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Abstract: In this paper, we study the limit measures of the empirical measures of
Lebesgue almost every point in the basin of a partially hyperbolic attractor. They are
strongly related to a notion named Gibbs u-state, which can be defined in a large class
of diffeomorphisms with less regularity and which is the same as Pesin—Sinai’s notion
for partially hyperbolic attractors of C'*¢ diffeomorphisms. In particular, we prove
that for partially hyperbolic C'*® diffeomorphisms with one-dimensional center, and
for Lebesgue almost every point: (1) the center Lyapunov exponent is well defined,
but (2) the sequence of empirical measures may not converge. In order to prove (2),
we build a diffeomorphism with historical behavior which is transitive (contrary to the
well-known example of Bowen). We also give some consequences on SRB measures
and large deviations.

1. Introduction

Let f be a diffeomorphism of a closed manifold M. As a general goal of dynamical
systems, we are interested in describing the asymptotic behavior of the orbits of f. In
particular, it is expected (see [Ru3,T1,T2]) that, for most systems and Lebesgue almost
every point x € M, one gets convergence as n — +00 of the sequence of empirical
measures

1 n—1
Moni= oY 8 pi:
i=0

although there exist examples of systems where for Lebesgue a.e. x the limit does not
exist (Bowen has built such example inside the wandering set of a surface diffeomor-
phism, see [T1]; another example occurs inside the quadratic family on the interval, see
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[HK]). In a second step, one may wonder if the set of limit measures (associated to points
in a set with full Lebesgue measure) is finite — this is clearly not satisfied when f is the
identity map. This leads to the problem of the existence of a physical measure, i.e. an
f-invariant probability measure p such that the set {x € M : my , — p} has positive
Lebesgue measure.

In 1970s, Sinai, Ruelle and Bowen [S,Bo,Ru1] have shown that uniformly hyperbolic
C!** diffeomorphisms may be described by finitely many physical measures satisfying
additional geometrical properties and called SRB measures, whereas these systems in
general also possess many invariant probability measures that are not observable. In
this paper, we discuss systems satisfying a weaker form of hyperbolicity, called partial
hyperbolicity.

1.1. Empirical measures of partially hyperbolic attractors with 1D-center. A diffeo-
morphism f is C'**, for o > 0, if itis C! and both Df and Df ! are a-Holder. Let A
be an attracting compact set, i.e. it admits an open neighborhood U such that f(U) C U
and A = (),cy f"(U). Its attracting basin is the open set | J,, ., f"(U). The set A is par-
tially hyperbolic if there exists an invariant dominated splitting TAM = E** @ E“ @ E**
of the tangent space over A, such that E"* is uniformly expanded and E** is uniformly
contracted, see Sect. 2.1 for more precise definition. One of the extremal bundles may
be degenerate and the splitting is then denoted by E“ @& E“* or E** & E“. When A
is attracting, the bundle E“* extends uniquely as a continuous invariant bundle over a
neighborhood of A, see [CP, Chapter 2].

Most of the works addressing existence of physical measures in the partially hyper-
bolic setting assume that the bundle E¢* (or E“*) satisfies some weak form of contraction
(or expansion), see for instance [ABV,BV,ADLP]. In this paper we first consider the
case where the center E£€ is one-dimensional and allow mixed behavior. We prove that
Lebesgue almost every point has a well defined center Lyapunov exponent. We recall
that a f-invariant probability measure u is hyperbolic if for p-almost every x € M and
any non-zero vector v € Ty M, the quantity % log | Df™ (x).v]| does not converge to 0 as
n— oo.

Theorem A. Let f be a C'** diffeomorphism of a closed manifold and A be an
attracting set with a partially hyperbolic splitting TAM = E** @ E¢ & E"™ such that
dim(E€) = 1. Then for Lebesgue almost every point x in a neighborhood U of A the
following limit exists:

: .1
A(x) == lim —log||Df"|gesxll-
n—+00 1

Moreover, if \°(x) # 0, then x is in the basin of a hyperbolic and ergodic physical
measure.

When A¢(x) = 0, the sequence of empirical measures of x may not converge, as the
following theorem shows. Contrary to Bowen’s example mentioned above, the dynamics
is non-wandering.

Theorem B. There exists a transitive diffeomorphism f € Diff>®(T3) with a partially
hyperbolic splitting TT3 = E* @ E€ @ E", dim(E€) = 1, such that Lebesgue al-
most every point x € T3 has a dense orbit and its sequence of empirical measures

% Z;:ol 8 fi(x) does not converge.
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We do not expect a generalization of Theorem A when the center has larger dimension,
even if it admits a dominated splitting into one-dimensional subbundles. Indeed we are
not able to exclude the existence of a positive Lebesgue measure set of points whose
orbits accumulate on several non-hyperbolic measures with different stable dimensions.

1.2. Gibbs u-states revisited. We are aimed at studying the properties of the limits p of
the empirical measures m, , (before discussing their uniqueness). For instance, when f
is C1*¢ for some « > 0 and preserves a volume 4, Pesin [P] has shown that the entropy
of u is equal to the sum of its positive Lyapunov exponents. This can be generalized as
follows (see [CCE,CaYa] and the appendix A):

Generalized Pesin’s inequality. For any C' diffeomorphism f, if A is an invariant
compact set with a dominated splitting E & F, then for Lebesgue almost every point x
satisfying w(x) C A, the entropy of any limit measure |u of the sequence % Z:‘:()l 8 fix)
is bounded from below:

h(f) = / log | det Df | |dp. (1)

We stress that we only require f to be C! and the measure 1 is not known a priori.

Remark 1.1. Note that it has the following interesting consequence: forany f € Diff! (M)
and any fixed point p, if | det(Df (p)| > 1, then the Dirac measure §, is not physical.
This does not hold when the map f is not a diffeomorphism, as shown in [HK, Theorem
3] for unimodal maps.

When A is an attracting set with a partially hyperbolic splitting TAM = E* & E"*
for a C!-diffeomorphism f, it contains each strong unstable leaf .7“(x) of its points
and therefore is the support of a lamination denoted as .#". To any invariant measure
w supported on A, an entropy h, (f, ") along the strong unstable lamination F" is
associated (see Definition 2.11): in this setting this has been introduced by Yang in [Y]
and for C?-diffeomorphisms it coincides with Ledrappier-Young entropy [LeYo2] along
the invariant bundle E**. Our next result shows that it satisfies an equality similar to
Pesin’s formula.

Theorem C. For any C' diffeomorphism f, if A is an attracting set with a partially
hyperbolic splitting ES @& E"™, then for Lebesgue almost every point x in the basin of
A, any limit u of the sequence {% Z?:_é 8 fi(x)} satisfies

hu(f, 7%) :/10g|det(Df|E““)|dM» 2)

where F" is the strong unstable lamination on A tangent to E"".
This immediately gives the following consequence.

Corollary 1.2. Let f be a C' diffeomorphism and A be an attracting set with a partially
hyperbolic splitting E° @ E"™. Assume that there exists a unique measure L on A
satisfying (2),then i is a physical measure; moreover its basin has full Lebesgue measure
in the basin of A.

Remark 1.3. When there is more than one measure satisfying (2), there may not be any
physical measure, as it is the case in Theorem B.
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This motivates the following definition.

Definition 1.4. Let f be a C! diffeomorphism, let A be an attracting set with a partially
hyperbolic splitting E“° @ E"* and let .#" be the unstable lamination tangent to E“".
An invariant probability ; supported on A is a Gibbs u-state if it satisfies (2).

When f is C!**, this property is known to be equivalent to the fact that the dis-
integrations of p along the unstable leaves are absolutely continuous with respect to
the Lebesgue measure along the leaves, which is the original definition of Gibbs u-
state given by Pesin and Sinai (see for instance [BDV, Chapter 11] and the Sect. 2.4).
For C! diffeomorphisms however, an invariant measure may satisfy (2) without having
absolutely continuous disintegrations, see [RY,CQ,BMOS]. For C'! diffeomorphisms,
the Gibbs u-states satisfy some properties (well-known for smoother diffeomorphisms):
the set of Gibbs u-states is convex, compact for the weak-* topology and varies upper
semi-continuously with respect to the systems in C!-topology, see Sect. 2.4.

Under the C'** smoothness hypothesis, and also assuming that A = M, Theorem C
follows from [BDV, Theorem 11.15] and Corollary 1.2 is [D, Corollary 2]. So our
main improvements is to provide a different proof with no distortion arguments which
applies to the C'-case and to show how it extends to the basin of A (where the partially
hyperbolic structure does not exist in general). Proofs of generalized Pesin’s formula
have been obtained in various C'! settings see [M,CQ,Q,CCE,CaYa] for instance; in our
case we have to work with the entropy along an unstable lamination.

If A is an invariant compact set admitting a partially hyperbolic splitting ES @ E**,
one says that a subset of T M is an unstable cone field €" if there exists a continuous
extension TyM = E @ F of E“* @ E"" over a neighborhood U of A, and a continous
map 0: U — (0, +00) such that for each x € U the set €% (x) = €* N T, M coincides
with the cone:

' x)=v=0vE+vf e Ex@F,: 67| = vE|).

This allows to state a more general version of Theorem C for (not necessarily attract-
ing) unstable laminations, which addresses the limit of empirical measures for Lebesgue
almost every point x in any disc tangent to an unstable cone fields (rather than almost
every point whose forward orbit stays in a neighborhood of A), see Theorem 5.1 in
Sect. 5. As a consequence, we prove that the construction of Gibbs u-states for C'**-
diffeomorphisms done by Pesin and Sinai [PeSi] can be adapted to C!-diffeomorphisms.
For any disk D, one denotes by Lebp the Lebesgue measure induced on D.

Corollary 1.5. Consider a C' diffeomorphism f, an attracting set A with a partially
hyperbolic splitting E< @& E"™ and an unstable cone field €". Then there exists a
neighborhood U of A such that for any disc D C U tangent to €*, each limit measure
W of the sequence

1 n—1

. :
n Z Cebpy ) /+ Lebp
i=0

satisfies the entropy formula (2).

Another important class of measures related to their observability are SRB measures.
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Definition 1.6. An invariant probability i of a C! diffeomorphism f is an SRB measure
if

hu(f) =fZA+(z>du<z> >0,

where ) A*(z) is the sum of all the positive Lyapunov exponents of z (with multiplici-
ties).

For C'** diffeomorphisms, this is equivalent to require that the disintegrations of
along its unstable manifolds are absolutely continuous (see [LeYo2,Br] but we will not
use this fact).

Corollary 1.7. Consider a C' diffeomorphism f and an attracting set A with a partially
hyperbolic splitting TAM = E** @ E€® E"" such that dim(E€) = 1. Then for Lebesgue
almost every point x in a neighborhood of A, the w-limit of x supports an SRB measure.

This extends [CoYo] which proves (using random perturbations) that for C? dif-
feomorphisms, attracting sets that are partially hyperbolic with one-dimensional center
support an SRB measure.

1.3. Large deviations. Our approach can also be used for bounding the large deviations
for C!-partially hyperbolic attracting sets with respect to continuous functions. (The-
orem C can also be deduced from that result by applying it to a countable and dense
subset of CO(M, R).)

Theorem D. Let f be a C'-diffeomorphism and A be an attracting set with a partially
hyperbolic splitting TaA M = E* @ E"". Then there exists a small neighborhood U of A
such that for any continuous function ¢ : M — R and any ¢ > 0, there exist ag, b, > 0
such that

n—1
Leb {x eU: d<12¢(fi(x)), I(gz))) > e} <a,-e foranyn € N,
n i=0

where (@) := {/(pdu © w € Minv(A, f) satisfies by (f, F")

:flog|det<Df|Euu>|du}.

