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Abstract: We prove a conformally invariant estimate for the index of Schrodinger op-
erators acting on vector bundles over four-manifolds, related to the classical Cwikel—
Lieb—Rozenblum estimate. Applied to Yang—Mills connections we obtain a bound for
the index in terms of its energy which is conformally invariant, and captures the sharp
growth rate. Furthermore we derive an index estimate for Einstein metrics in terms of
the topology and the Einstein—Hilbert energy. Lastly we derive conformally invariant
estimates for the Betti numbers of an oriented four-manifold with positive scalar curva-
ture.

1. Introduction

The classical Cwikel-Lieb—Rozenblum (CLR) estimate [Cwi77,Lie76,Ro0s72], related
to the famous asymptotic formula of Weyl [Wey11] on the growth of eigenvalues, bounds
the Morse index of a Schrodinger operator L = —A + V on a bounded domain in R”
in terms of the L7 norm of the negative part of V. This central result has applications
to mathematical physics, where it is referred to as an estimate of the number of bound
states for the linear Schrodinger operator. From the point of view of both geometry
and mathematical physics, it is important to find similar index/bound state estimates for
nonlinear problems, specifically for Yang—Mills connections and Einstein metrics.

Let (X", g) be a smooth, compact Riemannian manifold, and suppose V is a con-
nection on a vector bundle E over X. The Yang—Mills energy associated to V is given
by

YMIV] :=/ |Fy|*dV,.
X)‘l
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Critical points for Y M are called Yang—Mills connections, including the special class of
instantons, which always minimize )M when they exist. While there are many existence
results for instantons (eg. [Tau82]), it is also known that generically one expects non-
instanton, non-minimizing Yang—Mills connections to exist even in the critical dimension
n = 4 [SJU89,HM90,SS92,Bor92]. Furthermore, in dimension 4 every stable Yang—
Mills connection with small gauge group is an instanton [BL81], so non-minimizing
Yang-Mills connections in this setting will have positive index. Thus, to understand
the Yang—Mills functional it becomes important to understand the structure of these
non-minimizing Yang-Mills connections, in particular to understand their Morse index.
This index is that of the relevant Jacobi operator, a Schrédinger operator acting on Lie
algebra-valued 1-forms, with inhomogeneous term determined by the curvature of the
underlying Riemannian metric as well as the bundle connection’s curvature. Taking a
cue from the CLR estimate one may hope roughly that for a connection to have high
Morse index it must also have high Yang—Mills energy. The first main result yields an
estimate of this type.

Theorem 1.1. Let (X*, g) be a closed, oriented four-manifold, with Yamabe invariant
Y (X%, [g]) > 0. Suppose V is a non-instanton Yang—Mills connection on a vector bundle
E over X* with structure group G C SO(E), and curvature Fy. Let 1(V) denote the
index and v(V) the nullity of V. Then

144¢? dim(gg) 5 4 5
B 12 x*)+12 | |Fy|? dV
Y(X*,[g])2 - 12rx () /x' VI Ve

+3J§/ IWg||Fv|dVg+3/ W, |2 dvg],
X X

(V) +v(V) <

where x (X*) is the Euler characteristic of X* and W, is the Weyl tensor.

If V is an instanton, then v(V) = 0 and the Atiyah—Singer index formula gives an
explicit formula for : (V) depending on topological data (see Chapter 4 of [DK90]). Our
statement explicitly does not include this case, and we use the assumption of nonvanish-
ing of F§, when constructing a metric conformal to the base, with respect to which we
carry out the index estimate (see Proposition 3.7). When the base manifold is the round
sphere we can simplify the statement to the following:

Corollary 1.2. Let E — (S*, gs#) be a vector bundle over the round sphere with struc-
ture group G C SO(E), with V a non-instanton Yang—Mills connection. Then

L(V) + (V) < 9e2dim(gE){— 1+ #/84 |Fy|? dvg}.

An index plus nullity estimate for Yang—Mills connections appeared in [Ura86], under
the much stronger assumption that the base manifold has positive Ricci curvature and
with a bound depending on the L®-norm of the bundle curvature. Our result only
assumes positive Yamabe invariant, and the bound depends on conformal invariants of
the base manifold and the Yang—Mills energy. This is more natural, in view of the fact
that the index and nullity are conformal invariants. Furthermore, although the constants
in Theorem 1.1 are almost certainly not sharp (in fact, the sharp value is not known in
the classical CLR inequality; cf. [HKRV18]), we can show by means of examples that
the growth rate of the index as a function of the Yang—Mills energy is sharp. Specifically,
combining an index estimate of Taubes [Tau83] as well as an explicit construction of
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non-instanton Yang—Mills connections due to Sadun—Segert [SS92], we exhibit a family
of connections whose index grows linearly in the Yang—Mills energy (Proposition 3.10
below). Lastly we point out that the estimate we give in Sect. 2 can be adapted to give an
index estimate for Yang—Mills connections in any dimension in terms of the L7 norms
of F and the Ricci curvature, and the Sobolev constant, and in this case the proof is a
very direct adaptation of the method of Li—Yau [LY83] (see Remark 2.6).

Our second main result is an index estimate for Einstein metrics in dimension four.
Einstein metrics arise as critical points of the normalized total scalar curvature functional

gl = Vol(g)™ /2 fx Ry V. (L)

It is well-known that Einstein metrics are never stable critical points, since . is min-
imized over conformal variations but is locally maximized over transverse-traceless
variations, possibly up to a finite dimensional subspace. The index 1(g) of an Einstein
metric, which we define to be the Morse index of —., is the dimension of the max-
imal subspace on which the second variation is negative when restricted to transverse
traceless variations, while the nullity v(g) is the dimension of the space of infinitesimal
Einstein deformations. While there are some works characterizing the stability and space
of deformations of Einstein metrics ([Koi79,Ko0i82,DWW05,DWWO07]), it seems very
little is known about the index in the case it is positive. Intuitively, one might expect an
Einstein metric with large index to have small energy. We derive an estimate of this kind
which relies on explicit universal constants and the Euler characteristic.

Theorem 1.3. Let (X*, g) be an Einstein four-manifold with positive scalar curvature.
Then

x (X
S 24 ,
le] =< n\/3+8[z(g)+v(g)]

where § = ie‘z.

