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Abstract: We prove some conjectures about vertex algebras which emerge in gauge
theory constructions associated to the geometric Langlands program. In particular, we
present the conjectural kernel vertex algebra for the ST2S duality transformation in
SU (2) gauge theory. We find a surprising coincidence, which gives a powerful hint about
the nature of the corresponding duality wall. Concretely, we determine the branching
rules for the small N = 4 superconformal algebra at central charge —9 as well as for the
generic large N = 4 superconformal algebra at central charge —6. Moreover we obtain
the affine vertex superalgebra of osp(1]2) and the N = 1 superconformal algebra times
a free fermion as quantum Hamiltonian reductions of the large N = 4 superconformal
algebras at c = —6.

1. Introduction

Certain deformable families of vertex algebras and their module categories appear in
gauge theory constructions [CrG,GR] involving the GL twist of four-dimensional gauge
theory, with applications to problems in the quantum geometric Langlands program
[KWit, Gaitl,Gait2]. The objective of this work is to prove some of the vertex algebra
predictions associated to dualities in SU (2) gauge theory.

1.1. VOA predictions from gauge theory. The vertex algebra constructions which follow
from gauge theory can be described without reference to the original gauge theory
motivations. We will do so here and postpone the gauge theory interpretation to a later
subsection.

The predictions are most clear for simply-laced Lie algebras. So let g be a simply-
laced Lie algebra and « a non-rational complex number. Our basic building blocks will
be vertex algebras associated to g at (critically shifted) levels which are related to «
by PSL,(Z) fractional linear transformations. These include in particular the universal
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affine vertex algebra g, = Vs (g) of g at level k' = k' — h". Here h" denotes the dual
Coxeter number of g. The other building blocks are W,f () = ng (g), the quantum
Hamiltonian reduction of g, for the embedding p : s[(2) — g of s[(2) in g. Sometimes,
auxiliary rational vertex algebras also appear, such as the algebra F(n) of n real free
fermions or the WZW vertex algebras Li(g), i.e. the simple quotients of Kac—Moody
algebras at integral level.

An important set of predictions is the existence of a collection of “kernel vertex
algebras” A"[g, ] which are built as extensions of g, x g in the following manner.!

nk—1
Let P* be the set of dominant weights of g and Q its root lattice. For A € P* denote by
Vi (1) the Weyl module of Vi (g) at level k. Let k, k” be related to «, k' by k = k +h"
and «’ = k' + h". Then [CrG] conjectures that for n a positive integer and «, ¥’ such
that

the module

A'lg.cl= @ Vi) ® Ve
rEPTNQ

can be given the structure of a simple vertex algebra for generic «.
There are several more families of vertex algebras with a related conjectural con-
struction:

e One can now consider an embedding p : sl(2) — g and replace one factor by the
corresponding modules of Wkp (g) obtained via quantum Hamiltonian reduction from
Weyl modules. For example, we can define

HyL (A"g.k]) = P Ve ® Hg (Vie(R).
AEPTNQ

Here R stands for the reduction on the right factor. Again, the expectation from gauge
theory is that this is a simple vertex algebra for generic k. Moreover in some instances
this algebra is expected to be isomorphic to a simpler vertex algebra. For example,
if we take n = 1 and p the regular embedding of s[(2) in g, then main Theorem 3

(2) of [ACL1] implies that Hgigp'eg (A"[g,k]) = Vi_1(g) ® Li(g) as modules for
Vi(g) ® W/ (g). Here L1(g) denotes the simple affine vertex algebra of g at level

one.
e Similarly we can define the quantum Hamiltonian reduction on the left factor H égp

or on both Hg’sp/, e.g.
HEY (A"Mg.k)) = €D Hps (Vi) ® Hpyg (V).
AePFNQ

1 More intricate vertex algebras A(”i)[g, k] can be built as extensions of longer chains of vertex algebras

m
of the form g, ® [ @ Wi, (8) | ® gk, . associated to a chain of levels satisfying «; + Kl-:_i = n; with
i=l

Ko = « 1. Here W (g) denotes Wﬁ ,(g) for regular embedding p. We will not discuss this larger family of
vertex algebras here.
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e The A"[g, ] vertex algebras are expected to have a nice large « limit. The expec-
tation is for example that for k — oo one has as G x Vy/(g)-modules

lim A"[g.k]=Z® P p® V.

K—> 00
rEPTNQ

where Z is a commutative vertex algebra and p, is the irreducible highest-weight
representation of g (or equivalently the Lie group G of g) of highest-weight A. In
other words, one expects that affine vertex algebra action gets traded for an action of
G in the large coupling limit.
These algebras were identified explicitly in [CrG] for g = s((2) and n = 1. Here we
will identify them for g = s((2) and n = 2.

1.2. Results. Among finite dimensional simple Lie superalgebras there is one continu-
ous exceptional family called d(2, 1; a), parameterized by the complex number a. The
large N = 4 superconformal algebra is the quantum Hamiltonian reduction of the affine
vertex operator superalgebra of d(2, 1; a) at level k; with respect to a minimal nilpotent
element [KWak]. There is thus a two parameter family of such W-superalgebras whose
simple quotient we denote by sV1r( < Z,) _4- Furthermore, the large N = 4 superconformal

algebra has a good a — oo 11rn1t Which contains a large nontrivial ideal; the quotient

(ka)
by this ideal is the small N = 4 superconformal algebra sVir,, ", _,.

Recent work [A—P1, A—P2] on conformal embeddmgs of afﬁne vertex operator alge-
bras in minimal W-superalgebras shows that SVII‘( /2 N 4 is a vertex algebra extension
of

V_(a+3)/2(81(2)) @ V_(4-1,3)2(51(2)).

