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Abstract: We study stability times for a family of parameter dependent nonlinear
Schrodinger equations on the circle, close to the origin. Imposing a suitable Diophan-
tine condition (first introduced by Bourgain), we prove a rather flexible Birkhoff Normal
Form theorem, which implies, e.g., exponential and sub-exponential time estimates in
the Sobolev and Gevrey class respectively.
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1. Introduction and Main Results

We consider families of NLS equations on the circle with external parameters of the
form:

ity + gy — Vxu+ f(x, [ul>)u =0, (1.1)
where i = /—1 and V x is a Fourier multiplier
Viku=Y Viujel*, (Vi) jez € wgs
jez
living in the weighted £°° space

wgo ={V = (V/)jeZ el™ | |V]g =sup|Vj[(j)! <o}, ¢ =0,
JEZL
where (j) := max{|j|, 1}, while f(x, y) is 27 periodic and real analytic in x and is real

analytic in y in a neighborhood of y = 0. We shall assume that f(x, y) has a zero in
y = 0. By analyticity, for some a, R > 0 we have

Fe =Py 1flar =Y 1f PR < oo, (12)
d=1 d=1

where, given a real analytic function g(x) = Z/’GZ gjeijx, we set! |g|12Ta = Z/ez

lgj |2€2a|j | Note that if f is independent of x (1.2) reduces to
o
|flr =Y If PR < o0. (1.3)
d=1

Equation (1.1) is at least locally well-posed (say in a neighborhood of u = 0in H', see
e.g. Lemma 5.4) and has an elliptic fixed point at # = 0, so that an extremely natural
question is to understand stability times for small initial data. One can informally state
the problem as follows: let E C H' be some Banach space and consider (1.1) with
initial datum uq such that |ug|g < § < 1. By local well posedness, the solution u(t, x)
of (1.1) with such initial datum exists and is in H'.

We call stability time T = T(§) the supremum of the times ¢ such that for all
|ug|g < 8 one has u(z, -) € E with |u(t, )|g < 26.

Computing the stability time 7 (§) is out of reach, so the goal is to give lower (and
possibly upper) bounds.

A good comparison is with the case of a finite dimensional Hamiltonian system
with a non-degenerate elliptic fixed point, which in the standard complex symplectic
coordinates u ; = \/lj(q j +1ip;) is described by the Hamiltonian

n
Z wjlu; |2 + O(u3), where w; € R are the linear frequencies. (1.4)
J=1
1 Namely g is a holomorphic function on the domain T, := {x € C/27Z : |Imx| < a} with L2-trace on

the boundary.
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Here if the frequencies w are sufficiently non degenerate, say diophantine,” then one can
prove exponential lower bounds on 7' (§) and, if the nonlinearity satisfies some suitable
hypothesis (e.g. convexity or steepness ), even super-exponential ones. This was proved
in [MG95] (see also the recent paper [BFN15] and references therein).

The strategy for obtaining exponential bounds is made of two main steps. The first
one consists in the so-called Birkhoff normal form procedure: after N > 1 steps the
Hamiltonian (1.4) is transformed into

n
ij|u,~|2+z+1e, (1.5)
j=1
where Z depends only on the actions (|u; |2)l’.1: , while R = O (Ju|™+3) contains terms
of order at least 2N + 3 in |u|. It is well known that this procedure generically diverges
in N, so the second step consists in finding N = N(§) which minimizes the size of the
remainder R.

The problem of long-time stability for equations (1.1) has been studied by many au-
thors. In the context of infinite chains with a finite range coupling, we mention [BFG88].
Regarding applications to PDEs (and particularly the NLS) the first results were given
in [Bou96a] by Bourgain, who proved polynomial bounds for the stability times in the
following terms: for any N there exists p = p(IN) such that initial data which are §-small
in the H”*P norm stay small in the H p' norm, for times of order §N. Afterwards,
Bambusi in [Bam99b] proved that superanalytic initial data stay small in analytic norm,

for times of order eln(%)Hb, where b > 0.

Following the strategy proposed in [Bam03] for the Klein—Gordon equation Bambusi
and Grébert in [BGO3] first considered Eq. (1.1) on T< and then, in [BGO06], proved
polynomial bounds for a class of tame-modulus PDEs, which includes (1.1). Their main
result is that for any N >> 1 there exists p(N) (tending to infinity as N — o) such
that for all p > p(N) and all §—small initial data in H” one has T > C(N, p)§ ¥,
provided § < 8p(N, p). Similar results were also proved for the Klein—-Gordon equation
on tori and Zoll manifolds in [DS04,DS06,BDGS07]. Successively Faou and Grébert
in [FG13] considered the case of analytic initial data and proved subexponential bounds

of the form 7 > e“‘(%)m, b > 0, for classes of NLS equations in Td (which include
(1.1) by taking d = 1). Regarding derivative NLS equations, the first results were in
[YZ14] for the semilinear case. Recently, Feola and Iandoli in [FI] prove polynomial
lower bounds for the stability times of reversible NLS equations with two derivatives in
the nonlinearity.

A closely related topic is the study of orbital stability times close to periodic or
quasi-periodic solutions of (1.1). In the case E = H 1 Bambusi in [Bam99a] proved

a lower bound of the form 7" > e‘sfb, b > 0, for perturbations of the integrable cubic
NLS close to a quasi-periodic solution. Regarding higher Sobolev norms, most results
are in the periodic case. See [FGL13] (polynomial bounds for Sobolev initial data) and
the preprint [MSW 18] (subexponential bounds for Gevrey initial data).

A dual point of view is to construct special orbits for which the Sobolev norms
grow as fast as possible (thus giving an upper bound on the stability times). As far
as we are aware such results are mostly on T2 and in parameterless cases (for instance
[CKS+10,GK15,GHP16]) and the time scales involved are much longer than our stability

2 A vector w € R" is called diophantine when it is badly approximated by rationals, i.e. it satisfies, for
some y, T >0, [k-w| > ylk|™F, VkeZ"\{0}.
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times (see [Gual4] for the instability of (1.1) on T2 and [Han14] for the instability of
the plane wave in H” with p < 1).

In this paper we propose an abstract Birkhoff normal form result (see Theorem 1.3)
on weighted sequence spaces (based on £?) and deduce from it stability estimates for
initial data in analytic, Gevrey and Sobolev class. An important difference of our ap-
proach with respect to the aforementioned papers and one of the main motivations of
our work is that we use a different diophantine non-resonance condition on the linear
frequencies, originally introduced in [Bou05] in the context of almost-periodic solutions.
More precisely set

Q, = :a) = (@)) ez € RZ, suplwj — j2|(j) < 1/2} (1.6)
' j

and, for y > 0, define the set of “good frequencies" as

qu'—{wqu'|w~Z|>yH; VEEZZ'|£|<OO}
g = : —. : .
AL A+ 162 n)24)

(1.7)

It is known that D), ; is large with respect to a natural probability product measure on
2, (for a proof see [BouO5] or Lemma 4.1 in the present paper). It turns out that such
diophantine conditions are very natural and easy to use in the context of PDEs on the
circle with a superlinear dispersion law. Then from now on we shall fix y > 0,qg > 0
and assume that w € D), 4.

Remark 1.1. We note that some non-resonance condition on the frequencies is inevitable
if one wants to prove long-time stability, indeed if one takes V = O and f (x, |u|?) = |u|*
then one can exhibit orbits in which the Sobolev norm is unstable in times of order § %,
see [GT12,HP17].

At the formal level our BNF scheme is identical to the one used in finite dimensional
systems, see formula (1.5). The fact that such a scheme may be applied in an infinite
dimensional context follows from introducing a suitable norm (see Definition 1.2 and the
comments thereafter); it turns out that our norm has explicit (and for us quite surprising)
immersion properties (see Proposition 3.1) and allows good bounds on the solution of the
homological equation (see Lemma 4.2). The gist of these properties is that they ensure
that any vector field mapping a (neighborhood of) given Hilbert space in itself also maps
(smaller neighborhoods of) more regular Hilbert spaces in themselves. Analogously also
the vector field solving the homological equation maps sufficiently more regular Hilbert
spaces in themselves.

To show that our procedure works in significative cases, we have computed stability
times for various regularity classes. More precisely we improve the results in [FG13]
on analytic and Gevrey initial data, see Theorem 1.1. Moreover we recover [BG06] on
Sobolev initial data, giving an explicit control on the dependence of the stability time
and of the smallness condition on the regularity, see Proposition 1.1 and the improved
estimates of Theorem 1.2.

Comments on possible generalizations. In this paper we have considered the sim-
plest possible example of dispersive PDE on the circle. One can easily see that the
same strategy can be followed word by word in more general cases provided that
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the non-linearity does not contain derivatives and that the dispersion law is super-
linear. A much more challenging question is to consider NLS models with deriva-
tives in the non-linearity. As we have mentioned a semilinear case was discussed by
[CMW]. A very promising approach to Birkhoff normal form for quasilinear PDEs
is the one of [BD18,BDG10,BDGS07,BFG88,BFG18,BFN15,BG03,BG06,Bou96a,
Bou96b,Bou05,CKS+10,CLSY,CMW,Del12] which was applied to fully-nonlinear re-
versible NLS equations in [FI]. It seems very plausible (at least in the reversible case) that
one can adapt their methods (based on paralinearizations and paradifferential calculus)
to our setting.

A natural generalization would be the extension to higher dimensions. While the
immersion properties would work essentially in the same way, the diophantine condition
should be adapted, for instance one could use the condition in [FG13].

Equation (1.1) contains infinitely many external parameters. Of course one would like
to consider parameterless equations as in the very interesting recent preprint [BFG18].
In this direction a natural question would be to understand if one could impose similar
diophantine conditions by tuning only one parameter such as the mass in the beam or
wave equations (see, e.g., [Bam03,BD18]).

Before explaining the abstract BNF procedure in detail let us describe our stability
results.

1.1. Stability results. Analytic and Gevrey initial data. Our result is similar to [FG13]
in the sense that we also prove subexponential bounds on the time. We mention however
that in [FG13] the control of the Sobolev norm in time is in a lower regularity space w.r.t.
the initial datum. Recently we have been made aware of a preprint by Cong, Mi and
Wang [CMW] in which the authors give subexponential bounds for Gevrey initial data of
amodel like (1.1), very similar to ours. A difference is that in their case the non linearity
contains a derivative (see the comments after Theorem 1.1) but satisfies momentum
conservation. The two results were obtained independently and contemporarily, anyway,
the overall strategies of proofs are quite different. In particular our resultis a consequence
of the general Birkhoff Normal Form Theorem 1.3 and the non-resonance conditions
are different (recall (1.7)).
To state our result, let us fix 0 < 6 < 1, and define the function space3

) ij 2.2 . 2 2 2alilsi it
Hpsa = qux) = Zuje”x €L : uly,, = Ziu/| (j)2P a2l — o
JEZ JEZL

(1.8)

with the assumption @ > 0, s > 0, p > 1/2. We remark that if ¢ > O this is a space
of analytic functions, while if a = 0 the functions have Gevrey regularity. Note that
for technical reasons connected to the way in which we control the small divisors, we
cannot deal with the purely analytic case 8 = 1, see Lemmas 6.1, 7.1. For this reason
we denote this result as G (Gevrey case).

Our result, stated below, depends on some constants dg, Tg, explicitely defined in
Subsection A, and depending only on y, ¢, a, R, | fla.r, P, S, a, 6.

3 Actually Hp 5 4 also depends on 6, however, since we think 6 fixed, we omit to write explicitly the
dependence on it.
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Theorem 1.1 (Gevrey Stability). Fix any a > 0, s > 0 such that a + s < a and any
p > 1/2. Forany 0 < § < §g and any ug such that

|”0|p,s,a <3,

the solution u(t) of (1.1) with initial datum u(0) = uq exists and satisfies

1+60/4

. T In é&

u)|ps.a <28 forall times |t] < —Ge(n 5) .
p.s. 52

Remark 1.2. Some comments on Theorem 1.1 are in order.

1. The main point in the proof is to verify that the abstract Birkhoff Normal Form
Theorem 1.3 is applicable. Then we put the Hamiltonian of the NLS in Birkhoff
normal form:

> wjluiP+Z+R, (1.9)
JEL

where Z depends only on the actions (|u; |2),-Ez while R = 0(|u|2N+3) is analytic in
a ball centered at zero of h, ; , and has a zero of order at least 2N+ 3 in u = 0. Then
we find N = N(§) which minimizes the size of the remainder R.

2. We did not make an effort to maximize the exponent 1 + 6 /4 in the stability time. In
fact, by trivially modifying the proof, one could get 1 + 6/(2%). We remark that in
[CMW], in which & = 1/2, the exponent is better, i.e. itis 1 + 1/(2%).

Sobolev initial data. Here our first goal was to recover by our methods the result
of [BGO6], computing explicitly all the constants in the estimates. In particular it is
fundamental to have a good control on the dependence of the stabiliy time 7" on the
the regularity p. Indeed there are two natural ways of taking a small ball around zero:
reducing the size § or increasing the regularity p. A crucial point is that, in the case
of Sobolev regularity, the number of BNF steps that one may perform is (apparently
unavoidably) tied to the regularity p. This is clearly seen in [BG06], where the number
of steps is ~ ,/p. It seemed an interesting point to verify how our approach worked in
such a case, and wether we would see the same phenomenon.

As before, our estimates depend on some constants, denoted by s, dg, kg, Ts,,
explicitly defined in “Appendix A”. These constants depend only on y, g, a, R, | f|a.r-

Proposition 1.1 (A quantitative version of [BG06]). Consider Eq. (1.1) with f satisfying
(1.2) for a, R > 0. For any p > 315 + 1 and any initial datum u(0) = u satisfying

luolmr = luol 2 +180uol 2 < 8 < 8s(ksp) P (1.10)

the solution u(t) of (1.1) with initial datum u(0) = uq exists and satisfies
2(p—1)
. _5 ds s
|u(t)|Hp <48 forall times |t| < Tgp P 5 . (1.11)

Remark 1.3. Also in this result we just have to verify the hypotheses of Theorem 1.3.
However as it happens in [BG06] the maximum number N of steps of BNF we can

perform depends on p, in particular N = [pr—;l]. This is in fact slightly better than the
previously cited paper (N ~ p instead of ,/p). On the other hand it is not difficult to
show that the bound § < §5(kg p)’3p is essentially optimal (see Remark 10.1).
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Looking at the proof of the Theorem or even constructing other finite-dimensional mod-
els, one can see that in the traslation invariant case, the very restrictive smallness condi-
tion in (1.10) is only due to interactions between the modes 0, 1, —1 and all the others. It
then seems natural to consider initial data for which the energy on such modes is smaller,
namely |up|;2 < 2775. We refer to this case as M, the relevant constants can be found
in “Appendix A”

Theorem 1.2. Consider Eq. (1.1) with f independent of x and satisfying (1.3) for R > 0.
For any p > 3ty + 1 and for any initial datum u(0) = ug satisfying

luolpr <8 < Su lugl 2 <2778 1.12)
P = > —, L2 = .
JP

the solution u(t) of (1.1) exists and satisfies
p=1

. 86M2 ™
lu(®)|gr <88 forall times |t| <Tu|-———= . (1.13)
(p—1)82

Remark 1.4. Note that, since the L? norm is a constant of motion, one trivially has
lu(t)| 2 < 27P§. Comparing with (1.11), we see that the time estimate is more or less
the same but now it holds in a much bigger neighborhood of zero (§ < p_l/ 2 instead of
<p7¥).