Our final application is a bound on the Betti numbers of an oriented four-manifold
X* of positive scalar curvature. Bounds for the Betti numbers in terms of the curvature,
Sobolev constant, and diameter of the manifold were proved by P. Li in [Li80]. These
estimates can be viewed as refined or quantitative versions of the classical vanishing
theorems; see [B88] for a beautiful survey. To state our results we need to introduce two
conformal invariants of four-manifolds with positive Yamabe invariant.

To define the first conformal invariant, we need some additional notation. Let A = A
denote the Schouten tensor of g:

1 (pin_ 1
A = 3 (Ric —¢Rg),
where Ric is the Ricci tensor and R the scalar curvature of g. Let 03 (A) denote the second

symmetric function of the eigenvalues of A (viewed as a symmetric bilinear form on the
tangent space at each point). Then

02(A) = —§|Ric [* + L R%.
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The integral of this expression is a scalar conformal invariant of a four-manifold. Using
this we define the following two conformal invariants:

4 [ 02(A) dV

,0 X4, = P
' . !(‘( ’ [g])

Let b1 (X*) denote the first Betti number of X*, and let 5*(X*) denote the maximal
dimension of a subspace of A2(X*) on which the intersection form is positive. It follows
from ([Gur98] Theorem 2) that if by (X4) > 0 then p; < 0, with equality only when
conformal to a quotient of 3 x R with the product metric. Furthermore, it follows from
([Gur00] Theorem 3.3) that if b* > 0 then p, > 1, with equality only when conformal
to a Kéhler metric with positive scalar curvature. Using the general index estimate of
Section 2, we can prove quantitative versions of these estimates:

Theorem 1.4. Let (X4, g) be an oriented four-manifold with Y(X*, [gD) > 0. Then

b1(X*) < 9¢* (1 —24py), (1.3)
and
b (XY <3¢ (2y/pr — 1) (1.4)

Here, as in the Yang-Mills estimate, our constants are not sharp but the growth rate likely
is. In particular, by taking connect sums with sufficiently long necks, we can produce
locally conformally flat metrics on the manifold k#S> x S! whose Yamabe invariant is
uniformly bounded below. Evidently this manifold has b; = k, while for these conformal
classes we see that the right hand side of (1.3) grows linearly in k. To verify that the
growth rate of b, is sharp the natural candidates to consider are the self-dual metrics
on k#CP? constructed by LeBrun [LeB91]. However, we do not know if the Yamabe
invariant of these metrics has a uniform lower bound.

The proofs of these theorems all rely on an extension of the CLR estimate to elliptic
operators on vector bundles with certain geometric backgrounds (see Sect. 2). The case
of dimension n = 4 especially requires careful analysis of the curvature terms in the
relevant index operator in order to capture the conformal invariance. While many proofs
of the classical CLR inequality by now exist, the proof of Li—Yau [LY83] gives explicit
bounds in terms of the Sobolev constant. By adapting their ideas to operators modeled on
the conformal Laplacian but acting on sections of a vector bundle, we are able to obtain
estimates in terms of conformal invariants. An important technical step is to compare the
L>-trace of the heat kernel of a Schrodinger-type operator acting on sections of a vector
bundle to the heat trace of an associated scalar operator. Again, many results of this kind
exist (see [HSU77,HSU80,Sim79]), but we adapt a proof of Donnely—Li [DL82] as it is
closest in spirit to the other estimates. Combining these ideas together with a conformal
gauge-fixing argument yields our main index estimates.

2. General Index Estimate

In this section we adapt the proof of the Cwikel-Lieb—Rosenblum inequality due to Li—
Yau [LY83] to prove an index estimate for a certain class of elliptic operators acting on
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sections of vector bundles. Given a vector bundle £ — (X*, g) with a metric-compatible
connection V, let A = A, : I'(£) — I'(£) denote the rough Laplacian, where in local

coordinates A = g/ V;V j (note this convention differs from some references). Given a
non-negative function V e C%(X%), consider the operator

S=-A+iR-V, 2.1

where R = Ry is the scalar curvature of g. We will assume throughout this section that
R > 0, and the Yamabe invariant Y (X 4, [¢]) > 0. Our main result is

Theorem 2.1. If No(S) denotes the number of non-positive eigenvalues of S, then
36¢% rank (E) |V 17,

No(S) <
Y (X4, [g])?

2.2)

The proof is a consequence of a series of technical lemmas, and will appear at the
end of the section. We begin with some notation. We need to distinguish between the
Laplacian on functions and the rough Laplacian acting on sections of £, so from now
on we set

Ag: C® <X4> — ™ (X“) :
A:C®(E) = C®(E).

Fix some small € > 0 define

Ve =V +e. (2.3)
Consider the two operators
Po = VLE (Ao — %R),
P = VL (A - %R) .

€
As a first step we give the following analogue of an estimate in Li—Yau:

Lemma 2.2. Let :‘"(1) < [,Lg < .- denote the eigenvalues of —Py, counted with multi-
plicity. Then for all t > 0,

0 36 || Vel
> e 2t < 4—€L22f2. (2.4)
— Y (X4, [g])

Proof. As in [LY83], we take {1, } to be an orthonormal basis of L2 (V, dV) consisting
of eigenfunctions of —Py:

—Povri = wivi,

with

fx ViYW () Ve(x) dVy = 8.
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Let

Ho(x,y, 1) := ) e i ()¥i(y),

i=1

Note that H is the heat kernel associated to the operator Py with respect to the weighted
inner product L%(V.dV). In particular,

B [Ho(x,y. 0] = PoHo(x, y.1)

(2.5)
= - (Ao — §R) Ho(x, y, 1).
Moreover, since R > 0 we have
Ho(x,y, 1) >0,
and for any f e C° (X4),
li [ HoCr. .0 0)Ve) 4V, = £ o). 2.6)
—0Jx