This is precisely the choice of levels which appear in A%[s[(2), k = 1%“] ! This motivates

us to study the branching rules of this embedding, i.e. the decomposition of SVlI'l( 1;21\;1 ) 4

in terms of V_(443)/2(51(2)) ® V_(4-1,3)2(51(2))-modules. For the same reason, we also
study the corresponding decomposition of sV1r(1/ 2) —a

We denote as before by Vi (1) the Weyl module of Vi(sl(2)) of highest-weight A,
P, the corresponding irreducible highest-weight representation of SU(2) and the fun-
damental weight of s[(2) is denoted by w. Our first main result is Theorem 2.5. It says
the following: As a module for SU(2) x V_3,2(sl(2)) the simple small N = 4 super-
conformal algebra at central charge —9 decomposes as

1/2
SVlfi,,{;iz = @ Pmew @ V_3p2(mw).
m=0
The proof of this decomposition result uses Adamovi¢’s construction of this algebra
[Ad] as well as conformal embeddings found in [C].
Analogously, one can now use the theory of deformable families of vertex algebras

as introduced in [CL1,CL2] to study the decomposition of SVlI‘( /2 a) 4~ For this let a be

generic. Our second main result is then Corollary 2.6 saying that as a V_(a+3) 2(512) ®
V_(a-143)2(81(2))-module

o0
1/2 ~
SVlrl(ré 1\?)4 = @ (a+3)/2(ma)) ® V (a_1+3)/2(ma))
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The quantum Hamiltonian reduction of Vi (s[(2)) is the Virasoro vertex algebra at central
charge 13 — 6(k +2) — 6(k +2)~!. We consider the case k = —(a~! +3)/2 and apply
the quantum Hamiltonian reduction functor to sVilrl(r1 221’\51 4~ Our third result is Theorem
2.10 stating that this reduction is isomorphic to V;(0sp(1]2)) (¢ = —(a + 3)/2) and the
reduction on both affine vertex subalgebras is isomorphic to the N = 1 superconformal
algebra at central charge 3/2 + 3(a + 2 + a~') times a free fermion vertex operator
superalgebra.

Let us summarize our results in terms of the language of Section 1.1. Let « be generic.

A2[s1(2), k] = (sVirfjﬁ;) with = (1 —a)/2.
even
Hpy " (sVir 230, ) = Ve(osp(112) with €= —(a+3)/2.

regs Preg . (1 2, ~ .
Hgsv Preg (Svlrl(,é /\24> =sViry=1, ® F(1)

with sViry—1 . the N = 1 superconformal algebra at central charge ¢ = 3/2+3(a +
2+a~') and F(1) a free fermion vertex operator superalgebra of rank one.
4. We have an isomorphism of SU (2) x V_3,2(s[(2))-modules

o
. . (1/2,a) ~ - 172y~
all)rréo sVlrlrg Nea =ZQ®sVir, v =7 @ Pmew @ V_3p(mw)

m=0

with Z a commutative Heisenberg vertex algebra of rank three.

1.3. Gauge theory motivation. We refer to [CrG,GR,FG] for a general discussion of the
construction of “corner vertex algebras”, i.e. vertex algebras supported at 2d junctions
between 3d topological boundary conditions in the GL-twisted 4d gauge theory.

Here we will only need the following pieces of information, which hold as stated for
non-rational k.

1. The 4d gauge theory is labelled by a gauge group G and a topological coupling k
(aka ¥ in [KWit,GR,CrG]). The term “gauge group” means roughly a choice of
global form for the gauge algebra g. More precisely, it involves some extra data in
the form of “discrete theta angles”.

2. The 3d boundary conditions are associated to a spin-ribbon category of “boundary
line defects”.

3. Consider two boundary conditions associated to categories C; and Cp. Then a 2d
junction between these boundary conditions is associated to a vertex algebra A
equipped with a functor Fi; : C; x C; — A1 — mod.

4. We often denote a junction between boundaries By and B, as an arrow B — Bj.
If we need to distinguish different junctions, we label the arrow.

5. Junctions can be composed. The corresponding vertex algebras compose by exten-
sion along C»:

A1z = (F12 x F23)(1 ® Diagp, ® 1). (1.1)
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6. There is a “duality groupoid” which acts on « by certain fractional linear transforma-
tions in PG Ly(Z) and possibly on G. 4d theories related by duality are equivalent,
and duality relates boundary conditions and junctions of dual pairs of theories. The
categories of lines and junction vertex algebras match under duality.

7. There are two universal families of boundary conditions N, ;, and D, 4, labelled by
coprime integers p and g defined up to overall rescaling. The duality groupoid acts
on the (g, p) label as a column vector for PG Ly (Z).

8. The category of lines at Ny ¢ is essentially the Kazhdan-Lusztig category K L, (G),
up to subtleties associated to discrete theta angles.

9. The category of lines at Dy, is essentially D, — mod(Grg), up to subtleties as-
sociated to discrete theta angles. We will not use this fact directly, but we will use
the related observation that nice junctions of the form Do 1 — B support vertex
algebras with a V,.,,, (g) subalgebra with integer n and admit a corresponding G[[z]]
action.

10. Thereis an No,; — Nj o junction supporting the W, (g) W-algebra, up to subtleties
associated to discrete theta angles.

11. There is an Dg,; — Nj o junction supporting the g, := V,_;v(g) Kac—-Moody
algebra, up to subtleties associated to discrete theta angles.

We denote with the greek symbol « the critically shifted level of algebras and with latin
k the non-critically shifted one.

If we specialize to g = s[(2) and ignore subtleties concerning the global form of the
group, the following junction vertex algebras have been identified [CrG,FG]:

e No,1 — Ni,o: Vir,. This is the Virasoro algebra of central charge cvir, = 13 —
6K — 6k L.

e Np,1 — N3 1:sVirye—1.The N = 1 super-Virasoro algebra sVir, has central charge
CsVir, = % — 3k — 3k L.

e Do — Nio:sl(2) = Vi_2(sl(2)). This is the Kac-Moody algebra at critically
shifted level k. It has central charge cgy(2), = 3 — 6k~ L.

e Dp1 — Np1:0sp(1]2)2,—1. This super-Kac—Moody algebra has an 5[(2)HTK sub-

algebra. It has central charge cosp(12), ; = | — 3k~ L.

e Dp1— Di,o:L1(d(2,1; —«)). This is a quotient of the super-Kac—-Moody algebra
basedonthe d(2, 1; —«) exceptional superalgebra which is an extension of s{(2) 41 ®
5[(2),,—141 ® L1(su(2)). The central charge of this vertex algebra is c42,1.—¢), = 1.

These algebras enjoy many coset relations. They can all be understood in terms of
composition of junctions. These algebras also enjoy several relations based on quantum
Hamiltonian reductions. These relations map Do, — B junction vertex algebras to
N1, — B junction vertex algebras, for appropriate n.

