 ) (66)

0cn,j

where “+” means taking the polynomial part in A (including the constant term).

3.3. Loop operator. Introduce a linear operator V(1) by

1 9
Vo) =y (67)

jz1 )
It readily follows from Eq. (66) that

R,
V() Wy (h) = [—(“ )40, w)} W, (),
nw—Ar

where
_ I (0o 0
On(u) = i + (0 yn(u)) )

Lemma 10. The following formula holds true:

1
V() Ra(2) = m[Rn(u),Rn()»)] + [Qn (), RaV)]. (68)

3.4. From MR to tau-function. The MR allows us to define tau-function of an arbitrary
solution of the discrete KdV hierarchy. Recall that a family of elements €2, (n) € Z[w],
p,q > 1 are called a tau-structure of the discrete KAV hierarchy if

Qpig(n) = Qqg;p(n),  Vp,g=1 (69)

and for an arbitrary solution w,, = w, (s) of the discrete KdV hierarchy

02 p.4(n) . 02y, (n)

’ V b b z ]‘ 70
o5, as, pq.r (70)



1836 B. Dubrovin, D. Yang

Definition 5. Define 2;.;(n), i, j > 1 via the generating series

tr (Rn(K)Rn(M)) -1
(A —p)?

Qi T = (71)

i,j=1

Lemma 11. The Q;. ;(n), i, j = 1 (71) are well-defined, and live in Z[w]. Moreover,
they form a tau-structure of the discrete KdV hierarchy.

Proof. The proof is almost identical with the one for the Toda lattice hierarchy [14] (or
the one for the Drinfeld—Sokolov hierarchies [3]); details are omitted here. 0O

Proof of Lemma 2. By Lemma 11, it suffices to prove the compatibility between (21)—
(23).
Firstly, on one hand,

ij>1

(R W Rus2 (W) — tr (Ra () Ra (1))

(A — w)?
(1420, (1)) Ynr2 () — (1 + 200 (1)) Yns2 (1)
= Y — Vur2(AM) Va2 ().
-
On the other hand,
1 2 n+ n+ A —(1 2 n+ A n+
V(M)[Rn+2()u)]21 = ( T Z(H))V al i_fL + 20 )))/ 261) + V2 (M) Vnr2 ().
Hence by using (18) we find that
> TR0+ 2 = Q0] = V@ [RuaM]y (72)

i,j=1

This proves the compatibility between (21) and (22).
Secondly, on one hand,

Z )\71'71“*]?1 [Qi;j(n +2)+Qin—1) —Qj(n+1) — Q,-;j(n)]
i,j>1
-y A—i—lu—j—l[Qi;j(n +2) - szi;j(n)]
ij>1
— Z )\'—i—lu—j—ll:gzi;j(n + 1) — Ql’](fl — 1)]
i,j>1

On the other hand,

VWV logw, = V(0| 7020 = v 1) | = V(4012 = V(0701 G2,
73)
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Using (72) we find

> AT T Qi 4 2 Qi = 1) = Qi (14 1) = R4 )]
ij>1

= V() V(L) log w,. (74)
This proves compatibility between (21) and (23). Thirdly, the following identity

V) logwn, = yur2(A) = ¥ar1 (1)

shows the compatibility between (22) and (23). The proposition is proved. O

3.5. Generating series of multi-point correlations functions. For an arbitrary solution
wy, = wy(s) to the discrete KAV hierarchy, let r,f"(dv = t,deV(s) denote the tau-function
of this solution. The logarithmic derivatives
8k o ‘L’deV S
g—"()7 jl’“.’jkszzl
stl SN aSjk

can be called the k-point correlation functions? of the solution wy, = wy, (s).

Proof of Proposition 1. The proof can be achieved by the mathematical induction, as in
[1]; we hence omit the details. O

8k log r,‘,inV (s) .
By, withk > 2

all live in Z[w], as their generating series are expressed by MR via algebraic manipula-
tions; this simple fact agrees with footnote 2 (and can be of course deduced from other
techniques).

