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Abstract: Recently developed quantum algorithms address computational challenges
in numerical analysis by performing linear algebra in Hilbert space. Such algorithms can
produce a quantum state proportional to the solution of a d-dimensional system of linear
equations or linear differential equations with complexity poly(log d). While several of
these algorithms approximate the solution to within € with complexity poly(log(1/¢)),
no such algorithm was previously known for differential equations with time-dependent
coefficients. Here we develop a quantum algorithm for linear ordinary differential equa-
tions based on so-called spectral methods, an alternative to finite difference meth-
ods that approximates the solution globally. Using this approach, we give a quantum
algorithm for time-dependent initial and boundary value problems with complexity

poly(logd, log(1/¢€)).

1. Introduction

Differential equations have extensive applications throughout mathematics, science, and
engineering. Numerical methods for differential equations have been widely studied (see
for example [25]), giving fast algorithms for solving them using classical computers.

Recent work has developed quantum algorithms with the potential to extract infor-
mation about solutions of systems of differential equations even faster than is possible
classically. This body of work grew from the quantum linear systems algorithm (QLSA)
[20], which produces a quantum state proportional to the solution of a sparse system of d
linear equations in time poly(log d). Subsequent work improved the performance of that
algorithm [1,15] and applied it to develop similar quantum algorithms for differential
equations.

To achieve this improvement, quantum algorithms must operate under different as-
sumptions than those made for algorithms in classical numerical analysis. To represent
the output using poly(log d) qubits, the output is produced as a quantum state, not as


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-020-03699-z&domain=pdf
http://orcid.org/0000-0002-1885-8879

1428 A. M. Childs, J.-P. Liu

an explicit description of a vector. Furthermore, to facilitate applying Hamiltonian sim-
ulation, these quantum algorithms use implicit access to the system of equations (say,
through a matrix specified by a sparse Hamiltonian oracle and the ability to prepare
quantum states encoding certain vectors). While these assumptions restrict the types of
equations that can be addressed and the types of information that can be extracted from
the final state, they nevertheless appear capable of producing useful information that
cannot be efficiently computed classically.

In this paper, we focus on systems of first-order linear ordinary differential equations
(ODEs). Such equations can be written in the form

dx (1)
dt

=A0x(0)+ f(0) (1.1)

where t € [0, T] for some T > 0, the solution x(¢) € C4 is a d-dimensional vector, and
the system is determined by a time-dependent matrix A () € C?*? and a time-dependent
inhomogeneity f(¢) € C4. Provided A(t) and f(¢) are continuous functions of 7, the
initial value problem (i.e., the problem of determining x(¢) for a given initial condition
x(0)) has a unique solution [2].

The Hamiltonian simulation problem is simply the special case of the quantum ODE
problem where A is antihermitian and f is zero. A substantial body of work has de-
veloped fast quantum algorithms for that special case [6-9,11,13,27-30]. Hamiltonian
simulation underlies the QLSA [15,20] which in turn gives algorithms for more general
differential equations.

Berry presented the first efficient quantum algorithm for general linear ODEs [5]. His
algorithm represents the system of differential equations as a system of linear equations
using a linear multistep method and solves that system using the QLSA. This approach
achieves complexity logarithmic in the dimension d and, by using a high-order integrator,
close to quadratic in the evolution time 7. While this method could in principle be
applied to handle time-dependent equations, the analysis of [5] only explicitly considers
the time-independent case for simplicity.

Since it uses a finite difference approximation, the complexity of Berry’s algorithm
as a function of the solution error € is poly(1/€) [5]. Reference [10] improved this
to poly(log(1/€)) by using a high-precision QLSA based on linear combinations of
unitaries [15] to solve a linear system that encodes a truncated Taylor series. However,
this approach assumes that A(#) and f(¢) are time-independent so that the solution of
the ODE can be written as an explicit series, and it is unclear how to generalize the
algorithm to time-dependent ODEs.

While we focus here on extending the above line of work, several other approaches
have been proposed for addressing differential equations with quantum computers. Ref-
erence [26] used a quantum version of the Euler method to handle nonlinear ODEs with
polynomial nonlinearities. This algorithm has complexity logarithmic in the dimension
but exponential in the evolution time (as is inevitable for general nonlinear ODEs). Other
work has developed quantum algorithms for partial differential equations (PDEs). Ref-
erence [16] described a quantum algorithm that applies the QLSA to implement a finite
element method for Maxwell’s equations. Reference [17] applied Hamiltonian simula-
tion to a finite difference approximation of the wave equation. Most recently, reference
[3] presented a continuous-variable quantum algorithm for initial value problems with
non-homogeneous linear PDEs.

Most of the aforementioned algorithms use a local approximation: they discretize the
differential equations into small time intervals to obtain a system of linear equations or
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linear differential equations that can be solved by the QLSA or Hamiltonian simulation.
For example, the central difference scheme approximates the time derivative at the point
x(t) as

dx (1) . x(t+h)—x(t—h)

2
o ” +O(h2). (1.2)

High-order finite difference or finite element methods can reduce the error to o (hb),
where k — 1 is the order of the approximation. However, when solving an equation over
the interval [0, T'], the number of iterations is T/h = O (e~ V¥ for fixed k, giving a
total complexity that is poly(1/€) even using high-precision methods for the QLSA or
Hamiltonian simulation.

For ODEs with special structure, some prior results already show how to avoid a
local approximation and thereby achieve complexity poly(log(1/€)). When A(¢) is anti-
Hermitianand f(#) = 0, we can directly apply Hamiltonian simulation [9]; if A and f are
time-independent, then [10] uses a Taylor series to achieve complexity poly(log(1/€)).
However, the case of general time-dependent linear ODEs had remained elusive.

In this paper, we use a nonlocal representation of the solution of a system of dif-
ferential equations to give a new quantum algorithm with complexity poly(log(1/¢))
even for time-dependent equations. While this is an exponential improvement in the de-
pendence on € over previous work, it does not necessarily give an exponential runtime
improvement in the context of an algorithm with classical output. In general, statistical
error will introduce an overhead of poly(1/€) when attempting to measure an observable
with precision €. However, achieving complexity poly(log(1/€)) can result in a poly-
nomial improvement in the overall running time. In particular, if an algorithm is used
as a subroutine k times, we should ensure error O (1/k) for each subroutine to give an
overall algorithm with bounded error. A subroutine with complexity poly(log(1/€)) can
potentially give significant polynomial savings in such a case.

Time-dependent linear differential equations describe a wide variety of systems in
science and engineering. Examples include the wave equation and the Stokes equa-
tion (i.e., creeping flow) in fluid dynamics [24], the heat equation and the Boltzmann
equation in thermodynamics [19,33], the Poisson equation and Maxwell’s equations in
electromagnetism [22,34], and of course Schrodinger’s equation in quantum mechanics.
Moreover, some nonlinear differential equations can be studied by linearizing them to
produce time-dependent linear equations (e.g., the linearized advection equation in fluid
dynamics [12]).

We focus our discussion on first-order linear ODEs. Higher-order ODEs can be
transformed into first-order ODEs by standard methods. Also, by discretizing space,
PDEs with both time and space dependence can be regarded as sparse linear systems
of time-dependent ODEs. Thus we focus on an equation of the form (1.1) with initial
condition

x(0) =y (1.3)

for some specified y € C4. We assume that A(7) is s-sparse (i.e., has at most s nonzero
entries in any row or column) forany ¢ € [0, T']. Furthermore, we assume that A(¢), f(¢),
and y are provided by black-box subroutines (which serve as abstractions of efficient
computations). In particular, following essentially the same model as in [10] (see also
Section 1.1 of [15]), suppose we have an oracle O 4 (¢) that, for any ¢ € [0, T'] and any
given row or column specified as input, computes the locations and values of the nonzero
entries of A(¢) in that row or column. We also assume oracles O and O y(t) that, for any
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t € [0, T], prepare normalized states |y) and | f (¢)) proportional to y and f(¢), and that
also compute ||y || and || f(¢)]|, respectively. Given such a description of the instance,
the goal is to produce a quantum state e-close to |x(7)) (a normalized quantum state
proportional to x(7)).