Some results on the existence of SRB measures and the large deviation property for
singular hyperbolic attractors are obtained in Appendix B.

Organization of the paper. This paper proceeds as follows. In Sect. 2, we state the
known results and notions used in the paper. In Sect. 3, we build increasing measurable
partitions subordinate to the strong unstable foliations and finite partitions approaching
thesemeasurable partitions. In Sect. 4, we state and prove an intermediate result to
Theorem C. In Sect. 5, we firstly give the proof of a stronger version of Theorem C
and we use it to give the proofs of Corollaries 1.5 and 1.7. Then we prove our large
deviations results. In Sect. 6, we conclude the proof of (a stronger version of) Theorem A
and we build the example (Theorem B). Appendix A is devoted to extending the entropy
inequality obtained in [CCE, Theorem 1] to a semi-local setting, whereas Appendix B
uses the results in Appendix A to prove the existence of physical measures for singular
hyperbolic attractors of C'**-vector fields and a large deviations result.
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2. Preliminary

In this section, we collect the basic notions, tools and known results used in this paper.

2.1. Partial hyperbolicity. Let f be a C!-diffeomorphism of a closed manifold M. An
invariant splitting TA M = E @ F of the tangent bundle over an invariant compact set
A is dominated, if there exists N € N such that for each x € A,

_ 1
1D el NDF N I ppmapll < 5+

An invariant splitting TA M = E @ E"" over A is partially hyperbolic, if there exists
N e N such that foreach x € A,

N ~N 1 ~N 1

IDf ™ [Ees @yl - 1D~ guugpn el < 5 and [[Df ™7 | pue || < 5

The bundle E“* then extends uniquely as a continuous invariant bundle on the set of points

whose forward orbit is included in a neighborhood of A (as the limit of the backward

iterates of a center-stable cone field, see [CP, Chapter 2]), moreover, each point x € A

belongs to an injectively immersed submanifold .#"(x) tangent to E**(x), and called

strong unstable manifold. One sometimes also assumes a finer invariant decomposition
of the center-stable bundle E“° := E** @ E¢ which satisfies for each x € A:

1D Ess ol - 1D geqpw ooy | < % and | DfN|gss )|l < %

A u-laminated set is a f-invariant compact set A endowed with a partially hyperbolic
splitting T M |5 = E“ @ E"* which satisfies the following property: the (strong) unstable
manifold .7*(x) at each point x € A tangent to E**(x) is contained in A (this is the
case if A is an attracting set). The collection of unstable manifolds defines a lamination
called unstable lamination associated to the u-laminated set A; it is denoted by .%". For
each x € A and p > 0, we denote by .7 g (x) the ball in .7 (x) centered at x and of
radius p.

Remark 2.1. If €', €' are unstable cone fields on a neighborhood of A, the domination
implies that there exist a neighborhood U of A and N > 1 such that for any x €
unf=twyn---n f=NU), we have DfN (x)€1(x) C €4 (fN(x)).

2.2. Pseudo-physical measures. Let X be a compact metric space. We recall that the
space of probability Borel measures supported on X is a compact metric space: consider
acountable dense subset {¢, ff’:O inC? (X, R); then the distance between two probability
measures [, V is given by

[e.¢]

d( U)‘—Z|f¢nd'u_f€0nd1)|
o= Lo sup, oy o ()]

n=0

and this gives the weaksx-topology on the space of probability measures (see [Wal,
Theorem 6.4].
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Let f be ahomeomorphism on a compact manifold M and ., (f) (or Ainy(M, [))
be the set of f-invariant probability measures. As before, given a pointx € M we denote

by . (x) C Minv(f) the set of accumulation points of the measures % Z?;ol 1) fi(x) @S
n — +00.
For any u € #iny(f), we define its basin to be

Basin(uw) :={x e M : .# (x) = {u}}.

The measure pu is said to be physical if Leb(Basin(u)) > 0.
We will use a more general notion, introduced in [CE,CCE]. The invariant measure
W is pseudo-physical if for any n > 0, one has

Leb({x e M : d(# (x), ) < n}) > 0,

i.e. there exists a limit measure v € . (x) which is n-close to .

A pseudo-physical measure is not necessary a physical measure. In general, for a
system, physical measures might not exist, however there always exist pseudo-physical
measures.

Theorem 2.2 (Theorems 1.3 and 1.5 in [CE]). Let f € Homeo(M). The set of pseudo-
physical measures is non-empty and compact. Moreover, for Lebesgue a.e. x € M, the
set A (x) is contained in the set of pseudo-physical measures.

Let D be an embedded compact C'-disc in M. Then p is called a pseudo-physical
measure relative to D, if for any n > 0, one has

Lebp({x € D : d(A# (x), n) < n}) > 0.
Theorem 2.2 is generalized as follows:

Theorem 2.3. Let f € Homeo(M) and D be an embedded compact C'-disc. Then the
set of pseudo-physical measures relative to D is a compact non-empty set. Moreover, for
Lebesgue a.e. x € D, the set .# (x) is contained in the set of pseudo-physical measures
relative to D.

Proof. By definition, u is not pseudo-physical if and only if there exists 1, > 0 such
that

Lebp({x € D : d(A# (x), ) < nu}) =0.

Then any measure v such that d(v, u) < n,/2 is not pseudo-physical either (take
Ny = 1y /2). This proves the compactness.

‘We now denote by &p, the set of pseudo-physical measures relative to D and consider
its complement 2}, in Ay (f). Then 27, = U° | Ay, where A, = {i : d(u, Zp) >
%}. We define

W, :={xeD:.#x) NA, #9).

Since each measure in A, is not pseudo-physical relative to D and A, is compact,
there exist w1, ..., u; together with [ positive numbers 7y, ..., 1; such that

o A, C ngl Bﬂi (ui);
e Lebp({x € D : d(A# (x), u;) < n;}) = 0 foreachi.
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This implies that Lebp (W,) = 0 for each n and then .Z (x) C &p for Lebesgue a.e.
xeD. O

Remark 2.4. This statement can be localized: if X C D is a measurable subset that has
positive measure for Lebp, then w is called a pseudo-physical measure relative to X, if
for any n > 0,

Lebp ({x e X :d(A(x), n) < 77}) > 0.

The proof of Theorem 2.3 also shows that for Lebesgue a.e. x € X, the set .# (x) is
contained in the set of pseudo-physical measures relative to X.

2.3. Entropy for a general measurable partition. In this part, we recall the notions of a
measurable partition, entropy of a measurable partition, and their properties from [Ro,
§1 — §5 and §9].

If « is a partition of X, we denote «(x) the element of @ which contains x € X.
We denote @ < B if f(x) C «a(x) for each x € X. And if (¢;);er is a family of
partitions, we denote by V;cjo; the partition it generates, i.e. the partition o« whose
elements o(x) coincides with N;a;(x). When X is a metric space, the diameter of « is
Diam(«) = sup, .y Diam(a(x)).

Let o be a partition of a Borel space (X, B). It is a finite measurable partition if
it contains finitely many elements, each of them being measurable. It is a measurable
partition, if there exists a sequence of finite measurable partitions o] < g < -+ <
oy < --- suchthata = \/; .y ;.

Let (X, *B, ) be a Lebesgue space and « be a measurable partition. We denote by
B, the o-algebra of the Lebesgue space X/«. Then for pu-a.e. x € X, there exists a
probability measure 1§ supported on «(x) such that for any measurable set A of X:

e the map x — u$(A) is By-measurable;
o u(A) = [u(A)dux).

The probability measures § are called conditional measures of 1 with respect to a.
Let (A;);en be all the elements of o with positive p-measure. The entropy H,, («) of
the measurable partition « is defined by

Hy@) =1]_ Y2 (A - log w(Ap) if (U2, A4) =1
w T ]oo otherwise.

Let us consider another measurable partition 8. Then « induces a partition «|p of

each element B € 8. If ,uf denotes the conditional measures with respect to 8, then the
mean conditional entropy of a with respect to B is defined as

Hu(aw):/Hﬂf(a|ﬂ(x))dﬂ(x)~

For measurable partitions, one has the following result:

Lemma 2.5 (5.9 in [Ro]). For any three measurable partitions «, B, y, we have

Hy(a Vv Bly) = Hy(aly) + Hy(Bla vV y).

Lemma 2.6 (5.7 and 5.11 in [Ro]). Let oy < ap < -+ < oy < --- be an increasing
sequence of measurable partitions and B be another measurable partition, then
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1 Hu(@nlB) / Hu( V72, @ilB);
2. if Hy(Blay) < oo, then Hy (Blan) \ H, (ﬂl \/ 1“1)

Let f be a homeomorphism of a compact metric space X preserving a probability
measure i. Then f is an automorphism of the Lebesgue space (X, 8, 1), where 8 de-
notes its Borel o -algebra. One defines the entropy &, ( f, a) with respect to a measurable
partition o:

hu(f, @) = Hy (\/ flal\/ f"<a)> = H, <a| \Vai (a)) :
i=0 i=1

A standard argument based on Lemma 2.5 (see for instance [Ro, §7.3].) gives the fol-
lowing:

Lemma 2.7. If « is a measurable partition such that H, («| f (o)) < oo, then

hu(f o) = mf; \/f T ()| = lim — —H \/f T ()]

j=1
One can now define the metric entropy (see [Ro, 9.1]):

hy(f) = sup{h,(f, @) : o is a finite measurable partition of X}
= sup{h, (f, o) : o is a measurable partition of X}.

The following property is obtained by applying inductively Lemma 2.5.

Corollary 2.8. For any probability measure v, any sequence of finite measurable parti-
tions {«;}ieNn and any integers 0 < £ <m < n,

\/f_l(az = \/f_l(az

[%171 km+
+ f“km \/f (ti+e+km) | \/ fkm+€ l(al )
k=0 i=1 i=0
n—1 K+[%]m
1\ el /) ).
=0+ =L m+1 i=0

2.4. Entropy along an unstable lamination. In this paper, we focus on the entropy
of an invariant measure along an unstable lamination as introduced in [VY] and [Y].
Throughout this section, f is a C!-diffeomorphism of a compact manifold M and A is
a u-laminated set. As before the associated unstable lamination is denoted by .7*. We
consider a probability measure  supported on A.

A partition « of M is u-subordinate to the unstable lamination F" of A, if for
H-a.e. x,

e «(x) is contained in the strong unstable leaf .7 " (x) of the point x, and
e «(x) contains an open neighborhood of x in .7 (x).
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A partition « is increasing with respect to u when f(a(x)) D a(f(x)) for w almost
every point x € M.

The existence of an increasing measurable partition p-subordinate to the unstable
lamination is guaranteed by [LS, Proposition 3.1] and [Y, Lemma 3.2]:

Lemma 2.9. For any p € Miny (A, f) there exists an increasing measurable partition
which is w-subordinate to the unstable lamination F".

The following result is an adapted version of Lemma 3.1.2 in [LeYol].

Lemma 2.10. For any u € Miny (A, f) and any two increasing measurable partitions
a1, o that are p-subordinate to the unstable lamination F*, one has h,(f,a1) =
h/,c(fv 052)

One can thus define the entropy along the unstable lamination as follows.

Definition 2.11. The entropy of w along the unstable lamination F" is

hu(f. F*) = hu(f, @),
where « is any increasing measurable partition p-subordinate to F#".