We see from Proposition 1 that the logarithmic derivatives

4. Proof of Theorem 1

The goal of this section is to prove Theorem 1.

4.1. Review of the MR approach to the Toda lattice hierarchy. Denote
P o= A+u0% 4yl Ag = (P, >0
The Toda lattice hierarchy is defined as the following system of commuting flows

% = [4. 7] =0 (75)

2 We can say in a more accurate sense that the logarithmic derivatives are identified with the correlation
functions, where the latter are defined as abstract differential polynomials; see for example [18] for the details.
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vToda — A wToda
Let us briefly review part of the results of [14]. Introduce U,, = ( n n ) .

-1 0
The basic resolvent R,, associated to PM := A +1, is defined as the unique solution in
Mat (2, Z[v™%, wTda][[1~1]) to the problem:

7?rn+l Z/{n _un Rn = 0, (76)
Ry = <(1) 8) +0O(x7), (77)
trk, = 1, detR,, = 0. (78)

Write

1+ A4, B,(A)
Rad) = ( Gu0)  —Au(3)

Then A,, B,,, G, satisfy that

>, Ap, By, Gy € Z[v©% whH 1L (79)

By = —wy*® Gy (80)
Aps1 + Ay +1 = Gupy (A — v0%) (81)
(=P (A, — Apr) = wie® G, — woP G (82)
A+ A2 = =B, G,. (83)

The following lemma was proven in [14].

Lemma 12. ([14]) For an arbitrary solution vEOda = vg"da (t), wg"da = wg"d"‘ (t) to the

Toda lattice hierarchy there exists a function I,;F"da (t) such that

Z 1 02logr, % (t) Rt MR, (t, 1) — 1

— (84)
720 A2 42 0t; dt; (A —p)?
1 1 9 r1oda ¢)
—+Y — — log ! = [Rus1(t, A 85
y ; 2 gr; OB < Toda 1) [Ra+1(t, Ml (85)
OO 5
.Cr’lfoda(t)2 = Wn.

The function tnTOda (t) is uniquely determined by the solution vz"da (t), w,fo‘ia(t) up to
‘E,;FOda(t) — eaO+aln+Zf20 bjt; _L_’;l"oda (t)

for some constants ay, a1, by, by, by, .. ..

In [14] the 7J°9(t) is called the tau-function of the solution v (t), wT%(t) to the
Toda lattice hierarchy. The logarithmic derivatives of 7,7°% (t)

ak lo 'L'TOda t

g—n()’ ila"‘yikzoakzl
3[,'1 - 3t,'k

can be called k-point correlations functions (cf. footnote 2) of the Toda lattice hierarchy.
Define

Z 1 9% log t,;r"da (t)

i1+2 i+2 . ]
ST ir>0 )\'l )"k 8tll "'attk

Ci(A, ..., A ms t) =
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4.2. Reduction to the discrete KAV hierarchy. Now consider solutions to the Toda lattice
hierarchy in the ring C[[19, t1, ...]] ® V, where V is any ring of functions of n, closed
under A and A~'. These solutions can be specified by (i.e. are in 1-1 correspondence
to) the initial value:

fn) =vP%t=0), gn) =wlt=0).

Let us explain how a subset of solutions to the Toda lattice hierarchy be reduced to

solutions of the discrete KdV hierarchy. On one hand, let v1°% = yToda(g) qyToda —

,T‘)da(t) be an arbitrary solution in C[[#g, ¢, ...]] ® V of the Toda lattice hierarchy
satisfying the following type of initial conditions

fn) =
It follows that

pToda =0 (Vn,n,13,15, 1), (87)

n to=ty=t4=

awTOda(t)
()tz

pled, namely, there are no U;{Oda -dependence in these flows (of course when restricting
toty = tp = t4 = --- = 0). Moreover, these flows coincide with the discrete KdV

hierarchy (3). Therefore if we define

This further implies that the commuting flows ] fo=ty—ty=-=0 (j = 1) are decou-

wa(s) = wi®()| (88)

hi—1=si, hhi—2=0,i>1"

then w, = w, (s) is a solution to the discrete KdV hierarchy. On the other hand, let w, =
wy, (s) be an arbitrary solution to the discrete KdV hierarchy in the ring C[sy, 52, ... J@V.
Let g(n) denote its initial value, i.e. g(n) := wy,(s = 0). Define vTOda(t) wTOda(t) as the
unique solution in C[[7g, 71, . .. ]]®) to the Toda lattice hierarchy with ( f (n) = 0, g(n))
as the initial value. Then wg"da(t)ltzi_lzsi, i =0,i>1 = Wp(8).

