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Abstract: Based on an identity of Jacobi, we prove a simple formula that computes
the pushforward of analytic functions of the exceptional divisor of a blowup of a pro-
jective variety along a smooth complete intersection with normal crossing. We use this
pushforward formula to derive generating functions for Euler characteristics of crepant
resolutions of singular Weierstrass models given by Tate’s algorithm. Since the Euler
characteristic depends only on the sequence of blowups and not on the Kodaira fiber
itself, several distinct Tate models have the same Euler characteristic. In the case of
elliptic Calabi—Yau threefolds, using the Shioda—Tate—Wazir theorem, we also compute
the Hodge numbers. For elliptically fibered Calabi—Yau fourfolds, our results also prove
a conjecture of Blumenhagen, Grimm, Jurke, and Weigand based on F-theory/heterotic
string duality.
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1. Introduction

The study of crepant resolutions of Weierstrass models, their fibral structure, and their
flop transitions is an area of common interest to algebraic geometers, number theorists,
and string theorists [31-34,36,40,71]. The theory of elliptic surfaces has its beginnings
in the 1960s, and was advanced largely by the contributions of mathematicians such
as Kodaira [47,48]; Néron [64]; Mumford and Suominen [61], Deligne [16], and Tate
[72]. Miranda studied the desingularization of elliptic threefolds and the phenomenon of
collisions of singularities in [58], and Szydlo subsequently generalized Miranda’s work
to elliptic n-folds [71]; the Picard number (i.e., the rank of the Néron-Severi group) of an
elliptic fibration can be obtained using the Shioda—Tate—Wazir theorem [75]; the study
of elliptic fibrations having the same Jacobian was developed by Dolgachev and Gross
[21]; and Nakayama studied local and global properties of Weierstrass models over
bases of arbitrary dimension in [62,63]. Furthermore, more recent developments have
been inspired by string theory (in particular, M-theory and F-theory) constructions that
ascribe an interesting physical meaning to various topological and geometric properties
of elliptically-fibered Calabi—Yau varieties [8,17,43,59,60,73].

A Weierstrass model provides a convenient framework for computing the discrim-
inant, the j-invariant, and the Mordell-Weil group of an elliptic fibration. Weierstrass
models are also the setting in which Tate’s algorithm is defined [72]. Any elliptic fibra-
tion over a smooth base is birational to a (potentially singular) Weierstrass model [16].
Since a Weierstrass model is a hypersurface, it is Gorenstein [22, Corollary 21.19], and
hence its canonical class is well-defined as a Cartier divisor.

In practice, it is often necessary to regularize the singularities of Weierstrass models
when computing, for example, their topological invariants. Among the possible reg-
ularizations of a singular variety, crepant resolutions are particularly desirable as, by
definition, they preserve the canonical class and the smooth locus of the variety. In a
sense, crepant resolutions modify the variety as mildly as possible while regularizing
its singularities. Surfaces with canonical singularities always have a crepant resolution,
which is unique up to isomorphism. However, for varieties of dimension three or higher,
crepant resolutions do not necessarily exist, and when they do, they may not be unique.
Distinct crepant resolutions of the same Weierstrass model are connected by a network
of flops.

Example 1.1. The quadric cone over a conic surface V (x1xy — x3x4) C C* has two
crepant resolutions related by an Atiyah flop. By contrast, the quadric cone V(x12 + x% +
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x% + xf + x52) C ©3 does not have a crepant resolution since it has Q-factorial terminal
singularities. The binomial variety V (x;x — ujuou3) C C? has six crepant resolutions
whose network of flops forms a hexagon [34]. For additional examples of flops involving

Weierstrass models, see [27,28,32,33].

There is an important subset of singular Weierstrass models that have crepant resolu-
tions and play a central role in string geometry, as they are instrumental in the geometric
engineering of gauge theories in F-theory and M-theory. We refer to them as G-models,
they are defined in Sect. 1.2 and are typically obtained by the Weierstrass models that
appear as outputs of Tate’s algorithm [8,46,72]. The networks of crepant resolutions of
these Weierstrass models are conjectured to be isomorphic to the incidence graph of the
chambers of a hyperplane arrangement [25,26,40,43].

The number of distinct resolutions associated to a G-model can be rather large
[25,26,40]. It is interesting to study topological invariants that do not depend on the
choice of a crepant resolution. An example of such a topological invariant is the Euler
characteristic—using p-adic integration and Weil conjecture, Batyrev proved that the
Betti numbers of smooth varieties connected by a crepant birational map are the same
[6], and it therefore follows that the Euler characteristics of any two crepant resolutions
are the same.

The purpose of this paper is to compute the Euler characteristics of G-models obtained
by crepant resolutions of Weierstrass models, where G is a simple group. Following [2,3],
we allow the base to be of arbitrary dimension and we do not impose the Calabi—Yau
condition. We work relative to a base that we leave arbitrary. In this sense, our paper is
a direct generalization of the work of Fullwood and van Hoeij on stringy invariants of
Weierstrass models [36].

The Euler characteristic of an elliptic fibration plays a central role in many physical
problems such as the computation of gravitational anomalies of six dimensional super-
gravity theories [38,65] and the cancellation of tadpoles in four dimensional theories
[2,3,9,13,24,29,68]. Unfortunately, the Euler characteristics of crepant resolutions of
Weierstrass models are generally not known, although they have been computed in some
special cases for Calabi—Yau threefolds and fourfolds [4,5,36,55]. For instance, the Euler
characteristics of G-models for Calabi—Yau threefolds were studied in [38], and there
are conjectures for the Euler characteristics of G-models for Calabi—Yau fourfolds based
on heterotic string theory/F-theory duality [9].

As a byproduct of our results, we prove a conjecture by Blumenhagen, Grimm, Jurke,
and Weigand [9] on the Euler characteristics of Calabi—Yau fourfolds which are G-
models for G = SU(2), SU(3), SU4), SU(5), E¢, E7 or Eg. These groups correspond to
the exceptional series Ej. defined on page 9 with the exception of Ds. In [9], the authors
conjecture the value of the Euler characteristic using a method inspired by heterotic
string theory/F-theory duality. The results of our computation match their prediction
precisely, except for the limiting case of the group Eg. We also retrieve known results
for the case of G-models that are Calabi—Yau threefolds [38], while removing most of
the assumptions of [38].

A crucial ingredient of our results is Theorem 1.8, which is a pushforward formula for
any analytic function of the class of the exceptional divisor of a blowup of a nonsingular
variety along a smooth complete intersection of hypersurfaces meeting transversally.
Theorem 1.8 is a generalization to arbitrary analytic functions of a result of Fullwood and
van Hoeij [36, Lemma 2.2], which relies on a theorem of Aluffi [1] simplifying the classic
formula of Porteous on Chern classes of the tangent bundle of a blowup [66]. Theorem 1.8
profoundly simplifies the algebraic manipulations necessary to compute pushforwards,
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and therefore has a large range of applications independently of the specific applications
discussed in this paper.

For the reader’s convenience, we provide tables specializing our results to the cases
of elliptic threefolds and fourfolds, and further to the cases of Calabi—Yau threefolds and
fourfolds, including an explicit computation of the Hodge numbers in the Calabi—Yau
threefold case. We emphasize that our results are insensitive to the particular choice of
a crepant resolution due to Batyrev’s theorem on the Betti numbers of crepant birational
equivalent varieties [6] and Kontsevich’s theorem on the Hodge numbers of birational
equivalent Calabi—Yau varieties [49].

1.1. Conventions. Throughout this paper, we work over the field of complex numbers. A
variety is a reduced and irreducible algebraic scheme. We denote the vanishing locus of
the sections f1, ..., fu by V(fi1, ..., fn). The tangent bundle of a variety X is denoted
by T X and the normal bundle of a subvariety Z of a variety X is denoted by Nz X. Let
¥ — B be a vector bundle over a variety B. We denote the by P(¥") the projective
bundle of lines in #. We use Weierstrass models defined with respect to the projective
bundle v : Xo = P[0 & Z®%® ¥®3] — B where .Z is a line bundle of B. We denote
the pullback of . with respect to = by n*.Z. We denote by Ox, (1) the canonical line
bundle on Xy, i.e., the dual of the tautological line bundle of X (see [37, Appendix
B.5]). The first Chern class of O, (1) is denoted H and the first Chern class of .Z is
denoted L. The Weierstrass model ¢ : Yy — B is defined as the zero-scheme of a section
of 0x,(3) ® T* L ®0—Weierstrass models are studied in more detail in Sect. C.3. The
Chow group A.(X) of a nonsingular variety X is the group of divisors modulo rational
equivalence [37, Chap. 1,§1.3]. We use [V] to refer to the class of a subvariety V in
A,(X). Given a class ¢ € A,(X), the degree of « is denoted fX a (or simply fa if
X is clear from the context.) Only the zero component of « is relevant in computing
fx a—see [37, Definition 1.4, p. 13]. We use ¢(X) = ¢(T X) N [X] to refer to the total
homological Chern class of a nonsingular variety X, and likewise we use c; (7 X) to
denote the ith Chern class of the tangent bundle 7' X. Given two varieties X, Y and a
proper morphism f : X — Y, the proper pushforward associated to f is denoted f.
If g : X — Y is a flat morphism, the pullback of g is denoted g* and by definition
g* V] = [g_l(V)], see [37, Chap 1, §1.7]. Given a formal series Q(¢) = Z?io Q,-ti,
we define [t"]1Q(t) = Q.

Our conventions for affine Dynkin diagrams are as follows. A projective Dynkin
diagram is denoted My where M is A, B, C, D, E, F, or G, and k is the number of
nodes. An affine Dynkin diagram that becomes a projective Dynkin diagram g after
removing a node of multiplicity one is denoted g. We denote by g’ the (the possibly
twisted) affine Dynkin diagram whose Cartan matrix is the transpose of the Cartan
matrix of g. The graph of §’ is obtained by exchanging the directions of all the arrows
of §. When the extra node is removed, the dual graph of g’ reduces to the dual graph of
the Langlands dual of g. The affine Dynkin diagrams g’ and g are distinct only when g
is not simply laced (i.e., when g is Gy, F4, By, or Cy). The notation g’ follows Carter!
[12, Appendix, p. 540-609] and is equivalent to the notation g used by MacDonald in
§5 of [54]. The multiplicities define a zero vector of the extended Cartan matrix. In the

notation of Kac [45], EZ £ =3), 62 £ =2), (N}tz and ﬁ; are respectively denoted A%)—l’

Dﬁ)l s Df), and E(62); while Eg € =3), 6@ € =2), 62, and 1-74 are respectively denoted

! There is a typo on page 570 of [12] in the first Dynkin diagram of B ¢ on the top of the page, where the
arrow is in the wrong direction but correctly oriented in the rest of the page.



Euler Characteristics of Crepant Resolutions 103
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Fig. 1. Twisted affine Lie algebras vs affine Lie algebras for non-simply laced cases. Only those on the left
appears in the theory of elliptic fibrations as dual graphs of the fiber over the generic point of an irreducible
component of the discriminant locus

B,El), CEI), Gg), and Ffll). When g is non-simply laced, the affine Dynkin diagrams g’
and g differ from each by the directions of their arrows and also by the multiplicities of
their nodes (see Fig. 1).

Given a complete intersection Z of hypersurfaces Z; = V(z;) in a variety X, we
denote the blowup X = Blz X of X along Z with exceptional divisor E = V (e) as

0,5 2nle) o
X X

1.2. G-models. In this section, we recall how a Lie group is naturally associated with
an elliptic fibration and introduce the notion of a G-model. Our notation for dual graphs
and Kodaira fibers is spelled out in Sect. 1.1, and Tables 2 and 3. See also “Appendix
C” for the definitions of a fiber type, a generic fiber, and a geometric generic fiber.

Definition 1.2 (C-model). Let K be the type of a generic fiber. Let S C B be a smooth
divisor of a projective variety B. An elliptic fibration ¢ : ¥ —> B over B is said to be
a [C-model if

1. The discriminant locus A (¢) contains as an irreducible component the divisor S C B.
2. The generic fiber over S is of type K.
3. Any other fiber away from S is irreducible.