We also let

h(1) I=/ / Ho(x, y, )*Ve(x)Ve(y) dV, dV,
xJx

> 0
= E el
i=1

We now argue as in the proof of Theorem 2 of [LY83]: differentiating %, using (2.5)
and integrating by parts, we have

ah _ /X Vo) /X Ho(x. y.0)(Po)y Ho(x. y. DVe(y) dVy dV,
= 2/ vg(x)/ Ho(x,y,1) (Ao — %R)y Hy(x,y,t) dV, dV,.
X X (2.7)
= _2fxve(x)/x [|VyHo(x,y,t)’2+%R(y)Ho(x,y,t)z] dv, dv,,

= _2/ Vé(x)/ [|vyH0(x,y,t)}2+%R(y)Ho(x,y,z)z] dv, dv,.
X X

By the definition of the Yamabe invariant,
4 4 172
YO eD( [ Hotyon* avy )
X
2,1 2
< 6/ [IVyHo(x, y, OI° + ¢RyHo(x, y,1)°] dV,.
X

Using this, we can rewrite (2.7) as

1/2
@< —1y(x* gD fX Ve (x) ( fx Ho(x, y, t)* dvy> v, (2.8)
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To obtain a differential inequality for &2 we need a further a priori upper bound.
Iterating Holder’s inequality twice and using the fact that Hy(x, y, t) > 0 we note

n0) = [ Vew [ Ho .07V av, v,
X X

1/3 2/3
< f vm[( / Ho(x,y,t>4dvy> ( f Ho(x,y,rwﬁﬂ(y)dvy) }dvx
X X X
12 2/3
< [/ Ve (x) </ Ho(x,y,t)4dVy) de:|
X X

) 1/3
[/ Ve (x) (f H()(x,y,t)VS/z(y)dVy) dvx} ) (2.9)
X

It remains to estimate the second term on the right hand side above, which is done by
treating it as an auxiliary solution to the heat equation. In particular set

Q(x, 1) = / Ho(x, y, OVe(n)*? dVy. (2.10)
X
Note that Q is a solution of the heat equation associated to Py:

#1001 = (PoQ)(x, 1) = v (Ao — §R) Q(x, 1),

2.11
0(x,0) = V2 (x). 1D

Note in particular the power of V., which is a consequence of the weighted inner product.
We first compute

d [/X 0(x, Ve (x) dvx] _ 2/X QG )2 [Q(x. )] Ve(x) dV
:2/ Q(x, 1) (Ao — £R) Q(x, 1) dV
X

_ _2f [|VQ(x,t)|2+ %R(x)Q(x,t)z] av
X
<o. 2.12)

Integrating this and applying (2.11),
| oe v av = [ 0w 02V av
X X
= / Ve(x)? dV.
X

Now, using (2.10),

2
f O(x,0)*Ve(x) dV = f Ve(x) ( / Ho(x,y,twe(y)”dvy) dv,,
X X X
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and so substituting into (2.12) we obtain

5 12
Vel 2 = [ f V() ( / HO(X,y,f)Ve()’)S/ZdV}) dvx] .
X X

Substituting this into (2.9), we have

12 2/3
h(r) < [ / Ve (x) ( / Ho(x. y. )* dVy) dvx} IVell75.
X X

By (2.8), we conclude

dh _ Y(X* [g])

- h(t)3/2. 2.13
a = T v @19

Integrating and using the fact that 4(r) — oo as t — 0 we conclude
36| Vell7
ht) < o k5172,
Y(X*, gD
which is equivalent to (2.4). O
The key lemma that allows us to pass from Lemma 2.2 to Theorem 2.1 is the following:

Lemma 2.3. We have

P

tr 2 e’ < rank (&) try 2 70, (2.14)

Proof. This is based on argument in [DL82], Theorem 4.3 and Corollary 4.4. Let
H(x, y, t) denote the heat kernel associated to P with respect to the weighted inner
product of Lemma 2.2. More precisely, let u; < up < --- denote the eigenvalues
of —P, counted with multiplicity, and let {¢;} be an orthonormal basis of sections of
L*(E, V. dV) consisting of eigenfunctions of —7P:

—Poi = nidi,
with
/X(¢i(X),¢j(X)) Ve(x) dVy = §jj.
Then the associated heat kernel is given by

Hx,y,0)=Y e i (x) @i (y).
i=1
If |H| denotes the norm of H as an endomorphism H (-, x,y) : & — &, then |H|isa
subsolution of (2.5) (in the sense of distributions):
D1H| (x,y, 0] < PolH| (x, y,1)

(2.15)
= 3 (Ao |H| = §R) H| (x, y,1),

see Lemma 4.1 of [DL82]. Also, in analogy with (2.6), for any f € C° (X4) we have
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lim, ; |H (x,y, D1 f (y) Ve (y) dVy = [ (x). (2.16)

By (2.6) and (2.16),
|H| (-xvyat) - HO(x, yat)

= 111%{/ |H|(x, z, 1)Ho(z, y, T) Ve(2) dV;
T— X
_/ |H|(-xvzﬂr)H0(Z’y7t)V€(Z) dvz}
X

t
=f di[/ |H| (x,z,5) Ho (2, y,t —5) Ve (2) dVZ}ds
0 X

t
= [/ [/ LH| (x. 2,81 Ho(z. .t —5) Ve(2) de} ds]
o L/x .

t
+[f [/ |H| (x,2,5) % [Ho (z, y, 1t — 5)] Ve (2) dvz}ds] )
0 X P
(2.17)

We manipulate the second term 7> using (2.5),

1
TF/ f [H| (x,2,5) £ Ho (2,3, 1 = 5) Ve(2) AV ds
0 JX

t
_/0 /X|H|(x,z,s) (ﬁ (Ao—%R)Ho(z,y,t—s)) Ve(z) dV_ ds
t
Z_f / |H|(X’ZJ)AOHO(Z,)’J_S) dVZdS
0 JX

t
+//|H|(x,z,s)%R(Z)Ho(z,y,t—s) dVv.ds. (2.18)
0 JX

Integrating by parts in the term involving A¢ and using (2.15), reincorporating 7> into
(2.17),

|H|(x7yvt)_HO(x,y,t)
t (2.19)
Z/ / (& —Po) |H|(x,z,5)Ho(z, .t — 5)qe(z) dV, < 0.
0 Jx

Therefore, if tro H denotes the pointwise trace of H (-, x, x) : &, — &y,
tr2e’’ = fxtrgH(x, x,1)Ve(x) dV,
< rank(é’)/x |H|(x, x, 1) Ve(x) dVy
< rank(E)[X Ho(x, x,t)Ve(x) dV,

= rank(€) tr2 /7.