The main result of this paper is the identification of one more junction vertex algebra:

e Dy — Dy _g: sVirl(: é{ 21’\,;1; ) This is the large N = 4 superconformal algebra at

central charge —6, which is an extension of s[(2),+1 ® s[(2) P

The extension is compatible with the composition of junctions Do | — Ni,—1 — D2 _1.
Indeed, Do, — Nip,—1 supports s[(2),+1 and the N; _; — D> _; junction at coupling
Kk is equivalent to the D _» — Nj _ junction at coupling « !, which is equivalent to
the Dy o — N1 junction at coupling 2 + «~! and to the Do,1 — Ni,—1 junction at
coupling —»-.

We also verify that this statement is compatible with the reduction of Dy 1 — D21
to Do,1 — N2,1 and Np,1 — Nz, junctions under quantum Hamiltonian reductions.



1792 T. Creutzig, D. Gaiotto, A. R. Linshaw

1.4. The k — oo limit. The gauge theory structures at rational x and x = oo are
somewhat more subtle than at generic «. Still, one expects the junction vertex algebras
to have reasonably good limits as « is brought to rational points, though some fields such
as Kac—Moody currents of infinite level or Virasoro modes of infinite central charge may
have to be rescaled and replaced by classical fields in the limit.

The k — oo limit of the above table gives

e Np,1 = Nj,0: Vire, classical Virasoro stress tensor.

e No,1 — N2 1: Semi-classical super-Virasoro sVirs,. The rescaled super-conformal
generator survives the limit, but the OPE contains a classical stress tensor.

e Do — Njo:5l(2)s, aclassical s[(2) connection.

e Do — Nz p:0sp(1]2)s. The two fermionic generators survive as psu(1|1) cur-
rents, with OPE deformed by a classical s[(2) connection.

e Do1 — Di: L1(psu(2]2)), with OPE deformed by a classical s[(2) connection.

and our new entry becomes

e Dp1— Dy _1: sVirSn/z[z,:A‘, the small N = 4 super-Virasoro of central charge —9,

with OPE deformed by a classical s[(2) connection.

1.5. Gauge theory predictions from VOA. Somewhat surprisingly, this is not the first
gauge theory appearance of the small N = 4 super-Virasoro of central charge —9. This
vertex algebra was found, as well, as the chiral algebra associated to four-dimensional
N = 4 gauge theory, in the sense of [B-R]. Concretely, it emerges as the result of a
BRST reduction of symplectic bosons valued in the adjoint of the gauge group. The
51(2) global symmetry emerges in a surprising way and is not manifest in the BRST
construction.

The chiral algebras which appear in [B—R] can always be given an alternative physical
construction, as boundary vertex algebras for certain three-dimensional gauge theories
[CoG]. In the case at hand, that would be the maximally supersymmetric (i.e. ' = 8)
three-dimensional SU (2) gauge theory. The theory has an so(7) R-symmetry, which is
enhanced to s0(8) in the IR.

The boundary supporting the chiral algebra preserves an s0(3)¢ x s0(4) subgroup in
50(7), which is enhanced to s0(4) x so(4) in the IR. More precisely, the second so0(4)
factor includes the su(2) y R-symmetry and an su(2) r flavor symmetry. The first so(4)
factor includes the su(2) s R-symmetry and the su(2) - flavor symmetry which emerge
in the IR.

Correspondingly, boundary chiral algebra itself is built through the BRST reduction
of symplectic bosons, which only makes manifest the s[(2) current algebra associated
to the su(2) r flavor symmetry. The emergent s[(2) global symmetry is associated to the
emergent su(2) - flavor symmetry.

Crucially, the kernel vertex algebras at k = 0o are expected to coincide with the
boundary vertex algebras of three-dimensional (i.e. N' = 4) gauge theories which appear
at “duality walls”. For example, the x = oo limit of L{(d(2, 1; —k)) coincides with the
boundary vertex algebra of the “T[SU (2)]” gauge theory.

Hence we arrive at the following conjectures:

e The ST?S duality wall in four-dimensional SU (2) SYM supports the three-dimensional
N = 8 SCFT defined by three-dimensional SU (2) gauge theory.

o The 3d SCFT is treated as an A/ = 4 theory, with 51(2)  x su(2) pr C 50(8) g flavor
symmetry.



S-duality for the Large N=4 Superconformal Algebra 1793

e The 3d SCFT is coupled to the four-dimensional gauge theories on the two sides of
the wall by gauging su(2)r x su(2)pr.

It would be nice to test these conjectures further. This could be done, for example,
by computing the action of ’t Hooft-Wilson lines on the duality wall as in [DGV]. This
should parallel a similar check about the action of Hecke modifications on conformal
blocks of kernel vertex algebras, which is also an open problem even for n = 1.

2. The Large N =4 Superconformal Algebra

The large N = 4 superconformal algebra V (k, a) arises as a quantum Hamiltonian
reduction of the affine vertex operator superalgebra of the exceptional Lie superalgebra
d(2,1; a) at level k.% It depends on two complex parameters k and a, and has strong
generators e, f, h, e, f', ', GT*, L. Here L is a Virasoro field of central charge

c=—6k — 3,

e, f,h, e, f',h' are even primary fields of weight 1, and G** are odd primary of
weight 3/2. The operator product algebra appears explicitly in [KWak]. First, {e, f, h}
and {¢/, f', '} generate two commuting affine s[(2) algebras at levels —“aik — 1 and
—(a + 1)k — 1, respectively.

a+1

W (@l (w) ~ =2((a+ Dk + D —w) >, h(h(w) ~ -2 ( k+ 1) z—w)?,

a
@) f (w) ~—a+Dk+Dz—w) 2 +h (w)(z—w ",
a+1 s _
e(2) f(w) ~— Tk+ Iz—w) " +h(w)(z—w) ,

B (2)e (w) ~ 2¢'(w)(z —w) ™" h(2)e(w) ~ 2e(w)(z — w) ™!,
(@) f (w) ~=2f (w)z—w)™", h@)fw) ~=2f(w)(z—w) "

Next, these act on the odd fields G=* by

W ()G (w) ~ £GTF W)z —w)~', K (@GTF(w) ~ £GTF(w)(z — w) !,
h(@)GFE(w) ~ £GF W)z —w) ™', h(@GTF(w) ~ FGFF(w)(z —w) ™!,
@G (W)~ -G Wiz —w) !, @G W) ~ -G W)z —w)
e()G " (w) ~ G tw)z—w)"!, e(@G(w) ~ G w)(z — w)" !,
F@QGTHw) ~ -G )z —w)™', @G (W) ~ -G (w)z —w) !,
f@QGHw) ~ Gz —w)", fRGTHw) ~ G (w)(z—w) !,

2 The reader should be warned that k here is kg in the introduction, and has nothing to do with the « of the
gauge theory, which is instead related to a.
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Finally, the OPEs of the odd fields are

2a
G ()G (w) ~ 7 1)2( e )(w)(z—w)""

L L 2a
G @G (w)~ @ +1)2( L) —w™!