As mentioned above, our main contribution is to implement a method that uses a
global approximation of the solution. We do this by developing a quantum version
of so-called spectral methods, a technique from classical numerical analysis that (ap-
proximately) represents the components of the solution x(1); ~ > j Cij ¢;(t) as linear
combinations of basis functions ¢; () expressing the time dependence. Specifically,
we implement a Chebyshev pseudospectral method [4,21] using the QLSA. This ap-
proach approximates the solution by a truncated Chebyshev series with undetermined
coefficients and solves for those coefficients using a linear system that interpolates the
differential equations. According to the convergence theory of spectral methods, the so-
lution error decreases exponentially provided the solution is sufficiently smooth [18,31].
We use the LCU-based QLSA to solve this linear system with high precision [15]. To
analyze the algorithm, we upper bound the solution error and condition number of the
linear system and lower bound the success probability of the final measurement. Over-
all, we show that the total complexity of this approach is poly(log(1/€)) for general
time-dependent ODEs. Informally, we show the following:

Theorem 1 (Informal). Consider a linear ODE (1.1) with given initial conditions. As-
sume A(t) is s-sparse and diagonalizable, and Re(A;(t)) < 0 for all eigenvalues of
A(t). Then there exists a quantum algorithm that produces a state €-close in I, norm
to the exact solution, succeeding with probability Q2 (1), with query and gate complexity
O(s|IAlIT poly(log(s[|A[|T/e€))).

In addition to initial value problems (IVPs), our approach can also address boundary
value problems (BVPs). Given an oracle for preparing a state «|x (0)) + B|x(T")) express-
ing a general boundary condition, the goal of the quantum BVP is to produce a quantum
state e-close to |x(¢)) (a normalized state proportional to x (¢)) for any desired t € [0, T].
We also give a quantum algorithm for this problem with complexity poly(log(1/¢€)), as
follows:

Theorem 2 (Informal). Consider a linear ODE (1.1) with given boundary conditions.
Assume A(t) is s-sparse and diagonalizable, and Re(A;(t)) < 0 for all eigenvalues of
A(t). Then there exists a quantum algorithm that produces a state €-close in l» norm
to the exact solution, succeeding with probability Q2 (1), with query and gate complexity
O(sIIAI*T* poly(log(s| AlIT/e))).

We give formal statements of Theorems 1 and 2 in Sects. 8 and 9, respectively. Note
that the dependence of the complexity on ||A|| and T is worse for BVPs than for IVPs.
This is because a rescaling approach that we apply for IVPs (introduced in Sect. 3)
cannot be extended to BVPs.

The remainder of this paper is organized as follows. Section 2 introduces the spectral
method and Sect. 3 shows how to encode it into a quantum linear system. Then Sect. 4
analyzes the exponential decrease of the solution error, Sect. 5 bounds the condition
number of the linear system, Sect. 6 lower bounds the success probability of the final
measurement, and Sect. 7 describes how to prepare the initial quantum state. We combine
these bounds in Sect. 8 to establish the main result. We then extend the analysis for initial
value problems to boundary value problems in Sect. 9. Finally, we conclude in Sect. 10
with a discussion of the results and some open problems.
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2. Spectral Method

Spectral methods provide a way of solving differential equations using global approxima-
tions [18,31]. The main idea of the approach is as follows. First, express an approximate
solution as a linear combination of certain basis functions with undetermined coeffi-
cients. Second, construct a system of linear equations that such an approximate solution
should satisfy. Finally, solve the linear system to determine the coefficients of the linear
combination.

Spectral methods offer a flexible approach that can be adapted to different settings
by careful choice of the basis functions and the linear system. A Fourier series provides
an appropriate basis for periodic problems, whereas Chebyshev polynomials can be
applied more generally. The linear system can be specified using Gaussian quadrature
(giving a spectral element method or Tau method), or one can simply interpolate the
differential equations using quadrature nodes (giving a pseudo-spectral method) [31].
Since general linear ODEs are non-periodic, and interpolation facilitates constructing a
straightforward linear system, we develop a quantum algorithm based on the Chebyshev
pseudo-spectral method [4,21].

In this approach, we consider a truncated Chebyshev approximation x () of the exact
solution x (7), namely

xi(1) =Y i), i€ldlo={0.1,....d— 1) @2.1)
k=0

for any n € Z*. (See “Appendix A” for the definition of Tj(¢) and a discussion of its
properties.) The coefficients ¢; x € C foralli € [d]op and k € [n + 1]p are determined
by demanding that x (¢) satisfies the ODE and initial conditions at a set of interpolation

nodes {t}]_, (with 1 =19 > t; > --- > t, = —1), where x(#p) and x(z,) are the initial
and final states, respectively. In other words, we require
dx (1)
Fran A(mx () + f(), VIie[n+1], 1t €[-11], (2.2)
and
xi(t0) = yi, i € ld]o. (2.3)

We choose the domain [—1, 1] in (2.2) because this is the natural domain for Chebyshev
polynomials. Correspondingly, in the following section, we rescale the domain of initial
value problems to be [—1, 1]. We would like to be able to increase the accuracy of the
approximation by increasing n, so that

I£(2) — x| — 0 as n — oo. (2.4)

There are many possible choices for the interpolation nodes. Here we use the Chebyshev-
Gauss-Lobatto quadrature nodes, #; = cos 17” forl € [n + 1]p, since these nodes achieve
the highest convergence rate among all schemes with the same number of nodes [23,25].
These nodes also have the convenient property that Ty (t;) = cos k[T”, making it easy to
compute the values x; (#;).

To evaluate the condition (2.2), it is convenient to define coefficients cl’,’ « fori € [d]o
and k € [n + 1]p such that

dei(t) <~
—5 _kXZ:OCi'ka(t)' (2.5)
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We can use the differential property of Chebyshev polynomials,

T T,

20 =77 k—1

: (2.6)

to determine the transformation between ¢; x and ¢; .. As detailed in “Appendix A”, we
have 7

n
¢y =Y [Daljcij. i €ldlo. k €ln+1lo, 2.7)
Jj=0

where D), is the (n + 1) x (n + 1) upper triangular matrix with nonzero entries

.
[Dylij = U—Z k+jodd, j >k, (2.8)

where

2 k=0
O -

)1 keln]=1{1,2,...,n) 29)

Using this expression in (2.2), (2.7), and (2.8), we obtain the following linear equa-
tions:

n d—1 n
D Telei =Y Aij) Y Teltdejx+ fW)in i € [dlo, 1€ [n+1]o.
k=0 j=0 k=0

(2.10)

We also demand that the Chebyshev series satisfies the initial condition x; (1) = y; for all
i € [d]p. This system of linear equations gives a global approximation of the underlying
system of differential equations. Instead of locally approximating the ODE at discretized
times, these linear equations use the behavior of the differential equations at the n + 1
times {tl}?zo to capture their behavior over the entire interval [—1, 1].

