Commun. Math. Phys. 379, 491-542 (2020) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-019-03605-2 M ath emat i c al

Physics
®

Check for
updates

Quantum Differentiability on Noncommutative Euclidean
Spaces

Edward McDonald!, Fedor Sukochev', Xiao Xiong'-2

1 School of Mathematics and Statistics, UNSW, Kensington, NSW 2052, Australia.
E-mail: edward.mcdonald @unsw.edu.au; f.sukochev@unsw.edu.au

2 Institute for Advanced Study in Mathematics, Harbin Institute of Technology, Harbin 150001, China.
E-mail: xxiong @hit.edu.cn

Received: 31 May 2019 / Accepted: 8 September 2019
Published online: 30 October 2019 — © Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract: We study the topic of quantum differentiability on quantum Euclidean d-
dimensional spaces (otherwise known as Moyal d-spaces), and we find conditions that
are necessary and sufficient for the singular values of the quantised differential dx to
have decay O(n™%) for0 < o < dl. This result is substantially more difficult than the

analogous problems for Euclidean space and for quantum d-tori.

1. Introduction

Quantum Euclidean spaces were first introduced by a number of authors, including
Groenewold [28] and Moyal [47], for the study of quantum mechanics in phase space.
The constructions of Groenewold and Moyal were later abstracted into more general
canonical commutation relation (CCR) algebras, and have since become fundamental
in mathematical physics. Under the names Moyal planes or Moyal-Groenewold planes,
these algebras play the role of a central and motivating example in noncommutative
geometry [5,22]. As geometrical spaces with noncommutating spatial coordinates, non-
commutative Euclidean spaces have appeared frequently in the mathematical physics
literature [21], in the contexts of string theory [61] and noncommutative field theory
[48].

Quantum Euclidean spaces have also been studied as an interesting noncommutative
setting for classical and harmonic analysis, and for this we refer the reader to recent
work such as [24,39,46,67].

Connes introduced the quantised calculus in [8] as a replacement for the algebra of
differential forms for applications in a noncommutative setting, and afterwards this point
of view found application to mathematical physics [9]. Connes successfully applied his
quantised calculus in providing a formula for the Hausdorff measure of Julia sets and for
limit sets of Quasi-Fuchsian groups in the plane [10, Chapter 4, Sect. 3.y] (for a more
recent exposition see [14,17]).
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Following [8], quantised calculus may be defined defined in terms of a Fredholm
module. The idea behind a Fredholm module has its origins with Atiyah’s work on
K -homology [2], and further details can be found in, for example, [33, Chapter §8].

A Fredholm module can be defined with the following data: a separable Hilbert space
H, a unitary self-adjoint operator F on H and a C*-algebra A represented on H such
that the commutator [F, a] is a compact operator on H for all a in A. The quantised
differential of a € A is then defined to be the operator da = i[F, a].

It is suggestive to think of the compact operators on H as being analogous to “in-
finitesimals”, and one can measure the “size” or “order” of an infinitesimal 7" in terms
of its singular value sequence:

u(n, T) :=inf{||T — R| : rank(R) < n}

where || - || is the operator norm.

A problem of particular interest in quantised calculus is to precisely quantify the
asymptotics of the sequence {u(n,da)};° , in terms of a. In operator theoretic language,
we seek conditions under which the operator da is in some ideal of the algebra of bounded
operators on H. Of the greatest importance are Schatten-von Neumann £, ideals, the
Schatten-Lorentz £, o spaces and the Macaev-Dixmier ideal M  (c.f. Sect. 2.1 and
[42, Sect. 2.6]).

The link between quantised calculus and geometry is discussed by Connes in [9]. A
model example for quantised calculus is to take a compact d-dimensional Riemannian
spin manifold M (with d > 2) with Dirac operator D, and define H to be the Hilbert
space of pointwise almost-everywhere equivalence classes of square integrable sections
of the spinor bundle. The algebra A = C(M) of continuous functions on M acts by
pointwise multiplication on H, and one defines F' as a difference of spectral projections:

F = %10,00) (D) — X(~0,0)(D).

One then has d'f = i[F, M ], where M is the operator on H of pointwise multipli-
cation by f € C(M). In quantised calculus the immediate question is to determine the
relationship between the degree of differentiability of f € C (M) and the rate of decay
of the singular values of d'f. In general, we have the following inclusion [9, Theorem
3.1]:

feC®M)=|dfl? € M.

This corresponds to the implication:

fec®M) = ZEBTZM(J df)? < cc.

Itis possible to specify even more precise details about the asymptotics of {11 (j,d f)} j>o.
Suppose that w is an extended limit (a continuous linear functional on the space of
bounded sequences £~ (N) which extends the limit functional). If w is invariant under
dilations (in the sense of [42, Definition 6.2.4]) then [9, Theorem 3.3] states that:

Zm ant | = [ 1 asapi®

n=0

log(2 +n) 4

where ¢4 is a known constant, d is the exterior differential and » denotes the Hodge star
operator associated to the orientiation of M. The quantity on the left hand side of (1.1)
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is precisely the Dixmier trace tr,, (| & f|¢). According to Connes, this formula “shows
how to pass from quantized 1-forms to ordinary forms, not by a classical limit, but by a
direct application of the Dixmier trace” [9, Page 676].

When working with particular manifolds, rather than general compact manifolds,
it is possible to specify with even greater precision the relationship between f and
the singular values of d f. In the one dimensional cases of the circle and the line, the
appropriate choice for F turns out to be the Hilbert transform (see [10, Chapter 4,
Sect. 3.«]) and the commutators of pointwise multiplication operators and the Hilbert
transform are very well understood. If f is a function on either the line R or the circle
T, necessary and sufficient conditions for d f to be in virtually every named operator
ideal are known (see the discussion at the end of Chapter 6 of [50]).

In higher dimensions (in particular T¢ and R? ford > 2), an appropriate choice for F
is given by a linear combination of Riesz transforms [12,41]. Commutators of pointwise
multiplication operators and Riesz transforms are well studied in classical harmonic
analysis, and Janson and Wolff [35] determined necessary and sufficient conditions for
such a commutator to be in £, forall p € (0, 00). An even more precise characterisation
was obtained by Rochberg and Semmes [60].

If fe C“('[Fd), let Vf =(01f, 0f,...,0f) be the gradient vector of f, and let

1

IVFila= (27:1 |8jf|2> ® Thenas a special case of (1.1), we have the following:

o (| 4f1") = ka /T IVFOIdm@), (12)

where k; > 0 is a known constant, and m denotes the flat (Haar) measure on . A
similar integral formula can also be obtained in the non-compact setting of R [41,
Theorem 2].

Despite having been heavily studied in the commutative setting, quantum differen-
tiability in the strictly noncommutative setting is still largely unexplored. Recently the
authors have established a characterisation of the £, -ideal membership of quantised
differentials for noncommutative tori [45]. The primary result of [45] is as follows. Let 6
be an antisymmetric real d x d matrix with d > 2, and consider the noncommutative tori
']I‘g. In this setting, there is a conventional choice of Fredholm module and an associated
quantised calculus [25, Sect. 12.3]. An element x € Lz('JI‘z ) belongs to the (noncommu-
tative) homogeneous Sobolev space W; ('E‘g) if and only if its quantised differential d'x
has bounded extension in £ ~. The quantum torus analogue of (1.2) is also obtained
as [45, Theorem 1.2]: for x € WU} (']I“g ), there is a certain constant ¢z such that for any
continuous normalised trace ¢ on £ o we have

d d d
2

o(|dx|h) = cg /&Hr (Zw,»x—sj;skakxﬁ) ds, (1.3)

j=1

where 7 is the standard trace on the algebra Loo(']I‘g), and the integral is over the d —
1-sphere SY~! with respect to its rotation invariant measure ds. To the best of our
knowledge, these results were the first concerning quantum differentiability in the strictly
noncommutative setting.

The primary task of this paper is to determine similar results for noncommutative
Euclidean spaces. A number of major obstacles make this task far more difficult than
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for noncommutative tori. In particular, the methods of [45] were facilitated by a well-
developed theory of pseudodifferential operators on noncommutative tori [29,30]. How-
ever, despite recent advances [24,38,46], the theory of pseudodifferential operators for
noncommutative Euclidean spaces is still in its infancy and it is not clear how to directly
adapt the existing theory to this problem. It has therefore been necessary for us to in-
troduce new arguments based on operator theory rather than pseudodifferential operator
theory (see Sect. 5).

Another difficulty with Rg compared to ']Tg is that the nature of the required analysis
changes dramatically with 6. For example, the range of the canonical trace T on the
algebra Loo(Tg) on projections is [0, 1], while for the canonical trace on Loo(Rg) the
range of the trace on projections is either [0, oo] if det(f) = O or instead ranges over
integral multiples of (2m)4/2| det(0)|/? if det(8) # 0.

A noteworthy side effect of our self-contained approach is that we obtain in an abstract
manner the following commutator estimates for quantum Euclidean spaces: Let Ay be
the Laplace operator associated to the noncommutative Euclidean space R‘; (see Sect. 2.2

for complete definitions). For an appropriate class of smooth elements x € Loo(Rg), if
o, B € R are such that < 8 + 1, then we have
(1= 2p) 2 X101 = 2p) PP e L u

B—a+] 00

In the classical (commutative) case, this estimate follows almost immediately from the
calculus and the mapping properties of pseudodifferential operators (see [41, Lemma
13]).

1.1. Main results on quantum differentiability. In this section we state the main results
of this paper. Heretofore unexplained notation which we use will be defined in Sect. 2.
Let 6 be an antisymmetric real d x d matrix, where d > 2.
Our first main result provides sufficient conditions for dx € L4 oo:

Theorem 1.1. If x € L,,(Rg) N Wc} (Rg) for some d < p < oo, then dx has bounded
extension, and the extension is in L4, oo.

The space W;, (Rg ) is a noncommutative homogeneous Sobolev space defined with
respect to the partial derivatives d;, j = 1,...,d (these notions will be defined and
discussed in Sect. 3). The a priori assumption x € L p(]RZ) for some d < p < o
may not be necessary, however we have been unable to remove it. One reason for this
difficulty is that there is no clear replacement for the use of the Poincaré inequality in
the noncommutative situation. See Proposition 3.15.

With Theorem 1.1, we can prove our second main result, the following trace formula:

Theorem 1.2. Letx € L p(Rg) OW(} (Rg) forsomed < p < oo. Then there is a constant
cq depending only on the dimension d such that for any continuous normalised trace ¢
on L1,0c we have:

d
2

d d
o(ldx|) = cq /Sd_lfe (Z|ajx—sjzskakx|2) ds.
j=1 k=1

Here, the integral over S*~1 is taken with respect to the rotation-invariant measure ds
onST ! and s = (51, ..., 84).
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Here 7y is the canonical trace on the algebra Loo(Rg) (see Sect. 2.2). Although the
above integral formula is identical in appearance to (1.3), the proof involves different
techniques.

The next corollary is a direct application of Theorem 1.2. The proof is the same as
[45, Corollary 1.3], so we omit the details.

Corollary 1.3. Let x € L,,(Rg) N W(} (]Rg) for some d < p < oo. Then there are
constants cq and Cq depending only on d such that for any continuous normalised trace
@ on L1,0c we have

d d d
callxllyyr < e dx|%) < Callxlly:-
wi =9 W)

Since ¢ vanishes on the trace class £, Corollary 1.3 immediately yields the following
noncommutative version of the p < d component of [35, Theorem 1]:

Corollary 14. Ifx € L p(Rg) for some d < p < oo and dx has bounded extension in
Ly for some q < d, then x is a constant.

As a converse to Theorem 1.1, we prove our third main result: the necessity of the
condition x € W}(RY) for dx € Ly, o

Theorem 1.5. Suppose that d > 2, and let x € Ly(R%) + Loo(RY). If dx has bounded

extension in L o, then x € Wdl (Rg), and there is a constant ¢y > 0 depending only on
d such that

callxllypt = I1dxllzy o

For d = 2, the same conclusion holds under the assumption that x € Loo(Rg).

Note that in the strictly noncommutative det(6) # 0O case, the assumed conditions on x
in Theorem 1.5 are the same for d = 2 and d > 2, since Ld(Rg) C LOO(]Rz) in that
case.

It is worth noting that one may consider the commutative (¢ = 0) case in Theorems
1.1, 1.2 and 1.5 and in this case the results obtained are very similar to those of [41].
The only difference being in the integrability assumptions: in [41], boundedness was
assumed, and here we assume p-integrability for some d < p < oo. Nonetheless the
proofs we give here are independent to those of [41].

1.2. Main commutator estimate. As abyproduct of the proof of Theorem 1.2, we obtain
a commutator estimate on quantum Euclidean spaces. In Sect. 2.2 we will introduce
a certain smooth subalgebra A(Rg ) of Loo(Rg) (see Proposition 2.5), and let Jy =

(1 — Ag)'/? denote the quantum Bessel potential defined in Sect. 3.
Theorem 1.6. Let o, € R, and let x € A(Rg). Thenifa < B+ 1:

o -p
[Jg.x1Jy " € Eﬁ—daﬂ

,00°
On the other hand if « = B + 1, then the operator
g, x10, "

has bounded extension.
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This estimate is to be compared with the Cwikel type estimates provided in [39]. Using
the latter estimates, one can deduce that J x Jg_ﬂ €L a4 andxjg_ﬂ €L 4 _,how-
p—a’ —a’

B
ever showing that the difference of these two operators is in the smaller ideal £ 4

B=a+T
requires additional argument.

If we consider the classical (commutative) setting, the result of Theorem 1.6 would
follow from a standard application of pseudodifferential operator calculus: x is viewed

as an order 0 pseudo-differential operator, while J is of order «. It follows that the com-

mutator [J, x]is of order o« — 1, and thus [ J, x]J;ﬂ is of order @ — B8 — 1. From there,
a short argument can be used to show that the result of Theorem 1.6 holds (an argument
of precisely this nature was used in [41, Lemma 13]). It likely is possible to carry out
a similar argument in the noncommutative setting using the quantum pseudodifferential
operator theory of [24], however we have found the direct argument to be insightful.