G )G (w) ~ —

n 1)2<: flenw)z—w)™,

Gt Gt ~ 2a AV -1
()G (w) —m(-Ef.)(w)(z—w) ,

++ —+ 2a 1 2
G ()G T (w) ~ — <— +k>e(w)(z —w)~

a+1 +1

Cne——2 (L sk)a -l
+((a+1)2' e'_a+1<a+1+>e>(w)(z_w) ’

G ()G (w) ~ i<i +k>e (W)(z — w)~2

+1 +1

_a S 1 a . o
+<_(a+1)2'he'-l-a+l<a+1+k>ae>(w)(Z w)

G (G F(w) ~ i(—+k>f(w)<z—w) -2

+1 +1

C o (< ko -1
+((a+1)2' 4 '+a+l<m+ )f>(w)(z_w) ’

L o 2a ( 1 ) D)
GG (w) ~ — ——+k ) f(w)(z—w)”

a+1 +1

a . a 1 B »
+(_(11+1)2'th a+l<a+1+k>af>(w)(Z w)
GHT@GOW’V—2<k%+J)+( 1)2)(2— w) 3+ (ﬁif+aky

(1+a)?
a(l+k+ak) 5
+<kL+L:h/h/:+L:hh:—L:hh’:
4(1 +a)? 4(1 +a)? 2(1 +a)?

a /el
+—(1+a)2 re f

a ak k , I
+mef+2(1+a)al’l+2(1+a)ah>(U))(Z u))

—+ +— a -
G )G (w) ~ 2(k(k+1)+m) (z—w)™>

a+k+ak /_a(1+k+ak)h (W)(z — )_2
(1+a)> (1+a) Wit w
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(k- —% g 4 gy
4(1 +a)? 4(1 +a)? 2(1 +a)?
a Ll
—m .Ef .
a ak 2a + k +ak
e h on’' —w)~ L
Grar Y Ta040 20 rar >(w)(z w)
(k,a)

We shall denote by sVir,, o Ned the simple quotient of V (k, a) by its maximal proper
ideal Zy , graded by conformal weight. For generic values of k and a, V (k, a) is simple
so that V(k, a) = sVirl(f;])v: 4

It will be convenient to introduce a change of variables and replace the Virasoro field
L with the field
1

4k +ak — 1)

(:h/h’ 420 xyY 420 yx )
Note that LC is just the Virasoro field for the coset

Com(V_(a+1)/x-1(81(2)), V(k, a)),

where V_(q41)/k—1(5[(2)) € V (k, a) is the subVOA generated by {x’, y’, h’}. The central
6k(a + k + ak)

. k+ak - 1
longer primary, but now satisfy

32k +2ak — 1)

charge of L€ is . With this change of variables, the fields G** are no

L ()G (w) ~ G (w)(z — w)™?

4k +ak — 1)
'Gtt . ; R e e ++
+<th .+1—k—ak.xc :+0G )
x (w)(z —w)~ ", @2.1)
o 3Qk+2ak—1) o
L* ()G (w) A1) G (w(z—w)
+ (— hGY +; xX'GT +8G+_>
2(k +ak — 1) 1—k—ak
x (w)(z —w)™!, 2.2)
o 3Qk+2ak—1) L
L™ (2)G™ (w) —4(k+ak - G (w)(z —w)
+ (— b e e +8G>
2k +ak — 1) 1 —k—ak
x (w)(z—w)~", (2.3)
LG H(w) ~ MG—+( )z — w) 2
D Tk ak — 1) wile—w
1 I —t . 1 L —+
+<_—2(k+ak—1)'hG '+—1—k—ak'yG 140G )

x (w)(z —w)~ L (2.4
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Additionally, the OPEs G**(z)G~(w) and G~ *(z)G*~ (w) are replaced with

++ —— ~ a _ -3
G ()G~ (w) 2<k(k+1)+—(a+1)2)(z w)
a+k+ak , a(l+k+ak) )
((1+a)2 * (1+a)? h>(w)(z—w)
+<kLC— a+k+ak R —C i
d0+a2k+ak—1 " T a0 va2
a .
_2(1+a)2'h
B a+k+ak @ Cof 4 ak
Gratrak—1 7 “Tavar Y T 20ra)
k(a +k+ ak) , _
2(1+a)(k+ak—1)8h>(w)(z_w) ’ 2.5)

_ — a _
G *()G* (w)~2<k(k+l)+(a+1)2>(z—w) 3
<a+k+ak ,_a(1+k+ak)

h)(w)(z —w)~?

(1+a) (1+a)?
+<—kLC+ a+k+ak ’h/h/‘—L‘hh
40 +a2tkrak—1 " T a0 va2
-
2(1+a)?
N a+k+ak T .. ak
Trattra—D T " "arar Y T30ra)
(k+ak —2)(a+k+ak)_, o
Aralhrak—1) 8h>(w)(z w) . (2.6)

From now on, we shall replace L with L€, and use these OPE relations instead of
the original ones. We may regard k and a as formal variables, and we regard V (k, a)
as a vertex algebra over the ring R consisting of rational functions in k and a with
possible polesata = 0,a+1 = 0, and 1 — k — ak = 0. Since V (k, a) is generically
simple, V (k, a) is simple as a vertex algebra over R. Also, it is freely generated as a
vertex superalgebra, so each weight graded space V (k, a)[n] for n € %Zzo, is a free
R-module.

2.1. s\/irl(féag\,=4 as deformable families. For all n € %Zzo, V (k, a)[n] has the Shapo-
valov pairing (, ), given by
(w,v) = wEn-1)v,

which takes values in R. If p = p(k, a) is an irreducible factor of the determinant of
(, )n for some n, there will be a nontrivial null vector in V (k, a)[n]. Let I, C R be the
ideal generated by p. Since R = V (k, a)[0], we can regard I, as a subset of V (k, a)[0].
Let

I, -V(k,a) C V(k,a)
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be the set of I),-linear combinations of elements of V (k, a), which is just the vertex
algebra ideal generated by [,,. Then the quotient

Vir(k,a) = V(k,a)/, - V(k,a))

is a vertex algebra defined over the ring R, = R/I,. Itis a free R,-module, but it is is
not simple as a vertex algebra over R, since its maximal proper graded ideal Z,, contain
all null vectors of the Shapovalov pairing. For each n, the weight n component 7, [n] is
R -submodule of v (k, a)[n], and the simple quotient

L' (k,a) = VIr(k,a)/T,

is again a vertex algebra over R,. However, Z,[n] need not be a direct summand of
Vi (k, a)[n], and the quotient need not be free.