Our algorithm solves this linear system using the high-precision QLSA [15]. Given
an encoding of the Chebyshev coefficients c;x, we can obtain the approximate solution
x(t) as a suitable linear combination of the c;x, a computation that can also be captured
within a linear system. The resulting approximate solution x(¢) is close to the exact
solution X (¢):

Lemma 1 (Lemma 19 of [18]). Let £ () € C"*!(—1, 1) be the solution of the differential
equations (1.1) and let x(t) satisfy (2.2) and (2.3) for {t; = cos 17”};1:0. Then there is a
constant C, independent of n, such that

1X() ol =c Dol (2.11)
max X — X max ——————. .
re[—1,1] = Ttel-1,11  n'2

This shows that the convergence behavior of the spectral method is related to the
smoothness of the solution. For a solution in C"*!, the spectral method approximates
the solution with n = poly(1/€). Furthermore, if the solution is smoother, we have an
even tighter bound:
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Lemma 2 (Eq. (1.8.28) of [31]). Let x(t) € C*°(—1, 1) be the solution of the differential
equations (1.1) and let x(t) satisfy (2.2) and (2.3) for {t; = cos 1}—’;}}7:0. Then

20~ 20l <> 1ol (57)" (2.12)
max |[x — X — max ||x ~ . .
re[—1,1] TV o orel-1.1] 2n

For simplicity, we replace the value 4/2/m by the upper bound of 1 in the following
analysis.

This result implies that if the solution is in C°°, the spectral method approximates
the solution to within € using only n = poly(log(1/¢)) terms in the Chebyshev series.
Consequently, this approach gives a quantum algorithm with complexity poly (log(1/€)).

3. Linear System

In this section we construct a linear system that encodes the solution of a system of
differential equations via the Chebyshev pseudospectral method introduced in Sect. 2. We
consider a system of linear, first-order, time-dependent ordinary differential equations,
and focus on the following initial value problem:

Problem 1. In the quantum ODE problem, we are given a system of equations

dx (1)
dt

=A)x@) + f(1) (3.1

where x(t) € C¢, A(r) € C4*? is s-sparse, and f(r) € C? for all t € [0, T]. We
assume that A;;, f; € C (0, T) forall i, j € [d]. We are also given an initial condition
x(0) = y € C?. Given oracles that compute the locations and values of nonzero entries
of A(t) for any ¢, and that prepare normalized states |y) proportional to y and | f(¢))
proportional to f(¢) for any ¢ € [0, T], the goal is to output a quantum state |x(7")) that
is proportional to x (7).

Without loss of generality, we rescale the interval [0, 7] onto [—1, 1] by the linear map
t — 1 —2¢/T. Under this rescaling, we have 51—[ — —%%, S0 A — —%A, which can
increase the spectral norm. To reduce the dependence on T—specifically, to give an algo-
rithm with complexity close to linear in 7—we divide the interval [0, T'] into subintervals
[0,T1], [T, 2], ..., [Ty—1, T] with I'g := 0, T, := T. Each subinterval [T, ['j4+1]
for h € [m]pisthenrescaled onto [—1, 1] with the linear map K, : [Ty, T'p41] — [—1, 1]
defined by

2t =T
Kh:tHl—u, (3.2)
Cpe1 — T
which satisfies K;(I'y,) = 1 and K, (I',4+1) = —1. To solve the overall initial value

problem, we simply solve the differential equations for each successive interval (as
encoded into a single system of linear equations).
Now let tj, := |I'41 — I'y| and define

mmw=—%Amum (3.3)
W (t) = x(Kn (1)) (3.4)
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T
Ju(@) = _Ef(Kh(t))- (3.5)
Then, for each i € [m]y, we have the rescaled differential equations
dxp,
Pl Ap(@®)xp (@) + fn(t) (3.6)

for t € [—1, 1] with the initial conditions

y h=0

D=0 ke ml.

(3.7)

By taking

2
T < (3-8)
maXse[ry,, Tl IA@) |

where ||-|| denotes the spectral norm, we can ensure that || Ay, (¢)|| < 1forallt € [—1, 1].
In particular, it suffices to take

2
T .= max T (3.9

h = .
hel0,1,....m—1} max;efo,7] |A@)]|

Having rescaled the equations to use the domain [—1, 1], we now apply the Chebyshev
pseudospectral method. Following Sect. 2, we substitute the truncated Chebyshev series
of x(¢) into the differential equations with interpolating nodes {#; = cos l}—’f 21 € [n]},
giving the linear system

dx ()
a - Ap@)x @) + fu), helmly,leln+1] (3.10)

with initial condition
x(to) =vy. (3.11)

Note that in the following, terms with [ = 0O refer to this initial condition.
We now describe a linear system

L|X) = |B) (3.12)

that encodes the Chebyshev pseudospectral approximation and uses it to produce an
approximation of the solution at time 7.
The vector | X) € C"™*? @ C¢ @ C"! represents the solution in the form

m—1d—1 n m+pd—1 n
1X) =D Y cia@uenlhil)+ Y>> xilhil) (3.13)
h=0 i=0 [=0 h=m i=0 [=0
where ¢; ;(I'p+1) are the Chebyshev series coefficients of x(I'p41) and x; := x(I'y,); is

the ith component of the final state x(I";,).
The right-hand-side vector | B) represents the input terms in the form

m—1
|B) = Z |h)|B(fn)) (3.14)

h=0
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where

d—1 n

|B(fn)) = Zy,le +Z fu(cos Z);lil), helm—1]. (3.15)

i=0 I=1

Here y is the initial condition and f}, (cos 17”) ; is ith component of f}, at the interpolation

point #; = cos 11
We decompose the matrix L in the form

m—1

L=>"1|h) h|®<L1+L2<Ah)>+Z|h (h—1|® L3

h=0 h=1
m+p Wl+[)

+ Y Iy hl @ La+ Y |h)(h—1|® Ls. (3.16)
h=m h=m+1

We now describe each of the matrices L; fori € [5] in turn.
The matrix L is a discrete representation of 4& Gr» satisfying

d—1 n
|h)(h| ® L1|X) = ZZTk(mcluhzo +Z Z Te(t)[ Dy lkrci rhil)
i=0 k= i=01=1,k,r=0

(3.17)

(recall from (2.5) and (2.7) that D, encodes the action of the time derivative on a
Chebyshev expansion). Thus L has the form

d—1 n
> Ti(t)1i0) (ik| +Z Z cos—[D Ter i) (7| (3.18)
i=0 k=0 i=0[=1,k,r=0
= I ® (|0){0| P, + Z [1){l| P Dn) (3.19)

=1
where the interpolation matrix is a discrete cosine transform matrix:
n
klm
= Y cos —|I)kl. (3.20)
1,k=0 "

The matrix Ly(Ay) discretizes Ay (1), i.e.,

[h)(h] @ La(Ap)|X) = dX‘l i An()ijTi(tr)cj klhil). (3.21)
i,j=01=1,k=0
Thus
La(Ap) = — dX: i Ap(tr)ij cos kl—nlil)(jkl (3.22)
n

i,j=01=1k=0
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== An(t) @ (| Py (3.23)
=1

Note that if Aj, is time-independent, then
Ly(Ap) = —Ap ® Py. (3.24)

The matrix L3 combines the Chebyshev series coefficients c¢;; to produce x; for
each i € [d]p. To express the final state x(—1), L3 represents the linear combination
xi(=1) = Y7o cixTe(=1) = Y7 _o(—=D¥c; . Thus we take

d—1 n

Ly =YY (=D!i0) k. (3.25)

i=0 k=0

Notice that L3 has zero rows for [ € [n].

When h = m, L4 is used to construct x; from the output of L3 for ! = 0, and to repeat
x; n times for [ € [n]. Whenm +1 < h < m + p, both L4 and Ls are used to repeat x;
(n + 1) p times for / € [n]. This repetition serves to increase the success probability of
the final measurement. In particular, we take

d—1 n d—1 n
Ly=—Y " lil)(il — 1|+ Y Y |il)il| (3.26)
i=0 I=1 i=0 [=0
and
d—1
Ls=—Y_|i0)(in]. (3.27)
i=0

In summary, the linear system is as follows. For each i € [m]o, (L1+ L2(Ap))|X) =
| By,) solves the differential equations over [y, I'541], and the coefficients ¢; ; (I'p+1) are
combined by L3 into the (4 + 1)st block as initial conditions. When & = m, the final
coefficients ¢; ;(I',,) are combined by L3 and L4 into the final state with coefficients x;,
and this solution is repeated (p + 1)(n + 1) times by L4 and Ls.

