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Abstract: Janus and Epimetheus are two moons of Saturn with very peculiar motions.
As they orbit around Saturn on quasi-coplanar and quasi-circular trajectories whose radii
are only 50 km apart (less than their respective diameters), every four (terrestrial) years
the bodies approach each other and their mutual gravitational influence lead to a swapping
of the orbits: the outer moon becomes the inner one and vice-versa. This behavior
generates horseshoe-shaped trajectories depicted in an appropriate rotating frame. In
spite of analytical theories and numerical investigations developed to describe their long-
term dynamics, so far very few rigorous long-time stability results on the “horseshoe
motion” have been obtained even in the restricted three-body problem. Adapting the idea
of Arnol’d (Russ Math Surv 18:85-191, 1963) to a resonant case (the co-orbital motion
is associated with trajectories in 1:1 mean motion resonance), we provide a rigorous
proof of existence of 2-dimensional elliptic invariant tori on which the trajectories are
similar to those followed by Janus and Epimetheus. For this purpose, we apply KAM
theory to the planar three-body problem.

1. Introduction

In the framework of the planetary three-body problem (two bodies orbiting a more mas-
sive one), the co-orbital motion is associated with trajectories in 1:1 mean-motion reso-
nance. In other words, the planets share the same orbital period. This problem possesses
a very rich dynamics which is related to the five famous “Lagrange” configurations. '
This resonance has been extensively studied since the discovery of Jupiter’s “Trojan”
asteroids whose trajectories librate around one of the L4 and L5 equilibria with respect
to the Sun and the planet. Since then, other co-orbital objects have been discovered in the
Solar System and particularly in the system of Saturn’s satellites which presently holds

1 For two of these configurations the three bodies are located at the vertices of an equilateral triangle. These
equilibria correspond to the fixed points L4 and Lj in the restricted three-body problem (RTBP). The other
three are the Euler collinear configurations (L1, Ly, and L3 in the RTBP).
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Fig. 1. a,b Schematic representation of the orbital motion of the co-orbital moons of Saturn. The average values
of the semi-major axes are rescaled to 1 while the moons’ radial excursions are exaggerated by a factor of 200.
The trajectories of Helene, Polydeuces, Calypso, and Telesto are seen in frames that rotate respectively with
Dione and Tethys. Polydeuces’ and Helene’s trajectories (respectively Calypso’s and Telesto’s trajectories)
describe a tadpole shape that surrounds the Lagrange points L4 and L5 with respect to the Sun and Dione
(respectively Tethys)

five pairs of co-orbital moons: Calypso and Telesto, which are co-orbital with Tethys,
Helene and Polydeuces, co-orbital with Dione, and the pair Janus-Epimetheus.

As displayed in Fig. 1, the trajectories of Calypso and Telesto (resp. Helene and
Polydeuces) in the rotating reference frame with Tethys (resp. Dione) describe a tadpole
shape which corresponds to a small deformation of the Lagrange equilateral configura-
tions L4 or Ls with respect to Saturn and Tethys. This “tadpole” motion, which is also
characteristic of Jupiter’s Trojans, has been extensively investigated in recent decades
especially long-term stability of these asteroids (see [20,31]).

Regarding Janus and Epimetheus, as Fig. 2 shows, they exhibit a horseshoe-shaped
trajectory. As they orbit around Saturn (in about 17h) on quasi-coplanar and quasi-
circular trajectories whose radii are only 50 km apart (less than their respective diam-
eters), their mean orbital frequency is slightly different (the inner body being a little
faster than the outer one). Thus, the bodies approach each other every four terrestrial
years and their mutual gravitational influence leads to a swapping of the orbits: the outer
moon becomes the inner one and vice-versa. This behavior generates the horseshoe
trajectories depicted in an appropriate? rotating frame. This surprising dynamics of the
Janus-Epimetheus co-orbital pair was confirmed by Voyager 1°s flyby in 1981 (see [1]).

Actually, the two moons exchange their orbits after a relatively close approach whose
minimal distance is larger than 10000 km, which is too far apart to get in their respective
Hill’s sphere® whose radius is around 150 km. Hence, the gravitational influence of
the planet dominates the orbital dynamics of Janus and Epimetheus while their mutual
interaction remains only a perturbation.

Summarizing, we look for coplanar, low eccentricity co-orbital trajectories which
mimic the behavior of these satellites. Contrarily to the tadpole orbits (Helene, Poly-
deuces, Calypso, and Telesto as in Fig. 1 and also Jupiter’s Trojans) where the difference
of mean longitudes oscillates around £60° (see Sect. 2.3), for the considered horseshoe

2 The horseshoe trajectories are depicted in the frame that rotates with the moons’ average mean motion.
3 Which is the gravitational sphere of influence where the primary acts as a perturbator.
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Fig. 2. Schematic representation of the Saturn-Janus-Epimetheus trajectories which are depicted in an appro-
priate rotating frame that rotates with the moons’ average mean-motion. They describe a horseshoe shape
whose radial amplitude is about 80 km for Epimetheus (red curve) and 20 km for Janus (blue curve). Starting
from the configuration A where Janus, Saturn, and Epimetheus are aligned and the latter is the outer moon,
Janus catches up with Epimetheus and a close encounter occurs: due to their mutual gravitational interaction
the inner moon shifts towards the outer one and vice-versa (configuration B). More precisely, without over-
taking Epimetheus, Janus decelerates and “falls” towards the outer orbit. Likewise, Epimetheus accelerates as
it becomes the inner moon and moves away from Janus until another aligned configuration is reached (config-
uration C). Next, Epimetheus catches up with Janus, a close encounter occurs, and another orbital exchange
takes place (configuration D). It takes about 4 years between each orbital exchange and about 8 years for
Janus and Epimetheus to cover all their horseshoe-shaped trajectories (which corresponds to 4000 revolutions
around Saturn)

trajectories this quantity oscillates around 180° with a large amplitude, larger than 312°
(see Sects. 2.3 and 4.4 for details).

From a theoretical point of view, using a suitable approximation of the restricted three-
body problem (RTBP)* and without available observations, Brown [7] was the first to
consider “horseshoe” orbits which encompass L4, L3, Ls equilibria and predicted that
they were possible solutions of the system. Subsequently, some horseshoe orbits and
families of orbits of this kind have been found numerically in the planar RTBP with
respect to the Sun and Jupiter by Rabe [29] followed by numerous other authors.

Several analytical theories have been developed to describe the long-term dynamics
of the Janus-Epimetheus co-orbital pair and, more generally, of horseshoe motions in
the three-body problem.

One approach, elaborated by Spirig and Waldvogel [35], lies in the description of
the two moon dynamics by matching two adapted approximations: the outer one where
the moons do not interact when they are apart and the inner one where the mutual
gravitational influence dominates during the close encounter. As we have seen, from an
astronomical point of view this is not relevant with the observed motions of the Janus
and Epimetheus. From a mathematical point of view, and this is central in the present
paper, the reasoning followed by Spirig and Waldvogel [35] does not lie in classical

4 In this approximation, it is assumed that the massless one does not affect the motion of the other two,
which is consequently Keplerian.
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setting of the implicit function theorem or KAM theory where we need to consider a
perturbation of a unique integrable system.

Another approach, which is followed in the present paper, is precisely based on
the introduction of a unique integrable approximation associated with the co-orbital
resonance. This kind of global model was introduced in the late seventies. In the context
of the restricted problem (RTBP) by tacking the mass ratio between the secondary
and the primary small enough, Garfinkel [17] develops an approximation adapted to
quasi-circular orbits in co-orbital resonance in order to study the behavior of the Trojan
asteroids. Following the same idea, Yoder et al. [36] give a less accurate approximation
of the co-orbital resonance but applicable to the situation of two comparable moons
such as Janus and Epimetheus.> Going back to the framework of the restricted problem
(RTBP), the most detailed numerical exploration of horseshoe dynamics has been carried
out in Dermott and Murray [13, 14]. Focusing on quasi-circular trajectories, they provide
some general properties such as heuristic estimates of the horseshoe orbit lifetime and
the relative width of the tadpole and horseshoe domain.

In spite of these analytical theories as well as the indications provided by some
numerical investigations (see [3,25]), so far very few rigorous long-time stability results
have been obtained on the “horseshoe motion”, even in the restricted three-body problem.

Cors and Hall [10] studied the persistence of these trajectories in the three-body prob-
lem with the help of a Hamiltonian formulation of the planetary problem by introducing
several small quantities (the mass of the moons, the radii difference, and the minimum
angular separation between the moons) whose relative sizes are determined in order to
explore the horseshoe dynamics. Their approximation of the dynamics in the co-orbital
resonance retains terms up to a given order in the expansion of the perturbation which
correspond to the mutual interaction between the moons. An important feature in Cors
and Hall [10] is that their approximation is valid for an area in phase space composed
of orbits where the mutual distance at closest approach of the satellites is comparable to
&% for 0 < o < 1/5 with the ratio ¢ of the moons’ masses to the central body’s mass.
This allows one to get results on the existence of horseshoe-shaped orbits over times of
order £*72.

After completion of the present work, Cors et al. [11] published an article about
the existence of quasi-periodic horseshoe trajectories. The authors use Cors and Hall
[10] approximation to give a computer-assisted proof for the existence of 4-dimensional
Lagrangian tori associated with co-orbital orbits where there are close approaches of
the satellites. Even if some details of the proof are omitted in this paper, this promising
work provides normalizing transformations of the considered Hamiltonian designed to
prove the existence of invariant tori.

Going back to the strategy of Garfinkel [17], Yoder et al. [36], Dermott and Murray
[13,14], a Hamiltonian formalism adapted to the study of the motion of two planets in
co-orbital resonance was developed in Robutel and Pousse [33]. This yields a global
integrable 1:1-resonant normal form which was specified in Robutel et al. [32] where
estimates on the required averaging process are given (and also some stability results).
In particular, this model is valid for any orbits in 1:1 resonance provided the mutual
distance at closest approach is reduced by £!/3, which corresponds to Hill’s sphere,
and its domain of definition includes the L3, L4 and L5 equilibria. A drawback to this
method is that the action-angle variables in this integrable approximation are not explicit.

5 Indeed, Janus is only 3 times more massive than Epimetheus. This is a particular case since for all the
co-orbital pairs of celestial objects observed up to now, one is very small with respect to the other hence the
RTBP is a good model except for Janus-Epimetheus.
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Nevertheless, we can compute asymptotic estimates on the frequencies of trajectories
close to orbits homoclinic to the hyperbolic equilibrium L3 (see Fig. 2).

In the present paper, our goal is to prove the existence of invariant tori on which the
trajectories are similar to those followed by Janus and Epimetheus and for this purpose
we apply KAM theory with the latter integrable approximation in co-orbital resonance.

In his seminal article, Arnol’d [2] proved rigorously the existence of quasi-periodic
motions in the planar planetary three-body problem. This has been extended to the spatial
N-body problem by Féjoz [16] and Chierchia and Pinzari [9]. Going back to the spatial
three-body problem, Biasco et al. [6] proved the existence of lower dimensional invariant
tori while Chenciner and Llibre [8] and Lei [23] proved the existence of quasi-periodic
almost-collisional orbits.

Assuming that the planets never experience close encounters, Arnol’d first considered
two uncoupled Kepler problems as the integrable part of the Hamiltonian. In order to get
Kolmogorov non-degeneracy of the frequency map, he added a suitable approximation
of the secular part of the perturbation.

In the co-orbital resonance, KAM theory has already been applied: in the restricted
three-body problem, Leontovich [24] proved the existence of quasi-periodic tadpole
trajectories. His reasonings are based on a fourth degree expansion of the Hamiltonian
around Lagrange equilateral configurations which yields a Kolmogorov non-degenerate
integrable Hamiltonian. Unfortunately, this method is only relevant in the neighborhood
of the equilateral equilibria and does not fit trajectories that encompass the L4, L3, and
L5 equilibria such as the horseshoe orbits.

As discussed before, in our context the mutual interaction of the moons remains a
perturbation of the main force which comes from the central attractor. As a consequence,
the planetary three-body problem studied by Arnol’d is also relevant for modeling Janus
and Epimetheus’ trajectories around Saturn.

We would like to use KAM theory in order to prove the existence of quasi-periodic
trajectories whose main features are those of the observed satellite’s trajectories but our
context is tricky : unlike Arnol’d’s situation that relies on non-resonant Kepler orbits,
we are strictly in 1:1 resonance which prevents of use the secular perturbation in order
to get a non-degeneracy.

In order to prove the existence of quasi-periodic horseshoe orbits, we replace the
previous secular perturbation by the integrable 1:1-resonant normal form introduced by
Robutel and Pousse [33]. Since the action-angle variables in the integrable approximation
are not explicit, it is very tricky to check Kolmogorov’s non-degeneracy condition as in
Arnol’d’s article. However, it is possible to look at weaker non-degereracy conditions,
like those stated by Poschel [28] to prove the persistence of lower dimensional normally
elliptic invariant tori in the context of non-linear partial differential equations.” This
latter result was already applied in celestial mechanics by Biasco et al. [6] to prove
the existence of 2d elliptic invariant tori for the three-body planetary problem in a
non-resonant case (while co-orbital trajectories are resonant). In our context, we will
follow the same scheme of proof and, as a consequence, we give a rigorous proof of
2-dimensional tori associated with horseshoe like motions. Our main theorem (Theorem
2.1) is stated at the end of Sect. 2.

6 Which is the averaged perturbation along the Keplerian flows.

7 This result was initially stated by Melnikov [27] and independently proved by Eliasson [15] and Kuksin
[21].
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Actually, it is certainly possible to compute higher order normal forms with a
computer-assisted proof in order to check Kolmogorov’s non-degeneracy condition in
our setting and ensure the existence of Lagrangian invariant tori.

In Sect. 2, we specify the characteristics of the quasi-periodic orbits we want to obtain.
In Sect. 3, some useful notations are introduced. In Sect. 4, we describe the different
steps of our reduction scheme in order to build an integrable approximation associated
with the horseshoe motion. Section 5 is dedicated to the application of KAM theory.
Finally, Sect. 6 is devoted to extensions, comments, and prospects.

Appendix A concerns the proof of the technical propositions and lemmas used in our
reasonings.

2. 2d Co-orbital Tori and Horseshoe Trajectories in the Planetary Problem

2.1. Canonical heliocentric coordinates. We consider two planets of respective masses
em and emy orbiting in a plane around a central body (the Sun or a star) of mass my,
& being an arbitrarily small positive parameter. We assume that the three bodies are
only influenced by their mutual gravitational interaction. Without loss of generality, we
assume the gravitational constant to be equal to 1 and set

0<m <my.

Using heliocentric coordinates [22] and rescaling both action variables and time (see
formore details [32]), the Hamiltonian of the three-body problem reads

H(Ej,r;) = Hg (Fj, 1)) + Hp(Fj, r)) with

-2 ~
- [ Hjm;j
Hg(rj,rj) = Z ( i — and
e 2m ||r/|| 2.1)
. SIS V) mymy
Hp(l‘j,l‘j)=8( - )
mo lry —r2fl
where “+” and “|| - || are respectively the Euclidean scalar product and norm.