Given a multiplicatively closed subset D C R, let D7'R p denote the localization
of R, along D, and consider the following localizations of R,-modules

D'V (k,a) = (D7'R,) @, V7 (k, a),
D™'T, = (D7'Rp) ®&, Ip.
D7 'L'(k,a) = (D"'R,) ®r, L7 (k. a). 2.7)

Lemma 2.1. There exists a multiplicatively closed subset D C R, which is at most
countably generated, such that D™'L'r (k, a) is a free D! R,-module.

Proof. For each n, since vip (k,a)[n] is a free R,-module of finite rank, there ex-
ists a finitely generated multiplicative set D, C R, with the following property:
D;'V'r(k, a)[n] has a splitting

D'V (k,a)[n] = DT'I,[n1 @ C,,

where Cj, is a complementary DR p-submodule, and both summands are free DR p-
modules.

Taking D = | D, we see that D is at most countably generated, and as a D~'R -
module,

D WIr(k, a) = (EB cn> @ p7'7,,

n>0

so that
D_lLlp(k’ a) = @C}’h

n>0
and in particular is free. O

In this paper, we only need the case where p(a, k) = k — k¢ for some fixed level k.
In this case, R, is isomorphic to the ring of rational functions in a with possible poles
ata =0,a =—1,anda = %, which we denote by Claljo,—1,(1—k¢)/ko}- In this case,

we denote the simple quotient L7 (k, a) by sVirl(f;’?\?ﬂ.

More generally, for a subset A C C, let C[a]4 denote the ring of rational functions
in a with possible poles in A. As a special case of the above result, we have
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Corollary 2.2. For any ko € C, there exists a subset A C C which is at most countable,
such that

. (ko,a)
Clala QClal(o,1,(1-kg)/ko) SVlrlrg N=4

is a free Cla] g-module.

Note that if we rescale ¢/, f’, i’ by a factor of 1/a, V (k, a) is defined over the ring

of rational functions in a and k of degree at most zero in a, with possible poles ata = 0,
(ko,a)

a = —1,and a = . Likewise, with this rescaling, sVir;, ¢ N4 is defined over the
ring F of rational functlons in a of degree at most zero, with possible poles at a = 0,
a=—l,ora = % Similarly, given a subset A C C, we denote by F4 the ring of

rational functions in a of degree at most zero, with possible poles in A. In the language
of [CL1], Corollary 2.2 implies that F4 ® SVII'( 0.4 ) 4 18 a deformable family of vertex
superalgebras. In particular, its graded character is 1ndependent of a, and coincides with
the graded character of the limit

(ko,00) (ko,a)
sVlrlrg Nea = hngo SVlrlrg Ned>

which is a well-defined vertex algebra over C.

2.2. The small N = 4 superconformal algebra as a limit of sVirl(f;;V:Af. Regarding k
as fixed, and rescaling ¢’, f’, h’ by 1/a as above, observe that in the limit sVirl(f:gOi,): 4

the fields ¢’, f, h’ become central, and LE, e, f, h, G satisfy the following OPEs.

h@hw) ~ =2k + D)z —w) 2, e@)f(w) ~ —(k+ 1Dz —w) > +hw)z—w)"",

h(@)e(w) ~ 2e(w)(z —w) ™", h() f(w) ~ =2f W)z —w)~". (2.8)
h(@DGFE(w) ~ £GFw)z —w) ™', h(@)GFF(w) ~ FGFF(w)(z — w) ™",
@G (W) ~ G W)z —w) ' (@G (w) ~ GTrw)(z —w) ",
FRG (w) ~ G*‘(w)(z —w) f@GTTw) ~ G w) @ —w) (2.9)

L¢ ()G (w) ~ G++(w)(z —w) 2+ (Zlk SHG* —% X'GTT +aG++>(w)(z —w)~

C +— 3 +— -2 +— 1 r—— +m -1
L™ ()G (w) ~ EG (w)(z —w) +<— WG '—E xX'GTT 140G )(w)(z—w) s

C —— 3. -2 - 1 /ot — - -1
L ()G (w) ~ EG w(iz—w) "+ - =—=:1G % Y'GTT 496G )(w)(z —w)" ",
LE )G (w) ~ %G**(w)(z —w) 2+ < - y' G +3G*+)(w)(z —w)~!

(2.10)
GG w) ~2¢ e yw)z—w)™'. GG (w) ~2¢ £ f Hw)z—w)
GG (W) ~ =2¢ fleyw)z —w)™', GG (w) ~ =20 ¢ f Hw)z —w) ",
G ()G (w) ~ —2ke(w)(z — w) 2+ (: e : —kde)(w)(z —w) ™",
G (@G (W) ~ 2(1 +b)e (W) (z — w) 2 + (= 1 he : +(1 + k)3 ) (w)(z — w) 7!,
G (@G W) ~ 21+ k) f W)z —w) 2+ (: hf' (1 +k)df ) w)(z — w) ™",
G @G (w) ~ =2kf(w)(z — w) 2+ (= B f : —kdf)(w)(z — w)~",
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G (@G (w) ~ =2k(k + D(z — w) 7 + ((k+ DA +k h)(w)(z — w) 2
k+1 k+1 1 k k+1
KLE — == i W'h :——— e/ f == thW 4+ 0h+ —— 0l —w)~!
+( p A ST AR TRy )(w)(z w,

GG (w) ~ 2k(k + D(z — w) 7> + ((k+ DA — k h)(w)(z — w) 2

k+1 k+1 1 k k+1
_ C NI R r. R ’ R |
+< kL +—4k th'h .+—k re' fh 2.hh. 28h+—2 Bh)(w)(z w) .
2.11)
(k,00)

Additionally, LC has central charge ¢ = —6(k + 1). For fixed k, let Z C sVir, ¢ N=4
denote the vertex algebra generated by ¢’, f’, h’, which is a commutative Heisenberg
algebra of rank 3. Moreover, since Z is central in sVirl(f;(]i,):‘t, it generates a vertex

algebra ideal 7z, and the quotient
VE = svir[o%) /7.

is a vertex algebra with strong generators LC e, f, h, G**. From the above calculations,
we obtain

Lemma 2.3. We have an exact sequence of vertex algebras

0—>7Zz7 — SW’”}ZO%):(; — V0.