If one requires a stronger condition on the L? norm, i.e., luol;2 < 3776, it turns out
that the size of the perturbation is exponentially decreasing in p and, therefore, keeping
8 fixed and sending p to infinity one immediately obtains stability.

The main difference between the Gevrey and Sobolev cases is that in the latter the
number of BNF steps N depends on the regularity, while in the former it is independent.
Thus in the Sobolev case we cannot fix both § and p and optimize in N. What we can
do is to fix § and find an optimal regularity p(§), which maximizes the stability time.
It turns out that the two cases S and M behave differently. Indeed the weaker smallness
condition (1.12) allows us to take much bigger p(§), obtaining much longer stability
times. As before our statements depend on some constants, denoted by S S, SM explicitly
defined in Subsection A.

Corollary 1.1 (Sobolev stability: optimization).
(S) Forany 0 < § < 85 and any uq such that

11’1(83/5)

<4, =p@)=1+—— 1.14
luolgr <8, p=p@) 6InIn(62/8) (1.14)

the solution u(t) of (1.1) with initial datum u(0) = uq exists and satisfies

in? (85 /8)
lu(t)|gr <48 for all times |t| < Tge #shh@s/3) (1.15)
(M) Assume that f in (1.1) is independent of x. For any 0 < 8 < 8y and
8’ _

Vp=p@):= R Yug s.t. |uolur <8, |ugl2 <2778, (1.16)

the solution u(t) of (1.1) with initial datum u(0) = u exists and satisfies

i
lu(®)|gr < 88 for all times |t| < Tyens*. (1.17)
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Remark 1.5. Some remarks on Corollary 1.1 are in order.
Note that (1.15) is the stability time computed in [BFG88] for short range couplings.

1. We will prove the case M only for p = p(8), the general case being analogous®* (with
the same constants!) also if p > p(§).

2. One can easily restate Corollary 1.1 in terms of the Sobolev exponent p, instead of
8, since the map § — p(§) is injective.

Remark 1.6 (finite dimensional examples). It is interesting to compute the stability times
predicted by our theorems for initial data supported on a finite number of modes. To this
purpose consider an initial datum «© uniformly distributed over the modes 1, ..., j:

WO =e Vi=1,...,j

. . 0
Theorem 1.1 witha = 0, p = 1 states that if ¢ < eg := dge ™2/ then u(f) stays stable,
. . e 146/4
in Gevrey norm, for times of order e =E)

Now if ¢ < en(p) = 8Mj_p_1/ﬁ we have |u0|Hp < 8 and |ugl;2 < 27P6;
then by Theorem 1.2 the solution u(¢) stays stable, in H” norm, for times of order

en(p) \ 2P~ D/ o L .
T ~ (T) . Maximizing the time in p with fixed ¢ we get

2
B In(%) mne=1)?

T ~e M (1.18)

P o

provided that ¢ < j =™ Explicitly we get a weaker constraint on & and a better time
estimate. Of course one could play the same game directly with the estimate of Propo-
sition 1.1. As it should be expected the time estimate is more or less the same as 1.18

.. . . -0
but the smallness condition is much stronger, i.e. of the type ¢ < e ™2/,

1.2. The abstract Birkhoff Normal Form. We start by setting our functional framework.
The main point is to introduce a weighted majorant norm which penalizes the terms in
the Hamiltonian which do not preserve momentum, see Definition 1.1.

Let us pass to the Fourier side via the identification

u(x) =Y ujelt > u=(u))jez (1.19)
J€EZ
where u belongs to some complete subspace of £2. Fix the symplectic structure to be

iZduj Adii;. (1.20)
j

In this framework the Hamiltonian of (1.1) is

Hnis() :== Dy, + P, where

. 2
D, = ij|uj| ,

JEZL
P = / F(x, lu(x)|?)dx, F(x, y) = /‘y f(x,s)ds. (1.21)
T 0

4 Indeed, thanks to the immersion property of our norms (see Proposition 6.1 below) the canonical trans-
formation putting the system in Birkhoff Normal Form (see Theorem 8.1 below) in the p-case is simply the
restriction to H” of the one of the p(§)-case.
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We shall always work with quite regular solutions; given a real sequence w =
(wW;)iez, withw; > 1 let us set the Hilbert space’
Jli J p

by = u = (1)), € C©) ¢ ul = S ;P < oot (1.22)
JEZ

As examples of h,, we consider:

G) (Gevrey case)w(p, s, a) = ((j)pe“‘j‘”(j)g) - which is isometrically isomorphic,
S
by Fourier transform, to H, ; , defined in (l.é).

S) (Sobolev case) w(p) := w(p,0,0) = ({j)?) jez, which is isometrically isomorphic,
by Fourier transform, to H, ¢ 0 defined in (1.8) and is equivalent to H? equipped with
the norm | - |72 + [07 - | 12 with equivalence constants independent of p (see (5.28))

M) (Modified-Sobolev case) w; = | j|”, where | j] := max{| |, 2}; this space is equiv-
alent to H? equipped with the norm 27| - |;2 + 187 - | 12 With equivalence constants
independent of p (see (5.30))

Here and in the following, given r > 0, by B, (h,,) we mean the closed ball of radius
r centered at the origin of hy,.
In the following we always consider Hamiltonians H : B, (h,,) — R such that there
exists a pointwise absolutely convergent power series expansion
Huwy = Y Hypu®if, u*:=]]uf

o, BeNZ, =
| +]B] <00

with the following properties:
(i) Reality condition:
Hypg=Hgq, (1.23)

this means that H is real analytic in the real and imaginary part of u (see section 2);
(i) Mass conservation:

Hy g =0 if |ee| # [B], (1.24)

namely the Hamiltonian Poisson commutes with the mass ) jez |uj 1%;

The Hamiltonian functions being defined modulo a constant term, we shall assume
without loss of generality that H (0) = 0.
We say that a Hamiltonian H as above preserves momentum when

Hyp =0 if m(@—p):=) j(o;—B;)#0, (1.25)
JjEeZ

namely the Hamiltonian H Poisson commutes with ) :_ j |uj |2. Note that if the non-
linearity f in Eq. (1.1) does not depend on the variable x, then the Hamiltonian P in
(1.21) preserves momentum.

5 Endowed with the scalar product (u, V)n,, = Zjez w%ujﬁj.
6 As usual given a vector k € ZZ, k| := ZjeZ [kjl.
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Definition 1.1 (n-majorant analytic Hamiltonians). For n > 0,7 > 0 let A, ,(h,,) be
the space of Hamiltonians as above such that the n-majorant

Hy(u) = Y |Hypgle"™ @ Plyih (1.26)
o, BeNZ

is point-wise absolutely convergent on B, (h,,). If we take n = 0 we denote H(u) =
H (u) as the majorant of H.

The exponential weight el™ @=B)l i5 added in order to ensure that the monomials which
do not preserve momentum have an exponentially small coefficient.

We will say that a Hamiltonian H (1) € A, ,(hy) is n-regular if X H, " B, (hy) — hy
and is uniformly bounded, where X H, is the vector field associated to the n-majorant
Hamiltonian in (1.26). More precisely we give the following

Definition 1.2 (y-regular Hamiltonians). For n > 0, r > 0let H, ; (hy,) be the subspace
of A, ,(hy,) of those Hamiltonians H such that
) -
Ul hy,

We shall show in Sect. 2 that this guarantees that the Hamiltonian flow of H exists
at least locally and generates a symplectic transformation on hy,.

Xu

|H 34, () = 1 Hrpow == rl( sup

[uln, <r

Remark 1.7. Definition 1.2 with n = 0, i.e. the idea of controlling an analytic function
through the sup of its Cauchy majorant, dates back to Cauchy-Kovalevskaya. In the
context of analytic functions on Hilbert spaces, this class of functions is defined and
studied, with a slightly different approach, in [Nik86] and [KP10], where it is referred
to as “normally analytic” functions.

Regarding the idea of introducing a weight which penalizes monomials which do not
preserve momentum, this was used already in [BamO3].

In our work the crucial point is that all the dependence on the parameters r, n, w of
the norm in Definition 1.2 can be encoded in the coefficients

2
() — B2 niw@—p) i atB _ oj+B;
crinu(e, B) =7 e —5 =]y (1.27)

JEZ
defined for any «, B € NZ and j € Z (see formula (3.1) and Lemma 3.1). This allows
us to give a simple and explicit condition which guarantees the immersion H,,, (hy,) C
H, ,y (hy) in terms of the ratio of the coefficients cﬁf,;,w(oc, B), cf{ )n’ (@, B), see Propo-
sition 3.1.
As it is well known a Birkhoff Normal Form is achieved by an iterative procedure.
Let us describe the general step. Given a Hamiltonian

H=Y wjuj*+Z+R, (1.28)
JEZ

where Z is a normal form and R has a zero of degree say 2d+2 (withd > 1)atu = 0, we
look for a change of variables, which conjugates H toaHamiltonian } _ ;7 w;u; +Z'+
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R’ so that now R has a zero of degree at least 2d + 4. The desired change of variables
is generated by the time one flow of a Hamiltonian S which solves the homological

equation’
2
D wjlu?. S} =
JEZ

As for the immersion properties, given® < r, o’ < nandw’ > w such that Hyp(hy) €
H,s y (hyy), in Proposition 4.2 and Lemma 5.2 we give a simple and explicit condition
-in terms of the ratio of the coefficients cﬁj,? w(e, B), c(] ) " (@, B)- which ensures that
if R € H, ,(hy) is appropriately small, then S is well deﬁned and generates a close to
identity change of variables B, (h,s) — h,,. With this procedure we start in some phase
space hy, and then show the existence of the Birkhoff change of variables on a ball which
not only has a smaller radius but is taken in the stronger toplogy h,. Note that this is
not a smoothing change of variables: it is defined from the smaller space to itself.
Starting with a Hamiltonian as in (1.28) with a zero of order 4, in order to reach the
form (1.9) we need to perform N steps of BNF. To this purpose we make the following

Assumption 1. We say that n > 0 and two weights wy < w satisfy the Birkhoff as-
sumption at step N > 1 if the following holds. The exists a sequence of weights
wo < wj < --- <wy = wsuch that
)
c (a, B)
¢ := max {1, sup  sup Qi Vs } < 00,
O<n<N japB an,n,,,w,,(‘x 1)

oj+p#
(J)
c (e, B)
R '= max {1, sup - sup Qi T+ 1 Wn+1 } < 00,
O=n<N j,a B CQ,, N wn(“ /3)|w (a — ﬂ)|
oe.,v+,8_/;£
ot ooy (@ B)
&% := max {1, sup - sup - —= = } < oo, (1.29)
0<n<N  ja.B  Copin (@, Bl (& — B)]
o;+B;#0
where
n n On+l +0
on=Q=0), m=0-9n 0<ns<N  gi=="— 0<n<N

Informally speaking € < oo guarantees the immersion properties at each step, while
R < oo guarantees that one can solve the homological equation at each step. Finally
A% < oo guarantees that the composition of the changes of variables of all steps is well
defined and close to identity on some ball B, (hy,,).

Let

K, (h) = {H € Hyp(he) | H= Y Haalu) (1.30)

aeNZ

be the subspace of normal form Hamiltonians.

7 Since w € Dy,4> W.1.0.g. we may assume that R is in the range of the operator {Z/-Ez wjlu;j 12,
8 As usual w < w means that wj < w} for every j € Z.



2100 L. Biasco, J. E. Massetti, M. Procesi

Theorem 1.3 (Abstract Birkhoff Normal Form). Consider a Hamiltonian of the form

H=D,+G, Dy=) ol (1.31)
j

with w € Dy 4 and G € Hj y(hy,), for somer > 0, n > 0. Assume moreover that G
has a zero of order at least 4 at u = 0. Consider N > 1 and w > wo such that n, wy, w
satisfy the Birkhoff assumption at step N. Set

T := min r—,,’ L , where 1, :7/11;‘ (1.32)
VNmax{C8{, &%) 2 2%e| Gl p,wo

Then for all 0 < r < T there exists an invertible symplectic change of variables

V: B.(hy) — By (hy),

~ 3 T ~ g8
sup |W(u) —ul, =Cir’ <<, Ci:=57—, (1.33)
ueB, (hy) 8 2er;
such that in the new coordinates
HoWV=D,+Z+R, Z € K, (hy),
where
1Zlrow < Cor®, [Rlrow < Car?®™ D with
~  8|Glr.. N y [(CAN\"
Cp = #, CG=sg3\753 ) (1.34)
r ery \ 4r;

The theorem follows by a straightforward iteration, see Sect. 5.

As it is well known the bounds (1.34) imply a lower bound on the stability time; we
discuss this in Corollary 5.1 where we show that the solution u(¢) of the Hamiltonian
flow of (1.31) with initial datum #(0) = uq such that |ug|,, < %r exists and satisfies

< i < -
lu(t)]yy <r forall times |f| < 8, 2w

By Theorem 1.3 and Corollary 5.1, in order to prove the stability results we only need
to define suitable sequence spaces verifying Assumption 1. In particular we consider the
three applications G, S, M introduced at page 7. Another interesting example (suggested
to us by Z. Hani) could be the space

{(u,) eL?: |u?:= Z Iujlze‘“(m)z - oo},
i

where | j] = max{|j|, 2}. In this case one may get T a2 §n(In(1/8))_
A preliminary version of these results was announced in [BMP19].

9 In the sense that there exists a symplectic change of variables ® : B,(hy) — B, (hy) such that
Vodbu=>PoWu=u,vuc Blr(hw)-
3
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Part 1. An Abstract Framework for Birkhoff Normal Form on Sequences Spaces
2. Symplectic Structure and Hamiltonian Flows

Spaces of Hamiltonians. As explained in the Introduction our wheighted spaces h;, are
contained in ¢2(C), so we endow them with the standard symplectic structure coming
from the Hermitian product on £2(C).

We identify ¢2(C) with ¢2(R) x ¢2(R) through u; = (x; +iy;)/+/2 and induce on
£2(C) the structure of a real symplectic Hilbert space'® by setting, for any (D, u?) e
22(C) x £%(C),

@D @y _ (D (2) (OO INE)) D @2y 1 2 1) ()
(", u )—Z(xj X y] Yj >’ w(u’, u )—Z(yj X XY )»

J J

which are the standard scalar product and symplectic form Q = ) jdyjndx;.
For convenience and to keep track of the complex structure, one often writes the vector
fields and the differential forms in complex notation, that is

y D

Q=iY dujndiij, Xy =i —H
i J
J

where the one form and vector field are defined through the identification between C
and R?, given by

1

duj = —(dxj +idy;), dii; = —(dx; — idy;).

1
7l
d 1 0 .0 d 1 a .0
2= vl ) = vl i)
Remark 2.1. By mass conservation and since H(0) = 0, it is straightforward to prove
that the norm | - |, v is increasing in the radius parameter r (see also Proposition3.1).