In these expressions, the canonical variable r; corresponds to the heliocentric position
of planet j while r;, the conjugated variable of r;, is associated with the rescaled
barycentric linear momentum of the same body. The mass parameters 7 ; and u; are
defined by
~ mom j
mj=——=—— and u; =mo+em;.
mo +em;

The Hamiltonian H, which is an analytical function in the domain
D= {(f'l, r1, 2, r2) € R® such that r; + rz} ,

possesses two components: H g, which describes the unperturbed Keplerian motion of
the two planets (the motion of a body of mass 711 ;j around a fixed center of mass mo+em ),
and H p, which models the perturbations due to the gravitational interaction between the
two planets and the fact that the heliocentric frame is not a Galilean one.

Finally, the planetary Hamiltonian 7 is invariant under the action of the symmetry
group SO(2) associated with the rotations around the vertical axis. This property is
equivalent to the fact that the total angular momentum, thatis C(¥;, r;) = 3 je(1.2) Tj X
r; (where “x” is the vectorial product), is preserved.
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2.2. Poincaré complex variables.. In order to define a canonical coordinate system
related to the elliptic elements (a;, ej, A;, @) (respectively the semi-major axis, the
eccentricity, the mean longitude, and the longitude of the pericenter of the planet j), we
use Poincaré’s complex variables (A, A, x;, fj)je{l,z} eRxTxCx €)%

Aj:l’ﬁj,/ﬂja‘, Xj=/Aj 1—,/1—e?exp(iwj), and ;jz—ifj.

This coordinate system has the advantage of being regular when the eccentricities tend to
zero. Consequently, the product Y = (Y7, Y3) of analytic symplectic transformations

Yi(Aj, hj,xj, X)) = (Fj,r;) (je{l,2})
yields the new Hamiltonian

H(Aj, hj, X, %)) = Hg (A1, A2) + Hp(Aj, Aj, xj, X))

1 Wi
where Hg (Fj,rj) = Hx (A1, A2) = — Z 2 5\21
je{1,2} J

H is analytic on the domain Y~'(D) ¢ (R x T x C x C)2.

2.3. The 1:1 resonance. In the limit of the Keplerian approximation, two planets are
in co-orbital resonance, or 1:1 mean-motion resonance, when their two orbital frequen-
cies are equal. According to the third Kepler law, the exact resonance occurs when
(A1, A2) = (A1,0, A2,p) with

dHg (A10, Aro) dHx (A10, Ar) 0
N = s =vy) >0,
81\1 1,0 2,0 8[\2 1,0 2,0 0
m m
that is KMy = Hams = v, 22)

(A10)° (A20)?
h Ao =7 — d aio= P23
where  Ajo=mj/ijajo and ajo=p; v,
are respectively the exact-resonant action and semi-major axis of the planet j.

In order to construct a coordinate system adapted to the co-orbital resonance, let us
introduce the symplectic transformation

Y(Z,¢,x,X) = (A1, A1, x1, X1, Ao, A2, X2, X2)

such that
7z — (%)= (1O} (A1— Ao (a) _ (1 -1\ (M
“\Zy)  \11 Az—Az,o’;_ o) \0 1 Ao ]’
X = <x1> , X = —iX.
X2

In these variables, the planetary Hamiltonian becomes

H(Z,¢,x,X) = Hx(Z)+ Hp(Z, ¢, x,X),
mind min3

_ _ dHp=HpoT,
2A0+ 212 2(bao+Zy— Zp2 e TP T ARe

where Hg (Z) =
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which yields a zero frequency 0z, Hx (0) at the origin. Hence, the temporal evolution
of the angles ¢; and variables x; satisfy the relation

o =u+OZI)+O), & =O0(Z])+0O(), and ;= O()

where ¢ is the small parameter associated with the planetary masses (see Sect. 2.1).

As a consequence, these variables evolve at different rates: ¢; is a “fast” angle with
a frequency of order 1, ¢; undergoes “semi-fast” variations at a frequency of order /&
(in the resonant domain, Z is at most of order 4/ as it is shown in Sect. 4.4), while the
variables (x;) je(1,2) related to the eccentricities are associated with the “slow” degrees
of freedom evolving on a timescale of order ¢ (secular variations of the orbits).

A classical way to reduce the problem in order to study the semi-fast and secular
dynamics of the co-orbital resonance is to average the Hamiltonian over the fast angle ¢,
to get a resonant normal form. We shall prove, in Sect. 4.2, that there exists a symplectic
transformation Y close to the identity and defined on a domain that will be specified
later, such that

T:(Z,6%% — (Z,¢,%%)
and

HoY(Z,¢, %% =Hxk (L) +HpZ, § |, %X, + H(Z,§,%.%)
2
where HP(Z7§17X7§) = g 0 HP(Zjvé.-l’g:z’X’g)dgz'

H p is the averaged perturbation which depends only on the semi-fast and slow variables
while the remainder H, is supposed to be small with respect to H p. More precisely, the
sizes of H p and H, increase simultaneously with the distance to the singularity asso-
ciated with the planetary collision. We showed in Robutel et al. [32] that the remainder
is negligible compared to H p as long as the distance to the singularity is less than a
quantity of order £!/3, which will be assumed from the Sect. 4. In addition, properties
regarding the transformation Y and the remainder H, will be stated in Sect. 4.2. More
precisely, the averaging process will be iterated until the fast component is exponentially
small with respect to ¢.

2.3.1. D’Alembert rule and averaged Hamiltonian’s dynamics. The Hamiltonian H,
which is analytic on a suitable domain, can be expanded in Taylor series in a neighbor-
hood of x =X = 0 as

HZ. L x D= Y fipp@ cox! T explikss)  (23)
(k.p.p)eZ

where @:{(k,p,ﬁ)erNzXNz/k+p1+p2—fil—§2=O} 2.4)

is known as the D’ Alembert rule which is equivalent to the conservation of the angular
momentum C(¥;, r;). From this relation follows a key property of the averaged Hamil-

tonian that reads
H(Z, ¢, %% =Hgk@)+Hp(Z,{ |, %, %)+ Hi(Z, £, XD

o N 1 2 N
where H.(Z, ¢, %% = 5= H.(Z,¢.,¢,,%,%)d¢E, .
SRSER R 27 Jo o S B VES,
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Fig. 3. Phase portrait of the Hamiltonian H(Z, ¢ 0, 0) in the coordinates (;.‘ L Z ). The units and the param-

eter are chosen such that Z, = 0, mg = 1, vg = 2, em| = 10*3, emy = 3 X 10~4. The blue area
corresponds to tadpole or Trojan orbits while the red one corresponds to horseshoe orbits. See Sect. 2.4 for
more details

Z1

Indeed, the D’ Alembert rule still holds after averaging (see [33]) and the Taylor expan-
sion of the averaged Hamiltonian H, which does not depend on the angle ¢ ,» Is even
in the slow variables (x, X). Moreover, this propriety is equivalent to the fact that the
quantity

C(Zy. %, X) = Zy +ix|X| +ix,X, (2.5)
is an integral of the averaged motion. As a consequence, the set
Co={x=x=0}

is an invariant manifold for the flow of H. On this “quasi-circular’” manifold, the dynam-
ics is controlled by the one-degree of freedom Hamiltonian H (Z, gl, 0,0).

2.4. Semi-fast dynamics and horseshoe domain. The phase portrait of the integrable
Hamiltonian H (Z, ¢,-0,0)isdisplayedin Fig. 3. This figure being extensively described
in Robutel and Pousse [33], we will limit ourselves to present what will be useful
thereafter.

Two elliptic fixed points are present on this phase portrait. These points, labelled by
L4 or Ls, coincide with the Lagrange equilateral equilibria, which are linearly stable as
long as the planetary masses are small enough.® They are surrounded by periodic orbits
(blue domains) that correspond to semi-fast deformations of Lagrange configurations
(the tadpole orbits of Fig. 1). In the center of the phase portrait, the fixed point labelled
by L3 represents the unstable Euler configuration for which the three bodies are aligned
and the Sun is between the two planets. Its stable and unstable manifolds, which coincide
(red curve), bound the two previous domains. Outside these separatrices lie the horseshoe
orbits (red region). Contrarily to the tadpole orbits for which the variation of ¢, does
not exceed 156°, along a horseshoe trajectory the difference of the mean-longitudes ¢,

8 According to Gascheau [19], when the planetary orbits are circular, the equilateral configurations are
linearly stable if the mass of the three bodies satisfy the relation 27(mgem| + moemy + emyemy) < (mq +
2
emy +emp)”.
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Fig. 4. Phase portrait of the considered Hamiltonian Jfl (Z1,¢1) = —eB(1 +6). It approximates the one

of the Hamiltonian H(Z, ¢1, 0, 0), which is depicted in Fig. 3, in the L3-separatrix region. The units and
the parameter are the same as in Fig. 3. In this approximation, the L1 and L, fixed points as well as their
separatrices have disappeared while {¢; = 0} became a singularity. For § = 0, the separatrix divides the phase
portrait in two distinct dynamics: the two tadpole trajectory domains for § < 0, which are surrounded by the
separatrix, and the horseshoe trajectories for § > 0 (grey trajectory)

oscillate around 180° with a very large amplitude of at least 312° (see Sect. 4.4). It is on
this region, more precisely close to the outer edge of the separatrix, that we will focus
in the next sections.

The outer part of the horseshoe domain is bounded by the separatrices associated with
Ly and L, (beige and brown curves). Beyond these manifolds, the top and the bottom
light grey areas correspond to non-resonant dynamics where the angle ¢, evolves slowly
but in a monotonous way. The singularity that corresponds to the collision between the
planets is located at Z; = ¢ = 0 and is separated from the previous regions by the
stable and unstable manifolds originated at L; and L,. It is shown in Robutel et al.
[32] that the distance between the singularity and these structures is of order £'/3. As
mentioned above, in this case, the remainder H, is at least as large as the perturbation,
and this part of the phase portrait is not necessarily relevant. But this is not a problem
since, in the following, we will work only in the vicinity of the L3-separatrix.

2.5. 2d co-orbital tori. In Sect. 4.3, we shall introduce a linear transformation that
uncouple the fast and semi-fast dynamics. Moreover, we shall approximate the semi-
fast dynamics in the L3-separatrix region (the two domains surrounded by the separatrix
and its outer neighborhood; see Fig. 4) by a simple Hamiltonian proportional to

HA(Z1,81) = —AZT +eBF (L)

where the coefficients A, B, and the 27 -periodic real function F will be defined later.
With the previous notations, the separatrix is defined by the level curve H(Z1, L) =
ho = —eB while those given by %%(Zl, ¢1) = hs = —eB(1 +6§) with § > 0 are
the horseshoe orbits surrounding the latter. As a consequence, for each 27 /vs-periodic
trajectory of the differential system associated with the Hamiltonian A, there exists a
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2 -periodic real function Fj such that the parametric representation of the latter trajec-
tory reads

vs Fi(vst)
Q) = Fs(st) . Z1(1) = ————. (2.6)
2A
Moreover, the function Fy parametrizing a horseshoe orbit of energy /s satisfies
2 / 2
vs (Fs(vst
GG +eBF (Fs(vst)) = —eB(1+8) with 8§ > 0. 2.7)

4A

The smaller § is, the closer to the separatrix the orbit is.

In the same way the fast dynamics will be approached by a quadratic integrable
Hamiltonian 7% (Z;) (see Sect. 4.3). Hence we are led to consider the Hamiltonian
system linked to

HA(Zy, C1) + HB(Z2). (2.8)

Consequently the phase space is foliated in 2-dimensional tori invariant under the Hamil-
tonian flow linked to (2.8). Hence, we choose as reference tori the 2d tori that are
parametrized in the original variables by

A@) =cr+0+ (1 —k)Fs(61)
A (0) =2+ 6 — Kk F5(61)

A1(0) = c3+/eGs(01) (2.9)
A2(0) = c4 — /eGs(01)
)Cj(a) =0

with @ € T? and \/eG5 = —vsF/2A. These objects will be called 2d co-orbital tori.
In the expression (2.9), the function Fs and the frequency vs parametrize respectively
the semi-fast horseshoe orbits and frequency as in (2.6) and (2.7), while the c; are real
constant coefficients and k = m1/(m + m2). On each torus, the flow is linear with the
frequency

0:0):(1}5,1}) Wherevgfvd]% and v ~ d»
n

for some constants d; > 0 and d> > 0 when § goes to zero.

By an application of KAM theory, we would like to continue the 2d co-orbital tori
under the flow of the three-body problem carrying quasi-periodic trajectories with two
frequencies: a semi-fast one, corresponding to the averaged motion, and a fast one. But
to this end, the knowledge of the semi-fast dynamics is not enough, it is also neces-
sary to control the dynamics in the directions that are normal to the 2d co-orbital tori.
These normal directions will be called secular directions. Hence, we will consider the
Hamiltonian

HA(Z1, Q1) + IB(Z2) + 261, %, )

where 2 is a suitable approximation of the secular dynamics, which is quadratic in the
eccentricity variables thanks to the conservation of the D’ Alembert rule given by (2.4).
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9 characterizes the linear stability of the Cp-manifold in the normal directions (x, X)
via the derived variational equations in the eccentricity variables. However, as Dis l1-
dependent, the variational equations are time-dependent along a 2d co-orbital tori which
prevents to express their solutions in a close form. Hence, we shall transform our system
of canonical coordinates in order to uncouple the semi-fast and secular dynamics, and
express the Hamiltonian in a suitable normal form.

2.6. Reduction to a suitable normal form. In the horseshoe region, the semi-fast angle
¢1 does not evolve in a monotonous way which prevents to remove directly the ¢-
dependency via a second averaging process.

Using the classical integral formulations (see Sect. 4.4), we will build semi-fast
action-angle variables adapted to horseshoe trajectories. Hence we shall prove that there
exists a canonical transformation

W (J1, Z2, 01,0, X,X) —> (Z, C,X,i)
such that the considered Hamiltonian reads

AN + H5(Z2) + 21, 1, %, X)

where 4 (J1) = JA(Z1(J1, 1), ¢ (1, 1)),
doq

E(Jl) = s, and  2(J1, ¢1,%,%) = 2(¢1(J1, $1), X, X).

However, it gives rise to an important drawback: the expressions of the semi-fast dynam-
ics are no longer explicit which bring additional difficulties in our forthcoming applica-
tion of KAM theory.

Then, we will proceed to a second averaging process (over the semi-fast angle ¢ in
that case) in order to reject the ¢1-dependency in a general remainder. The method is
based on asymptotic expansions as the trajectory gets closer to the separatrix. For the
sake of simplicity, as § tends to zero, we constrain the energy shift § by the relation
£24 < § < 9 for some exponent § > 0. We shall prove that there exists a symplectic
transformation

E : (‘.]17 Zza q?la §27 X7§) i (J17 227 ¢15 {27X7§)
close to identity and such that, in these variables, the considered Hamiltonian becomes

AT )+ H5(Z) + 201 1., %) + (1, 22, 6, %, %)
. 1 2

Where Q(]ls Xa ;.i) = 57 g(‘llv ¢ ) Xa S.i)dqs

4 271 0 . o1 o1

and 7, is supposed to be small with respect to 2. More precisely, we will iterate the
averaging process until the semi-fast component %’ij = St — I, where

o N 1 2 _
%(‘.’1’ ZZ’ X’ X)= Py ‘%k(‘.ll’ ZZ’ ¢17 X’ X)d¢1
27-[ 0 . .

is exponentially small with respect to €.
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Finally, from the secular Hamiltonian ./ that reads
A1, 22 %% = ) + (2 + 2 1. %D + 1. 23, %%

we shall deduce the linear stability of the 2d co-orbital tori considered in the formulas
(2.9). Indeed, from the conservation of the D’ Alembert rule giveﬂy (2.4) and of the
integral C(Z,, x, X) given by (2.5), we will control the remainder .7, that reads

ol 200 = Fol 1, 2D+ Y Tl 2o %035
Jj.kef{l,2}

and obtain the spectrum of the second order terms in the eccentricities, that is

201, x9+ ) Fin1 220,055
j.ke{1,2}

The spectrum being simple with purely imaginary eigenvalues associated with the two
secular frequencies

9=®@»=0( 5),

8 —_—
" |lneg|

then we will prove that the considered 2d co-orbital tori are normally elliptic. As a
consequence, we will consider the normal form

SO ) + H6(Zy) + Foll 1. Zo)+ Y igi(] 1. Z2)2j%)
Jje{l,2}

where (z, Z) are the eccentricity variables that diagonalize the secular Hamiltonian 2 +
.