To explicitly illustrate the structure of this system, we present a simple example in
“Appendix B”.

4. Solution Error

In this section, we bound how well the solution of the linear system defined above
approximates the actual solution of the system of differential equations.

Lemma 3. For the linear system L|X) = |B) defined in (3.12), let x be the approximate
ODE solution specified by the linear system and let X be the exact ODE solution. Then
for n sufficiently large, the error in the solution at time T satisfies

n+l

(T —x(D)|| < 0Dy £ 4.1
1X(T) — x(D)|| —m,é?&’}] [l x ()”(2;1)" 4.1)
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Proof. First we carefully choose n satisfying

1
n> e| loglw) 4.2)
2 | log(log(@))
where
2D @)
w:= max —(m+1) 4.3)
tel0.71 |yl
to ensure that
c+1) (4 1
max u(i)" <—. (4.4)
1€[0,T] [yl 2n m+1

According to the quantum spectral method defined in Sect. 3, we solve

3 = AnOxO) + (0. k< m. (4.5)

We denote the exact solution by x(I'j+1), and we let x(T'p41) = Z?:o Ylo(=D"ciy
(T'n+1), where ¢; ;(I'p41) is defined in (3.13). Define

Apyt = [IXThe1) = x(TreD) . (4.6)

For h = 0, Lemma 2 implies

n
= (") = x(TDl < max 12D @O)(5-) - ()
1€[0,T] 2n

For h € [m], the error in the approximate solution of i—’t‘ = Ap(t)x(t)+ fr(¢) has two
contributions: the error from the linear system and the error in the initial condition. We
let X(I'j+1) denote the solution of the linear system (L1 + Lz(Ah)) |X(TCpe1)) = |B(f))
under the initial condition x(I";). Then

Apet = X @he1) = XTheD) I+ 15 Tpa) = xTpa) |- (4.8)

The first term can be bounded using Lemma 2, giving
A ~ A(n+1) € \"
13 (The) = ¥Thenll < max 1500 0))(5-) (4.9)
1e[0,T] 2n

The second term comes from the initial error Aj, which is transported through the linear
system. Let

Eps1 = Eps1 + 841 (4.10)
where Ej.1 is the solution of the linear system with input Aj; and Eh+1 is the exact

solution of ‘cll—’; = Ap+1(®)x(t) + fp+1(¢) with initial condition x(I'y,) = Aj. Then by
Lemma 2,

Ap A "
18htll = 10 = Bt = = max 1°V01(5-) @1
Iy Il rel0.7] 2n
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SO
An R n
IFTn) = xChenl < At o max IROVO(5) @12

Thus, we have an inequality recurrence for bounding Ay,:

~(n+1) ¢ n n
Apy < (1+ max u(i) )Ah+ max ||£<"+‘)(t)||(i) L (413)
tel0,T] 154 2n tel0,T] 2n

Now we iterate & from 1 to m. Equation (4.4) implies

2D (¢ n 1 1
1€[0,T1] (¥4 2n m+1 " m
SO
LoD (4 -1 1
(1 + max u(i)")m < (1 + —)m <e. (4.15)
1€[0,T] 154l 2n m
Therefore

D @) e \mym=1
Ay < (1+ max —(—) ) A
el0.71 Iyl 2n

||)2(n+1)(t)” ( e )n)h—l (n+1) ( )n
+ —_—| = t
Z( [0 T] 2n zg[l(?x 1€ @I 2n

Iyl
1 \m— 1\m—1 (n+1) " (4.16)
< (1+—) A]+(m—1)<1+—) max [ (t)||( ) :
m m t€[0,T]
ey oy € (n+1)
< n+ t _ 1 n+ t
trr[l(% [ @l )y +(m—1) mglx [ ()|| Iy
n+l
—m max £ @)|—
1€l0,T] @n)yr’

which shows that the solution error decreases exponentially with n. In other words, the
linear system approximates the solution with error € using n = poly(log(1/¢)). O

Note that for time-independent differential equations, we can directly estimate
¢+ (1) using

2@y = AT R (1) + AL £ (4.17)

Writing A, = Vi, A, V, ! where A, = diag(ho, - . ., Ag—1), we have e = Vet v,~1,

Thus the exact solution of time-independent equation with initial condition X (1) = y is

() = MU0y 4 @0 — DAL,

(4.18)
= Ve Vi ly + Vi (e — DAY

Since Re(%;) < 0 for all eigenvalues A; of Ay, for i € [d]o, we have |[e®| < 1.
Therefore

IO =< kv Uy + 20 fal). (4.19)
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Furthermore, since maxy, ; [|A,(#)]| < 1, we have
D)) < RO+ fule
nax, X" ()] < lg{l&?;}(ll)c( MR FAGID)
< v (ly I +31 £l (4.20)
<ky(lyll+2zllf .

Thus the solution error satisfies

n+l

1E(T) — x(T)|| < miy (|7l + 27| £ ) ——.
Q2n)"

4.21)

Note that, although we represent the solution differently, this bound is similar to the
corresponding bound in [10, Theorem 6].

5. Condition Number
We now analyze the condition number of the linear system.

Lemma 4. Consider an instance of the quantum ODE problem as defined in Problem 1.
For all t € [0, T, assume A(t) can be diagonalized as A(t) = V(1)A()V~1(t) for
some A(t) = diag(Ag(?), ..., Aq(t)), with Re(A;(t)) < 0 foralli € [d]o. Let ky =
max;eo,71 kv () be an upper bound on the condition number of V (t). Then form, p € Z*
and n sufficiently large, the condition number of L in the linear system (3.12) satisfies

kL < (mm+p+2)(n+1)>>Qry +elly ). (5.1)

Proof. We begin by bounding the norms of some operators that appear in the definition
of L. First we consider the /o, norm of D, since this is straightforward to calculate:

_ " "("2+2) n even,
1Dy lloo = 2?;‘”2 D11 = { ity o (5.2)
Jj=0 2
Thus we have the upper bound
(n+1)>3
IDnll = v+ U Dalloc = ———- (5.3)

Next we upper bound the spectral norm of the discrete cosine transform matrix P,;:

n
Kl
12,17 < max > cos® - < max {n+ 1) =n+1. (5.4)
0<i<n = n 0<l<n
Therefore
1Pl < /n+1. (5.5)

Thus we can upper bound the norm of L as

n+1)3
IL1ll < 1Dl Pall < > (5.6)
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Next we consider the spectral norm of L>(Ap) for any i € [m]p. We have

La(Ap) = =Y An(t) @ |I)(I| Py (5.7)
=1

Since the eigenvalues of each A (t;) forl € [n + 1]y are all eigenvalues of

> Ay @ 1)), (5.8)

=0

we have

= nax) IIAh(t)II =1 (59

ZAh(fl) ® lI)(

ZAh(m ® )|

I=1 1=0
by (3.8). Therefore
IL2(AI < 1Pl = v+ 1. (5.10)
By direct calculation, we have
L3l = vn+1, (5.11)
ILall <2, (5.12)
ILs] = 1. (5.13)
Thus, for n > 5, we find
(n+1)> 3
L] < 5 +vn+l+vn+l1+2+1 < (m+1). (5.14)
Next we upper bound || L~!||. By definition,
1L~ = sup IL7'|B)]. (5.15)
IB)I=<1
We express | B) as
m+p n

B)ZZZZﬁh:lVlll Z |bhl (5.16)
h=0 [=0 i=0

where [b) == Y97 Buirlhil) satisties |||bp)]|> = Z?;J |Bri> < 1. For any fixed
he[m+p+1]pand! € [n+ 1]y, we first upper bound ||L_1|bh1)|| and use this to
upper bound the norm of L~! applied to linear combinations of such vectors.