If the dual graph of K corresponds to an affine Dynkin diagram of type g’, where g is a
Lie algebra, then the K-model is also called a g-model.

In F-theory, a Lie group G(¢) attached to a given elliptic fibration ¢ : ¥ — B
depends on the type of generic singular fibers and the Mordell-Weil group MW (¢) of
the elliptic fibration [15]. The Lie algebra g associated to the elliptic fibration is then
the Langlands dual g¥ = &P, g, of g = @, g;. If we denote by exp(g") the unique (up
to isomorphism) simply connected compact simple group whose Lie algebra is gV, then
the group associated to the elliptic fibration ¢ : ¥ — B is:

Glo) = exp(g”) < U1k MW ()
MW o (@)
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where rk MW () is the rank of the Mordell-Weil group of ¢ and MW, (¢) is the torsion
subgroup of the Mordell-Weil group of ¢. Defining properly the quotient of exp(g“) by
the Mordell-Weil group requires a choice of embedding of the Mordell-Weil group in
the center of exp(g") [57].

Definition 1.3 (G-model). An elliptic fibration ¢ : ¥ — B with an associated Lie
group G = G(p) is called a G-model.

If the reduced discriminant locus has a unique irreducible component S over which
the generic fiber is not irreducible, the group G(p) is simple. The relevant fiber g’ can
be realized by resolving the singularities of a Weierstrass model derived from Tate’s
algorithm. The relation between the fiber type and the group G(¢) is not one-to-one.
For example, an SU(2)-model can be given by a divisor S with a fiber of type I}, I7°,
III, IV, or I5°. For that reason, a given decorated Kodaira fiber provides a more refined
characterization of a G-model.

Example 1.4. For n > 4, an SU(n)-model is a I}-model with a trivial Mordell-Weil
group. For n > 0, a Spin(8+2n)-model is an I’*-model with trivial Mordell-Weil group.
For n > 1, a Spin(7+2n)-model is an I}"-model with trivial Mordell-Weil group. A
Gz-model is an I§"-model with a trivial Mordell-Weil group. A Spin(7)-model is an
I5°°-model with a trivial Mordell-Weil group.

Example 1.5. (See [28]) The SO(3), SO(5), SO(6), and SO(7)-models are respectively
I3, I}, I3, and Igss-models with MW=Z/27Z. For n > 0, an SO(8 + 2n)-model is an
I;*-model with a Mordell-Weil group MW=Z/2Z. For n > 1, an SO(7 + 2n)-model is
an I;™-model with Mordell-Weil group MW=Z/2Z.

Example 1.6. If the Mordell-Weil group is trivial, K-models with K =I5, I7°, III, IV",
or I3, are all SU(2)-models. An Aj-model can be given by a IV®-model or a I3-model. If
the Mordell-Weil group is trivial, both a IV*-model or a I5-model give a SU(3)-model.
A Cy-model can be given by an 175 ,-model or an I3}, ;-model, and if the Mordell-Weil
group is trivial, these both give a USp(2£)-model.

Remark 1.7. Not all singular Weierstrass models are G-models as the reducible singular
fibers might not appear in codimension one. See, for example, the Jacobians of the
elliptic fibrations discussed in [2,3,24,29].

1.3. The pushforward theorem and Jacobi’s identity. As explained earlier, one of our
key results is a pushforward theorem that streamlines all the computations of this paper.
We present the pushforward theorem in this subsection.

Theorem 1.8. Let the nonsingular variety Z C X be a complete intersection of d non-
singular hypersurfaces Z, ..., Zq meeting transversally in X. Let E be the class of the
exceptional divisor of the blowup f : X —> X centered at Z. Let Q(t) = Y_, [*Qat*
be a formal power series with Qq € Ax(X). We define the associated formal power
series Q(t) = ), Qat® whose coefficients pullback to the coefficients of Q(t). Then

the pushforward f, Q(E) is:

d d

f:0(E) = Z O(Zy)My, where M; = 1_[

=1 Zy _ZE.

m=1
m#L
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We call the coefficient M, the £-moment of the blowup f.

Remark 1.9. Given a blowup f : i. — X, any element « of the Chow ring A*()’? ) can
be expressed as o = ZZC’:O f*a; E' where «; are elements of the Chow ring A, (X). So
Theorem 1.8 can be used to pushforward any element of A, (X).

Theorem 1.8 is proven in Sect. 3. By the projection formula and the linearity of the
pushforward, the proof of Theorem 1.8 is almost trivial once it is established in the
special case of a monic monomial Q(r) = *. This special case is Lemma 3.7 on page
18. The proof of the Lemma 3.7 relies on an identity due to Carl Gustave Jacobi that
gives a partial fraction formula for homogeneous complete symmetric polynomials:

Lemma 1.10 (Jacobi). Let h,.(x1,...,xq) be the homogeneous complete symmetric
polynomial of degree r in d variables of an integral domain. Then:

d d 1
+d—1
he(x1,...,xq) = E xy 1_[ .
— X Xm
=1 m=1

m;_éé

Jacobi first proved this identity in 1825 in a slightly different form in his doctoral
thesis” as a partial fraction reformulation of the generating function of complete homo-
geneous polynomials. Lemma 1.10 was rediscovered in many different mathematical
and physical problems, as discussed elegantly in [39]. For example, a proof using Schur
polynomials was proposed as the solution to Exercise 7.4 of [70]. For a proof using
integrals and residues see “Appendix A” of [53]; for a proof using matrices, see [14].
We give a short and simple proof of this identity in “Appendix A”.

We also make use of a second pushforward theorem that concerns the projection from
the ambient projective bundle to the base B over which the Weierstrass model is defined.
Let 7 be a vector bundle of rank r over a nonsingular variety B. The Chow ring of a
projective bundle v : P(¥’) —> B is isomorphic to the module A, (B)[¢] modded out
by the relation [37, Remark 3.2.4, p. 55]

AN (@ (T =0, L =c (ﬁpm(l))-

Theorem 1.11 (See [2,3,35]). Let £ be a line bundle over a variety B and w : Xog =
PO & L%* @& L% —> B a projective bundle over B. Let Q(t) = Yo T Qa1
be a formal power series in t such that Q, € A« (B). Define the auxiliary power series

Q(t) =), Qat®. Then
Q(H) O(H)

+3 —=
2 2
Hen = H

(0

H=—3L 6L’

T Q(H) = =2

where L = c1(£) and H = c1(Ox,(1)) is the first Chern class of the dual of the
tautological line bundle of Xy.

2 [44, Section II1.17, pp. 29-30], Jacobi asserts:

1 1 1
Hx—a,- ZXi:x—ai l_[iag—ai

i e
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Proof. Using the functoriality of Segre classses, we can write

1 1 -2 3
Tl = — + ,
(1—H> (1+20)(1+3L) _ 1+2L " 1+3L

which can be expanded on the both sides. This gives the following expressions for the
pushforward of each power of H:

=0, T, H=0, mH* = [—2(—2)f + 3(—3)"] L

where i is nonnegative. Then, expanding Q(H) as a power series with coefficients in
A«(B),

o
O(H) = Z mreiH' =m*ag + (t*an)H + H* Y (r*ax) HY,
k=0
the pushforward of Q(H ) can hence be computed as

7. 0(H) = =2 Zak(—2L)k +3 Z o (=3L)F

Q(H)—OHH—CYO) Q(H)—OtlH—Oto

H? —a H? H=-3L
Q(H) 43 Q(H) Q(O)

H2 H=-2L H? He—31 6L2

1.4. Strategy. We take an intersection theory point of view inspired by Fulton [37] and
Aluffi [1], and use explicit crepant resolutions of Tate models to compute their Euler
characteristics. Using Chern classes, we evaluate the Euler characteristic without dealing
with the combinatorics of the fiber structure. Instead, we compute the pushforward of
the homological Chern class of the variety to the base of the fibration. Since the Euler
characteristics of two crepant resolutions of the same Weierstrass model are the same
[6], we do not need to explore the network of all flops to arrive at our conclusions.

Our method for computing the Euler characteristics of G-models is as follows. Given
achoice of Lie group G, we first use Tate’s algorithm to determine a singular Weierstrass
model Yo —> B such that G is the Lie group attached to the elliptic fibration following
the F-theory algorithm discussed in Sect. 1.2. We then determine a crepant resolution
f 1Y — Yy of the singular Weierstrass model to obtain an explicit realization of the
G-model as a smooth projective variety. By doing so, we retrieve the data necessary to
compute the total homological Chern class of the crepant resolution f : ¥ —> Yy. We
apply Theorem 1.8 repeatedly to push this class forward to the projective bundle X¢ in
which the Weierstrass model is defined. Finally, we use Theorem 1.11 to push the total
Chern class forward to B. In doing so, we obtain a generating function of the form

X(Y)Z/BQ(L,S)C(B), c(B) :=c(TB)N[B],

where f B indicates the degree, Q(L, S) is a rational function in L and § such that

L
c(B).

L0 = 76
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Table 1. Models studied in this paper

CQ—)A3—>A4—>D5

\ \ \:

Ay — Ay — Gy — By — Dy — Fy — Eg¢ — E7 — Eg

G, OO0, Ve T [V 5 | [ [ 6 [ e e [ [V [T [ Ve [0r [T
Ay Ay A3 |Cy | Ay | Go | B3 |[Dy| Fy |Ds| Eg | Er | Eg

Q(L, 0) is the generating function for the Euler characteristic of a smooth Weierstrass
model [2]. The rational expression Q(L, S)c(B) is defined in the Chow ring A, (B) of
the base. The expression x (Y) is a generating function in the following sense. If the
base has dimension d, the Euler characteristic is then given by the coefficient of 77 in a
power series expansion in the parameter ¢:

x(Y) = [19] (Q(tL,tS)c,(TB)), where d := dim B,

where [t"]g(t) = g, for a formal series g(t) = Z?io g,-ti , and
¢(TB) =1+¢c1(TB)t + -+ +cq(TB)t?,

is the Chern polynomial of the tangent bundle of B.

It follows from the adjunction formula that one can further impose the Calabi—Yau
condition by setting L = c1(7 B); see Tables 8 and 9 for the Euler characteristics of
elliptic threefold and fourfold G-models.

In Table 1, we organize the Lie algebras associated to our choices of Tate models into
a network, where an arrow indicates inclusion as a subalgebra. As is evident from Table
1, the results of this paper cover all instances of Kodaira fibers with the exception of the
general cases of Iz and I} that will be discussed in a follow up paper. In particular, our
list contains:

e G-models corresponding to Deligne exceptional series:
{e}y CA1 C Ay C Gy Cc Dy CF4 CEg CE7 CEg.
e G-models for the extended exceptional series:>
{e} CA; C Ay C A3 CEq4 CEs CEg C Ey C Eg.
e G-models for simple orthogonal groups of small rank:*
{e} € SO(3) € SO(5) C SO(6).
e G-models of the Ij series [27]:
{e} € Gy C Spin(7) C Spin(8).
3 We recall that the Dynkin diagram of E;, is the same as A, but with the nth node connected with the third

node. In particular, E4 = Ay, E5s = D5, E3 = Apx A, E» = Ay, andE; = A7.
4 These models require a Mordell-Weil group Z/27Z; see [28].
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1.5. Organization of the paper. The remainder of the paper is organized as follows.
In Sect. 2 we discuss some general properties of the Euler characteristic of an elliptic
fibration. In Sect. 3 we discuss the pushforward theorem and explain the details of our
computation of the Euler characteristic. Section 4 then describes how these results can
be used to calculate the Hodge numbers of Calabi—Yau threefold G-models. In Sect. 5,
we describe the simplest model, the SU(2)-model, as an example of our computation. We
present the results of our computation in a series of tables in Sect. 6. Finally, in Sect. 7 we
conclude with a discussion of the computation and comment on possible future research
directions. A proof of Jacobi’s partial fraction identity is given in “Appendix A”, an
explanation of the Euler characteristic as the degree of the top Chern class is given in
“Appendix B”, and some basic facts about Kodaira fibers, elliptic fibrations, Weierstrass
models and Tate’s algorithm are collected in “Appendix C” (Tables 2, 3, 4).