Hence the correspondence between solutions of the discrete KdV hierarchy and a
suitable subset of solutions of the Toda lattice hierarchy has been established.

For a solution ( TOG“‘(t) wT"d“l (t)) to the Toda lattice hierarchy satisfying vTOdd 0) =

0(Vn),let rnT"da (t) denote the tau-function of this solution. Define w,, (s) as in (88), and
T (8) = TOda(t() =0,y =51, =0, =52,--+).

Then we know that the function w,, = w,(s) satisfies the discrete KdV hierarchy (3),
and that

Tus1(S) Th—1 (s
wn(s) _ n+l(§ n 1() (89)
7 (s)
As indicated above, all solutions of the discrete KdV hierarchy can be obtained from
this way.

Definition 6. We call 7,,(s) the tau-function reduced from the Toda lattice hierarchy of
the solution w,, = w, (s) to the discrete KdV hierarchy.
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Introduce the notations:

Ap(A) = A, (W) ploda=() yToda=y,, 5
Bl’l ()\,) = Bn ()\,) | U’;r"dﬂEO, w;{""“zwn ,
Gy(A) = GV vloda=( qToda—y,, -

Clearly, A,, B,, G, belong to ZIw][[~~1]]. Note that definitions of A, (1), B,(}),
G, (1) are in the absolute sense, namely, they do not depend on whether w), is a solution
or not.

Lemma 13. The A, () satisfies

Wn+1 (An+2()h) + Ap1(A) + 1) — Wp (An()\) +Ap—1 (M) + 1) =’ (An+1()\) - An()h))-
(90)

Proof. Following from (81) and (82) with v}"da =0. O

4.3. Proof of Theorem 1. Firstly, on one hand, it follows from the Lemma 1.2.3 of [14]
that
0 Tn+1(S) :
: :8) = — log ———, > 1. 91
m/,()(n ) asj g ,(5) J o1

On the other hand, from (22) and (64) we find

mjo(n;s) = —lo w > 1 (92)
7,0\, = 8Sj g T,?Kdv(s) s J = L
Comparing the above two expressions we find
Ti+1(5) O]
lo — log & = Sn), 93
g T, (S) g T’?Kdv (S) (n) ( )

where S(n) is some function depending only on n. Equation (93) implies that

log 7y (s) — (A +1) logzd&V(s) = Sm) + f(s), (94)
where S(n) is some function depending only on n, and f (s) is some function depending
only on s.

Secondly, it follows from (23) and (89) that

dKdV dKdV
Tp41(S) Tn—1(8) ) (s) T, (s)
77 (s) TIKdV () 7dKdV (s)

95)

Substituting (94) in (95) we find that §(n) can only be an affine function of n, namely,
log 7,(s) — (A +1) logtd®¥V(s) = an + o' + f(s), (96)

where a, o’ are some constants independent of n, s.
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Thirdly, on one hand, using (21) we find

Z 3% logtdV(s) 1
e s 3S] )»i+1pLj+1
an (1) + o () + 20 (Men (1) — Wy wa—1 (Ya (W) Vas2 (1) + ¥ (u)yn+2(>»))
B (= w)?
Therefore,
92 log tIKdV (s) 1
e 3505 A2+ 2+

an (W) +an (1?) + 20 A2 atn (12) — wy wy—1 (Vn O yna2 (W) + vn (1) Ynr2 (02))
e 2 — 122