2.7. 2d tori for the full Hamiltonian in the horseshoe domain. Now, let us see how
the quasi-periodic orbits associated with the horseshoe region can be built in the full
problem, and what will they look like.

As described above, we will develop an integrable approximation of the problem
which will enable us to uncouple the fast, semi-fast, and secular dynamics. It will be
proved that, if we choose a horseshoe orbit which lies on the quasi-circular manifold
Cy and is close enough to the L3-separatrix, its two frequencies (fast and semi-fast) are
respectively of order (1, /¢/ |In g]) while itis normally elliptic along the two transversal
directions with frequencies of order (¢, ¢/ |In g]|). This yields four different timescales
that will prevent the occurrence of small divisors for € small enough. As a consequence,
we will take advantage of this property, which will be used to fulfill the Melnikov
condition on the frequency map required to apply Poschel [28]’s theorem, to get 2-
dimensional tori associated with the horseshoe orbits in the three-body problem.

Theorem 2.1. There exists a real number &, > 0 such that for all € with 0 < ¢ < &,
the Hamiltonian flow linked to the planetary Hamiltonian H given by (2.1) admits an
invariant set which is an union of 2-dimensional €°° invariant tori carrying quasi-
periodic trajectories. These tori are close, in €°-topology, to the 2d co-orbital tori
introduced above.
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The quasi-periodic trajectories that come from this application of KAM theory can
be described as follows:
rM@) =cr+6+ (1 —Kk)Fs5(61) + f1(0; ¢)
22(0) = c2 + 62 — Kk F5(61) + f2(0; ¢)
A1(0) = c3+/eG5(01) + f3(0; ¢)
A2(0) = ca +/eGs(0)) + f4(0; €)
xj(0) = f5,(0;¢)

where @ = w = (vs, v) and f; are small perturbative terms. Indeed, there exists C > 1
independent of the small parameters of the problem such that:

1Al < Ce, llfall < Ce™, Nfsl < Ce”, | fall < Ce”, | fs]| < CeP
for the supremum norm on our domain with real exponents y; such that
7/40 < y1 < y» < y3 < 3/4.

In this expression, the functions Fs and Gs parametrize the semi-fast horseshoe orbits
as in (2.9).

3. Notations

In order to apply KAM theory, we need an integrable approximation of the Hamiltonian
of the problem associated with the horseshoe motion and whose frequency map satisfies
non-degeneracy properties.

Before going further, let us introduce some useful notations.

First of all, the vector (0, 0) will be denoted 0 while E(x) will denote the floor function
of a real number x.

Moreover, for z € C", Re(z) € R”, Im(z) € R" are the vectors corresponding
respectively to the real part and the imaginary part of z. Finally, the magnitude | - | of the
complex vector z is the supremum norm of the magnitude on each complex coordinate,
that is

|z| = ~sup ‘Zj}.

jell,...,n}

3.1. Complex domains and norms. Let D a subset of C" and f a function in €’ (D, C™).
Then, we will denote || f||p the supremum norm of f on the domain D such that

Ifllp = sup | f(@)].
zeD

Now, let U a subset of R". We will define its associate complexified domain of width
r > 0 such that

BU = {z € C" /3xg € U such that |z — x| < r} = U B, {xo}

X0 e
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where for a real vector xg € R”, B,{xp} is the complex closed ball of radius r > 0
centered on xo. Hence, we will denote

B! = B,{0,)
the closed ball of radius r > 0 centered on the origin in C".
Let U a subset of T". We will define its associated complexified domain of width s
such that
Vi ={z € C"/Re(z) €U, |Im(z)| <s}.

For an interval S = [a, b] C R and a set 1c T2, if p > 0and o > 0, we define the
complex domain /C,,  as follows:

Ko =BpS x By x VoI x B .

For 0 < p < 1, we also consider the domains
Kp=Kpp,po

and define the supremum norm on these latter as follows:

I, =1-g, . -

We will need to consider the case of anisotropic analyticity widths where for p =
(p1, p2) € R} xR} and o = (01, 02) € R} x R}. The complex domain /C, ¢ is defined
as follows:

Kp.o =BpS x B, x Vo, T x Vo, T x Bf/m

and its restriction /Cp 4 ,, such as
1 4
Koo,r =BpS x By, x Vo, T x Vo, T x By
for 0 < r < \/p202. Thus, for 0 < p < 1, we also consider the domains
Kp=Kpppo and Ky, =Kpppo.r
with the supremum norms
I-llp=1M-lx, and f-l,,=1-lg,,-

Finally, for 1 < k < +oo and a given function f € ¢ kWU, C™) where U is a compact
set in C", we define the €%-norm || f lozx on U such that

aP f

PR G-

| fllgr = sup
p<k

u

with (p;)jeq1,..ny € N and p = Z?:l pj.
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3.2. Estimates. In the sequel we do not attempt to obtain estimates with particularly
sharp constants. Actually, we suppress all constants and use the notation

x<ey, xe<y, and x=-y
to indicate respectively that
x<Cy, Cx<y, and x=Cy

with some constant C > 1 independent of the small parameters of the problem.

3.3. Derivatives. Letusnow introduce several simplified notations about the derivatives.
Let a function f(z) with z € C, we will denote
d d
Fo=Ye amd 00 = —’;(z).
dz dz
Let f(w, X,y, z) a multi-variable function of C8 with w = (wy, wp), x = (x1, x2),
y = (31, »2), and z = (21, z2). Then, we will denote the partial derivatives

af , ol f
a = —, a = —F,
w f Jw wlf awll

3’ f
dwf = Ou; Pjctra), dwdef =7 ;
WjoXk /) j ke(1,2)
32 f

owjowg

02 f = dwow = ( ) . Baw f = (S, 0w ),
J.ke{1,2}

and

2 _ _ 8zazf 8zawf
a(Z’W)f - a(z,w)a(z,w)f - (awazf awawf '

Finally, the differential of the function f will be denoted

df = Owf, 0xf, 0y f, 8,f) and d'f=dd...df.
1

3.4. Hamiltonian flow. The Hamiltonian flow at a time ¢ generated by an auxiliary
function g(w, X, y, z) will be denoted @tg (w, X, y, z). By introducing the Poisson bracket
of the two real functions f(w, X, y, z) and g(w, X, y, Z), such as

{f,g}=awf-ﬁxg—3wg°3xf+3yf'3zg—3yg'3zf,

then the Hamiltonian flow satisfies
d
g (fo@h={fglo0f

and thus the Taylor expansions

1
fodf =f+/ {g, f} o ®{ds and (3.2)
0

1
FodS = f+ig f) +/O (1—5) (g, (g. 1) o BEds. (3.3)
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4. Reduction of the Hamiltonian

The main goal of this section is to reduce the planetary Hamiltonian H(Z, ¢, x,X) =
Hg(Z) + Hp(Z, ¢, x,X) defined in Sect. 2.3 to the sum of two terms: an integrable
Hamiltonian associated with horseshoe trajectories written in terms of action variables
and a remainder whose size is controlled. Several steps are necessary.

4.1. A collisionless domain . First of all, let us define a complexified domain excluding
the collision manifold where the sizes of the Keplerian and perturbation parts will be
estimated. .

For an arbitrary fixed A > 0, independent of the small parameters of the problem,

we define the set 7 by
T={cem/ 101l > A}

where “| - |” denotes the usual distance over the quotient space T = R/277Z. Remark
that the condition on ¢ can also be considered with the real variable ¢| € [A, 27 — A]
since there exists an unique real representative in this segment for an angle ¢; with a

modulus lowered by A. Hence, 7 has the structure of a cylinderin R x T.
If we assume that the planets are on circular exact-resonant orbits (Z = x =

X = 0; see Sect. 2.3), the fixed quantity A corresponds to the minimal angular
separation between the two planets which yields to a minimal distance given by
A = 2min(ay o, a2,0) sin(A/Z). Thus, with the notations of Sect. 3, for an arbitrary
A>0 independent of the small parameters of the problem, p > 0 and ¢ > 0 small
enough that will be specified in the sequel, we can define a complex domain of holo-
morphy

Iep,ﬂ = Bf) X Vaf X Bf/ﬁ

that excludes the collision manifold. In this setting, it will be possible to estimate the
size of the transformations and the functions involved in our resonant normal form
constructions.

Hence, we set out the following

Lemma 4.1 (Estimates on Hx and Hp). Assuming that
0<po<oao, poe<l, and opo+<A,
the Hamiltonian H is analytic in the domain 16,,0,(,0 and satisfies:
[Hkllgs <1, [Hpllgs <-e. (4.1)
4.2. First averaging. In the first step of the reduction scheme, we average the Hamilto-

nian H over the fast angle ¢» in order to reject the {>-dependency in an exponentially
small remainder. This reduction is provided by the following
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Theorem 4.1 (First averaging theorem). For
1/7<B<1/2, (p,0) =00(", 1),

and & small enough (i.e. € +< 1), there exists a canonical transformation

- Kis — K
’ (,Z’ ;7 .X7 ’g) H (Z7 ;7 X’ i)
with Ki/6 € T(K1/3) € Kip2 4.2)

and such that

_ 1 o B (4.3)
where HP(.Zs;l,X,X):E | Hp(Z;, £, ¢, %x.%)dg,

with the following estimates:

_ 9
”H*||1/3 <777, (4.4)
. 1
H i, <seexp—. 4.5)
for
_ - 1 [2r N . _
H*(.Z7§1’X’X)=Z 0 H*(,Zv.;lagzv,xv,x)d§2v H*' =H*_ ko
and
128
=—

Moreover, the size of the transformation Y is given by

17~ Zlys <. Is =gl <!~

4.6
Ix.%) — X, D)l 5 <-&' P2, (4.6)

The remainder H,j being exponentially small on K /3> we choose to drop it for the
moment in order to focus our reduction on the averaged Hamiltonian given by

HZ.{,.x.% = He @)+ Hp(Z.{ . x. %) + Ho(Z. £ . X, %)
At last, we have the following crucial property.

Lemma 4.2 (D’ Alembert rule in the Averaged Problem). We choose the transformation
Y such as the D’Alembert rule, given by (2.4), is preserved (see Lemma A.1). Equiva-
lently, the quantity

C(Z3,x.%) = Zy +ix X +ixyX,, (4.7)

associated with the angular momentum C(¥ j.T}), is a first integral of the averaged
Hamiltonian H.
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Furthermore, if a general function f, which does not depend on the fast angle ¢,
satisfies the D’Alembert rule, then there exists a set of function (f(; 1)) j.ke(1,2) Such that

fZ.5,x%) = folZ, ;) + (L., %X)

= H@E)+ Y fin@g x5
jkell,2)
with  fo(Z,¢ ) = f(Z,£,,0,0)
and  f(ji0(Z, ¢, %% — fj0(Z,¢,,0,0) = O (Ix, ).
(4.8)

This implies that in the expansion of H in the neighborhood of {x = X = 0} the total
degree in x, X5, X, X, in the monomials appearing in the associated Taylor series is
even. Hence, the quasi-circular manifold defined as follows:

Co= {(Zcxi) e R? x T? x(C4/)g='§=0}

is invariant by the flow of the Hamiltonian H. For more details on the topology of Cy,
see the phase portrait and its description in Sect. 2.4.

4.3. The reduction of H. In the second step, we > perform some reductions in order to get
a more tractable expression of the Hamiltonian H. It mainly consists in an expansion of
the Hamiltonian in a suitable domain and at an appropriate degree.

First of all, regarding the eccentricities, a polynomial expansion of degree two in
x = X = 0 is enough to control the dynamics along the secular directions (i.e. the
directions transversal to Co).

For the action variables Z, it is natural to expand in the neighborhood of the exact-
resonant actions (A, A2,0) given in the formula (2.2), that is Z = 0. Thus, Hp is
truncated at degree zero while it is necessary to keep the second order for the Keplerian
part.

However, coming from the fact that when Z = Z, with

_ Aro— Als o~ 12 1/6. —1/3
Z*_<A1,0+A2,0—(A1,*+A2,*) and - Ajo = mjpgTmg Vo s

the two associated semi-major axes are both equal to the same value given by a, =
m(l)/ 3 Uy 23, Consequently, it is much more convenient to center the expansion of H p
at Z = Z,. This shift generates only small additional terms, as the difference between
Ajoand Aj , satisfies the inequalities 0 < Ao — Aj . <+¢&. Remark that the reduced
mass 771 can be replaced by m ; which only adds small terms to the remainder of order
£ ||Z||2 from Hg and of order £2 from H p.

Finally, in order to uncouple the fast and semi-fast action variable Z; and Z,, we
introduce a new set of action-angle variables via the linear transformation W given by

¥ - { Kie —— Kiy3 N
Lo, W, W) — (I + ko, I, 91, 92 — k@1, W, W)

where
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and such that
Kiyis € ¥ (K1) € Kiya - 4.9)

All of these successive transformations and estimation of the generate remainder are
summarized in the following

Theorem 4.2 (Hamiltonian reduction). Under the assumptions of Theorem 4.1, we have
the following assertions:

(1) in the coordinates (1, ¢, w, W) the averaged Hamiltonian A =HoW — Hg (0)
can be written

AW, @1, W, W) = A1, 91) + (L) +D(p1, w, W) + Z(1, 1, W, W)

(4.10)
where
Hih, o) =vo (~AIR +eBF @), A = w (k- E),
A o1, w. W) =R o)+ Y Aju@ o1, w, Ww; i,
Jjkell,2)
DG w. W)= Y Du(enw,i
Jikef1,2)
- y A .
= i8U0D<A((pl)u)1w1 + (1) wiw?
m mimy
JeoniBgn oAl w%)
N my ’
with
2 —1
Flop1) = 3 (COS§01 — D(e1) )
- D)3
A(p)) = «DTI) (5¢cos2¢; — 13+ 8cos ;) — cos ¢y,
_5 4.11
B(py) = e 29 — % (e—Wl +16e72¢1 — 26711 +9e"‘/’1) : i
conj (B) (¢1) is the complex conjugate of lg(gpl),
D(p1) = /2 —2cos gy,
and the parameters:
3 _ 1 1 3 _
A= 5”5/3’"0 2/3 <— + —) , B= E‘UO 1/3141(2)/3D,
’;” 2 (4.12)
mym _
D= 2, E = —vé/3m02/3(m1 +m2)_1.

mo T2
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(2) The remainder Z is bounded by the threshold

], <=
1/6

and, if we assume B > 1/3, we can ensure

2-28
|#a0], ;<67
Remark 4.1. On the domain I@l /6» the size of the remainder R is larger than the one
provided by the first averaging given by (4.4).