2. Euler Characteristic of Elliptic Fibrations

The Euler characteristic of a smooth Weierstrass model ¢ : Y —> B over a base B is
given by the following formula [2,3]

v = [ 2L )
X _/1+6Lc ’

where c(B) = ¢(T B) N [B] is the total homological Chern class and L = ¢ (.Z) is the
first Chern class of the fundamental line bundle .2 = (R'¢,Oy)~! of the elliptic fibra-
tion. This expression is the generating function for the Euler characteristic. Assigning
weight n to the nth Chern class, the Euler characteristic of Y is the component of weight
d = dimB. A direct expansion gives

d

x(¥) = =23 (=6L)'cq-i(TB) N [B].
i=1

The Euler characteristic of an elliptic surface is given by Kodaira’s formula [47,48, 1II,
Theorem 12.2, p. 14]:

X(¥) =Y "v(A),

i

where the discriminant A = Zi A; is asum of points A; and v(A;) denotes the valuation
of A;. In particular, the Euler characteristic of the resolution of a Weierstrass model over
a curve is always 12 [ L:

x(Y) =/12L.

There are several different ways to compute the Euler characteristic of an elliptic
fibration. The Euler characteristic (with compact support) is multiplicative on local
trivial fibrations and satisfies the excision property (x (X/Z) = x(X) — x(Z) for any
closed Z C X); moreover, if ¢ : M — N is a smooth proper morphism, then x (M) =
X (N)x(Ny) where x(N,) is the Euler characteristic of the generic fiber. It follows
from these properties that the Euler characteristic of an elliptic fibrations gets all its
contribution from its discriminant locus since the Euler characteristic of a smooth elliptic
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Table 2. Affine Dynkin diagrams appearing as dual graphs of decorated Kodaira fibers
Fiber type Dynkin diagram Kodaira type
Ao ‘ L, I
A X ! 15, 1%, 195, 100, IV
1 . O 2s 1y 137, s
A (£23) L
1 1
~ 2 2
Dare (£=0) il I
1 1
1
Eé 2 % IV*s
&—O—0O0—0C0—-—0
1 2 3 2 1
2
By j I
oO—O0—0O0—C0—C—=0
2 3 4 3 2 1
3
Eg IT*
O O O O O O
9 9 9 9 9 9
2 3 4 5 6 4 2
1
~ 2 2 2 1 I for ¢=0
t 0
B3+[ (e Z 0) 1 TR -O#O Izns for [ Z 1

Core (£20)

1 1 1 1 1 1
&—=0—0O---0—O0==0
1 2 3 2 1
e—0O0—0=%=0—=0
1 2 1
&—0O0==0

ns ns
I4+2{’, ’ I5+2€

IV*ns

#NS
I0
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Table 3. Dual graphs for elliptic fibrations

Fiber type Dual graph Dual graph of geometric fiber
1
1 »
X 1 1 )
! e—2O |
14
1
s, 1 1 1 .
~t 2 2 2 1 2 2 2 \
By O#O ;
1 1 I »
=3
Ing
~ 1 1 1 1 1 1
Cen &=0—0--0—0==0
=0
IE;H Y\\\
~ 1 1 1 1 1 1 Y
Ce1 &=0—0--0—0==0 ;
((=m)) L
[v#ns 1 2 3 2 1
¥, 0—0O0—0=+%(=0—0
1
o 2 1
I*bb
2, —=—=0O
3
1
[ins 1 2 1
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curve is zero. One can identify a partition of the discriminant locus by subvarieties V;
over which the generic fiber is constant. The Euler characteristic is then

X =" x(Vx(¥y)

where Y. is the fiber over the generic point »; of V;. This method increases quickly in
complexity when the fiber structure becomes more involved [38].

A more effective way to compute the Euler characteristic is to use the Poincaré—Hopf
theorem, which asserts that the Euler characteristic of X equals the degree of the top
Chern class of the tangent bundle 7 X evaluated on the homological class of the variety.
In other words, the Euler characteristic is the degree of the total homological Chern
class:

x (X) =/C(X), c(X) :=c(TX)N(X).

This method is explained in Sect. 2.2 and can also be thought of as an algebraic version
of the Chern—Gauss—Bonnet theorem. We give three different proofs in “Appendix B”.

2.1. Crepant resolutions and flops. Let X be a projective variety with at worst canonical
Gorenstein singularities. We denote the canonical class by K.

Definition 2.1. A birational projective morphism p : ¥ — X is called a crepant
desingularization of X if Y is smooth and Ky = p*Ky.

Definition 2.2. A resolution of sm&ulantles of avariety Y is a proper surjective birational
morphism ¢ : Y —> Y such that Y is nonsingular and ¢ is an isomorphism away from
the singular locus of Y. In other words, Y is nonsingular and if U is the singular locus of
Y, ¢ maps ¢~ (Y \ U) isomorphically onto ¥ \ U. A crepant resolution of singularities
is a resolution of singularities such that Ky = f*Kx.

Remark 2.3. In dimension two, there is one and only one crepant resolution of a variety
with canonical singularities. In dimension three, crepant resolutions of Gorenstein sin-
gularities always exist but are usually not unique. In dimension four or greater, crepant
resolutions are not always possible. However, one can always find a crepant birational
morphism from a Q-factorial variety with terminal singularities.

Definition 2.4 (D-flop See [56, pp. 156-157]). Let f1 : X; —> X a small contraction.
Let D be a Q-Cartier divisor in X1. A D-flop is a birational morphism f : X1 —— — X»
fitting into a triangular diagram where fi and f> are birational morphisms

such that

1. X; are normal varieties with at worst terminal singularities.

2. f; are small contractions (i.e. their exceptional loci are in codimension two or higher).

3. Kx; is numerically trivial along the fibers of f; (i.e. Kx, - £ = 0 for any curve ¢
contracted by f;).
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4. The Q-divisor —D is fi-ample.
5. The strict f-transform D* of D is f-ample.

Definition 2.5 (Flop). The morphism f> : X —> X issaid to be a flop of f1 : X; —>
X if there exists a divisor D C X such that f> is a D-flop of fi.

2.2. Batyrev’s theorem and the Chern class of a crepant resolution. We denote the Chow
ring of a nonsingular variety X by A, (X). The free group of generated by subvarieties
of dimension r modulo rational equivalence is denoted by A, (X). The degree of a class
o of A,(X) is denoted by [ x @ (or simply [ « if there is no ambiguity in the choice of
X), and is defined to be the degree of its component in Ag(X). The total homological
Chern class ¢(X) of any nonsingular variety X of dimension d is defined by:

c(X) = c(TX) N[X],

where T X is the tangent bundle of X and [X] is the class of X in the Chow ring. The
degree of ¢(X) is the topological Euler characteristic of X:

X(X)=/ c(X).
X

Motivated by string geometry, Batyrev and Dais proposed in [7, Conjecture 1.3] the
following conjecture.

Conjecture 2.6 (Batyrev and Dais, see [7]). Hodge numbers of smooth crepant resolu-
tions of an algebraic variety defined over the complex numbers with at worse Gorenstein
canonical singularities do not depend on the choice of such a resolution.

Using p-adic integration and the Weil conjecture, Batyrev proved the following
slightly weaker proposition:

Theorem 2.7 (Batyrev [6]). Let X and Y be irreducible birational smooth n-dimensional
projective algebraic varieties over C. Assume that there exists a birational rational map
¢ : X — — — Y which does not change the canonical class. Then X and Y have the
same Betti numbers.

Batyrev’s result was strongly inspired by string dualities, in particular by the work of
Dixon et al. [18]. Kontsevitch proved the Batyrev—Dais conjecture for the special case of
Calabi—Yau varieties as a corollary of his newly invented theory of motivic integration;
the proof relies on Hodge theory and geometrizes Batyrev’s use of p-adic integration.

Theorem 2.8 (Kontsevitch [49]). Let X and Y be birationally-equivalent smooth
Calabi—Yau varieties. Then X and Y have the same Hodge numbers.

As a direct consequence of Batyrev’s theorem, the Euler characteristic of a crepant
resolution of a variety with Gorenstein canonical singularities is independent on the
choice of resolution. We identify the Euler characteristic as the degree (see Definition
C.2) of the total (homological) Chern class of a crepant resolution f : ¥ — Y of a
Weierstrass model Y — B:

x(¥) = /c<?>.
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We then use the birational invariance of the degree under the pushfoward to express
the Euler characteristic as a class in the Chow ring of the projective bundle Xy. We
subsequently push this class forward to the base to obtain a rational function depending
upon only the total Chern class of the base c¢(B), the first Chern class ¢ (.Z), and the
class S of the divisor in B:

x(Y) = / 7 foc(Y).
B

In view of Theorem 2.7, this Euler characteristic is independent of the choice of a
crepant resolution. We discuss pushforwards and their role in the computation of the
Euler characteristic in more detail in Sect. 3.

3. Pushforwards and Computing the Euler Characteristic

Definition 3.1 (Pushforward [37, Chap. 1, p. 11]). Let f : X — Y be a proper
morphism. Let V be a subvariety of X, the image W = f(V) a subvariety of Y, and
the function field R(V) an extension of the function field R(W). The pushforward
fe 1 Ak (X) — A(Y) is defined as follows

vy =10 if dimV # dim W,
TR ROW)T W] if dim V = dim W,

where [R(V) : R(W)] is the degree of the field extension R(V)/R(W).

Lemma 3.2 ([37, Chap. 1, p. 13]). Let f : X — Y be a proper map between varieties.
For any class « in the Chow ring A.(X) of X:

/Xazfyf*a.

Lemma 3.2 means that an intersection number in X can be computed in Y through
a pushforward. This simple fact has far-reaching consequences and characterizes the
point of view taken in this paper, as it allows us to express the topological invariants of
an elliptic fibration in terms of those of the base.

3.1. The pushforward theorem. A formula for the Chern classes of blowups of a smooth
variety along a smooth center was conjectured by Todd and Segre and proven in the gen-
eral case by Porteous [66] using the Riemann-Roch theorem. A proof using Riemann-
Roch “without denominators” is presented in §15.4 of [37]. A proof without Riemann-
Roch was derived by Lascu and Scott [50,51]. A generalization of the formula to poten-
tially singular varieties was obtained by Aluffi [1].

The blowup formula simplifies dramatically when the center of the blowup is a
nonsingular complete intersection of nonsingular hypersurfaces meeting transversally.
Aluffi gives an elegant short proof using functorial properties of Chern classes and Chern
classes of bundles of tangent fields with logarithmic zeros:

Theorem 3.3 (Aluffi [1, Lemma 1.3]). Let Z C X be the complete intersection of d
nonsingular hypersurfaces Z1, ..., Zq meeting transversally in X. Let f : X —> X be
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the blowup of X _centered at Z. We denote the exceptional divisor of f by E. The total
Chern class of X is then:

d

1—[1+f*Zi—E

o(TX) = (1 +E)< Pz,

) F*e(TX). 3.1)

i=1

Lemma 3.4. Let f : X — X be the blowup of X centered at Z. We denote the
exceptional divisor of f by E. Then

KE = (=D"hy_a(Z1,.... Z0)Z1 ... Z4,

where hi(x1, ..., Xy) is the complete homogeneous symmetric polynomial of degree i in
(x1, ..., xx) with the convention that h; is identically zero fori < 0 and hg = 1.