The result follows. 0O
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Combining Lemma 2.2 with Lemma 2.3 we have

Proposition 2.4. Let 1 < py < --- denote the eigenvalues of —P, counted with
multiplicity. Then for all t > 0,

ie_ t<36rank(5)||v5||§2t_2 (220
— T Y (X4, [g)? ' '

Proof. Observe that

o0
Z e 2t — (trLz e(ZI)P> . (2.21)
i=1
But by Lemma 2.3,
ad 0
(trpe e(z’)P) < rank(&) (trp2 e(Z’)P") = rank (&) Z e 2l (2.22)

i=1
Thus the result follows from Lemma 2.2.
Corollary 2.5. Let uj denote the kth—eigenvalue of —P. Then
36¢% rank (€) || Ve 17,
Y (X4, [g])?

12 > k. (2.23)

Proof. Asin [LYS83], take t = — in (2.20), then

36 rank (€) || V. ||2
L k_Zexm 20

Y (X4, [gD?

>Zexp< 260

> ke 2
The result follows. 0O

Proof of Theorem 2.1. By the argument of Birman—Schwinger, the number of non-
positive eigenvalues of the operator —A +z R + Ve is less than or equal to the number of
eigenvalues of the operator —P = v (— A +1 5 R) that are less than or equal to 1 (for an
overview of the argument, see (iv) in the proof of [LY83] Corollary 2). But, by (2.23),
if ux the greatest eigenvalue of —P that is less than or equal to 1, then

_ 36¢? rank(€) || Vel 7
T Y (X4 [g))?

Therefore, taking € — 0 we conclude

36¢% rank () | V |12,

NoS) = =553 g1

’

which completes the proof. O
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Remark 2.6. If £ — (X", g) is a vector bundle, n > 3, and S = —A + V is a linear

operator acting on sections of E with V > 0, then the preceding arguments can easily

be adapted to give an estimate for the number of non-positive eigenvalues of S. If Cs(g)
n=2

denotes the Sobolev constant,
Cs(9) (/ 17 dV> "< [ [vsrer]av
X X

nk(&) n2
No(S) < ¢y A+ W
’ ‘ Cs(g) L

then

3. Index Estimate for Yang-Mills Connections

3.1. Background. Let (E,h) — (X", g) be a vector bundle with metric over a closed
Riemannian manifold with structure group G C SO(E). Let I'(E) denote the smooth
sections of E, and gx denote the associated Lie algebra of E. For each point x € X"
choose a local orthonormal basis of 7 X" given by {e;} with dual basis {¢'} and a local
basis for E given by {uy} with dual basis {(u*)*} of the dual E*. Let A? denote the
space of smooth p-forms over X and set A”(E) := A” ® I'(E). Given an element in
AP (E) its components are understood be with respect to the forgoing bases. We will
also use the fact that when p = 1, we can take tensor products of the basis elements
{e'}, {mal, {(n*)*} to obtain a (local) basis of A!(E).
We will use the following conventions for the various inner products that appear:

1
(N, w)p2 = Qijwij, (v, u) S2x) = sz,u«l,,
ij

(A.B)y, = —stwp(AB)=—1) ALBS

(P, Q)Al(gE) = l%QlC{’ (R, S>A2(9E) = Rllﬂsga

Here, repeated Latin indices indicate contractions by the metric g on X”, and the com-
ponents are with respect to the orthonormal basis above. Unless specified otherwise, we
will use Einstein summation notation for both bundle and base components.
We need certain algebraic actions as well. First there is the bracket operation [, ] :
Algg) x Al(gg) — A%(gg) defined by
[A, B)?, = A';SB,W — Bl AY A,B e A'(gp).

jkoz joao

Also, given n € S?(TX) and ® € A?(gg), we may view both as elements of
End(A! (gg)) via the formulas

(n (ADE, = mijAL,,
B B B B
([®, A])iot = [qD./i’ A./] q)jl,uAl;a - AJ/LCDI;W

We next recall the definition of the Jacobi operator of Y M (see Theorem (6.8)
[BL81)).
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Theorem 3.1. Suppose V is a Yang—Mills connection on a vector bundle E over X"
with structure group G C SO(E), and {V,} is a one parameter family of connections
with V = Vg|,_o. Furthermore, suppose B := % [VS]|s=0 € Al(gE). Then

Home|_ =2 [ (7@ .8, v

Yog

where
T (B); = —ABi = V;VIB; +2[ Fi, B] +Ric] B;,

where A = VV, denotes the rough Laplacian.

The operator 7V is degenerate elliptic, due to the action of the infinite dimensional
gauge group. Questions of index and nullity always refer to the operator restricted to
divergence-free sections B, one which the operator takes the simpler form:

IV (B); = —AB; +2[Fji,3f] +Ric! B;. 3.1)

The index and nullity of a Yang-Mills connection are understood to be those quantities
associated to this operator. It follows from the conformal invariance of the Yang-Mills
energy that both the index and nullity are conformally invariant.

3.2. Linear algebraic estimates. In this subsection we obtain linear algebraic estimates
which enter into estimating the Jacobi operator. The key point is Proposition 3.5, which
provides a sharp inequality between the operator and Hilbert-Schmidt norms of the
bilinear form appearing in the Jacobi operator. Let Z € Sg (TX)and ® € A®(gg); in

the following we can view both as elements of End(A! (8g)).