As a consequence, the averaged Hamiltonian A possesses three components. The
first one describes the dynamics on the quasi-circular manifold Cy. It is composed of
the integrable Hamiltonian .73 and the mechanical system A, respectively associated
with the fast and the semi-fast variations. The second component 2 which is of order
two in eccentricity and depends of the semi-fast angle described the main part of the
secular behavior along the two normal-directions. At last, we have the remainder X
whose shape and size are controlled on the domain K1 /6-

4.4. The mechanical system (%;i In the third step, we focus our efforts on the semi-fast
dynamics in order to build an action-angle coordinate system valid for the horseshoe
trajectory region. According to Theorem 4.2, the semi-fast component of the Hamiltonian
is given by the following mechanical system:

A, o) = vo (~AIf +eBF(p1)

where the real function F is defined on ]0, 27| by (4.11) and A, B are two positive
constants given by (4.12). As

(I, 1) = A, 1) and SAUL 7w — @) = H(lh, T+ 1),

the study of the Hamiltonian 77 and its flow can be reduced to R, x]0, ]. As

7
Flon =—1+2(p1 = )% + Oslp) — 1),

the point of coordinates (0, rr) is a hyperbolic fixed point whose energy level equals
ho = evgBF () = —evgB.

With these notations, the horseshoe orbits that we are interested in are the level curves
of A which fulfill the relation

AL, 1) = hs = —evgB(1 +8) with 8 > 0.

Along a h-level curve, the action /] can be expressed as a function of ¢; for <pmm <

¢1 < m, where (p"”“ is the angle corresponding in one of the two intersections of the

level curve with the axis I; = 0 (see Fig. 5). This angle, which is also the minimal value
of ¢1 along a hs-level curve, verifies

2—1
gpima“ = 2 arcsin (\/_2 ) — o8+ O%) where 1/4 <cop<1/3. (4.13)
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Fig. 5. Phase portrait of the mechanical system .7 (I1, ¢1) depicted in the domain R4 x]0, [ (the entire
phase portrait is represented in Fig. 4). § = 0 corresponds to the separatrix (black curve) that surrounds the
tadpole domain (§ < 0) while § > 0 corresponds to the horseshoe trajectories (grey curves). The grey region
represents the horseshoe trajectories such as §* < § < 28* where adapted action-angle variables are built

By symmetry reasons, the amplitude of variation of ¢ around 7, for a given value of
hs, is greater than 27w — 2<p‘1“:§“ > 312°.

When § > 0, the orbit of energy 4, is periodic and the corresponding period is given
by the expression

with

Ts = /
vovVeAB Jypin Ua ((01)

Us(p1) = e PAB™ (11 (g1))? = 1+ 8+ F(g).

As the orbit approaches the separatrix (§ tends to zero), its period Ty tends to infinity.
More precisely,

Lemma 4.3 (Semi-fast Frequency). if 0 < 8* is small enough (8* «< 1), then for all § €
[8%,258%] the asymptotic expansions of the semi-fast frequency and of its first derivative
read

vo/eK

vo/eK
8 |Ins|?

=orT ) =
Y= IIn 3|

(1+ﬁo(5)) and v} = (1+}21(5)> (4.14)

where (fz i) jel0,1) are analytic functions over [8*, 26*] that satisfy the relations

T2 \/21712m1+m2

‘ﬁj(a)‘go ns*|~" and K = —AB =

8 mo

We define a subset of the horseshoe region in order to build the adapted action-angle
variables. Thus, let us consider the domain ©, defined as

0, — { (I1, ¢1) € Rx]0,27[ suchthat 4 (I, ¢1) = hs } (4.15)

with 8% < § < 28*
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This set, which corresponds to the grey region in Fig. 5, contains the horseshoe orbits
of the mechanical system which are close to the separatrix.

In this domain we can build a system of action-angle variables denoted (J, ¢1) such
that

(1) = A oF(U1, ¢1) =hs and I () = vs

'@ — D,
(J1,¢1) — (11, 01)

with §1(®,) =8, xT; S = [a,b] CR.

If we restrict our attention to an arbitrary energy level corresponding to a fixed shift
of energy § that belongs to the segment [8*, 28*], the transformation in action-angle
variables can be defined explicitly by the classical integral formulation:

Ji =4veBA~ f Us(s)ds and ¢ =

where § = (§1,352) : { (4.16)

ZUO\/SAB /gomm JUs(s)

1,6

where § and gom‘“ are functions of (11, ¢1).

As we look for a complex domain of holomorphy for the integrable Hamiltonian .7,
we have the following

Theorem 4.3 (Semi-fast holomorphic extension). For §* small enough (8* << 1), the
transformation § can be extended holomorphically over B Sy x Vg T with py =
JE (6*)P and 61 = (§*)P for some positive exponent p. Moreover, the extended function
is C-Lipschitz with C «=1/~/5*.

Remark 4.2. Rough estimates lead to p = 11/2 which is far to be optimal. Moreover,
without loss of generality, we can assume that §* is small enough that in the domain
B 5, S, there is a diffeomorphism between J; and §. We will also use the notations &g,
vs, vg for the energy and the frequency on the complex domain B S,. From a more
general point of view, the polynomial link between the energy shift §* and the analyticity
widths is arbitrary and certainly not optimal. Another possibility would be to leave these
quantities independent during the calculations and to fix them at the end, in view of the
constraints obtained.

4.5. The Hamiltonian in semi-fast action-angle variables. Going back to the averaged

Hamiltonian % considered in (4.10), the introduction of action-angle variables of the
mechanical system leads to the following expressions.

Theorem 4.4 (Semi-fast action-angle variables). With the notations of Sect. 3, for §*
small enough (8% «< 1) there exists a canonical transformation

R Koo — ’61/6 N
J,d,w, W) — (I, 0, W, W)
where (11, @1, I, 92) = (§(J1, ¢1), J2, $2)

and

Koo = BpSx x By, x Vo T x Vo, T x BY o such that

p1e=veWE)P, pre=eP, o1e=(%P, ore=1,
and 1/3 < B < 1/2.
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Then, the transformed Hamiltonian 7 = H oW is analytic, satisfies the D’Alembert
rule, and reads

HCJ, 1, W, W) = JA (1) + 56(1) + 21, ¢1, W, W) + Z(J, p1, W, W)
where

/
v3v§

JA(N) = hs, A (Nh) =vs, J'(J)=— ,
evgB

Ha() = vo (12— EJ3),

BT, d1, W, W) = Ro(Ji, o)+ Y AT, b1, w, Ww; i,

jike(l,2)
20J1, ¢1, W, W) = Z D1, prwjwy
jke(l,2)
. (A(Jl,qﬁl) ~  BUi,¢)
=ieyyD| ——wjw; + ——w w3
mi mimo;

91 AL )
i, m2

with A = Ao T and B = Bo §2. Moreover; the following bounds are satisfied:

H%i(l)( e T () TPU O, .., 4D,

Koo
2—1 A
|#,260], <+ @n 7 aew01.,
p,0

1Z1kc,, <+, | ZGnl,, <& (4.17)
and
lonil,, <=@H77 l0s,31,, <-vE@H™7,
lonS2ll,, <ve @7 oSl <o@H7P.

Remark 4.3. In the complex domain Ky 4, there exists a diffeomorphism between the
shift of energy § and the semi-fast action Ji.

4.6. Second averaging. In the fourth step, we average the Hamiltonian 7 over the
semi-fast angle ¢ in order to reject the ¢1-dependency up to an exponentially small
remainder.

Up to now, § and ¢ were two independent small parameters. However, in order to
simplify the calculations in the following we link the bounds in energy level to ¢ such
that

§* = (4.18)
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where q is a positive exponent that will be determined in the sequel. Hence, the analyticity
widths of the considered domain of holomorphy K, & are equal to

pre=+eel, pre=el, oje=el, oye=1,
q:=p4, and 1/3<pB <1/2.

Then, using the notations of Sect. 3 we restrict the domain of holomorphy of the
Hamiltonian J# to the complex domains /C,, = /Cpp, pe for 0 < p < 1 with

pre=+ee, pe=el, gie=el, ope=1,
q=2p4, and 1/3<p<1/2

where the following bounds on the semi-fast frequency are valid:

Ve <o vs| = [ (Jo)] <-|ﬁ

[In g] Ine¢l

for any § € [8*, 28*] (or equivalently for any J, € S,) and for J; € B, S, there exists
J. € S, such that

|74 () — A (Jo], <+ ee™.

The latter estimates come from (4.17) which allows to bound .7#”. Consequently, we
have

Je
[Ing|

<s |4 ()| g._“/g (4.19)
[Ing|

uniformly over /C,.
In this setting, one can normalize once again the Hamiltonian in order to eliminate
the semi-fast angle ¢ according to the following

Theorem 4.5 (Second averaging theorem). For

_3p—1
15

with 4/9 < B < 1/2 (4.20)
and & small enough (e «< 1), there exists a canonical transformation

T K7z — Ki
’ (J,¢,W,W)f—>(J,¢,W’W)

with Ksji2 € W(K7/12) € K3/s
such that 7 oW = 7 + Jff where

YW W) = A ) + () + 20w, F) + F(J W, W)
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is the secular Hamiltonian with

Vivg
() =hs, H(J) =vs, H'(J)=——"
1(J1) = hsg 1(J1) =vs (D) cuoB

() = (4, - EJ3),
FJ.w. W) = Fo()) + Z TG0 W, Ww ;W
Jjoke(1,2)
_ 1 2w
Q(‘!l’w".’\il)z_ Q(‘!17¢15 V,Vv‘?‘;)d¢1a
27 Jo ! !
and %ﬁf is the remainder that contains the ¢1—dependency such that
2

. 1 .
i Aowi)=— | AJ.p,.w.W)dp, =0.
. 2 0 v 1

Moreover, for 0 < p < 7/12 the choice for q given in (4.20) yields the following upper
bounds:

H%i(”H <ee Tl (eo,.... 4],
P

[ 200, <-e aetw0.2n,

1Z0ll, <%, | FGnl, <27, (4.21)
[0 70], <+e?727%9, Jan o], <e&¥,

I R
p p

|05 0070, <6727, |70, <-e',

[0 70| <o |RmFun| <o, (422)
and
F 1
H%’; Lecexp|l——). (4.23)
p e

Finally, we can bound the size of the transformation by
[0 = 21, <= lneje¥-2-2,
[0, =1 < mepedi-is,
: p

[6,— 42| <+ imeje?ta,
' p

(W, W) — (W, W), << [Ine|Vee ™ I(W, W,

while J, = J.
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The remainder ., being exponentially small, we drop it for the moment in order to
focus on the secular Hamiltonian 7.

Remark 4.4. In the same way as in the Remark 4.3, on the complex domain K, there
exists a diffeomorphism between the shift of energy § and the semi-fast action J ;.

4.7. The normal frequencies. In the fifth step, we focus our effort on the secular dynam-
ics. From the estimates of the previous theorem, the main part of the secular dynamics
is given by .2 whose coefficients A and B are the result of the averaging of Ao % and
B o §, with respect to the semi-fast angle ¢1. The action-angle transformation § being
not explicit, we perform the average with respect to the initial angle ¢ = §2(J1, ¢1).
More specifically, we consider the average at a semi-fast action J, € S, hence on a
level curve corresponding to § € [8*, 26*] such that

L) = vs ™ Alpn)de

Y wen?AB g/ Us(g1) ’
_ b4 Re B((Dl))d(Pl
B(-’*) =

U()\/é‘ﬂ AB Jgrin  /Us(p1)
d(f)1
with —b = /(1) = vy. (4.24)

From these expressions, we deduce the asymptotic expansion of the pure imaginary
eigenvalues of (2(; ) (Jx))jke(1,2) that we denote ig; s for j € {1, 2} where g1 5 and
82,5 correspond to the main part of the two secular frequencies. Hence, we have the
following

Theorem 4.6 (Secular frequencies). The asymptotic expansions of the main part of the
secular frequencies as § tends to zero (with our definition of ®, given by (4.15)) are
given by

- mi+my (7 =«
81,5 = eVp—— (— + hz(é)) ,
mo 8

A (4.25)
- m m c2
82,5 = Vg ——— +h3(8)
mo [In g
where
<0, [@| < ns* ™ and |hy@)] <o e[
Then, we need to reduce the quadratic part
2w W+ Y FGnd 0, 0w, i, (4.26)

J-ke{1,2}

to a diagonal form for J € By, = Bpp Sy X Bpp2 for some 0 < p < 7/12. Since
we link the shift in energy § with the mass ratio ¢ via a power law as in (4.18), the

differences between the coefficients of (Q(j,k) (J1))j.kef1,2) and (Q(/,k) (J4)) j.kef1,2) for
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J 1 € Bpp, S« are negligible with respect to the eigenvalues (4.25). Indeed, the estimates
(4.21) of Theorem 4.5 together with the mean value theorem provide the following:

Hé(ﬂkwl) — Q)

g-a% since 4/9 < B < 1/2.
P

In the same way, the estimates (4.22) imply that the coefficients (F(; k)) j ke(1,2) are of
size 2728 and thus, are also negligible with respect to the eigenvalues (4.25) over B.
Consequently, for all J € B, the main part of the eigenvalues in the quadratic form
(4.26) are given by the eigenvalues of @(J*, w, W) for some J, € S,.

We denote by ig; ) (J) the eigenvalues of (4.26) for J € B,. Since these quantities
are perturbation of g1,s and g s, which are different for & small enough, the spectrum
of (4.26) is simple. On the real domain B, N R?, the angular momentum C(J 2, W, W)
given by (4.7) being an integral of .# o W considered in Theorem 4.5, the manifold Cq
is normally stable. These two properties imply that the two perturbed frequencies are
also purely imaginary numbers, or equivalently g;(J) is real, for J € B, N R?.

In the complex domain B, we have

i) =g+ i) with |Ifjll, <72
Consequently, as §* = el < 8 < 264 = 28*, for & small enough we have

e <e

)] <o and —— <o 2| <o —— 4.27)
[In g| Ine

on the complex domain Bi.

Since the spectrum is simple, there exists a symplectic transformation which is linear
with respect to w, W and diagonalizes the quadratic form (4.26). In the same way, the
eigenspaces of (4.26) are close to those of @(.[ 1» W, W) which correspond to a non-
singular transformation depending of A(.J 1) and B(J 1). Hence, we have the following

Theorem 4.7 (Diagonalization). With the notations of Sect. 3, for

38 —
15

0<r-<g%+3q with q = and 4/9 < B <1/2

(which is strictly smaller that ./pyo2 with the considered values of ), there exists
0 < p < 7/12 and a canonical transformation

1]

oo

Kpr — K72
(r¢l~)'—>(J¢WW)

which is linear with respect to 7 and Z with
J=T, ¢=9+G[T,2,2) where G = O:(l(z, D)),
such that the secular Hamiltonian 7€ o & =  + % reads

H = I+ s+ Ty + Z igj(T)z;7; and
j=12 (4.28)
RE,2.9 = 0ul@ D) with | #]  <oe2r4,
p,r
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As a consequence, we set out the following

Corollary 4.1. Taking into account the exponentially small remainders in Theorems 4.1
and 4.5, the planetary Hamiltonian 'H given in (2.1) reads

H(T, ¥,2,%) = #(T,2,%) + Z(T,2,%) + #(T, ¥,2,%)

. 1
with H%’; Lecexp(——)
p.r g%
1-28
where o = and 4/9 < B <1/2.