Proof. The exceptional locus of the blowup of X centered at Z is the projective bundle
P(NzX).Let E = c1(Opv,x)(1)). By the functoriality properties of Segre classes, we
have:

d
fo N B = —— n(z) = [[ -2 (3:2)
1+ E T e(NzX) _l__11+z," '
where NzX is the normal bundle of Z in X. The generating function of complete
homogeneous symmetric polynomials in (xg, ..., xg) is ]_[‘Z:l (1 —xen)~ "
00 d 1
h s xtt = .
Z n(x1 Xd) l_[ Ty
n=1 =1

By matching terms of the same dimensions in Eq. (3.2), we can compute f, E” in terms
of complete homogeneous symmetric polynomials 4;(Z1, ..., Zg) in the classes Z;:

. 1+Z‘Zi

i=1

d
Zi .
FoE" = (~ 11 (H : ) = O™y (21, 2D . 2,

where [t"]g(t) = g, for a formal series g(t) = Z?io git' and h; is identically zero for
i<Oandhg=1. O

Example 3.5. If d = 2, we have

FHE=0, fiE*>=-Z1Zy, fE>=—(Z1+2Z2)Z 12,
FEY = —(Z3+ 23+ Z122) 21 25,

Example 3.6. If d = 3, we have
FE=0, fiE>=0, fiE>=2Z1Z2Z3, foE*=(Z1+22)Z1Z:25.

A direct consequence of Theorem A.2 (Jacobi’s identity) and Lemma 3.4 is the
following pushforward formula (see [36]):
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Lemma 3.7. Let Z C X be the complete intersection of d nonsingular hypersurfaces
Z1, ..., Zq meeting transversally in X. Let f : X —> X be the blowup of X centered
at Z with exceptional divisor E. Then for any integer n > 0:

d d

Zi
n __ n —
LE"=Y"ZiMy, My= ] T
=1 m=1
m#£L

The coefficient My is the £-moment of the blowup f defined after Theorem 1.8.
Proof.

f*E"z(—l)‘“lhn d(Z1, ..., Z9)Zy ... Zq (by Lemma 3.4)

= (- 1)d+‘Zz” ‘(]‘[ ) ..Z4 (byLemma 1.10)

m—
d d d
— (= z”( ) (by the identity Z; ... Zg = Z¢ [ | Zw)
Z ¢ l:[ _Zm Y Y 1_[ "
me

m=1
m#L
d d 7
— n m d—1
_;Ze(mnlz —Ze) (smcel_[Z_Z =(—1) H
B m#£L m;ée m#

O

To compute topological invariants of a blowup, we often have to pushforward analytic
expressions of E. Let Q(¢) = Z f*Q,t* be a formal power series with Q, € A, (X).
The formal series Q(F) is a well-defined element of A (X ). We recall Theorem 1.8:

Theorem 1.8. Let the nonsingular variety Z C X be a complete intersection of d non-
singular hypersurfaces Z1, ..., Zq meeting transversally in X. Let E be the class of the
exceptional divisor of the blOWMp f : X — X centered at Z. Let Q(t) =Y, [ 0at"
be a formal power series with Q, € Ax(X). We define the associated formal power
series Q(t) = Y, Qat® whose coefficients pullback to the coefficients of Q(t). Then
the pushforward f, é (E) is:

d d
~ Zm
fO(E) = ; Q(Ze)My, where Mg = ]"[1 T
- m#EL

Proof.

d
FOE) = £ ) (f*QIE* =) QufuE* =) QY  Z{My
a a a (=1

d d
= Z Z QuZiMy = Z 0(Zy)M;. (3.3)

a (=1 =1
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3.2. Classes of the blowup centers of crepant resolutions. We denote the projective
bundle of the Weierstrass model to be Xg = P[0 @ .Z%% & £®3] and the elliptic
fibration ¢ : Yo — B to be the zero-scheme of a section of €(3) ® 7*.Z®°. We denote
by &'(1) the dual of the tautological line bundle of X¢. We denote by H the first Chern
class of (1), and by L the first Chern class of .Z. The elliptic fibration ¢ : Yo — B
is of class [Yp] = 3H + 6z* L. The classes of the generators of the blowup centers are

Zl.(") , where n is the number of the blowup map and i is the number of the center. For
example, consider the following blowup:

X,y,s|e ,eple
Xo <( y le1) X1<(y 1le2) X, (3.4)

where each arrow above denotes a blowup, V (s) is a smooth divisor in X, and where
E, = V(e,) is the exceptional divisor of the nth blowup. The first exceptional divisor
is a projective bundle whose fibers have projective coordinates [x’ : y’ : 5], where

x=x'er, y=yer, s=7se.

For notational convenience, we drop the prime superscripts (') appearing after each
blowup.
The classes associated to the center of the first blowup in (3.4) are:

Z0 =x=H+27*L, Z" =y1=H+37*L, ZV =[s]=n"S.
Likewise, the classes associated to the center of the second blowup are
z?P == f{(H +37"L) — E1, 2§ =[e1] = E\.

Let us adapt the above data into a matrix-inspired notation, such that i denote columns
and n denotes rows. This notation allows us to read the classes of the blowup center by
each row. In this notation, the above results can be expressed as follows:

VAR AN H+27*L H +37*L 7*S
T \z@ ZD “\ff(H+37*L)—E;  E '

See Table 6 for an exhaustive list of the generator classes associated to the blowup centers
of the crepant resolutions in Table 5. Note that we streamline our notation by omitting
the explicit pullback maps from the expressions for the classes appearing in these tables.

4. Hodge Numbers of Elliptically Fibered Calabi-Yau Threefolds

Using motivitic integration, Kontsevich shows in his famous “String Cohomology” Lec-
ture at Orsay that birational equivalent Calabi—Yau varieties have the same class in the
completed Grothendieck ring [49]. Hence, birational equivalent Calabi—Yau varieties
have the same Hodge-Deligne polynomial, Hodge numbers, and Euler characteristic.
In this section, we compute the Hodge numbers of crepant resolutions of Weierstrass
models in the case of Calabi—Yau threefolds.

Theorem 4.1 (Kontsevich, see [49]). Let X and Y be birational equivalent Calabi—Yau
varieties over the complex numbers. Then X and Y have the same Hodge numbers.
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Remark 4.2. In Kontsevich’s theorem, a Calabi—Yau variety is a nonsingular complete
projective variety of dimension d with a trivial canonical divisor. To compute Hodge
numbers in this section, we use the following stronger definition of a Calabi—Yau variety.

Definition 4.3. A Calabi—Yau variety is asmooth compact projective variety ¥ of dimen-
sion n with a trivial canonical class and such that H' (Y, Ox) =0for1 <i <n — 1.

‘We first recall some basic definitions and relevant classical theorems.

Definition 4.4. The Néron-Severi group NS(X) of a variety X is the group of divisors
of X modulo algebraic equivalence. The rank of the Néron-Severi group of X is called
the Picard number and is denoted p (X).

Theorem 4.5 (Lefschetz (1,1)-theorem, see [74, Theorem 7.2, p. 157]). If X is compact
Kiihler manifold, then the map c1 : Pic(X) - HY'(X,7Z) = HYY(X,C) N H*(X, Z)
is well-defined and surjective. In addition, the Picard number p(X) is equal to the Hodge
number h*-1(X) := dim H"(X, Z).

Theorem 4.6 (Noether’s formula). If B is a smooth compact, connected, complex surface
with canonical class K and Euler number c;:

x(Op) =1—h""(B)+h"*(B), x(Op)= %(K2 +02).

When B is a smooth compact rational surface, we have a simple expression of 2!-1(B)
as a function of K2 using the following lemma.

Lemma 4.7. Let B be a smooth compact rational surface with canonical class K. Then

h“1(B) =10 — K> (4.1)
Proof. Since B is a rational surface, %! (B) = h%2(B) = 0. Hence c; = 2 + h'"1(B)
and the lemma follows from Noether’s formula. m|

We now compute 4! (Y) using the Shioda-Tate-Wazir theorem.
Theorem 4.8 (Shioda—Tate—Wazir; see [75, Corollary 4.1]). Let ¢ : Y — B be a smooth
elliptic fibration, then
p(Y) = p(B) + f +rank(MW(p)) + 1

where f is the number of geometrically irreducible fibral divisors not touching the zero
section.

Theorem 4.9. Let Y be a smooth Calabi—Yau threefold elliptically fibered over a smooth
variety B with Mordell-Weil group of rank zero. Then,

RNy =M By + 1, n2NY) =Ry - %X(Y),

where [ is the number of geometrically irreducible fibral divisors not touching the zero
section. In particular, if Y is a G-model with G a simple group, f is the rank of G.

Proof. In the statement of the Shioda—Tate—Wazir theorem, we can replace the Picard
numbers p(Y) and p(B) by the Hodge numbers rLY(Y) and 1 1(B) using Lefschetz’s
(1,1)-theorem. That gives h1(Y) = k1 (B) + f + 1. Since the Euler characteristic of
a Calabi—Yau threefold is x(Y) = 2(h"! — h%1), and assuming that both x (Y) and
h11(Y) are known, it follows that A% (Y) = A1 (Y) — %X(Y). o

Remark 4.10. For G-models with G a simple group, f will be the rank of G [60, §4].



120 M. Esole, P. Jefferson, M. J. Kang

5. An Illustrative Example: SU(2)-Models

In this section, we discuss in detail the computation of the Euler characteristic of SU(2)-
models. Note that the results presented in this section are equivalent for each of the four
possible Kodaira fibers (namely, types I3, I3, I3, III, IV") realizing an SU(2)-model; see
Sect. 6 for a list of the Weierstrass equations defining the various SU(2)-models. We find

cXo)=0+H)(1+H+3x*LY(1+ H +27*L)c(B)
c(Xo)
1+3H +6x*L°

The singular elliptic fibration is resolved by a unique blowup with center (x, y, s) [32].
We denote the blowup by f : X1 —> X¢ and the exceptional divisor by E;. The center
is a complete intersection of hypersurfaces V(x), V(y), and V (s), whose classes are
respectively

c(Yo) = BH +67*L)

Z\=2x"L+H, Z,=3x"L+H, Z3=mx"S.

The proper transform of the elliptic fibration Yy is denoted Y, and is obtained from the
total transform of ¥ by removing 2E. It follows that the class of Y in X is

[YI=I[f*GBH +6x*L) —2E;1N[X1].
Moreover, we have the following Chern classes:

B I+ f*Zy —EDN(+ f*Zy — EN)(1 + [*Z3 — Ey)
Xy ==k A+ 20 + [ Z) (0 + [*Z3) S Xo)
o(TY) = A+ EN+ f*Z1 —EDN(+ f*Zy — EN(1 + f*Z3 — El)f*c(TX()).
(1+3H+6L —2E)(1+ f*Z)(1 + f*Z2)(1 + f*Z3)

By an expansion of ¢(7Y) in first order, we can easily check that the resolution is
crepant:

c(TY) = f*c(TYy).
After the blowup, the homological total Chern class is c(Y) = ¢(TY) N [Y]:

c(Y) = Gf*H+6f 7L —2E))(1 + E))
1+ f*Z1 — EN(+ f*Zy — EDN(1 + f*Z3 — E))

x (1+3H+6L —2E)(1+ f*Z)(1 + f*Z2)(1 + f*Z3) fre(Xo).

To compute the Euler characteristic, we have to evaluate

X(Y)Z/C(Y)~
Y

The first pushforward requires the following data:

VAYA VAVA!
M, = , My = ,
(VARSVAV I VARSAY (21— Z2)(Z3 — Zy)
YAV
Ms 122

- (Z1 — Z3)(Zr — Z3)'

Applying the pushforward theorem is now a purely algebraic routine that can be easily
implemented in one’s favorite algebraic software. Using Theorem 1.8, we pushforward
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c(Y) from the Chow ring A, (X1) to the Chow ring A.(Xp). Using Theorem 1.11, we
then pushforward f.c(Y) to the Chow ring of the base. When the dust settles, we find
an expression of x (Y) in the Chow ring of the base:

x(¥) =/C(TY) = | [f«c(TY) =/7T*f*C(TY)
Y

Xo B

/ 2L +3LS — §?
= c
s (L+8)(1+6L —28)

Concretely, we replace c(T B) by the Chern polynomial ¢, (T B) = 1 +c 1t +cat?> +c3t> +
.-+, L by Lt, and S by St; if d is the dimension of B, the Euler characteristic of Y is
given by the coefficient of #¢ in the Taylor expansion centered at ¢ = 0 of the generating
function:

(T B).

2Lt +3L St — §%42
x(¥)=6 (T B)
(1+ St)(1 + 6Lt — 2S51)
= 12Lt +6t>*(2c;L — 12L% +5LS — S?)