S

Note that if [H |, ;, < oo then H admits an analytic extension H, that is
(s, u=) € By(E3(©) x B (*(©) » Hlus,u) i Hw) = Hu, i),

whose Taylor series expansion is

H(u+,u ) = Z ,gu u

o,BeNZ

where we denote by Y _* the sum restricted to those e, 8 : || = |B]| < 0.
One can see that
3 OH (s, u_
G = OH (s u)
ou 814_’]'
Poisson structure and hamlltonian flows. The scale {H, ,(hy)} >0 is a Banach-
Poisson algebra in the following sense

Uy=u_=u

10 We recall that given a complex Hilbert space H with a Hermitian product (-, -), its realification is a real
symplectic Hilbert space with scalar product and symplectic form given by

(u, v) =2Re(u, v), w(u,v)=_2Im(u,v).
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Proposition 2.1. For 0 < p < r and n > 0 we have

r
|{F» G}lr,n,w =< 4(1 + ;>|F|r+p,n,w|G|r+p,7],w- (21)

Proof. Ttis essentially contained in [BBP13]. See in particular Lemma 2.16 of [BBP13]
with n = 0 (no action variables here) and no s and s’ (no actions variable here). Note
that the constant in Lemma 2.16 is 8, instead of 4 in the present paper, because of the
presence there of action variables which scale different from the cartesian ones (namely
(2r)? instead of 2r). Recall also the required properties of the space E (named h,, in the
present paper) mentioned after Definition 2.5. O

The following Lemma is a simple corollary and its proof is postponed to the appendix.
Lemma 2.1 (Hamiltonian flow). Let 0 < p <7, and S € Hy4p,n(hy) with

P

|S|r+p,r],w =

Then the time 1-Hamiltonian flow @é 1 By (hy) — Bryp(hy) is well defined, analytic,
symplectic with

0

sup ‘d)}g(u) —ul < P)S g < 2.3)
ueB, (hy) By 8e
Forany H € H;1p n(hy) we have that H o CD; =eSTH € H,,y(hy) and
(eS| < 2UH (2.4)
rn,w
(e —ia)H| =87 S g psal H s 2.5)
r,n,w
1
{S,-} : -2 2
‘(6 —id —{S, '})H . < 55 ISt p o H lrap .o (2.6)

More generally for any h € N and any sequence (cx)ren With |cx| < 1/k!, we have

h
Y evad§ (H)| < 2[Hlrepn(ISlrpmw/26)" 2.7)

k>h
rn,w

where adg () := {S, -}.

3. Immersions for Spaces of Hamiltonians

Given two positive sequences w = (w j)jeZ’

W = (w’,.) _, We write thatw < W' if the
i) e

inequality holds point wise, namely
w<w < wlifw/j, VjeZ.

In this way if 7’ < r and w < w’ then B,»(h,y) C B, (hy). Consequentlyif 7’ < r,n’ <n
and w < w' then A, (hy,) S A,y (hy).
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We thus wish to study conditions on (r, 7, w), (r*, ', w') (with r* < r) which ensure
that H,. , (hy) € H,+ ,y (hy). Note that this is not obvious at all, since we are asking that
an Hamiltonian vector field of Xy € Hr,,,(hw), when restricted to the smaller domain
B+ (h,,) belongs to the smaller space h,,

The coefficients cr m W(a B). Let us start by rewriting the norm | - |, ,, in a more
adimensional way. In this way all the dependence on the parameters r, 1, w of the norm
| - Ir,n.w 18 encoded in the coefficients (1.27).

Definition 3.1. For any H € 'H, ;,(h,) we define a map

Bi(&) — £, y=(y)) ;e ™ (y;,f)(y; " ”’W)>jez

by setting
ﬂ ) .,
Y i w) —Z|Haﬂ| ey ale, By B 3.1)

where e is the j-th basis vector in NZ, while the coefficient ci,j,?,w(oe, B) was defined in
(1.27). For brevity, we set

* o, B:le|=|B]
The momentum 7 (-) was defined in (1.25).

The vector field Y is a majorant analytic function on £> which has the same norm as
H. Since the majorant analytic functions on a given space have a natural ordering this
gives us a natural criterion for immersions, as formalized in the following Lemma.
Lemma3.1. Letr,r* > 0, n,n' >0, w,w € R%. The following properties hold.

(i) The norm of H can be expressed as

|H|r,n,w: sup |YH(y;ra777W)|£2 3.2)

yl2=<1

(i) Given H € Hys v and H® € Hy 0,
such that for all a, B € N and j € 7 with oj+pB; # 0one has

i} 2
Hy'gleD (@, B) < clHL plef)) (@, B),
for some ¢ > 0, then
|H(1)|r*,n/,w/ =< C|H(2)|r,r),w-

Proof. See “Appendix B”. O

As a corollary we get the following “immersion theorem” for spaces of Hamiltonians
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Proposition 3.1 (Immersion). Let r,r* > 0, n,n' >0, w,w € R%. If

)
Cr*,n’,w’(a’ ﬂ)

C:= sup ) < 00, (3.3)
jeZ, a.BeN?  Cry wlet, B)
aj+ﬂj7£0
then H,. ;) (hy) C Hpx py (hy), with
|H|r*,77’,w’ = C|H|r,n,w- (3.4

In particular |-\, , ., is increasing in r and n, namely if r* < r and n < n then
|H|r*,77’,w =< |H|r,n,w-
Moreover, if r* <r,w <w and H € Ky (hy) then
|H|r*,n’,w’ = |H|r,17,w~ (3.5)
Furthermore, if H preserves momentum then
|H|r*,77’,w’ =< C0|H|r,ﬂ,W1 (36)
where

ol (@ B)
Co = sup Gy < 00, 3.7
J€Z, o, BeNE, Cr,n,w(“’ ﬂ)
o+ ;#0,

> ilei—B)=0
Proof. Inequality (3.4) directly follows from Lemma 3.1 (ii), while (3.5) follows directly
by (1.27) since in the kernel et j+8 ; # Oimplies et j+B ; > 2. The momentum preserving
case follows analogously. O

Remark 3.1. The above immersion properties, with different norm and in a different
context, were implicitly used by Bourgain in [Bou05].

4. Small Divisors and Homological Equation

Let us consider the set of frequencies

Q= 0= (), € RZ, sup |o; — 1) < 1/2}; 4.1)
J
this set is isomorphic to [—1/2, 1/2]% via the identification
2 E J
&> w(§), where w;(§) =] +W. “4.2)
’ J
We endow €2, with the probability measure induced'! by the product measure on

[—1/2,1/2]%.
We now define the set of Diophantine frequencies, the following definition is a slight
generalization of the one given by Bourgain in [Bou05].

1 Denoting by v the measure in €, and by v the product measure on [—1/2, I/Z]Z, then u(A) =
u(w(*l)(A)) for all sets A C €24 such that w(*l)(A) is v-measurable.
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Definition 4.1. Given y > 0 and ¢ > 0, we denote by D, , = D} ;"* the set of
W1, 2, ¥ -Diophantine frequencies

122 BY 2 -
Dy,q T

Q, w-t : veeZ”:0< |t
weQ o |>yrg(1+lﬂn|”1<n)“2+‘1)’ € 0 < |l <00y,

4.3)
Now we have that

Lemma 4.1. For 1, 12 > 1 the exists a positive constant Cpeas (41, 42) such that

M(Qq \ Dl;}éuz) < Creas (11, H2)y-
Proof. In “Appendix C” O

This means that, for all 11, u2 > 1, Diophantine frequencies are typical in 2, in the
sense that they have full measure. Here and in the following we shall always assume
that

0<y<l, we D% =D, (4.4)

In the remaining part of this section, on appropriate source and target spaces, we will
study the invertibility of the “Lie derivative” operator

Ly,: Hw— L,H := Zi(ar (a — ﬂ))Ha,ﬂu“ﬁﬂ, 4.5)

*

2, } on H.
Recalling the definition of K, (hy,) in (1.30) we give the following

which is nothing but the action of the Poisson bracket {Z j @) |u;

Definition 4.2. Let

R, () :={H e H, (h,) | H= Z Hy gu®ib). (4.6)
a#Ep
Then we have the decomposition H,),)(hw) = Rr’n(hw) @ K, (hy) and the continuous
projections'?
\TicHI, o MRH, o < [HI, 4.7

Obviously for diophantine frequency R, ,(hy) and K, (hy) represent the range and
kernel of L,,.
Forany r,n,wand &, B € NZ recall the coefficient defined in (1.27)

5 B2 nlr@—B) T
Cr,r],w(“v ﬁ) =T e wotB

In following Lemma we consider R € R, ;(h,,) and state sufficient conditions which
ensure that La_)lR € Ry (hyy).

12 Explicitely My H := P a=B Ha,ﬂu“ﬁﬂ, NMRH =3 Hmﬁu“ﬁﬂ.
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Lemma 4.2 (Homological equation). Fix w € Dy 4. Consider two ordered weights 0 <
r*<r,0<n <n,w >w, such that

)]
c * (av ﬂ)
K:=y sup @ SRR < 09, (4.8)
JE€Z, a#BeN” Cr,r;,w(av Blw- (e — B
d_,'+ﬂj7é0

then for any R € R, (hy) the homological equation
L,S=R

has a unique solution S = L;lR in Ry« (hy), which satisfies

L5'R

=Y KIRl e (4.9)

/
ren,

Similarly, if R preserves momentum, assuming only

)
Cr*,,)/,w/(“y B)

Ko :=vy sup 0 < 00, (4.10)
j€Z, a#BeNL Cr,r],w(av Blw - (e — B)
oj+p;#0
> il —B)=0
we have that S also preserves momentum and
L,'R <y KolRly e @.11)
r*JI/»W/ LR

Proof. Given any Hamiltonian R € R, the formal solution of Ls = R is given by

1
L;'R = — R, gu%iP, (4.12)
IalzﬂXI,:oc Lyl @—p)"F

where u € B,»(h,). By Lemma 3.1 (ii) (applied to HD = L;lR and H® = R) and
(4.8), we get (4.9). The momentum preserving case is analogous. O

5. Abstract Birkhoff Normal Form

In this section we prove the abstract Birkoff normal form Theorem 1.3. We start by
defining a degree decomposition which endows H,. ;, (hy,) with a graded Poisson algebra
structure.

Definition 5.1 (minimal scaling degree). We say that H has minimal scaling degree
d = d(H) (at zero) if

Hyp=0, Va,B: |af=|B|=d,

Hypg #0, forsome e, B: |o|=|Bl=d+]1.
We say that d(0) = +o0.

Essentially H has scaling degree d if and only if it has a zero of order 2d + 2 at zero,
we prefer this notation because we find it more intrinsic, it produces a graded Poisson
algebra structure and one has the following
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Lemma 5.1 If H € H, ,(hy) with A(H) > 4, then for all r* < r one has

24
r*
|H|r* W = (7) |H|r,;7,w'

Proof. Recalling (1.27), we have

e, (@ B) (i )..sz
@ f) N\
Since || + | 8] — 2 > 24, the inequality follows by Proposition 3.1. m]

The normal form will be proved iteratively by means of the following Lemma, which
constitutes the main step of the procedure.
Basically we start with a Hamiltonian H = D,, + Z + R with Z € K, (h,,) in normal
form and R € R, , (hy) of minimal degree d, and we consider rr<rn <nw>w
so that H; ,(hy) € H,s ,(hy). Then we give a sufficient condition which ensures the
existence of a change of variables ® : B,/ (h,) — B;(h,) such that

Hod=D,+Z +R,
with Z', R" € H,» ,y (hy) and R’ of minimal degree d + 1.
Lemma 5.2. Fixw € Dy 4. Letr > r' > 0,7 >n' >0, w < w'. Consider
H=D,+Z+R, ZeK,(h,), ReR,, (), AZ) =1, dR) =d= 1.
Assume that (3.3) and (4.8) hold and that"3

r—r'

8 .
[Rlrpw < X with § = Teor " (5.1)
Then there exists a change of variables
® : By(hy) = Br(hy), (5.2)
such that
Ho®=D,+Z +R, Z €K, y(hy),
R e Ry yhy), A(Z)>1, dAR)>d+1.
Moreover'*
|Z,|r’,n’,w’ = |Z|r,n,w + (VS)_IK|R|r,n,w(C|R|r,n,w + |Z|r,n,w)’
IR | e < (78) T KRy o (CIR g + | Zrpao)- (5.3)
Finally, for w* > W, assume the further conditions
(J)
o it (@ B) r'+r
y sup Crt =K' <00, r¥:= (5.4)
JEZL, oc;éﬂeNZ Crr]w(a Bl - (o — B)] 2

oj+f;#0

13 K is the constant in (4.8).
14 C is defined in (3.3).
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and
1z
|R|r,n,w = ﬁ (55)
Then
@ By By (hy) — Br(h,),
sup | @) —uly , < ry ' KFIRI, - (5.6)
ueB,(h 1) h

Moreover if R preserves momentum, assuming only that

u ol @ B)
Ky =y sup 5 < 00 (5.7)
JE€Z, a£BeN? Cr,n,w(av Blo- (ax—p)l
0(_/+ﬂj;ﬁ0,
Y ii(ai—B;)=0

and that (5.1), (5.5) hold with Ky, Kg instead of K, K* we have that R’ preserves
momentum and (5.6) holds with Kg instead of K*.

Proof. By Lemma 4.2 let S = L_'R in R, (h,) be the unique solution of the
homological equation L,,S = R on B« (h,). Note that d(S) > d. We have

Slerr <V KR (5.8)

We now apply Lemma 2.1 with (r, n, w) ~ (+', n’,w’) and p := r* —r’. Note that (5.1)
and (5.8) imply (2.2). We define & := <IDIS and compute

H :=Ho®=D,+Z+ S —id—{S, DDy + ('S —id)(Z + R)

1
_ Z (ads)j R+ () —id)(Z + R).
=2

We now set
Z'=TxH —D,, R =TIrH'.