Remark 2.12. 1. By definition A, (f, #") < h,(f).

2. By [HHW, Proposition2.14], u +— h,, (f, Z*) is affine from .#ny (A, f)to [0, 00).

3. The notion of entropy along an unstable lamination is literally different from the
one defined in [LeYo2, Sect. 7.2]. It has been proved that these two notions are the
same in the C '**-partially hyperbolic setting, & > 1. See [VY, Proposition 2.4] for
a precise statement.

The entropy along an unstable lamination satisfies an inequality generalizing Ruelle’s
one [Ru2].

Theorem 2.13 (Theorem A in [WWZ]). Let f be a C! diffeomorphism and A be a

u-laminated set. Then for any invariant measure . € My (A, f), one has

hu(f 7 < f log | det(Df | pu)| d .
The entropy along an unstable lamination varies upper semi-continuously. This result
is due to [Y] (see also [HHW, Proposition 2.15].)

Theorem 2.14. Let f € Diff! (M) be a partially hyperbolic diffeomorphism and {1, } be
a sequence of f-invariant measures. Assume that [i,, converges to [ in weakx-topology,
then

limsup iy, (f, F") < hu(f, F").

n—o0
One gets the following consequence from the previous results.

Corollary 2.15. Let f be a C' diffeomorphism and A be a u-laminated set. Then the set

M= (1 oA ) b7 = [ log deDflpmldn) O

is convex and compact. A measure belongs to ., iff each of its ergodic component does.
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In the case f isa C“"-diffeomorphism, o > 0, Pesin and Sinai [PeSi] have intro-
duced a class of invariant measures supported on unstable laminations (which they called
Gibbs u-states): these are measures whose disintegrations along the unstable plaques of
a laminated box of the unstable lamination .#* are absolutely continuous with respect
to the Lebesgue measure along the plaques, see also [BDV, Chapter 11]. The set ., is
included in this class of measures:

Theorem 2.16 (Theorem 3.4 in [L]). Let f be a C'* diffeomorphism, o > 0. Then
for any measure . € M, the disintegrations along the unstable leaves are absolutely
continuous with respect to the Lebesgue measure.

Remark 2.17. The converse property also holds for any C!-diffeomorphism (but we will
not use that property). This is a consequence of our Theorem 5.1 in Sect. 5. For that
reason we prefer to define the Gibbs u-states as the measures in the class .#,,, which is
also adapted to C!-diffeomorphisms.

2.5. Unstable density basis. The notion of Lebesgue density points does not behave well
under iterations. Pugh and Shub [PuSh2] have introduced a notion of unstable density
point inside the leaves of a globally partially hyperbolic diffeomorphism, and from then
have defined Julienne density points inside the manifold. We here extend unstable density
points inside an attracting neighborhood of a partially hyperbolic attracting set.

Throughout this section, A is an invariant set endowed with a partially hyperbolic
splitting T\ M = E* @ E" for a C'** diffeomorphism f of a compact manifold M,
o > 0 and %" is an unstable cone field on a neighborhood U of A.

A u-disc D C U is an embedded C'-disc of dimension dim(E**) that is tangent to
an unstable cone field €*. For § > 0 we denote by Bp(z, §) the closed §-ball centered
at z for the metric induced on D.

We now fix § > 0 arbitrarily and for any z € DN (),~o f"(U) and n € N we
define

Bpn(2) == [T (B p)(f"(2), ).

Theorem 2.18. Let A be an invariant set endowed with a partially hyperbolic splitting
TAM = E® @ E"™ for a C'** diffeomorphism f, @ > 0. Let €" be an unstable cone
field on a neighborhood U and D be a C'* y-disc in the basin of A.

The collection {Bp ,(2)}neN.zep is a density basis of the u-disc D: if A C DN
M=o f"(U) is a measurable set with positive Lebesgue measure, then for Lebesgue
almost every 7 € A,

o Lebp(AN Bpa() _
n—oo  Lebp(Bpn(z))

Such a point 7z is called an unstable density point of A in D.
The proof follows [PuSh2, Theorem 3.1]. For completeness, we present it here.

Proof. Since E"" is uniformly expanded, there exist N > 1 and t > 1 such that
|DfN (v)|| > t for any unit vector v € €% atapointx € U N---N f~N(U).

Lemma 2.19. /. Lebp(Bp »(z)) tends to zero as n — oo.
2. For any m € N, there exists a constant K > 1 such that Lebp(Bp (z)) <
K LebD(BD,n+m(Z))-
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3. There exists £ € N such that B;‘l“@(z]) N BBHZ(Q) # 0 = B;’)’H[(z]) C
BY, . (z2).
D,n

Proof. The first and the third items follow from the expansion along E“". The sec-
ond uses a distortion argument: for any 0 < k < n and any two points x,y €
B n(py(f"(2), 8), the tangent spaces at f %), f*(y) to Tf*k(Bfn(D)(f"(z), 3)) get
exponentially close as k gets larger. Since f is C'*®, the determinants
| det Dlefn(D)(fn 2,5 at f%(x) and f~*(y) is exponentially close in k, which con-
cludes. O

Let A C DN(),~o f"(U) be ameasurable subset with positive Lebesgue measure
in D. For any p € (0, 1), we denote

Lebp(A N B
A, {zeA Jim inf =02 Da@) }
n—o0 LebD(BD,n(Z))

One only needs to show that A, has zero Lebesgue measure.
For ¢ > 0, we take an open neighborhood U of A, such that Lebp(U) < (1 +
¢)Lebp(A,) and we consider a covering of A, given by

Lebp (A N Bp(z
V= {BD,n(Z) - UZZEAP and € D( D,l(Z)) - }

Lebp(Bp,y(z))

We then build inductively a sequence {V;} of pairwise disjoint sets in #" as follows. Let
us assume that the V; for j < i have been chosen. Since they are closed sets, and the
diameter of the Bp, n(z) tend to zero, for any point z € A,\ U;.; V; there is an integer
n(z) = n;(z) such that Bp ,(;)(z) € ¥ is disjoint from the V; and we may choose the
smallest integer n(z) with this property. We choose z; € A\ U j<i V;j which minimizes
n(z;) and we take V; = Bp () (2i)-

Claim. The set Ap = A,\ Uien Vi has zero Lebesgue measure in D.

Proof. For any integer i and z € A 0> we consider the integer n;(z) introduced during
the construction of V;. The set Bp ,;(;)(z) does not belong to {V;}.
Note that by definition there exists Vi = Bp p, (z;)(2x) with k > i such that

Vi N Bp.n;(2)(2) # ¥ and ng(zx) < ni(2).
By the third item in Lemma 2.19,
Bp 3 (2)(2) C Bp ny(zp)—e(2k)-

For any k > ¢, let us denote \7k = Bp i (z1)—t(2k). We have proved that for any integer
i’

A, | ).

,C:8

k

1

By the second item of Lemma 2.19, there exists a constant K > 1 such that

Lebp (Vi) < K Lebp(Vy).
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Since the Vj are pairwise disjoint, ), <n Lebp (Vi) converges. For each i, one has

o o
Lebp(A,) <) Lebp(Vi) < K - Y Lebp(Vi),
k=i k=i

which implies that A, has zero Lebesgue measure. O

By the Claim above, one has the estimate

Lebp(Ap) = Y Lebp(Vi NA,) < > Lebp(V; N A)
ieN ieN
<p- ZLebD(Vi) < p-Lebp(U)
ieN
<p-(I+e)Llebp(A,).

By the arbitrariness of ¢ and the fact that p < 1, one has Lebp(A,) =0. O
3. Measurable Partitions Associated to an Unstable Lamination

The aim of this section is to construct finite partitions which allow to approximate the
entropy along an unstable lamination. One can find such constructions in [HHW, Y] for
global partially hyperbolic diffeomorphisms: [Y, Sect. 4] provide finite partitions which
satisfy the first two items in the theorem below; in [HHW, Propositions 2.12 and 2.13]
[HHWT] the entropy along an unstable lamination is approached by the entropy of finite
partitions that are conditioned by measurable partitions. One of the novelties of the next
theorem is the third item, which will crucial in Sect. 4.

Theorem 3.1. Let f be a C'-diffeomorphism of a compact manifold, A be a u-laminated
set with an unstable cone field €" on a neighborhood U. There is ro > 0 with the
following properties. For any i € Miny(A, f) and any €, p > 0, there exist ng > 0, an
integer mo, and two finite measurable partitions a < B of M such that

e Diam(B) < Diam(«x) < p;
e any (not necessarily invariant) probability measure v such that d(v, u) < no satis-

fies

< &

1 G
_Hv —1 _ h ) g u
‘mo (\:/1f (a)|ﬁ> W, T

e for any 6 > 0, there exist an open set V and an integer N > 1 such that

- uV)y>1-4;
— foranyx € V and any disc D tangent to DfN (") with x € D and Diam(D) <
10,

a(x)ND=px)ND.

The proof of Theorem 3.1 occupies the next three subsections.
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3.1. Measurable partitions ju-subordinate to an unstable lamination. In the following,
we will construct a measurable partition p-subordinate to the strong unstable lamina-
tion. A similar construction is done in [Y] in the case of global partially hyperbolic
diffeomorphisms.

Transverse sections The unstable cone field € is defined on a small neighborhood U
of A. The compactness of A and the transversality between E“*, E** give:

Lemma 3.2. There exist pg > 0 and a family of compact discs (Xx)xen in U satisfying:

e the disc X, has dimension dim(E®), is centered at x, and has radius larger than
£0;

e X, is transverse to €";

e foranyx,y € Awithd(x,y) < po, fz"po (y) intersects Xy at a unique point, in the
interior of Xy; inparticularthe setUyex, ﬁz”po (y) contains an open py-neighborhood

of x in A.

The set A is covered by balls By, ..., By of radius pg centered at points xi, ..., Xx; €
A. Set X; = X, for simplicity.
The choice of ro. We denote by ro > 0 a Lebesgue number of the covering {Bj, ..., Br}:

for any x € A, the ball B(x, rp) is contained in some B;.
A finite partition /. Let A = sup,ca ||Df_1|Euu(x)|| < 1. We apply the following
lemma.

Lemma 3.3 (Lemma 3.1.2 in [Y] and Proposition 3.2 in [LS]). Forany 0 < A < 1 and
p > 0, there is a finite measurable partition </ of M such that

Diam (/) < p and Y (B, (3.47)) < +00,
ieN

where B, (3.97) denotes the )'-neighborhood of the boundary 3.<7 of the partition </ .

For any p > 0, one gets a finite measurable partition ./ of the manifold M such that

e Diam(«/) < min{p, ro/3, 1};
o > iy M(Byi(3047)) < +00; in particular, p(3.27) = 0.

Then 7 induces a finer finite partition o of A. By construction, there exists an indexing
map & : o + {1, ..., k} such that the 2rg /3-neighborhood of each element A € o
in A is contained in the ball B s (4). From now on, the indexing map .# is fixed.
The partition «/*. Each point x € A belongs to the set B 7 (y)) and there exists a
unique point y € ¥ g (4 (y)) such that x € ﬁé‘po (y); we set 7 (x) = </ (x) N 92“'00 ).
This defines a measurable partition &7* on A.

We note that the assumption of Lemma 2.7 is satisfied.

Lemma 3.4. H, (" f (/")) < o0.

Proof. By definition, one has that H,, (/" | f (/")) = [ H,, e o (7] f (/") (x)) d ().