=: Wo(X, u;n,s).
So

Z (82 log 73KdV(s) . 8% logt r‘l’}fldv(s)) 1
Q=1 8S13S] 3slasj A2i+12j+1

= Wa(d, u;n,8) + Wa(A, u;n+1,8).
On the other hand, for P(n) = A + w,,A_l, recall the notation

Pm™ = > A A*, £=-1,0,1,2,....

kel
Using Lemma 12 we have
Ca(h, s n; t)
A O) + Ap () + 24, (W) An (1) — Wi (Gt WG (1) + Gt (1) G (1))
- (= w? ’
where

A,0) = Z Az-1,—1(n)’ G0 = Z Ag_1,0(n — 1)_

A+l A+l
£>0 £>0
Taking
hicp=0,bi_1=500>1)
we have
Azj—10(n—1) mjo(n—1) Cn+l,j 2
Gn(d) = Z 22+ = Z A2J+1 = Z 2 A Yt (A7)
j=0 j=0 Jjz0

)
It follows from (81), (97), and respectively (18), that

A3 = A+ D7 (aa0H = 1) = 22 A+ D7 m(xz)—%, (98)

1
an(3) = (A2 + D7 (0= = w) Y2 () - 3. (99)
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Lemma 14. The following identities hold true:

A1t +Ap2(M) +1

Ya(W?) = > (100)
Gu(h) = An()\)"'A;—l()\)"' 17 (101)
00 = Apc1 () — 2 (A0m1 ) + Aga(0) + 1), (102)

Proof. 1dentities (100), (101) are easy consequences of (98), (97).
Note that identity (52) implies that

1
@02 = 5 (Wam1 Y1 OD) = wim2 v 0 + (B2 = 2w,m) 1 (32 — 1)

2
1 AnO) + Ap 10 +1 AN + Ap_3 (1) + 1
- E(w”‘l 22 — Wn=2 A2

+ 02— 2w, ) Anc1tM) +Ap2(M)+1 1) .

A2

Applying Lemma 13 in this identity yields

1
() = 25 (4010 = Apa ) + (7 = 2unmp) (A1 () + Apa() + 1) = 42)

1
= (P10 = wast (A1) + Apa) + ).
The lemma is proved. 0O

Observe that Ca (X, u; n, s) satisfies the parity symmetries

Cz()\'v ,LL) = C2(—)\7 _M)’ CZ()"v _M) = CZ(_)"a I’L)

So
32 log 7, (t) 1 _ Co(h, w) — Co(—A, ) (103)
e 8f2i71312j71 )»2’+1/JL2/+1 2
Lemma 15. The following identity hold true:
an (W2) + o (1) + 200 AH)atn (1) = wn w1 (Y O Va2 (117) + v (1) Va2 (02))
Ak 2_ 22
(A= —u=)
o 81 O o (02) 4 2041 (D41 (12) — Wit Wi (vas1 0D vns3 (12) + it 1) i3 (0)
® 02— 122
Ap () + Ap () + 24, (W) Ap () — Wi (Grat WG () + G g (WG (V)
a 200 — w)?
_ An(=A) + Ap (1) + 240 (=2 An (1) — wp (Gn+l (=G () + Gpi1(W)Gn (_)»)) (104)

200 + p)?
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Proof. Applying (100)—-(102) and the parity symmetry
Ap(=2) = A, ()
we find that it suffices to prove the following equality

Wn—1

1
— e+ 20 [ A1) = S5 (A1) + A2 () + 1) + 5|

Wn—1

1
[An100 = S5 (A1 G0+ Ana) +1) + 5|

2

Wn Wp—1

= (At (04 Ar2 G0 + 1) (Ar () + AnG) + 1)

+ (Aum1 (0 + A2 () + 1) (Ansr 0 + Ay (3) +1)|
= ST [(An8) + Anm1 () + 1) (Anr2(0) + Aren (2) +1)

+ (A0 (0 + A1 (0 + 1) (Ans2 0 + Aprt () + 1)
+201[An3) % (An() + Ap 1) +1) + %]