5. Application of a Péschel Version of KAM Theory

As said in the introduction, we apply Poschel version of KAM theory for the persistence
of lower dimensional normally elliptic invariant tori [28]. More precisely we implement a
formulation of Poschel’s theorem [28] given in Proposition 2.2 of Biasco et al. [6], which
isasummary of Theorems A, B and Corollary C in Poschel [28] for the finite-dimensional
case. In the co-orbital case, we have to be cautious about the dependance with respect
to the small parameter ¢ of the constants involved in these statements. Indeed, some
quantities, such as the analyticity width with respect to the semi-fast angle, are singular
in our problem.

For the sake of clarity, we will now try to be as close as possible to the notations used
in Biasco et al. [6]. Poschel’s theorem requires a parametrized normal form that can be
written in our case as

NY. 2% & =) ojEy+ Y iQE)z7 (5.1)

j=12 j=12

where w are the internal frequencies, which depends on the 2d parameter & belonging
a complex set IT defined later and €2 are the normal or secular frequencies. The 2d tori
given by the quasi-circular manifold Cy = {z = Z = 0} are invariant under the flow of
the normal form given by (5.1) and are normally elliptic.

Let us now consider the Hamiltonian

H(y, ¥.2,2,§) =N(y, 2,2 §) + P(y, ¥, 2. Z; §) (5.2)
with
w; (&) = A (&) +dr; Fo(§)
{Qj(s) =g;(®)
and

P(y, .27 &) =HE+y, ¥,2,7) —N(y,2,% &) — #(£,0,0), (5.3)

H and 7 being respectively the planetary Hamiltonian considered in the corollary 4.1
and the integrable approximation of Theorem 4.7.

We will need estimates on the Lipschitz norm of a function f defined over the domain
IT:

|f &) — f(&D]

1fIEP =
T gsgen  6-¢
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Hence | f |Llp < ||df |l for a differentiable function. Especially, we consider the upper
bound:

Li Li
@I’ + 190" <
Moreover, Poschel reasoning requires that the internal frequency map w is a diffeo-

morphism onto its image w(IT) (more precisely I1 = BZ where p is determined in
Proposition A.4). Thus, we consider the following upper bound:

o '[HP < L.

In order to ensure the persistence of normally elliptic tori, we have to check Mel-
nikov’s condition for multi-integers of length bounded by

Ko =16LM.
More precisely, we have to prove the existence of a constant yp > 0 such that
min{ 12181, 122081, [21(8) — (8} =0 and
min () +k+ () 1] > Y0 < k| < Ko, ] <2

(see Proposition A.1 for more details).
The planetary Hamiltonian H defined in (5.2) is analytic over the domain

DF.5) = |y ¥ 2D eC/ Iy <P ¥y VT @Dl <F] G4

such that 0 < 7 < r and 0 < 5+< 07. The thresholds of Proposition 2.2 in Biasco et
al. [6] concern the size of the perturbation P measured using the norm of its associated
Hamiltonian vector field Xp. More precisely, on the domain D (7, 5), we consider the
following norms:

1 1
IXpll7 D5 = sup <|8yPI + = |0y Pl + = (|19,P| + |8zPI)> ;
D(F,5)xTII r r

Li Li L Li Li
1Xpl S 5) = sup <|ayP| P4 1oy PIE + 1 (1PIP + 1P P))
D(r,s)

where, for a function f defined over D(7, 5) x I1, we define

||f(v§) _f(';g/)”D(f,E)

141p
|fn :
E+£Eell 1§ _§/|

hence | f |111[1p < 119g f1p(#.5)xn for a differentiable function.
Now, we can state the theorem which ensures the existence of invariant tori.
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Theorem 5.1. With the previous notations, there exists a large enough parameter t > 0
such that for y €10, yo/2], if

14 Li Yy p
€= ”XP“F,D(f,E) + M_J/O ”XP”,:’I%(;,E) °< WJI > (5.5
wherea = t+ 1, b = 2t + 4, and ¢ > 0 is a constant depending only on t, then the
following holds. There exists a non-empty Cantor set of parameters I1, C II (more
precisely, the measure of its complement TI\I1, goes to zero with y) and a Lipschitz
continuous family of tori embedding

T- {"JI"2 x [Ty —> Dy
' 0.8 > (y(0,8),9(0,8),200,§).%0, §))

with
D; =] — 72, P[x] — 72, P2 [xT? x B and %0, &) = —iz(0, &),

a Lipschitz homeomorphism s, on T1, such that, for any & € Tl, the image T(T?, )
is a real-analytic (elliptic) H-invariant 2-dimensional torus, on which the flow linked to
H is analytically conjugated to the linear flow 0 — 0 + w.t. Moreover, the embedding
T(T?, &) for & € T, is €/y-close to the torus (T + & = z = Z = 0} with the notations
of the Corollary 4.1.

Remark 5.1. The previous theorem corresponds to Proposition 2.2 in Biasco et al. [6]
but we have to specify the dependance with respect to the parameters which appear in
threshold (5.5) since these constants goes to zero in our case. This is obtained by going
back to the original paper of Poschel [28] where the exponent “a” comes from Corollary
C, the exponent “b” is defined below formula (6) and (17) of Poschel [28], finally the
parameter 7 is defined in formula (22).

As it was specified above, we have to be cautious with the fact that the involved
constants degenerate when & goes to zero. This is overcome by constraining ¢ to be
inside an interval [g(/2, go] for any arbitrary &g > 0 and in Sect. A.11, we prove that
the main threshold (5.5) is satisfied if &g is small enough (g9 < 1).

Consequently, for mass ratio ¢ small enough, we find the desired quasi-periodic
horseshoe orbits.

6. Extensions, Comments and Prospects

As we have seen, the obtained quasi-periodic motions suffer two limitations: they corre-
spond to 2-dimensional tori but not Lagrangian tori in this 4-degree of freedom system
and they are close to the L3-separatrix.

Concerning the first item, our initial goal was to obtain Lagrangian tori following
the reasonings of Herman and Féjoz in the N-body planetary problem with large gaps
between the planets [16]. To ensure the existence of Lagrangian invariant tori, we have to
prove that the frequency map associated with the Hamiltonian #,introduced in Theorem
4.7, satisfies Riissmann non-degeneracy condition (i.e. its image should not be included
in any hyperplane of R*). Hence, we have to consider the map F(T') = (o(T), fl(l’))
with:

j(T) = A/(T)) +0r; Fo(T) and  Q;(T) = g sy + fj(T)
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where (g,5)(je{1,2)) are the normal frequencies associated with the averaged quadratic

part (E( o (@ 1)) T that are introduced in Theorem 4.6. The functions f] are
J.kell,

small quantities generated by the remainder (52( ik (@, 0, 0)))j kell.2)" If we consider
the approximate frequency map

Fo(T) = (4 (T'), 76 (T2), &1,5r1), 82,5(")
we can prove that

det(Fo, or,Fo, ar, Fo, 331130) # 0.

But our approach does not give enough control on the remainder (dr; Fo(T), fvj(l“))
to ensure the same property on the complete frequency map F(I'). Hence we don’t
have enough information in our approximation which has to be refined in order to prove
Riissmann non-degeneracy condition for Lagrangian tori. We believe that a possible way
to overcome this issue would be to consider an integrable approximation truncated at
higher order in semi-fast action. Indeed in this case, the integrable approximation would
not be a mechanical system as in Medvedev et al. [26]. From a more general point of
view, estimates that may be useful in our context can certainly be found in the work of
Biasco and Chierchia [4,5] where a general KAM theory of secondary Lagrangian tori
is studied in the case of a perturbed mechanical system.

We can also consider a nearly-invariant Lagrangian tori where the solutions are almost
quasi-periodic for a very long time. More specifically, the horseshoe orbits which are
e-close to the L3-separatrix have four frequencies (fast, semi-fast and two normal fre-
quencies) which are respectively of order (1, /¢/ |In¢| , &, £/ |In €|). These four different
timescales, which prevent the occurrence of small divisors for & small enough, allows
to reduce the secular Hamiltonian % introduced in Theorem 4.7 to a Birkhoff normal
form up to an arbitrary order. Using Theorem 5.5 of Giorgilli et al. [20] or Proposition
1 of Delshams and Gutiérrez [12], it is possible to get the following statement.

Theorem 6.1. The estimates (4.27) and Theorem 4.7 ensure that for an arbitrary L € N*,
there exists 1, > 0 such that for any ¢ < 1 we have

)
—— <o [L1g1(T) + [2g2(TD)] (6.1)
[In g|

forany (I1, 1») € Z? of length 0 < |I1] + |l2] < L.
Hence, if we impose

B2\
r<r0-=8717‘3/2 £ ,
[In¢|

then for any € < g1 and p' < p small enough, there exists a canonical transformation

|

Ky r — Kp.r
(r?’..ﬁ.’z’TZ)H (r?wﬂz’i‘)

with

=T, ¥=9+GT. 2% whereGy= 0|7
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such that the transformed secular Hamiltonian
A 0B, 2,5 =N, ¢,2,9 +RD(T, 2,9

is reduced in a Birkhoff normal form up to order L in (z,7).
As a consequence, we have

N(L)(r’ 2,7) = Z N(S)(r, z, 2)
sef{l,....E(L/2)}

where N©) is a homogeneous polynomial of degree s in 2,2, and 2,7, while the remainder

RiLH) is of order L + 1 in (2,7, 2. 2,) and RiLH) H <.orl.
p,r

By using the action-angle variables (©, 0;) je1,....4) such that

,,,,,

—i0; ~ . i0;
O =0 0=V, z;=vOjne ™V 7;=-i/0,.2e"",

we obtain a nearly-invariant Lagrangian tori over polynomially long times with respect
to ¢ at any order. Actually, in view of estimates (6.1), we can certainly push these
reasonings in order to obtain a time of stability of order "¢,

Another possible direct extension of our work comes from the fact that our reasonings
are valid in the vicinity of the separatrices arising from L3. Actually, we have considered
orbits which surround these separatrices but we can also consider orbits which are inside
one of these loops (see Fig. 3). In that case, the frequencies have the same order as in the
present paper and the same strategy would certainly allows to ensure the existence of
quasi-periodic tadpole orbits which are far from the equilateral Lagrange configurations.

Concerning prospects, in this paper we have shown the existence of invariant tori
which are polynomially (with respect to €) close to the L3-separatrix. This is only a trick
that leads us to derive the frequency map, which is, in this case, close to the one evaluated
at the L3 equilibrium. Actually our mechanical approximation, defined in Sect. 4.4, is
valid well beyond this separatrix: numerical simulations show that this kind of model is
able to approach accurately Janus-Epimetheus actual motion (see [34]). Thus, it would
be interesting to build quasi-periodic trajectories with initial conditions close to those
of these satellites.

Another natural extension of our result would be to consider the spatial three-body
problem. Using Jacobi reduction, which allows one to eliminate inclinations and ascend-
ing nodes for a given value of the angular momentum (see [30]), the spatial problem
can be reduced to a four degrees of freedom Hamiltonian system as it is the case for the
planar case. Once reduced, the spatial problem should have properties that are similar
to those of the Hamiltonian studied in the present paper.
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Appendix A. Proofs

A.l. Theorem 4.1: Estimates on Hg, Hp. By the real analyticity of the transformation
in Poincaré resonant complex variable Y o Y, there exists pp > 0 and op > 0 such that
the differential of its complex extension,

S

9 K — c8
To¥: P0.00 - -
{(Z,C,X, X) —> (F1, 11,2, 12),

admits a norm uniformly bounded on the collisionless domain Iﬁpo,go (defined in
Sect. 4.1) by a constant C > 0 independent of ¢.

In the following, we will denote D, , the image of /6,,0,(,0 by the transformation
YToT.
Hence, as ||(Z, ¢, x, 3‘(')||I€ < po + 09 +2./poog then
£0+90

[r; — Re(r))| Dyooo < C(po + 00 +2+/p000).
Thus, one has

vt = 12llp,, ,, = IRe(r) —Re()lp, ., = > [rj —Repl,
Jefl.2}

A
EA—SCO’()}?

since pg < o and og < A where A is an arbitrary fixed value on T such that the
minimum distance A between two planets in circular motion is reached (see Sect. 4.1
for more details).

Consequently, 3L 1) — x5} <-A7"!<+1and

A

<e¢ onthedomain K, o

&
[Hpllgs <° A5

as A (resp. A) does not depend on the small parameter ¢.
Finally, since pg «< 1 then there exists a constant ¢ > 0 such that

c< Ao+ 2, ||,CWO and ¢ < Ao+ 22— 2, ||,prO

which implies that

A

1 .
|Hgllgs <+— <+1 onthedomain K, o.

c6

A.2. Theorem 4.1: First Averaging Theorem. First of all, we define an iterative lemma
of averaging. Let us introduce some notations: (&x)ke(1,2,3) are given positive numbers
such that

O0<é<p, 0<& <o, 0<& <. /po
and, for 0 < r < 1, we denote fi, the domain such as
p 2 - 4
R = Bp_rgl X Vo—rgy % B\/p—gfr&.
Hence, we set out the following
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Lemma A.1 (First iterative lemma). Let p~, 0, &1, & be fixed positive real numbers
that depend on the small parameter & and

+

pt=p -6 >0, o0t =0"—5>0,
& =+p o~ —y/ptot.

Let H™ be a Hamiltonian of the form

(A.1)

H (Z,¢,x,X) = Hk(Z) + Hp(Z, {1, %, X)
+H Y (Z, 01, x, %)+ H ~(Z,¢,x,%)

which is analytic on the domain 5%6 = lﬁpi(,f and such that

— - ~ 1 (2 _ _
H, (Z,0,%%) = — H'(Z, 51, 60,%x,%)d, = 0.
2 0

Letn™, (14, )ie(0,1,2,3) be fixed positive real numbers, which depend on &, such that

HHJ’* e ST HHE* S (A2)
and
[oa(Fp + 1)) o SH Joc(Fr+ HO)| . <z,
Jows @+ 12| <
If we assume that
ne<é16 (A.3)
then there exists a canonical transformation
T { ZExD @i
with 85,3 €T (Ry),) € Ry 3 (A4)

. . . . _ —+ .
and such that, in the new variables, the Hamiltonian H* = H~ o X can be written

H*=Hg+Hp+H" +H} ith { Bt =HOT+H!