Lemma 3.2. Suppose E — (X", g) is a vector bundle. Then Z and ®, viewed as endo-
morphisms of A' (gg), are symmetric. Moreover, Z is trace-free as an endomorphism

of A (gg).
Proof. Take A, B € A'(gg). Using the symmetry of both Z and the inner product on
E’

_ B
(9g) — 7 2 Z A]an;S

p
1z, BE A%
= <Z(B)sA>A1

(Z(A), B)p1

(9g) °

The symmetry of Z follows. Next, using the cyclicity of inner products over g, rein-
dexing and skew symmetry of the bracket operation and &,

([, AL B)p1q,) = —3 [@i. AL BY

B B
___ch]SAlD( ]/3+ A q)ua jB

B B
= Azot jﬂcb is T2 Alscbuoz iB

_1 4B ps B 48
A:aB/a(D?/ﬂ"' 24, ¢l/a37ﬂ
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8

B
8

B

(9g)°

— 1A% (B}, @]
= —347; (@i B)]
— ([, B], A) 5

hence ® is symmetric as an endomorphism.
To show that Z is trace-free as an operator on A!(g), we construct an orthonormal
basis for A'(gy) as described at the beginning of Sect. 3.1: for fixed (k, «, B), let

Akap) = @ (1*)" @ ug. 3.2)

where {e;} is a basis of 7'M that diagonalizes Z. Note that the components of these basis
elements are given by

(Atap)y, =Skedysl,  a#B,

so the only nonzero entry is the (k, «, B)-component. Computing the trace of Z with
respect to this basis yields

(Z(Agap): Adad)pigy) = —1Zii (Awap)iy (Akap)y
= —1Zij 810580 818487
=—12;858
=0,
since Z is traceless on T M. The result follows. O
Lemma 3.3. As operators on A (g), the ranges of Z and ® are orthogonal subspaces.

Proof. The orthogonality of Z and [P, -] will follow since Z preserves the bundle com-
ponents while @ is skew symmetric with respect to the bundle components. Using the
basis (3.2) as above, for fixed (k, «, ), then

(Z (Awap))iy, = Zti (Awap)y,
= Zui Sxe8y 5",
= Zi 838",

o Zki if/L:Oé,,B:l),
“]o otherwise. ’

Similarly,
v 1) v 8

[© Awap i, = Plis (Akap)y, — (Akad) s Poin

= ©};38108560 — 808005 2,

= o}, 88 —su0f

ki
0 a=vand 8 =u
_ —CDIEW a=vand 8 #pu
N DL, a#vandf=pu

0 aFvand f # u
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Where here, we are noting that since ® € Az(g E), its endomorphism indices cannot
coincide. O

To state our next result, we need to introduce an algebraic invariant defined by
Bourguignon-Lawson. Let

Yo 1= sup [AlTB] -
A, Bl (gp)\{0}

Lemma 2.30 of [BL81] gives the universal upper bound

vo < V2, (3.3)
and characterizes the case of equality.
Lemma 3.4. If A € A'(gg), then
1A, Alla2g) < Yoy St 1AL 1 - 3:4)
Since yy < ﬁ, in general we have
—11 42
I[A, Allp2(g,) S\/HT|A|A1(EE)- (3.5

Proof. Fixapoint p € X" andlet {e' } to be an orthonormal basis of Al If A € Al(gp),
then we can express A = A;e’ for A; € T' (gg). Then

I[A, A] = —11A, A1 1A, AL

ijo ijB

%Z“Aaf‘]iﬂgb.
i
2
=32 I[An A5l
i
o IlAn Al

i<j

|Az(g )

By the definition of yy, this gives

1A, Al = | Do [[An Af[2,

i<j

IA

Yoy, il |- (3.6)

<i<j

Now

Al = Z'A e 1405, = 220145, 14415, + 201,
1

i<j



Index-Energy Estimates for Yang—Mills Connections and Einstein Metrics 131

while the arithmetic-geometric mean implies
2
4 1 2 _ Ly
Z |Ai|GE e (Z |Ai|gE> - E|A|A1(QE)'
i i

Therefore,

2
Yo Al 1Al = CERIAL -

I<i<j<n
Substituting this into (3.6) gives
A, A, = 76 (52) 1A,
and taking the square root yields (3.4). O

Proposition 3.5. Suppose E — (X", g) is a vector bundle and let

B=2Z+[®,]: A(gp) — A(gp).

2
B(A, )] = /2= (VAZ|¢GWM)+2nn¢u@m))|Auvay

Proof. Since B is symmetric by Lemma 3.2, there exists an orthonormal basis of A! (g )
with respect to which the matrix of 5 is diagonalized. Since the ranges of Z and ® are
orthogonal by Lemma 3.3, we can express the matrix of 3 as

z0
@:@Q,
z0 00

are the matrices of Z and ® with respect to this basis,Zz = (z1, -+ , z0), ¢ = (@1, -+ , dN)
are the eigenvalues of Z and ® respectively. If A € A'(gg), then we can write A =

A1 + Ao, where
a 0
Ar= (0)’ A= (5)’

witha = (ay, -, an), b= (b1, -+, byn). Therefore, as a bilinear form

Then

where

B(A,A) =Z (A1, Ay) + D(Az, A2)
20\ /a3 . -
=(64) ;)@

= ZZiai2+Z¢jb3
i J
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Since Z is trace-free via Lemma 3.2,
>4}

i
n—=1121172
=/ 5 lzllal

_ —1 2
=y e |Z|S§(T*M) 1A |A1(gE)‘

|Z(A1, AD| =

Also, by Lemma 3.4,

|©(Az, A)| = D ;b
J

= [([®, A2], A2)lA1(g))
=2(®, [A2, A2D)l A2(q,)
< 2|(D|A2(gE) [[A2, A2]|A2(BE)

< 2VO|®|A2(95)\/§ |A2|3\1(9E> :

Therefore,

1B, A <2 (121 g ean 1410 ) + V2001l a2 142 0 )

where we have dropped the subscripts designating the norms in order to simplify notation.
By the Cauchy-Schwartz inequality,

n—1 2 2112 ) 4 4
B4, Al =5 \/|Z|S§(T*M)+2y0|d>|1\2(9£) VA g * 120k,

n—1 2 2112 2
<V (128 ey #2108 ) 148

The result follows. O

3.3. A canonical conformal representative. Since the index and nullity of a Yang—Mills
connection in four dimensions are conformally invariant, we may estimate them with
respect to any metric conformal to the base metric g. In this subsection, we specify
a choice of conformal metric based on our work in [GKS18]. To this end, suppose V
is a Yang—Mills connection on a vector bundle E over (X%, g) with structure group
G C SO(E), and denote the curvature by F = Fy. For t > 0, define

@, = Ry — 1[2V/6|W (g + 31| Fl, ],

where R, is the scalar curvature of g, W, is the Weyl tensor, and y; (E) is the constant
given by
<a)7 [a)’ w])
nE) = sup 20 (37
werl@p\o) 1!
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Remark 3.6. The definition of the inner product on A%(g g) given in [GKS18] differs
from the definition of this paper. In particular, the estimate for y;(E) in Section 2 of
[GKS18] needs to be adjusted. With respect to our current conventions, we have the
estimate

n(E) < 20 (E)
<4,

A

(3.8)

We also define the associated operator
r t
L, =—6A;+ .