(4000 22 (A00) + Ayr) + 1)+ 2]
n /J/Z n n— 2

2
= BT, 00 + An) + 24000 Au )
= (Ana 09+ 409+ 1) (An0) + A () + 1)
+ (Anrt G0 + A (0 + 1) (An() + A1 G + 1) )|
— )2
~ CTT 00+ Au) + 24000 4010

# (A1 0+ 4000+ 1)(An G0+ Ari o) +1)
+ (Aurt G + A0 () + 1) (An) + An-1 G + 1) )|

Noting that

A -lhs =

2

A
=322 + 2[32A4,-10) = w1 (Anm1 () + Ag2 ) + 1) + |

(12 An-1G0) = wt (Anm1 () + Apa (o) +1) + “72]
= W [t (1) Ap2 G0+ 1) (12 (A0 () = Apt (0) + w1 (A1 () + An—22) +1))
+ (Anm1 G0+ Ag—2) + 1) (2 (4000 = Aum1 () + w1 (An—1 6D+ Ay—20) +1)) |
= [(An G+ Ap1 )+ 1) (K2 (A1 0) = An ) + i (An () + A1 () + 1))

+(An G0 + A 10+ 1) (22 (A1 ) = An0) + wa (A0 6 + A1 G0 +1)) ]
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) 22 ) MZ
2224000 = wa (An () + Ay 0+ 1) + T | [2 40 ) = wn (An ) + Ay 0 + 1) + 5|

and that
aaehs = 25207 (An(0) + An(o) +24, () An () )
41 24D (At () + A () + 1) (An () + Anm1 () + 1)

+ (Anrt ) + A0 () + 1) (An() + An-1G) +1) ),
we find
A - (Ihs — rhs)
=P QA1) A1 (1) = 24, 0) An (1) + Ap_1 (V) + Ay (1) — Apn(A) — Ay ()
— A (An1(0) + Ap () + 1) (wno1 (Apa (W) + Ap1 ) + 1) = wa(Ag (M) + A1 () + 1))
=22 (Ano1 () + A () + D) (w1 (Ap—a () + Ay (1) + 1) — wy (Ap () + Apgr () + 1))
= 22U QA1 () A1 (1) = 24,0 A () + Ap_1 () + Au_1 () — Ap(R) — Ap())
+ A2 (A1 () + A () + D(A () — Ay_1 (W)
+ A2 (A1) + Ag ) + D(Ap () — Ap_1 () = 0,
where Lemma 13 is used. The lemma is proved. O
End of proof of Theorem 1. It follows from Lemma 15 that
92 log 7, (s) _ 92
0s;0s 0s;0s;
Combining with (96) we find that
f6) = Bo+ Y Bisk,

k=1

(A +1) log t3%V(s).

where B, f1, B2, - - - are constants (independent of ). The theorem is proved. O

5. Proofs of Theorem 2 and Corollary 2

In this section, using Proposition 1, Corollary 1 and Theorem 1, we are going to prove
Theorem 2 and Corollary 2.

5.1. Ribbon graphs with even valencies. In this subsection, we first prove Theorem 2,
then we give a further study to the modified GUE partition function with even couplings.

Proof of Theorem 2. Define F,,(s) and Z, (s) by
n? 3 1 By,

Fa® = = (logn =) = —logn + 3
n®) = 7 (logn 12 8" 2 dg(g — Hnk?

1 . .
+ZE, Z (e M2t M) s sy
k=0 " i k=1

Zn(s) 1= /O, (105)
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Here B,, denotes the m'™ Bernoulli number. Then Z,(s) is a particular tau-function (of

the discrete KdV hierarchy) reduced from the Toda lattice hierarchy [14]. The initial
value of w, (s) := % is given by w, (s = 0) = n. The theorem then follows
from Lemma 14, Corollary 1, as well as the Theorem 1.1.1 of [14]. O