=Hx+Hp+H> +H'"* Hx}’+=H:—ﬁ+

*

and

SO B -
HZ.¢ x50 =0 | HIZ.¢,. 0, xdg,,
0

Furthermore, we have the thresholds

g +7
W S (A.5)
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and
[oa(Ep+ %) <t o (Fp+ 10| <.
& & (A6)
H I(x,%) (ﬁP + H,?*J') A < U3,
1
with the following quantities:
+_ - v, P + - =+
n=en |07+ — ), up—Hy=+n 0",
&
9+
W= =-n"— (e{l,2,3)),
&1
and =1L F2 (B (A7)

5 & & &g

Proof. We define T .@“{1_ — ﬁia that is the time-one map of the Hamiltonian flow

generated by the auxiliary function x*, ie. T = o7 with

+ 2 27 ! 1,— >
X (Z2,¢,X,X) = — sH, " (Z,¢1, 8 +27s, X, X)ds
vo Jo

such that
{X+» U()Zz} + H*l’_ =0 and
. N 1 27 . - (A.8)
X (Z, ;lvxv X) = 5 X (Zv ;19 ;27X7 X)d§2 :O

2 0
Thus, in the new variables, the Hamiltonian reads
H*=H oY =H +H o®f —H"
= H™ +10Z, 0% —wZy+ (H™ —w0Zy) 0 ®F — H™ +17,

=Hxg+Hp+HY™ +H' +{x", wZ,} +H]

()
with the remainder

1 1
H:=/ (1—S){X+,{X+,v022}}°q>§(+ds+/ X" H™ —wZy} o @ ds
0 0

1
= / [xi Hg —voZy+ Hp + H*~ +sH;~—] o dX"ds
0

that is given by the Egs. (3.2) and (3.3) while (x) is equal to zero by (A.8).
We have to estimate the size of H; to prove the thresholds (A.5) and (A.6). Firstly,

by the conditions (A.2), we have H x* & So ?}—0 <en~ asvyy = O(1). One then applies
0

the Cauchy inequalities to obtain the partial derivatives

n- n- n-
D T I O

172 53 '
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and deduces the estimates on the Poisson brackets
nop-
&

(by the threshold |0z Hg — (0, vp) || & < p~ given by (4.1) and the mean value theo-

I Bk~ wa) g, <-

rem),

—\2
)A <)
Kf/z 5152

[ ]

(as (A.1) implies that (£3)> > £1&), and

o <.n7(ﬂ_]+u'_2+ﬂ_3>.

H[X+’EP+H’9’7] R L & &

As a consequence, the remainder of the transformation T is bounded such that

ol <o 7( + P )
|15, <o (¢4
where 6% is given by (A.7). Moreover, taking into account that x* = 0 (given by (A.8)),
we have

N 1 2 1 . N
H,(Z,§1,%,%) = —f [ S{x+, H*l’_}od’?‘ (Z, &1, 7, %, X)dsdt
27 0 0 :

and therefore

—\2
) g.(n ) <ot
ﬁ17/2 5152

|

Hence, if we denote HY'" = HY™ + H, and H}'* = H} — H, then the triangle
inequality gives the estimates (A.5) and (A.6) (together with the Cauchy inequalities for
the last).

Finally, by the Eq. (3.2) and the Cauchy inequalities, we can estimate the size of the

transformation Y. Hence, the condition (A.3) provides the following estimates

n- _ & n_&
1Z-2l << fe-g] < T<Z
1/2 & 6 : R & 6
- - n- &
d 5 - 5 R g._g_
and (%) = (D5 <o <

which yields (A.4). O

Now, in order to prove Theorem 4.1, one applies a first time Lemma A.1. Thus, we
define the following

61,6269 = T L") for 1/7<p<1/2
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such that fir =K 1-% for 0 < r < 1. By Theorem 4.1 and the notations of Lemma A.1,

the Hamiltonian H is analytical on K1 and of the form
H(Z,t,x,X)=Hg(Z)+ Hp(Z,;1,x,%) + [Hp — Hp|(Z,£,%,%)
with
n- <+, py =0 and p; <ee for [ e€{l,2,3}

Hence, the condition (A.3) is fulfilled and Lemma A.1 provides the existence of the
transformation TO : I@z 53— I&l such that

H =HoY =Hg+Hp+H" +H0

with the following thresholds:

] <t 00 < pg<eet, A9
H * 2/3\77\8 * 2/3\#0 & ( )
and

dz(Hp + H>O ” 9<es, Ha Hp+H ” <) <o,

HZ P+t 23 S M C( P * )2/3 H2

Ha(xx) Hp+HOO ” ,ugéoe.

2/3
Moreover, by the Eq. (3.2) and the Cauchy inequalities, one has:
2-Zhyp <o g =g, <ot
112 /s < §-g|, 5 S
and  [|(x,%) — (X, D)3 <o&' P2
Then, we apply iteratively Lemma A.1 to reduce the fast component of the Hamil-

tonian until an exponentially small size with respect to €. To do so, let s be a non-zero
integer such that s = E(¢™%) + 1 where

1-28
5

o= for 1/7<pB<1/2.
‘We define
o0
(1,6,6) = gosﬂ, 1, eP/%)

as well as the sequences (07/) je(0.1,....s}» (/) jefo.1,....5) With

9
(p!,07) = o

“ (o) for je{l,....s)
S

such thatﬁ = ICz jo for0 < r < 1.

3s . .
Replacing the notatlon ~and * of Lemma A.1 by /~! and / and assuming that for all
0 < j < s the following condition (associated with (A.3)) is fulfilled:

nllegef 2, (A.10)
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an iterative application of Lemma A.1 to the Hamiltonian H° provides a sequence of
. . — =1 =5 .
canonical transformations (T] )jell,....sy such that H 06 0---0X is equal to the

,,,,,

Hamiltonian of the formula (4.3) with
H(Z.8.%.%) = H(Z.¢ . x. %) + H"(Z.£.x.%).
In order to comple;te the proof, let us consider n € {1, ..., s} such that the sequences
(M) jeq1,...ny and () jeq1,....ny satisfy the following induction hypothesis:

1

< (e{1,2,3}).

0
n <n/lexp(—=1) and pf —puf Tl

Forn =1,as0 <o < 1/7 < B < 1/2,(A.10)is satisfied and 91 Lo gl=B—@ implies
that
n' <en’e? 7 <nexp(—1)
for e« exp(—/ﬁ) and
i nd
ul =) <ee? PR LA <L (1 (1,2,3))
s S

forge< 1. .
For a fixed integer n, (/) j¢(o,...,n) is decreasing while

0

) 1
e et <ol aeq1,2,3),
S

< uy

then the induction is immediate. Indeed, (A.10) is satisfied and 67! < 90 <egl=F~2
implies that

"t e P Lyt exp(—1) and
0 0
= < ELgtopse <1 0,3,
s s
As a consequence, we have

1
7 <en’exp(=1) < - <enexp(—s) <o exp(——)
£
and pu; <ee (1 €{1,2,3})
which prove (4.5). Likewise,
-1

Wy — Ho Sy — Wy g — mo<en’8! <ee?

and then ) < 278 proves (4.4).
At last, and in the same way as for the first application of Lemma A.1, for each
transformation Y’ with Jj €{1,...,s}, the Eq. (3.2) and Cauchy inequalities lead to

T 7| - <selthe H _ ” <ol
1Z—-Z/3 <-¢ ¢ ;1/3 .
and [[(x,%) — (x, D)3 <e&'F2>

Consequently, the size of the transformation Y is dominated by that of the transformation
TO which provides the estimates (4.6) and yields (4.2).
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A.3. Lemma 4.2: D’Alembert rule in the Averaged Problem. The D’Alembert rule,
given by (2.4), derives from the preservation of the angular momentum denoted
C =) jeq1,2) Fj x 1. By the transformation in the resonant Poincaré complex variables

Yo, wehave C(Z,£,x,X) =Co YT o Y(Z,¢,x,%) = Zp +ix1X1 +ix2%. C being
an integral of the motion, it turns out that

0={C,H ={C,Ho T oY} ={C, H}. (A.11)

Injecting the expansion (2.3) in (A.11) we get

0=1C. Y fupp(@. cox{" 27T expliksn))

(k,p.p)eZ
=—i Y (k+pi— P+ pa— ) frpp@. C)x] xR R explikey).
(k,p.pe7

As a consequence, one has
k+pr—pi+pr—p2=0.

In order to prove Lemma 1, it only needs to be shown that the expression of C = Co T
is equal to C(Z, ¢, x,X) = Z, +ix,X| +ix,X,. As the averaging transformation Y is

s (see Sect. A.2), the

yeens

.. . J
generated by the composition of the transformations (<I>’f )jelo

result holds if {x/,C} = 0.
At first iteration, the generating function x° reads

0 - 21 (! —
X (Z, ;v X, X) = U_O 0 s [HP - HP](Z,{1,{2+27TS,X,§) dS.

As Hp satisfies the D’ Alembert rule, one has
27 (! _
(0.0r =2 [ sttty = Fp.Coas =0,
vo Jo

which leads to: C o CIJ)I( o C. The same holds true for the other iterations.

Finally, let a real function f that satisfies the D’ Alembert rule and does not depend
on the fast angle ¢ ,. Hence, the total degree in x, x5, X1, X, in the monomials appearing
in the Taylor expansion of f in neighborhood of x = X = 0 is even. As a consequence
f can be decomposed such as f = fy + f> with the properties (4.8).

A.4. Theorem4.2: Reduction. The Hamiltonian of Theorem 4.2 is obtained by a suitable
expansion of the averaged Hamiltonian H in the neighborhood of the quasi-circular
manifold Cy.

First of all, by Lemma 4.2, H and H, can be decomposed respectively such as

HpZ.¢ . x.X)=HpoZ.C)+ Y. Hpn@.{,. %055
jkell,2)

and Ho(Z.0 . %% =HaoZ. 0 )+ Y Heo(Z. ¢ %915
jkell,2)
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Regarding the eccentricities, a polynomial expansion of H of the degree two with
respect to x = X = 0 provides
Hp o =HpnC,0,00+Rp ;1)
with Rp ;i 1(Z, £, % %) = g(n (1) — gj.u0)
and g(jx) (1) = Hp (ji)(Z, ¢, 1%, 1%).

The size of the remainder involved in this approximation is estimated thanks to the mean
value theorem applied on the function g(; i for (¢, Z, £, x,X) € [0, 1] x ;3 together
with the bound (4.1) of Theorem 4.1. Hence, this yields

1 REY:
L T

Now, we consider the expansion of H with respect to the exact resonant action Z = 0.
The Keplerian part can be written:

Hg = Hg(0) + vZ, + O + R% + Ry
with R¥(Z) = Hx — Hg(0) — voZ, — O(Z),
and Ry (Z) = Q(Z) — Q(Z)

where the quadratic form O reads

0@ = —wA (2 +(1-0)(22,2,+29)  with

1 —2/3
3 13 (A_l “2/3 |~ 72/3) |7 = iy 1y
’ T~

my M +m, ,
1 M 2 Mo 553 ~1 _—2/3
my iy +my [y

and its approximation
0(Z) = —wA (z% + (1= K)(=2Z,Z, + zg)) with

3 453 231 1 ma
AZEUO mo m_1+m_2 s l— k= ———

The application of the Taylor formula on the function g(t) = Hg(tZ) for (t,Z) €
[0, 1] x 82/3 leads to

1 2
(11—
R%(Z) = / ————gV
0 2
and, together with the bound (4.1), provides the estimates

il
H K3 ¢

Regarding the estimate of R3,, as

n”Ij :mj+0(€)’ Mj=m0+0(8), (Alz)
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then A — A = O(¢) and & — k = O(¢) provide the following bound:

HR;< H <oe? since B < 1/2.
1/3
In the case of the the perturbation part, one can split ﬁp,o and (H P.(j.k)) 1<),k <2 in the
sum of three terms as follows:
ﬁP’O == GO + R%,O + R?’,O’
with R} (Z.¢,)=Hpo(Z.¢)—Hpo0.¢))
and R} (¢ ) =Hpo0.5,) = Go( ).

and
— 2 3
Hp jo( 0,00 =G+ Rp i+ Rp n
with R%,(.j’k)(Z, () =Hp (ju(Z.§,.0,0) = Hp ;10,00
and R%’(j’k)(gl) = Hp j.i(0, £,,0,0) =G,
where
1 cos§1
Go(gl) =emmy | — + -
: Do(g))  /aroazp
and
Ao
_omym mlall/o2 Jmymy (al 0az,0)/*
(G(j,k))lgj,kgz =1e Jmo conj(Bo)
Jmima(ay paz,0)'/* mlal .
with
ai,0a2,0 2 2 COS@'1
Ao:—(aloazo 5cos2¢, — 13) +4(aj o+ as () cos )
4D8 s s ( é.-l ) ( 1,0 2,0) é,—] m
aoa ; ; j
By = — L0 ?O (al’oaz’o (e‘3’§1 —26e"" %1+ 9e’§1) +8(a} o + a3 0)e‘zlgl)
8D; ’ ’
02i¢,
L——
/41,002,0

conj(Byp) that is the complex conjugate of By,

2 2
Dy = \/al,() +ay,— 2ay paz,0 cos gl.

With similar reasonings as for the eccentricities, we use the mean value theorem to
evaluate the remainder in the truncation at order 0 of Hp o and (H p (jk))1<k,<2-
Hence, this yields

HR%’OHl/s <-e¥ since p<1/2

2 1
and HRP’(M)H”3 Legp <Ko +B
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Moreover the following estimates:

ol
H POJy 5 =

are obtained with the approximation of the formula (A.12).
Finally, in order to get a more tractable expression, one can shift the perturbation
parts to

2 3
RrGnl,, <

A1 — A1«
72=27,= : ~
: (AI,O +A20— (A1x+ Al,*))

with A, = m ]ul/ zm(l)/ 6v0 173 where the two associated semi-major axes are both

equal to the same value given by a, = m(l)/ 3 Uy /3 This yields

Gy = evyBF + R;,o and G = g(j,k) + R;",(j,k)

with the following thresholds:

<ee

4
H Rp

and R, <

H 1/3 13

that are estimated thanks to the bound 0 < Aj o — Aj . <ee.
As a consequence,

Lemma A.2. The averaged Hamiltonian can be written
HZ.§ %% = He0) +v0 (2, - AQ@) +2BF ()
+ 2@ %D +RZ, ¢ %D
with R(Z, &, %, X) = Ro(Z, § ) + - k1.2 R0 (L, & X, X)x ;X such that

RO_RK+R 0+RK+RP0+RPO+H*0
Rk = RP,(j,k) + RP,(j,k) + RP,(j,k) + RP,(j,k) +Ha ()0
and
IRl /3 <.

Moreover, if we assume B > 1/3, we can ensure that

[ R 1/6 <t

Remark that this last bound comes from the threshold

e 2-2
| H i ”1/6 <t
that is obtained by application of the Cauchy inequalities.

In order to uncouple the fast and semi-fast degrees of freedom, we perform the
symplectic linear transformation W (I, @, w, W) = (Z, ¢, x, X) which diagonalizes the
quadratic form Q. This leads to the Hamiltonian A and its remainder Z = R o W. The
inclusions (4.9) are ensured since x < 1/2.
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A.5. Lemma 4.3: Semi-fast Frequency. Let us first prove the expression (4.13) which
gives the lower bound of ¢; along a hs-level curve.