Moreover; the OPE relations (2.8)—(2.9) hold in V¥, but (2.10) and (2.11) are replaced
with

LE @G (w) ~ %Gﬁ(w)(z —w) 2+ 3G W)z —w) 7,
G ()G (w) ~0, G ()G (w) ~0,
G t@)G*(w) ~0, G ()G (w) ~0,
G ()G (w) ~0, G~ (2)G *(w) ~0,
G ()G (w) ~ 2k e(w)(z — w) 2 —k de(w)(z — w) ™',
G (G (w) ~ =2k f(w)(z—w) > —kdf (w)(z—w) ",

GG (w) ~ —2k(k+ D) (z —w) > +k h(w)(z — w) 2 + (kL + gah)(w)(z —w) !,

G @G (w) ~2k(k+ 1)z —w) ™ —k h(w)(z —w) >+ (— kL : —gi)h)(w)(z —w)~ L.
(2.12)

Therefore the generators L€, e, f, h, G** of VK satisfy the OPE relations of the small
N = 4 superconformal algebra at level k.

It is not apparent whether or not V¥ is simple, i.e., V¥ = sVirgZ N—4- The main
example we need is the case k = 1/2, which was studied by Adamovi¢ [Ad] using a
free field realization. Later, we will see that V!/2 is indeed simple.

. . . (kg,00)
Remark 2.4. If instead we rescale ¢, f/, h' by a factor of 1/./a, the limit sV1rlrg Ned =

lim,— 00 sVirl(lr‘!g"Il\;:4 is still well-defined, but the fields ¢/, f’, i’ generate a nondegener-

ate rank 3 Heisenberg vertex algebra and no longer commute with VX, In particular, the
zero modes of ¢’, f’, h' integrate to an SU (2)-action on V¥ which will be needed later.
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2.3. The small N = 4 superconformal algebra at central charge —9. In this section we
discuss two realizations of the small N = 4 superconformal algebra at level k = 1/2,
which has central charge —9. The first one is due to Drazen Adamovi¢ [Ad], and the
second one appeared implicitly in [C]. Note that the affine vertex operator algebra of s[(2)
then has level —3/2 and embeds conformally in the simple small N = 4 superconformal
algebra at central charge —9, which we call Y [A—P1]. We will derive the branching rules.

Theorem 2.5. As a module for SU(2) x V_3,2(sl(2)) the simple small N = 4 super-
conformal algebra at central charge —9 decomposes as

o0
Y= @ Pme @ V_3/2(mw)

m=0

where V_3 2 (mw) denotes the Weyl module of V_3,2(s(2)) of highest-weight mw, pme
is the corresponding irreducible highest-weight representation of SU (2) and w is the
Sfundamental weight of s1(2).

Proof. Let us recall the construction of Adamovi¢. Consider the Wakimoto free field
realization of the affine vertex operator algebra of s[(2) at level —3/2. He then realizes
the simple small N = 4 superconformal algebra as a kernel of screening charges inside
an extension of the free field vertex algebra. Let us formulate this problem in terms of
a By vertex operator algebra together with a pair of fermionic bc-ghosts. We have the
standard operator products

B@y W) ~ (2 —w)™" ~b@)e(w).
The affine vertex operator subalgebra is then generated by

e(z) = B(2),
h(z) = =2:y(@2)B():+:b(2)c(2) :,

3
f@)=—:1y@yr@ABQ): —53)/(2)+ 1y (@)b(2)c(z) .

We note that the conformal weight of b is 3/2 with respect to the Sugawara vector and
the one of ¢ is —1/2. The four odd dimension 3/2 fields are

G*(2) = b(2),

G (@)=—:y@b):

G =—2:B()dc2) : — : 9B(2)c(2) :

G (z) =—:b@c)c:—=2:Bydc: —: (3B)yc: —%a%.

Let us call the vertex operator superalgebra generated by these fields Y. Adamovié
then proves that Y is simple [Ad, Theorem 6.1] and that Y coincides with the kernel
of screenings on the Bybc vertex operator superalgebra [Ad, Corollary 6.2]. Y is a
module for the affine vertex operator subalgebra. The level of s[(2) is generic (see e.g.
the computation of Section 3.1 of [C]) and thus every Weyl module is simple. Let w be
the fundamental weight of s[(2) and we denote the Weyl module of weight nw at level
—3/2 by V_3,2(nw). Consider X, :=: bob... 9"1p : then X, clearly corresponds to

an s[(2) highest-weight vector of weight nw and conformal weight n?/2 + n. Recall
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also that SU (2) acts as outer automorphism group on X and since b is a highest-weight
vector for the standard representation p,, the field X,, must be one for p,. It follows
that

o0
@ Pno ® V_32(nw) C Y.
n=0

We turn to the second construction of the small N = 4 superconformal algebra at central
charge ¢ = —9. This construction immediately follows from [C, Corollary 5.8] together
with [C-R, Theorem 4.1]. Denote by H the rank one Heisenberg vertex operator algebra
and by F, the Fock module of highest-weight « and conformal weight wu?/2. Let A be
such that A> = —1. Then the case p = 2 of [C, Corollary 5.8] says that there is a simple
vertex operator algebra called W, that satisfies

00
W2 = @ V_3pp(mw) ® ('7:—'70» B F—msp @ @ Fm—2n @ f—mk)

m=0

as V_3,2(s1(2)) ® H-module. The lattice vertex operator superalgebra

V=12 D

meZz

extends H to a vertex operator superalgebra and so by Theorem 4.1 of [C-R] (which
follows from [Li, Theorem 3.1], see also [DL])

Yi=@P m+1) Vozpp(me)
m=0

extends V_3,2(s1(2)) to a larger vertex operator superalgebra. We thus see that Y CYas
V_3/2(s[(2))-module. Moreover, the fields in V_3 2 (0)®2V_3 2 (w) corresponding to the
top level of the modules generate a vertex operator subalgebra under operator products.
Since the conformal weight of the highest-weight states of V_3 2 (nw) is n®+n they must
already close under operator products. They thus form a minimal W-superalgebra and
its simple quotient is thus Y, i.e. the small N = 4 superconformal algebra at c = —9 by
the uniqueness result [A-L, Theorem 3.1] (which generalized [ACL2, Lemma 8.2]).
Let us summarize: we have shown firstly that Y C Y as V_3,2(s[(2))-modules and
secondly Y being a homomorphic image (namely the simple quotient) of a subalgebra
of Y. Both statements together can only be trueif ¥ = Y. O