By definition, 7" and < induce on each element f(@")(x) € f(a/") the same par-
tition, which is a finite partition. Hence, one has that H pwr (" f(Td")(x)) <

log #.¢7/ which implies H, (&/"|f (/")) < log#</. O

We obtain a partition p-subordinate to the unstable lamination.
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Lemma 3.5. \/?io fi(a") is an increasing partition p-subordinate to the lamination
T
Proof. Firstly, notice that the measurable partition \/?‘;O f7(2/") is an increasing par-
tition. It is clear that for p-a.e. x, the set \/7‘;0 fj (2/")(x) is contained in .#" (x) since
A" (x) C F'(x).

For  a.e. x € A, one claims that there exists an integer n(x) € N such that

00 n(x)
\/ Fia)x) =\ (") ).
j=0 j=0

Now we give the proof of the claim. Since p is an invariant measure supported on A,
one has

Y u(f/ (B (0)) =) (B, (07)) < oc.
j=0 j=0

Hence, for u-a.e. x, there is n(x) such thatf’j(x) ¢ B,;(0<7) for any j > n(x). Let
us assume that there exists m > n(x) such that

m+1 m
\ @@ ¢\ ).
Jj=0 j=0

Since Diam(«/) < 1, the diameter of \/""_, f/(2/")(x) is smaller than =", which
j=0

implies £~ (x) € B,m+ (3.%7), a contradiction. The claim follows.
By the fact that ©(0.<7) = 0, for pu-a.e. x, the element <7*(x) contains an open set

ﬁ’r“(x) (x) forsomer(x) > 0.Thisimplies that f™ (2/*)(x),and hence \/;’(:Xg FI (") (x),
contains an open neighborhood of x in .7 (x) for u-a.e. x. By applying the claim above,
one concludes that \/?’;O f7(a/")(x) contains an open neighborhood of x in %" (x) for

w-a.e.x. 0O

In particular, Lemmas 2.7, 3.4 and 3.5, together with Definition 2.11 give:

Corollary 3.6.  h,(f,.7") = inf 2H,(\/]_, f7/(#")|o") = liminf,.
m-—0Q0
Hy (g [ () ]").

One important property of the measurable partition \/ﬁ=0 fLa7" is the following:

Lemma 3.7. For p-a.e. x € M and any integer m € N,

\ 7@ =\ F @)@ na"x).

J=0 j=0

Proof. Since .o/ < /", one getstheinclusion \/"", £~ (/") (x) C /1Ly £~ (/) (x)N
/" (x). One proves the other side by induction. The case m = 0, is obvious.

Let us assume that \//_ FH)(x) N (x) C Vit fH (/") (x). Consider any
point y in \/:”:()1 f7H () (x) N /" (x). The induction assumption implies f!(y) €

" (fl(x))foralll € {0, ..., m};onethushas "+ (y) € f(Z*(f™ ()N (f"* (x)).
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By the definition of </, the point f"*!(y) belongs to f(F3, (2)) N &/ (f"*(x))
for some point z € A. Since po is small, there exists £ € X g (g (pm+(y))) such that

[ (T NG (f"4 () = F4, (N (S (x)). Hence [ (y) € &/ (f" (x)).
O

3.2. Finite partitions approaching </*. We continue with the constructions of the pre-
vious subsection.

Proposition 3.8. There exist finite measurable partitions (27" )jen of M such that
o u(0.9") =0 foranyl € N;
o forpae xeM, ol (x)C " (x)C o (x)and " (x) = (\eny " (X).
e foranyl € N and any § > 0, there exist an open set V and an integer N such that

- pnV)>1-=4¢;
— forany x € V and any disc D tangent to DfN(Cf“) with x € D and Diam(D) <
rO)

DN/ (x) = DN (x).

Proof. Let {B;}ic1,..x) be the open cover of A given in the previous section and
Y; be the associated transverse discs. For each X;, the collection of local unstable
manifolds{ﬁz"po (3)}yex;na defines a measurable partition of Uyex;na ﬁz"po (y), and we
denote by u; the projection on X; of the measure u restricted to Uyex;na 34‘2”[)0 ).

For each %;, there is a sequence of finite partitions 6; 1 < €2 < -+- < Gig < -+~
such that

e Diam(%.;) =30
e 11j(0%6; 1) = 0, where 9%; ; denotes the boundary of partition 4; ; in ;.

Then we denote by ¥; the set (A N ;)\ U; 8;.;.
Let us fix any / and any C € %;;. For any x € X; N C, since x is an interior point
of C, there exists r,; > 0 such that distance between ﬁé‘m (x) and any other local leaf

‘OJZMpo (y) with y € (i N A)\C is larger than 3r, ;. We define the set C which is the

union of the r, ;-neighborhood of the local leaf .75, (x) over x € ziNC.

By construction, cn %; is an open set in C, and has full u;-measure in C; in
particular the boundary of C N %; in ¥; has y;-measure zero. Moreover by the choice
of the numbers ry ;, the C’s for different C € ;.1 are pairwise disjoint. The partition
;1 for B; given by

{é}Ce(Ki_z U {Bi\ U é}’

Ce%iy

is a finite measurable partition whose boundary in ¥; has p; measure zero. One may also
require the condition ry ;41 < ry; for each x € X; and each /: this gives &; 111 < &

. . . 1
modulo a set with zero p measure. Since Diam(%; ;) =% 0, one has N; & ;(x) =
gfzupo(x) for x € %;.
Foreach A € o7 with .7 (A) = i, the finite partition &7; ; induces a finite measurable

partition for A, and this defines finite partitions .7". The fact that N; &; ; (x) = fz“po (x)
for x € %; implies that )" satisfies the second item.
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Recall that for each A € &/ with .#(A) = i, one has By, 3(A) C B;. For each
x € A, the boundary of the set .7 (x) is contained in dA and 9.2 ;(x). The fact that
Byyy/3(A) C B; and p is supported on A implies that up to modulo a set of zero u
measure, one has

(" (x)) = 0A Uy € Bi, F4, () N Zi = 0},

Since ;(d(A)) = 0 and %; has full x; measure, one has n(@("(x))) = 0.
It remains to prove the last item. We fix an integer / € N and § > 0.

Claim. For each A € < with u(A) > 0, there is an open subset V4 of A and Ny > 1
such that

o uw(Va) > (1 —=19)-u(A),
e foranyx € V andanydisc D tangentto DfNA(€") withx € D andDiam(D) < ro,

DN (x) =DNA.

Proof of Claim. Let A € o7 with u(A) > Oandleti = .#(A). Since u(dA) = 0, there
is an open set A" C A such that u(A") = u(A).

For each C € 6;; with C N A # §, the open set C intersects C into an open subset
C’ of C whose boundary has zero u;-measure; then for § > 0, there exist rs > 0 and a
compact subset C” of C’ such that

e forany x € C” N %;, the 2rs-neighborhood of ﬁzupo (x) is included in C;
o wi(C") > wi(C =5 2.

Now, we define C as the union of the rs-neighborhood of ﬂz“po (x)overx € C"NE;. By

definition, the closure of Cisincludedin C. Let V 4 be the union of CNA’overallC € Gi.1
with C N A # {. By the fact that By,,3(A) C B;, one gets (V) > (1 —8) - u(A).
Any disc of radius less or equal to g, that is C'-close to a leaf ﬁzupo (x)forx € C"N%;
and having a point in B;, is contained in C. By compactness of C”, one deduces that
if one chooses an integer Nc > 1 large enough and rs > 0 small enough, then the
following property holds: for any n > N¢, any disc D intersecting V4 = C N A’ with
diameter < rg and tangent to Df"(€*) is contained in C. By definition of /%, for
x € D one gets DN 2" (x) = DN A.
Since %; is finite, one concludes by taking N4 = max N¢ over C € %;; with
CNA#Y. O
For each A € o/ with u(A) = 0, we define V4 = (. We take V = Uyc Va4 and
N > max N4. By the Claim above, the open set V satisfies the required properties. O

3.3. Proof of Theorem 3.1. From Corollary 3.6, the measurable partition 7" satisfies

hy(f, Z') = lim inf lHM(\/ (") ar").
m—o0 m
j=1

Thus, for any ¢ > 0, there exists an integer mq > 0 such that

1 S
|m—0H,L(\/ FTHAN") = h(f, F)| <
i=1

W[ ™
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By Lemma 3.7, we have \/'}20 fi@") = \/mo f~I (/) v @/* (modulo a set with
J-measure zero). Hence

\/f"(d“)lszf” = \/f"(d)mf“)
i=1 i=1

From Proposition 3.8, the sequence of finite measurable partitions (27");cN satisfies
dft < @t < /" and " = \/ @ (modulo a set with j1-measure zero). From the
second item of Lemma 2.6, there exists an integer /o such that

mo

mo ) 1 m )

—H,(\/ f ) - m—OHﬂ(\/f_’(ﬂ)lng}é‘ﬂ < %
i=1 i=1

As a consequence, one has

1 S 2
—H(\ F7 @) = (£ F)] < S
i=1

mo

By construction, one has u(a(,gzilg)) = w(9(«/)) = 0. Thus there exists ng > 0 such
that for any probability measure v with d(u, v) < 19, one has

1 mo . . 1 mo » .
(V£ @) =l (\ 7 @1)]| < g
i=1 i=1

To summarize, for any probability measure v € By, (1), one has

mo

\/ FHNAY) = hu(f, T < .

Now, one only needs to take « = <7 and 8 = ﬁfl(’f By the choice of &7 in Sect. 3.1 we
have Diam(«) < p and by construction & < S.

For any §, the existence of V and N as in the last property of Theorem 3.1 is guar-
anteed by the third item of Proposition 3.8 for the partition ,Q/l(‘)‘ This ends the proof of
Theorem 3.1. O

4. Volume Estimate for Convergent Sets of Invariant Measures

Given an invariant measure p of f € Diff 1 (M), we define for any n > 1 and n > 0 the
(n, n)-convergent set:

1n—l
Cp(u, ) = {x eM:d <;Z(Sfi(x),ﬂ> < n}.

i=0

The aim of this section is to prove:
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Theorem E. Let f be a C'-diffeomorphism of a compact manifold and A be a u-
laminated set. Then, there exist an unstable cone field ‘6" on a neighborhood U of A
and ro > 0 with the following property: for any u € Miny(A, f) and ¢ > 0, there exist
n, ¢ > 0 such that for each compact disc D C U tangent to €* with Diam(D) < rg
and each n € N, one has

n—1

Lebp (C,,(,u, nNDN ﬂ f_i(U)) < c-exp (n(hu(f, F)

i=0

— / log | det(Df|gu)| d +e)).

4.1. Preliminary choices. Choice of €*, U, ro. From the partially hyperbolicity of A,
there exist a neighborhood U of A, an unstable cone field ¢’ defined on U, 1 € (0, 1)
and N > 1 such that
o DfN(€"(x)) c €“(fN(x)), foranyx e UN f~HU)YN---N fNWU);
e |Df~N ()| < A forany x € U and any unit vector v € €*(x);
o the partially hyperbolic splitting E* @ E“* extends to the maximal invariant set in
U.
We choose a continuous extension ¥ : M — R of the map x +— —log |det(Df|guu)(x)|
defined on the maximal invariant set in U. We also fix a number ro > 0 which satisfies
Theorem 3.1.
Cone field €. Let us fix ¢ > 0. There exist Ny, Ly > 1 and p > 0 such that
e forany x, y € M withd(x, y) < p,one has | (x) — ¥ (y)| < %;
e the cone field € := Df %" defined on U, := ﬂf\go_lfk(U) satisfies:
— foranydisc D C U, tangentto 46 andany x € D, |log| det(Df|TxDX)|+1p(x)| <
E.
gs
— for any compact disc D C U with diameter smaller than r¢ and tangent to €“,
the set V(D) N ﬂfvzgo_l fi(U) is contained in at most L, discs tangent to G} of
diameter rg.