Define a formal series Z(x, s; €) by

x2 3 1

B
log Z(x,s;€) = —(logx — 5) — —Zlogx + 2628_2 2
gz

4g(g — Dx2%2
3NN G Qi 2 sy s xR (106)

g>0 k=1 iy izl
lj1=2g—2+k

2¢? 1

Here, x is the t"Hooft coupling constant [28,29]. Recall that we could view Z(x,s; €)
as a tau-function reduced from the Toda lattice of the discrete KdV hierarchy under the
identification n = x/e as well as the flow rescalings d;; — € d;;. More precisely, define

Z(x+e€,8,€)Z(x —€,8;€)
Z(x,s;€)?

w(x,s;€) =

El

then w(x, s; €) is a particular solution to the discrete KdV hierarchy:

aL [A L]
€— = i—1,
aSj 2j—1
with L := A? + wkx+e)+wkx) + wkx)wkx — €) A2, Apjq = L7, A = e,
Validity of these statements can be found in the Appendix of [14]. The initial data of
this solution is given by

wx,0;¢) = x = ne. (107)

Let ZdKdV (x, s; €) be the tau-function of the solution w (x, s; €). The following corollary
follows from Theorem 1.

Corollary 3. There exist constants «, o, B1, B2, - - - such that
Z(x,s;€) = @ Potluzi Bisi zIKAV (g oy 7dKAV (4 e g6, (108)
Note that the constants «, By, B1, B2, - - - right above now can depend on €. In what

follows, we fix the ambiguities simply by requiring Z94V (x, s; €) to be the unique
function satisfying

Z(x,s;€) = ZKV(x g e) 7KV (x4 e s 0). (109)

Remark. The following formal series of s

€ ~
790 (x4 Ss: €)= Z(x.s;€) (110)
was introduced in [20] by Si-Qi Liu, Youjin Zhang and the authors of the present paper,
called the modified GUE partition function with even couplings, which plays an impor-
tant role in a proof of the Hodge—GUE correspondence [20]. Moreover, Liu, Zhang and
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the authors derived the Dubrovin—Zhang loop equation for log Z from the corresponding
Virasoro constraints, which also provides an algorithm for computing the modified GUE
correlators of an arbitrary genus [20]. Very recently, Jian Zhou [42] derived the fopo-
logical recursion of Chekhov-Eynard—Orantin type for the modified GUE correlators
from the Virasoro constraints constructed in [20]; moreover, as a consequence of the
topological recursion, an interesting formula between intersection numbers and k-point
functions of modified GUE correlators was obtained by Zhou [42] (see the Theorem 3
in [42] for the details); it remains an open question to match the formula of Zhou with
another interesting formula obtained by Gaétan Borot and Elba Garcia-Failde [5] (see
the Corollary 12.3 of [5]) as a consequence of the Hodge—~GUE correspondence (or with
a slightly different but equivalent consequence like (121) in below), which may lead to
a new proof of the Hodge-GUE correspondence. Last but not least, as a corollary of
Theorem 2, let us give a third algorithm of computing the modified GUE correlators
based on the following full genera formulae:

A A
e Y Wadpiue) Ry COR ()] ! (111)
Joie Mher (b1 — 12)? (= 20)2
Ao Ao,
e ) 1 tr[Rx A ) R ( =]
ek Z <¢Jl/1+l ¢/k>§kx+1€) = _§ Z (k > 3)1
Jlsees J=0 )\.l e )"k oeSk HZ:I()‘UI{ - Og+1)

(112)

where (¢, --- ¢, )(x; €) denote the modified GUE correlators with even couplings,
defined by

9% log Z
(i b (€)= ——2L (x s=0e), (113)

3Sj1 ...8Sjk

and R, (%) is defined in Definition 3. We notice that the reason that one can talk about
“genus” for log Z is because log Z is even in € and so are (¢;, - - - ¢, ) (x; €). A concrete
algorithm using the formulae of the form (111)—(112) for calculating the corresponding
correlators including certain large genus asymptotics is given in [16].

Remark. Very recently it was shown in [26] that ZdKdv (x,s;€)and ZIKdv (x+e€,s; €) are
identified with the LUE partition functions with « = —1/2 and « = 1/2, respectively.
One can obtain their k-point series by putting x — x F 5 in (111)—~(112). An interesting
genus expansion for Z dKdV (x, s; €) was discovered in [9]. The interplay between Z dKdV
and Z suggests a Hurwitz/Hodge correspondence that deserves a further study.