+613(=12¢| L* +5¢1LS — ¢1S? +2coL + 72L% — 54L*S + 15LS* — §) + - -

Theorem 5.1. If B is a curve, the Euler characteristic of an SU(2) model is 12L. If B is
a surface, the Euler characteristic is 6(2c1 L — 12L> +5LS — S?). If B is a threefold, the
Euler characteristic is 6(—12¢; L%2+5¢| LS —c1S?+2cy L+72L3 —54L2S+15L 8 — S3).

In order to consider the Calabi—Yau case, we set L = ¢1 (T B) in the above expression,
which gives

x(Y) = 12¢11 — 6:2(10¢] — 5¢18 + 52)
+613(60c; — 49¢2S + 2c1cy + 14¢1 87 — §¥) + - -

Note that we retrieve the result for a smooth Weierstrass model if we further impose
S=0.

Remark 5.2. As a byproduct of the computation of the Euler characteristic of the reso-
lution, we can also easily evaluate the contribution from the singularities to be

2L +3LS — §? L
(TB) — (T B)
(1+S)(1+6L — 25) 1+6L
(5L +6L%> —2LS — S)S
=6 c(TB),
(1+6L)(1+6L —28)(1+ )
which can be rewritten as

1) - 0 =6 S 2SS g sy= S camnia)
X KO =20 w6y a+6L—25 """ T 1+s° '

In the Calabi—Yau case L = ¢ (T B), the above quantity usually has a physical meaning.
For example, if Y is a Calabi—Yau fourfold, this expression reduces to —65(7c; — S)2 N
[B], which is the contribution of branes to the Euler characteristic. In another limit, the
above expression can be understood as the contribution of the G4-flux in M-theory to
the M2-brane flux or brane flux in type IIB string theory:

1 1
-/ G4AG4=—fFAF=—6/(7c1—S)2.
2 Jy, 2 Js s
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6. Tables of Results

The G-models studied in this paper are all realized as crepant resolutions of the singular
Weierstrass model

y2z +ajxyz+ a3yz2 — (x3 + a2x2z + a4xz2 + a6z3) =0,

where the desired singularity structures corresponding to the decorated Kodaira fibers can
be specified by the valuation of the coefficients of the Weierstrass equation with respect
to the divisor § = V (s). Following Tate’s algorithm, we use the notation g; , = a; /s?,
where the valuations p are the minimal values dictated by Tate’s algorithm and we
assume that the coefficients a; , are generic.

We present the results of our computation of the Euler characteristic generating
functions for various G-models. The generating functions are the pushforwards of the
homological total Chern class of the resolved Weierstrass model to the base B, and are
expressed as rational functions of the classes S and L (where L = ¢1 (%) is the class of
the fundamental line bundle and S is the class of the divisor in the base B), multiplied
by the total Chern class of the base, c(B)—see Table 7. Tables 8, 9 and 10 specialize the
results to (respectively) elliptic threefolds, fourfolds, and elliptic Calabi—Yau fourfolds,
while Table 11 summarizes the Hodge numbers for Calabi—Yau threefold G-models.

When computing Hodge numbers of a G model which is a Calabi—Yau threefold, we
recall that we assume that the base is a rational surface. This is a direct consequence
of Definition 4.3. Moreover, for a G-model with G a simple group, the integer f that
enters in Theorem 4.9 is the rank of G.

For the SO(3), SO(5), and SO(6)-models, the class § is given by [28]:

S =4L for SO(3),
S =2L for SO(5),
S = 2L for SO(6).

Below we list the various Weierstrass equations we use to compute the G-models,
labeled by their Kodaira fiber type and associated Lie group G. It is necessary to specify
a crepant resolution in order to actually compute the total Chern class and Euler charac-
teristic of a G-model. There could be several distinct crepant resolutions for a G-model.
However, Theorem 2.8 assures that the Euler characteristic is insensitive to the choice
of crepant resolution and therefore we only need one crepant resolution to compute the
Euler characteristic of a G-model defined by the crepant resolution of a Weierstrass
model. The models associated to the groups SU(n) and USp(2n) are [46]:

I SU@2) Sy Z+aixyz+ as 1syz = 3+ asy 6.1)
Sx2Z + a4,1S)CZ2 + a6,2s2z3,

o USp(2n) C Yz =X +ax’z+ a4,ns”)cz2 + a6,2,1s2”z3, (6.2)

3. USpn) 1 y?z=x+apx’z + agpe1s" 2 + agone1s?, (6.3)

B, SUQ2n) : yzz +ajxyz = 4+ az,lsxzz + a4,ns"xz2 + a6,2ns2"13, (6.4)

B, SUQn+1) : y’z+ajxyz+az,s"yz> =x° (6.5)

+ay 15Xz + ag ny15" N x2? + ag one1 57,

The Weierstrass models for SO(3), SO(5), and SO(6) are discussed in [28]; these models
require a Mordell-Weil group Z/27. The crepant resolutions of the Weierstrass models
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for Gy, Spin(7), and Spin(8) models are studied in [27] and require a careful analysis of
the Galois group of an associated polynomial. The Weierstrass equations defining these
models along with the remaining G-models, with G one of the exceptional groups are
given below [27,28,30,46]:

I SO3) ¢ yiz=x(x+apxz+asz?), (6.6)
I} SOB) : y*z = (P +axx’z+5%x7%), (6.7)
I SO6) y2z + alxyz=x3 +msx’z+s°xz%, meC, m #*-2,0,2,
(6.8)
I Spin(7) : viz=x3+ ag,lsxzz + a4,2s2xz2 + a6,4s4z3, (6.9)
I Spin(8) : ¥’z = (x — x152)(x — X252)(x — X352) (6.10)
+ szrxzz + s3qxz2 + s4tz3,
il SUQR) v’z = x> +say41x2% + 52a622°, 6.11)
v SUQR) : yz=x"+ s2a4,2x22 + s2a6,213, (6.12)
v SUB) : y*z+assyz? = x° +5%agoxz? + s3a632°, (6.13)
;" Gy Cyz=x0+ s2a4,2x12 + s3a6,3z3, (6.14)
VoS Fy vz =23+ g ax? + stae 42, (6.15)
v*s Eq Dyl + a3_,2s2yz2 =x3+ s3a4,3xz2 + s5a6,5z3, (6.16)
T E; c Y2z =x? +5%as3xz+ 576,52, 6.17)
T Eg : y2z =x3+ S4a4,4xz2 + ssa6,5z3. (6.18)

Theorem 6.1. Let Yo — B be asingular Weierstrass model of a G-model. If f : Y — Y
is a crepant resolution of Yy given by one of the sequence of blowups given in Table
5, the generating function of the Euler characteristic of any crepant resolution of Yy is
given by the corresponding entry in Table 7.

Remark 6.2. The theorem does not address if the sequence of blowups define a crepant
resolution. One usually has to assume some conditions on the coefficients of the Weier-
strass equations. See for example [27]. In some cases, the dimension of the base plays
arole too [27] (Tables5, 6,7, 8,9, 10, 11).

7. Discussion

In this paper, we have computed the generating functions for the Euler characteristics of
G-models obtained by crepant resolutions of Weierstrass models with bases of arbitrary
dimension. The case of G-models that are also Calabi—Yau varieties is important in string
theory and is treated here as a special case. In particular, we list the Euler characteristic
of G-models that are elliptic threefolds and fourfolds. For Calabi—Yau threefolds, we
also compute the Hodge numbers. These results are insensitive to the particular choice
of resolution due to Batyrev’s theorem on the Betti numbers of crepant birational equiv-
alent varieties and Kontsevich’s theorem on the Hodge numbers of birational equivalent
Calabi—Yau varieties [6,49]. We have considered all possible G-models with G a simple
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Table 6. The classes of the centers of the blowups for all G-models

Algebra Group Generator classes of the blowup centers (Zi("))
A SUQ) (H+2L H+3L )
Ay SU(@3) H+2L H+3LS
G2 G2 H+3L — Eq Eq
H+2L H+3LS
A3z SS[IJI’I(Z;)) H+3L—-Ey E
P H+2L—E, E
H+2L H+3L S
. H+3L — E; E|
Dy Spin(8) H+2L—E, E;
H+2L—-E| Er — E3
H+2L H+3LS
H+3L—-E|; E
Fa Fy H+2L—E| E;
Ey —E3 Ej
H+2L H+3L S
H+2L — E; H+3L—E| E;
A4 SUG) H+3L—E| —E E| —Ep
H+3L—-E|—E)—E3 Ey
H+2L H+3L S
H+3L - E E;
Ds Spin(10) H+2L - E; E»
H+3L—-E{—E» Ej3
E) — E3 Ez — Ey
H+2L H+3L S
H+3L - E; Eq
H+2L - E; Ey
Eo Es E, — E3 E3
H+3L—-E|—Ep Ez — Ey
H+3L—-E|—Ey, —Ej5 Ey4
H+2L H+3L S
H+3L—E1 El
H+2L - E; E)
E; E7 H+3L—-E|—E, E3
E) — E3 Ez — Ey
E)—E3; —Es Ey
E4s— Eq Es
H+2L H+3L S
H+3L—E1 E1
H+2L - E; Ey
H+3L—-E|—E, E3
Es Eg E), — Ej Es —Ey4
Ey Es
Ey—E3;—Es; Eqs—Eg Eq
E4—E¢— E7 E;
Aq SO@3) (H+2L H+3L)
H+2L H+3L 2L
By S06) <H+2L—E1 H+3L — E| E1>

Az SO(6) same as SU(4), but with § = 2L
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Table 7. Generating functions of Euler characteristic of crepant resolutions of Tate’s models with trivial
Mordell-Weil groups. S is the divisor over which the generic fiber is of type given by the Kodaira fiber and
L = ¢1 (%) where .Z is the fundamental line bundle of the Weierstrass model

Algebra  Group Kodaira fiber  x(Y) = 7s ( fec(TY) N [Y])
{e} I 12L (B)
¢ ! 1+6L°
IS IHS 2
) 2L+3LS — S
A SU(@2) 1'3%5, i1 6——— """ _(B)
fyms (1+8)(1+6L —25)

Ar SU(2) 1§, VS L+2SL—§?

2—""22 " (B
Gy Gy 15 d+s)a+6L—35®

, 3L(1+2L) +6L(1+2L)S — (5+8L)S?2
o Usp@) I 4L +20) 6L +2L)S — G+8L)S”  p)
(1+2L)(1+6L — 485)(1+ S)
Az SU“) I 3Lt 1212 + LS — 552 +30L2S — 35LS? + 1083 (B)
B3 Spin(7)  I5S (1+8)(1+6L —48)(1+4L — 25) ¢
i S L+3SL —282

Dy Spin(8) I(ins 12 + (B)
F4 Fy v (1+S)(1+6L —45)

12L +42L28 + 1202 — 35182 +32LS — 3052
A SUGs I (B

4 ®) 5 (I+L)(1+S)(1+6L —55) c(B)

4 (—8(4L +1)S2+6(4L + DLS +3QL + 1)L + 1053)
(S+1)(=2L+S—1)(—6L+55—1)

4L +12L% — 1252 + 6SL — 8152 L + 54512 + 3053 (B)
(1+S)(1+6L —58)(1+3L — 25) ¢
6L +24L% +7LS — 2152 + 120L2S — 190LS? + 7583

E E ik 2 B
7 7 (1+5)(1+6L —58)(1+4L — 35) c(B)

Ds Spin(10) IS ¢(B)

Eg Eg v

. L+6LS — 582
Eg Es I 12— "0 ¢(B)
(1+S)(1+6L —55)

A SO(3) 108 127Lc(3)

! 2 1+4L

AL(3+4L)

B SO(5 s = (B

2 ) g Trany @)
A SO(6) IS 12L ¢(B)

3 4 1+2L

Lie group, except for the case of Kodaira fibers I,.5 and I*_, that we will treat in a
follow-up paper.