We fix an invariant measure @ on A. From the previous properties, one only needs
to prove the Theorem E for discs contained in U, tangent to 6 and with diameter
bounded by rg.

4.2. Volume estimate through pressure. Let us fix a disc D tangent to ¢ with diameter
smaller than ry and some integer n > 0. A set X is (n, p)-separated if any x,y € X
satisfy d(fk(x), fk(y)) > p for some 0 < k < n. For each x € D, we denote by
B, (x, p) the (n, p)-Bowen ball in D and centered at x, that is,
n—1
Bu(x, p) =) fT(B(f (x), p)) N D.
i=0
Foranyn € N, n > Oand p > 0, let X, , be a (n, p)-separated set with maximal
cardinal of
n—1
Ca(, )N DO () FW).
i=0
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We consider the probability measures:

1n—l
X MUn :ZZZf;VnZ

xeX,l,J i=0 n.p xeXn,, i=0

f(x)

Remark 4.1. The definition of X, , and of the convexity of the ball of radius » centered
at u in the space of probability measures gives d (i, ) < 1.

The volume of C, (i, n) is estimated as follows.

Proposition 4.2. There exist cc > 0,n; > 0 (which only depend on ¢) such that for
any 0 < n < ny, and for any finite measurable partitions %y, ..., Pn—1 of M with
diameters smaller than p,

n—1 n—1
Lebp (Ca(u, m N DN () f7(WU)) < ce-exp (% +n/wdu+Hv,l \/f—'c@) ))-
i=0

Proof. By the choice of X, ,, one has

n—1 —
Lebp (Cu () N DN ﬂ @) = )7 Lebp (Caom) N Bulx, p) N ﬂ ).
=0 xX€Xn,p i=0

By the definition of U, for any 0 < i < n the point f i(y) is contained in U, and
fi(pyn ﬂ’j:O f7(U) is tangent to the cone field €Y. By the choice of p, for x, y ina
same (n, p)-Bowen ball of D,

| log | det(Df " |7y, 1 ()| — 1og | det(Df ™" |7, r ()|
n
-1
< i
< Zl [tog | det(Df Iz, ripy)]
1=
—log|det(Df M7, i)

n

=2 (W@ = v (Fonl+5) = n- ¥

i=1
We denote S,y (2) := >/, w(f (z)) for z € M. Then,

n—1

Lebp (Bu(x. p) N () f7' (W)

i=0

E / ' ) | det(Df_"|Tyfn(D))| dLebfn(D)(y)
Fr(Bate NS £ (W))

3ne
S o€ 3 . eSrﬂ//(x)’

where ¢, is an upper bound for the volume of the discs tangent to €™ with diameter p.
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For e > 0, thereis n; > 0 such that for any probability measures vy, vp,ifd(vy, 10) <
ni.then| [ dvi— [ dv| < §. Hence,forn < nyandx € Xn,p,onehasliSnl/f(x)—
[¥dpl < %. This gives the estimate

n—1
Lebp (Colt. ) N DO () 7)) Sce-e® - e™IVam X, . (@)
i=0
Let &, ..., &,_1 be finite measurable partitions with diameter smaller than p. By

the choice of X, ,, each element of \/1-:0l f —1(;) contains at most one point of X, ,.
Hence,

n—1 n—1

n—1
H,(\/ r7 @)=Y =\ (@) logu(\/ 7 (Z)x)

i=0 XE€Xnp i=0 i=0

®)

log#X,,, = log#X, ,.
The relations (4) and (5) together give the required estimate. 0O

4.3. Localization along unstable leaves. Theorem 3.1 associates to u, €/4, p, and gives
a number no > 0, two partitions @ < B of M and my € N. Forany 0 < ¢ < mq < n, let
325, ..., Pt Dbe finite measurable partitions of M such that

n—1

b —

B ifi =€+ kmyg,
o otherwise.

For these partitions, we have to estimate the quantity H,, ( \/,n;()l f 71.(3‘31-)) which ap-
pears in Proposition 4.2. By Corollary 2.8 and the fact #8 > #«, one gets

n—1 -1
Hy, (\/ F7120) = Hy, (\/ @V f4P)
i=0 i=0
n—~_£
[70171 mo—1 A kmo+L )
+ 2 Hoewng, (N ST @V 0@\ ot zh)
k=0 i=1 i=0
n—1 E+[%]m0
+,( \/  rT@h ) r@h)
i=t+[ L imo+1 =0
11 mo—1
<2mg-log#f+ Y H g (\/ /@
k=0 T o
kmo+e )
\/fimo(ﬂ)| \/ fkm0+271(<@i€)). (6)
i=0

The main estimate is given by the following lemma.
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Lemma 4.3. There exist 1o > 0 and N> > 1 (independent from the choice of D) such
that for any n > N», and assuming d(ji,, L) < 12, we have

[nfl]_

mo—1 mo—1 kmo+L
3 Z H sy, ( \ rH@vime| \/ f’""““%%))
(=0 k=0 i=1 i=0

mo—1 Ui 11 kmg+e

-y Z Hff+k,,,0u"<\/ @
=0 k=0 i=1

\/ fkmo+l i @Z)> < %
i=0

)

Proof. The third item of Theorem 3.1 for § = @ gives an open set V, and n, such
that

o u(Ve) >1—-45/4;
e for any disc D tangent to Df"¢ (¢™*) containing x € V. and of diameter ry,

DNB(x)=DNax).

There exists no > 0 such that for any probability measure v satisfying d(u, v) < 72,
one has v(V;) > 1 — §/2. In particular if one assumes d(u, i) < 12, one gets by
Lemma 2.5:

H img, (V07 f @) v f7m0B) VG fomort=i ()
= H emg, (V07 7 @] VG fomort=i( )
+H iy, (fO BN @) v Vg plmot=i ()
= H mo, (Vi07 f 7 @] VG fomort=i ()

+Hf€+(k+l)mov (,3| \/(k+1)m0+f 1f(k+1)mo+£—i(@f))

and similarly

kmo+e
H sy \/f “(o)| \/ frmri( )
=0
mo—1 kmo+l
—H /+km() \/ f—l(a)| \/ fkm0+l l((@l))

i=0
(k+1ymo+l—1
k+1 L—i 14
+ Hff+(k+1)m0vn (Ol| \/ f( +1)mo+ l(ng. ))
i=0

For notational convenience, let us denote
(k+ymg+€—1
gkt = — plebmort  anq k) = \/ f(k+1)mo+2—i(@f)_
i=0
In order to prove the lemma, we have to compare Hg ).y, (o] 2* (k)) with
Hg, )ov, (BI 24 (k)) for each £ € {0,mg — 1} and k € {0, [%] —1}.
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For each B € 22°(k), let a|p and f|p be the partitions on B induced by o and B
respectively, and ﬁi (k) be the set of B € 22¢(k) such that o|p # B|p. Then since

o < B,
| Higeoromn (21 25 (K)) = Hige 1., (B1 2 (6))]
=] > @kOsvn(B)(Higp)oals @|B) — Hig 0,15 (BlB))]|

4
BEL@#(I{)

<log#B- Y (gr0)«va(B).

ol
Be.ﬁ”#(k)

We now localize the support of (g ¢)«Vn:

Claim. For each B € 2%(k), the measure (gk’g)*vn|B

tangent to the cone field Dgy ¢(€"). Moreover, one has Diam(f~'(Dp)) < p fori =
I,...,(k+ Dmo+ 2.

is supported on a disc Dp

Proof. By the choice of B and since Diam(f8) < Diam(«) < p (first item of Theo-
rem 3.1),

Diam(f~(B)) < pfori =1,..., (k+ 1)mo+ L.

Since vy, is supported on D which is tangent to €™, the image (gk.¢) «Vn |  1s supported on
the union of finitely many disjoint discs in g ¢ (D) of diameter p and tangent to the cone
field Dgk ¢(6"). All backward iterates by f_i ,fori € [1, (k+1)mg+£], remain p-close
and tangent to ¢; moreover v, is supported on a single disc D. Hence (gk,¢)«Vn | p can
only be contained in a single disc. O

For (k + 1)mg+ £ > n. and B € :@ﬁé(k), the third item of Theorem 3.1 for Dp and
Ve gives

Supp((gk,e)«Vnlp) C M\ V.

Now, the left hand side in (7) is bounded by

m 7l[uJ71 71[uj,]
0 mo mg m
D log#B- Y (k.e)xva(B) < log#p - (ng +y > (gk,z)*un<M\vs>>
=0 k=0 Ber b =0 k=0
ne § ng
<n-log#p-|un(M\Ve)+ — | < n-log#p- §+— .
n n

By our choice of 8, this is smaller than % provided n is larger orequal toany N» > 2n. /8.
O

4.4. Proof of Theorem E. Let n = min{no, n1, 12}, where ng, 11, n2 are given in The-
orem 3.1 (applied for ¢/4), Proposition 4.2 and lemma 4.3 respectively. We also get ¢,
and N, which do not depend on D.
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Recall (6). Applying successively Lemma 4.3, the concavity of the entropy with
respect to the measure, and the second item of Theorem 3.1 (since d(u,, u) < 1), we
get forn > N>

mo—1 n—1 [70’ ! -
S (Vi) 2w ostp + 20 Y s (Ve
=0 i=0 =0 k=0 i=1

mo
<2m3 - log#p + % +n - Hy, (\/ F7(@)]B)

i=1

&
< 2m(2)~log#/3+ o +n-mo-h(f, F).

Proposition 4.2 gives
n—1 '
Lebp (Cu(u,m) N D N ﬂ F7HU)) < ce-exp (2mo - log#B+ne+n [Ydp
i=0
0 hu(f. T)).

Choosing ¢ > ¢ -exp (2m0 -log#B8 ) gives the estimate of Theorem E for any integer
n. 0O

5. Existence of Gibbs u-states: Proofs of Theorems C, D and Corollaries 1.5 and
1.7

We derive some consequences of Theorem E.

5.1. Proof of Theorem C. We prove a more precise result.

Theorem C’. Consider a C'-diffeomorphism f, an u-laminated set A with a partially
hyperbolic splitting E° @ E"" and an unstable cone field ‘6" . Then there exists a small
neighborhood U of A such that for any disc D C U tangent to €", and for Lebesgue
almost every point x € D N ﬂn>0 f7(U), any limit p of the sequence 1 Sf, (x)
satisfies

ha(f. F) = / log | det(D | )| d . ®)

Proof. The set A is u-laminated. Let U, %" and ro > 0 be the open neighborhood of A,
the cone field defined in U and the positive number given by Theorem E respectively.
Without loss of generality, one can assume that the disc D C U tangent to €* has its
diameter no more than ry, and by Remark 2.1, that it is tangent to . By Theorem 2.3
and Remark 2.4, for Lebesgue a.e. x € D, any u € .# (x) is pseudo-physical relative
to Z :=DN(),-o f "W).