A straightforward calculation shows that ¢1"j is given by the smallest positive root
of the polynomial equation 4 X 3_(5438)X+1 =0, where X = sin(w‘l‘?g" /2). It follows

that (p?}f;n is an analytic function of § in a neighborhood of 0, which satisfies

i (V21 3(V2-1) 2
™ — 2 arcsin — 5§+ O(8).
AW ( 2 ) G2 =2)V1+2V2

In order to prove the relations (4.14), let us begin to derive an asymptotic expansion

d
of the integral Zs = f gﬂn—w involved in the expression (4.4). Zs can be splitted

VUs ()

in three different terms:

Ty =TI} + T2 +1; with

T dy @ _ [T _dg
I3 = / —— Iy = ———— and
oy VUs(e) 7 U
- /” 1 1 .
5= - ®
0 7 2
where Us(¢p) =86+ —(p —m)~.
24
As Us ((p?}f;n) = 0, Taylor formula leads to
1
T : du
7} = (— - mm)[ —————  where
HER RN NN RO

Gs(u) = /01 7 ((p{r}ign + (% _ ﬂr}gn) uv) dv.
As Gs(u) > Gs(1) and Go(1) > 1 and if § > O is small enough, one has
/1 du . 1 du
0 VuGsw) ~ Jo Ju
As a consequence, Ial is analytic with respect to 4.
The integral expression 132 can be calculated explicitly as

[24 [ 7 6
72 =,/ =arcsinh L) = \/j| In§| + .7}
7 54 /s 7

where JSZ is analytic in 8.

All that remains is to estimate the size of Ig’ and of its first derivative. First of all,
Us being an infinitely differentiable function of ¢ € [ /3, 7] satisfying the additional
relations:

dUs d*Us d*Us 7
U5(7T)=1+(S+.F(7T)=5, E(T[)Zd—w?’(ﬂ)zo and d_goz(n)zﬁ’
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Taylor formula leads to |Us(¢) — Ug(gp)l <+ |p — m|*. From the inequalities

Ud(@) <+ Us(p) <+ Ud(p), 8 <UN@), lo—nl?+<UL),

that hold for (8, ¢) € [8*, 26*] x [7/3, 7], one can derive the following relations:

1 1 <1 d dr 1
—— — ——| K- an —_
A/ U§ UO d5p \/ 217 1
VvV é \/

It follows that Ig’ is analytic on [8*, 26*] and that its first derivative is bounded by

dz; 1
<o .
s | e
Asa consequence
Ts = f In 8| [1+g(d)]
with |g(8)| <+[In&*|~" and |¢/(8)| <+ (8") 7" [In&*|72. As

Vg =

2
vo/EK [1 oo+ 2O }
|1n | 1+g(5)

we get the expressions (4.14).

A.6. Theorem 4.3: Semi-fast Holomorphic Extension. We consider the mechanical sys-
tem

Hi(h, o) = vo (~AL +eBF(p1))

where A, B are two positive constants and the real function F is defined on 0, 27 [ by
4.11).
On the domain ®.., defined as

o. = | 1,91) € Rx10,2x[ suchthat (11, 1) = hs
* with §* < § < 28"

for some §* > 0, we can build a system of action-angle variables denoted (J;, ¢) such
that

H() = A oF(J1, 1) =hs and A (J}) = vs.
The transformation in action-angle variables, which will be denoted &, satisfies

& - Dy —> SexT
(I1, 1) —> (J1, ¢1)

with S, = [a, b] for some a < 0 < b. We also denote § = &~! the inverse of the
action-angle transformation as in (4.16).
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We rewrite the Hamiltonian in a suitable form for the complex extension,
Hi(I1, 91) = —evo B(L+h(I1, ¢1)

. A
with h(l1, @) = — I} — 1 — F(g1),
B

and the transformation & can be defined explicitly by a classical integral formulation.

The action is given by
B min
Ji=4Je— (7 — e, </71) \/ (1190 (V)X

with Uy () =1+F ((1 — e+ xe) +h(l}, ¢1)

min
(I1.91)
corresponding to an arbitrary shift of energy § €]5*, 25*[. The lower angle ¢

where ¢ = F~1(—=1 — h(I1, ¢1)) and J; is the action linked to an energy curve
min
I1,91)

well defined since F’ ’((p(r)m“) # 0 where gom”‘ = 2 arcsin (*/52*1) is the minimal value

is

of the angle ¢; along the separatrix hence F ((pmm) = —1, consequently F~! is analytic
around —1. Concerning the angle ¢, we have to consider the time of transit from the

point (0, p{1" o) 1o (11, 1) which is given by

2 . 1 dx
(I, 1) = —((Pl — o ))/ ——
AB 1,91 o1
Ve O UG o))

7 t(ly, ¢1)

d ¢ = = —L¥1
and = )

Now, we look for the complex domain of holomorphy of the integrable Hamiltonian
4. We first consider the complex domain

. 1 | }
D, ; =1, e C2/3(I7, ¢F) € D, with: A
*,0 {( 1 (,01) / ( 1 (p]) % o1 _(pﬂ < 0

for p > 0 and ¢ small enough (p«<1, g+<1).
In order to disentangle the dependance of the complex domain D, ; with respect to
8* and ¢, we perform the following scalings:

=Vely and Ji=+ed for (I, ¢1) €D,
with

D, — (I, ¢1) € Rx]0,27[ suchthat h(fj, @) =34
T with 8% < 8§ < 268*

for the real analytic function

R A .
h(Iy, 1) = §112 — 1= F(ep1),
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and we consider the complex extension ﬁ*’ s =B ,3’)5* with

/\

b*p = {(11 o) € C?/3(}, ¢}) € D, with:

Y1r—¢

where p > 0 is small enough (p+< 1).
Likewise, we have the following real analytic functions:

hd )—4\/E (= (0dx
111, 1 1 P, (pl) <11 1)

with
Z:l(ei gol)(x):1+f ((1 —X)g?)?}m +x9)+ﬁ(i1, ?1),
(Zj?}ilrj(pl):f_l(_l —h(y, p1)),
and
e
o1, 91) = 27 A _ipzzlﬁ"l) m
(11 @1

V (11 (ﬂl)

Hence we consider the transformation

G»

{ 35* —)S*XT
(U1, 1) —> (J1, ¢1)
with
A b
&:[%,ﬁ} forsome a<O0<b

which corresponds to the action-angle variables for the mechanical system
Al o)) = v (=ATR + BF(e))

and its inverse mapping will be denoted § = 1. Moreover, these transformations are
independent of ¢.

By classical theorem of complex analysis, § (resp. @5) can be extended in a unique
way to a map F (resp. G) holomorphic on a complex set

(J1,¢1) € Cz/Elff‘ €S, such that
BSxWT=1  |hi—Jf|<r Re@neT
and  |Im(¢1)| <'s
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and G holomorphic over the set ﬁ*, 5 for some r > 0,5 > 0 and p > 0 small enough.
We want to compute a lower bound on the analyticity widths r, s. For p > 0, we denote

~

Ji
p

= sup | i on| Igll; = sup [ga (T, )|,
D

D*p *,p

moreover, we consider
= || +lieil
P

Finally, since the real mapping & is symplectic, it is non-degenerate at each point of the
domain ®, and we denote

Sup ‘d@({ o1

By a standard application of the Lipschitz inverse function theorem (see [18]), we
obtain the main estimate of this section.

Theorem A.1. Suppose that U is an open subset of a Banach space (E, ||.||) and that
g : U — E is a Lipschitz mapping with constant K < 1.

Let f(x) = x + g(x). If the closed ball B:{x} centered at x € E of radius ¢ is
contained in U, then

Ba-k)s{f ()} C f(Belx}) € Baskyel f ()}

The mapping f is a homeomorphism of U onto f~'(U), the inverse mapping f~
is a Lipschitz mapping with constant (1 — K)~! and f(U) is an open subset of E.

More precisely, we use Theorem 4.1 and Cauchy inequalities applies on G which
yields

Theorem A.2. With the previous notations, if
~2 22
0

re=——= and Se=——,
LM LM

then G admits an inverse mapping F which is holomorphic on B, S, x VT and F is
C-Lipschitz with C =« M.

Hence, in order to estimate the analyticity widths in action-angle variables for the
considered mechanical system, we have to compute the dependance w.r.t. the quantity

8* of the analytlclty width § in the original variables (I, ¢1), the upper | bounds L on the
real domain ®,, and M on the complex domain D, ;. In order to bound L, we use the fact
that & is symplectic on the real domain 9., hence the coefficients of the Jacobian matrix

linked to d&~! are given by the derivatives of & that we estimate by an application of
Cauchy inequalities over D, ;. We obtain

L=+(%"32.
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Concerning the quantities p and M on the complex domain D, ;, rough estimates
ensure that if we choose the analyticity width p =« §* for §* small enough (§* << 1), we
can ensure the upper bound

M <5

Plugging these estimates in the latter theorem ensure that G admits an inverse mapping
F which is holomorphic on B, S, x VT for

0<re<(EHM? and 0 <s.< (82

Going back to the initial variables, if we denote F' = (F}, F32), then the extended
transformation in action-angle coordinates in the complex plane is given by

(WeFi1(J1/Ne, d1), F2(J1//e, d1))

and we obtain the analyticity widths of Theorem 4.3.

Moreover, F is C-Lipschitz with C =+ \/5*71 and the distance to the real domain
of the image is bounded by /&(8*)?~1/2 for I} and by (8*)?~1/2 for ¢ hence these
quantities are bounded by /&(8*)° and (8*)° for p = 11/2.

A.7. Theorem 4.4: Semi-fast Action-Angle variables. The existence of the transforma-
tion W is immediate by application of Lemma 4.3 to the averaged Hamiltonian H
considered in (4.3).

Finally, the two last thresholds in (4.17) are deduced by an application of the Cauchy
inequalities.

A.8. Theorem 4.5: Second Averaging Theorem. In the same way as for the First Aver-
aging Theorem, we define firstly an iterative lemma of averaging. Let us introduce some
notations: (&§x)ke(1,...,5) are given positive numbers such that

0<éj<pj, 0<éyj<o; forjefl,2}, 0<é& < /moo,
and for 0 < r < 1, we denote {;, the domain such as

1 4
R = Bm—réls* X sz—rsz X Vo —r%‘3T X VJz—fE4T X Bm—rgs'

Moreover, we will consider vy a lower bound for the semi-fast frequency .7 on the
complex domain K, and according to (4.19), we can choose

JE
Vo=

" lne|

with our polynomial dependence of §* with respect to ¢.
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Hence, we set out the following:

Lemma A.3 (Second iterative lemma). Let p—, 0, (§)ke(1
numbers that depend on the small parameter & and

p+:p__(€11§2)’ 0'+:0—__(é3,$4),

Es=1/py 0, —\/P305 suchas0<p}r,0<0j+forj6{1,2}.

Let 7~ be a Hamiltonian of the form

4) be fixed positive real

,,,,,

A=A, b1, W, W) =H () + (D) + 2(J1, W, W)
w0 AW W)+ AT bW, W)
with H6°" = LG+ X ke oy oG aowik for L€ {0, 1) (given by (4.8)), which
satisfies the D’Alembert rule, is analytic on the domain R, = K- - and such that
2

S - 1 B -
B2 dw@=s | V=T, o1, w, W)dpy = 0.

Let (n; )1ef0,2)y and (M;m)le{O,Z},me{O,l,Z} be fixed positive real numbers, which depend
on g, such that:

l,— — 1,— _
|25 ] <me 1G] <0
0 0
o 0 (A.13)
|5 g <m0 [ ], <20
0 0
and
0,— - 0,— -
o5 | o < om0l ] <12 et
0 0
If we assume that
Mo +15 Py 0y Mo +15 Py 0y
——=—=¥ ———=—=< ,
” <163, ” 6264
- (A.14)
+ o
o M2 P2 %, (£5)2,
Vo
then there exists a canonical transformation
J.é.w.W) — J, 9. W, W)

with 85,3 C W' (R],) € &5

. . o =
and such that, in the new variables, the Hamiltonian 7% = 7~ o V' satisfies the
D’Alembert rule and can be written

A=A+ o+ D+ AT+ AT with {%{S* =<%ﬂ*°’_+%;

=+ 6+ 2D+ 0"+ %I’Jr:%*—%:
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such that e%’;l’*' = Jf;l(;' + Zj,ke{1,2} j‘f W] Wy forl € {0, 1} (given by (4.8)) and

1 2
HJw W) =— | AP bW, W)do .
. 2T 0 N | 1

Furthermore, we have the thresholds

1,+
’%‘*0 a S o- H b Hﬁ’ <
. 0 (A.15)
A+ + +
‘%,o Ry S Hoo H'%i (b Hﬁ_ H2.0-
and
0, 0,
o 25 | <t || S et 2D A06)
with the following quantities:
o+ OF n, 0F o+ + 06+
+ -% + — [ % 0 Y - U T0
g =*1y " m=eny -+ = —-+po :
0 U 2 2<vo T v 292 7, )
P 1 T 7 . (A.17)
—_ —e —, —_ —e — 4+ O~ — s .
Ho,0 = Ho,0 =" Yo Moo= Hp =" Yo Py 0y Yo
W — o =21 —— % W3 = Wy =215 <—O+ +py 05 2+>
Om 0 v sm ,m 2,m 2 VOEm 272 VOé:m ’
form € {1,2} and
+ Mo + —( 1 1 ) + /“L(;,l +
Yo = > Yo =1 — t—=-=); Oy = — + Yo >
O T ge T 2 \gE (65)2 07 &5 0
I —
or = — 0 121 (A.18)
§183 &
2]

0 3_ _ Ry Mz 0 +

(§5)? (E )2
Proof. We define v R —> R, as the time-one map of the Hamiltonian flow
generated by some auxiliary function x*, i.e. U" = <I>)1<+ with

27 !

* ) ) ) W = T T < %1’7 ) +2 ) ) W d

X (J, 1, W, W) in/(Jl)/os 07, @1+ 27s, w, W)ds

such that the following properties are satisfied:
{X+7 %} +%l,— =
1 2

v 5 — + ~ _
X J,w,w) = 27Tf0 x . o1, w, w)de; =0, (A.19)

and x* = x5+ Z X(Jrj,k)wjﬁk (given by  (4.8)).
1<),k<2
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Thus, for the same reason as in Lemma A.1, the Hamiltonian can be written
IO+ 6+ D+ AT+ T+ A+

(%)

A=A oW =

with
1 — +
e}/ff = / {X+,Q+%O’_ +S%l’_} o Cva( ds
0

and (%) is equal to zero by (A.19).
Then, in order to estimate the size of the remainder .72, the thresholds (A.13) provide

’

Vo

e
o <o, |
Il <2
while the Cauchy inequalities imply the following:
m
H a(w w)X(] k) H <e Vo&s s

+ o +
1861 x0 ”ﬁm S* V&3 Ha‘p' Xk Hﬁ,‘M h voés

+ Ny + n
nd oLy, <o g [onn] o <o for tenta)

as well as the following estimates on the Poisson brackets:
(ny)*

| Sl Ly I

Bl <% ol [ oo (5 )|
oo b 72, < —[———(— m)]
s [ nsoser ()|

2E8
e

8(w W)

Consequently, the remainder of the transformation W™

as 1 < < G
bounded such that
o5 g 0f o+ + 6+
_ Loy — H%Jr <-n_ 2 —0—+,0_o_1 2
#5005, <1 <o (BT o U

where y;f, y5, 05,0 and 6 are defined in (A.17). Moreover by taking into account that
%t = 0 (given by (A.19)), we deduce the following:

+
(Y _J/

—+
H 7

72,
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Hence, if we denote 20" = #0~ + %: and M = or — %;: then the triangle
inequality gives the estimates (A.15) and (A.16) (together with the Cauchy inequalities
for the last).