The layout of this paper is the following. In the following section we introduce
notation, terminology and required background material concerning operator ideals and
analysis on quantum Euclidean spaces, and we also recount some elementary properties
such as the dilation action and Cwikel type estimates. Section 4 is devoted to the proof
of Theorem 1.1. Section 5 concerns our proof of Theorem 1.6, and is the most technical
component of the paper. The final section, Sect. 6, completes the proofs of Theorems
1.2 and 1.5.

2. Notation and Preliminary Results

We will occasionally use the notation A < B to indicate that A < CB for some

0 < C < o0, and use subscripts to indicate dependence on constants. E.g., A <; B
means that A < C; B for a constant C4 depending on d.

2.1. Operators, ideals and traces. The following material is standard; for more details
we refer the reader to [42,63]. Let H be a complex separable Hilbert space, and let B(H)
denote the set of all bounded operators on H, and let (H) denote the ideal of compact
operatorson H.GivenT € K(H), the sequence of singular values u(T) = {u(k, T)}72,
is defined as:

wk, T) =inf{||T — R|| : rank(R) < k}.

Equivalently, u(7T') is the sequence of eigenvalues of |7'| arranged in non-increasing
order with multiplicities.

Let p € (0, 00). The Schatten class £, is the set of operators T in K(H) such that
wu(T) is p-summable, i.e. in the sequence space £,,. If p > 1 then the £, norm is defined
as:

00 1/p
70, = (Dl = (Z ek, T)P) :
k=0

With this norm £, is a Banach space, and an ideal of B(H).
The weak Schatten class £,  is the set of operators T such that ¢(T') is in the weak
L ,-space £ oo, With quasi-norm:

IT 1 p.oo = sup (k + DYPpuk, T) < cc.
k>0
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As with the £, spaces, £, « is an ideal of B(H). We also have the following form of
Holder’s inequality,
IT Sl 00 < pglTlp,oollSllg,00

where % = % + %, for some constant ¢, 4.

An operator theoretic result which will be useful is the Araki-Lieb-Thirring inequality
[1, Page 169] (see also [37, Theorem 2]) which states that if A and B are bounded
operators and r > 1, then:

|AB|" <<i0g |Al"|B|"

where <<|o¢ denotes logarithmic submajorisation. In particular this implies the follow-
ing inequality for the £, o quasinorm, when r > 1:
IABIl.c0 < elllAI"[BI" 1,00 < el Allng I AIBI [11.00- 2.1

Among ideals of particular interest is £ ~, and we are concerned with traces on
this ideal. For more details, see [42, Sect. 5.7] and [62]. A functional ¢ : £1 oo — Cis
called a trace if it is unitarily invariant. That is, for all unitary operators U and T € L1 o
we have that o(U*TU) = ¢(T). It follows that for all bounded operators B we have
@(BT) = ¢(TB).

An important fact about traces is that any trace ¢ on L  vanishes on £ [42,
Theorem 5.7.8]. A trace ¢ is called continuous if it is continuous with respect to the £1 oo
quasi-norm. It is known that not all traces on L, are continuous [43, Remark 3.1(3)].
Within the class of continuous traces on L]  there are the well-known Dixmier traces
[42, Chapter 6].

Finally, we say that a trace ¢ on £, is normalised if ¢ takes the value 1 on any
compact positive operator with eigenvalue sequence {ﬁ }oe o (any two such operators
are unitarily equivalent, and so the particular choice of operator is inessential).

2.2. Quantum Euclidean spaces.

2.2.1. Heuristic motivation. The original motivation for noncommutative Euclidean
spaces begins with the canonical commutation relations of quantum mechanics. Let
6 be a fixed antisymmetric d x d matrix. We consider the associative x-algebra with d
self-adjoint generators {x, ..., xq} satisfying the relation:

[xj, xk] =10k, 1=<j,k=d. (2.2)

These operators may be thought of as coordinates of some fictitious noncommutative
d-dimensional space.
At a purely formal level, if one defines:

U(@) :=exp(i(tix) +hxo + - +14x5)), t € Rd,

and formally applies the Baker-Campbell-Hausdorff formula, one is led to the following
identity:

i
UnU(s) = exp(z(t, Os)HU(t +5), t,s € R (2.3)
The above relation is often called the Weyl form of the canonical commutation relations,

and its representation theory is summarised by the well-known Stone-von Neumann the-
orem: provided that det(6) # 0, any two C*-algebras generated by a strongly continuous
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unitary family {U (¢)},cge satisfying (2.3) are s-isomorphic [4, Sect. 5.2.2.2], [32, The-
orem 14.8], [68, Chapter 2, Theorem 3.1].

After fixing a concrete Hilbert space representation of (2.3), we will define L, (Rg)
as the von Neumann algebra generated by {U (1)},cga-

2.2.2. Formal definition and elementary properties. Noncommutative Euclidean spaces
admit several equivalent definitions; here we follow the approach in [39], where the

authors define L (Rg) as twisted group von Neumann algebra and then define function

spaces on ]Rg as being operator spaces associated to that algebra. We refer the reader to

[39] for more details on this approach, and give a brief introduction here. Alternative

yet unitarily equivalent approaches to the definition of noncommutative Euclidean space

may also be found in the literature, see [22], [4, Sect. 5.2.2.2], [24] and [32, Chapter 14].
Define the following family of unitary operators on Lz(Rd ):

UOET) = e 30er — 1), £ e LyRY), rteRY. (2.4)

It is easily verified that the family {U (¢)},cga is strongly continuous, and satisfies the
Weyl relation (2.3). We will write Uy when there is need to refer to the dependence on
the matrix 6.

Definition 2.1. Let d € N and 6 be a fixed antisymmetric real d x d matrix. The von
Neumann subalgebra of B(L>(R%)) generated by {U (f)},cge given in (2.4) is called a
noncommutative Euclidean space, denoted by Loo(]Rg ).

Taking 6 = 0, this definition states that Loo(Rg) is the von Neumann algebra gen-
erated by the unitary group of translations on R¢, and this is s-isomorphic to L., (R?).
Therefore the algebra of essentially bounded functions on Euclidean space is recovered
as a special case of Definition 2.1.

Remark 2.2. We caution the reader that the approach taken here is the “Fourier dual”
of the approach in [22]. In the commutative case, U (¢) is the operator on Lz(Rd ) of
translation by 1 € R?, and the Fourier transform provides an isomorphism with the
algebra L (R¥) of essentially bounded functions acting by pointwise multiplication.

The algebraic structure of Loo(]R{g) is determined by the dimension of the kernel of
0. 1If d = 2, then up to an orthogonal conjugation # may be written as

0 -1
9:h(1 0) 2.5)

for some constant &7 > 0. With 6 given as above, the algebra Loo(Rg) is x-isomorphic
to the algebra of bounded linear operators on Ly(R). A *-isomorphism can be given
explicitly by:
U(t) — exp(ity M, + it hdy),
where M,&(t) = t&(t) for & € Ly(R) and 9, = & is the differentiation operator.
When d > 2, we may up to orthogonal conjugation express an arbitrary d x d

antisymmetric real matrix as a direct sum of a zero matrix and matrices of the form (2.5)
(see Sect. 6 of [39]), ultimately leading to the following *-isomorphism:

Loo(RY) = LooRIMETONGB(Ly (RO)/2)) (2.6)



Quantum Differentiability on Noncommutative Euclidean Spaces 499

where ® is the von Neumann algebra tensor product.! See [27] for detailed information
about this isomorphism.
In the case where det(0) # 0, (2.6) reduces to:

Loo(RY) = B(Lo(RY/?)). 2.7)

2.2.3. Weyl quantisation. Let f € L{(R%). We will define U(f) € Loo(Rg) as the
operator given by the absolutely convergent Bochner integral:

U = /Hé FOU@EL & € L®).

It should be verified first that the above integral indeed exists in the Bochner sense, and
secondly that U (f) € Loo(Rg) as claimed.

Lemma 2.3. For [ € L1 (RY), the integral:

U = A;{ FOUOEd, € e L®)

is absolutely convergent in the Bochner sense, and defines a bounded linear operator
U(f) : La(RY) — Ly(RY) such that U(f) € Loo(RY).

Proof. Recallthatt — U (¢) is strongly continuous. It follows that forall n, § € Lz(Rd),
the scalar-valued functiont — f(¢)(n, U (t)&) is measurable. Since L, (R%) is separable,
the Pettis measurability theorem [19, Theorem II.1.2], [34, Theorem 1.19] implies that
for all £ € L>(R9) the function ¢ > f(®)U(¢)& is measurable in the Lo (R9)-valued
Bochner sense.

Since || f (DU (D€, w2 = IfONIEllLyeey and £ € Li(RY), the integrand is
absolutely integrable, and this proves the claim that the integral is absolutely convergent
in the Bochner sense.

To see that & — U(f)& is a bounded operator, one simply applies the triangle
inequality for the Bochner integral to obtain

IUHé N,y < f Iz, @y 1§l 2, ra
so that U(f) € B(L>(R?)). Finally, to see that U(f) € Loo(Rg) we will use von
Neumann’s bicommutant theorem. Suppose that X € B(L>(R%)) is a bounded linear

operator which commutes with every {U (¢)};cga. Since X is bounded, it can be moved
under the integration sign:

XU(f) = X fR FUEdr = fR FOXUWEdr = U(XE.

Hence X commutes with U (f), and thus U (f) commutes with every operator which
commutes with every {U(t)},cge so it follows that U (f) € Loo(Rg). O

Ultis meaningful to write rank (6)/2, since the rank of an antisymmetric matrix is always even.
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We will denote U = Up when there is a need to refer to the dependence on 6. The
map U has other names and notations in the literature: for example composing U with
the Fourier transform determines a mapping S (R?) — B(L>(R%/%)) which is also
known as the Weyl quantisation map [32, Sect. 13.3]. In the det(8) # O case, the
map U is also essentially the same as the so-called Weyl transform [68, Page 138].
In [24], the map denoted there Ag is very similar to U, the only difference being that
U(tie1)U(trez) - - - U(tzeq) is used in place of U (¢).
Assume now that f € S(R?). For & € S(R?), by the definition of U (1) we have:

UHE)s) = /R F@e e — . 2.8)

Since £ is continuous, it is easy to see that (U (f)&)(s) is continuous as a function of s.
Evaluating U (f)&(s) at s = 0 yields:

oo = [ swena
Hence, if U(f) = U(g) for f, g € L1(R%), it follows that:
f (f () —g®)s(=1)dt =0
R4

for all £ € S(R?), and thus f = g pointwise almost everywhere. It follows that U is
injective.

The class of Schwartz functions on Rg is defined as the image of S(RY) under U.
That is,

SRY) := {x € Loo(RY) : x = /d f(s)U(s)ds, forsome f € SR} (2.9
R

The Schwartz space S (Rg) is equipped with the topology induced by the isomorphism
U:SRYH - S (R‘é ), where S(R?) is equipped with its canonical Fréchet topology. It
is important to note that the Fréchet topology of S (Rg) is finer than the L , (Rg) topology
for every 1 < p < oo. This follows, for example, from Proposition 2.10 below.

It is worth emphasising that in the nondegenerate case (det(¢) # 0), the noncom-
mutativity of LOO(R‘QJ ) implies that S (R‘;) has a number of properties quite unlike the
classical Schwartz space S(R¥) (for example, see Theorem 2.4 below). In terms of the
isomorphism (2.7), it is possible to select a specific basis such that S (Rg) is an algebra
of infinite matrices whose entries have rapid decay ( [26, Theorem 6] and [56, Theorem
6.11]). While we will not need the specific details of the matrix description, we do make
use of the following result, which is [22, Lemma 2.4].

Theorem 2.4. Assume that det(0) # 0. There exists a sequence {p,}n>0 C S (Rg) such
that:

() Each p, is a projection of rank n (considered as an operator on Ly(RY/?), via

(2.7)).
(i1) We have that p,, 1 1, where 1 is the identity operator in Loo(Rg).

(iii) UnzO anoo(R‘gl)pn is dense in S(Rg) in its Fréchet topology.
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The presence of smooth projections is a feature of analysis on quantum Euclidean spaces
in the det(9) # O case entirely distinct from analysis on Euclidean space. For our
purposes we do not need to know the precise form of the sequence {p,},>0, however a
description using the map U may be found in [22, Sect. 2].

One feature of the Schwartz class S(R?) is factorisability: that is, every f € S(R?)
can be obtained as a product f = gh for g,h € S(R?) (see e.g. [72]). There is a
similar result in the case of S (Rz) when det(6) # 0. For the mixed case, where 6 # 0
but det(f) = O, the situation is less clear. We have found it more convenient to pass
to a subalgebra of S (Rg) for which we can verify (a very minor weakening of) the
factorisation property.
Proposition 2.5. There is a dense x-subalgebra A(Rg) cs (Rz) such that every x €
A(Rg) can be expressed as a finite linear combination of products of elements of A(Rg).
Thatis, x = Y}_y yjz; where each y;, z; € ARY).
Proof. Inthe casedet(f) # 0, this result is provided by [26, pg. 877]. In the commutative
(6 = 0) case, this is a classical result of harmonic analysis (see e.g. [72]).

Performing a change of variables if necessary, we assume that 6 is of the form:

0 0
=0 9)

where det(”) # 0. Let d; = dim(ker(#)). If det(9) # 0, then we do not need to change
variables.
Let f € SR?) and g € S(R?~41), and let f ® g denote the function on R¥ given
by:
(fRU, . ta) = ft1, .., 1a)gUays1, - - 1a), 1€ R

Then it follows readily from the definition that:
Us(f ® &) = Uo(HUp(8)-

Every Schwartz class function ¢ € S(R?) can be written as an infinite linear combi-
nation:

o0
p=) 1fi®g
j=0
where {f j};?’;o and {g; o are vanishing sequences in S(R?') and S(R?~") respec-
tively, and Z?O:o [Aj] < oo (see [69, Theorem 45.1, Theorem 51.6]).
It follows that every x € S (Rg) can be written as a convergent series

x =Y AUo(f)Us(g)) (2.10)
j=0

for a summable sequence {A j};?ozo.
We will define A(Rg) as the algebraic tensor product:

AR = SR @ S(RY ).