In [GKS18], based on the ideas of [Gur00], we defined the related curvature and
operator

Dy = Ry — 2V6|W*|g — 311 |F7,,

(3.9)
Ly = —6A, + @,

It is easy to see that the expression y;(E)|F| is independent of the choice of norms.
Therefore, despite the difference of conventions pointed out in Remark 3.6, the definition
of @, in (3.9) agrees with the corresponding formula (3.5) in [GKS18].

Observe that

0
®) = R,
1
ol < @,
Note that the latter inequality implies
M(Ly) < hi(Ly). (3.10)
In addition, @’ satisfies the same kind of conformal transformation formula as ®: given
g =u’g,
t =31
CI>§ =u Lgu.
If A1 (L") denotes the first eigenvalue of L7,

Jx Le# AV

in Xt 8 (3.11
$eCOOON0) [y ¢ dV, )

h(LY) =

then the sign of A1 (L") is a conformal invariant (see [Gur00], Proposition 3.2). In partic-
ular, by using an eigenfunction associated with A1 (L") as a conformal factor, it follows
that [¢] admits a metric ¢ with CD’g > 0 (resp., = 0, < 0) if and only if Al(L;) >0
(resp. =0, < 0).

Proposition 3.7. Assume (X*,[g]) has Y(X*, [g]) > 0. Given V a Yang-Mills con-
nection which is not an instanton, there exists tg € (0, 1] such that : 1(L2,0) =0.1In
particular, we can choose a conformal metric g € [g] with respect to which <I>g’ =0,

hence

R§:2\/6t0|W§|+3y1t0|F|§. (3.12)
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Moreover,

Y (X4 [g])
2V6I W2 +3y1 I Flie —

Proof. Using the Bochner formula for Yang-Mills connections, in [GKS18] we showed
that either F* = 0, or else A1(Lg) < 0 (see [GKS18] following (3.8) of the proof of
Theorem 1.1). Since we are ruling out the former by assumption, the latter condition
must hold. Consequently, by (3.10), M(L}g) < 0. In fact, we can assume | (Lé,) <0,
since otherwise we could take 7o = 1.

Clearly, Al(Ltg) depends continuously on the parameter ¢. Since CDg = R, and the

(3.13)

Yamabe invariant of (X*, [g]) is positive, we know that A1 (Lg) > (. By the intermediate

value theorem, it follows there is #y € (0, 1] with Al(Lg’) = 0. Also, integrating (3.12)
and using the Cauchy-Schwarz inequality it is easy to see that 7 satisfies (3.13). O

3.4. The proof of Theorem 1.1. In this subection use Theorem 2.1 to give the proof of
Theorem 1.1. As remarked above, since the index and nullity are conformal invariants we
are free to make a conformal modification of the base metric and we choose the conformal
gauge guaranteed by Proposition 3.7. To begin we obtain an algebraic estimate for the
Jacobi operator. Specifically, let Z now denote the trace-free Ricci tensor, i.e.

Z := Ric—}Rg.
We express J ¥ as
TV = A+ IR+Z+2[Fy, ]
= —A+ iR+ {%R + Byl F, -]}A + {z+ (2 - “l/—gylt0> (F, -]}B, (3.14)
and proceed to estimate the zeroth-order operators .4 and /5 labeled above.
Lemma 3.8. As a bilinear form, A > 0.
Proof. 1f we take Z = 0 and & = Fy in Proposition 3.5, then
[F(A, A)l = [{[F, Al, A)]|
< B2 1FPIAP
= Yoy FlIAP%
Since yy < ﬁ, it follows that
{[F, A1, A)| < V3|F||AP.
Therefore,
A(A, A) = SRIAP + Byitg ([F, Al A)
BRIAPR = Byino (V3IFI) AP
=13 (R=3nn|F)IAP.
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Using the formula for the scalar curvature in (3.12), we conclude

A4, A) = &5 (R =3y [FI A7)
= Y10 | WA
> 0.
O
Lemma 3.9. Let
a=2—Lyi1>0. (3.15)
Then
B(A,A) = - [§ 12 + 3o |F|2]1/2 AP (3.16)

Proof. Note that B = Z+«[F, -]. If we take ® = « F in Proposition 3.5 and use the fact
that yp < «/5, then

1/2
B, A) = =R 121+ 293 |F12] 142

v

v

172
(5122 +302 |F2] 142,
as claimed. 0O

In view of (3.14) and Lemmas 3.8 and 3.9, we have

12
(TVA, A2 > ((— A+ LR - [% ZP2 + 302 |F|2] )A, A)p2

(3.17)
=((~A+tR—V)A, A)p,
where
v =[§1zP+ 302 |F|2]1/2. (3.18)
We therefore define
S=—A+{R-V. (3.19)

To estimate the index and nullity of 7V it suffices to obtain the estimate for S, since
by (3.17) whenever 7V is nonpositive on a subspace, then so is S. Applying Theorem
2.1 to the operator S on the bundle A!(gy), which has rank 4d, where d = dim(gj),

we obtain
144¢2%d
N, <—— " | vZav
® = yx7, [g])Z/

144¢%d
; 2{ /|Z| dV +3a? /|F| dV}
Y(X4, [g])

(3.20)
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By the Chern—Gauss—Bonnet formula
/ 1Z|? dV = —1272 x X4 / W dV+s | R*dV. (3.21)
X

Using the conformal gauge fixing of Proposition 3.7, we can estimate the scalar curvature
term above as

2 2
XR2 R\ (Zx/6|W|+3y1|F|) av

- /|W| dv+3fy1t0/ |WI|F| dV+196ylzt§/ |F|? dV.