Finally, in the same way as for Lemma A.1, the conditions (A.14) provide the esti-

mates on the size of the transformation U" which yields (A.17) and (A.18). O

Now, in order to prove Theorem 4.5, one applies iteratively Lemma A.3 to the Hamil-
tonian .7¢ that can be written:

AT, 1, W, W) = (1) + (1) + 2(J1, w, W)
+ 200, w, W)+ 0T, 1, w, W)
where
0,0 —=
AL = A0+ D AL wih =7,
j.ke{1,2}

A=A+ Y A wi =R - T+ 2 -2,
jke{1,2}
. 1 2
and Z(J, W, W) = — AT, p1. w, Wydey,
2 0

with the following thresholds:

0,0 0 3 0 2-2
| ], < moee |Ga], < o,
1,0 0_..3 0
[ << |G|, <nt<ee

Moreover, by reducing the domain of analyticity to Ks/s, one can apply the Cauchy
inequalities and obtain the followings:

0<822ﬂ5q

00 0 3-1-5
Hajl H <M0’1<-85 2734, H3J| *<Jk)H5/6\M21

5/6
Jo- °°H

In the same way as in the proof of Theorem 4.5, let s a non-zero integer such that
s = E(e™9) + 1 where

oo
o

o2, 2-38.

2 S

=

5/6 Hajz * (J k) Hs/() SHapSce

38—1
q= ﬂlS for 4/9 < B < 1/2.

We define
1 5q 44 00 B | B2
(é]5§3)‘= (\/58 , € )’ (525549 SS) = (‘9 ) 17‘9 )’
4s 4s
with

as well as the sequences (p/)je{o - S},(orj)je{0 Los)

o 5
(p/,aJ)=<g—4J—s>(p,a) for je€{0,...,s}

suchthatﬁ{ =Ks_jw forO<r < 1.
6

4s
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Replacing the notation ~ and * by /~! and / and assuming that for all 0 < j < s the
following conditions (associated with (A.14)) are fulfilled:

IlnSI(n +n ’5) el
o 1
el (nf +nje?) - <2+,

then an iterative application of Lemma A.3 to the Hamiltonian .77 pr0v1des a sequence
of canonical transformations (W’ ) ) such that oW = oW o0-- 0¥ is
jefl,..., K
equal to the Hamiltonian 77 + %’i; with & = %’;QS and %’f = %’;l’s.
For the same reasons as in the proof of Theorem 4.1, for all n € {1,...,s},

.....

the sequences (nl] ) S and (,ul m) - must satisfy the following induction
J€ ? J€E
hypothesis:

0
j i—1 i i—1 Ky
ST P, g = i, S (A.20)

forl € {0,2} and m € {0, 1, 2}.
Forn =1, (A.20) is fulfilled as 4/9 < B < 1/2 and ¢ «< 1. Moreover,

imply that
n} <snglneled < nfexp(—=1) (I €{0,2})

for |Ing| e9+< exp(—1) and

0 0
1 /’LO m 3 1—10 /’LO,m
Ho,m — /’LO mSe—— = dne| < )
s K
B B
1 0 m _58—2—10 Jm
H’Z,m_lu2,m<° s Sﬂ q|1n5|< B

fore«<1(m € {0, 1,2}).
For a fixed integer n, the induction is immediate since the sequences (nlj ) )
J

0

are decreasing such that — o < '7_0 while u , < 2u? m-
m
Hence, this proves the hypothes1s (A.20) up to s and consequently that

1
m <o exp(—s) Seeexp(——) and - py, <2u,

which provide (4.23) and a part of the thresholds (4.21) and (4.22). The missing thresh-
olds of (4.22) are deduced by using the Cauchy inequalities in a restricted domain /C,
with0 < p < 7/12.
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Finally, the Eq. (3.2) as well as the Cauchy inequalities provide the size of the trans-
formation W on C):

N
09 %) = . W)l < 3 g | 10% 9, < inel VEe ™ o, W1,
=1

s
lo, =1 <3 [onx'| <o mepe-te,
’ p =1 p

and in the same way

; 1
H¢2 _¢2H <o [lnef 7279, ”11 = ||p <o |Ing| P22,
’ p

Remark that as x/ does not depend on ¢, for all j € {I,...,s} then J, = Jo. This
yields IC5/12 - \I'(/C7/12) - /Cg/lz for |In g| g3p—1-7q o 1.

A.9. Theorem 4.6: Secular Frequencies. We denote by f(J, ¢) a regular function on

R x T and by f (¢) the real function satisfying the relation f o § = f. Using these
notations, the average of f at J, € S, reads

Ts

_ 1 2 1 5
fy) = oy fUs, ®)dop = — f (s, vst)dt
7T Jo Ts

0
/ f@ /2" a5 Fp)
2num/eAB opin \/U@Tw VUs(e)
_ : / f@+fer—9) |,
2vgy/eAB Jgmin VUs(®)

dw} (A.21)

As AQw — Q) = fl((p) and BQ2w — Y) = conj(l§(<p)), the expressions of A(J,) and
B(J,) given by (4.24) follow.

The asymptotic expansions of 71(1*) and E(J*) have now to be derived. As fi(n) =
7/8, it follows from Lemma 2 and (A.21) that

‘/’1

The main part of the integral involved in the previous expressions can be computed as

follows:
/” Aw) = A | /” Aw) A | /%"?fs" Aw) —Am) | |
piin VUs(e) piin VUo(p) pipin VUs(p)

T 1 1 ~ -
- Alg) — A d.
+/<p{'}f;‘<\/U§((0) JUO<¢)>( ()= Atm) do
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min

As |go{ng“ — o1 <+ 8* and because | A(p) — A()| <+|¢ — 7|2, the two last integrals
are respectively <«38* and <e+/8*. It turns out that

AL = \/;H—Sl(uho(s)) with

Cam /” Alp) —AmY
go??(i?" VU (@)

and |fig(8)| <+|Ins*| 7.
For the same reasons, we also have

B(J*)— 6W(1+h0(8)) with
Re B(go)) B(r)
ca= d
o VUo(p)

where the real coefficients C 4 and Cp are bounded by
—28<Cyg<—27 and 16 <Cp < 17.

This provides all that is needed for deriving the asymptotic expansion of the secular
frequencies g1 5 and g 5. Indeed, these frequencies are given by g; s = eup ,;,'ZZA
where A ; are the two roots of the polynomial

+ B(J.)? — A(J,)?
)»2 mi mzA(J*))\._ (J+) (J) )
nmimy mimj
At this point, Theorem 4.6 is deduced from an asymptotic expansion of the A, from
which it follows that the coefficients ¢, involved in (4.25) satisfy the relations

—90 <cp=2(Cyg—Cp) < —86.

A.10. Theorem 4.7: Diagonalization. By the discussion that precedes Theorem 4.7, as
the spectrum of (4.26) is simple, there exists a symplectic transformation U which is
linear with respect to w, W and diagonalizes the quadratic form (4.26).

In the general case the diagonalizing transformation is generated by a function which
can be written

XAw. = Y xGo@Dw;i;
j.ke{1,2}

where x(;j k) (J) are of order 1 over the considered domain.

Using Cauchy inequalities to bound the derivatives of x in order to control the
variation of the angles associated with J under the considered transformation, we obtain
the upper bounds

Hl//l ¢ H <eor 8_7_5q< «o1 and Hl/fz—(sz rza_ﬁg-oz
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. 1

since 0 < re< 334,

Finally, by Lemma 4.2 the Taylor expansion reads

1
Fiaod W, W) — F1nJ,0,0) = /o (1= 0)g(; 1y ()dt
with (.0 (1) = F(j0 (. 1w, tW).

Together with the estimates (4.22) of Theorem 4.5, this provides the threshold (4.28) on
X = (92 =2 ket Fib (0, O)ijNk) °E.

A.11. Theorem5.1: Application of a Pischel version of KAM Theory. As it was specified
in Sect. 5, from now on, we constrain ¢ to be inside an interval [¢¢/2, o] for an arbitrary
go > 0.

Let us consider the frequency map linked to the Hamiltonian 7 (see Theorem 4.7)
that is denoted (w(T'), (")) with w; = %ﬂj’ + Brj o and Q; = g, and the following
thresholds:

1

31-4
loillp, <eg5 5 lwall,, <1,
&0
[lngg|’

”Ql”p,r <'807 ”92”17,;’ <

that are deduced from H,%‘i/ Hp <1 and the bounds (4.22) and (4.27). Moreover, we
have the following thresholds on the derivatives:

T el | e et 1T e R0
Hal_‘la)2 ||p,r <.Sg_g’ || 81‘2(1)2 - éaz “p,r <.8g

with & = vgK2B~!and & = —2Euvy (thatare not equal to zero) from the bounds (4.22)
and the mean value theorem. Consequently the eigenvalues of dw are small perturbations
&
q|1—1|4 and &,. We also ensure that de is inversible with the eigenvalues A ("),
&g |In &g
A2(T') such that

1
A — —

g
<.
& ¢

0-

<eed Ingol?,
& S0

q 4
&4 |In &g
A — o= <
p.r

p,r

Hence, w is a local diffeomorphism.

In order to apply Poschel version of KAM theory for the persistence of lower dimen-
sional normally elliptic invariant tori [28], we must consider a domain where the internal
frequency map w is a diffeomorphism. Hence, we set out the following

Lemma A 4. Fore € [g9/2, g0l the internal frequency map w is a diffeomorphism from
1= Bg onto its image provided by

81+9q
pe=——= with 4/9 <p <1/2.
[Ing|
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Moreover, we have the upper bounds

-1
loln <+1, ldoly <o ————. o] <l
&g [In &g 1

<ol and |dQlg <-gy”.

(A.22)
Jao™!]
w(IT)
Proof. We consider @9 = @ — @(0) where @¢ is holomorphic on the closed ball Bgl
1
with p1e=¢; +5q. Then, we define
@0 =(dw(0)) '@y —Id such that d@p = (dw(0)) ' (de — dw(0)).

Hence, ||da@o|| B2, <o éaz_l [[do — dw(0)]| B, since the highest eigenvalue of (dw(0))!

satisfies |A2(0)] <-(§271 for & small enough with & # 0. Furthermore, by the mean
value theorem as well as the Cauchy inequalities, we can ensure that on the closed ball
B% such that 25 «= p7 = £!*1% then

~

0
P

1
< -
2

dzw‘

d@ ) Lo D<o
4ol < .

lall NS

Consequently, the application:
@y = Id +@g

is a diffeomorphism from B% to @ (B%) by the fixed point theorem. Moreover, @(0) = 0
yields

2 ~ 2 2
Bﬁ/z C wO(Bﬁ) C 835/2

and @, lisa Lipschitz mapping with a constant 2.
Now, as @ = @(0) + dw(0)&@(, we consider

o7 ) =y (o) v - 00)).

If (dw(0) ™' (y — @(0)) € B ,, then there exists

~

o= g such that Iy — @(0) g2 < /
0

(as ||d(0) ! ||B%/2 <+ 1). Hence, we have determined @ ! over B;{w(0)}.

Finally for (y,y’) € (B[;{w(O)})z, we have

[o7 -0

go

S P Yis

as dé)al is 2-Lispshitz and |dw(0)~! ”B% <+ 1. Hence, as [dol|; <- 5 then
p

88 [In &g
1+9q

2 )
w(Bp) C Bs{w(0)} for p=- TR
0

Consequently, @ is a diffeomorphism from B/% onto its image and the estimates (A.22)
are ensured (by the estimates (4.22)). O
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By the notations of Sect. 5, with | f |LllD < ||d f]|n for a differentiable function and
the upper bounds (A.22) ensure
Lip Lip 1 0! Lip
ol + |2 <M=e ——, < L=-1.
wlHP + 1205 Tineop @7 In

A property needed to apply the Poschel results on the persistence of normally elliptic
tori is to ensure Melnikov’s condition for multi-integers of length bounded by Ky =
16L M. This is the content of the following

Proposition A.1. Let

€0

P Mool

= 88 |11’18()|3
we have, for ¢ € [e0/2, eo]l with eg< 1,
m1n{|§21(§)| 12®)], 121 — 2@} >n and

Emnlw(é)-k+52(8) I =y Y0 <[kl <Ko, |I] <

Proof. First of all, for & € I1 we have the followings:

V€0 V€0
<efo1(§)] <o —, 1< [o2(§)] <01
[In &g [In gg| (A.23)
e £0 ’
<o Q)] <egp, —— <o (8] <o ——
[In gg| [In gg|

that are deduced from (4.19) and (4.27). As a consequence, with ¢ € [g0/2, &9], for
Eell:

121 = v, 12006 =10, [216) — 228 =
For (k, 1) € Z? x Z? with 0 < |k| < Ko and |I| < 2 we have
Ik +1+ Rl <+ Ko lloilln <-
since 4/9 < B < 1/2. Especially, for a large enough constant C > 0, we have

K+ @(&) +1 )| > kol lon(&)] — Ced” > lwa(®)] — Ce¥ > yp

deduced from (A.23) with gg+<< 1 and k # 0. Likewise, if k = O then for a large
enough constant C > 0, we have

lkiwy +1 8| = |ki| lw1] = Ceo = |wi]| — Ceo = no

withgge<1. O
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The Hamiltonian H defined in (5.2) is analytic over the domain D(7, 5) defined in
(54 with0 <7 < rand 5.=¢_.

With the estimates given in Proposition A.1, it remains to check the thresholds of the
Proposition 2.2 in Biasco et al. [6] which become here the threshold (5.5) of Theorem
5.1 and has to be satisfied for a small enough bound ¢¢ on the mass ratio.

We decompose the perturbation (5.3) in P = Py + Py + P3 + P4 with

Py 2B = Y (56 +3) — H5E) — 0,0)y;) + FoE +¥) — Fo(®),
Jje(l,2)

Py 2.7 E) = Y i(gjE+y) —gi®)z7)

JE{1,2}
Pi(y, 2% §) = #(E+y,2.7), and Py(y. ¥,2.% &) = AE+y. ¥.2,9).
With the estimates of Theorem 4.5 together with Taylor formula, since Py, P> (resp.
P3) are of order 2 in y;, z ﬁj (resp. of order 4 in z;, ?j). Likewise, with the corollary

4.1, ¥ appears only in P4 which is exponentially small. As a consequence, we obtain
for ¢ € [g9/2, €o] that

/
=2 81’

r 1
N O U S
”XP”r,D(r,s) < 867 + 72 CXP( 8g)
FY RN
Lip r &p 1
and ”XP”;,D(;’@ <e g + F_2 eXP(—%),
hence
I

14 Lip r <N
€ = 1Xplr pirs + —— IXpIE? <o 1 20 exp(——
” P“r,D(r,s) M'}/() ” P”r,D(r,s) X 8([); 7] p( 88[)

for some positive exponents p and p’ (remark that p = p’ can be chosen). We need

=2 p
r & cy
0 b
—+ = exp(——)e
por? P @l S papa!

and we choose r = rosg for a small enough constant rp > 0 and a large enough exponent
d which ensure

2 2d—p.< cy b

FOEO \2LaMa01
Then,
p'—2d
& cy b
exp(——) e
2 P S qraa

is ensured for small enough ¢y < ¢, and the main threshold (5.5) is satisfied. Hence, we
can find quasi-periodic horseshoe orbits for mass ratio 0 < & < &,.
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