That is, we define A(R‘g ) to be the algebra of finite linear combinations of elements of
the form Uo(f)Uy(g), where f € S(RY!) and g € S(RY~1).
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d—dl)

Then A(Rg) clearly has the desired factorisation property, as S(R%) and S (Ry/

do. O

From now on, we fix A(Rg) to be the dense subalgebra of S (Rg) constructed in the
proof of Proposition 2.5.
For f, g € S(RY), we compute

U)* =/ fU(s)*ds =/ fs)U(=s)ds
]Rd ]Rd
=/ f(=s)U(s)ds,
Rd
and
UHu(g) =/ fU(s)ds / gMUt)dt

]Rd ]Rd

- / / F($)g() e2 U (s + 1drds
R4 JRd

=/ / f(s — Dg(t) e2 U (5)drds
]Rd ]Rd

=f / 26O £ (s — 1)g(t)dt U (s)ds.
R4 JRd

For this reason, we define the 6-involution as

) = F (=), @2.11)

and the 6-convolution as
f o g(s) = / 3690 £ (s — g, (2.12)
Rd

Then, the above calculation shows immediately U (f)* = U (f?), and

UHU@) =U(f o 8). (2.13)

It is straightforward to verify that S(R?) %9 S(RY) € S(R¥). The §-convolution x4 is
essentially the same as the twisted convolution of [26, Definition 1], where it was the
basis for an alternative definition of S (Rg) (as was done in [22]).

2.2.4. Measure and integration for Rg. There is a canonical semifinite normal trace

Tp on Loo(Rg), essentially defined so that in the isomorphism (2.6), typ corresponds to
integration with respect to the Lebesgue measure on the commutative part and is the
canonical operator trace tr on the noncommutative part.

Definition 2.6. If x € S(Rg) is given by x = U (f) for f € S(RY), we define t4(x) as:

19(x) = 2m)? £(0).
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Since U is injective, 1y is indeed well-defined. The factor of (27)4 is inserted so that 79
recovers the Lebesgue integral when 6 = 0 in the following sense: let ¢« denote the map:

SRy — S®RY)
given by:
U o [ F©exnis, ) de).
Then if fdenotes the Fourier transform of f € S(R?), we have
(U ) = @u)'P .
However [pq f(s)ds = 27)%/? F(0), and so the integral of «(U (f)) is (2)? £(0).
Lemma 2.7. The functional tp : S (Rg) — C admits an extension to a semifinite normal

trace on Loo(Rg ). If6 = (8 g/) where det(0") # O then in terms of the isomorphism
(2.6) we have:

T = ( / d;) ® (2m) ™ O/2| det(6')| ' *tr
Rdim(ker(0))

where tr is the classical trace on B(L, (RImker(©)/2yy
When det(6) # 0, we have:
(U (f) = @n)?|det®)|*uU (). f e SRY). (2.14)

Hence in the det(6) # O case the range of 7y on projections consists of integer multiples
of (2n)d/ 2| det(9)|1/ 2. On the other hand, when det(6) = 0 then the range of 1y on
projections is [0, co].

For 0 < p < oo, the space L ,(RY) is defined to be the noncommutative £ ,-space
associated to the von Neumann algebra Loo(Rg). If we define:

Ny = {x € Loo(RY) : 79(|x|P) < 00}

then the L, space L p(Rg) is defined as the completion of N, with the (quasi)norm
Ixll, = to(Jx|P)/P. This is a norm when p > 1.

When det(6) # 0, since LOO(Rg) is x-isomorphic to the algebra B(L>(R%/?)) and
7y is a rescaling of the classical trace, the spaces L p(Rg) are precisely the Schatten
L p-classes. Then in the nondegenerate case we have immediately L p(Rg) C Ly (Rg)
when p < ¢, i.e.,

collxlly < llxllp. x € Ly(RY). (2.15)
for some constant cy. This is in great contrast to the classical case, where L p(Rd) is not
contained in L, (R?) for p # q.

The preceding computations immediately yield that the mapping (277) ~4/>U extends
to an isometry from Lr(RY) to Lz(Rg) [68, Chapter 2, Lemma 3.1].

Proposition 2.8. Let f € S(RY). Then we have
1UHI2 = QY2 fll2.
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Proposition 2.8 permits us to extend the domain of U from L (R?) to L1 (R?) + L, (R?).

Remark 2.9. 1t follows from Proposition 2.8 that the Schwartz class S (Rg) is dense in
Lz(Rg). Indeed, (271)~4/2U effects an isometric isomorphism between L>(R%) and
Lz(R‘;), and since the classical Schwartz space S (R9) is dense in Ly (R?) the density
of S(RY) in L (RY) follows.

The following inequality may be thought of as the quantum Euclidean analogue of
the Hausdorff-Young inequality.

Proposition 2.10. Let | < p < 2with 5+ = 1. Thenforevery f € L,(R)NL1(RY),
we have U(f) € Ly (Rg), and

I Hlg = @1l
and hence U has continuous extension from L p(Rd) to Ly (Rg).

Proof. First consider the case p = 1 and ¢ = co. If & € Ly(R?), the triangle inequality
for the Bochner integral gives us:

IUHEN2 =l /Rd FOU®Es]2 < 1 fI11El2 < @21 F111E D

forall f € Ll(Rd ), and therefore,

IU(Hlleo = @721 £ 11
The case p = 2 is provided by Proposition 2.8:

1U(H)ll2 = Q)2 £l

We may deduce the result for all 1 < p < 2 by using complex interpolation for the
couples (L (R?), Ly(R%)) and (Loo(Rg), Lz(Rg)). The complex interpolation method
for the latter couple is covered by the standard theory of interpolation of noncommutative
L p-spaces (see e.g. [52]). O

3. Calculus on R‘oi

Now let us recall the differential structure on Rg. Let Dy, 1 < k < d be the multiplication
operators

(Dk&)(r) = re&(r), reR?

defined on the domain dom Dy = {& € Ly(RY) : &€ € Lr(RY, rlgdr)}. Fixing s € RY, it
is easy to see that the unitary generator U (s) preserves dom(Dy), and we may compute:

[Dr, Us)] = s U(s), and "Pru(s)e Pk = ™ U (s) € Loo(RY), 1 > 0.

For general x € Loo(Rg), if [Dg, x] extends to a bounded operator on L2(Rd ), then we
can write

eitDkxe—itDk —x
[Dg, x] = lim
t—0

it
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with respect to the strong operator topology, and therefore [Dy, x] € Loo(Rz ) (see [39,
Proposition 6.12]). This operator [Dy, x] is then defined to be the derivative dxx of
X € Loo(]Rg). Evidently, d; anti-commutes with the adjoint operation:

hx™ = Dix™ — x*Dy = —[Dy, xI* = —(0x)*.

& j+1
j+l
e, [ng, x11, j =1, ..., d extends to a bounded operator on Lz(Rd), then the mixed
partial derivative 0% x is defined as

For amulti-index o« € N g andx € L (Rg), if every repeated commutator [Dj.l" ,[D

3%x = [P, [DL, ..., [DS, x]1.

If 0%x is bounded for all &, we say that x is smooth.
Note that the space of Schwartz functions S (R9) is a core for every operator Dy,
k=1,...,d, and we may show that if x = fRd fHU(s)ds € S(Rg), then we have

[Dy, x] = /dskf(s)U(s)ds e S(RY).
R

Inductively, for any o € Nd, % € S (Rg), and so by our definition the elements of
S (Rg ) are smooth.
In terms of the isomorphism U : S R - 8§ (Rg), we can compute derivatives
easily:
0“U(¢) = U(tf‘l ...tg"¢(t)). (3.1

We now define the space S’ (Rg) of tempered distributions, and the associated oper-
ations.

Definition 3.1. Let S’(Rg) be the space of continuous linear functionals on S (Rg),
which may be called the space of quantum tempered distributions.
As in the classical case, denote the pairing of T € &’ (Rg) with¢ in S (Rg) by (T, ¢),

and L1 (RY) + Loo(RY) is embedded into S’ (RY) by:
(x, ) =19 (x¢p), x € LI(R) + Loo(RY), ¢ € S(RY).

For a multi-index o € Ng and T € S (Rg), define 0%T as the distribution (0%T, ¢) =
(=D, 97¢).
It is not hard to verify that 3% on distributions extends 0% on Loo(Rg), so there is no

conflict of notation.
By duality, we can extend the derivatives Dy to operators on S’ (Rg). With these

generalised derivatives, we are able to introduce the Sobolev spaces W (Rg) associated
to noncommutative Euclidean space.
Definition 3.2. For a positive integer m and 1 < p < oo, the space W (Rg) is the

space of x € &’ (Rg) such that every partial derivative of x up to order m is in L p(Rg),
equipped with the norm

Ixllwy = > 1%l .

loe|<m
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The homogeneous Sobolev space Wl’)" (Rg) consists of those x € S ’(Rg ) such that every
partial derivative of x of order m isin L, (Rg), equipped with the norm:

el = D 18%xll,.

|a|=m

We shall now record a proof that W (Rg) is a Banach space. The proof given here
largely replicates well-known arguments in the classical setting, so is only included for
the sake of completeness.

Proposition 3.3. Equipped with the above norm, W} (Rg) is a Banach space for any
1 <p<ooandm € Ny.

Proof. Tt suffices to show that Wﬁ (Rg ) is complete. Assume that {x,}7°, C W;" (Rg ) is
a Cauchy sequence. Then for every |a| < m, {0%x,}, is a Cauchy sequence in L p(Rz),
and so is convergent in the L ,-norm, so for each « there exists some y, € L ,,(Rg) such
that 0%x,—yy in L, (Rg). In particular x,—yoin L, (Rg). Let us show that y, = 0%yg
for all |o| < m, and this will complete the proof.

Let¢ € S(Rg). Then by the definition of 8% on &’ (Rg) we have:

(3%xn, §) = (=D (x,, 3%0).

Since x, — yo and 0%x, — Y, in the L -sense it follows that:
=Dy, 8%¢) = lim (0%x1. $) = (Vo ).

Thus by definition, y, = d%yp. O

The Laplacian Ay associated with Loo(Rg ) is defined on the domain dom(Ay) =
Ly(RY, [t]*dr) by

(=28)(1) = [1%(0).
The gradient Vy associated with Loo(Rg) is the operator
Vo = (—iDy, ..., —1Dy),
with the domain Ly(R?, t7dt) N --- N Ly(RY, £3dt).
We can see that if # € R, then exp((z, Vp)) is the operator on L>(R9) given by:
(exp((r, Vo))§)(r) = exp(i(r, n)E(r), r e R, & € Ly(RY).

Strictly speaking, the operators Ay and Vy do not depend on the matrix 6. However,
we prefer to use notation with 6 to emphasise that these operators are associated with
LOO(Rg). We will have frequent need to refer to the operator (1 — Ag)!/?, which we
abbreviate as Jy,

Jo = (1 — Deltag)"/?.

That is, Jy is the operator on Lo (R?) of pointwise multiplication by (1 + 111H)Y/2, with
domain L, (R?, (1 + |¢*)dt). Classically, the operator Jy is called the Bessel potential.
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Definition 3.4. Let N = 214/2] and {vj}1<j<a be self-adjoint N x N matrices satisfying
YjVk + Vkvj = 28 k. The Dirac operator D associated with Loo(Rg ) is the operator on
CN ® Ly(R?) defined by

d

D := Z)/j ®Dj.
j=1

In noncommutative geometric terms, the Dirac operator D may be used to define a
spectral triple for Loo(RY) given by (1 ® WX°(RE), C¥ ® Ly(RY), D). We refer the
reader to [22,67] for more details.

The main object in this note is the commutator

dx = i[sgn(D), 1®x], x € Loo(RY), (3.2)

which denotes the quantised differential on quantum Euclidean spaces.

More generally, if x is not necessarily bounded we may still define dx on the dense
subspace CV ® CSO(R"). Suppose that x € LP(Rg) for some 2 < p < oo. Then if
neCVgcx (R%) with compact support K, we will have from Theorem 3.17 that
(I®x)n=>0xMy,)n € L>(R?) ® CN, where xx is the characteristic function of
K. Tt follows that sgn(D)(1 @ x)n € CN ® Ly (RY). on the other hand, since sgn(D)n is
still a compactly supported function in CV @ L, (R?), using the same argument we have
(1®x)sgn(D)n € CN @ L, (RY). Thus (dx)n is a well-defined element in CV ® L, (RY).

3.1. Dilation and translation. Since our quantum Euclidean spaces are generated by
noncommutating operators, we cannot realise Loo(Rg) as an algebra of functions on a
space. While there are no underlying points, there are still natural actions of translation
by t € R? and dilation by A € (0, 00).

Of the two, translation is simplest.

Definition 3.5. Suppose that x € LOO(R‘;). For t € RY, define T;(x) as:

Ti(x) = exp((z, Vp))x exp(—(t, Vo).

More generally, if x € S’ (Rg), define T;(f) as the distribution given by

(T,(f), ¢) = (f, T-1¢), ¢ € S(RY).

That T;(f) is a well-defined distribution for all f € &’ (Rg) is a straightforward
consequence of the observation that 7; is continuous in every seminorm which defines
the topology of S (Rg). Moreover, it is a trivial matter to verify that 7; is an isometry in

every L,,(Rg), for0 < p < .
In terms of the map U, we have:

TU(p) = U@ "¢(-)

for all ¢ € S(RY).
As we would expect from the classical case, {T;};cga i continuous in the L, norm
forl < p < o0.
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Theorem 3.6. If x € LP(R;’) for1 < p < oo, then Ty(x) — x in the L,-norm as
t— 0.