Substituting this into (3.21) gives
%/X|Z|2 dv = 1272y (X4) +§ 1 +z§ / W dv
+ 318 / IWIIF] dV +55 715 / |FI* V.
We now substitute this into (3.20) to get
No(S) < %{ — 1272y (x“) +3 (1 +t§)/ (W2 v
Y(X*, (gD X
+38y2 /X WIF] av+ (3 + i) fx FPav ],
We estimate the coefficients of each of terms above as follows: For the first coefficient,
since 7o < 1 we have
3 (1 + tg) <3.

Since 0 <ty < 1 and by (3.8) y; < #, we can bound the second coefficient by

(3.22)

3J6., .2 _ 3J6
wao < Tfm (3.23)
<3v2.
For the third coefficient we use the formula for « in (3.15) to write
(302 + 1) = §0n10)? = V3nito) + 12 (3.24)

- 4f

Now yity < and the quadratic polynomial g(x) = 8x — V/3x + 12 attains its

V3

maximum at x = 0 on the interval [0, 47] Consequently,

(30{2 + %ylztg) <12

With these estimates on the coefficients, we can rewrite (3.22) as

144¢%d N )
NO(S)EW{—Hn X(X >+3/X|W| av

+3«/§/ \W||F]| dV+12/ |F|? dV},
X X

finishing the proof. O
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3.5. Linear growth rate in four dimensions. Theorem 1.1 exhibits that the index can grow
at worst linearly in the Yang-Mills energy of the connection. In this section we show that
this growth rate is sharp through an explicit family of examples. Various authors [SJTU89,
HM90,SS592,Bor92] have shown the existence of families of noninstanton Yang—Mills
connection for a given SU(2) bundle over S* provided that the charge « satisfies « (E) #
+1. We will use the work of Sadun—Segert [SS92], who constructed non-instanton Yang-
Mills connections on the so-called ‘quadrupole bundles.” The proposition below analyzes
this construction in conjunction with an index estimate of Taubes ([Tau83] Theorem 1.1)
to exhibit the required index growth.

Proposition 3.10. Given | = 4k — 1 > 1, let V! denote the Sadun—Segert connection
on the quadrupole bundle Py 3y — S*. There exists a constant 8 > 0 so that

(V') z 8|l [7
Proof. We assume familiarity with the results and notation of [SS92]. The quadrupole
bundles are defined by different lifts of the unique irreducible representation of SU(2)

on R>, and are classified by a pair of odd positive integers (n, n_), with the bundle
denotes P,, ,_). The construction of [SS92] further restricts to the case n+ # 1. We will

chooseny =1 =4k —1>1,n_ =3, and let V! denote the Sadun—Segert connection
on Py 3). As computed in [SS89,ASSS89] one has

K (Pl = 407 = n?) = § (2= 9). (3.25)
Furthermore, as the connection V' is not self-dual, [Tau83] Theorem 1.1 yields
1V = 2 (kP3| +1). (3.26)
We claim that there exists a constant C > 0 so that V' satisfies
||Fyi| |3, < CI2. (3.27)
Assuming this for the moment, putting together (3.25) - (3.27) yields

1(VD) > 2 (|k(Py3)| +1)

:2(%(12—9>+1)

12

v

1
1

v

2
ac |1 Fllz

as required.

We now prove line (3.27). Connections with quadrupole symmetry on these bundles
are described in terms of a triple of functions a; : (0, %) — R, i =1, 2, 3. The bundle
on which the connection is defined is determined by the boundary data. In particular, as
per ([SS92] Definition 2.5, Lemma 2.6), we require that a = (ay, az, a3) satisfies

lima (0) = (0,0,1),  lim a(®) = (0, 3,0), (3.28)
0—0 0—~%
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and moreover each a; extends to (—e, % + ¢) such that for all 6 € (—¢, €),
ay (0) =ax(—0), a3(0) =az(—0)
ai(3+0)=a3(5-0), a(53+0)=a(5-90).

We can construct a test connection which satisfies these conditions as follows. First set
a1 = 0. Fix some small § > 0 and define a, via

ar(@) =0 for6 e (—4,9)

ar(®) =3 f0r9€(%—8,%+8)
0<ar@) <3 fordel0, %]
0<ab®) <5 fordel0, %]

(3.29)

and we define a3 via
az(@) =3 forf € (-34,96)
az(0) =0 f0r9€(%—8,%+8)
0<a3®) <3 fordh €[0, %]
0>a50)> —5 for6 € [0, zl.
One easily checks that this satisfies conditions (3.28) and (3.29) for [ = 3. Furthermore,
if we set, for [ > 0,
a = (al, as, §a3)

then g; satisfies the conditions of (3.28) and (3.29) for the (/, 3) bundle, and furthermore
satisfies

0<a3(®) <I, 0=a50)=> -5l

In ([SS92] Proposition 2.7) the Yang-Mills energy of these connections is computed,
and takes the form

T
2 2 [ 3T /2 2 /2
Rl = 72 [ [@261+ @ + /61 + @762 + @2+ aan) /6o
0

+(a3)>G3 + (a3 + alaz)z/G3] do, (3.30)

where

G = L£b G, =81 Gy = L2

fi~’ 2 - i

fi@) =2sin(3+060), fr(0)=2sin(5-6), f3(6)=2sin(0).

Note that some terms in the energy formula involve factors of the G; which can blowup
at one endpoint or the other, but the boundary conditions for a ensure that these are
finite integrals. In particular, for our initial choice of @ = a3z, we obtain some value for
the Yang-Mills energy, call it C. We furthermore observe that every term in (3.30) is at
worst quadratic in a3 and aj, which both grow linearly with /, and hence it follows that
there is a different constant C such that

|| o] 7. < C2.

As the Sadun—Segert connection is constructed by energy minimization within this sym-
metry class ([SS92] Proposition 3.4, Theorem 3.10), its energy must lie below that of
this test connection, finishing the proof of (3.27). O
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4. The Index of a Positive Einstein Metric

Let X* be a smooth, closed, four-dimensional manifold. Furthermore suppose g is a
critical point for the normalized total scalar curvature functional given in (1.1):

[g] = Vol(g)~"/? /X , Re dVg,

where R, is the scalar curvature of g. It follows that g is an Einstein metric, whose Ricci
tensor is given by

Ric(g) = 1Rg

(see [Bes87], Chapter 4C).