Since the scaling degree is additive w.r.t. Poisson brackets, we have that d(Z") > 1 and
A(R") > d+1.By (2.7)

|Z/|r’,n’,w’ = |Z|r’,n’,w’ + (Va)_lK|R|r,n,w(|R|r*,7]’,w’ + |Z|r*,n/,w’)»
|R/|r’,n’,w’ < (VS)_IK|R|r,n,w(|R|r*,r;’,w’ + |Z|r*,n’,w’)~
Since (4.8) holds we can apply Proposition 3.1: by (3.4) and (3.5) we get
|R|r*,n’,w’ = C|R|r,n,Wa |Z|r*,n’,w’ =< |Z|r,17,w~

(5.3) follows.
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Finally assume (5.5) and (5.4). By Lemma 4.2 let S* = Lajl R in R« 5 (h,:) be the
solution of the homological equation L,S* = Ron By« (h,:) € B+(hy). Since S and
S solve the same linear equation on B, (h,z), we have that

st=35

Bs(h )
By (4.9) we get

1Sl ot < ¥ KR, (5.9)
We now apply Lemma 2.1 with (r, n, w) ~ (', 7', w®) and p := r* —r’. Note that (5.5)

and (5.9) imply (2.2). Then (5.6) follows by (2.3) and (5.9).
The momentum preserving case is analogous. O

Theorem 1.3 follows Given > 0 and a sequence of weightswy <wj < --- <wy =
w. For any given r > 0 we set

n n Pl +7
rnz(z_ﬁ)r’ nn:(l_ﬁ)n’ 0<n<N, r;lk:%, 0<n<N.
(5.10)
From Assumption 1 and (1.27) we have!?
C’E!kx)rhwl;wnﬂ(a’ ﬂ)
maxi1l, sup sup ”()— =C < o0, (5.11)
O=n<N j.o.B Crivnn;wn (a’ﬁ)

aj+ﬂj-,+—0

D (o, B)

¥
Ty s NMn+1,Wn+1

max {1, sup sup 0
O<n<N japB Crn,n,,,w,,(“a ﬂ)|a) (Ot—ﬂ)|

oj+p#

} =R < o0, (5.12)

o (o, B)

Tor N W

max {1, sup sup

0n<n jap e (o, B)lo - (@ — B
dj+ﬂj;ﬁ0

} =& <o0. (5.13)

For brevity we set

h, == hw,,v Hy = Hr,,,n,l (hy), 0=<n <N,
Hn,* = Hr;f»')ml (hp+1), 0=<n <N, (5.14)

and, correspondingly, R, KCpn, Ry «, Kn.« and

[~ ln:i=1" |rn,r1n,w,1a [ - |n,* =1 |r;{,n,,+1,w,,+|- (5.15)

Lemma 5.3. By Assumption (5.11) we have the immersion properties

Ho €S Hosx €S- CHy € Hpx €Hp1 €+ € Hy, (5.16)
with estimates
HeH, = |Hjpx=<ClHl,, 0<n<i<N-I
Heky, = [Hlpx =<|Hln, 0<n<i<N-1. (5.17)

15 We are just using the fact that the ratio cg‘f,?’w(a, ﬁ)/cy)n, W,(ot, B) depends on r, " only through their
ratio. '
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Proof. We apply Proposition 3.1 with

* / / *
r»n»WWrnynn7Wn9 r9n1WWrn7nn+l’Wn+ls

by noting that the bound (3.3) follows from (5.11). The bounds in (5.17) follow form
(3.4) and (3.5). The chain of inclusions (5.16) follows. 0O

Proof of Theorem 1.3. We will prove the thesis inductively. Let us start by noticing that

s r A 1

8 /|G|, o | Max{CK, K}’ 32eN

and, forall 0 < r < T, let us set

_1f2r 2 1 /r\?
&=V ? |G|F,n,w0=E r_ .

From definition (1.32) we thus deduce that

8emax{Ch, A7)~ < 1. (5.18)
Recalling the notations introduced in (5.10)—(5.15), by Lemma (5.1) we have
y Gl <¢,
hence, setting Z() := MG and R© := IR G, from (4.7) it follows that
y1ZP%0, y TRl <&

We perform an iterative procedure producing a sequence of Hamiltonians, for n =
0,...,N

H™ =D, +27™ + R™,
ZWeK,, R™eR,, aZ™)>1, aR™)>n+1,

" .\ (5.18)
y Nz <ed 27y R™), 58"+1<4€R6_1) <27 (5.19)

Fix any k < N. Let us assume that we have constructed H®, ..., H® satisfying (5.19)
for all 0 < n < k. We want to apply Lemma 5.2 with

Horonow ~ HO romowe and /) n',w/,wh, @~ ret, st Wit wig, k + 1

By construction the bounds (3.3), (4.8) and (5.4) hold since C < €, K < &, K% < g%,
where C K K* were defined in (5.11), (5.12), (5.13). We just have to verify that (5.1)
holds, namely

VY Ik~ Thsl
R 16ery

In fact, by applying the inductive hypothesis (5.19) and the smallness condition (5.18),
we get

IRV, <

ve 14 _ Y Tk = Tkl
k

k
RV < y(4egrs™!) M < 22 < Z
IRl = V( ) =2k T~ 16eRQ2N—k) R l6er
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The verification of (5.5) is completely analogous.
So, by applying Lemma 5.2 we construct a change of variable ®; as in (5.2) with

@i 1 By, () — By (hy,,).
Let us now set
H*D = p,+ 728D 4 gD = B o @

with Z®+D e K, R&D € Ry and a(Z%*D) > 1, A(R**D) > k + 2. It remains
to prove the bounds in the second line of (5.19) (with n = k + 1). By (5.3) we have

1ZED e < 12PN+ ) T RIRO (@ RV + 12010,

IR* Dy < () TRIRP (@ RD | + 120 10). (5.20)
By substituting the inductive hypothesis (5.19), we have the following chain of inequal-
ities

y HR® D < §712RU@eRS o)k (cders o)k +2)

(5.18) A
< §leRueersok@+2)

< (4€ﬁ$71)k+18k+2 — (4€ﬁ8718)k+18,

which proves the bound on R in (5.19) for any #.
En passant, we note that

1 \V v [(CRN Nz(N+1)

Finally, using the same strategy as above, we also get

k (5.18) k+1
V_llz(k+l)|k+l < 8<§ Z—h +(4¢ﬁ5_1)k+18k+1> < 8§ :2—]1’
h=0 h=0

which completes the proof of the inductive hypothesis (5.19), and remark that

N 2
.
27h = —(1 — 2_N_1). 5.22
D (5.22)

By (5.6) we have
(Dk : Brk+1(th) - Brk(th)»
sup | Dy (u) — uly, < ey RERWY (5.23)

u€By,, (huy)
In conclusion we define
U :=dPygoPjo---0ody_; : By(hy) = By (hy).
Since we have

DPgodjo---ody_;—id
=(Pg—id)oPjo---0oDPy_ 1+ (P —id)oDPro-- 0Dy +... Py —id.
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By (5.23) we get

N—1
5.19
sup W (u) — ul, SZ”H/ lﬁt|R("’|k < 2raﬁﬁ22 k< 4r@e.
u€ By (hyy) k=0 pard

proving the firstbound in (1.33). The second bound in (1.33) can be written as 861 r2 <1,
which follows from r < T. We finally set Z = Zy, R = Ry and the estimates (1.34)
follow by (5.21)—(5.22). Of course the same reasoniong can be applied in order to
construct the inverse, i.e. a symplectic change of variables ® : B, (hy) — B, (hy) such
that

Vodby=®doWVu=u, Vue B%r(hw). (5.24)

O

When the nonlinearity G preserves momentum Theorem 1.3 can be reformulated
under slightly weaker assumptions. More precisely, setting = 0

o0 (@ B)
Cp:=max 1, sup sup ()— < 00,
OSH<N jva’ﬁ’ Qj OW (av ﬁ)
a;+B;#0, R
7(a—P)=0

Cé]*)yoawnﬂ (a’ ﬂ)
RKo:=max {1, sup sup @ s < 00
O<n<N ja.B, ciy (@, B)lo- (@~ )
aj+B;#0, "
7(e—B)=0

(/)
(e, B)
ﬁg := max {1, sup sup 3 Coi 0y } < oo, (5.25)
Ozn<N ja.B, ciy (@, Bl (@— )
o+, #0,

w(a—B)=0

the following holds.

Proposition 5.1. If G preserves momentum Theorem 1.3 holds word by word with

o, Ro, ﬁg instead of €, &, 8. Moreover also the new perturbation R preserves mo-
mentum.

We note that in the case that G preserves momentum, the same result holds with

Co, Ro, ﬁg instead of €, &, &; moreover also R preserves momentum.
We finally give the following abstract stability result, whose proof is postponed to
the “Appendix B”.

Lemma 5.4. On the Hilbert space h, consider the dynamical system
. 3
v=Xy+Xg, w0 =vo, [|voly = r

where N € A, o(hy) and R € H,,(hy) for some r > 0,1 > 0. Assume that

Re(Xar, v)n, = 0.
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Then

[v(D]w — [volw| < (5.26)

r
o Vil = oo
8 8IRIrp.w

Corollary 5.1. Under the same assumptions of Theorem 1.3, the solution u(t) of the
Hamiltonian flow of (1.31) with initial datum u(0) = ug such that |ugly, < %r exists

and satisfies

lu(t)wy <r forall times |t| < 5.27)

863r2(N+1) :

Proof. Let us consider Hamiltonian (1.31), take an initial datum |ug|y := 7 < %’f and
apply the change of vartiables of Theorem 1.3. Denoting by v(0) = W (ug) we are under
the hypotheses of Lemma 5.4 with n = 0 and we conclude

7
w@lw < or, VI S o5—-
8 8|R|r,0,w

Now we can apply (5.24) in order to return to the original variables and deduce that
u(t) = dv(r) satisfies

F—2000+1) |

< .
8C3 8|RIr0,w

lu@®lw =r, Vit| =

Part 2. Applications to Gevrey and Sobolev Cases

In Part 2 we show how to apply the abstract BNF to Gevrey and Sobolev cases. Following
the notations given in the introduction we work in the three sequence spaces defined for
the applications G, S, M, see page 7. As explained in the introduction, in order to prove
the estimates on the stability times we just need to verify that Assumption 1 holds. This
is the content of the next sections.

Let us start by setting some notations.

L/ 6 .
Case G) In the case w(p, s,a) = ((j)Peé(ﬂ +u|1|) ,
JE
same notation for the norm of vectors | - |, 5 4. Regarding the norm of Hamiltonians we

write | - |, . w(p,s,a)» consistently with Definition 1.2. Of course, forany 0 < p < p,0<
s <s',0 <a <a wehave

we denote hy(p,s,a) = hp s.as

hp’,s’,a’ Chpsa, |v|p,s,a = |v|p’,s’,a’7 Vv € hp’,s’,a’~

Case S) If a = s = 0 we denote h) 9,0 = h, , same notation for the norm of vectors
| - |p and hamiltonians | - |, w(p)-

Remark 5.1. Note that, via the usual Fourier identification one has:

lulp < |02 + 107 u )2 < 2lulp. (5.28)
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Case M) In the case w; = | j]” where

L/] = max{|j], 2}
we denote the norm of vectors as
laell, = flully o= 1L . (5.29)
JEZL

Remark 5.2. Note that h,, in M) and h,, are the same vector space endowed with two
equivalent norms. Moreover one has

lullp < 2Pz + 187 u(x)] 2 < 2lullp. (5.30)

Definition 5.2 (momentum preserving regular Hamiltonians). Given r > 0, p > 0 let
‘H"P be the space of point-wise absolutely convergent Hamiltonians on |||, < r which
preserves momentum and such that

IH N p i=r~"( sup IXul, | < oo, (5.31)
llullp<r
namely.'®
Ity =1 1ot wj= L1717

We now verify that the nonlinearities in (1.1) are bounded in the norm | - |,. ; ., in the
cases S, M, G.

Proposition 5.2. Consider the correction term P = fT F(x, |u|?)dx in the NLS Hamil-
tonian (1.21), where the argument f in F satisfies(1.2). Let p > 1/2.

(i) Foranya, s, n > 0 suchthata+n < a and anyr > 0 such that'’ (Calg(p)r)2 <R,
we have

(Carg(p)r)?

R |fla,r <00 (5.32)

|P|r,11,w(p,s,a) < Cyen(p,s,a—a —n)
where f and | f|a g are defined in 1.2.
(ii) If F is independent of'® x, for (Ca;L(_j,,M(p)r)2 < R we have

(Calg,M(P)")2
R

1Pl <27 [flr < o0. (5.33)

This Proposition follows directly from the fact that the corresponding sequence spaces
h,, are closed w.r.to convolution.
Letx:hp 4 X hpsa — hpsq be the convolution operation defined as

(Lo frg:= > Jir8i
J1 €L, ji+j2=] jez
The map % : (f, g) +— f * g is continuous in the following sense:

16 Note that on the preserving momentum subspace H, ; (hy) coincides with H,;. o (hy) for every ».
17 R is defined in (1.2) and the constants in “Appendix A”.
18 e P preserves momentum and we are assuming (1.3).
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Lemma 5.5. For p > 1/2 we have

1f*8lpsa < CargPIflpsal8lpsa  IIf*gllp < Cargu@IfIplgly-
(5.34)
The proof is given in “Appendix B”.
Proof of Proposition 5.2. By definition (recall (1.2) and (1.21))

) o] (d—1) o]
F(x,y) = /) flxs)ds = %yd =Y F@x)y (5.35)
0 d=2

d=2

therefore we have

P=/F(x,|u|2)dx=z FDsyweo o owuniin--xit
T — ———

d=2 dtimes dtimes /

To each analytic function F @) (x) we associate its Fourier coefficients; we have (F ;d)) .
JE
€hpsa forag:=a+n <aands, p > 0. Indeed
(d=1)2
2p |f/ I

25 )Y ) - )2 (5.39) 250 )
FOR ::Zezaommm G2 FOPR C2 Ze2a0|/|+2w> (=i

J J
2 2
c“(p,s,a—ap) 2alils od=1) 2 ¢“(a—agp,s, p) D2
STzealJHf; )| =d—2|f(d )|1ra
J
with

—tx+sx9

c(p,s,t) :==¢e° +supxPe
x>1

Now condition (1.2) ensures that (B.12) holds and our claim follows, by Lemma B.2,
setting ap = a + 1.
(ii) Follows from (B.14). 0O

6. Immersions

The following proposition gathers the immersion properties of the norm | - |y w(p,s,a)
with respect to the parameters p, s, a.

Proposition 6.1. The following inequalities hold:

(1) Variations w.r.t. the paramater p. Forany0 < p <r,0 <o < nand p1 > 0 we
have

|H|r—p,n—a,w(p+p1,s,a) =< Cmon(r/pv o, p])|H|r,n,w(p,s,a)'

(2) Variation w.r.t. the parameter s. For any 0 < o < n we have

|H|r,n—a,w(p,s+t7,a) =< |H|r,77,w(p,s,a)- (61)
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(3) Variation w.r.t. the parameter a. Forany 0 <o <1

2
|H|e_”r,777<7,w(p,s,a+o) <e J|H|r,n,w(p,s,a)~ (6.2)

Remark 6.1. All the items in the previous Proposition describe immersion properties of
Hyy(hp,s,a) W.r.t variations of the parameters.

Initem (1) we say thatif H € H, ,(hp s q) (i.e.if its vector field maps B, (hp 5.4) —
hp s,q) thenitis also in H,_, y—o (Mpsp, s,6) for any p, o, p1 > 0. Note however that
the norm of H in the latter space is in general much larger, we denote this constant by
Cmon'

In item (3) we have essentially the same phenomenon, only in order to increase the
analiticity parameter a ~~ a + o, we need to decrease the radius to e 7 r.

Item (2) gives the best bound, indeed not only H, ;,—¢ (hp s+0,a) € Hyy(hp,s5,q) but
the norm of H in the latter space does not increase.

To prove this Proposition we show that the hypotheses of Proposition 3.1 hold. In
order to prove this, in turn we strongly rely on some notation and results introduced by
Bourgain in [Bou05] and extended later on by Cong—Li—Shi—Yuan in [CLSY] (Defini-
tion 6.1 and Lemma 6.1 below). The definitions and lemmata given below are the key
technical arguments. Many of the ideas come from Bourgain in [Bou05] in the case of
Gevrey regularity and for momentum preserving Hamiltonians, here we give a detailed
presentation adapted to our more general setting and covering also the case of Sobolev
regularity.

Definition 6.1. Given a vector v = (v;);cz vi € N, |v| < 0o we denote by 7 = 7(v) the
vector (117);c; (Where I C N is finite) which is the decreasing rearrangement of

{N>h > 1 repeated vy, + v_j times} U {1 repeated v + v_| + vg times}.