There is nothing to prove when Lebp (Z) = 0. Thus, we consider the case Lebp (Z) >
0. Let us assume by contradiction that (8) does not hold. From the inequality in Theo-
rem 2.13, there exists ¢ > 0 such that flog |det(Df|guw)|dpu —hy(f, F*) > 2e. Let
n > 0 and ¢ > 0 be the numbers given after i, ¢ by Theorem E. Note that

(oo e o]

freM:dea o w <) =JV UGl drn) < (U Cates -

I=1k=1n=k k=1 n=k
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Since u is pseudo-physical relative to Z, for n > 0, there is §p > 0 such that for any
k e N,

Lebp(Z N U2, Cu(pa, 1) > So.

By Theorem E, we have

(0.¢] o
LebD(Z N UOO kCn(M n)) < Z c- en(— flog\det(DflEuu)|du+h,‘(f,.9"”)+s) <c Ze—ns’
n=k n=k

which contradicts the fact that Lebp(Z N U2, Cyi (1, n)) > 8o forany k e N. O

Observe that each point close to A admits an open neighborhood which is C*°
foliated by discs tangent to the unstable cone field €. In order to deduce Theorem C
from Theorem 5.1, one first applies Theorem 5.1 to any disc tangent to €™ then applies
Fubini’s theorem.

5.2. Proof of Corollary 1.5. Let us consider the compact and convex set introduced in
Corollary 2.15

My = € Min(A, [ hu(f, F*) = /IOgIdet(Dfle)ldM}~

Let U and € be the neighborhood of A and the unstable cone field given by Theorem E.
Recall that .# (x) denotes the accumulation set of the empirical measures of x. For

any disc D tangent to €, there is a full Lebesgue measure subset D C D such that
M (x) C My, with x € D.
Let {n;} be an increasing sequence of integers and let i € iy (A, f) such that

ni—1

1
lim — Z £ Lebly = p,

i—0o0 nj

where Leb}, = mLeb p denotes the normalized Lebesgue measure on D.
For any ¢ > 0, consider the e-neighborhood ¥, of .#, and the set

n;—1

1 .
Dkz{xeD:n—iZf*]z?xe"I/g, forizk}.

Theorem E gives limy_, o, Leb},(Dy) = 1. Take kg so that Leb},(Dy,) > 1 — . For
i > ko,

n’_l nl_l ni—1

- Zf* Leb*g,_/ Zf*(S dLeb?, / 1 S fls, dLeb.

Dk() \Dko ni J:0

The choice of Dy, and the convexity of ¥; immediately give:



750 S. Crovisier, D. Yang, J. Zhang

Claim. For eachi > ko, there exists an invariant measure v; € .#y such that

1

1 n;—
1
d(m/; " Z f*c‘i dLeb? ) i) < Eé&.

For any continuous function ¢ : M +— R, one has

‘fgo d(L > £l Lebyy) — /go dv;

:‘/ f"’d(% YJo S8 dLebj, — /wdvi
Dy, !

+/ /(p (> Y £ Lebt) dLebs,
D\Dy,

171
¢d(Leb* (Dko) kao n; " f*(s ) dLeb>i<

—/(pdvi +

ni—1 1
<n, Zf*Leb}‘), i) <+

Then d(w, #,) < 11: — 1+ 2¢, hence u € ., since Ay, is compact. O

1
(Leb’;)(DkO) +e—1) ol

which implies

5.3. Existence of SRB measures: Proof of Corollary 1.7. We prove the following stronger
result:

Corollary 5.1. Consider a C' diffeomorphism f and an attracting set A with a partially
hyperbolic splitting TAM = E** ® E€® E"" such that dim(E) = 1. Then for Lebesgue
almost every point x in a neighborhood of A, and for each nu € M (x),

e cither the center Lyapunov exponent of each ergodic component of |4 is non-negative
center Lyapunov exponent; in particular, t is an SRB measure;

e or there exist ergodic components of ( that are SRB measures with negative center
Lyapunov exponent.

Proof. From Egs. (1) and (2) given by Theorems C and F in Appendix A, for Lebesgue
almost every point x in the attracting basin of A, each limit measure u € .# (x) satisfies

I’lﬂ(f, f”) = flog | det(Df|Euu)| d M and hll(f) > /10g | det(Df|EL‘®Euu)| dM
Corollary 2.15 gives h, (f, Z") = [ log|det(Df|gu«)| d v for each ergodic component

v of u.
If each ergodic component v of i has non-negative center Lyapunov exponent, then

/ Z )\,+(Z) d U(Z) = / log | det(Df|EC@Euu)| dv.
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Combining this with (1) and Ruelle inequality, one gets

() = [ tog det(Dflpropmidn = [ S @A) = huth

therefore i is an SRB measure.
If there are ergodic components v with negative center Lyapunov exponent, they
satisfy

/log|det<Df|Euu)|dv=/Zx+<z>dv<z>.

The equation (2) for v and Ruelle inequality then give
| Crr@ave = [tog1det s pmidv = bt F) < hoth)

= [ X,

therefore, v is an SRB measure with negative center Lyapunov exponent. 0O

5.4. Large deviation for continuous functions: Proof of Theorem D.
We prove a stronger version of Theorem D.

Theorem D’. Let f be a C'-diffeomorphism and A be a u-laminated set with a partially
hyperbolic splitting TAM = E° @ E"™. Then for any continuous function ¢ : M — R
and any € > 0, there exist a neighborhood U of A, a Df-invariant cone field €" on
U, and ro, ag, by > 0 such that for any disc D tangent to €* of diameter smaller than
ro and anyn € N,

n—1

) 1 n—1 '
Lebp {x €eD:xe()f (W) and d <— > e o, 1«0)) > e} <ag-e
i=0 "iZo
©)
As before I (¢) is the interval defined by

I(p) := {/wd/«t: W € Miny(A, [) satisfies by, (f, F") =/10g|det(Df|Ew)|du}v

This immediately implies Theorem D: when A is an attracting set, any unstable disc
in a neighborhood of A will eventually be contained in (72 f ' (U,) one then apply
Theorem 5.4 to the unstable leaves of foliated domains covering A and Fubini Theorem.

Proof of Theorem 5.4. Let U, €* and r¢y be the neighborhood of A, the Df-invariant
cone field defined in U and the positive number given by Theorem E. For ¢: M — R
and ¢ > 0, let I, C R be the £/2-open neighborhood of /(¢) and I its complement
and let us denote

Ne = {u € Miny(A, f): /wdu € 15'}-
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For each u € Ain (A, f), let

by = 3( [ tog 1 dex(D |l d 1 = (£, 7)
and let n,, ¢, > 0 be the numbers given after ., b, by Theorem E: for each compact
disc D tangent to € of diameter smaller than ry and any n € N, one has

n—1

Leb(D N () £~/ (WU) N Ca(1t, 20,)) < cpu - e "x. (10)
i=0

We choose the 1, small so that for any probability measure v satisfying d(u, v) < 7,

foun fon

Since iy (A, f) is a compact set, there exist w1, ..., ux € A such that

£ 1

«///inv(As f) C Ul;leﬂuj ('uj)’

where By, (1)) denotes the 7, ;-neighborhood of 1 in the space of probability mea-

sures on M. We denote n; = n,; and ¢; = cy; for simplicity. The following lemma
gives U,. O '

Lemma 5.2. There exists a neighborhood U, of A and an integer N, such that for any
n > N and any x € ﬂ,’-’;ol LUy,

1 n—1
- > Sy € U Bu (o).
i=0 i

Proof. Assume, on the contrary, that the 1/k-neighborhood U (1/k) of A, there exists
n arbitrarily large and x € ﬂ?;(} f~H(U(1/k)) such that % Z;’;Ol Spicey € Ui B (1)
Then taking the limitas n — +o00 gives an invariant measure v; on the maximal invariant
set of U (1/k) which does not belong to | J; By, (1;). Any limit of the vy is an invariant
measure on A that does not belong to Ui By, (i), which contradicts (10). O

We can conclude the proof of Theorem 5.4. For any x € ﬂ;’;ol f(Ug)andn > Ny,

there exists ig such that % Z?;ol (Sfi(x) € B,h,0 (Mig), ie x € Cu(Wiy, Nip). From (11), if
one has

=&,

n—1

1 .

‘; E w(f’(X))—/de
i=0

then'/wduio—l(w)
Letl C {l,...,k}suchthat{uy, ..., ur}NAe = {u;}ic;. Then we have forn > N,

e

> ¢/2, hence p;, belongs to 4.

n—1 n—1
. 1 :
Leb{x eDN()f (W) : ‘; > w(f’(X))—[<pdu
i=0

i=0
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< ) Leb(Cu(pi, i) <y cie .

iel iel

Now, we only need to consider an upper bound a of the volume of discs tangent to
the cone field € and with diameter smaller than r¢ and to set

k
be =min{b,, ..., by} and a, = max {a . eNf'bs, Zci}.
i=1

6. SRB Measures for C1** Partially Hyperbolic Diffeomorphisms

We focus on C!**-diffeomorphisms for @ > 0 and partially hyperbolic sets with one-
dimensional center.

6.1. Existence of the center Lyapunov exponent: proof of Theorem A. Before Theorem A
we prove two preliminary results.

Proposition 6.1. Let f be a C'**-diffeomorphisms, @ > 0, and let i be an ergodic SRB
measure whose support admits a partially hyperbolic splitting E*S & E*, and whose
Lyapunov exponents along E* are all positive. Then there is an open invariant set O (i)
such that

Leb(O () ABasin()) = 0 and O () N Supp(p) # @.

In particular, for Lebesgue a.e. point x € M, if w(x) D Supp(u) then x € Basin(u).

Remark 6.2. Kan’s example [K] shows that the basin of © may not be essentially open
as in Proposition 6.1 when the first bundle is not uniformly contracted.

Proof. (Proof) By [L, Theorem 3.4], the disintegration of x along the unstable manifolds
is absolutely continuous with respect to the Lebesgue measure on the unstable manifolds.
Consequently there exists a disc D C Supp(u) tangent to E* such that the basin of
W contains a set X C D with full Lebesgue measure. The union of the strong stable
manifolds of points of D contains a nonempty open set Og which intersects Supp().
The union of the local strong stable leaves of points of X is absolutely continuous [P].
Consequently, the union of the strong stable manifolds of points of X has full Lebesgue
measure in Og. This proves that Basin(u) has full Lebesgue measure in the open set
ow =, <7 f"(Op). The orbit of every point x in the basin of 1, accumulates any
point of Supp(u), hence enters in Op. Up to removing the invariant set O (¢)\Basin(u)
(which has zero Lebesgue measure), one concludes that the orbit of Lebesgue almost
every point in Basin(u) is contained in O(u). Hence O(u) and Basin(u) coincide
modulo a set with zero Lebesgue measure. O

Proposition 6.3. Let f be a C'**-diffeomorphism, o > 0, and let . be a hyperbolic
ergodic SRB measure. Then Lebesgue almost every point x € M satisfying:

— w(x) has a partially hyperbolic splitting E* & E**,
— w(x) contains Supp(w) and the Lyapunov exponents of i along E°* are all negative,
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belongs to the basin of |1.

Proof. Let us consider the set . of partially hyperbolic sets containing Supp(u) with a
splitting E“* @ E"*, such that the Lyapunov exponents of u along E“* are all negative.
There exists a countable sequence (A,) in . such that any set A € £ is contained
in one of the A,. As a consequence, it is enough to fix a set A € .Z and to prove the
proposition for Lebesgue almost every point x such that Supp(u) C w(x) C A.

Let ¥ be an unstable cone field on a neighborhood U of A which satisfies the
Theorem 2.18 and & := {x € U : w(x) D Supp(u) andf"(x) € U foralln > 0}.
Then one has f (/) C /. It is enough to show that .4 := ./\Basin(u) has zero
Lebesgue measure. Assume, on the contrary, that Leb(.#") > 0. Thus, there exists a disc
D tangent to € such that Lebp (.4 N D) > 0.