2.4. The large N = 4 superconformal algebra at central charge —6. We now consider
the simple algebra sVirl(rl g{zl’vai 4» which has central charge —6. By [A-P1], V_(413),2(s[(2))
® V_(4-143)/2(5[(2)) embeds conformally, that is, the Virasoro field L is identified with
the sum of the Sugawara vectors for the affine s[(2) subalgebras in sVirl(r1 5{ 21;1 4+ More-
over, by Corollary 2.2 in the case ky = 1/2, we see that sVirl(rlﬁ’\f; 4 1s a deformable
family of vertex operator superalgebras, that is, there exists a ring of the form F4 where

A is at most countable, such that Fy ® sVirl(rlg/,zl’\;i4 is a free F4-module.
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Let now a be generic. The conformal weight of the top level subspace of the Weyl
module V_(443)/2 (mw) ism(m+2) /(2—2a), so the conformal weight of V_ (4432 (mw)®
V_@a143)2 (m'w) is a half-integer for generic a if and only if m = m’ and in this case

it equals m(m + 2)/2. Since sVirl(rlé/,zj’\;i4 has finite-dimensional weight spaces and as

such must be a direct sum of Weyl modules for generic a, by our conformal weight
consideration the only possibility is

oo
. (1/2, ~
sVirl 1y = €D N V(s 2(mw) @ V_y-1,3)p (mow),
m=0

with some multiplicities N,,. On the other hand, the graded character coincides with the
one in the large a limit. It follows from Theorem 2.5 that we have N,, = 1 for all m.

Corollary 2.6. As a V_(443)2(s[(2)) ® V_(a71+3)/2 (s1(2))-module

o0
. (1/2.0)  ~
SVlrl(rg,{ 1\24 = @ V_(a+3)2(mw) @ V_(,-1,3) p(mw).

m=0

Let us write the character of sVirl(r1 ézl’\;i 4 for generic a including Jacobi variables y, z,

Itis

o0
. (1/2,
Ch[SVlr[(rg{ 1\24](% z,q9) = Z ch[V_(443)/2(m®)1(q, y) ch[V_(4-1,3) n(mw)1(q, 2)
m=0
with
) P A

ch[Vi(mw)(z, q) = M(z)

with Weyl denominator
. oo
M@ =g (z—2") JTa = 2g01 - g™t — 272"

n=1

The Jacobi theta function of the lattice 7Z is

le
On(z.q) =) q7"

mez

Letk; = —(a +3)/2 and k» = —(a~! +3)/2 and note that

1 1 2 2
+ = +
kt+2 k+2 1l—a 1-—a7!

=2.
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We now compute

. (1/2,
ch[sVlrl(,é N1z w. )

= Z ch[ Vi, (m)1(q. 2) ch[ Vi, (m)](q, w)

<m+1)2 ((Zw)m+l + (zw) "D _ (g~ lymHl _ (zflw)m”)

ZZ: I(z) T (w)

_ Ou(zw, q) —Ozzw ™" q)
B I () TT(w)

Corollary 2.7. In the case k = 1/2, the algebra V'/* in Lemma 2.3 is simple. We
therefore obtain an exact sequence of vertex algebras

0— 12y — sVir (1/2N°°)4 — Vzr(l/zjzl 41— 0.

Here T, C sVlr( / 2N _y is the ideal generated by the rank 3 commutative Heisenberg
algebra with generators €', ', I’
Proof. This is immediate from Lemma 2.3, Theorem 2.5, and Corollary 2.6. O

Corollary 2.8. The character of sVlr N ) 4 converges to the meromorphic Jacobi form

1 Oz.(zw, q) — 0z(zw™", q)
ch[sVlrl(ré N= Zallq,w,2) = I(z)IT(w)

for |zl, [w| < |gI=".

We note that the limit z, w — 1 is by L’'Hopital’s rule

"
(1/2,a) 16;(q)
li h[sVi = -
2z HI,IE ¢ [S lrlrg N=4](q’ w, Z) 2 n(q)6
with n(g) the usual Dedekind eta-function and 6" (g) := 9(z q)|;=1. In other words

the specialized character is a holomorphic modular form. Th1s is a property of quasi-lisse
vertex operator algebras [AK]. We wonder:

Question 2.9. Is sVirl(r1 5{2]\2 4 a deformable family of quasi-lisse vertex operator super-
algebras?

We remark that the super character is obtained from the character by replacing z by
_Z’

.2, 172,
sch[sVlrl(ré Nai4](q, w,z) = ch[sVlrl(ré 1\?)4](q, w, —2).
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2.5. Quantum Hamiltonian Reductions. We turn to quantum Hamiltonian reductions,
see e.g. [Ar] as a reference. We are interested in applying the quantum Hamiltonian
reduction to the affine sub algebras. For this consider two bc-ghost systems bc¢ and b'c’
and define the fields

d(z) == b(2)e(@) +b(z), d'(2) :=b'(2)e'(z) +b'(2)
and denote their zero-modes by do and d;. Let
WX(a) := Hgy(V(k,a) ® be), X*(a) = Hdé(Wk(a) Qb'c)
and let
W (a) == Hgy(sViry, /", @ be), X (a) := Hy (W(a) ® b'c)).