Remark 6.2. A good way of envisioning this listis as follows. Given v = (v;); ¢z consider
the monomial x? := [, x;*. We can write uniquely

X=X =xgxg e
= i = *inth Jol
i

then 72(v) is the decreasing rearrangement of the list ((jl), ceey (j\v|)).
As an example, consider the case v # 0. Then, by construction there exists a unique
J > Osuchthat v; = Oforall |j| > J and vy +v_; # O hence

v==_..,0,v_y,...,v0,...,05,0...).
If J = 0 then
n=3{1,...,1
[ ———
vg times
otherwise we have
n=(J,...,J ., J—=1,...,J—=1,..., 1,...,1 ).
——— —————— N

vy+v_ytimes  vy_j+v_y4] times v1+v_1+vg times
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Givena, B € NZ with 1 < |a| = |B| < 00, from now on we define
n=n(a+p).
We set the even number
= la| +[BI.
which is the cardinality of 7. We observe that, given
= il —B;) =) hlen—By—a_n+B_y)
i€Z h>0

there exists a choice of o; = %1, 0 such that

T = Zal’n\l (6.3)
1
with o7 # 0if 7; # 1. Hence,
< |+ ay (6.4)
1>2

Indeed, if o7 = +1, the inequality follows directly from (6.3); if oy = 0, then 1} = 1
and consequently 7; = 1VI. Since the mass is conserved, the list 77 has at least two
elements, and the inequality is achieved.

Lemma 6.1. Given «, B such that y_; i(e; — B;) = n € Z, we have that setting n =

(e + B)
Yo i+ B =) a] =2 +2=2")) a] —6lxl. 6.5)

i >1 >3
Proof. In “Appendix C”. |

The lemma above was proved in the simpler case of momentum preserving Hamiltonians
in [Bou05] for 6 = % and for general 6 in [CLSY]. It is fundamental in discussing the
properties of H, ,(hp s.4) with s > 0, indeed it implies

D i) @i+ B) = 20) + @ —B)l = (A=) D A+l | =0 (6.6)

i >3
forall e, B such thatj + B; # 0.

Proof of Proposition 6.1. In all that follows we shall use systematically the fact that
our Hamiltonians preserve the mass and are zero at the origin. These facts imply that
| = [B] = 1.

Let us start by proving Item (2), which is the simplest case. We need to show that

(6]
C“?“W<'”+”>(°"ﬂ):exp<—a<2 (i + B;) = 2(j)" +Im(@ = B)) = 1(6.7)

(/)
Crinw(p.s a)(“ B

The last inequality follows by (6.6) of Lemma 6.1
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Item (1) First we assume that p < r/2. By Proposition 3.1 for any 0 < p < r/2,
0 <o < nand p; > 0 we need to compute

)
Cr—p.n—om(p+p1.s,a) (@ B)

Cron = sup )
a,ﬁ%’io € nup,s.a) (@ B)
j
" pi |+ B -2
~ sup Y ool (TP ) (6.8)
ja.p Hi <i>u[+ﬂi r
oj+B;#0

We use the notations of Definition 6.1, with 77(e + ) = 7. Since & j + B; # 0 we have
that {(j) < 7. Note that

[T+t =T (6.9)
i >1
Hence
(j)? m

[T, i)%+hi — 1_[1>2 e
Letuscall N = |e| +|8]| > 2. By (6.4) we have that

wp U W YLl
jag TLAO%E T [lsam = TV,
o +f;#0
N — Dnp + N +
5( )nzA |7T| IJTI 6.10)
[l m Hz 3”1

‘We have shown that

2
sup — — L <N+,
jap  TTi0)®P
o+ ;#0

Since (N + | |)P1 < 2PL(NP! + |z |P1), denoting L := In (r/r — p) we repeatedly use
Lemma C.1 in order to control

r—p\N2
sup (N +|z|)Pre ol <—>
N>2,weZ r

N>2,meZ N>2 e’
=2 (max {() "]+ (T)7) =2 tmac { ()7 (T) 1}
L o - L o
2 P1 1 P1
szp”‘p{"max{(f) (;) ,1}=cmon, (6.11)

52171( sup NPlg=olm|=LN=2) | sup |7T|Ple—0|77|—L(N—2))
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using that
L>In(l+p/r)=2In@3/2)p/r = p/2r,

which holds since we are in the case p < r/2. This completes the proof in the case
p <r/2.

Consider now the case /2 < p < r. Using the monotonicity of the norm w.r.t. r and
the already proved case with p = r/2, we have

|H|r—p,n—o,w(p+p1,s,a) = |H|r/2,7]—a,w(p+p1,s,a)
P1
= 2[71+1 max {(4P1)m ’ (ﬂ) > 1} |H|r,r],w(p,x,a)
eo

27\ Pl 1\ 7!
< 2p1+1plp| max { (;) s (;) s 1} |H|r,7],w(p,s,a)’

proving (1) alsointhe case r/2 < p < r.
Item (3) We proceed as in item (1) — (2),

) (@, B)

e %r,n—o,w(p,s,a+o)

)
Cr,n,w(p,s,a) (Ol, B)

= exp(—o (Y (i)’ (i + B;) — 2(j)’

+Hm(e — ) — (ol + Bl — 2)) < e*. (6.12)

our claim follows since, by formula (6.4), one has

D (i +Bi)lil =201+ || = Y A — A1+ || — |eo + Bo| = —(leel + |BIX6.13)

i [>2
O

Remark 6.3. Note that a key point in Items (1) and (2) are the estimates (6.10) and (6.6)
where we control the ratio of the coefficient (1.27) in terms of {#;};~3 (namely uniformly
with respect to 721 and 72, ). This means that if 723 is "big", then the norm of the Hamiltonian
is correspondingly small: polynomially in the Sobolev case and subexponentially in the
Gevrey one. This is a seminal property which appears in different flavors thoughout the
literature; in Proposition 6.1 we do not really need to exploit it. Instead, it will be heavily
used for a sharp control on the small divisors appearing in the Homological equation
(see proof of Proposition 7.1).

Incidentally we note that norm | - |, ;;,w(p,s,a) POssesses the tameness property.

Proposition 6.2.

[ Xulp.s,
sup —=p7 < Crane(p, 1, p)|H|r,n,w(po,x,u)'

|u‘p0,s,a§”*p |u|p,s,a

Proof. In “Appendix B”. 0O

Proposition 6.3. The norm || - ||, is monotone decreasing in p, namely || - ||y, p+p; <
I - llr,p for any py > 0.
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Proof. For the norm || - || , the quantity in (1.27) becomes (recall that in the norm of a
momentum preserving hamiltonian there is need of introducing the parameter 7)

» VY
cg,];(tx, B) = ;f|"‘+|l‘3|—2(1_[iEZ L,‘J(“i+ﬂi)> . (6.14)
By Lemma 3.1 item (ii) we only need to show that
e m@ B) < (e, B) (6.15)
forall j, e, B with |¢| = [B] > 1andecj +B; > 1 (recall the momentum conservation),

namely we have to prove that

1j)?
sup ———— < 1. (6.16)
jap [liLi]ePi
Otj+ﬁj21

We first show that the inequality holds in the case j = 0, £1. Indeed we have

HLiJai+ﬁf > n2ai+ﬂi —22ii+h; >4

1

since ) ; a; + B; > 2 (by the fact that || = |B]| > 1).
Consider now the case | j| = |j] > 2. Since et + B; > 1, inequality (6.16) follows by

|l
sup ——————— <1, (6.17)
B [liz Li Joi+hi
By momentum conservation we have
1< D liles + B < Y Lil(ei +By) (6.18)
i i#]
and (6.17) follows if we show that
oy Li) (@i + )
iz L@ + B <1, (6.19)

sup o
Jj.a.B Hi;sjUJa”Lﬂ"

where we can restrict the sum and the product to the indexes i such that o; + 8; > 1.
This last estimates follows by the fact that given x; > 1

Zzikgn kx -
[lockan k¥ —

)

as it can be easly proved by induction over n (noting that n* > nx for n > 2, and any
x>1). 0O
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7. Homological Equation
Now we give estimates on the solution of the homological equation
Ly,S:={Dy,S} =R

The constants Cy, C2(r, o, t) are defined in “Appendix A”. Note that C; depends only on
0.

Proposition 7.1. Let o € Dy 4 and let 0 < o0 < 1, 0 < p < r/2. For any R €
Rry(hp s.a), the Homological equation L,S = R has a unique solution S = L;lR,
which satisfies the following two bounds:

_3
‘L;lR —1,C107 7

=y |R|r,n,w(p,s,a) ©)

r,n—o,w(p,s+o,a)

‘L;IR =< )/71(32(7/,07 o, T)|R|r,n,w(p,s,a) (S)

r—p,n—o,w(p+t,s,a)

hence L;l R e Rr,r;—or (hp,s+o,a) n Rr—p,r]—a (hp+r,s,a)~
If R preserves momentum R € R, o(hy) , with w; = [ j|?, the unique solution of
the Homological equation preserves momentum and satisfies

1L, Ry, piry < v~ '671(4%2YH R, (1)

soS=L,'ReR oy, withw); = |7+,

Remark 7.1. As in the abstract case we assume that X g maps B, (hp 5.4) — hp s and
then show that S maps some smaller ball (because it has smaller radius or is in a stronger
topology) to itself. This can be done in two ways: if we increase the Gevrey regularity
index s ~» s + o (case G) then the increase can be arbitrarily small, at the price of an
exponential increase in the bound.

If we want to keep s fixed (say that we start with s = a = 0 and want to stay in the
Sobolev class) then we have to increase the regularity p by a fixed amount. The main
difference between the cases S and M is that in the first case one has to decrease r, n and
the bound on § diverges as p, 0 — 0. In the second case, instead we have to increase
the regularity p by a slightly larger amount but then we get a uniform bound for S.
Note that, differently from Proposition 6.1, we cannot consider the purely analytic case
(s, p fixed say to 0, 1). This is due to the fact that in (6.13) we have a much weaker bound
for the ratio of the coefficients in (6.12), w.r.t. the one afforded by (6.6) and (6.10) for
the Gevrey and Sobolev cases.

The following Lemma is the key point in the control of the small divisors appearing
in the solution of the Homological equation. Here we strongly use the fact that we are
working with a dispersive PDE on the circle with superlinear dispersion law.

Lemma 7.1. Consider a, B € N2 with 1 < |ae| = |B| < o0. If

Z (Ot,' — ﬂi)iz < IOZ |oc,~ - B;

i

: (7.1)
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then for all j such that o j + B ; # 0 one has

13
D e = B () < Q(Z (o + B;) ()" —20j)" + Inl), Co= 1

i

(7.2)
N
[Ja+]ei = ;|60 < ¥ A+ 1m N[ ] af° (7.3)
i 1=3
where N = |ot| + |Bland w =), i(oti — ﬁ,) (recall (1.25).
Proof. In “Appendix C” O

Note that

Z (i — ﬁi)i2

i

2102|a,~—ﬂi| =  |o-(@-p)|=1. (14

Indeed denoting w; = j* +&;(j)~4 with |§j| < %,

1
o @ =Bl =10 ;=B =5 e — B[ = 1.
J J
Proof. In the following, we will compute for each item the corresponding K, K defined
in (4.8) and (4.10), and show their finiteness in order to apply Lemma 4.2 and give the
explicit upper bounds entailed in Proposition 7.1 (G)—(S)—().
Item G) In this case by (6.7)

o—0 (X 0)7 (i +B)—=2(j) +I7)

K=y sup
Jjuej+B i #0 lw - (e — B)]

There are two cases.
If (7.1) does not hold, then by (7.4) |w - (¢ — B)| > 1 and by (6.5) and (4.4) we get

o= (X (D) (@i+B)=2(j) +I)
<1
lw - (e — B

and the bound is trivially achieved.
Otherwise, let us consider the case in which (7.1) holds. By applying Lemma 7.1,
since w € Dy, 4, we get:

v

o= (X3 (D) (@i+B)—=2(j) +I1)
lw - (e — B)]
9
< o G XileiBil)? 1_[ (1 + (o — ﬂi)z(i)2+q>

<exp). [—Ci\ai — i) +1n (1+ (e — ﬂi)2<i>2+q)]

=exp Y fillei — By)) (7.5)

v
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where, for0 < o < 1,i € Z and x > 0, we defined
fi(x) = ——x(i)? +1n (1 +x2(i)2+q).
Cs

In order to bound (7.5), we need the following lemma, whose proof is postponed to
“Appendix C”.

Lemma 7.2. Setting

 (8Ci(g+3) 4C.(g+3)\?
iy 1= In ,
o6 of

we get

(e

D FilltiD = T(q + iz iy — - -

@ (z))% (7.6)

*

for every £ € 7 with |£] < cc.

The inequality (G) follows from plugging (7.6) into (7.5) and evaluating the constant.
Item S) In this case K in (4.8) is (recall (6.8))

P N2< (j)? ) e=oll
K = 1—= , 7.7
! j?“./'s*l'lé)j#o ( r ) [T, )%*Bi ) o (e — B)l 7D

where N = |a| + |B].

As before we consider two cases.

If (7.1) is not satisfied then(7.4) holds and the right hand side of (7.7) is bounded by
the quantity in (6.8) and it is estimated analogusly.

If (7.1) holds instead, by applying formula (6.10), Lemma 7.1 and the fact that
w € Dy 4 we get:

GO\ TR 2,02+
<Hi<i>“i+ﬂi) lw - (e — B)] = (l_[-(i)“i’fﬂi) l_[<1+|°‘i_ﬁi| (i) q)

! i

T
N + e
< ( |7T|) e27(l+|7t|)3N61_[n;0

1_[123 ﬁl >3

< 627(2+q)(N + |n,|)r+9(2+q) < e27(2+q)(N + |7t|)3r.

2+q

By using Lemma C.1 (just like explained in detail in formula (6.11) with p; = 371), K
in (7.7) is bounded by

TN + )y (1= 2)" oo
r

37 37
< 627(2+q)23r+1 (3T)3r max { <2_r) , (l) 1 }
P o
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Item M) Note that in this case the constant in (4.8) amounts to

Ko=y sup < mz )rl 4
jEZ, a#BeNL l_[i LiJai+ﬂf lw - (e — B)]
o+ ;#0, 3 i(e;—B;)=0

We have two cases. If (7.4) holds Ko < y by (6.16).
Otherwise (7.1) holds and, therefore, (7.3) (note that here 7 = 0) applies, giving

LjJ? >“ 2,02
msw%—ffe (1+10s = Bi200)>7)
[T;Li )b lz_[ l

1j1? i 27(2+4) A16(2+q) SN (2+9)
+q +q ~T10
= Sup(n.Ll’Jai+ﬂi> ¢ N l_[nl
i 1=3

since w € Dy, 4. We claim that

N
N < 4wl m. (7.8)
=3

Indeed if N = 2, the inequality is trivial. Since N is even we have to consider only the
case N > 4, which follows by Lemma C.1. Recalling (6.9) we have

[ Juit*fe = Juml. (7.9)

i =1

Then

Lj)? A A dusalm) 1 23171
sup < —-— = — < - = — + -,
jap TLL9B T Tls il Thsalmd = Thsalml  Thsslmd - Tliso L]
dj+ﬂj21

where the last inequality holds by momentum conservation. Then'”

_ 1 (Zl>3 LﬁlJ)Tl ~
K 21’] 1 — =2 46 27\2+q 71/2
0 S (1_[[>3 LnlJrl + 1—1122 Lnl_]rl ) ( e ) ll;!l_nlj

A <1+ NI >

Lﬁﬂ R H123 LﬁlJ n/2
u@ﬂﬂ+®ﬂ)
+ e —

< 2T171(46627)2+q <l LA JTI
nj

by Lemma C.2 with a = 1/2. The estimate on K, hence inequality () follows. |

19 Using that (a + b)™ <2711 (@™ +b™1) fora, b >0, 71 > 1.
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8. Birkhoff Normal Form

We are now ready to apply Theorem 1.3 to the three applications G, S, M, defined in page
7. We start by verifying the assumptions.