By [L, Theorem 3.4], there exists an unstable disc A in the support of x and a set
X C A with positive Lebesgue measure such that any point in X is in the basin of p
and has a stable manifold tangent to E. By [P], up to reducing X, one can assume
that the (local) stable manifolds of points z € X vary continuously with z and induce an
absolutely continuous lamination W} .(X). We fix a density point zo € X of X inside
A.

In order to define unstable density basis inside D, we fix § > 0 small. By Theo-
rem 2.18, the set of unstable density points of .4~ N D has full Lebesgue measure in
A N D, and we fix x € 4 N D one of them. There exists a sequence ny — +00 such
that f"*(x) — zo. The density basis Bp ,(x) satisfy

Leb(Bp. ., (x) NA)
Leb(Bp () k=00

The definition of .4/, the density basis and the bounded distortion along the unstable
manifold (using the uniform expansion and the C'**-smoothness) imply:

Leb(Bfnk (D)(f"k (x), 8) N JV) N
Leb(Bfnk(D)(fnk ()C), 8)) k—+00

12)

Since f"*(x) converges to zg and the unstable cones converge to the unstable bundle
under forward iterations, the disc B gn (py(f"* (x), &) gets arbitrarily close to Ba (2o, 8)

for the C'-topology. The absolute continuity of the stable lamination over X implies that
for ny large enough, the Lebesgue measure of W} .(X) N B g (py (f"'*(x), §) is positive
and uniformly bounded away from zero. With (12) this implies that for k large enough
A intersects W) (X). This is a contradiction since W}, .(X) C Basin(u). O

Now, we are ready for proving the existence of the center Lyapunov exponent.
Proof of Theorem A. Let U be an attracting neighborhood of A.

Lemma 6.4. Up to shrinking U, the bundle E° admits a (non-unique) continuous and
invariant extension to U. Moreover, for any x € U we have

DMl _
n=>+00 || Df"| pes ()|
Proof. Since U is an attracting neighborhood of A, the bundle £ can be extended

uniquely as a continuous invariant bundle on a small neighborhood U': indeed, one can
consider a continuous cone-field on A around the direction E¢, which is contracted
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under backward iterations. It extends continuously to a neighborhood of A. The cone
field criterion (see [CP, Chapter 2]) extends E® at any point whose forward orbit remains
in U, i.e. at any point of U. Let us consider a continuous extension £ C E of E€: up
to shrinking the open set U, one can assume that E is defined on U and is contained in
a center-unstable cone. Using a cut-off function, one can interpolate E with Df (E) and
get a continuous extension E’ of E€ such that E'(f(x)) = Df(E'(x)) forany x € U
outside a small neighborhood of f(U). One then define E€ on U\ f(U) as follows:
for x € fU(U)\f(U) we set ES(x) = Df"(E'(f"(x))). By construction E€ is
continuous and invariant on U\ A.

The dominated slitting E“* = E** @ E€ and the cone field criterion (see [CP]) implies
that Df™ (E’) converges to E€| 5. Hence the extension of E€ is also continuous at points
of A. O

The previous lemma shows that the center Lyapunov exponent of any point x € U can
be studied by considering the Birkhoff averages of the continuous function

@:x = log | Df[ge(x)].
Propositions 6.1, 6.3 show that Lebesgue almost every point x in the set
U= {x € U : w(x) carries a hyperbolic ergodic SRB measure} .

belongs to the basin of a hyperbolic ergodic SRB measure p, which by [L, Theorem
4.9] is physical. Hence the Birkhoff averages of ¢ along the forward orbit of x converge.
The limit

) 1 . 1
2@ = lim_~log IDf" gl = lim ~log | Df"|ges ()]
n—+o0o n n—+o0o n

exists and coincides with the center Lyapunov exponent f log || Df|ge(x)||d u(x) =
J ¢ d . In particular A°(x) does not vanish.

Then for Lebesgue a.e x € U\U", the w-limit set of x does not carry any hyperbolic
SRB measures. By Corollary 5.1 this implies that each limit measure ;1 € .# (x) is SRB
and has a vanishing center exponent f ¢ d w. Since ¢ is continuous this shows that

n—1

1 1

— D o) = ~log|Df"|pe () —> 0.
k=0

Hence the center Lyapunov A€(x) of x is also well-defined in this case and vanishes. O

6.2. An example exhibiting historical behavior: proof of Theorem B. The example de-
scribed in Theorem B is obtained by compactification of a skew translation over an
Anosov system. It is well-known that the dynamics of these infinite systems share prop-
erties with the Brownian motion on R: this will allow us to study precisely the asymptotic
of the empirical measures.
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6.2.1. Limit properties of skew translations We first state classical properties of skew
translations.

Proposition 6.5. Let A be a smooth Anosov diffeomorphism on T? preserving a smooth
volume m and having at least two fixed points p,q. Let ¢ : T> — R be a smooth
function with [ ¢ dm = 0 such that ¢ (p), ¢(q) are rationally independent. Then:

(i) The measure m x Leb is ergodic for the diffeomorphism g of T> x R defined by

g, 1) = (A(x), 1 + ¢(x)). 13)

(ii) The number o :=Y_, _; [ ¢ - ¢ o A" dm is well-defined and positive.
(iii) For m-almost every point x € T2, the continuous functions X, € C([0, 1]) defined
by

1 nt
&ww=7§7ﬁ ¢ (A () dss,

induce a random process which converges weakly to the standard Wiener measure.

Proof. Since ¢(p) and ¢(gq) are rationally independent, there do not exist A € R and
Y: M — Rsuchthat ¢ = ¢ o A — ¢ mod [A]. The ergodicity (i) follows from [G,
Corollary 3].

The convergence of the sum defining o is a consequence of the exponential decay
of the correlations, see for instance [Live, Theorem 3.9]. Note that o is non-negative,
because of

. 1 n—1 i
2/¢.¢0Andm=n£Tm;/(;¢0A)de.

nez

Since ¢ (p) # 0, there is no continuous solution ¥: M — R to the cohomological
equation

p=voA—y.

Then in restriction to any A-invariant set with full measure for m, there is no measurable
solution, see [Livs, Theorem 9]. One deduces that o does not vanish (see [PP, Proposition
4.12]). This gives the second item. The third item is now [D, Corollary 4] for conservative
Anosov diffeomorphisms (see also [DP, Corollary 3]). O

6.2.2. Compactification of the skew translation We denote T = R/Z. Any skew trans-
lation over an Anosov diffeomorphism on T? can be embedded as a partially hyperbolic
diffeomorphism on T3.

Proposition 6.6. Let us consider a smooth Anosov diffeomorphism A on T2, a smooth
function ¢ : T> — R and the diffeomorphism g on T? x R defined by (13). Then there
exists a smooth diffeomorphism f on T> preserving a partially hyperbolic splitting
ESS @ E€ & E"" such that:

— the foliation by circles {x} x T is preserved and tangent to E€;

— f preserves each torus T* x {0} and T* x {1/2}, and exchanges T? x (0, 1/2) and
T2 x (1/2,1);

— the restriction of f% to T2 x (0, 1/2) is smoothly conjugated to g%
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Proof. Let X be a smooth vector field on R such that

e X(t)>0fort e (0,1/2)and X(0) = X(1/2) =0,
e X is l-periodic and satisfies X (—t) = —X (¢) foreach r € R.

Let (®;)scr be the flow induced by X on R. The diffeomorphism of T2 x R defined by
F(x, 1) := (Ax, =@y ) (2))

satisfies F(x,t+ 1) = F(x,t) — (0, 1), hence induces a smooth diffeomorphism f
on T3. Choosing X arbitrarily close to 0, the diffeomorphism f is C'-close to the
diffeomorphism A x Id, hence is partially hyperbolic. The first two items then follow.

Note that f commutes with the involution (x, ¢) — (x, —¢) hence f 2 coincides with
the diffeomorphism induced by

(x,1) > (A%x, Dy A+ ) ().

The map i: T? x R — T2 x (0, 1/2) defined by (x, s) — (x, ®;(1/4)) conjugates the
restriction of f2 to T2 x (0, 1/2) with g2 as claimed in the third item. O

6.2.3. Historical behavior The proof of Theorem B can be concluded as follows.

Proposition 6.7. Let us consider a smooth Anosov diffeomorphism A of T2 and a smooth
function ¢: T?> — R as in Proposition 6.5. Then the diffeomorphism f of T3 induced
by A and ¢ as in Proposition 6.6 has exactly only two ergodic Gibbs u-states vy, v>.
Moreover; for Lebesgue almost every z € T3,

— the set of limit measures .# () of z is the segment [vy, V3],
— the orbit of 7 is dense in T>.

Proof. Let us recall that A preserves a smooth volume m. By absolute continuity of
the stable foliation of A, it is the unique Gibbs u-state for A and it is ergodic. The two
measures V1 = m X § and v = m x 812 are f-invariant and are Gibbs u-states.

Let us denote S,¢(x) = 3" ¢ (A’ (x)) for x € T2 and n € N. Then the skew
translation g defined by (13) satisfies

g (x, 1) = (A" (x), t + Spp (x)).
We introduce ¢4, (x) :={0 < j <n—1:8;¢(x) > /o -n}.

Claim. For Lebesgue a.e. x € T? and any p € (0, 1), there exists n arbitrarily large
such that

#9,(x) = (1 —p) - n.

Proof. Let W =1{h € C%([0, 11, R) : h(0) = 0} endowed with CY-norm. We consider
a continuous function £ : [0, 1] — [0, +00) such that

h(0) =0and h(t) > 1fort € [p, 1].
h(t)—1
2

Let 0 < & < inf;¢p, 1 be small. Since the Wiener measure has full support in
W , and since the process (X,) in # defined in Proposition 6.5 converges to the Wiener
measure for Lebesgue almost every x € T?, there exists n arbitrarily large such that

1

o-n

sup
1€[0,1]

nt
/ d(APN(x)) ds — h(1)| <e.
0
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In particular for any integer j € {0, ..., n}, one has

1
ﬁquﬁ(X) —h(j/n)| <e.

By the definition of 4 and ¢, this gives Sj¢p(x) > /o -nforall j > (1 —p)-n. O

Claim. For Lebesgue a.e. x € T? and all t € (0, 1/2) the measure v belongs to A (z)
with z = (x, t).

Proof. Let I be a continuous function on T2 x [0, 1] and let us fix p > 0 small. Let us
consider the set ¢, (x) for an integer n large given by the previous claim. One has the
estimate

1 n—1 - 1n—1 '
= O (xn) - - D (. 1/2)]
i=0 i=0

1 . . 1 . .
<= Y IR, 0) =T 1/2)+ = Y ID (e, 0) = T (x, 1/2))
" i€9,(x) " i¢gn()‘)
1 . .
<= > ITA), & - OF ) (1) — T(A'(x), 1/2)[ +2p - sup |T'|,
i€9,(x)

where ¢; = +1 when i is even and —1 when i is odd.

Notice that for z € (0, 1/2), (pf (t) tends to 1/2 when s tends to +co. By the arbi-
trariness of p and the uniform continuity of 4, one deduces that the empirical measures
M(x,r),n and My 1/2),, are close. O

The claim shows that vy € .# (z) for Lebesgue a.e. z € T3. Analogously, v| € . (z).
Claim. vy, vy are the unique ergodic Gibbs u-states.