Proof. Initially consider the case when x = U(f) € Lz(Rg). It is straightforward to

see that T, (U (f)) = U (exp(i(t, -) f(-))) forall f € L>(R%), and using Proposition 2.8
and the dominated convergence theorem:

IT,(Uf) = Ul = Qo)1) f() — fF()la — 0

ast — 0.
Suppose that 2 < p < oo and x € Lz(Rg) N Loo(Rg ). Using the Holder inequality,
it follows that:

2 2
lim [17,6) = xl, = lim [1730) = xlloe " 173 (0) = 113
2 2
< Qlixllo)' 7 lim [T (x) —xlly
11— 00
= 0.
We can extend from x € Lz(Rg) N Loo(Rg Jtoallx € L p(Rg) by using the norm-

density of Ly(RY) N Log(RY) in L ,(RY). Namely, let ¢ > 0 and select y € Lo(R%) N
Loo(Rg) such that ||x — y||,, < &. Then:

lim |73 (x) — x|, < lim [|[T;(x — W)l + lim [T,y — yll, + |y —
im 17, (x) = xllp = im I Ti (x = )l + i I Tey = yllp + lly = xll,p
<2+ 1lim [|T;y — yll,p
t—0
= 2e.

Hence, T;x — x in the L, norm.
On the other hand, if 1 < p < 2, consider x € Lz(Rg) N Lop/@a—p) (Rg), then
Holder’s inequality and the fact that 7; is an isometry in every L p(Rg) implies that:

1/2 1/2
1) = xllp < 1T — x0T 00 = X1y
1/2 1/2
$p 1T @) = x1 2 1l -

Thus lim, ¢ [|T;(x) — x||, = 0 for x € Lz(Rg) N Lop/@4—p) (Rg), and this may be
extended toall x € L ,,(Rg) by a density argument similar to the p > 2 case. O

Theorem 3.6 only discusses the cases 1 < p < oo since we are not aware of any
characterisation of the subspace of x € LOO(R‘GJ) such that lim; o ||T;x — x||lcc = O.
In the classical case, this corresponds to the space of bounded uniformly continuous
functions. Using Theorem 2.10, it is possible to prove that lim;_,¢ || 7;x — x|jcc = O for
allx e S (Rg), and for all x in the closure of S (Rg) in Loo(Rg ).

We now describe the “dilation” action of R* on a quantum Euclidean space. A
peculiarity of the noncommutative situation is that the natural dilation semigroup does
not define an automorphism of Loo(Rg) to itself, but instead the value of 6 varies.

The heuristic motivation for the dilation mapping is as follows. Recall that we consider
Rg as being generated by elements {x1, ..., x4} satisfying the commutation relation

[x;, xk] =10 k.
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However this relation is not invariant under rescaling. That is, if we let A > 0 then
the family {Axy, ..., Axy} satisfies the relation:

[Axj, Axg] = iA%6; 4.

It therefore becomes clear that if we wish to define a “dilation by A” map on R%, we
should instead consider dilation as mapping between two different noncommutative
spaces. That is, from Rg to Riz g

The following rigorous definition of the “dilation by A” map follows [24]. Given

A > 0, define the map W, from Loo(Rg) to Loo(R;{ze) as

Wy : Up(s) > Um(%). (3.3)

Recall that we include a subscript 0 (or 220) to indicate the dependence on the matrix.
Denote by o, the usual Ly-norm preserving dilation on Euclidean space:

onE(1) = AYPE(Mr), & € La(RY).

We have 0, = 0, 1. It is standard to verify that
s
Ug(s) = oy U)\ZQ(X) o3 (3.4)

Moreover, by (3.4), it is evident that for every A > 0, W, is a x-isomorphism from
Loo(RY) 10 Loo (R, ).

The following proposition shows how the dilation W, affects the L, norms for quan-
tum Euclidean spaces.

Proposition 3.7. Let A > 0 and x € L p(Rg), and denote & = 2260. Then for all

2 < p < 0o, we have:
1931l ey < 2715, aay

and \V; is an isometry from Log(RY) to Loo(Rg).
If in addition x € Wll7 (Rg), then:

10,9 ey < AP0 x0 gy =100 d (3.5)

Proof. Aswas already mentioned, W, is a x-isomorphism between L, (]Rg) and L (Rg),
and since a *x-isomorphism of C*-algebras is an isometry, it follows immediately that
v, - LOO(Rg) — Loo(Rg) is an isometry.

For p = 2, recall from Proposition 2.8 that the map;ing (2m)~42Uy (resp.
(Zn)_d/ng) defines an isometry from Lz(Rg) (resp. LZ(RE)) to Lo (RY). Denoting
d,, for the map d, f(t) = f(t/)), we have:

W, oUp =Ugody, 1>0.

Hence W, has the same norm betweeen Lz(Rg ) and Lz(Rg) as d;_does on Lo (R?). This

is easily computed to be A9/2.
Finally, the result for 2 < p < oo follows from complex interpolation of the couples
(L2(Rf), Loo(Rf)) and (La(RE), Loo(RY)).
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We recall that the complex interpolation space (Lz(Rg), L<>O(R§I)),7 is Loy (Rg),
where n € (0, 1), and that we have:

n 1—n dn/2
IVl Ly Loy < MW, 19N < AT,

Taking = 2 yields the desired norm bound.
The second claim follows from the easily-verified identity:

3 (W5 (x) = 2710 (x).

3.2. Approximation by smooth functions for Rg. For this section, we fix ¥ € S(RY)
such that fRd Y (s)ds = 1. We do not assume that ¥ is necessarily compactly supported
or positive, since it will be convenient to have some freedom in choosing . For ¢ > 0,
define:

_ t
Ye®) =W (). (3.6)
By construction, fRd Ye(t)dt = 1. Moreover since ¥ in particular has rapid decay at

infinity, the L{-norm of 1, is primarily concentrated in the ball of radius &!/? around
zero. That is, for each N > 1, there exists a constant Cy depending on i such that:

/ [y ()| dt < Cye. (3.7)
[t|>el/2

Theorem 3.8. Let 1 < p < o¢. Forall x € Lp(Rg), we have that U (Y¢)x — x in the
L,,(Rg) normas & — 0.

Proof. Let us first prove the result for p =2 and x € S (Rg). Thanks to Proposition 2.8
and (2.13), it suffices to show that for all f € S(R%):

Yexo [ — f

in the norm of L, (R?), where ¢ is the deformed convolution (2.12).
By definition (2.12), we have that:

Ve o F(0) = /R RO fa sy ds, e R (3.8)
Since by definition fRd Ye(s)ds = 1, we have:
Ve ko £ — [(1) = /R HIY () f 1 = 5) — Ye5) f 1) ds
for all r € RY. Hence,

Vero FO = FO = [ A7 = 5) = 300 f as.
R
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Split the integral into the set |s| < /% and |s| > ¢'/2. Let N > 1. Using (3.7) there is
a constant Cy such that

e %9 (0 — £ 5/

|s|<el

@I =) = 3O f o) ds
NG = A s
|s|>¢el/2

<l sup |f(t—s)—e2 @09 fF(p)

NE
N
+Cne [ f oo

Since f is in Schwartz class (and in particular uniformly continuous and bounded), it
follows that

Lim |y #o f(1) = f(D] =0 (3.9)

uniformly for r € RY.
Returning to (3.8), we can use the triangle inequality to deduce that:

[Ye %o f(D)] < /Rd [Ye () —s)lds.
That is, |V, *¢ f| < |¥¢|*|f|. Using Young’s convolution inequality, this implies that:

Ve o fll2 < I lLllfll2-

Thus ¥, %9 f — f € La(RY). Let § > 0 and select a compact set K C R such that
(Ye *6 f — f)xmra\kll2 < 8. Since we have uniform pointwise convergence (3.9), it
follows that:

tim [y %9 f = fll2 < lim | (Ve 0 f = Fxll2+6 = 6.
However § > 0 is arbitrary and therefore:

lim (|4 %0 f — fll2 = 0.
e—0

This completes the proof for x € & (Rg).
Now we may complete the proof for p = 2 by using the density of S (Rg) in Lz(Rg )

(Remark 2.9). Suppose thatx € Lz(Rg) andy € S(Rg) ischosensuchthat ||[y—x|> < ¢.
Note that we have [|[U (¥¢)[loo < IYell1 = Y1111 < oo. Thus,

IUWe)x —xll2 < [UWe)(x = W2+ 1U W)y — yl2+llx = yli2
= U Welloo + De+ U W)y — yli2

-0

as ¢ — 0. This completes the proof for p = 2.
Now we may complete the proof for p # 2 by following an identical argument to
the proof of Theorem 3.6. O
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The p = 2 component of Theorem 3.8 may be equivalently, stated as U () — 1 in
the strong operator topology of Loo(Rg ) in its representation on Lz(Rg ).

There is another way in which we can approximate an element x € L p(Rg ) using
Y. This uses the notion of convolution:

Definition 3.9. Let x € L,(RY) for 1 < p < co. For ¥ € Lj(R?) define:

Wk x ::/ Y($)T_s(x)ds
]Rd

as an absolutely convergent Bochner integral.

Some remarks are in order: First, Theorem 3.6 implies that the mapping s +— 7T_;(x)

is continuous from R< to L p(Rg) with its norm topology, so for each y € L (Rg), for
1
P
measurable. Since L p(Rg) is separable for p < oo, the Pettis measurability theorem
ensures the Bochner measurability of the integrand. The triangle inequality then implies:

+ cl, = 1, we have that s + 79 (yT_;(x)) is continuous and so the integrand is weakly

¥ xllp < I llllxllp. (3.10)

If we instead consider p = oo, there may be issues with Bochner measurability of the
integrand, however we will not need to be concerned with that case.
Another fact about convolution worth noting is that if x € LZ(Rg) is given by

x = U(f) for f € Lr(R?), then:

Y U(f)=UWf) (3.11)

where {ﬂ\ is the Fourier transform of .
Note at this stage that convolution with v commutes with each 9;.

Theorem 3.10. Let x € LP(Rg)for 1 < p < o0, and let  and ¢ be as in (3.6). Then:
We kX —> X

in the L -norm, as ¢ — 0.

Proof. By definition, and the fact that fRd Ye(s)ds = 1, we have:

Ve X —x = / Ve ($)(T—s(x) — x) ds.
R4

Using (3.7), let N > 1 and split the integral into regions |s| < Y2 and |s| > ¢'/2 to
obtain:

N
Ve xx —xllp < I¥llt sup [Ts(x) —xllp +2Cne™ x|l p -
|s|<el/2

The result now follows from Theorem 3.6. 0O

We can now combine Theorems 3.8 and 3.10 to simultaneously approximate x €
L [,(Rg) with convolution and left multiplication by mollifying functions. The proof of
the following is a straightforward consequence of the fact that || U (¢¢)|| oo is uniformly
bounded in ¢, and also the inequality (3.10).
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Corollary 3.11. Letx € L, (Rg), and suppose that we have a family {x¢}¢>0 € L) (Rg)
such that x; — x inthe L sense as ¢ — 0. Then:

UWe)xe = X, Yexxe > X
in L,,(Rg), as e — 0.

Proof. Both estimates follow from the fact that the L -norm of v, is uniformly bounded
in ¢. Indeed, we have:

1UWre)xe = xllp < IUWe)llollxe — x| p + U (Ye)x — x|l
< IWlltlixe = xllp + 1UWe) — xllp

which vanishes as ¢ — 0 thanks to Lemma 3.8. Similarly (3.10) implies:

Ve * xe —xllp < Wellillxe — xllp + e *x — x|l
which again vanishes as ¢ — 0, due to Lemma 3.10. O

Corollary 3.11 suffices to show that, for example, ¥, % (U(¢s)x) — x as e — 01in
the L, sense, where ¢, € S (Rd) is defined similarly to .

Itis shown in [24] that S (]Rg) is weak-x dense in Lo (Rg), and normdensein L, (Rg)
for 1 < p < o0o. Corollary 3.11 combined with the following lemma gives us a specific
sequence which approximates an arbitrary x € L ,,(Rg) by a sequence in S (Rg’ ).

Lemma 3.12. There exist choices of , ¢ and x in S(RY) with integral equal to 1 such
that for all x € L,,(Rg) (2 < p <00)and e > 0 the element V * (U(¢8)U(X5)x) is

in the Schwartz space S (Rg).

Proof. Let us first prove that we can select x € S (R4) such that U (xe)x € Lz(Rz ) for
allx € L,(RY).
We refer to the isomorphism (2.6). By a change of variables if necessary, we assume

that 6 is of the form:
o= (0n 2
—\o0o @6)°

where d = dim(ker(9)) and det(9) # 0. Let H = Lo(R™*©/2) then L ,(R%) can be
identified with the Bochner space:

Ly(R)) = L,(RY; £, (H)).
(see, e.g. [S1, Chapter 3]).
Since 6 has trivial kernel, the corresponding Schwartz space S (Rg_dl) has a dense

subspace of finite rank elements as in Theorem 2.4. Selectn > 0 and z € LOO(R;i_d‘)

such that p,zp, (which is in & (R‘éid‘)) is given by U(¢), where { € S (R4—41). We
may choose p; zp, such that ¢ has nonzero integral, thanks to part (iii) of Theorem 2.4.
Now select n € C° (R4 with 7(0) # 0. We select x € S(R?) such that:

Ug(x) = My @ Ug(£) = My ® pnzpn.

1

Since 1 and p,zp, are in the Schwartz spaces for R?! and Rg_d respectively, we

may indeed choose x such that Up(x) = My, ® pyzp,. We will have fRd x () dt =
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n(0) fRd £(t) dt, which by construction is not zero. Thus, rescaling 7 if necessary, we
may assume that [, x (1) dt = 1.

Then,ifx € L, (R, L p(H)), it follows that U () )x is compactly supported on R,
and takes values in P.L,(H). Therefore,

U(x)x € La(RY; Lo(H)) = Lo(RY).

One can then deduce that U (x.)x € Lz(Rg ) via the dilation maps ¥, and W,-1, since
we have:
Us(xe) = & W1 Up2g(X) We.