Lemma 8.1. The following holds

G)Lets >0,p>1/2anda > 0. Then forallN > 1,0 < n < s, w:=w(p,s,a)
and wo = w(p, s — n, a) satisfy the Birkhoff assumption at step N and in (1.29) we can
take

3
0

c=1, & & <O0)
S)Letts =1,5,a >0, p > 315+ 1 and ser’® N := [pr—_sl]. Thenn > 0, w :=
w(p,s,a) and*' wy = w(p — Nts, 8, a) satisfy the Birkhoff assumption at step N and
in (1.29) we can take
€ < Cron(@N, /N, 75), R < C2(4N, /N, 75), £ < C2(4N, /N, Nrg).
M)Letty =11, p>3my+1 and*?* setN = [%]. Thenn =0, w:= (Lij)jeZ and

wo = (L Jj JP*NTM)]EZ satisfy the "momentum preserving” Birkhoff assumption at step
N and in (5.25) we can take

Co=1, Ro, & < 6™(4%>)>.
Proof. G) Set
Wy, j :=wo,je%m6, Vn=1,...,N.

The computation of € follows from (6.1); the ones of &, AF from Proposition 7.1.
S) Set

wn,ji=wo, j(/)",  Vn=1,...,N

The computation of € follows from (6.8); the ones of &, £ from Proposition 7.1.
M) Set

wn,j=wo jj]"™, Van=1,...,N.

The computation of €y follows from (6.15); the ones of o, ﬁg again from Proposition
7.1. O

20 .1 is the integer part.
21 Note that 1 < p—Ntg < 1+71g.
22 Note that 1 <p—Nmy <1+
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We now state the Birkhoff Normal Form Theorem (1.3) for the Hamiltonian in (1.21)
in the usual three cases. First we define

) R
r(G) = min{ & T VR },
lcl(£)§ 2Calg(p)
\/ﬁe2 G
5G = VR
Ca1g(P)v/2MeCuen(p, s — ng. @ —a — 16)| fla,r
3
(©) ecl(%)g
C1(G) i= ———,
: 2es2
14
Cr(G) i= ——,
2(G) 2Bed?
3
Y Necl(%>9 N 21
C3(G) := . .
(@ 2%65( 482 ) &1
a R
r(S) := min ° , VR 5 (> where
J/NC> (4N, a/2N, Ntg) 5 -2%s*t
ds = VR
\/217CNem(p _Nr5707 a/2)|f|a,R
C>(4N, a/2N, N1g) %
C S = ) C S = )
l( ) 27€d52 2( ) ZSedSZ
_ 2Cyen(p — N15,0,38/2)| fla,r ( NCron (4N, a/2N, 75)C2(4N, a/2N, 75) \
C3(S) = 2 ’
eR 4dg
. Sy R
r(M) := min E, Sut6 [
\/21761sz (46¢27)2+q |flr ’
21M+8|f|R
Ci(M) i= —, Co(M) i= —————,
1(M) 252 2(M) R
[flr / N \N
C3(M) = 2fM+8—(—) . 8.2
3() R \s2 (8.2)

Theorem 8.1 (Birkhoff Normal Form). Under the same assumptions of Lemma 8.1 the
following holds. Consider the Hamiltonian (1.21), assuming, only in the case M, that
does not depend on x (momentum conservation). Then for any 0 < r < r there exists
two close to identity invertible symplectic change of variables

W, Wt B(hy) > by supy < [WEN @) —uly < i < g,
VoUlu=v"loWu=u, Vue By, (hy) (8.3)
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such that in the new coordinates
HoV =D,+7Z+R,

for suitable majorant analytic Hamiltonians Z, R € A,(hy), Z € K, satisfying the
estimate

sup |Xzlw < Cor,  sup |Xgly < C3r™, (8.4)

[ulw=<r [ulw=<r

Xz (resp. XR), being the hamiltonian vector field generated by the the majorant of Z
(resp. R). Moreover; in the case M, R preserves momentum.

Proof. We use Theorem 1.3 with G ~~ P.
G) Setting

a_“,s}, Fie YR (8.5)

N = ng := min Fi=—=,
{ Cairg(p)

we have that

(5.32)
|P|F,77,wo = |P|f,77,w(p,sfn,a) =< CNem(Pv s—n,a—a— n)|f|a,R- (8.6)

By (1.32) r,. > 8¢ > dg (see “Appendix A”). Then, recalling (1.32) and Lemma 8.1, one
can verify that

T>r@G), Ci<Ci(@), Cr<CaG), C3<0C3(Q)
S) Set
_ vR
==
Calg(p — Ntg)

Then Assumption 1 is satisfied by Lemma 8.1 with the same choice of N, wg, w. We have
that

n:=a/2, (8.7)

(5.32)
|P|f,n,w0 = |P|}7,a/2,w(p—Nrs) =< CNem(p — Ntg, 0, a/2)|f|a,R- (8.8)

For the various constants we refer to “Appendix A”. Recalling ts = 7, we note that
Cron(4N, n/N, T) = 227 127N max {4, (1/27)}° = 2(41 max {4, (1/2n)}N)7,
Co(4N, n/N, 7) = 267’ (127 max {4, (1/2n)} N)*°
Ca (4N, n/N, N7) = 22730 (6N7)N max { 8N, (N/n)3Nf}

= 2627+ (127 max {4, )~ } N2)3NT (8.9)
we have that for N > 3
Cmon(4Nv 77/Ns T)CZ(4N» U/N, T) S \Y 62(4Na n/Ny NT) (810)
By (1.32)
Te = VR >d

" Ca1g(p — N1g)y/2MeCyen(p — N5, 0, 2/2) fla g
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Then, recalling (1.32) and (8.10) one has T > r(S). Moreover (recall (1.34))
Ci <Ci(s), Cr=<0Ca(S), Cz=<c3(9). (8.11)

Finally the last inequality in (8.3) follows from the second bound in (1.33).

M) Set
V'R R
n:=0, r:= >/ . (8.12)
2TM/2Ca1g’M(p — 'CMN) 10 . ZIM

Then Assumption 1 is satisfied by Lemma 8.1, case M, with the same choice of
N, wo, w. We have that

(5.33)
[Pl7.0wp = I1PIlF p—mun < 2| f1r. (8.13)
By (1.32)
VYR
Fy > —F/——.
- /2rM+17|f|R
Then

T>rM), Cp<ci@), Cr<C@), C;<C3).

9. Gevrey Stability. Proof of Theorem 1.1

4,52
Actually we prove of Theorem 1.1 for the slightly longer stability time |f| < ny;is

e(lﬂ %G)lw/ét

, where 8¢ > 8¢ (recall “Appendix A”). We set
r:=2§

0/4 0/4
N(r) := |:<21n 2;&) :| = |:<21n %G) :| 9.1)

Recalling (8.5) by Corollary 5.2 solutions of the PDE (1.1) in the space h,, s 4, corre-
spond, by Fourier identification (1.19), to orbits of the Hamiltonian System (1.21) in the
space

and choose

h, with w;= eAlits ()’ (j)P.
An initial datum uq satisfying |ug| 5.« < 6 corresponds 023 ug € hy, with luglw < 6.
We claim that r < 2§g implies
%
N
rNeCl(ﬁ)
e BT . 9.2)
28¢

23 We still denote it by ugp.
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Indeed we have
16(4C1)? 20
N(r) > Ng := max {% 2%19—:}
Ule!
and by (9.1)r < 28Ge_%(N(’)/ 2" and (9.2) follows if we show that the function

3
N\ 6
N — e_%(N/Z)WNeCI(E)

is < 1 for N > Ng. This is true since the function is decreasing for N > Ng and is < 1
for N = Ng. This proves the claim (9.2).
Then we apply Theorem 8.1 in the case G. Recalling (8.1), by (8.4) and (9.2)

2 N 2 N 2 146 /4
ca(@r2h < YT (L> " _ <i) " -8 e_(ln %)
2962 \ 28¢ 2762 \ 8¢ ~ 27e83

El

. 26 /4 5 6/4 S . .
since N(r) > (ln %) = (ln f) . We deduce the stability time by applying
Lemma 5.1.

10. Sobolev Stability
Before proving Proposition 1.1 we add a comment on the optimality of condition (1.10).

Remark 10.1. We construct a finite dimensional Hamiltonian, which is a reduction of
(1.1) to a finite number of Fourier indices and which exhibits fast drift in a time of order
1. For instance, consider

H@uy,uj) = 1+ VD)lur* + (G2 + V)luj1* + e Re(lur [Purii ),

which is a finite dimensional model for (1.1) with £ (x, [u|?) = e~/ cos((j — 1)x)|u|>.
Consider now the initial datum u(0) = (u1(0), u;(0)) = (8/4, |71~ ?8/4), which clearly
has H, norm < §. A direct computation shows that in a time T of order 1, the Sobolev
norm of u(T) is of order

83e=2J jP hence greater than 48 if §2¢~2/ jP is large. Maximizing on j we get a
constraint of the form §2¢~?(a~ ' p)? < 1.
Of course this pathological “fast diffusion” phenomenon comes from the fact that f
is NOT traslation invariant (and hence H does not preserve momentum). Actually, re-
stricting to translation invariant Hamiltonians would not result in signficantly weaker
constraints on the smallness of § w.r.t. p. This can be seen in the following example.
Consider the familiy of Hamiltonians (in three degrees of freedom)

KD = Voluol? + (1 + VD)ur > + (2 + V)luj? +Re@@l) " wla )
with the constants of motion
2 2 2 2, a2
L = lug|” +|ur|” +u;l|”, M =|ug|”+ jlu;|".

Following the same approach as in the previous example one shows that |u ; |2 can have
a drift of order j~78% in a time T of order 1. This means that the Sobolev norm of u(7T")
is of order

i e . . . 1~
827 jP. Maximizing on j we get a constraint of the form §e? < 1.
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Proof of Proposition 1.1. As before we set r := 2§. An initial datum u( satisfying
lugl 2 + 188 ugl 2 < 8 corresponds t0?* ug € hyy(p) With [ugl, < § by (5.28). We apply

the Birkhoff Normal Form Theorem 8.1 in the case S (recall that N = [”T—_Sl]) Recalling
the definition of r(S) in (8.2), we verify that, for any N > 1
ds

Ss(kgp) P < .
stksP) 0 = e o N D)

(10.1)

Indeed
ds (8.9) ds 1 1

2UNG@N, a/2N,NT)  24/2e2Q2+0)/2 N (v12tNmax {2, a=1/2})3N*

=3(p=1)
> ds—«/? /12 max {2’ a—l/z} (p— 1) 3p=D-1/2
24/262702+0)/2 T

= ds(ke) P (p — DTV

setting

- ds—\/?k3
C2/26272+)/2 s
(10.1) follows by verifying that 85 < 8 and noting that p=3? < (p — 1)=3(=D=1/2

for p > 1.
By (8.11) and (8.9)

8s

C3(8)(28)20HD
_ 52210CNem(p —Nz,0,2/2)|fla,r

¢R
(Ncmonmm, a/2N, T)Ca(4N, a /2N, r)sz)N
ad 2
S
B 82210CNem(p —Nt,0,a/2)| fla,r
- eR
472033 4 max (4, (1/a))¥82\ " aear
7dg? ()
S
- 82210CNem(p —Ntz,0,2/2)|fla,r
- eR
2=l
462740337 (4 max {4, (1/a)})*782 4l (po)
e (p—1)=
S

(remember that N = [(p — 1)/7]). Then, noting that (p — l)#(f”_l) <pPforp>1
(recall that T > 15), we get

p—1
2 T

1 8
Ca(S 28 2(N+1) Sp
3(S)(28) <er” 5,

24 We still denote it by ugp.
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We conclude by applying Lemma 5.1 and (5.28)

S\ -
()] 2 + 107 u®)] 2 < 2u@)|, <48, Vi STsp_5p< S) o

proving (1.11). O

Proof of Theorem 1.2. 1t is similar to the previous case but now we consider
h, with  w;=[j]” (and|-|y="1p).

Wesetr = 44, aninitial datum u satisfying 27 [uo| ; 2, |u0|Lz+|Bfuo|Lz < § corresponds
to ug € hy, with |lugl|l, < 28 by (5.30). Now we can apply the Birkhoff Normal Form

Theorem 8.1 with N = [pr—_ll]

Sy s R
48 < 4% < r(M) = min { 7 W} . (10.2)

Proceeding as in the case S and noting that now

2
8C3 (M) (48)2MD = yur12 [ SR <N8 ) e

R \ 282
—1 =t 8% po
S 2TM+1381\2/[|J;Q|R(IJ_C1 )prl (252)p11
M

p—1
1 ((p—l)sz)m
T Tw \ 882

Finally by Corollary 5.1 and (5.30) we get
p—1

» 88> | ™
lu()|p2 + |0 u@)| 2 < 2Mlu@)l, < 89, Vit| < Tu (])——1)82 )

proving (1.13). O

Proof of Corollary 1.1. In case S we start by noticing that for 3p In(kgp) < In(ds/8)

2(p=1)
the functlon Is(py—or (55) s increasing in p.
Let us check that p(8) defined in (1.14) satisfies (1.10) and is > 375 + 1 namely,
passing to the logarithms and setting y := In(d5/§), we have to check that —— ln(y) > 615

and 3p In(kgp) < y. The first bound follows from the definition of 85. For the second,
we have

1 vy 1
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provided that*

y > max{kg, 40}.

Now we have to show that
2(p—=1)
in? 35 /8) sy (8s\
Tse 4t InIn(8g/é) < TS(p) P 8

wich amounts to

2
y 2(p—1
e 4ty (p)spe_ (pr )y < 1

or equivalently

2
—1
. S Spinp) - 2w=b
4t Iny T
Assuming - 5 > 6, we have 1 + ﬁ —t<p< 31ny we get
2 2
y 2(p -1 y
+5pIn(X — <
4tlny pIn®sp) T y_4r1ny
y y 1
+3 In( ) — (— - =)
31In(y) 3In(y) 67 ln(y) 6
y?
———+2y <0
127lny

if —— ln(y) > 247 > 6. Note that the last inequality holds if y > 2472 (recall that T > 15).
Recollecting the condition that y has to satisfy is

y > max{kg, 2412},

namely § < SS.