Recall that the linear system comes from (2.10), which is equivalent to

n d—1
D T )cia ) =Y An(ty)i Z Ti(tr)ejx(Tn) + fu(t)i, i €[dlo, r € [n+1]o.
k=0 j=0 k=0

(5.17)
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For fixed h € [m + p + 1]p and r € [n + 1], define vectors xj,;, x;" € C? with
n n
Gonri = Y Tet)eix (@), ()i == Y T{(t)cik(Ty) (5.18)
k=0 k=0

for i € [d]o. We claim that xj,, = x;, = 0 for any r 3 /. Combining only the equations
from (5.17) with r # [ gives the system

Xy = An(tr)Xnr. (5.19)
Consider a corresponding system of differential equations

dxp, (1)
dt

= Ap(t)R () +b (5.20)

where Xp, (1) € C? for all ¢+ € [—1, 1]. The solution of this system with b = 0 and
initial condition X, (1) = Qs clearly x;,(¢) = O for all # € [—1, 1]. Then the nth-order
truncated Chebyshev approximation of (5.20), which should satisfy the linear system
(5.19)by (2.1) and (2.2), is exactly x,-. Using Lemma 3 and observing that £V () = 0,
we have

Xpr = Znr(t) = 0. (5.21)

When ¢ = 1;, we let | B) = |bp;) denote the first nonzero vector. Combining only the
equations from (5.17) with r = [ gives the system

x;ll = An(t)xp. (5.22)
Consider a corresponding system of differential equations

d)ehr (t)

= Ap(t)X(t) + b, (5.23)

with y = bpg, b =0forl =0;0ry =0,b = by forl € [n].

Using the diagonalization Ay (f;) = V (1)) An (1) V™ (1;), we have e = V (1))@
V~1(#;). Thus the exact solution of the differential equations (5.20) with r = [ and initial
condition X, (1) = y is

e () = eAh(tl)(l—t)y + (eA/,(t,)(l—t) _ I)Ah(tl)_lb

(5.24)
= V() WI=Dy =Ly 4 v (M U=D _ DAL )~ v b
According to Eq. (4.4) in the proof of Lemma 3, we have
Xpi = Xpi(=1) + 8p1 (5.25)
where
1
sty €T ellyll
18nill < max, Xy Ol 55— = —— (5.26)

Cn)" “ m+1"
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Now for i € [m + 1]p, we take xp,; to be the initial condition y for the next subinterval
to obtain x(;41). Using (5.24) and (5.25), starting from y = bjg, b = 0 for [ = 0, we
find

m—h+1 m—nh k
Xl = wm( I1 e“h“”)v—l(n)y +y V(m(]_[ e“h“”)v—lm)s(m_k)z.
j=1 k=0 j=1

(5.27)

Since A < Al < 1 and Ap() = diag(ho, .. ., ha_1) with Re(h) < O for
i € [d]o, we have [|e**#®) | < 1. Therefore

lxnell < xmill < &y @ buill + (m — h+ Dy @) 18l < kv (1) +elly || < kv +elly|l.

(5.28)
On the other hand, with y = 0, b = by, forl € [n], we have
m—nh
Xl = vm)(l"[ e“h<‘l>>(<e“h<’” — DAYV @b
= (5.29)

m—h k
+y V(t1)<l—[ EZAW’)) V@),
k=0 j=1

SO

lxpell < 26y @ 1bpi ||l + (m — h + Diey () I8l < 26y (1) +elly || < 2xv +elly |l

(5.30)

Forh € {m,m+1,...,m+ p}, according to the definition of L4 and Ls, we similarly
have

lxpill = llxmell < 26y +elly|l. (5.31)

According to (5.24), xp;(¢) is a monotonic function of ¢ € [—1, 1], which implies

12 ()17 < max{ |5 (= DI, 12D} < Qv +elly D (5.32)
Using the identity
1
dr
/ —_— =, (5.33)
11 =12
we have
/1 B < ey +e] ||>2f1 d @iy +elly 1)’
Xni < (2« e — =72k e .
—1 J1 =12 v 4 141 =12 v v
(5.34)
Consider the Chebyshev expansion of xp;(¢) as in (2.1):
d—1 o
£n(t) =" i) T (@). (5.35)

i=0 =0
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By the orthogonality of Chebyshev polynomials (as specified in (A.7)), we have

1 d—1 oo

f_ 1 1% (1)1 m— f (ZX(;IX(;CM(F;:H)TI(I)) \/_

-1 o d—1 n (5 36)

ZZ ,(rh+1)+2z U ED DY l,(rh+1>+22 cio(Ths1).

i=0 I=1 i=0 I=1

Using (5.34), this gives

d—1 n 1 dr
S A = [ O <xCa eyl (53)
=i - VT2

Now we compute ||| X)||, summing the contributions from all ¢; - (I'y) and x,,,, and
notice that ¢; , = 0 and x,,, = 0 for all  # [, giving

m—1d—1
X2 =" e (Then) + (p + D om)*

h=0i=0 , , (5.38)
<mmQky +ellyl)”+(p+ Dy +elyvI)

< (wm+ p+ 1)y +ely|)>.

Finally, considering all 4 € [m + p + 1]p and [ € [n + 1], from (5.16) we have

m+p n
BYIP =" lbwl* < 1, (5.39)
h=0 [=0
SO
m+p n
177 = sup LB = sup Y Y ILT|bw)l
lB)l<t IBYI<1 =0 1=o
(5.40)
< (mm+p+1D(m+p+Dn+ D)2y +elyl)?
< (@m+p+1D?(n+ D)2y +ellyl)?,
and therefore
IL7M < em + p+ D(n+ DO iy +elly ). (5.41)
Finally, combining (5.14) and (5.41) gives
k= ILIIL™Y < em+ p+ D(n + 1> Qiy +elly ) (5.42)

as claimed. O
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6. Success Probability
We now evaluate the success probability of our approach to the quantum ODE problem.

Lemma 5. Consider an instance of the quantum ODE problem as defined in Problem 1
with the exact solution x(t) for t € [0, T], and its corresponding linear system (3.12)
with m, p € Z* and n sufficiently large. When applying the QLSA to this system, the

probability of measuring a state proportional to |x(T)) = Z;tol x;li) is

(p+DHn+1)

Proas , 6.1
measure — nmq2+(p+ ])(n+ ]) ( )
where x; is defined in (3.13), t is defined in (3.9), and
x (1
llx (@)l 6.2)

g := max ———.
te(0,71 [|x(T)||

Proof. After solving the linear system (3.12) using the QLSA, we measure the first and
third registers of | X) (as defined in (3.13)). We decompose this state as

|X) = [ Xpad) + |Xg00d)a (6~3)
where
m—1d—1 n
| Xbaa) = Y Y Y cia(Cas)lhil), (6.4)
h=0 i=0 =0
m+pd—1 n
| Xgood) = Y Y Y xi|hil). (6.5)
h=m i=0 1=0
When the first register is observed in some h € {m,m + 1,...,m + p} (no matter

what outcome is seen for the third register), we output the second register, which is then
in a normalized state proportional to the final state:

|x(T))
|Xmeasure> - ms (66)
with
d—1 d—1 n
X(T)) = xili) =YY cixTe(@)li). (6.7)
i=0 i=0 k=0
Notice that
d—1
Hx@NI? =Y %7 (6.8)
=0
and
d—1
11 Xgood)I> = (p+ D+ 1) Y xF = (p+ D(n+ D||x(T)) % (6.9)

i=0
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Considering the definition of ¢, the contribution from time interval 4 under the
rescaling (3.2), and the identity (5.33), we have