Since U(xe)x € Lz(Rg), from Theorem 2.8 there exists f € L»(RY) such that
U(xe)x = U(f). Using (3.11) we have:
Ve (U@U () = U (Ve (@ 0 [))-

It is easily shown that ¢ x¢ f is smooth, and we may select ¥ such that (ﬁg is com-
pactly supported, and thus ¥ (¢¢ *¢ f) is smooth and compactly supported, and thus by
definition it follows that U (Y. (¢ *¢ f)) = Yo * (U (p)U (f)) is in S(Rg). That is,

Ve * (U(ge)U (x:)x) € S(RY).
O

Note that in the proof of Lemma 3.12, the function ¢ was chosen such that Uz (¢) satisfies
certain conditions. It is for this reason that we avoided making the assumption that the
function 1 appearing in the preceding lemmas is positive or compactly supported; the
proof of Lemma 3.12 is simplified if we do not need to prove that ¢ has those properties.

3.3. Density of S (]Rg) and A(Rg) in Sobolev spaces. We now use the machinery of
the previous subsection to prove that A(Rg) (and by extension, & (Rg )) is dense in
w3 (Rz) for an appropriate range of indices (m, p). Proving the density of A(Rg) in

the homogeneous Sobolev space Wl’,” (Rz ), however, presents difficulties and we have
been unable to achieve this for the full range of indices (m, p).
As in Sect. 3.2, select a Schwartz class function ¥ with fRd ¥ (t) dt = 1, and denote

Ye(t) = 8’”11&([/8). We note one further property of U (v/):
Lemma 3.13. Let 1 < j <d. Then forall 2 < p < oo, we have:
19;UWe)llp < 81_%|Ilﬁlllq-
where q satisfies % + é =1
Proof. Recall (from (3.1)) that:
jUWre) = Uty (1))
so that we may apply Proposition 2.10 to bound ||0; U (¢)l|, by:

¢ 1/q
( / rfs—d‘ﬂw—nth)
R4 &
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where ¢ is Holder conjugate to p.
Applying the change of variable s = é, we get the norm bound:

d

18,0l < &' = allynlly.
O

Lemma 3.13 allows us to prove the density of A(Rg) in the Sobolev spaces associated
to Rg. We achieve this by first using Lemma 3.12 to prove that S (Rg) is dense in
WP (RY).

Proposition 3.14. Let m > O and 1 < p < 00, and x € W;," (Rg), and let {¢e}e=0,
{Wele=0 and {xc}e=0 be chosen as in Sect. 3.2. Then

In particular, S (Rg) is norm-dense in WI'," (Rg).

Proof. For m = 0, this is already implied by Corollary 3.11.
For m = 1, we use the Leibniz rule, recalling that differentiation commutes with
convolution:

0; (e * (U@IU ()x)) = 0
= e 5 (0,0 @) UG)x) + v+ (U@0) (3,0 (1) %)
+ (Ve % (UGOU (1)9;x) = 0;).

Due to Corollary 3.11, the latter term vanishes in the L p-norm as ¢ — 0.
For the first two terms, we apply Holder’s inequality and Lemma 3.13. For the first
summand, we apply (3.10),

e * ((3jU(¢£)) U(Xs)-x)”p = ellilixellllo;Ude) o llxll p
Selx il lliellixl,

and this vanishes as ¢ — 0. The second summand also vanishes as ¢ — 0 due to an
identical argument, and this completes the case m = 1.
The cases m > 2 follow similarly. O

At the time of this writing, we are unable to prove that the inclusion A(Rg) -
W;ﬁ (Rg ) is dense. In the classical (commutative) setting or on quantum tori, this can
be achieved by an application of a Poincaré inequality (see, e.g., [31, Theorem 7]). To
the best of our knowledge, no adequate replacement is known in the noncommutative
setting. In the following proposition, to obtain the desired convergence in Wa} (Rg) norm,
we have to assume additionally that x € L ,,(Rg) for some d < p < oo. This is the
ultimate cause of the a priori assumption in the statements of Theorems 1.1, 1.2 and 1.5
that x € LP(Rz) for somed < p < o0.

Proposition 3.15. If x € W(} (Rg) N LP(Rg)for some d < p < 00, then the sequence
Ye x (U(pe)U (xe)Xx) converges to x in WC} -seminorm when ¢ — 0%,
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Proof. Let1 < j < d. Applying the Leibniz rule:

0 (Ve * (U@IU (1)) = 05
= Ve % (0,U@0) UG)x) + e (U @) (9,0 (x0))x)
+ (Ve % (UGOU (1)05x) = 05x).
The latter term vanishes as ¢ — 0, as a consequence of Theorem 3.10.

For the first two terms, since x € L p(Rg ) for some p > d we can apply Holder’s
inequality. E.g. for the first term we have:

[+ ((0,u @) UG || S 10,0 @01 11,

where % = % + %. Using Lemma 3.13, [|0;U(¢¢)ll; — 0 as & — 0. The second

term is handled similarly. Therefore, )Bj (1/15 * (U(¢€)U(Xg)x)) —djx Hd—>0 and this

completes the proof. O

Now using the density of .A(]Rg) inS (Rg) in its Fréchet topology, we may conclude
the following key result:

Corollary 3.16. Let x € LP(Rg) N Wg} (Rg) for some d < p < oo. There exists a
sequence {x,}p>0 C A(Rg) such that forall 1 < j <d:

lim ||8jx,, — Bjx||d =0.
n— 00

3.4. Cwikel type estimates. Letx € Ly (Rz), then by definition, x is a bounded operator
in B(L>(RR%)). On the other hand, for a (Borel) function g on R¢, we may define:

Mg =g (D1, ..., Dy) = g(iVs)

via functional calculus. As Dy, is merely the operator &(¢) +— #£(2), it follows that M,
is the multiplication operator:

M&(t) = g(1)E(r), dom(Myg) = Lo(RY, |g(1)|* di). (3.12)

We call operators of the form M, Fourier multipliers of Rg.

Note thatifx € Ly (Rg), we may still consider x as a (potentially unbounded) operator
on L»(R%), with initial domain S(R?).

The following theorem, quoted from [39], gives sufficient conditions for operators
of the form xM, to be in the Schatten class £ p(Lz(Rd )) or the corresponding weak
Schatten classes.

Theorem 3.17. Let x € L ,(RY) with2 < p < oo.
() If g € L,(RY), then x My is in L ,(L2(RY)) and

lxMgliz, Sp llxliplglp-
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() Ifg € Lp,oo(]Rd) with p > 2, then x M, is in Ep,oo(Lz(Rd)) and
IxMgliz, . Sp XN plglp,co-
(iii) Let x € W (RY). Then xJ; % € L1, and
1Ty 1o Sp Call¥llypa-
Proof. Theorem 7.2 in [39] says that
Mg ll £ BLo@ay) SE 1% ® 8llp (L @@L ®RY) (3.13)

for any interpolation space E of the couple (L2, Loo). Taking E = L, in (3.13), we get
(i). For (ii), we take E = L ~ and use the estimate

[lx ®g”Lp,oo(Loo(Rg)@’Loo(Rd)) = ||x||p||g||p,oo

to immediately conclude the proof.
(iii) is merely an application of [39, Theorem 7.6]. Since the function (1 + |¢]?)
is in €1, 00(Loo (R?)),? it follows that xJ, ¢ € £ 0. O

—d)2

4. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, that is, that the condition x €
Ud<p<oo LP(Rg) N Wg} (Rg) is sufficient for dx € L4 0, and with an explicit norm
bound:

< .
ldxlla,co Sa lxlly rd)-

The proof given here is similar to the corresponding result on quantum tori [45], relying
heavily on the Cwikel type estimate stated in the last section.
The following two lemmas are easily deduced from Theorem 3.17.

Consider the functionon R, & > (1+|§|2)_%.When|é| > 1,wehave (1+]£]%)~
|E|~9. For |£] < 1, (1+|§'|2)_% is bounded from above by 1. Hence £ +— (1+|£|%)~
Li.0o(R?),and so & — (1+ E12)"% € L%’M(Rd). Recall Jy = (1 — Deltag)'/?. Then

we have:

=
€

o DI

Lemma 4.1. Consider the linear operatorxJ;ﬁ on CN®L2(Rd). Ifx € L% (Rg) with

% > 2, then xJefﬂ € E%’OO, and

edy Plle,  Sap llxll.
B F
Lemma 4.2. Suppose that p > % and x € L,,(Rg). If p > 2, then:

2 See [63, pp. 38] for the definition of this function space.

Spod 1%l p-
L,

|:sgn(D) - , 1®xi|

1+D?
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Proof. Let1 < j <d, and for & € R? define
_ & §j
&l (1+)82)2

Thus,
D; Dj

V—Delta (1 — Deltay)?
Note that there is no ambiguity in writing \/7 as this is simply M, for g(§) = ﬁ

Mp; = h;(iVy) =

and so,

sgn(D) —

Zy] <~/W ¢! Deltae)z> ZV}®Mh

j=1

One can easily check thath; € L ,,(Rd) as p > %. Expanding out the commutator,

d d
D
[sgn(D) BV l®x} = ZJ//@M;,,-, I®x | = ZV/®[Mh,-,X]-

j=1 j=1

Hence,

o, =4 ma, [l

|:sgn(D) - , 1®xi|

N
< d max (IMa,x] ., + oot [ )

1<<

=d [max, (Ix* M, g, + IxMn; i) -

The desired conclusion follows then from Theorem 3.17.(1). O

The proof of the next lemma is modeled on that of [45, Lemma 4.2] and [41,
Lemma 10], via the technique of double operator integrals (see [49] and [54] and ref-
erences therein). For the convenience of the reader, let us give an brief introduction of
double operator integrals, and sketch the proof of the next lemma.

Let H be a (complex) separable Hilbert space. Let Dy and D be self-adjoint (poten-
tially unbounded) operators on H, and E? and E! be the associated spectral measures.
Forall x, y € £o(H), the measure (A, p) > tr(x dE°(X) ydE'(n)) is a countably ad-
ditive complex valued measure on R2. We say that ¢ € Lo (R?) is E® ® E! integrable

if there exists an operator T(pDO’D1 € B(Ly(H)) such that for all x, y € L(H),

w(x 7,0 y) = /Rz o, Wir(x dE°V) ydE ().

D

The operator T¢DO’ is called the transformer. For A € £,(H), we define

T, (A) = /R ¢, WAE® () AdE" (). .1

This is called a double operator integral.
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Lemma 4.3. Let x € S(RY). Then
D
II[W, 1@x]]z, . Sa lxlly-

Proof. Setg(t) =t(1+ tz)_% for ¢ € R. Since all of the derivatives of x are bounded,
we may apply [3, Theorem 4.1], which asserts that:

[¢(D), 1©x] = TP (1D, 18x]), (4.2)
where g1, 1) 1= £GZEE = Yy (i)Y (h. iP5 G, ). with

2\ 1 N
1— (1 +22)3(1 +p?)s
9 2 = 9
(1+22)2(1+p2)2 (1+22)2 + (1 +p2)?
1
3= ; -
(14223 (1 + p2)3
It follows that

Iﬂ1=1+

D,D _ +D,D+D,D+D,D
Tl =T P TP 4.3)

[41, Lemma 8] ensures the boundedness of the transformer T£ ’D, on both £ and L.
For k = 1, 3 the function 1 can be written as a linear combination of products of
bounded functions of A and of u, and from this it follows that TIZZ D is also a bounded
linear map on £; and Ls; see e.g. [54, Corollary 2] and [58, Corollary 2.4]. Then
by real interpolation of (L1, Loo) (see [20]), the transformers T ﬁ D \ith k = 1,2,3
are bounded linear transformations from L4 » to L4 . Using (4.2) and the product
representation of g in (4.3), we have

D, D D, D
Is (D). 10x]1l 24 = Wy N Laem Lao 1T N g L
D, D
x 1Ty~ (D, 1®xDllg,
D, D
Sa 1Ty, = (D, 1®xDllzy o -

Since ¥3(A, ) = (1 + 22~ V4(1 + u®) =174, by (4.1), we have
T, P (D, 1®x]) = (1 + D)~ 4[D, 1@x](1 + D?)~ /%,
Recalling that D = Z?:l vi®Dj,

Ig(D), 1®x]liz, . Sa I(1+DH™VAD, 1@x1(1+ D))z,
d
Sa )1 +D) Ay, @D, 1ex1(1+ D) g, .
j=1

But by definition, [y;®D;, 1®x] = y;®0J;x, thus we obtain

—1/2

— — —-1/2
11+ D>~ V4 y;@D;, 19x1(1 + D34z, . = IIJ; Y

0jx Jyg "Ly -
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Here the first norm || - ||z, . is the norm of £d,oo((CN ® L2 (R?)), and the second one is

the norm of Ed,oo(Lz(Rd)), and Jy = (1 —"Del tag)l/ 2. We are reduced to estimating the
quantity || Jefl/ 29 jx J(;l/ 2 I, .- By polar decomposition, for every j, there is a partial

isometry V; on L>(R9) such that
djx = Vj|;x| = V;19;x|2]d;x|2.

Taking 8 = 1, and recalling that x is such that |V;|0,x|2 g < II19;x|2]2a =
1
||8jx||§ < 00, since 2d > 2, we may apply Lemma 4.1.(ii) to get

L1 —1/2 1 1
9;x|2J, / Logoo = g 7107212 M £y 0o Sa I110jX1% 124

and

—1/2

1 1 1
7y "7 Vildix|2 I Loy oo Sa 1Vi10jx12 120 Sa l10x]2 (124

Thus, by Holder’s inequality for weak Schatten classes,

—1/2 —1/2 Lo
g "70jx g "llLy s Sa ll19jx121154 Sa l19jxlla-

Combining the preceding estimates, we arrive at

d
< ol < .
lg(D). 10x1ll2,0 Sa Y 13jxlla Sa lxllyp
j=1
which completes the proof. O

Now we are able to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Lemmas 4.2, 4.3 and the inequality |7 ||4.co < ||T ||l4 yield:

ldxlg 0 Sa (D), 1@ x]lla,c0 + [sgn(P) = (D), 1@ x]lla,00 Sa 1xlla+I1x1lyir1»

(4.4)
forallx € S (Rg), and with constants independent of 6. We are going to get rid of the
dependence on ||x || by a dilation argument as follows. Let A > 0 and WV, : Loo(Rg) —
LOO(R%Q) be the x-isomorphism defined in (3.3). By (3.4), for x € Loo(Rg), we have

U, (x) = axxaf. Since the operator , viewed as a Fourier multiplier on R4,
0

J
v —Delta

commutes with o;, (and o), we have

d(W.(x)) = ilsgn(D), 1Q WV, (x)] = i[sgn(D), 1®0;.x0;]
= ioy[sgn(D), 1Qx]o; = odx 0.