To study the second variation of S at g, one uses the splitting of the space of sections
of the bundle of symmetric two-tensors (see [Sch06] for details). The stability operator,
corresponding to transverse-traceless variations of g, is given by

(L(h));ij = Ahij +2Rikjehe @D
= Ahjj +2Wikjehie — éRhij. '

This defines an index form

I(h,h):/(h,/:(h)) dav

X 4.2)

=/ [ = IVAI* +2W (h, h) — tRIA*] dV,
X

where

W(h, h) = Wikjehrehij.

The index 1 (g) of an Einstein metric is the number of positive eigenvalues of £ (equiva-
lently, the number of negative eigenvalues of —£). The nullity v(g) of an Einstein metric
is the dimension of the kernel of L, i.e., the dimension of the space of infinitesimal Ein-
stein deformations (see Chapter 12 of [Bes87]). With this background we can give the
proof of Theorem 1.3.

Proof of Theorem 1.3. Note that £ : S3(T*X*) — S}(T*X*), where S5(T*X*) is the
bundle of trace-free symmetric two-tensors. It follows from ([Hui85], Lemma 3.4), that!

2 2
—Wh h) = = ZFIWIAI.
Therefore,
2 4 2,1 2
/X<h, —L(h)) de/X[IVhI — 5 IWIhI® + 5 RIAIP] dV

=/(h,(—A+%R—V)h) dv,
X

1 Note that in [Hui85], the norm of Weyl is the one induced by the metric on covariant 4-tensors, while we
are using the norm of Weyl viewed as a section of End(Az).
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where

_ 4
V=Wl

Since dim(S3(7*X*)) = 9, applying Theorem 2.1 to the operator N = —A + ¢ R — V
gives

[y IW]? dV
1(g) +v(g) < 1728e2m. (4.3)
Since g is Einstein,
Y(X*, [g]) = ZIgl. (44)

Also, by the Chern—Gauss—Bonnet formula,

872y (XY = /X (IW]* + 5 R?) dV

:/X|W|2 dV +5.71gl.

Substituting this into (4.3), using (4.4), and rearranging the inequality gives

x(X*
3+8[1(g) +v(9)

Sgl < 2471\/

where § = (24¢%)~!, as required. O

5. The Proof of Theorem 1.4

Proof of Theorem 1.4. Let (X*, g) be an oriented four-manifold with positive scalar
curvature. To obtain the estimate for the first Betti number we only need to make minor
changes to the index estimate for Yang-Mills connections, since the Jacobi operator in
the case of the trivial bundle is the Hodge Laplacian acting on A'. The only difference
is the choice of conformal representative: in the trivial case, we use a Yamabe metric in
the conformal class of g instead of the metric specified in Proposition 3.7.

Let H; : A' — A! denote the Hodge Laplacian. Then by the Hodge-de Rham
theorem, H'(X*, R) = ker H;, and dimker H; = b;(X*). Let w € H'(X* R) be a
harmonic one-form; by the classical Bochner formula,

(—Hi0, ®) 2 =/ (|Va)|2+Ric(a),a))) av

X
zf <|Va)|2+4—1‘R|a)|2+Z(w,w)> av
X
3/ <|Vw|2+%R|w|2+Z(a),a))) v .
X
Since Z is trace-free,

Z(w, ) > =Ll
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Therefore,
(Hio.0)pz = [ (1Yol + fRIF - LIZ l0P) oV
X
1
=((—A+§R—-V)w, ),
where
v=2"L7]

Applying Theorem 2.1 to the operator —A + %R — V with & = Ay, we get

4 108¢2
0 < S e J 12 0V

Recall

4[o2(Ag) AV _ [y (=31ZP + 5 R?) dV
Y (X4, [gD)? Y(X4, [gD)?

o1 (X4, [gD) =
Since g is a Yamabe metric,
/ R? dV = Y(X*, [g])*
X
Consequently,
f |Z > dV = =2p1(X*, [g) Y(X*, [g])” + 15 / R* av
X X

S (1 —24p1 (X% [g ])) Y (x4, g2

Substituting this into (5.1) gives (1.3).

141

(5.1)

To estimate b (X Y, let Ho : H? (X 4 > H? (X 4) denote the Hodge Laplacian. Then
b*(X*) = dim ker HZ, where H+ is the restriction of H, to A2 the bundle of self-dual
two-forms. The space of self- dual harmonic two-forms is conforrnally invariant since the
Hodge * operator is. Therefore, in estimating b*(X*) we are free to choose a conformal
metric. If we take the bundle E to be the trivial bundle in Proposition 3.7, then there is

a conformal metric ¢ € [g] and a ty € (0, 1] such that
Ry = 2/610| W} .

From now on we assume g = §.
The operator 7 satisfies the Weitzenbock formula

H3 = A+2W* — iR,

(5.2)

where A is the rough Laplacian. Since W* : A2 — A2 is trace-free and dim A2 = 3,

we have the sharp inequality

W (@, @) < Z Wl
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Therefore,

(—Hiw, w)2 = /
-,
I

(—Hiw, w),2 > <|Va)|2 + LRjw]? — Y22 - t0)|W+||a)|2) av
X

>((-A+iR-V)w, )

IVol? — 2W*(w, ») + %R|a)|2) av

>

>

(
(|Va)| LWl + §R|w|2) av
(

IVol* + LRl + ( R— —|W+|) |a)|2) av

<

Using (5.2),

L2

where
V=22 —1)|W*|.

Applying Theorem 2.1 to the operator —A + %R — V with & = A%, we get

+/yv4 722 2 +12
b (X )_W(Z—to) IW™lI72

(gD
= 36 (2 — t0)2p+(X41 [g]),

where p; is given by (1.2). By (3.13) of Proposition 3.7,

(5.3)

o' P < <1,

hence

Q=102 ps <2 —p; M0y < @pl* = 1)

Substituting this into (5.3) gives (1.4). O
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