Using the definitions of Z(x, s; €) and 7(x, s; €) and using the expansion
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with Ey, k > 0 being the Euler numbers, we have the following formula:

log Z(x, S; €)

€44

2g-2 8 2 E /By
+ 20/ — 1) 78 ) 2282 28
; 4g(2g — D)(2g — 272 Z,:( ¢ b (2g’> 2%

2-2 k+ Ey ) h—k+]j
#Y e » ( g |/|) 2 e Qi 2ji) )y -5, xR

h=0 g,r>0 k=1
g+r*h Jise k=1

In other words, the modified GUE correlators with even couplings (113) have the ex-
pressions:

<¢j1 c '¢jk)(X; 6)

: e i\ E
:k!ZeZh*2x2*2h’k+|’|Z(2 2g2rk+|1\) 22 et 20, (114)

22r
h=0 g.r=0
g+r=h

where k > 1 and ji, ..., jx > 1. It should be noted that the (¢, - - - ¢j,)(x; €) with
k>1,j1,..., jr = 1is apolynomial of x.

5.2. Combinations of certain special cubic Hodge integrals. Based on the Hodge-GUE
correspondence and using Theorem 2, we compute in this subsection combinations of
certain special cubic Hodge integrals. More precisely, we will prove Corollary 2.

The cubic Hodge free energy associated with Ag(—1) Ag(—1) A ( ) is defined by

1. .
H(t: €) 262“2 Z ~/ﬂ Ag(=D) Ag(=1) Ag(5) ' -9t

g>0 k>0 Li=>0 8.k

Here, t = (79, 11, .. .). (Warning: Avoid from confusing with the variables #;, £ > 0 of
the Toda lattice hierarchy used in Sect. 4.) The Hodge—GUE correspondence connects
‘H(t; €) with the GUE partition function with even couplings, which is given by the
following theorem.

Theorem A. ( [15,20]) The following identity holds true:

- 1 11]2 _ |
. 2
log Z(x,s;€) + € <—§ E i 511512 1+] Sj— E Sj_Z+x

J1.2=1 j=1 j>1
= H(t(x—g,s);\/ie) + H(t(x+§,s);x/§e), (115)
where §; := (zjj) sj and
ti(x,s) = Zj"“g, — 14681 +x80 i>0. (116)

j=1
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Recall from (110) that the modified GUE partition function with even couplings Z
is defined as the unique series of x — 1 and s satisfying

Z(x,s;€) = (x—%,s;e) z<x+§,s;e). (117)

Combining (117) with (115) we obtain the following corollary.
Corollary 4. The following formula holds true:

~ | .
logZ(x,s; e) = H(t(x,s);\/ie) + 12 Z .]1 ]2. SjySj, + %(Z@ - 1)

+
ja=1 T2 =1

1
i . 118
26221+] J 2 ( )

Denote 2, := Ag(—1) Ag(—1) Ag(%) as in the introduction, and write
Q=) o Qllle H¥ (M.
d>0
It might be helpful to notice that for g = 1, deg €1 < 1; for g > 2, deg 2, < 3g — 3.

Motivated by Theorem A, let us consider the following combination of Hodge integrals.
For any givenk > 0, i1, ...,ix > 0, define H;, _;, (x;€) € 6_2@[[)6 —1,€2] by

(— 1)()
0 = 2 3y U gt )

d=0reY
(119)
Note thatin the notation . . . ) ¢, we omit the index m from (. . . ) ¢ ;. For such an abbrevi-
ation, m should be recovered from counting the number of ’sin *“...”. Therefore, for each

fixed g, d and for each monomial in the Taylor expansion e—Dro — Zfio %(x — 1",
the above summation over partitions Y, .y is a finite sum, i.e., the degree-dimension
matching |A| = 3g — 3+ k +r —d — |i| has to be hold. Lemma 3 also easily follows
from this constrain with » = 0 taken. The numbers Hy ;, . ; defined by (38) and the
formal series H;, .. ;, (x; €) are clearly related by

.....