Whence, || d(¥.(x))lz, . = ldxlz, ... Applying (4.4) to W, (x) € Loo(sze), we
obtain

(WO g0 Sa 130 lla + Ball¥5.(0) -
By virtue of Proposition 3.7, we return back to x € LOO(R‘;):

ldxllzy o = 1 d(¥20)) 2,00 Sa Mixla + 1l
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Letting A — 0 completes the proof of Theorem 1.1 for x € S(Rg).

The general case x € W; (Rg )N Ua< p<oo L p(Rg) is achieved by approximation.
By Proposition 3.15, select a sequence {x,}in S (Rg) such that x,,—x in W(} seminorm.
Corollary 3.11 implies that we can choose this sequence such that we also have that x, —x
in the L,,(Rg)-sense. For these Schwartz elements x,,, we have || dx,, —dx,lz, . Sa
12X — x|l yirls SO {dx,} is Cauchy in L4, o, and thus converges to some limit (say, L) in
the L4, 00 quasinorm.

Letn € Ly (R?) be compactly supported, and let K € R be a compact set containing
the support of n. Then (x, — x)n = (x, — x)M,, n. We have:

[Gen = 2)nll2 = [1(n = X) xxMll2 < (0 — X)Myg lloollnllz < 1Gxn =) xk Nl 2, 17]]2-

~

Theorem 3.17 implies that ||(x, — x)My, Iz, <p.k lxn — x|, and since we have
selected the sequence to converge in the L ,,(Rg) sense:

lim [[(x, —x)nll2 =0. (4.5)
n—o0

Similarly, if ¢ € CV¥ ® Ly(R?) is compactly supported, then sgn(D)E is still compactly
supported and we have:

Jim [1® (xn — x)sgn(D)& |2 = 0. (4.6)

Combining (4.5) and (4.6) implies that (dx,)é — (dx)& for all compactly supported
£ € CN ® Ly(R?). Since we know that dx, — L in the L4, topology, it follows that
dx = L, and therefore dx € Lg ~.

To complete the proof, we note that for these Schwartz elements x,,,

x40 Sa lnllyp-
Upon taking the limit n— 0o we arrive at:

ldxllzs o Sa XNy
’ d

5. Commutator Estimates for RZ

This section is devoted to the proof of Theorem 1.6, which is an essential ingredient
for our proof of Theorem 1.2 i.e., the computation of ¢(| dx|?) when x € Loo(Rg) N

WC} (Rg) and ¢ is a continuous normalised trace on £ . One powerful tool used in
[45] for quantum tori is the theory of noncommutative pseudodifferential operators. The
proof in [45] proceeds by viewing the quantised differential dx = i[sgn(D), I®x] as
a pseudodifferential operator, then determining its (principal) symbol and order, and
finally appealing to Connes’ trace formula as obtained in [46].

Despite the development of pseudodifferential operators on quantum Euclidean spaces
in [24,38], we have found it instructive to attempt a direct proof of Theorem 1.6. This
has two main advantages: first, it makes the present text self-contained, and more im-
portantly the methods presented below are based only on operator theory and can be
generalised to settings where no pseudodifferential calculus is available.
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For potential future utility we will prove Theorem 1.6 for the full range of parameters
(o, B), although ultimately we will only need certain specific choices of o and .

Let A(Rg) cSs (Rg ) be a factorisable subalgebra as in Proposition 2.5.

The main target of this section is to give the proof of Theorem 1.6, which is technical
and somewhat tedious, and so is divided into several steps presented in the following
subsections.

5.1. Commutator identities. The following integral formula will be useful: let ¢ < 1
and n > 1 — ¢. Then for all # > 0 we have

* 1 -]
/o IESIY dr =t Bn+¢—-1,1-9¢) (5.1)
where B(-, -) is the Beta function.

For an operator T € B(Lz(Rd)), let Lo(T) = Jo_l[JQZ, T'] whenever it is defined,
and define §o(T) := [Jg, T] similarly. Inductively, for k € N we define L’g(T) =
Lg(Ll(;*] (T)) and 8§(T) =4y (8571 (T)). We also make the convention that Lg(T) =T
and 89(T) = T. Note that Lg(T)J,; ' = Lo(TJ; ).

The following theorem states that to prove that 8y (7') is in a certain ideal, it suffices
to show that L’g(T) is in that ideal for all k > 0. The essential idea behind the proof
goes back to [15, Appendix B]. Here some extra care is needed for the quasi-Banach
cases 0 < p < 1. We make use of the theory of integration of functions valued in
quasi-Banach developed by Turpin and Waelbroeck [36,70,71]. We will refer the reader
to [40] for results in the precise form we need.

Theorem 5.1. Let T be an operator on Lo(RY) which maps the Schwartz class S (R
into S(Rd). Assume that Lg(T) is defined for all k > 0.

) If LI; (T) has bounded extension for all k > 0, then 8’9‘ (T) has bounded extension for
all k > 0.
(ii) iimiglrly if p > 0and LE(T) € L, « for all k > 0, then 85(T) € L« for all
> 0.

Proof. Takingn = 1and ¢ = 1/2 in (5.1) yields

J = 1/00 ! dr (5.2)
(R (R TETV N '

Here since (A + ng)_l has bounded extension for all A > 0, the integrand is a norm-
continuous function of A and the integral converges in operator norm; see e.g. [6, pp 701].
Since by assumption 7 has bounded extension and maps S(R?) to S(R?), for any
£ e SMRY C dom(Jﬁz), multiplying by 192 and taking the commutator with T gives us

L[ _ip| %
Jo, T, = — AT ——, T dAi,
Lo, T8 ﬂ/o A+ T2 ;

0



Quantum Differentiability on Noncommutative Euclidean Spaces 523

where the integrand on the right converges in the L, (R?)-valued Bochner sense. We
manipulate the integrand as follows

8o(T)e =[Jp, T1E

1 o
- /0 M2+ D NIE TIO+IDH e dn

1 [ Joy

_ 12_ Y0 1

= / A Lg(T)(k+J9) Edi
0 A+ Je

=—f P J2)2L9< )& dn

+—/ 1/2 [Le(T) (L + I~ Edn
1 Ja
_ 1 a2 ot
/0 (x+12)2 o(T)E

+— 12 2(T) £dh.
/ (L + J)2 AW 102

1 9] 2
= SLo(T)§ + —f A2
2 T Jo

zédk.

5L T

(A + Je

In the last equality above, we have used the fact that

Jo T
A2 gy =21 ,
/0 (A +J2)2 2 BLa®D)

which is deduced from (5.1) by taking { = —1/2 and n = 2. Also note that all the
integrands above converge in Lo(RY).
Now if Lg(T) has bounded extension, we have

2

< ILF(TD) oo

O+ 1)2 Ly(T )x 2. S+ 1)

Hence,
1
186 (T oo < E”LB(T)HOO + ClILE(T) oo

where C > 0 is a certain constant. So if Lg(T) and Lg(T) have bounded extension,
then 8y (T') has bounded extension. Inductively, if L'g (T') has bounded extension for all
k > 0, then (Sé‘ (T') has bounded extension for all k > 0. This completes the proof of part
).

We turn to the proof of part (ii). If p > 1, then £, ~ can be given an equivalent
norm making it a Banach ideal. Then we may give the same argument as part (i), but
with the operator norm replaced by a norm for £, ~. On the other hand, if p < 1, then
L p. o cannot be given a Banach norm and therefore a more delicate argument is needed.
Taking yet more commutators, for all £ € S(R?) we have:
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8e(T)E = 1L9<T>s+l/wxl/2—L (T)E d
0 g3’
+—/ (k Jz)z[L9(T) (/\+J9) 1&EdA
B(3/2,3/2
= —L (T)E + MJg‘Lé(T)é

1
+_/ (A J2)3 L@y Al

Iterating this process ultimately leads to the expansion, for eachn > 1,

iy i L[, B |
8o(Ty =Y —B(j—1/2,3/2)J, ' L(T +—/ A L(T)—— dA.
6(T) ;n(’ /2307 Ly + - | PR A
(5.3)
The coefficients above are obtained by a choice of n = j+1and ¢ = —1/2 in (5.1)
yielding

< /2 Jéi 1—j
Alt—————drL=B(j —1/2,3/2)J, 7,
/(; ()\,+J92)]+1 (.] / / ) 0
which are understood in the same meaning as (5.2).

To complete the proof of (ii), we will show that for any p > 0 we can choose n large
enough that the integral remainder term in (5.3) can be proved to be in £, ~. To this
end we use the non-convex integration theory of [40]. Let n > 1, and define:

n

J
i) =—25—, TN = —.
) o+ I * A+ I}
Let us show that we can choose n sufficiently large such that if X € £, o, then
JoZ AP, ()XT (W) dhis in L, . Specifically, we use [40, Corollary 3.7] combined
with [40, Proposition 3.8], which together imply that it suffices to have

. 1/2 L
DG+ DIl e jonBa@im 1T e joBramin) 77 <00 (5.4)
Jj€No

1

and n > 2

Now let us check (5.4). For 0 < k < 2n, we have
Jg

—Ta (A C —_—
( )H k,n ()L+]02)n+k

H Ik

g

<C A
= o 2y

1

=Ck,n =1 s
AJy 4 Jg)n

Since
Ayt Ty = max{a+ 1,241 2 g, ey,
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it follows that

ak
Nk
For 7 (X) the estimates are easier

—T,(W)|| < Crpmin{1, 27"/2}.

1
C -
H ark 1

So if we choose n large enough, (5.4) is satisfied. Thus, if L§(T') € L, o then
1
— ——Li(T dre L
/ (A+J2)” oDz e e

So,ifallof Ly(T), Lg(T), ..., Ly(T)arein L o then (5.3) implies that 8¢ (T) € L oo-
Thus by induction, if ng (T) € L) for every k > 0, then 5§(T) € L, for every
k>0. O

VALY

5.2. The case o = 1. Now we commence the proof of Theorem 1.6 by first proving the
case o = 1, which is the easiest case since we can directly apply Theorem 5.1 and the
Cwikel type estimate [39].

Lemma 5.2, Letx € S (Rg). The operators LZ (x) have bounded extension for all k > 1.

Moreover, we have . .,
Ly(x)Jy ¢ € L1,00

forallk > 0.
Proof. We have

d
Lo(x) = J; ' Y [D3.x]
j=1
d
=Jy ! ZZDj[Dj,x] — D}, [Dj, x]]
j=1

J,'Djajx — J—la}.x.

”M&

Since Je_l D; has bounded extension, it follows that Ly (x) also has bounded extension.
Since Ly commutes with Jy and each D, for k > 2 we have

d d
LE(x) = Z 2J,'D; L @x) — Z Iy Ly @7x).

j=1 j=1
So by induction on k, all L’; (x) are bounded. Moreover, by convention LO%T) =T, then
forall k > 1 we get

d d

Li) Iy =207 DL @0 0 =Y gy Ly 07 75
j=1 j=1

Hence Theorem 3.17(iii) ensures L’g(x)Jgd €Ly O
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An immediate corollary of Lemma 5.2 together with Theorem 5.1(i) yields
Corollary 5.3. Forallx € S (Rg) and k > 0, the operator 55 (x) has bounded extension.
The main technical underpinning of Theorem 1.6 is the following Lemma:

Lemma 5.4. Let x € A(Rg). Then for all B > 0 and all k > 0 we have
55()6)]9_/3 € Liy/p,co-

Proof. LetT =xJ, 4 Then from Lemma 5.2 and the fact that Jy ! commutes with Lo,
we have that LZ(T) € L1 .« for all k > 0. Thus, it follows from Theorem 5.1(ii) that
8§(T) = 5§(x)J97d is in £ 0, and this proves the result for 8 = d.

Now if 8 < d, we can apply (2.1) withr =d/B, A = 8§(x) and B = Je_ﬁ to obtain:

85x) Iy € Lajp.oo

thus the result is proved for for 0 < 8 < d.
We will now complete the proof by an inductive argument, specifically by showing
that if the result holds for 8 then it holds for g + 1.
Suppose that the result is true for some g > 0. Then we write
—B—1 _ _ _ _
SEe g, P = 18k 00, 77w ay sk g,
_ —B—1 _ _
= J; g, 8K o1, P+ g sk oo gy P
_ —B—1 _ _
=778k oo P gk ooy P
By the factorisation property of A(Rg) (see Proposition 2.5), we can write x as a finite

linear .corpbination of products, x = Z?:l yjzj, where each y;, z; € A(Rg). Using
the Leibniz rule on the jth summand, we deduce

k+1

—B—1 k+1 1 k+1—7 — _
5]5(Yj2j)19 Al o Z( j )Je 15é(y]')59+ Tz, /3]9 :
i=0

k
K\ . i _
+Z(j)fe EACHIEHYAS
j=0

Hence by the Holder inequality and the fact that J,~ !'is bounded,

—p-1
850U, Pl e Lagoo Ld,oo S Ldjp+1),00-
Thus the result holds for g + 1, and this completes the proof. O

Observing that Lg(xy) = Lp(x)y + xLg(y) — J9_189 (x)Lg(y), the above proof

works for ng (x) Je_ﬂ € L4)8,00 as well. Moreover, using Proposition 2.5 and the Holder
inequality, we easily obtain the following “two-sided” variant of Lemma 5.4:

Corollary 5.5. Let x € A(Rg) and k > 0. Then for all y, B > 0 we have:

I L0 e L4 oo Ik P e L4 oo
+y +y
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5.3. Thecase 0 <o < B+ 1. For¢ € (0, 1), taking n = 1 in (5.1) yields

s = / di
B, 1-¢)Jo A(+s)

If o = 1 — ¢, we get the useful identity for £ € S(RY)

Jé"gz;/mk“_liéd)\, (5.5)
B(l -, @) Jy A+ Jy

where the integrand on the right converges in L, (R?), as in the proof of Theorem 5.1.
The following is the « € [0, 1) and S > 0 case of Theorem 1.6:

Theorem 5.6. Let x € A(Rg). Let o € [0, 1) and B > O then forallk > 0

g, 85, e L _u

Farl '

Proof. It follows from (5.5) that for & € S(R?),

o« sk 1 Fat[_Jo
[J9,89(x)]§:m ) A X+Je’89(X) %_d)\,

—; * o —1 k 1
_B(l—a,a)/o KA+ To) " o, 85010+ Jp) ™ £ din

__ L [T —1gk+1 .
_B(l—aa)f 2O+ Jg) TS5 ) G+ Jp) T E d
e E—— a —2 ck+1
B(l—aa)f A+ Jp) 78y (x) EdA
* -1 -1 ok+1
‘m/o 2 Gt o) M O+ o) T 85 ()1 dA

_ 1 o o —2 ok+1
_—B(l_a’a)/o A%k + Jp) 285 (x)E d

! ey —26k+2 -
+M/O Ao+ Jp) 7785 () (e + Jp) T E d

Since Jefﬂ maps S(RY) into S(RY), using the identity fo A (;H(;z =B(l—a, l+a)

which is easily deduced from (5.1) again, we have
[ 85010, 7 & = g5 ogt (00,
oo
| 2O+ I 2R @) P oo+ Je) T E o
s [ AR e
—— JO[ 15k+1 (x)]_ﬂé

1
0 a5k (), ﬂ—gdx.