We start with a G-model given by a singular Weierstrass model ¢ : Yo —> B witha
fundamental line bundle . (in the Calabi—Yau case, ¢ (.£) = ¢1(T B)). Given a crepant
resolution f : ¥ —> Y, determined by a sequence of blowups with smooth centers that
are complete intersections with normal crossings, we compute the Euler characteristic
of Y as the degree of its total Chern class defined in homology

x(¥) = / c(Y).
Y
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Table 8. Euler characteristic for elliptic threefolds

Models x (Y3), Euler characteristic
Smooth Weierstrass 12L(c1 —6L)

SU2) 6(2cL — 12L2 +5LS — §2)
SU@3) or Gy 12(c;L — 6L2 +4LS — §2)

SU(4) or Spin(7)
Spin(8) or Fy

4(3c1L — 18L% + 16LS — 552)
12(c;L — 6L2 +6LS — 252%)

SU(5) 2(6¢1 L — 36L2% +40LS — 1552)
Spin(10) 4(3ciL — 18L% +21LS — 852)
Esg 6(2ciL — 12L2% + 15LS — 652)
E 2(6c1L —36L% +49LS — 2152)
Eg 12(c;L — 6L2 + 10LS — 552)
SO(3) 12L(c1 —4L)
SO(5) 4L(3¢; — 8L)
SO(6) 12L(c; —2L)

Table 9. Euler characteristic for elliptic fourfolds
Models x (Y4), Euler characteristic
Smooth Weierstrass 12L(—=6¢1L + ¢ + 36L7%)
SU(2) 6(—12¢] L2 +5¢] LS — 182 +2c) L +72L3 — 54125 + 15L8% — §3)
SU@3) or G 12(—6¢ L% +4¢| LS — ¢ S2 + coL +36L3 — 42128 + 17LS% — 283)

SU(4) or Spin(7)
SU(5)

4(—18¢1L? + 16¢; LS — 5¢152 +3co L + 10813 — 166L2 S + 89LS? — 1583)
—72¢1L? +80c; LS — 30c1 S2 + 12c5 L +432L3 — 830L2S + 555052 — 12083

Spin(10) 4(—18¢1L? +21¢ LS — 8¢1S? + 3¢y L + 10813 — 210L2 S + 140LS% — 3053)
Spin(8) or Fy 12(=6¢1L? + oL +36L3 + 6¢; LS — 2¢1 5% — 60L2S + 34LS% — 65%)

Es 3(=24c1 L2 +30c| LS — 12¢1 S +4cp L + 14413 — 288128 + 195152 — 4253)
E; 2(=36¢; L2 +49¢| LS — 21¢1 5% + 63 L + 21613 — 454125 + 321LS? — 7283)
Eg 12(—=6¢1 L% + 10¢| LS — 5¢1 82 + ¢ L +36L3 — 90L2S + 75152 — 2053)
SO(3) 12L16L% — 4¢i L +¢3)

SO(5) 4L(20L? — 8¢|L +3c3)

SO(6) 12L(4L% = 2Lcy +¢))

We work relative to a smooth base B of arbitrary dimension. Using the functorial prop-
erties of the degree, we pushforward first to the Chow ring of the projective bundle and
then to the Chow ring of the base:

x(¥) = f 7y frc(Y).
B

The final result is a generating function for the Euler characteristic.

A key result of this work is Theorem 1.8, which has numerous applications in inter-
section theory. We also provide a simple proof of an identity (Lemma 1.10) that can be
traced back to Jacobi’s thesis and appears in numerous situations in mathematics and
physics, which is instrumental in the proof of Theorem 1.8.

We also retrieve in a unifying way known results on the Euler characteristics and
Hodge numbers of Calabi—Yau threefolds. Furthermore, we have proven en passant a
conjecture of Blumenhagen et al. [9] on the Euler characteristics of Calabi—Yau fourfolds
that are G-models with G belonging to the exceptional series. One interesting point that
is almost trivial from the perspective taken in this paper is that certain G-models with
different G will have the same Euler characteristic just because they are resolved by the
same sequence of blowups.
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Table 10. Euler characteristic for Calabi—Yau elliptic fourfolds where ¢ = L

Models x (Y4), Euler characteristic

Smooth Weierstrass 12¢1cp + 360c3

SU(2) 6(2cicy +60c3 — 49¢2S + 14¢; 52 — $3)
SU@3) or G, 12(crep + 30c% - 38%3 +16c15% —283)

SU(4) or Spin(7)
Spin(8) or Fy

12(3cicp +30c] — 50¢2S +28¢1 82 — 55%))
12(cic +30c} — 5438 +32¢1 5% - 65)

SU(5) 3(4cicy + 1203 — 25038 +175¢1 5% — 4083)
Spin(10) 12(ctep +30c3 — 63¢7S +44c1 S% — 1083)

Eg 3(4cicy + 1203 — 258¢3S + 183¢1 S% — 4283)
E; 6(2cicy + 60ci — 135¢28 +100c; S? — 2453)
Eg 12(c1e2 +30c] — 80c2S +70c1 S — 2083)
SO@3) 12¢1(12¢2 +¢)

SO(5) 12¢ (4ci +0)

SO(6) 12¢q (2(:1 +c3)

Table 11. Hodge numbers and Euler characteristic of Calabi—Yau threefolds obtained from crepant resolutions

of Tate’s models

Algebra  Group Kodaira fiber h11(Y3) hZ=1(Y3) x(Y3)
- (e} L 11— K% 11+29K? —60K?
Ié, I3
A sU@ I 12— K2 12+29K2+15KS+3S2 —60K2 —30KS — 652
IvnS
Ay SU@) I, IvS 13— K2 13+29K2+24KS+65%  —60K? — 48K S — 1252
Gy Gy I?;ns
A3 SU®4) I 14— K2 14+29K2+32KS+1052 —60K2 — 64K S — 2082
B3 Spin(7) I3
Dy Spin(8)  I¥S 15— K2 15+29K2+36KS+1252 —60K2 — 72K S — 2452
F4 F4 [v*ns
A4 SU(5) 1§ 15— K2 15+29K2+40KS+155%2 —60K? — 80K S — 3052
Ds Spin(10) Tt 16 — K2 16+29K2+42KS+165%2 —60K2 — 84K S — 3252
Eg Es IV*s 17— K% 17+29K2 +45KS+1852 —60K% — 90K S — 3652
E; Ey T* 18— K2 18+29K2+49KS+2152 —60K2 — 98K S — 4282
Eg Eg * 19— K2 19+29K2 +60KS +3052 —60K2 — 120K S — 6052
Al SO@3) s 12— K2 12+17K?2 —36K2
B, SO(5) s 14— K2 14+9K? —20K2
A3 SO(6) I 14— K2 14+5K? —12K2
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A. Jacobi’s Partial Fraction Identity

In this section, we prove a formula of Jacobi and exploit the theorem to give a simple
proof of a formula of Louck and Biedenharn [53, Appendix A, p. 2400] by demonstrating
its equivalence with the following theorem of Jacobi.

Theorem A.1 (Jacobi, [44, Section III.17, pp. 29-30]). Let a; (i = 1,...,d) be d
distinct elements of an integral domain. Then

d 1 d 1 d |
Hx_afo_al.Ha, - (A.1)

Proof. Let

1
F(x) = ]—[ -, (A.2)

where a; # aj fori # j. We would like to find the partial fraction expansion of F(x).

That is, we would like to find coefficients A; (i =1, ..., d) such that
F(x) = Xd: Ai (A.3)
T .

i=1

We determine A; by the method of residues. Multiplying (A.3) by (x — a;), sim-
plifying, and evaluating at x = a; gives

(x — aj)F(x)]xzaj =Aj.

Applying the above formula to (A.2), we get A; = [] which is the

i#] aj—a;’
identity of Jacobi:
d d 1 d
[]— — ]_[ — (A4)
z=1x a; i=1x a; il a/
J#
O
Theorem A.2 (Jacobi, Louck-Biedenharn, Cornelius). Let h, (x1, . . ., xq) be the homo-

geneous complete symmetric polynomial of degree r in d variables of an integral domain.
Then,

d d
1
+d—1
he(X1, ..., xq) = E xy nx —
_ m=1 L m
m#~L



Euler Characteristics of Crepant Resolutions 131

This theorem was proven by Louck-Biedenharn [53, Appendix A, p. 2400] and
Cornelius [14]. We present a new and much simpler proof below by showing that the
theorem is simply a reformulation of Jacobi’s identity (Theorem A.1).

Proof. Substituting x — 1/¢ in Eq. (A.1) gives:

d
Hl—al Zl—a,t

i=1 i=l1 j=1
J#

:&

al—a]

Expanding 1/(1 — a;t) in both side of the equation gives

00 d oo d
tthr(al,...,ad)trthZa 1_[
r=0 i=1 k=0 44y
7&1
o) 00 d d
Zh,(al,...,ad)t’“l ! Z(Za 1_[ )
r=0 k=0 i=1 ]_#1_ 4 —daj
JFl

Comparing terms of the same degree in ¢, we get the final expression of Lemma 1.10:

he(ay,...,aq) = Z“Hd lna —a:
i J

J#l

B. The Euler Characteristic as the Degree of the Top Chern Class

The purpose of this section is to explain from different points of view why the Euler
characteristic is the degree of the top Chern class. Traditionally, this statement is seen
as a generalization of the Poincaré—Hopf theorem that asserts that the total degree of
a vector field defined on a smooth manifold M is the Euler characteristic of M. This
statement can also be seen as a generalization of the Gauss—Bonnet—Chern Theorem
(which is itself is a consequence of Poincaré—Hopf theorem). Here we will review three
different approaches. The first one relies on Leftschetz fixed point theorem. The second
one uses he Poincaré—Hopf theorem using the interpretation of Chern classes as related
to the class of some degenerated loci as discussed in Chapter 3 of Fulton. The third one is
an application of the Hirzebruch—Riemann—Roch theorem and the Hodge decomposition
theorem.

Let M be a smooth compact manifold. The kth Betti number of M is by definition
the dimension of the cohomology group H*(M, Q). The Euler characteristic of M is
denoted by x(X) and is defined as the following alternative sum of Betti numbers of
M:

dim M

(M) := Z (—=D)¥bg, by :=dim H (M, Q).

k=0
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B.1. Lefschetz fixed point theorem and the Euler characteristic as an intersection num-
ber.

Theorem B.1 (Lefschetz fixed point theorem). Let M be a compact smooth manifold of
dimension m and f : M — M a continuous map. We define the Lefschetz number of

f as
L) =Y D (M), £ M Q) — H ML Q).
k=0

Then L(f) is equal to the intersection number of the graph I y of f and the diagonal
AinMx M

L(f):/ Ty A.
MxM

Thus, the Leftschetz number L(f) is the number of fixed points of f counted with
multiplicities.

Corollary. Let M be a compact smooth manifold and A be the diagonal of M x M,
then the Euler characteristic of M, x (M) = Zi(—l)k dim H' (M, Q), is equal to the
self-intersection of Ain M x M:

X(M):/ A-A.
MxM

Proof. Consider the special case of Lefschetz theorem for which f is the identify map
on M. Then, the Leftschetz number reduces to the Euler characteristic x (M) as the trace

tr( F*IH*(M, Q)) becomes the kth Betti number b* of M and the intersection number
Jorxm Tr - A becomes the self-intersection of the diagonal A in M x M. O

Theorem B.2 (Self-intersection formula, see [37, Corollary 6.3, pp. 102-103]). Let i :
Z — X be a regular imbedding of codimension d and normal bundle N. Then for any
o € Ai(Z) we have the self-intersection formula

i*ie(a) = cg(N) Na.

Theorem B.3. If X is a nonsingular complete algebraic variety, then the Euler charac-
teristic of X is equal to the degree of the total homological Chern class of X :

x(X) = /C(X), c(X) :=c(TX)N[X].