Proof. Let v be an ergodic Gibbs u-state. There is a strong unstable disc D such that for
Lebp almost every (x, t) € D,

1 n—1
nll>r+1-loo Z X(;Sfi(x>f) =V
=

The disc D projects to an unstable arc D’ C T? and for Lebesgue almost every x € D/,
the empirical measures converge to the projection of v. This shows that the projection
of v to T? coincides with m (the unique Gibbs u-state for A).

Let us assume by contradiction that v is not supported on T2 x {0, 1/2}. In particular
for v-almost every point z, the projection on T2 belongs to the full m-measure set given
by the previous Claim. This implies that the set of limit measures .# (z) of z contains
both vy and v;. This is a contradiction since the empirical measures of z converge to v
(by Birkhoff ergodic theorem). O

It remains to prove the last statement of the proposition. From Proposition 6.5, the
skew translation g2 is ergodic, hence from the last item of Proposition 6.6, the orbit of
Lebesgue almost every point z € T? x (0, 1/2) under f2 is dense in T2 x (0, 1/2).
Since f exchanges the regions T2 x (0, 1/2) and T? x (1/2, 1), one deduces that the
orbit of Lebesgue almost every point z € T is dense. O
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A. Generalized Pesin’s Inequality Under a Dominated Splitting

We sketch here the proof of the inequality (1) stated in the introduction. Recall that an
invariant splitting 7TA M = E @ F over a compact invariant set A of a diffeomorphism
f is dominated, if there exists N € N such that for all x € A,

_ 1
IDF el 1D~ I pmvapll = 3+

Theorem F (Entropy inequality). For any C! diffeomorphism f, for any compact in-
variant set A admitting a dominated splitting E & F, and for Lebesgue almost every
point x € M, if w(x) C A, then each limit measure v € M (x) satisfies

h(f) = / log | det Df | |dp. (14)

This improves1 a little bit [CCE, Theorem 1] and [CaYa, Theorem 4.1].

Corollary A.1. Let f € Diff' (M) and A be an attracting set with the dominated split-
ting E @ F. Then for Lebesgue a.e. x in the basin of A, each limit measure . € # (x)
satisfies (14).

Remark 1.1 follows from Corollary A.1 by considering the trivial splitting of 7M.
We also obtain a large deviation result.

Theorem G (Large deviation). For any C' diffeomorphism f, for any invariant compact
set A admitting a dominated splitting E @ F, for any continuous function ¢: M — R
and for any € > 0, there exist a neighborhood U of A and a., b, > 0 such that

n—1

n—1
b {" e 7w :a (% > e, 1<<p>> - 8} <ag-e™™ foranyn €N,
i i=0

i=0
where 1(p) := {/(pdu © W€ Miny(A, f) satisfies (14)}.

The main step in the proofs of Theorems F and G is to bound the measure of the
convergent set of invariant measures inside discs tangent to F; then one concludes
exactly as for Theorems 5.1 and 5.4 . We are thus reduced to a statement analogous to
Theorem E.

' [CCE] assumes the existence of a global dominated splitting and [CaYa] assumes the semi-continuity of
the entropy.
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Theorem H (Volume estimate). For any C' diffeomorphism f and for any invariant
compact set A admitting a dominated splitting E @ F, there exist a cone field €' which
is aneighborhood of the bundle F, aneighborhood U of A andry > 0with the following
property: for any u € Miny(A, f) and € > 0, there exist n, ¢ > 0 such that for each
compact disc D C U tangent to ¢ with Diam(D) < rg and each n € N, one has
n—1
Lebp (Cn(, m) N DN ﬂ F7HU)) < c-exp (n(hﬂ(f) - / log|det(Df|p)|du + e))
i=0
Sketch of the proof of Theorem H. As in the partially hyperbolic case, we extend con-
tinuously the bundles E, F. This allows to define a cone field €' on a neighborhood U
of A which is a neighborhood of the bundle F. We then consider F-discs D, i.e. discs
with the dimension of F' that are tangent to &F, and whose diameter is smaller than a
small constant ro > 0.
Let 1 be an invariant measure supported on A and ¢ > 0. For any 1, p > 0 small,
let us consider the (n, n)-convergent set C,,(ut, ) of w as in Sect. 4 and let X, , be a
(n, p)-separated subset with maximal cardinal in

n—1
Ca )N DO () £,
i=0
As in (4) (proof of Proposition 4.2), there exists ¢, > 0 (only depending on & > 0) such
that
n—1
Lebp (Cn(u, nNDN m f—l(U)) <ec, . o~ [log|det(Df )| d p+e) HX .
i=0
The proof of the variational principle (for a homeomorphism on a compact metric space)

gives the following estimate of #X,, , (see [KH, Lemma 5.2]) and concludes the proof.
O

Lemma A.2. For any invariant measure |t, and €, p > 0, there exist n > 0 and ng > 1
with the following property. If X is a (n, p)-separated set with n > ng and

1
d ( w2
xeX
then the cardinal #X is bounded by exp(n(h,(f) +¢€)).

Sketch of the proof of Theorem F. Let U be a small neighborhood of A, let €7 be a
cone field on U and rp > 0 as given by Theorem H. Let us consider a small disk D C U
tangent to ¢’F with Diam(D) < ry. It is enough to prove that for Lebp almost every
point

n—1

1

DT ﬂ) <7,
k

=0

x€eZ:=DN{z: w(z) CA,z€ Uffn(U)},
neN

each limit measure u € . (x) satisfies the generalized Pesin’s inequality.

The proof follows from the same lines as the proof of Theorem 5.1. For Lebesgue almost
every point x € D, any u € .4 (x) is pseudo-physical relative to Z. If the generalized
Pesin’s inequality is not satisfied for 11, Theorem H gives Lebp (ZNUS2 , C;, (i, 1)) — 0
as k — oo. This contradicts the fact that u is pseudo-physical relative to Z. O
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B. Large Deviations for Singular Hyperbolic Attractors

Let X be a C! vector field on M and (¢1):cr be the flow generated by X. An attracting
set A is said to be singular hyperbolic, if any singularity in A is hyperbolic, and the
time-one map ¢ admits a partially hyperbolic splitting Tx M = E*° & E such that
E“" is sectionally expanded (there exists # > 0 such that for any x € A the area along
any 2-plane £ C E“ increases exponentially when one takes the image by Dg;). An
SRB measure for (¢¢);cRr is a probability measure which is preserved by the flow and
which is SRB for ¢ (it is then SRB for any ¢;, t > 0).
The previous statements allow to recover and improve a bit the results of [LeYa].

Corollary B.1. For any C' vector field X, any singular hyperbolic attracting set A
supports an SRB measure. More precisely, for Lebesgue almost every point x in the
basin of A, any limit measure . € # (x) is an SRB measure.

Proof. Theorem F applied to ¢; shows that for Lebesgue almost every point x in the
basin of A, any limit measure vy € .# (x) satisfies

oy (1) = flog|detD¢1|Ew|duo.

Ruelle’s inequality and the singular hyperbolicity give i, (¢1) < [ log|det D¢ |geu|d v
for any invariant measure v. Hence for any ergodic component of v of vy and v-a.e. point
z, one has

(@) = [ Tog|det Dl dv = 347

The ¢-invariant measure & = fol (¢ps)«(v)ds satisfies the same formula and is SRB for
(@)ier. O

With higher regularity, we also obtain the uniqueness of the SRB measure.

Theorem L. Let X be a C'* vector field. Then any singular hyperbolic transitive at-
tractor A supports a unique SRB measure 1. Its basin has full Lebesgue measure in the
basin of A.

Proof. Corollary B.1 gives the existence.

Let u an SRB measure: the singular hyperbolicity implies that u is a hyperbolic
measure of the flow. More precisely, to ;-almost every point x is associated its center-
unstable set W (x), which is the set of points y such that there exists an increasing
homeomorphism £ of R satisfying d(¢;(y), ¢ni)(x)) — 0 as t — —oo. This is an
immersed submanifold tangent to E¢* that is foliated by unstable leaves W* (y) which are
one-codimensional in W< (x). The unstable leaves are the images of W (x) by the flow.
Hence the unstable foliation is Lipschitz inside the center-unstable leaves of . Applying
[LeYol] to the diffeomorphism ¢1, the disintegration of p along the unstable leaves is
equivalent to the Lebesgue measure: the statement is given for C? diffeomorphisms, but
the proof only uses a C'**-regularity, once one knows that the unstable lamination is
Lipschitz along the center-unstable direction see [LeYol, Theorem A and Sect. 4.2].

Note that any ergodic component of y is still an SRB measure, one will thus assume
that u is ergodic. For p-almost every point x, the forward orbit of Lebesgue almost every
point y € W"(x) equidistributes towards . Since W (x) can be obtained by flowing
the unstable manifold W*(x), one deduces that the forward orbit of Lebesgue almost
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every point y € W (x) equidistributes towards . The same proof as for Proposition 6.1
shows that there exists a non-empty open set U which intersects the support of « and has
the property that the forward orbit of Lebesgue almost every point in U equidistributes
towards (L.

If 21, po are two (ergodic) SRB measures supported on A, one associates two open
sets Uy, Uz. The transitivity of A implies that there exists a non-empty open subset
V C Uj having a forward iterate in U. Hence the forward orbit of almost every point
in V equidistributes towards 1 and p». This gives ;1 = u2, hence the uniqueness of
the SRB measure.

By Corollary B.1, for Lebesgue a.e. point x in the basin of A, each limit measure of

1 t
- / Sg,(x)ds
t Jo

(as t — +00) is an SRB measure. The uniqueness of the SRB measure implies that its
basin has full Lebesgue measure in the basin of A. O

We also deduce a large deviation estimate.

Theorem J. Let X be a C' vector field and A be a singular hyperbolic attracting set
admitting a unique ergodic SRB measure (1. Then there exists a neighborhood U of A
such that for any continuous function  : M — R and any ¢ > 0, there exist a, > 0
and b, > 0 such that

t
Leb({er:‘%/ l/f(d)x(x))ds—/l//du
0

Proof. Let U be an attracting neighborhood of A in its basin. From the continuity of v,
for any ¢ > O there exists 7, large such that for any 7y > 0 small enough, any ¢ > ¢, and
any x € M, denoting n = [t/ty] one has

> 8}) <ag e’ foranyt € R.

n—1

1 [t 1
‘;/0 V@G0 ds — ;w o iry ()

<¢&/2. (15)

One can assume that 7 avoids a countable set and by [PuSh1] the measure u is ergodic
for the map ¢;,. We also notice that it is the unique SRB for ¢;, on A. Indeed if v is an

SRB measure of ¢y, then % f(;o (¢5)«v d s is an SRB measure for both ¢, and (¢;);eRr.

Hence % fot" (¢s)«vds = . But since p is ergodic it is an extremal point of the set of
¢1,-invariant probability measures. As a consequence (¢;).v = u for any + € R and in
particular v = .

We can then apply Theorem G to A and ¢;,: there exists a neighborhood U, of A and
a, b, > 0 such that forany n € N

n—1 1 n—1
Leb {x e () e-in):d (Z D Y (@i (x)). / ww) > 8/2} <a-e
i=0 i=0

Combined with (15), this gives the result for points in ﬂt>0 ¢—_+(U)andn > t/ty. Since
U is an attracting neighborhood of A in its basin, there exists N > 1 such that for
any x € U, the image ¢y (x) belongs to (),~,¢—:(U). One thus concludes the large
deviation estimate for any ¢ > 0 by considering a, large enough. O
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