B(l—oz oe)/ ()L J)2 A+ Jy

The operator J, - 8’5*1 (x) JQ_'B isin £ 00 due to Corollary 5.5. The second summand
is treated in the following.
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Assume initially that ﬁ_‘i -7 > 1, orequivalently « < 8+ 1 < d + «. Under this

condition, the ideal £ 4 oo Can be given a norm and we can estimate the second

B—a+l

summand using the triangle inequality. We have

l—a 1— 1 a+l
L/ O S (N b= I= (5.6)
A+ Jo)? | 7 =1 (4 0)? o >
for a certain constant Cy. Thus,
l—a 1 a+l
-t H o I 5.7)
(Jg +A)2 I R S PYEEsy) >

which is integrable. If « < 8 + 1, we get from the triangle inequality that

VAR HENN Per 4

fialoo

Thus the result is proved if 8 < d + o« — 1. In particular, since d > 2 we have proved
the result for0 < g < 1.

To complete the proof, we need an induction argument as in the proof of Lemma 5.4.
Note first that by the assumed factorisation property of A(Rg), forany x € A(Rg) we can

write x as a linear combination of products, x = Z']’»Zl vjzjwhereeachy;, z; € A(Rg).
Suppose that 8 > 0 is such that [JS, 8§(x)]J9_ﬁ € £,3 d oo for all k > 0 and all
X € A(]Rg). Then applying the Leibniz rule to the jth summand, we have:

k
_ _ K\ _ _ _
I8 sk iz P = j<l>19 g, 85 (sl gy
=0

Z( )19 S L 81y
=0

k

Z() g 8h (v)1ss (2 dy "

=0
Then applying the the Holder inequality, we have

g sk fer 4 (5.8)

T+p—a+1 »°

Now we complete the proof by showing that if the required assertion holds for g, then
it holds for g + 1. Indeed,

e, sk, P~ = 1y g sk oy, P+ 0 g, sk,
= — g s o P g, sk o1,
From (5.8), we conclude that

g, sk, e

Brl—a+1 X

Hence the assertion holds forall § > 0. O
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The cases where o > 1 are handled by induction on «:

Corollary 5.7. Let x € .A(]Rg). Leta > 0, B > O satisfy o < B+ 1. Then forall k > 0
we have

o ok -B
g 5Ny e £

00"

Proof. The case « < 1 is provided by Theorem 5.6. We proceed by induction. Fix @ > 0
Suppose that the claim is true for all k > O and 8 > o — 1. Now let B > «. Then using
the Leibniz rule and Lemma 5.4

e 851, P = g, 8510, P + 108, 8k @1, P
= [, e, 8N, + g, 8500108 P + 108, 8k 010,77
= [, S 1, P+ 85 0 P+ 108, sk o1, TP

el 4 m+£d,w+£

B—a+l B—a

d
B1-a+1">®

= EL
p—a’

Oo’
thus proving the claim fore + 1. O

B—a+l”
norm, the first part of the proof of Theorem 5.6 can easily be adapted to the case 0 <
a=p+1.

Theorem 5.8. Let x € S (Rg), and o > 0. Then for all k > 0 the operator:

Using the triangle inequality holds for the operator norm in place of the £ 4

(g, 8501,
has bounded extension.

Proof. Beginning with the integral formula from the proof of Theorem 5.6, we have

l—o
‘]9

l o
Jl—a Jot,(sk — 8k+1 + / )\a
o Vo BN = gy F T

8572 (x) o
A+ Jo
Thus since 8§+l(x) and 3§+Z(x) are bounded (Corollary 5.3), we can use the triangle
inequality for operator norm and the estimates (5.6) and (5.7) from the proof of Theorem
5.6 to conclude that
JyTOLIE, 8k (o)

has bounded extension. Taking the adjoint yields the result. O

5.4. Proof of Theorem 1.6. So far, we have established that Theorem 1.6 holds in the
following cases
O0<a<p+1.

Indeed, Corollary 5.7 and Theorem 5.8 imply an even stronger statement: for all k > 0,
we have that

k B :

[J5, 8y(x)]1J, " e E,g,‘fM,OO’ if 0<a<pB+1,

g (5.9)
[/, 3g(x)]J9 P has bounded extension, if 0 <a=pg+1.
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We can conclude the proof by showing that if (5.9) holds for («, ) and all k > 0
then it holds for (¢« — 1, 8 — 1) and all £ > 0. This will complete the proof, since for
any ¢ < B+ 1 we can find n large enough such that 0 <« +n < 8+ n + 1 and hence
(5.9) holds for (¢ +n, 8 +n) and all k£ > 0.

To this end, suppose that (5.9) holds for some («, 8) where « < B + 1 and for all
k > 0. From the Leibniz rule, we derive

[, sk, P =g, sk, P+ agrayt skeors, ”
= [, 851, P — ge sk (g, P
= [Jg, 8k, P — g, sk o1, P
_ J0—13§+1(X)J;zfﬁ
= [Jg, 8k, P — g, sk o1, P
_ [Je_l’ 6’5”(x)]]§‘7ﬂ _ 8/8(+l(x)‘]é¥*/3*1
= [, 851, P — o ag, sk o, P

TNl ETCO WA sV CO A

Since o < B + 1, it follows from Lemma 5.4 that [J(;"f1 , 8§(x)]J91_'3 is in Eﬂ d_ oo if
a<B+lorB(Ly(RY))ifa=pB+1.
Remark 5.9. We close this section by some useful remarks.

(1) Itis worth noting that if one continues the expansion in the proof of Theorem 5.6 we
have the following expansion: for alln > 1 and ¢ € [0, 1],

" B(j—a,1+a) ki
I sl =Y 5,
[Jg . 8p(x)] < B — . a) 0 9 (x)

l o0
+ m /0' )\,a()\. + Jg)_(”+l)8§+"+l(x)()\ + J@)_l dh.

Here the coefficients come from the choice of { = —a¢ andn = j + 1 in (5.1).
(2) Moreover one can easily deduce the “two-sided” result that:

T sk, P e (5.10)

By —a+l »00

whenever @ < B+y +1, and that the above operator has bounded extension whenever
o = B+ y + 1. An easy way to see how (5.10) follows from Theorem 1.6 is to use
the identity:

IV1Ig, 8k eo1a, P = 10877 sk eo1ay P = 10,7 se1as P

(3) The generalisation to &, § € C with f(«) < N(B) + 1 is immediate.
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6. Proofs of Theorems 1.2 and 1.5

As in Sect. 5, we consider the dense subalgebra A(Rg) cS (Rg) constructed in Propo-
sition 2.5.

Using Theorem 1.6 and the commutator estimates developed in Sect. 5, we are able
to establish the trace formula in Theorem 1.2, and finally prove Theorem 1.5. This will
be done by showing that for all x € A(Rg)

ldx|? — AP +D*) ™2 e £,

for a certain bounded operator A on CV ® L,(R?) (depending on x), and then applying
the trace formula given by [46, Theorem 6.15] to |A|4(1 + D?)~4/2.

6.1. Operator difference estimates. We begin with the construction of the above men-
tioned operator A. For 1 < j,k < d, denote g; () = % onRY Letx € S(Rg).
Define the operator A; on Lz(Rd) as

d
AjE = (0x)E — Y (Mg, 9x)&

k=1
d

= (0jx)§ — Zgj,k(Dl, o Da)(x)E, & € Ly(RY) (6.1)
k=1

and define the operator A on CV QL,(RY)

d
A= Z )/j®Aj,
j=1

where N and y; are the same as in Definition 3.4.
The main result in this subsection is the following theorem:

Theorem 6.1. Let x € A(Rg). Then we have:
ldx|? — AP 1+ D> "? e L.
Recall that D = Y"9_, y;®D;, and dx = i[sgn(D), 1®x]. Let g(r) = t(1+12)~1/2
and write
d
dx = i[sgn(D) — g(D), 1@x]+i Y ¥, ®[D;J; ", x].
j=1
By Lemma 4.2, [sgn(D) — g(D), 1®x] belongs to L, when p > %. Define the auxiliary
operator A for 1 < j <d on Ly(RY) as
_ d
Aj=0jx =Y D;DyJy  tx. (6.2)
k=1

The following proposition connects the commutator [D; 1971, x] with A i
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Proposition 6.2. Let 1 < j < d, and x € A(RY). Then,

(D, x1— A0 e Ly o
Proof. From the Leibniz rule, we have

[D;J; " x)=0jxd; + D[y x1 = 8jxdy !t — Dy sa(x)d, "
Using the integral formula (5.3) from Theorem 5.1, we have for all n > 0,

n—1

So(0) Iyt = Z lB(j —1/2,3/20,  Lix) g

Jo
+— 2 _an.
/ (x 12)n Loy At I}

From Corollary 5.5, we have that Jé)l_"LZ)(x)JQ_1 € L4)j,00 forevery j > 1. Due to a
similar argument to the proof of Lemma 5.1, we have that

o0 Jn JQ
2172
/0 A+ I s +J92 7,0

provided n is sufficiently large. So (recalling that B(%, %) = %) we obtain

_ o1 _ _
[D;J; " x1 € djxd,! - 5D L)y + Ly . (6.3)
By the definition of Ly, we have:
DiJy ' Lox)Jy = D0, 103 x10,!
d
=D;J; > [Df. x1J,"
k=1
d
= D;J; 2 (Didx + dkx D) J, !
k=1
d
= J; 2 2Dgx — 87x)J, !
k=1
From Corollary 5.5, we have D; J;%),%x 1971 € L4200, and therefore
d
DjJy ' Lo() Iy €2 DDy 2 oexdy ! + Lap.co- (6.4)
k=1
Combining (6.3) and (6.4) yields:
d ~
[DjJy " xledjxdy = DDy *okxdy ! + Lajpoo = AjJy " + Laproo
k=1

as was claimed. 0O
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Let us also compare A j ng with A ; Jgfl.

Proposition 6.3. Let | < j < d, and x € ARY). Then,

Ajdy = Ay e Ly

7,00°
Proof. By definition, A; = Y {_| M, dkx and A; = Y{_ My, dx with Zj4(1) =

itk
1+[t]2°
the factorisation of x as a linear combination of products yz, y, z € A(Rg) (Proposition
2.5) and the Leibniz rule, we have

So we are reduced to estimating My, , dxx Je_l — Mz, 0kxJy ! for every k. Using

Mg,k (v2) gy ' — My, k(v g !
= (ng.k - ng_k)aky ZJgil + (ng,k - ngyk)y akZJgil-

From Lemma 5.4, both zJ@_1 and Bkz19_1 belong to L4,00. On the other hand, one can
easily check that gj x —gjx € L p(Rd) as p > %, which yields by Theorem 3.17(i) that

(Mg;, — Mz, )y € Ly C Lao, (Mg, — Mg, )y € Ly C L co-
Thus it follows from the Holder inequality that
Mg, xJy ' — Mg, 9xJ;" € Lapoo,
whence the proposition. O
For g(t) = r(1 +t?)~1/2 on R, Propositions 6.2 and 6.3 imply that
i[gD). 1®@x] - A1 +D) ™2 e Ly . (6.5)
This — combined with Lemma 4.2 — yields:

dx —A1+DH Ve Ly
2

forall x € A(Rg).

Lemma 6.4. Let x € A(Rg). We have
ldx|? — (1 +D)H)™ 2 |AP(1+DH V242 ¢ 1.

Proof. We already know from Lemma 4.2 thati[g(D), |®x]—dx € ﬁ% , which together
with (6.5) ensures that
dx = A(1+D) "2 e Ly

Taking the adjoint:
dx* — (1+D>)712a% € Ly o

Recall that dx € L4 o by Theorem 1.1 (as has been proved in Sect. 4), so it follows that
A(1 +D*)~12 € L4 . Using the Holder inequality, we have
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ldx|* — (1+ D) VAP + D)2 = dx*(dx — A(1+D*)1/?)
+(dx* — (1+ D) V2A") AL + D)7 1/2
€ ﬁ%,oo C ﬁ%.
If d = 2, then we are done.
Now assume that d > 2. We appeal to a recent result from E. Ricard [57, Theorem

3.4], which says that we can take a power 1/2 to each term of the preceding inclusion
to get

172
= (DY THARA+ D)) T e L .
Next we introduce a power d:
dj2
|dx]? — ((1 + D)7 1214201 +D2)—1/2)

d—1
= ldx47! (|d‘x| — (+D» 1P +D2)71/2)1/2)
k=0

k
x ((1 + D)2 A1 + DZ)*I/Z)2

a—k=T1° 5d+1°

d—1
elgﬁ 4o Lt Ly CLst o CLL

O

By definition, |A|> = A*A, so we can write |A|? as a polynomial in elements of
A(Rg) and functions of Dj, j =1, ..., d. It then follows from Theorem 1.6 that

A2, A +DH210+DH Pl er 4

Bax1'®

(6.6)

for all B > 0 and @ < 1. Therefore, if d = 2, lettinge = —1 and § = 1 in (6.6), we
have
HAPZ (1+DH 7211+ D*) 72 € Lo3.00 C L1

This inclusion can be combined with Lemma 6.4 to arrive at
ldx|> — A1 +D>) e

which completes the proof of Theorem 6.1 for the d = 2 case.
For d > 2, we need

Proposition 6.5. Let d > 2. Then
IAIC(1+ D>~ — (1 + D> V2 |AP(1+ D>~ V22 ¢ .
Proof. From [13, Theorem B.1], it suffices to show the following four conditions:
M) A2+ D) e L

(i) (1+DH12|APQ+D>) 12 ¢ Ly o
(i) [JA2(1+D*~12, (1+D?»~ 1?21 e Ly,
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(iv) |A192[|AP%, (1+D)=311+ D! e £,.