M) Since we are assuming § < &y we have that p defined in (1.16) satisfies p > 1+37y.
Moreover by (1.16), the bound (1.12) holds. Then Theorem 1.2 applies and (1.17) follows
directly by (1.13). O
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25 Note that the function

1 1
y}—>y—3<1 6 ( )) (lny+ln(1+6—1 (y))>

is positive for y > 40.
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Part 3. Appendices
Appendix A. Constants

In this subsection are listed all the constants appearing along the paper. We first introduce
some auxiliary constants. Givent,0,¢ >0, p > 1/2,0<6 < 1,s,9 >0, we set20

oN12
Cars(p) =27 (D 07) ",
ieZ
2p+1
C =V2 (24—,
atgu(p) = V2 t 53T

Cren(p, s, 1) := Ca1g(p)(e’ + supr"g_t“”g)’
x>1

Cmon(t’ g, P) = 2p+le max {(2t)p’ 6_p» 1} ,

_ 23 13(g +3)\7
o 1
C) =286 (q+3)(—9(1 ) )

2
2. 13(g+3)\ "
In(————= , Ce=13/(1-0),
(n( 6(1-6) )) =Y
Cat, 0,¢) = ¥ Cron(t, 0, 30),
T:=102+q), 70 1= 15/2,

T] = 2<ro+ >(2+q).

3
2In2
Here are the constants appearing in Theorem 1.1:

20+4 1\ 4/0
VR —(max{l6(4€1)9n53,2m })
G

8g :=min { ———, §ge ,
4Ca14(p)
2%e8s>
Tg = ¢96 s where
14
5 1= vy X
G =

Ca1g(P)V2MeCren(p, s —nc,a —a — ne) flar

. la—a
N = min 5 ,Sf -

26 Regarding Cyen note that

1
rorf = _ta=0P
sup xPe Y < exp (1—9)<i> max{L,e P } .
x>l 10 e(1 —0)t
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Here are the constants appearing in Proposition 1.1

15
Tgi=17= 7(2+q),

.ni V3TTYR «/ﬁ}

§s = mi ’
s 210627 (ks 1)+ /Crrem(p — N75. 0, 8/2)[ flap 27

112
kg : =,/ — max {2, afl/z},
T

_ 2073 @ max 4, (1/2))*
_ - .

Ts

Here are the constants in Theorem 1.2

3 . 'C18M R
v i=T = (15+ E)(Z‘FC])’ by = mln{ 4 Y 2r1+8}’

R B 236611 (46627)2+q .
2t1+1351\24|f|R - Y ’

Ty =

where, recalling 8.2,

M = re
\/21761271 (4627)2+q | flr

Here are the constants appearing in Corollary 1.1:

s S

5q = sse—max{ks,24rz} Sy = L
4‘[1

Appendix B. Proofs of the Main Properties of the Norms

Lemma B.1. Let 0 < ry < r. Let E be a Banach space endowed with the norm | - |E.
Let X : B, — E avector field satisfying

sup | X|g < do.

B,

Then the flow ® (u, t) of the vector field*’ is well defined for every

r—ri
)

[t| < T :=

and u € B, with estimate
| P, 1) —ulp <dolt], VIl =T.

27 Namely the solution of the equation 9; ® (u, t) = X (P (u, t)) with initial datum & (u, 0) = u.



An Abstract Birkhoff Normal Form Theorem 2135

Proof. Fixu € B,,.Letus first prove that ® (u, ¢) exists V |¢| < T. Otherwise there exists
atime?® 0 < 7y < T such that |®(u,t)|g <rforevery 0 <t < tybut |D(u,ty)|g =r.
Then, by the fundamental theorem of calculus

fo
D(u,tg) —u= / X(®(u, v))dr. (B.1)
0
Therefore
fo
r—ry <@, o)lg — |ulp <P, ) —ulp < / [X(®(u, T))|edT < doto
0
< 6T =r —r1q,

which is a contradiction. Finally, for every || < T,

t
| (u, 1) —ulg < / I X (@ (u, )edT| < dolt].
0

Proof of Lemma 2.1. For brevity we set, for every r’ > 0
| . |r’ = | . |r/,n,w-

We use Lemma B.1, with £ — hy, X — Xg,80 = (¥ + p)[Sly4p, ¥ = 1+p, 11 — 1,
T — 8e. Then the fact that the time 1-Hamiltonian flow ®L : B, (hy) — Brip(hy) is
well defined, analytic, symplectic follows, since for any n > 0

0
sup  [Xsln, < T+ 0)ISlr+p < o
UEB, 4p(hy) 8e

Regarding the estimate (2.3), again by Lemma B.1 (choosing r = 1), we get

o
h, S+ oSl < Se’

sup ‘d)g(u) —u
u€ By (hy)

Estimates (2.4), (2.5), (2.6) directly follow by (2.7) with 2 = 0, 1, 2, respectively
and ¢ = 1/k!, recalling that by Lie series

® adk gy

Ho®l=¢%H= adSH=§ i
S k! K

k=0 : k=0 :

where H) := ad{(H) = adg(H"~"), H® := H.
Let us prove (2.7). Fix k € N, k > 0 and set

ri:=r+p(1—%), i=0,...,k.

Note that, by the immersion properties of the norm (recall Remark 2.1)
ISy, < ISlr+p,  Yi=0,... k. (B.2)

28 We assume to positive, the negative case is analogous.
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Noting that

14 R 5k<1+1>, Vi=0,...k (B.3)
o

by using k times (2.1) we have

_ kr _
[HO |, = (s, H Dy, <401+ ;)|H<" Dl 1Sy

k k
(B.2) kr; (B.3) r
< |H|r+p|S|£‘+,,4"1"[(1+7’> < [Hlrsp <4k<1+;)|5|r+p) :

i=1

Then, using k¥ < ekk!, we get

k
]
DO <Y el HO) < |Hlwp Y <4e<1 + ;)|S|r+p>

k>h , k>h k>h
K22 h
= |H|r+p Z(|S|r+p/28) < 2|H|r+p(|S]r+p/28)".
k>h

Finally, if S and H satisfy mass conservation so does each ad]biH ,k>1,hence H o <I>§
too. O

Proof of Lemma 3.1. We first prove (i). It is easily seen that:

X(éi(u)zi > |Hyp|Be" ™ Py ghber.
o, BeNZ

Now
X, @l < 1Xa, @es 1= (1)

hence, in evaluating the supremum of | X H, | over |u|, < r we ca restrict to the case in

which u = (u) jez has all real positive components. Hence

*
e =" 28 (Z [t B¢ uje? _ej)
JEZ

lu|,<r
w

Then

1
|H|ppw= = sup
25 juj,<r

(B.4)

(m'®),.,

w

where

*
Wil ) =3 Ha g + B)em @ Pl
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since, by the reality condition 1.23, we have

* *
3 [ 18 BIB ) = 3 [y el @Bl = D),

By the linear map
2 r
Lyy €7 = hy, yji —yj =uj,
W j
the ball of radius 1 in ¢2 is isomorphic to the the ball of radius r in h,, namely
Lyw(B1(€%)) = By (h,). We have

) 1 )
Y Gironow) = S Wi (Lrgy).

Then (i) follows.

In order to prove item (ii) we rely on the fact that, since we are using the n-majorant
norm, the supremum over y in the norm is achieved on the real positive cone. Moreover,
given u, v € €2, if

lujl <lv;l, VjeZ
then [u]p2 < |v]p2. |
Proof of Lemma 5.4. Let us look at the time evolution of |v(t)|V2q. By construction and
Cauchy-Schwarz inequality

AT
=|—v

dt v
=< 2|U(l‘)|w|X£|w = 2r|v(t)|w|R|r,7],w

d .
2@l | 0Ol = 2|Re(v, V)n, | = 2|Re(v, Xg)n,|

as long as |v(?) |, < r; namely

= r|Rlrpw (B.5)

dl ®)1
JE— v w
dt

as long as |v(t) |, <.
Assume by contradiction that there exists a time”

1
8IRIrp.w

9

0<Tph<
such that
() — vk < % VO<1<Ty, but |[[0(To)l — lvols| = % (B.6)
Then
()] < |v0|w+% <r  YO0<1<Tp.
By (B.5) we get
[0(T0) s = lvol| < 71RlrgTo < 2.

which contradicts (B.6), proving (5.26). O

29 The case Ty < 0is analogous.
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Proof of Lemma 5.5. We first note that (see, e.g. Lemma 17 of [BDG10]) for p > 1/2

and every sequence {x;};cz, xi > 0,

(in) <oy (2 ”x,.)z,

ieZ i€’

with ¢ := 473", ,(i)72P = (Ca14(p))*. Then

[ agllyg = 3 &2 alily (Zmug, l|)
J

IA

= clf1}.5.al805 s
Regarding the second estimate, we set
. L] .
o0, j) = ——", Vi, j €L
Ll —il
Note that
We claim that

¢G, j) = 1.

25(j)? 2 2D 2 2
CZeAm eamzl P(j—i) p|fi| lgj—il
J

CZeZX 2u|z| 2p|f| Z<] 2p62sj i)Y 2a\j7i||gj
i

2
—il

(B.7)

(B.8)

Indeed by (B.7) we can consider only the case j > 0. Since ¢ (—|i|, j) < ¢ (Ji], j) we
can consider only the case i > 0. Again by (B.7) we can assume j > i. In particular we

can take j > i > 0, (B.8) being trivial in the cases j =i, i = 0. We have

i+1 3 . j
pU+1,0) = =-  ¢0U. D=

— <1
2L) ~ 4 2 -~

Then it remains also to discuss the case j —2 > i > 2; we have

i 1.1

)= _ <1,
) =y = S
proving (B.8).

For g > 0 set

= sup Y (i, ) —supZ(¢(z .

JEZ Jj=0

i€z i€Z

We claim that

+1
cg <4+27
-

< 00, Vg > 1.

(B.9)

(B.10)
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Indeed, since | j|/[j+1] < 1and |j]/|j— 1] <3/2for j > 0, we have®®

» 1 »
co=sup | L LS 3 @G )

. 1y I 1y
jzo \ 2L+ e 20 207 - 14 i<—2,2<i<j-2,i>j+2

e Pt ) e X
<2779 +sup Ziq(j+i)‘1+ Z (i+(j_i) +Ziq(i—j)q

JZ0\i>2 2<i<j—2 i>j42
<Y Lyt ¥ (i+;>+ ) —
i= 2<i<j-2 i G=ie izj+2 (@ =
+1
<4421
—1
using that (x + y)? < 297!(x? + y?) for x, y > 0 and that®!
=2 (@-1
Note that for every g, go > 0 we have
Caotq = Cqo (B.11)
since
. g B3 .
Caprg 7= SUP Y (@i, TG )T = sup Y (b, )T = cqy-
J€Z i€z Jjez i€z

We now note that for p > 1/2, j € Z and every sequence {x;}icz, x; > 0, we have by
Cauchy-Schwarz inequality

2 2
<Zx,-> =(Z(¢(i,j)>1’(¢>(i,j>>—1’xl-> < Y (@G )P x),

ieZ ieZ ieZ
with ¢, defined in (B.9). Using the above inequality we get
2
SR illg-il)
j i
<cop » Y LU =il filPlgj—il?
i

cap Y LiPPPIAPY Li—il*P1gj-il
i J

201,112
capll FlIL 8-

IA

IS+l

A

The proof ends recalling (B.10). O

30 Note that the term (:l

31 Zizz 179 <279 + f2°° x"9dx.

1 q . . A
+W) for j =4andi =2is 1 for every g.
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Lemma B.2 (Nemitskii operators). Let p > 1/2. (i) Fix s > 0,a9 > 0. Consider a
sequence F'D = (F;d)) . _€hpyapnd>1, suchthat

JEZ
o
> dIF D), 500 R < 00 (B.12)
d=1

for some R > 0.
Foru = (”J)jez letu = (ﬂ) and consider the Hamiltonian

JEZL
o0
Huw) =Y | FD%usxsusiix- i
d=1

d times dtimes /
For all (n,a,r) such that n + a < ag and (Calg(p)r)2 < R, we have that H €
Hr,n(hp,s,a) and
o
|H|r,r),w(p,x,u) =< r_l Zd|F(d)|p,s,ao (Calg(p)r)Zd_l < 00.
d=1
(ii) Analogously if F) are constants satisfying
o
Zd|F<d>|Rd <00 (B.13)
d=1
and (Calg,M(p)r)2 < R, then H € H"? with
o0
1Hlrp < 27770 d|FD|(Cargu(p)r)™ ™" < oo, (B.14)
d=1

Proof. (i) By definition the n-majorant Hamiltonian is

;i ] d)— ——
E’? = Z Z M /2d‘|FjO lujiujpujy .. ujpy
d joz,djl---,qu
Jo+2iZ (=)' ji=0
where
2d
Tjtsesoa = Z(_l)lji = —Jo
i=1
hence
H, = Z E:;d) *U K- kUKUK---xU |, Egd) = (e”'j‘|Ffd)|)
7 — — J jez

dtimes dtimes / g
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consequently
qu”:Zd ng)*u*-n*u*ﬁ*---*ﬁ
a, - ——— N — e
d dtimes  d-1times/ ;
Moreover

|Xﬂn|p,s,a = Zd(calg(p))Zd_l |E7(7d)|p,s,a(|u|p,s,a)2d_1-
d

Since
|E£7d)|p,s,a = |F(d)|s,a+77,p =< |F(d)|p,s,ao
we get
Xt psa < D d(Carg(pP)* T F Dy a0 (ulp )™
d
Therefore
,5,a,0 - - _
|H|£f7pfna = sup | Xp, <r 1X:dIF(d)I,;,S,ao(Calg(p)r)z”l I < 0.
|u‘p.x.a<r p.s.a d
(i1) The proof is analogous to point (i). O

Proof of Proposition 6.2. We startby Taylor expanding H in homogeneous components.
The majorant analiticity implies that for a homogeneous component of degree d one has

d
|H( )|r,r;,w(p,s,a) = |H|r,7],,w(p,s,a)'

Now let us consider the polinomial map (homogeneous of degreed —1) X @) : hp 50 —
hp 5,45 as is habitual we identify the polynomial map with the corresponding symmetric

multilinear operator M@—1 : hg; 1

o — Bp.s.a- Since we are in a Hilbert space, one has

that
O . d—1 d—1

|M|p},)x,a = sup |M( )(ul’ s ud—1)|p,s,a = Ssup |M( )(u’ cees u)|p,s,a

Up,...ud—1€hpsq |’4|p.x.afl

[uilp.s.a=<1
—d+2
= sup |Xﬂ(d>|p,s,a <r |H|r,n’w(p’s’a)
‘Mlp,x,afl

for all n > 0. Now let us compute the tame norm on a homogeneous component, i.e.

_ _ d-1).,d—1
sup |M(d l)(ud 1)|p,s,a _ wup |& (u )|po,x,a
‘u|p0,x,a§r*p |u|p,s,a |”|p0.s,a§r*P |u|p,s,a

where

d—1,j) ¢, d=1\ _ 7 :\p—po @=Ly . .
& @) =) Z |Mj1,~~j<171 oo W
JlseeesJd—1
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now setting r = ) . j; — j we have

Np(dil)(ula---yud—l)
d—1
<@-nGr S M g,
JseeesJd—1t
[J1l=1jil

pP—Ppo
. d—1,j
<@d-1n Y (Zm) + |n|> M gy g,

Jlseeesjd—1 \

[j11=1Jil

_ d—1
<@-12"C.p) Y M) g g,
Jlsees Jd—1

< Jd—1

+(d— 1207 d = ppr 3 |M(d DD G

which means that for any |u] )5, <7 — p one has

IN, D@ pg s,

< (d—122"7Cn, PIHD [—p 1 wpo.s.a) U] po.s.a
+2P7P0(d — )PP MIE = p) P ul s

Ujgy

- - P.d—
< (d—D2P7P(C(n. p)+(d — DHPPO (1 = ;)d 21 H g u(po,5.) 1l p.s.a

We conclude that

|XH|p\“a

sup  ——=RE < AP H |, sy (A — D(C. p) +(d — 1P

il pg.s.a <1 Ul p,s,a d=2

and the thesis follows since the right hand side is convergent.