1 ! _dt
q2||x<T)||2=tn[10ax I£(0* = / max 1% (0%

141 €[0,7]
N 2
> — max x(t 6.10
/1 1_12 L llx (@)l (6.10)

. Lot dr
= —/ max IIXh(t)II2 = —/ FAGIE ,
1 1—r2re| 1,1 T J 1_72

where X, (7) is the solution of (4.5) with the rescaling in (3.4). By the orthogonality of
Chebyshev polynomials (as specified in (A.7)),

1 d—1 oo

2 2 1 /] 2_ Y
MNP == | 15O — ( ik (Ts) T (1))
" ) 12‘;"20 : fﬁtn)
d—1 o _
1
= —(ZZc,k(rh+1>+2Z lo(Ths)) = ;ZZ e (Then).
i=0 k=1 i=0k
For all & € [m]g, we have
m—1 1 d—1 n 1
mg*|x(D)* =Y = > e (Thi) = =11 Xvaa) I, (6.12)
h=0 T =0 k=0 T
and therefore
1 1
X good) > = (p+ D(n + Dx(T)]* > me DI (6.13)
nmq

Thus we see that the success probability of the measurement satisfies

Prcasure > (f *hn+1) (6.14)
amg*+(p+1)(n+1)

as claimed. O

7. State Preparation

We now describe a procedure for preparing the vector |B) in the linear system (3.12)
(defined in (3.14) and (3.15)) using the given ability to prepare the initial state of the
system of differential equations. We also evaluate the complexity of this procedure.

Lemma 6. Consider state preparation oracles acting on a state space with basis vectors
|h)|i)|l) for h € [m]o,i € [dlo,l € [n]o, where m,d,n € N, encoding an initial
condition y € C% and function f(cos 17”) e C? as in (3.15). Specifically, for any h €
[m]o andl € [n], let Oy be a unitary oracle that maps |0)|0)|0) to a state proportional to
[0)|¥)10) and |h)|9)|I) to |h)|@)|l) for any |p) orthogonal to |0); let O (h, 1) be a unitary

that maps |h)|0)|l) to a state proportional to |h)| fi(cos %”))U) and maps 10)|¢)|0) to
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|0)|¢)|0) for any |@) orthogonal to |0). Suppose ||y || and || fr(cos %)H are known. Then
the normalized quantum state

m—1 n

|B) o [0)[y)10) + D > || fu(cos ) 1) (7.1)

h=0 I=1
can be prepared with gate and query complexity O (mn).

Proof. We normalize the components of the state using the coefficients

Iy
JIVI2+ S 1L fiCeos 1) 12

bop =

T 72
b = . helmlol € n]
JIvI2+ S0 1 fu(cos ) 2
so that
m—1 n
Y =1 (7.3)
h=0 [=0

First we perform a unitary transformation mapping
10)10}[0) > b00[0)[0)[0) + bo1[0)[0) 1) + - - - + bgn—1yn|m — 1)[0) ). (7.4)

This can be done in time complexity O(mn) by standard techniques [32]. Then we
perform O, and O (h, 1) for all h € [m]o, [ € [n], giving

m—1 n
O)¥)10) + D Y 1) fulcos Z)n) (7.5)
h=0 =1
using O (mn) queries. O

8. Main Result

Having analyzed the solution error, condition number, success probability, and state
preparation procedure for our approach, we are now ready to establish the main result.
Theorem 1. Consider an instance of the quantum ODE problem as defined in Prob-
lem 1. Assume A(t) can be diagonalized as A(t) = V(t)A@)V ™ (t) where A(t) =
diag(A1(2), ..., 2q(t)) withRe(X;(t)) < 0 foreachi € [d]o andt € [0, T]. Then there
exists a quantum algorithm that produces a state x(T) /|| x(T) || €-close to x(T) /| X (T)||
in [? norm, succeeding with probability Q (1), with a flag indicating success, using

O(kvsllAITq poly(log(kys|lAllg'T/eg))) (8.1)

queries to oracles O 4 (h, 1) (a sparse matrix oracle for A (1)) as defined in (3.3)) and
Ox and Oy(h,l) (as defined in Lemma 6). Here ||A|| := max;co,7] |A@®|; kv =
max; ky (t), where kv (t) is the condition number of V (t); and

. R x(t
SR, g = max max RV@), g o= max DL
1€[0,T] neN t€[0,71 |x(T)||

The gate complexity is larger than the query complexity by a factor of poly(log(kyds
IAllg'T/€)).

(8.2)
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Proof. We first present the algorithm and then analyze its complexity.
Statement of the algorithm. First, we choose m to guarantee

AT
— <. (8.3)
2m
Then, as in Sect. 3, we divide the interval [0, 7] into small subintervals [0, I'{], [T, I"2],
., [T=1, T]withTy =0,T,, = T, and define

T
T:= max {tu}, T = |Tp — Tl = —. (8.4)
0<h<m-—1 m

Each subinterval [y, ['j41] for & € [m — 1] is mapped onto [—1, 1] with a linear
mapping K, satisfying Ky (I'p) = 1, K (Tp41) = —1:

_ 2(t —-T
Kp:trofoml— 202 (8.5)
Cper = Th
We choose
log(Q2 1
"= fmaxH 0g(%) J { 02(@) ” (8.6)
2 log(log(£2)) | | log(log(w))
where
O g'em _ glem(l+e) 87
1) ge
and
g/
w = (m+1). (8.8)
vl
Since max;c(o.7] £+ (#)|| < g/, by Lemma 3, this choice guarantees
(n+1) en+1
X(T) —x(T)|| < O —— <8 8.9
1X(T) — x(T)|l < m[g&%] flx @l = (3.9)
and
cn+1) 1
max u<i)" < (8.10)
tel0,T] (54l 2n m+1
Now [|X(T) — x(T)| < § implies
x(T T 1) 1)
‘ D) _x(D ”5 — <" =6 @ID
(I x| min{|[X(D)|, |x(T)II} — g4

so we can choose such n to ensure that the normalized output state is e-close to
X(D)/IIX (D).

Following Sect. 3, we build the linear system L|X) = |B) (see (3.12)) that encodes
the quantum spectral method. By Lemma 4, the condition number of this linear system
is at most (mm + p+1)(n+1)> 2y +e¢||¥ [loo). Then we use the QLSA from reference
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[15] to obtain a normalized state | X) and measure the first and third register of |X) in
the standard basis. If the measurement outcome for the first register belongs to

S={m,m+1,...,m+ p}, (8.12)

we output the state of the second register, which is a normalized state |x (7)) /|| |x(T)) ||
satisfying (8.11). By Lemma 5, the probability of this event happening is at least

(p+D)(n+1) —
g+ (DA To ensure m + p = O(||A||T), we can choose

p = 0(@m)= O(|A|T), (8.13)

so we can achieve success probability €2(1) with O(q/+/n) repetitions of the above
procedure.

Analysis of the complexity The matrix Lisan (m+p+1dn+1) x (m+p+1)d(n+1)
matrix with O (ns) nonzero entries in any row or column. By Lemma 4 and our choice of
parameters, the condition number of L is O (/cv (m+ p)n3'5). Consequently, by Theorem
5 of [15], the QLSA produces the state |x(7")) with

O (kv (m + p)n*3s poly(log(cymns /8))) = O (kys| AT poly(log(ivs||Allg'T/eg)))
(8.14)
queries to the oracles O4(h,1), Oy, and O (h, 1), and its gate complexity is larger by

a factor of poly(log(kymnds/8)). Using O(g/+/n) steps of amplitude amplification to
achieve success probability €2(1), the overall query complexity of our algorithm is

O (ky (m + p)n'sq poly(log(cymns/8))) = O(kys||AlTq poly(log(kys||Allg'T/€g))).
(8.15)

and the gate complexity is larger by a factor of
poly(log(kvds||Allg'T /eg)) (8.16)
as claimed. O

In general, g’ could be unbounded above as n — o0o. However, we could obtain a
useful bound in such a case by solving the implicit Egs. (8.9) and (8.10).