Since d > 2, we have that |A|d 2 |A|d 3sgn(A)A so (i) follows immediately from
Lemma 5.4. Similarly using |A|> = A*A, we get also get (i) immediately from the
Holder inequality and the fact that A(1 + DZ)’I/ 2 and its adjoint operator belong to

L co-
For (iii), we write:

(AP +D)™2 1+ D)V =143, A+ DH ™21 + D)~ 1/2

which is in L4 due to (6.6) (with o = —1 and 8 = 1). Since 2 5 < 2, it follows
%00

that £54/5,00 C Lay2,1 and this proves (iii). Finally, (iv) immediately follows from (6.6)

withe =2—dand 8 =2. O

Lemma 6.4 and Proposition 6.5 yield Theorem 6.1 for the case d > 2, and thus
complete the proof of Theorem 6.1.

6.2. Proofof Theorem 1.2. Letus quote [46, Theorem 6.15] in the following. Let Cq (Rg)
be the norm closure of S (Rd) in B(L2(RY)). For every g € C(S¥™1), as defined in
(3.12), g((—D;lv+)l/2) is the multiplication operator £(t) — g(i I )E(t) in B(Lz(Rd))

Moreover, all g( ) with g € C(S¢~!) form a commutative C*-subalgebra

(- Delta9)1/2
of B(L2(RY)). Set TT(Co(RY) + C, C(S?~1)) to be the C*-subalgebra of B(L>(R?))
generated by Co(Rg ) + C and all those g((_DLYW)’S. Theorem 3.3 of [46] implies
that there exists a unique norm-continuous x-homomorphism

sym : TI(Co(RY) + C, C(S*™ 1)) — (Co(RY) + C)@min C(S*™)

which maps x € Co(Rg) tox ® 1 and g(m) to 1 ® g. Then [46, Theorem 6.15]

says that for every continuous normalised trace ¢ on L «, every x € W (]Rg), and
every T € IT(Co(RY) + C, C(S7 1)), we have

o(Tx(1 = Deltag)~4?) = C, (m@ /SH )(sym(T)(x@l)) 6.7)

where Cy is a certain constant depending only on the dimension d.
Now we are able to give the proof of Theorem 1.2.

Proof of Theorem 1.2. We will assume initially that x € A(Rg ). For a continuous nor-
malised trace ¢ on £ o, Theorem 6.1 ensures that

o(ldx|") = (1A (1 + DH™92).

Butsince A = ) jVi®A; self-adjoint unitary matrices y;, the only part that contributes
to the trace on the right hand side above is (1® ) ; AjAj)d/z(l +D?)~4/2 Hence,

o(ldx|") = (P((Z A;Aj)d/z(l — Deltag)_d/z),
J
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However, note that each A is a linear combination of operators of multiplication by
afunctionx € S (Rg) and Fourier multiplication by a function g € C (8?1, and so is
in the algebra TT1(Co(R¢) + C, C(S?~1)), with symbol:

d
sym(Aj;) =0jx @1 — ZSjsk ® Okx.

k=1

Since sym is a norm-continuous *-homomorphism, we have

U

d
sym(z ATA DY = (Z — s Zskakx|2)d/2.
k=1

j :
Since d > 2, we can write:

dJ2 (d=2)/2

DA = DoAA, Y A%4).
J J J

Recalling the definition of A},

d

D;Dx
=0
Aj i Z Deltae

We arrive at:

dj2 @22
D;Dy
* _ * AL
;AjAj - ;AJAJ ZA (9x — Z ~Delran Ax).
Since each 9;x is in Wld (Rg ), we can apply (6.7) to arrive finally at:
¢((Z A5AY2(1 = Deltag)~/?)
J

= cd(m@/ a’s)(sym(ZA A= 2)/2)(2 sym(A;)*(3;x —sjzskakx)))

j=1 k=1
dn

d d
:Cd/SH 7o ( Z|8jx—sj2sk8kx|2 )ds.
j=1 k=1

By virtue of Corollary 3.16, the general case of Theorem 1.2 is done via an approxi-
mation argument, identically to the proof of [45, Theorem 1.2]. O
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6.3. Proof of Theorem 1.5. Finally, we prove Theorem 1.5.
Recall from Theorem 1.1 that when y € S (Rg) we have dy € L4 0. Then if

X € Loo(]Rg), we have (dy)x € L4 . The following lemma shows that (dy)x € L4 00
for certain unbounded x € Ld(Rg). Note that in the strictly noncommutative case of
det(f) # 0, the following lemma is unnecessary as then we would have Ld(Rg) C
Loo(RY).

Lemma 6.6. Letd > 2, andtake x € Ld(Rg) andy € S(Rg). Then (dy)x has extension
in the ideal L4 o, with a quasi-norm bound

I(dy)xlla,co Sa Ixllallyllwy -

Proof. On the dense subspace C2° (R9), the operator of multiplication by x is mean-
ingful, and since d’y is bounded, the operator (dy)x is well-defined on the subspace
cx (R9). Let us show that there is a bounded extension in £y . Applying the Leibniz
rule:

—i(dy)x = [sgn(D) — DJ,; ', ylx +[DJ, 1, ylx
= (sgn(D) — DJQ_I)yx — y(sgn(D) — DJQ_I)X +[D, y]]e_lx + D[Je_l, ylx
= (sgn(D) — DJ; Hyx — y(sgn(D) — DJ; Hx +[D, y1J, 'x
—DJ; o, y1J, " x.

We know from Corollary 5.3 that [Jp, y] has bounded extension, and since [D, y] =
Z?:l —iy; ® 0;, the commutator [D, y] has bounded extension.

Let us first bound the terms [D, y]]e_lx and [Jp, y]Je_lx. Since d > 2, we may
apply Lemma 4.1 to obtain:

1D, y1J5 ' xlld.00 < D, YU, ' Xld00 Sa Iyl llxlla-

To bound [Jy, y1J, lx, we use the fact that:

1
Jog —D =
Jo+D

is bounded, so again applying Lemma 4.1, it follows that:
16, Y11l <d Iylloo + D, Y11 < Iy llwy, - (6.8)

Thus,
100, 15 %00 Sa 1Yl [1Xla-

Denoting h (D) := sgn(D) — DJ;I, we have so far:
[(dy)xlla,co Sa 1R(D)yxlla,c0 + 1 Yh(D)xlld,00 + 1Y lwr Ixlla- (6.9)

As was already noted in the proof of Lemma 4.2, we can write h(D) := Z?:l Vi ®
h;(iVe) where:

'
L+ [ 2(e ]+ (1 +[1]2)172)°

hj(t) = 1<j<d
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Thus,
sup [ (1)](1 +¢]*) < oo.
teRd

It follows that /(D) Jy has bounded extension. Lemma 4.1 then yields

lyA(D)x|la,00 < ||y||oo||h(D)J0||oo||J9_1x”d,oo
Sa Iy lleollxla- (6.10)

Similarly,
IR(D)yxlla,00 = 11(D)Jo Iy " yJo Jy ' X la 0o Sa 1y yIo 1Ty Xl o0
We can write J(jl yJp as:

I e = =05 e, y1+ y.

Applying (6.8) again allows us to bound the norm of the above by || y|| Wl » SO we arrive
at the quasinorm bound:

1R(D)yxlld.co Sa llyllwe I1xa- (6.11)

Combining (6.10), (6.11) and (6.8) with (6.9) yields || (dY)x|ld.0c0 Sda ||)c||01||y||v[/éQ
as desired. O

Before proceeding to the proof of Theorem 1.5, we make the following remark con-
cerning integration of operator-valued functions. Let ¢ € S (R?), and let x € Wd1 (Rg).
Then (formally), one has:

(W *x)lld,00 = H/Rd V() d(T—(x))dt

< ¥l sup | d(T—+(x))lla,c0-

d,o0 teRd
(6.12)
This formal computation is justified by the continuity of the mapping ¢ +— 7_;(x) in
the Wc} (]Rg) norm (Theorem 3.6), which combines with Theorem 1.1 to imply that the
mapping ¢ — d(T_;x) is continuous in the £, ~ topology. Since d > 1, the ideal L4
can be equipped with an equivalent Banach norm, and so the functions:

1= Y O)(T—x), 1Y) d(T-(x))

are both Bochner measurable in the Banach spaces Wd1 (Rg) and L4  respectively.

Theorem 1.1 implies that x + dx is a bounded linear map from W[} (Rg) to L4.c0, and
hence:

d(/ xﬁ(t)T—t(X)dt) =/ V() d(T—;(x)) dt
R4 R4

where both integrals are Bochner integrals. This justifies (6.12).
Noting that 7_; both commutes with Fourier multipliers and is unitary on Lz(Rg ), it
follows that:
(T )l d.00 = lldx[ld,00. t €R?

and hence (6.12) implies:
I * X ld.00 Sa W Illdxlldo. x € Wi(RD) (6.13)

(the constant which appears results from the necessity of switching to an equivalent
norm for L4 «0).
We now proceed to the proof of Theorem 1.5.
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Proof of Theorem 1.5. We assume thatd > 2andx € Ly (}Rg) + Loo(Rg). Suppose that
dx € ﬁd,oo~
From Corollary 3.11 and Lemma 3.12, we may select {{/¢}c~0, {¢c}s=0 and {xs}e>0
such that Y, * (U (¢e)U (xe)x) € S(RY).
The upper bound (6.13) implies:

I d(Wre % (U(9e)U (xe) XD lld.co Sa [1We il (U (@)U (xe)x)ld 0o-

Expanding the commutator using the Leibniz rule, the quasi-triangle inequality and
Theorem 1.1:

Il d (e * (U(pe)U (xe) X)) lld 00
Sa 1Wellill d(U (@)U (xe)X) lla,00
Sa 1Welli (AU (@)U (Xe)xlld,00 + 1U (@) d(U (xe))X lld,00
+ U (@)U (xe) dxlld,00)
Sa 1Welli(1(dU (@)U (Xe)xlla,00 + 1U (@) d(U (xe))X lld,00
+ U (@) oo IU (xe) oo ll dx[ld.00)-

By construction ||| is constant as ¢ — 0, and applying Proposition 2.10, we also
have that ||U (¢¢)]lco and ||U (xe)lloo are uniformly bounded as ¢ — 0. We now argue
that || (dU (¢¢))U (xe)X .00 and [|U (¢s) d(U (xe))x ||ld,00 are also uniformly bounded
as ¢ — 0. To see this, write x as xo + x1, where xg € Loo(Rg) and x; € Ly (Rg). Then
Theorem 1.1 and Lemma 6.6 yield the bound:

1U (@) d(U (xe))xlla, oo Sa 19ell U (xe)llyi 5o lloo + el IU (xe) Iy i lla

and a similar bound for ||(dU (¢:))U (xe)x || d.c0-
Due to Lemma 3.13, the seminorms ”U(d)g)”Wdl and ||U(x8)||W; are uniformly

bounded ase — 0.Similarly, the Wolo-norms of U (xe) and U (¢ ) are uniformly bounded
ase — 0.

It follows that {d (s % (U (¢ )U (xe)x))}e=0 is uniformly bounded in L4, as e — 0.
Now applying Corollary 1.3 to d (¥ * (U (¢¢)U (x¢)x)), it follows that {y * (U (%)
U (xe)Xx)}e=0 is uniformly bounded in W; (Rg), so for every 1 < j < d, {0; (1,08 *
(U(¢8)U(Xg)x))}8>0 is uniformly bounded in Ld(Rg). Since d > 2, the space Ld(Rg)
isreflexive and therefore {9 (¢ * (U (¢¢) U (x¢)x))}e>0 has a weak limit point in Ld(Rg).
But we know from Theorem 3.11 that if y € Ld/(d_l)(Rg) ory € Ll(Rg), then

U(xa)U(pe) (Yo * y) — y in the Ld/(d_l)(Rg) sense or in the L (Rg) sense respec-
tively; hence that ¥, * (U (¢¢) U (xs)x)— x in the the distributional sense. It follows that
the weak limit point of {9; (¢ * (U (¢)U (xs)X))}e>0 in Ld(Rg) must also be 9;x.
Therefore, d;x € Ld(Rg) forevery 1 < j <d.Thatis, x € Wd1 (Rg).
Finally, we obtain the bound on the norm using Corollary 1.3. That result implies
that there exists a constant ¢; > 0 such that for all continuous normalised traces ¢ on

ﬁl,OOs

1
11y Sa @(ldx|)a.

Since ¢ is continuous,
Ity Sa Nl o0y I dxlla,co-
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Selecting a continuous normalised trace ¢ of norm 1 completes the proof for d > 2.
For d = 2, we make the stronger assumption that x € Loo(Rg). This permits us to
carry out the same proof, but instead we use the bounds:

1U (@) d(U (xe)xll2.00 S 1D 1111 Xe llyp 11X oo,
I U (@)U (xe)xll2.00 Sa Ix N1llellyy l1xlloo

to prove that {d(lpg * (U(pe)U (xe)x)} is uniformly bounded in Ly oo. O
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