Appendix C. Small Divisor Estimates

Let us start with two techincal lemmata.

Lemma C.1. For p, § > 0 and xo > 0 we have that
e R
x>x0 Xoe P df xo > p/B.

Lemma C.2. LetO <a < landxy > xp > --->xy > 2. Then

ZISZSN xﬁ lel_a 2a.
H15£§N Xy axy

o g
-

Proof. By induction over N. It is obviously true for N = 1. Assume that it hols for N

and proveitfor N+ 1. O
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Proof of Lemma 6.1. The fact that this (6.5) holds true when w = 0 is proven in
[Bou96b] and [CLSY]. The bound (6.5) is equivalent to proving

> oAl — o +olx| - (2-27) > A > 0. (C.1)
I>1 =3

ie.
Y oal —al+olxl - (2-2°) ) A =o. (C.2)
1>2 =3

Inequality (C.2) then follows from
0

fUaly =Y 0] = i+ ) m | +6lxl = (2-27) ) @) =0, (C3)

1>2 1>2 =3

which we are now going to prove. We shall show that the function f(x) is increasing in
x > 0; then the result follows by showing f(0) > 0, which is what was proven by Yuan
and Bourgain.

We now verify that f/(x) > 0. By direct computation we see that

0-1
f)==0{x+> "M +0,
1>2
so it suffices to prove that
1-6
L<|x+> | . (C4)
1>2

which is indeed true, since ), 3271\1' > 7 > 1 holds, by mass conservation. O

Proof of Lemma 7.1. In this subsection we will take
o, BeN? with 1< |a|=|B] < oco. (C.5)
Given u € Z%, with |u| < oo, consider the set
{j # 0, repeated |uj| times},

where D < oo is its cardinality. Define the vector m = m(u) as the reordering of the
elements of the set above such that |m 1| > |m2| > --- > |mp| > 1. Givena # B € NZ,
with || = |B| < oo we consider m = m(a — B) and 7 = n(a + B). If we denote by D
the cardinality of m and N the one of 77 we have

D+ag+By <N (C.6)
and

(Imil,....Impl, 1, ..., 1) < (71, ...7N). (C.7)
———

N—D times
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Set
oy = sign(e,,, — ﬂm[).

For every function g defined on Z we have that

> gl — Bl = g(0)eo — Bol + Y _ g(my),

ieZ I>1
> gl @i — B;) = g(O)(eo — Bo) + Y _ 01g(my). (C.8)
i€eZ >1

Lemma C.3. Assume that g defined on Z is non negative, even and not decreasing on
N. Then, ifa # B,

Y gl — Bil <2g(m)+ Y g(i). (C.9)
i€z >3
Proof. By (C.8)
Y gl — Bil = g(O)lo — Bol + Y glmy)
i€Z [>1

< g(D(eo +Bo) +2g(m1) + ) g(my)

>3
and (C.9) follows by (C.6) and (C.7). O

We denote as before the momentum by 7 so by (C.8)

m=Y (i—B)i=) om (C.10)
[

i€Z
and
D (ai—By)i* =) omj. (C.11)
i I
Analogously
> e = Bi| = D+ lag — By (Céé) N. (C.12)
i
Finally note that
ooy = —1 - m; # my. (C.13)
Note that
a#*#f = N=>=3or m#0, (C.14)
indeed, by mass conservation, |e| = |B| = 1 thereforeif N =2 we geta—fB = e, —ej,
so if 7 = 0 we have & = . Note also that
o #B _— D>1, (C.15)

indeed, if D = O then o; — 8; = O forevery |/| > 1 and, by mass conservation ag = f,
contradicting & # 8 .
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Lemma C4. Given o # B € NZ, with 1 < |a| = |B| < o0 and satisfying (7.1), we
have’?

Imi| <207 | +31) A7 (C.16)
>3

|m 1| and (C.16) follows. Let us now consider

Proof. Inthecase D = 1 by (C.10) ||
= Bo)eo.

thecase D =2, 1.e
oa— B =01y, +02em, + (0

Let us start with the case o102 = 1. By mass conservation |o] + 02| = |Bg — ap| = 2

By (C.12) N > 4. Then conditions (7.1) and (C.12) imply that

m3 +m3 <20+ 10ag — Bo| = 40

Then
Im| < V40 <
=3
=|m —my| =1

—1 we have m| # mo, ||

since N > 4 and ny > 1. When o102
and by mass conservation g — 8y = 0. Then
(Im1] + Ima(im1| = Ima]) = mi —m3 < 20.
If |m| > |m3| then
[my| <20 < 20|x|. (C.17)

—my and, therefore, || = 2|m|, completing the proof in the case

Otherwise m

D =2.

Let us now consider the case D > 3. By (7.1), (C.11) and (C.12)
N

D
mj +0102m% < 10N+Zm12 < 10N+Zﬁ[
=3

=3
N
)
31) 77,

_20+Z(10+ )<20+112 N23 5
=3 =3

If o10p = 1 then
i, lma| < [31) @7,
>3

If ojop = —1
(Imil+ lmal)(jmy| = |mal) = mi —m3 <31
(>3

32 Note that by (C.14) the r.h.s. of (C.16) is at least 20
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Now, if [m1| # |m3]| then
i+ ma| <31 77
>3

Conversely, if |m|| = |m2|, by (C.13), m| # m», hence m|; = —m>. By substituting
this relation into (C.10), we have

o~
2mi| < ||+ lml < |zl + ) 77,
>3 >3
concluding the proof. O

Conclusion of the proof of Lemma 7.1. As above, given &, B € N”, with 1 < |a| =
|B| < oo we consider m = m(a — B) and 7 = n(e + B). Note that N := | + 8] > 2.

We have3
Z |oe; — B[ ()7 (Cég) 20my|? + Zﬁl%

i >3
0
(C.16) ’ 0
< 2f20iz|+31) a7 +> af
>3 >3
<2002 +2GDT Y Al + > 7
>3 >3
- B A =0)x|l+@2=2% Zﬁ@ (C.18)
~1-6 oy ‘
>3

usingthat 1 —0 <2 — 29 for0 < @ < 1. Then by Lemma 6.1 and (C.18) we get

Z\u, 0" < (1—9)|7r|+2 (ori + B +9|n|—2ﬁ?>
13 0 8
< g | 20 (i Bi) +iml =201)7 |,

i
proving (7.2).
Let us now prove (7.3) passing to the logarithm. We have

> (1 + ey — By (i)

= In(l+ e — B+ D In(L+ fa; — Bylil)

lil=<1 li]=2

<3In(1+N)+ Zln(1+|oti — BiliD

li|>2

(C.19)

3 .
g31n2+31nN+§mX>:2|a,~ — B;|Inlil,

33 Using that forx, y > 0and 0 < ¢ < 1 we get (x + y)¢ < x¢+y°.
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using that 1 + cx < %xc forc > 1,x > 2. If a; — B; = 0 for every |i| > 2 then (7.3)
follows. Assume now that o; — f8; # 0 for some |i| > 2. By (C.14) we have

N>3 or w#0. (C.20)

We claim that, when N > 3,

N N
In (Zﬁ}) < lnN+Zln’rZ,2. (C.21)
=3

=3

LetS:={3 <l <N, s.t.n; > 2}.If S = (J we have the equality in (C.21). Otherwise
Zlesﬁlz > 4 and?*

N
In (Zﬁ%) <In (N + Zﬁ%) <InN+ Zln?{lz,
=3

leS leS

proving (C.21).
We claim that

N N
In (20|n|+312ﬁ,2> <In(l+|7)+InN+> InA7 +In20+In31. (C.22)
=3 =3

Indeed consider first the case 7 = 0, then N > 3 by (C.20) and (C.22) follows by
(C.21). Consider now the case || > 1. If N < 3 (C.22) follows (there is no sum). If
N > 3 we have®®

N N
In (20|n| +31 Zﬁ%) <In(20|7|) +1n <31 Zﬁ%)

1=3 1=3
N

<In(x)) +In (Zﬁ%) +1In20 +1n31.
=3

Recalling (C.21) this complete the proof of (C.22).
Let us continue the proof of (7.3). Set g(i) :=0if |i| < 1 and g(i) := In|i| if |i| > 2
and apply (C.9) to (C.19); we get

> leei = Bifinlil < 21 mi|+ ) Infi|

li|=2 >3

(C.16)
< 2In[20w|+31) a7 |+ ) Inmy

>3 >3
N
(C.22)
< 2In(1+|7)+2InN+5) Infi; + 16.
[=3

34 Use that Inx+y) <Inx+Inyifx, y > 2.
35 Recall footnote 34.
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Inserting in (C.19) we obtain

N
15
> In(l+ e — Bi](i)) < 31n(1+|n|)+61nN+721nﬁ,+27
i =3

concluding the proof of (7.3). O
Proof of Lemma 7.2. First of all we note that

Zﬁwn— DA

i st £;#£0

since f;(0) = 0. We have that3°

ﬁ(x)g—ci<>%x+21n(x)+(2+q)1n(>1 Vx> 1.

*

We have that
(e} <>% if <> <
—— i if (i io,
o .8 o =
_—— 2
T;li(( C*<) x+21n(x)>
n(i) if (i) < iop,
o
where

2
. 2C4\?
ig = ,
o

since the maximum is achieved for x = 1 if (i) > ip and x = % if (i) < ip. Note
that ip > e. Then we get

Zﬁuz D= Y filD <

is.t. £;#0
2C
3 ((2+q)ln( V41— C—< )3) £y (21n—* + <2+q —9>ln(i)>.
(iy=io s.t. £;7#0 * (i) <io o
We immediately have that

. 2C, )
3 21n—+(2+q 6)1In(i) ) < 3ip (210 ==% + 2+ ¢) Inio
o o

(i)<io

)
:3(2+ (2+q))<2c*) 2C*

Moreover, in the case (i) > iy > e,

(2+q>1n<i>+1—ci< i)? < (2+q+1)In(i) —Cim%

= —(2+q+1>( n(i)® —2¢(i)?)

36 Using that In(1+y) < 1+1Iny forevery y > 1.
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where
0
c=— 27
4C,2+qg+1)
Therefore
o 0
Sy 1= | Z ((2+q)1n(i)+1 — C—*(i)2)
(i)y>ig s.t. £;#0
satisfies
2
Se< Y SQtg+ 1)(1n<i)% —2¢<i>%).
(i)=io s.t. £;#0
We have that®’
[ 6 ] 2 1)\?
In(i)2 —2€(i)2 < —C(i)2, when (i) > iy = (—ln —)
¢ ¢
Note that
iy > max{io, ix}.
Therefore
S, < 2Q4g+1) DIRLIGE: 3 (e:<’>%)
J— n —
« =g q 2 i o i
(iy<is (i)=iy s.t. £; 70
L.o2e ¢
<Q2+qg+1)(3izlniz — FMZ
where

My = max{|i| > iy, s.t. £; #0}

and My := 0 if |¢;| = O for every |i| > iz. In conclusion we get

2
2 2C.\? . 2C, 2¢ ¢
Zﬁ(|€i|)§3<2+5(2+q))( ) In +(2+q+1)(3iﬁ1niﬁ—§M;)

o o
- o 9
56(c1+3)lulnzﬁ—fM(Z
*
L O g
<7(g +3)izIniy °C (nl(Z)) ,

E3
noting that 71y (€) = My if M, # 0, otherwise 711 (¢) < i, and, therefore,

o
2C,

[
2

(1(0))

o g S
< Elﬁ < (g +3)izIni.

37 Using that, for every fixed 0 < € < 1, we have €x > Inx for every x > % In %
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Proof of Lemma 4.1. For £ € Z” with 0 < || < co we define

y 1
Re = €Q, : |lw-L| <
CE oS lent= 1+|zo|mg(lﬂmmmwzm

— if £ is such that £,, = 0 Vn # 0 then

W(R)) = — 1V
o L+ [€o|H!

— Otherwise: lets = s(£) > 0 be the smallest positive index i such that |£;|+|¢_;| # O
and S = S(£) be the biggest. Then we have

q
nRo) < —— T :

- (L fol) fg U+ fen In|#ata)

Let us write

1 1—[ 1
L+ [€g|H (1 + [€, [ [n|H2¥4)

n#0

_ 1 1—[ 1 1

Lol G (L 1 al9) (1 [ 1 ] 29)

— 1 1—[ 1 1

e SO<n=SO) (1 + €, |41 |n|H2%a) (1 + |_y |1 |n|H2*a)
Now

%
24\ Dyq) = Ry=) — C.23
1(Qq \ y,q>_Z€ju( o) ;1+|€0|’“ (C.23)
0

1 ysd 1
+ C.24
) D A TATI A Yo B
§>0 L:s(0)=S()=s

ysd 1 1
—_— . (C25
PP 1+|50|“1€H A+ 6Pl (a2

O<s<S l:s(l)=s, s<n<S§
S)=S

Let us estimate (C.24)

Yy ¥ :
Sl ol (Ll (1 g s ]Rr)
[€s|+|€—s|>0

1 1
q
<c(upy Zs Z (1 + |51 |s|H2*a) (1+|Z_Y|“1|S|”‘2+q)'
50 4,,0_s€Z ’ :
[€s]+1€—s|>0

38 Assume, e.g. that £5 # 0, then |0 - £] > s79.
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Now since

o0 o0
> =y < )
— (1 +h* |n|”“2+‘1 prt hi |n|lt2+q = |n|M2te

we have

1 2
Z <1+ C(Ml).
(] +|h|m|n|m+q) |n|M2+q
heZ

Then we have

Z 1 1 cr(m1)
o, TSR (T e[ sprd) = [sfasd
[€s]+1€—s|>0

and consequently (C.24) is bounded by

ca(un)y Y Isl” < e3ui, pa)y.

s>0

Regarding the third line in (C.23), we note that for all n we have

1 1
Z <(1+2 c(uy) )
(1 + €y |F1[n[H2*2) (1 + [€—p |1 |n|H249) In|H2td

bnl_n€l

Hence

it Tl 1L U P n ) (L (€ [ nF29)
S)=S

1 1 1
- Z 1+ [€p]H1 * Z (1 + [y |1 ]s|H2%a) (1 + [£_g|H1]s|H2*T)
LoeZ U5, 0_s€T § -
[€s]+]€—s|>0

1 1
x ) n n
Wy (U IEsPISes) (L [esl1S]27)
[€s]+[£—s|>0

1 1
<112 (L+ [€p ]t n|123) (1 + [€_p|H1 [n]|H279)

s<n<S 4ty l_n,eZ

2
< ca(p1) 1—[ (1 +2 c(p1) )
sH2tq Satq |m|H2t+q

s<n<S§
2

_ca(p) C(Ml)
<
- s“2+qS“2+‘1 xp Zl ( |n|H2tq

n>1

- cs(prs n2)
= gH2tq §uatq

Then, multiplying by ys? and taking the ) " _, _¢, we have that also (C.25) is bounded
by some constant Cpeas (41, 42)Y . O
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