Note that for time-independent differential equations, we can replace g’ by ||y +
27| f|| as shown in (4.20). In place of (8.7) and (8.8), we choose

_ Uivll+2zfl fiDemey iyl + 2zl flDemicy (1 + €)

Q: (8.17)
1) g€
and
+2
o= 2T, (8.18)
vl
By Lemma 3, this choice guarantees
n+l1
1X(T) —x(D)Il = nax Xx(@) —xI < meylyll+2 £ @ <3é

(8.19)
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and

2D (¢ n +2 n 1
max @l (i) < ky (vl T||f||)(i> < (820
1€[0,T1] (54l 2n (¥4 2n m+1

Thus we have the following:

Corollary 1. For time-independent differential equations, under the same assumptions
of Theorem 1, there exists a quantum algorithm using

O(kvslAlITq poly(logkysy | Al fIIT/eg))) (8.21)

queries to Oa(h, 1), Oy, and Oy (h, ). The gate complexity of this algorithm is larger
than its query complexity by a factor of poly(log(kydsy || A\l fIIT /€)).

The complexity of our algorithm depends on the parameter ¢ in defined in (8.2),
which characterizes the decay of the final state relative to the initial state. As discussed
in Section 8 of [10], it is unlikely that the dependence on g can be significantly improved,
since renormalization of the state effectively implements postselection and an efficient
procedure for performing this would have the unlikely consequence BQP = PP.

We also require the real parts of the eigenvalues of A(¢) to be non-positive for all
t € [0, T] so that the solution cannot grow exponentially. This requirement is essentially
the same as in the time-independent case considered in [10] and improves upon the
analogous condition in [5] (which requires an additional stability condition). Also as
in [10], our algorithm can produce approximate solutions for non-diagonalizable A (%),
although the dependence on € degrades to poly(1/€). For further discussion of these
considerations, see Sections 1 and 8 of [10].

9. Boundary Value Problems

So far we have focused on initial value problems (IVPs). Boundary value problems
(BVPs) are another widely studied class of differential equations that appear in many
applications, but that can be harder to solve than IVPs.

Consider a sparse, linear, time-dependent system of differential equations as in Prob-
lem 1 but with a constraint on some linear combination of the initial and final states:

Problem 2. In the quantum BVP, we are given a system of equations

dx (1)
dt

=A)x(@) + f(1), 9.1)

where x(t) € C4, A(t) € C?*? is s-sparse, and f(t) € C? for all t € [0, T], and
a boundary condition ax(0) + fx(T) = y with a, 8,y € C?. Suppose there exists
a unique solution X € C°°(0, T) of this boundary value problem. Given oracles that
compute the locations and values of nonzero entries of A(¢) for any 7, and that prepare
quantum states «|x(0)) + B|x(T)) = |y) and | f(¢)) for any ¢, the goal is to output a
quantum state |x(¢*)) that is proportional to x (t*) for some specified t* € [0, T].

As before, we can rescale [0, 7] onto [—1, 1] by a linear mapping. However, since
we have boundary conditions at t = 0 and t = T, we cannot divide [0, T'] into small
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subintervals. Instead, we directly map [0, T] onto [—1, 1] with a linear map K satisfying
K@O)=1and K(T) = —1:

- 2t
Kit—t=1—-—. 9.2)
T
Now the new differential equations are
dx T

If we define Ag (7) := — L A(t) and fx (1) = —% f(t), we have

d L _
d—; = Ak (Dx(@) + fx (@) 9.4)

forz € [—1, 1]. Now the boundary condition takes the form
ax(l)+ Bx(—1) =y. 9.5)

Since we only have one solution interval, we need to choose a larger order n of the
Chebyshev series to reduce the solution error. In particular, we take

n=f||A||TmaxH log(s2) J{ log(w) “ 9.6)
2 log(log(2)) | [ log(log(w))

where €2 and w are the same as Theorem 1.
As in Sect. 3, we approximate x(¢) by a finite Chebyshev series with interpolating
nodes {#; = cos 17” : [ € [n]} and thereby obtain a linear system

d
) A+ f@, 1<) ©.7)
with the boundary condition

@x(t0) + px(ty) = y. ©98)

Observe that the linear equations have the same form as in (3.10). Instead of (3.11),
the term with / = 0 encodes the condition (9.8) expanded in a Chebyshev series, namely

ai Y cixTilto) + Bi Y cinTilta) = vi 9.9)

k=0 k=0

for each i € [d]p. Since Ty (19) = 1 and Ty (z,) = (—1), this can be simplified as

n

Y @i+ (=D Bcix =i (9.10)

k=0

If o; + (—1)¥B; = 0, the element of |il)(ik| of L»(Ax) is zero; if a; + (—1)¥B; # 0,
without loss of generality, the two sides of this equality can be divided by o; + (—1)¥g;
to guarantee that the terms with / = 0 can be encoded as in (3.11).
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Now this system can be written in the form of equation (3.12) with m = 1. Here
L, |X), and |B) are the same as in (3.16), (3.13), and (3.14), respectively, with m = 1,
except for adjustments to L3 that we now describe.

The matrix L3 represents the linear combination x; (1*) = ZZ:O CikTr(t*). Thus we
take

d—1 n
Ly =Y Ti(t")i0)(ik. ©.11)
i=0 k=0
Since | T} (t*)| < 1, we have
L3l <n+1, (9.12)

and it follows that Lemma 3 also holds for boundary value problems. Similarly, Lemma 4
still holds with m = 1.

We are now ready to analyze the complexity of the quantum BVP algorithm. The
matrix L defined aboveisa (p+2)d(n+1) x (p+2)d(n+ 1) matrix with O (ns) nonzero
entries in any row or column, with condition number O (ky pn3'5). By Lemma 5 with
p = O(1), O(q/+/n) repetitions suffice to ensure success probability 2 (1). By (9.6), n
is linear in ||A||T and poly-logarithmic in €2 and w. Therefore, we have the following:

Theorem 2. Consider an instance of the quantum BVP as defined in Problem 2. Assume
A(t) canbe diagonalizedas A(t) = V () A(t) V=Yt) where A(t) = diag(A1(2), ..., Aq(2))
with Re(A;(t)) < O for each i € [d]g and t € [0, T]. Then there exists a quantum
algorithm that produces a state x(1*)/||x(t*)| e-close to %(t*)/|x(t*)| in I* norm,
succeeding with probability Q (1), with a flag indicating success, using

O (sl AII*T*q poly(log(kvs|Allg'T/eg))) 9.13)

queries to Oa(h,1), Ox, and Oy(h,l). Here | Al|, kv, g, g' and q are defined as in
Theorem 1. The gate complexity is larger than the query complexity by a factor of
poly(log(kvds||Allg'T /e)).

As for initial value problems, we can simplify this result in the time-independent
case.

Corollary 2. For a time-independent boundary value problem, under the same assump-
tions of Theorem 2, there exists a quantum algorithm using

O(kvslIAI*T*q poly(log(evsy I ANl £ T/€g))) 9.14)

queries to Oa(h, 1), Oy, and Oy (h,1). The gate complexity of this algorithm is larger
than its query complexity by a factor of poly(log(kydsy ||A|| fI1T/€)).

10. Discussion

In this paper, we presented a quantum algorithm to solve linear, time-dependent ordinary
differential equations. Specifically, we showed how to employ a global approximation
based on the spectral method as an alternative to the more straightforward finite difference
method. Our algorithm handles time-independent differential equations with almost the
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same complexity as [10], but unlike that approach, can also handle time-dependent dif-
ferential equations. Compared to [5], our algorithm improves the complexity of solving
time-dependent linear differential equations from poly(1/¢€) to poly(log(1/€)).