Proof. The theorem follows from the previous corollary expressing the Euler charac-
teristic x(X) as the self-intersection of the diagonal A in X x X, followed by the
self-intersection formula expressing A - A as the class cqim x (VA X x X) N [A]. Since
the normal bundle of A in X x X is isomorphic to the tangent bundle of X (see for
example [11, Lemma 11.23, p. 127]), it follows that [37, Example 8.1.12, p. 136], the
self-intersection of the diagonal A in X x X is [ caimx(TX) N[X] = [¢(TX) N [X]:

X(X):/ A-A:/C(NAXxX)ﬂ[A]:fc(TX)ﬂ[X].
XxX
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B.2. Poincaré-Hopf theorem and the Euler characteristic.

Theorem B.4 (Poincaré-Hopf). Let M be a smooth compact manifold without boundary
and v be a vector field with isolated zeros. Then the sum of the local indices at the zeros
of v is equal to the Euler characteristic of M.

Remark B.5. This theorem can be generalized to manifolds with boundaries by requiring
v to point outward. Poincaré proved a two dimensional version of this theorem in 1885.
The general version was proven by Hopf in 1926.

Theorem B.6 ([37, Example 3.2.16, p. 61]). Let E be a vector bundle of rank r on a
smooth variety X, let s be a section of E, and Z the zero-scheme of s. If X is purely
n-dimensional and s is a regular section, then Z is purely (n — r)-dimensional, and

[Z] = ¢ (E) N [X].

In particular, if E is the tangent bundle 7 X of X, then r (i.e. the rank of E) is
the dimension of X, and the section s of E is just a vector field. The zero-scheme Z is
a 0-cycle that is the sum of the isolated singularities of s counted with multiplicities.
Hence, the degree of the top Chern class of 7X gives the index of the vector field s,
which is the Euler characteristic of M by the Poincaré—Hopf theorem. Since the degree
of ¢(X) is exactly the degree of ¢, (T X) N [X], we retrieve Theorem B.3:

X(X) = / ¢(X).

B.3. Hirzebruch—Riemann—Roch theorem and the Euler characteristic. In this sub-
section, using the Hirzebruch—-Riemann—Roch theorem and the Hodge decomposition
theorem, we prove that the Euler characteristic of a nonsingular projective variety is the
degree of its homological total Chern class. We follow Fulton ([37, Example 18.3.7, p.
362] and [37, Example 3.2.5, p. 57]) as presented by Rossler [67]. We denote the Todd
class, the Chern character, and the dual of a vector bundle E by td(E) and ch(E), and
EY respectively.

Let X be a projective variety of dimension d and V a coherent sheaf defined over
X. We denote by H?(X, V) the g-th cohomology group of X with coefficients in the
sheaf of germs of local sections of V. The cohomology groups H? (X, V) vanish for
q > d and are all finite dimensional for 0 < g < d. The Euler characteristic of V in X
is by definition the finite number

d
X(X, V) =Y (=17 dim HY(X, V).
q=0
The Hirzebruch—Riemann—Roch theorem provides an expression for x (X, V) in terms

of characteristic classes of T X and V realizing a conjecture of Serre in a letter to Kodaira
and Spencer.

Theorem B.7 (Hirzebruch—Riemann—Roch). Let V be a coherent sheaf over a nonsin-
gular variety X. Then

x(X, V)= f ch(Vtd(T X).
X
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We will also need the following lemma relating the Todd class and the Chern
character. This lemma is instrumental in the proof of the Hirzebruch—Riemann—Roch
theorem of Borel and Serre [10, Lemma 18, p. 128], and is also discussed by Fulton in
[37, Example 3.2.5, p. 57].

Lemma B.8 (Hirzebruch [41, Theorem 10.1.1, p. 92])). Let E be a vector bundle of rank
r. Then

ch( Zr:(—l)q/\qEv)td(E) — ¢ (E).
q=0

Proof. By the splitting principal, we can always formally factorize the total Chern class
of E asc(E) = ]—[i(l + a;), where qa; are the Chern roots of E. Then by definition

r

ch(E) := Zeai, td(E) := 1—[ (l_aﬁ-

i=1 i

We have the classical relations (see [41, Theorem 4.4.3, p. 64] or [37, Remark 3.2.3, pp.
54-56])

q
BV =T[a—a), «N'Ey=" ] (1+a,~1+~~-+aiq>.
i I<ij<--<ig=<r
Hence
I<ij<--<ig<r

Thus by the additive properties of the Chern character and the definition of the Todd
class:

ch(i(—nq N'EY) = i(—l)qch(/\"EV) [la-e
q=0 q=0 i=1

=(ay...a;) l_[ (1_a—e“_ai) = Cr(E)td_l(E)~
i=1 !
O

Theorem B.9. Let X be a nonsingular complete projective variety defined over the
complex numbers. Then the Euler characteristic

x(X) = /C(X)-

Proof. For X anonsingular variety of dimension d, we apply Lemma B.8 to the tangent
bundle E = TX and we note that EY = TXY := Qx, where Qx is the sheaf of
differentials of X, and by definition, the sheaf of differential p-forms is /\q Qyx = Q;’(.
Hence, we get

d
ch(Z(—l)qQ;f()td(TX) — ¢, (TX).

=0
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We rewrite the left hand side of the previous equation as follows

/ch(Z( l)qu)td(TX) Z(—l)"/ ch(Q)td(T X)
q=0

d

Z 1)‘4/ X (X, Q%)

d
Z —1)P*dim HP (X, Q%)

M& I M&

(=DF Z dim H? (X, Q%)

k=0 p+q=k
d
=Y (—Dfp
k=0
= x(X).

The first equality is a direct consequence of the additive property of the Chern character,
the second equality is due to the Hirzebruch-Riemann-Roch theorem applied to Q7 ,
the third equality follows from the definition of the Euler characteristic of a sheaf, and
the fifth equality is a direct application of the Hodge decomposition theorem QF =
&b prq=k QP4 and Dolbeault’s theorem, which asserts that the Dolbeault cohomology
is isomorphic to the sheaf cohomology of the sheaf of differential forms: H”9(X) =
HP(X, Q?(). In particular, #7°9(X) = dim HP (X, Q?() are the Hodge numbers of X.
The last equality is by the definition of the Euler characteristic. Hence, since f c(X) =
[e(TX)N[X]= [y (TX), we get

/ c(X) = x(X).

C. Basic Notions

The local ring of a subvariety S of X is denoted O s, its maximal ideal is .#x_s and the
quotient field is the residue field « (S) = Ox s/ #x s. The local ring Oy s is the stalk
of the structure sheaf of X at the generic point ng of S and « (S) is the function field of
S.If S is a divisor, Ox s is a one dimensional local domain. In case X is nonsingular
along S, Ox s is a discrete valuation ring and the order of vanishing is given by the usual
valuation.

C.1. Fiber types, dual graphs, Kodaira symbols.

Definition C.1 (Algebraic cycle). An algebraic cycle of a Noetherian scheme X is a
finite formal sum )_; N;V; of subvarieties V; with integer coefficients N;. If all the
subvarieties V; have the same dimension d, the cycle is called a d-cycle. The free group
generated by subvarieties of dimension d is denoted Z;(X). The group of all cycles,
denoted Z(X) = @, Za(X), is the free group generated by subvarieties of X.
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Definition C.2 (Degree of a zero-cycle [37, Chapter 1, Definition 1.4, p. 13]). Let X be
a complete scheme. The degree of a zero-cycle Y | N; p; of X is

deg(Y Nipi) = > Nilx(pi) : k],

where [« (p;) : k] is the degree of the field extension k (p;) — k.

Let © be an algebraic one-cycle with irreducible decomposition ® = ) ", m; ®;. We
denote by ©; - ®; the zero-cycle defined by the intersection of ®; and ®; fori # j.

Definition C.3 (n-points, tree). A n-point of an algebraic one-cycle ® is a point in
\U; ©;, which belongs to exactly n distinct irreducible components ®;. An algebraic
one-cycle ® is said to be a tree if it does not have n-points for n > 2. Two curves
intersect transversally if their intersection consists of isolated reduced closed points.

**Following Kodaira [47,48], we introduce the following definition:

Definition C.4 (Fiber type). By the type of an algebraic one-cycle ® € Z{(X) with
irreducible decomposition ® = Y, m;®;, we mean the isomorphism class of each
irreducible curve ©;, together with the topological structure of the reduced polyhedron
> ©; (that is the collection of zero-cycles ®; - ®; (i # j)), and the homology class of
® = )", m;®; in the Chow group A (X).

Example C.5. For instance, ®1 - ®2 = 2p; + 3 p; indicates that the two curves ®; and
®> meet at two points p; and pp with respective intersection multiplicity 2 and 3.

Definition C.6 (Dual graph). To an algebraic one-cycle ® with irreducible decomposi-
tion ® = ), m;®;, we associate a weighted graph (called the dual graph of ®) such
that:

e The vertices are the irreducible components of the fiber.

e The weight of a vertex corresponding to the irreducible component ®; is its multi-
plicity m;. When the multiplicity is one, it can be omitted.

o The vertices corresponding to the irreducible components ©; and ®; (i # j) are

connected by (:),-’j = deg(O; - ©;) edges.

Definition C.7 (Kodaira symbols, See [47,48, Theorem 6.3]). Kodaira has introduced
the following symbols characterizing the type of one-cycles appearing in the study of
minimal elliptic surfaces. See Table 4 for a visualization of these fibers.

1. Type Ip: a smooth curve of genus 1.

2. Type I1: an irreducible nodal rational curve.

3. Type II: an irreducible cuspidal rational curve.

4. Type5: ® = ©1+0; and ©1-O, = p;+ p;: two smooth rational curves intersecting
transversally at two distinct points p; and p;. The dual graph of I, is Aj.

5. Type Ill: ©® = © + O and ®; - Oy = 2p: two smooth rational curves intersecting
at a double point. Its dual graph is A;.

6. Type IV:® = ©1 + 02 + 03 and Oy - O = O - @3 = O3 - O3 = p: a 3-star
composed of smooth rational curves. Its dual graph is A».

7. Typel, (n > 3): ©@ = Og+---0, with®; - 0;41 = p;i =0,...,n—1and
®, - ©®9 = pj,. Its dual graph is the affine Dynkin diagram A,,_;.

8. Type Iz (n > 0): 0= ®0+®1 +2®2+- . ‘+2@n+2+®n+3+®n+4’ with ®i -@,‘.,.1 = Di
(i=1,...,n+2), 00 02 = pg, Opi4 - Oy42 = pp14. The dual graph the affine
Dynkin diagram Dy.y,,.
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9. Type IV*: ® = Og + O + 207 + 203 + 304 + 205 + Q¢ with O; - ©;11 = p;
(i=3,...,6),01-03 = p, 00Oy = pg, O - O4 = py. The dual graph is the
affine Dynkin diagram FEj.

10. Type IIT*: ©® = @9 +201 +202 +303+404+ 305+ 206+ O7 with ®; - @;41 = p;
(i=3...,6),0- ®3~= P1, Vo - ©1 = pg, O3 - O4 = py. The dual graph is the
affine Dynkin diagram E7.

11. Type IT*: ® = 20; + 30, + 403 + 604 + 505 + 404 + 307 + 203 + O, with
O; -0 =pi(i=3,...,7),01-03 = p1,Bg-O¢ = pg, and O - O4 = p>. The
dual graph the affine Dynkin diagram Ej.

C.2. Elliptic fibrations, generic versus geometric fibers.

Definition C.8 (Elliptic fibrations). A surjective proper morphismg : ¥ — B between
two algebraic varieties Y and B is called an elliptic fibration if the generic fiber of ¢ is
a smooth projective curve of genus one and ¢ has a rational section. When B is a curve,
Y is called an elliptic surface. When B is a surface, Y is said to be an elliptic threefold.
In general, if B has dimension n — 1, Y is called an elliptic n-fold.

The locus of singular fibers of ¢ is called the discriminant locus of ¢ and is
denoted A(¢) or simply A when the context is clear. If the base B is smooth, the
discriminant locus is a divisor [20]. The singular fibers of a minimal elliptic surface
have been classified by Kodaira and Néron. The dual graphs of these geometric fibers
are affine Dynkin diagrams. We denote these singular fibers by their Kodaira symbols
as described in Definition C.7 and presented in Table 4.

The language of schemes streamlines many notions in the study of fibrations. We
review some basic definitions.