Hy i(x=1i€) = > € 2Hyi . (120)
g=0
Proposition 3. For any k > 0 and ji, ..., jr > 1, the following formula holds true:
& (2e
l
biatio =T1(7F) 2 L1 Hio 529
=1 N TS0 0=

Ska i (201\ (212 Sk (2 '
s 2 ah ({1)( {z) k;( Jl)(f_l._x) (121)
222 ji+p\j1 J\ 2] 2 T+
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Proof. Note that the H(t; /2¢) has the expression

H(t; /2€) Zzglzw 3 /

mo,mi,ma,- M, Ximi
mo mo+mq mo+mi+my oo tm,
0 1
A1wd TT we IT w1150
s=1 s=mg+1 s=mo+mi+1 i=0

Formula (121) is then proved by substituting (116) and by using Corollary 4. O

Proof of Corollary 2. Note that the k = 0 case is already given in [20]. By taking x = 1
in (121) and using Theorem 2 we find (40). Formula (39) is then implied in a standard
way by using the following linear equation (proven in [20])

9% 2 1\~ 187
stka— + (4_2 - E)Z = 2095, (122
o 5 c 51
and the fact that 2 dKdV
0-log T,
o Plogm T P> 1 123
fn.j 5105 /= (29

Here Z = Z (x, s; €) denotes the modified GUE partition function with even couplings.
Note that the fact (123) can be obtained by taking the coefficients of A~! on the both
sides of (21). The corollary is proved.
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Appendix A. On Consequence of the Hodge~GUE Correspondence

In this appendix, we derive a consequence of the Hodge—GUE correspondence that has
a similar flavour to formula (121). Note that

H(t(x,s); «/Ee)

= ) o8l 22 / Qg k ﬁ(Zt,m(x s)wm)

g>0 k>0 m=1 i, >0

| 252 - va
— 8§— 8~ _ — m
-y [ au (4) I (e n- )
>0 k>0 1=0 m=I+1

l

Z pmspm

1 —
Pis--, Pl m=1 PmI/fm
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Then by comparing the coefficients of s, ... s, of the both sides of (118) we get
(Op - 0p)g(X)

X Ip <2pm>
v "\ Pm
2x —l>'/ ek n(“‘”‘l—wm)p

k> m=l+1 =1 L= pm¥m

1
+384,081,2 PLPz 21 2p2 + =04,00,1 2p P —x ). (124
P11+ p2 P1 P2 2 P2 1+ p;
Here (o), ...0op)(x;€) =1 3,2 €287 2(0p, ...0p)g(x),and (0p, ...0p,)(x; €) are the
modified GUE correlators with even couplings defined in (113). Taking x = 1 we find

1)02 1 Pm (zpm)

1 k
(Op1 - oplgli=1 = ZM/M ng,k l_[ (-1_":”m> U

k>l m=l+1 1 L= pm¥m
(125)
A further consideration to (125) was given in [5].
Combining (124) with (115) we find for any fixed/ > 1, p1, ..., p; > 1 the following
identities:
o4l 2—2g1 —1+]|jl\ E2
ey ( ; gy 2P 2p)
81,r=0
gi1+r=g
l 2pm
I vl (o)
- Z(k—l)'/* Pk H ((x_l)_ —v )H -
k>l P Mk m=I+1 m -1 Pm¥m
2 2 1 2
+ 84,0012 M( Pl)( pz) + —Sg,081,1< Pl)( P x), g>0.
pi+p2\pi/)\p2 2 p2 /) \1+pi
(126)

Note that for any g > 0, the RHS is a priori a power series of x — 1, but the LHS shows
that it is actually a monomial of x and so is also a polynomial of x — 1. This subset
of the identities deserve a further investigation. Moreover, the LHS vanishes when g is
sufficiently large, an so is the RHS; this provides another subset of the identities for the
cubic Hodge integrals.
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