Let us first compute the characters of W(a) and X (a). They are obtained by taking

the character of sVirl(r1 221’\2 4 times the supercharacter of the ghosts times g*/* and then

taking the limit of the Jacobi variable(s) to g /2. The supercharacter of a pair of ghosts
is

€1

schibel(q, 2) = g7 [[(1 = 22¢") (1 —27%¢" )

n=1
ch[W (@)](q. w) = Tim _chlsViry ' 1(q. w. )sehlbel(g. 2)g"/*
—>q-
) —-1/2 _ —-1/2,,—1
_ g2l o @)~ 0nla” Tw, q) @13)

n(g) T (w)

with ¢ = 1+ 3a~! the central charge of the affine vertex operator superalgebra Vy,
(0sp(1]2)) (ko = —(a+3)/2). This is exactly the character of Vi, (0sp(1]2)) for generic
ko. Similarly

chX(@](q) = lim chlsVir, 3 ,1(q. w. 2)schibel(g. D)schibel(g. w)g*/ /4
Z,w—>q~
<1020~ q) — 0z(1.q)

=g utn 2.14
¢ n(q)? (219

with ¢ = 1+3a — 6ky —2 = 8 = 3(a +a~!) and this is exactly the character of the
N = 1 superconformal algebra at central charge 3/2+3(a+2+a~") times a free fermion
vertex operator superalgebra. Note that this conclusion is obvious, since the character
of the N = 1 superconformal algebra can be obtained from the one of Vi (0sp(1]2)) via
Euler-Poincaré principle and the ghosts for this type of quantum Hamiltonian reduction
do not only contain the bc-ghosts but also a pair of By bosonic ghosts and a free fermion
so that one sees that this Euler-Poincaré character differs from the one of X (a) by a free
fermion character.

Theorem 2.10. W (a) is isomorphic to Vi, (0sp(1]2)) (ko = —(a +3)/2) and X (a) is
isomorphic to the N = 1 superconformal algebra at central charge 3/2+3(a+2+a~")
times a free fermion vertex operator superalgebra.
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The Theorem follows directly from above character computation together with the
next Lemma. But firstly, the Vi (0sp(1]2)) is strongly generated by even fields ¢/, k', f’
and odd fields x’, y’ with OPEs

@ f (w) ~kz—w) P +h W)z —w) ™ @I (w) ~ 2%z —w)?,

h (2)e' (w) ~ 2/ (w)(z —w) ™', K@) f(w) ~ =2 (w)(z —w)™",

h (@)x' (w) ~ x' )z —w) ™" B @y W) ~ =y W)z —w) "

d@)y W) ~x' @z —w) @)X w) ~y W@ —w
h(w
X @y (w) ~ k(z —w) 7+ ;)

Y @y (w) ~ f(w)(z — w).

z—w) ™, X(@x(w) ~ —€ (w)(z —w),

Lemma 2.11. Let k, a be generic, then Wk(a) contains V_a+1)k+1)(05p(112)) as sub-
algebra and X*(a) contains the N = 1 superconformal algebra at

3(1 + 2k + 2ak) (4k + dak — 1)
C =
202k + 2ak — 1) ’

as well as a free fermion as subalgebra.

Proof. We have dy(G~—%) = 0 = do(G™). Moreover we have dy(c) = e + 1, i.e. —e is
in the same homology class as the vacuum 1. Let us denote the class of %GH by x’

and the one of — %G‘Jr by y’, then using that —e(z) is in the same class as the vacuum
we get the following OPEs

B (2)x' (w) ~ X' (w)(z —w)™', K@)y W) ~ =y (w)(z —w)~",
@)y W) ~x' W z—wt @)X w) ~y W)z —w

' (w)
2

X))y (w) ~ =@+ Dk+ D)z —w) 2+ (z—w)",

X (2)x'(w) ~ —'(w)(z — w),
Y@y W) ~ f(w)(z —w)

but these together with the relations of ¢’, i/, f’ are exactly the OPE relations of
Vo (@+nk+1) (05p(1]2)).

For the second statement, note that dj(c’) = ¢’+1, so —¢’ is in the same cohomology
class as the vacuum. Since x(’o)x/ = —¢’, it follows that the class [x'] satisfies

1) [x T(w) ~ (z — w) ™!,

so it generates a free fermion algebra. Next, consider the Sugawara vector

| 1 | 1
Lol — gy e f i+ D fle i — cx'y
23 + 2k) s ¢ T ra e T Y
1 !/
cy'x
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in Vi (osp(1]2)). We correct it by setting
p=resvamy Loy e L @x)x : .
2 2
It is straightforward to check that
dy(Ly =0
and that
1
L'(2)x" (w) ~ 5(x’+ sy (W) (z — w) 2+ (0x'+: € 0x)(w)(z — w) .

Therefore L' represents a cohomology class [L'] that commutes with [x']. Also, we
compute

:(3e)(0x)x' -

1 1
(LigL) — oL = —5( L/ (@%x)x 1+ (%)X ) -3

1
51 <(83e’)e’ : +83e/),

(L/(l)L/) —2L = —( 2/ (Ax)x" 1+ (0x)x )
1
+§< (9e)de’ - — 1 (8%e)e - —823/).

1
(L/(Q)L/) = Z( :(9e)e - +Be/),

3+ 10k +6k> . 1 1
/ A / ol
(L(3)L)_—Wl+§e+z.ee..
Using —[x’] = [1] repeatedly, this shows that the class [L’] generates a Virasoro

algebra of central charge

3(1+2K)(5 +4k)

2(3 +2k)

which commutes with [x'].

Next, define the field

V-1 )t ' o
= m(:hx 42:ey —(1+2k):eox )
We calculate
do(¥) =0, (2.15)
Y (2)x’ (w) ~ —M(e’+ cele )(w)(z —w) 2

V3+2k
o

. N / _ —1
NerST (2 +4k) : (3e)e .+(5+4k)8e)(w)(z w)~ L (2.16)
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This shows that the class [v/] is well-defined and commutes with [x'].
Next, we compute

_ 346k, 40+207 ,, 200+20%
VoV =3 T T3vm 4 T e .
3+6k_,  4(1+2k)? o, 3142k .
= - 1 (0 —————— : (0 ,
Vv = ook % T ek P09 3eok Pe)ee
V¥ =2L —dy(R), (2.17)
where
1 4 2(1+k) 4
R = SWRE  + e e+ (R — Y
TR we e A ww val U L e TR e

—2:0 @)
(B+4k)?* 5, 3(1+2k) o, (1+2k)(7 + 8k)
— c — 1 (0e)dc  —mF———
2(3 + 2k) 2(3 + 2k) 2(3 +2k)

.\ (1 + 2k)2 (913 ,).+(l+2k)2
3+2k N TRk

It follows that in cohomology, we have

(1 +2k)(5 + 4k)
3+2k

It is also not difficult to check that

—:hac (3%

Lk (2.18)

W1 (w) ~ (z—w) " +2[L1(w)(z —w) .

3
(LT[ 1(w) ~ E[xlf](w)(z —w) 2+ Y lw)(z —w) "
Therefore [L'] and [v] generate a copy of the N = 1 algebra with central charge

3(1 +2k)(5 + 4k)
23 +2k)

, which commutes with [x']. O
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