This work raises several natural open problems. First, our algorithm must assume that
the solution is smooth. If the solution is in C”, the solution error is O (n,%z) by Lemma 1.
Can we improve the complexity to poly(log(1/€)) under such weaker smoothness
assumptions?

Second, the complexity of our algorithm is logarithmic in the parameter g’ defined in
(8.2), which characterizes the amount of fluctuation in the solution. However, the query
complexity of Hamiltonian simulation is independent of that parameter [7,30]. Can we
develop quantum algorithms for general differential equations with query complexity
independent of g’?

Third, our algorithm has nearly optimal dependence on 7', scaling as O (T poly(log T')).
According to the no-fast-forwarding theorem [6], the complexity must be at least linear
in 7', and indeed linear complexity is achievable for the case of Hamiltonian simulation
[14]. Can we handle general differential equations with complexity linear in 7°? Further-
more, can we achieve an optimal tradeoff between T and € as shown for Hamiltonian
simulation in [28]?

Finally, can the techniques developed here be applied to give improved quantum
algorithms for linear partial differential equations, or even for nonlinear ODEs or PDEs?
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A Chebyshev Polynomials

This appendix defines the Chebyshev polynomials and presents some of their properties
that are useful for our analysis.

For any k € N, the Chebyshev polynomial of the first kind can be defined as the
function

Ty (x) = cos(karccosx), x €[—1,1]. (A.1)
It can be shown that this is a polynomial of degree k in x. For example, we have
To)=1, Tix)=x, Thx)=2x2—1, T3(x)=4x>—3x, Tux)=8x*—8x*+1. (A.2)

Using the trigonometric addition formula cos(k + 1)6 + cos(k — 1)0 = 2 cos 6 cos k6,
we have the recurrence

Tiev1(x) = 2xTi(x) — T—1(x) (A.3)

(which also provides an alternative definition of the Chebyshev polynomials, starting
from the initial conditions 7p(x) = 1 and T7(x) = x). We also have the bounds

Ty (x)] < 1for |x| <1, Ti(£l) = (£D*. (A4)
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Chebyshev polynomials are orthogonal polynomials on [—1, 1] with the weight func-
tion w(x) := (1 — xz)_l/z. More concretely, defining an inner product on L%U(—l, 1)
by

1 dx
(.8 = / (g (1) (A5)
J 8w g Fxg —
we have
g
(T, Ty w :/ cosm6 cos n6 do (A.6)
0
b1
= Eanam,n (A7)
where
2 n=0
= A.8
on {1 n>1. (A8)

It is well known from the approximation theorem of Weierstrass that {7y (x) : k € N}
is complete on the space LIQU (—1, 1). In other words, we have the following:

Lemma 7. Any function u € Lﬁ) (—1, 1) can be expanded by a unique Chebyshev series

as
(0.¢]
u(x) =) &Ti(x) (A.9)
k=0
where the coefficients are
. 2
Cr = ;(u, T)w- (A.10)

For any N € N, we introduce the orthogonal projection Py : sz(—l, 1) > Py
(where Py denotes the set of polynomials of degree at most N) by

N
Pyu(x) =Y &Ti(x). (A.11)
k=0

By the completeness of the Chebyshev polynomials, we have
(Pyu(x), v(x))y = (u(x),v(x))y YvePy (A.12)
and
|Pyu(x) —u(x)||y = 0, N — oo. (A.13)

Finally, we compute the Chebyshev series of u’(x) in terms of the Chebyshev series
of u(x). Since Ty (x) = cos k6 where 6 = arccos x, we have

(A.14)
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Since
in(k+1)0  sin(k — 1)@
2coskg = Sk DO sintk — 1) (A.15)
sin @ sin 0
we obtain
T, (x) T/_(x)
2Th(x) = KLl Tkl s g A.16
i s B (A.16)
and
T/
Ti(x) = # (A.17)

Since Pyu(x) € Py, the derivative of this projection should be in Py _;. Indeed, we
have

N-1
W)=Y §Ti(x)
k=0
N— N—-1 ’
() 1 T, ( ) .
T -1 /
5 ; ++ 1 I; Cp + ¢ To(x)
=y ) o) (A.18)
o T/(x) 1 1., v () 1 & T,
= (Ch_q Ck+]) Y icle(x)+ —Cyn_2 ]I\\]I L ] 5 ;]x) + ¢, To(x)
k=2
N
=) &T{(x).
k=1
Comparing the coefficients of both sides, we find
O’ké;{ = LA’I/{+2 +2(k+ 1Dcrr1, k€[Nl
iy =0 (A.19)

where oy, is defined in (A.8).
Since E,’( = 0 for k > N, we can calculate ¢,_, from ¢y and then successively

calculate ¢, _,, ..., ¢}, ¢,. This recurrence gives
N
A/ 2 .
G==— Y jé. kelNl. (A.20)
%k i T
j+k odd

Since ¢, only depends on ¢; for j > k, the transformation matrix Dy between the values
¢, and ¢ for k € [N + 1] is an upper triangular matrix with all zero diagonal elements,
namely

2 j >k, j+kodd

Dylki = 1 % A21
[Dwlij 0  otherwise. ( )
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B An Example of the Quantum Spectral Method

Section 3 defines a linear system that implements the quantum spectral method for
solving a system of d time-dependent differential equations. Here we present a simple
example of this system for the case d = 1, namely

d—’; = A(Dx(1) + £ (1) (B.1)

where x (1), A(t), f(t) € C,t € [0, T], and we have the initial condition
x(0) =y eC. (B.2)

In particular, we choose m = 3, n = 2, and p = 1 in the specification of the
linear system. We divide [0, T'] into m = 3 intervals [0, I'1], [T'1, ['2], [I2, T] with
I'o =0, =T, and map each one onto [—1, 1] with the linear mapping K} satisfying
Kn(Tp) = 1 and K, (I'p41) = —1. Then we take the finite Chebyshev series of x(1)
with n = 2 into the differential equation with interpolating nodes {#; = cos & T le
[2]} = {0, —1} to obtain a linear system. Finally, we repeat the final state p = 1 time to
increase the success probability.

With these choices, the linear system has the form

L1+ Ly(Ao)
L Ly+Ly(Ay)
L= Lj L1+ Ly(Ap) (B.3)
L3 Ly
Ls Ly

with

Ly =10)(0[ P, +Z \){|PaDy =101 0 (B.4)
=1 01 —4

0 0 0
M0 0 —A40)]  ®5)

La(Ap) = =Y An(t) @ [1){I| Py = —
An(=1) =Ap(=1) Ap(=1)

=1

d n 1-11
=ZZ(—1)k|i0)(ik|= 000 (B.6)

i=0 k=0 000
d n d n 1 00

= > linGr =11+ |11 i=1-110 (B.7)
i=0 I=1 i=0 I= 0 —11
d 00—

— > li0)(in| = [00 © (B.8)

000
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The vector | X) has the form

co(I'y)
c1(I'y)
c(T'r)
co(T2)
c1(T2)
()
co(I'3)
1X)=|ca1T3) (B.9)
c2(I'3)

=R R R X

where ¢;(I',+1) are the Chebyshev series coefficients of x(I'j41) and x is the final state
x(Tp) = x(=1).
Finally, the vector | B) has the form

4
fo(0)
fo(=1)
0

f1(0)
fi(=D
0

|B) =1 /2(0) (B.10)
fa(=D)

S o oo OO

where y comes from the initial condition and f}, (cos 17”) is the value of f}, at the inter-
polation point #; = cos 17” € {0, —1}.
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