Definition C.9 (Fiber over a point). Let ¢ : Y —> B be a morphism of schemes. For
any p € B, the fiber over p is denoted Y, and defined using a fibral product’ as

Y, =Y xp Spec k(p).

The first projection Y, —> Y induces an homeomorphism from Y, onto f “1(p)
[52, §3.1 Proposition 1.16] . The second projection gives Y, the structure of a scheme
over the residue field « (p).

If p is not a closed point,® the residue field « (p) is not necessarily algebraically
closed. Certain components of Y, could be «(p)-irreducible (i.e. irreducible when
defined over «(p)) while they become reducible after an appropriate field extension.
An irreducible scheme over a field k is said to be geometrically irreducible when it
stays irreducible after any field extension. The most refined description of the fiber Y,
is always the one corresponding to the algebraic closure k (p) of x(p). This motivates
the following definition.

Definition C.10. The geometric fiber over p is the fiber Y}, x () k (p), the fiber Y, after
the base change induced by the field extension « (p) — k(p) to the algebraic closure of
k(p).

5 Given three sets (A1, Ay, and S) and two maps ¢ : A — B and ¢y : Ap — B, we define the fibral
product A1 x g Ay as the subset of A1 x Ay composed of couples (ay, az) such that ¢ (ay) = ¢2(ay).

6 For example, if p is the generic point of a subvariety of B.
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By construction, a geometric fiber is always composed of geometrically irreducible
components.

Definition C.11. We say that the type of a fiber Y, is geometric if it does not change
after a field extension.

Remark C.12. To emphasize the difference between the fiber Y, and its geometric fiber,
we will refer to the fiber Y, (defined with respect to the residue field «(p)) as the
arithmetic fiber.

For an elliptic n-fold, the Kodaira fibers are also the geometric generic fibers of
the irreducible components of the reduced discriminant locus. While the dual graph of
a Kodaira fiber is an affine Dynkin diagram of type Ay, Daik, Eg, E7, or Eg, the dual
graph of the generic (arithmetic) fiber itself can also be a twisted Dynkin diagram of
type B3 ko C! Dk Gtz, or F,. F!.This is reviewed in Tables 2 and 3. These dual graphs are not
geometric in the sense that after an appropriate base change they become D4+n s A2+2k or
A1iok, and Eg respectively. The Kodaira fibers of the following type never need a field
extension:

I, IL, 110, 7%, and IT*.

The remaining Kodaira fibers (IV, I,~.1, I}, and IV*) can come from fibers Y,
whose types are not geometric and require at least a field extension of degree 2 to
describe a fiber with a geometric type. When the fiber Y, has a geometric type, the type
of the fiber is said to be split. Otherwise, the type of Y), is said to be non-split. When
that is the case we mark the fiber with an “ns” superscript: IV, IS, I*™, (n > 2) and
IV*™S, When a field extension is not needed, the fibers are marked with an “s” superscrlpt
(“split”): IVS, I, I;®, (n > 2) and IV*®. The fiber of type I can be split, semi-split, or
non-split if the Kodaira types require no field extension, a quadratlc extension, or a cubic
extension. The corresponding dual graphs are respectively D4, Bj, and G’

C.3. Weierstrass models and Deligne’s formulaire. We follow the notation of Deligne
[16]. Let .Z be a line bundle over a quasi-projective variety B. We define the following
projective bundle (of lines):

7 Xo=PglOp & L% @ ¥% — B. (C.1)

The relative projective coordinates of Xo over B are denoted [z : x : y], where z,
x, and y are defined respectively by the natural injection of @'g, Z®?, and £®3 into
Op ® L% @ £ Hence, 7 is a section of Oy, (1), x is a section of O, (1) @ 7 *.L®2,
and y is a section of Oy, (1) ® 7*.L%3.

Definition C.13. A Weierstrass model is an elliptic fibration ¢ : ¥ — B cut out by the
zero locus of a section of the line bundle €'(3) @ 7*.2%° in X.

The most general Weierstrass equation is written in the notation of Tate as [16] F = 0
with
_ .2 2 3 2 2 3
F =y z+aixyz+azyz” — (x° +axx“z + asxz” +agz’), (C.2)

where a; is a section of 7*.Z®!. The line bundle . is called the fundamental line
bundle of the Weierstrass model ¢ : Y — B and can be defined directly from the elliptic
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fibration Y as ¥ = R1<p* Oy . Following Tate and Deligne, we introduce the following
quantities [16]

b2 = a% + 4a2

b4 =ayasz + 2(14

bg = a% +4ag

by = a12a6 — ajazaq +4arae + azag — ai

C3
cs =b3 —24by (€3
c6 = —b3 +36bybsy — 216bs
A = —b3bs — 8b3 — 27b2 + Ibrbsbs
j =c/A

These quantities satisfy the following two relations
1728A = ¢ — cZ, 4bg = bybe — b3, (C4)

The b; (i =2,3,4,6)and c; (i =4, 6) are sections of 7*.Z®!. The discriminant A is a
section of 7*.#®12, Geometrically, the discriminant A is the locus of points over which
the elliptic fiber is singular. The j-invariant characterizes a smooth elliptic curve up to
isomorphism. If we complete the square in y in the Weierstrass equation, the equation
becomes

Zy2 =x+ é—ltbzxzz + %b4xz2 + %bﬁZS. (C.5)

In addition, if we complete the cube in x gives the short form of the Weierstrass equation,

the equation becomes

3

2 1 2 1 3
Zy° = X7 — z50aXZ7” — gcz€67 - (C.6)

C.4. Tate’s algorithm. Let R be a complete discrete valuation ring with valuation v,
uniformizing parameter s, and perfect residue field k = R/(s). We are interested in
the case where x has characteristic zero. We recall that a discrete valuation ring has
only three ideals, the zero ideal, the ring itself, and the principal ideal sR. We take
the convention in which the ring itself is not a prime ideal. It follows that the scheme
Spec(R) has only two points: the generic point (defined by the zero ideal) and the closed
point (defined by the principal ideal s R).
Let E/R be an elliptic curve over R with Weierstrass equation

y2+aixy +azy = x> +apx* + agx +ag, a; € R.
The generic fiber is a regular elliptic curve. After a resolution of singularities, we have a
regular model & over R and the special fiber is the fiber over the closed point Spec R/ (s).
Tate’s algorithm determines the type of the geometric fiber over the closed point of
Spec(R) by manipulating the valuations of the coefficients and the discriminant, and
the arithmetic properties of some auxiliary polynomials. The type of the geometric fiber
is denoted by its Kodaira’s symbol (see Definition C.7). The special fiber becomes
geometric after a quadratic or a cubic field extension «’/«x. Keeping track of the field
extension used gives a classification of the special fiber as a x-scheme—this is what we
call the arithmetic fiber. The information on the required field extension needed to have
geometrically irreducible components is already carefully encoded in Tate’s original
algorithm, as it is needed to compute the local index (denoted by ¢ in Tate’s notation).
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In the language of Néron’s model, the local index c is the order of the component group;
geometrically, the local index is the number of reduced components of the special fiber
defined over «. . Following Tate, we use the convenient notation

aj,j = ais— 7.

Tate’s algorithm consists of the following eleven steps (see [72], [69, §IV.9],
[19,23,42]). For Step 7, we use the more refined description of Papadopoulos [42, Part
III, p. 134] who also gives in [42, §1, p. 122] an exhaustive list of errata of Tate’s original
paper [72]. Tate’s algorithm is discussed in F-theory in [8,46]. Subtleties in Step 6 and
the distinction between two G-models depending on [« : k] are explained in [27]. We
follow the presentation of [23]:

Step 1 v(A) =0 = Ip.

Step 2. If v(A) > 1, change coordinates so that v(a3) > 1, v(as) > 1,and v(ae) > 1.
If v(by) = 0, the type is Ia). To have a fiber with geometric irreducible
components, it is enough to work in the splitting field «’ of the following
polynomial of «[T]:

T2+a1T —ap.

The discriminant of this quadric is by. If by is a square in «, then ¥’ = «,
otherwise k'’ # «k:
@K'=k = I, b #£x = [}*

Step 3. v(b2) > 1, v(a3) = 1, v(aq) > 1, and v(ag) = 1 = 1L

Step 4. v(b2) > 1,v(a3) > 1, v(as) = 1,and v(ag) > 2 = 1IL

Step 5. v(b2) > 1,v(a3) > 1,v(aq) > 2, v(ae) > 2,and v(bg) =2 — IV.
The fiber has geometric irreducible components over the splitting field «” of
the polynomial

T? + az 1T —aep.

Its discriminant is bg ». If b > is a square in i, then k' = « otherwise «” # k.
@K =« = VS (b)x £k = IV™

Step 6. v(b2) > 1, v(az) > 1, v(as) > 2, v(ag) = 3, v(bg) = 3, v(bg) > 3. Then
make a change of coordinates such that v(a;) > 1, v(az) > 1, v(a3) > 2,
v(asg) > 2, and v(ag) > 3. Let

P(T)=T>+ay \T* + as 1T +ag 3.

If P(T) is a separable polynomial in «, that is if P(T") has three distinct roots
in a field extension of «, then the type is Ij. The geometric fiber is defined over
the splitting field «’ of P(T) in k. The type of the special fiber before to go to
the splitting field depends on the degree of the field extension k" — «:

o [k':k]=60r3 = [} with dual graph G;

o [K:k]=2 = I* with dual graph 1~3l3

o [k :k]=1 = I§;® with dual graph Dy

where “ns”, “ss”, and “s” stand respectively for “non-split”, “semi-split”, and
“split”. In the notation of Liu, these fibers are respectively 133, 16,2’ and Ig.
The Galois group is the symmetric group S3, the cyclic group Z/3Z, the cyclic
group 7Z /27 or the identity when the degree is respectively 6, 3, 2, and 1.
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Step 7.

Step 8.

Step 9.

Step 10.
Step 11.

If P(T) has a double root, then the type is I} with n > 1. Make a change

of coordinates such that the double root is at the origin. Then v(a;) > 1,

viap) = 1, v(az) > 2, v(ag) = 3,, v(agg) >4, andv(A)=n+6(n > 1).

We now assume that, except for their valuations, the Weierstrass coefficients

are generic. We then distinguish between even and odd values of 7.

(a) Ifn =203 (€ = 2),thenv(ar) > 1,v(ap) = 1,v(a3z) = £, v(ag) > £+1,
v(ae) = 24, v(bg) = 2¢, v(bg) = 2€ + 1, and

T? + az T — ae2¢

has two distinct roots in its splitting field «’. If the two roots are ratlonal
([« : k] = 1) then we have I;Z 5 with dual graph D215+1 , otherwise ([«’

k] = 2) we have the fiber type I3}* 5 with dual graph Bze
(b) If n =2 —2 (£ > 2) then, v(a;) > 1, v(ap) = 1, v(a3) > £ +1,
v(ag) =€+ 1, v(ag) = 2€+1,and v(bg) = 2¢ + 2. The polynomial

2
a1 T +ag 0T — ae 2041

has two distinct roots in its splitting field. If the two roots are rational then
we have I7;_, with dual graph D4, otherwise I77* , with dual graph
5t

Bopii-

If P(T) has a triple root, change coordinates such that the triple root is zero.
Then v(ay) = 1, v(az) = 2, v(a3) = 2, v(a4) = 3, v(ae) = 4.

Let

Q(T) =T?+a3,T — aga.

If O has two distinct roots (v(bg) = 4 or equivalently v(A) = 8) the type is
Iv*.

The split type depends on the rationality of the roots. If bg 4 is a perfect square
modulo s, the fiber is IV** with dual graph Eg, otherwise the fiber is IV*™ with
dual graph F4. The split form can be enforced with v(ag) > 5 and v(a3) = 2.
If O has a double root, we change coordinates so that the double root is at the
origin. Then:

v(ay) > 1, v(ap) =2, v(a3) >3, v(ag) =3, v(aeg) =5 — type III*.
v(ar) > 1, v(ap) =2, v(az) =3, v(as) >4, v(ag) =5 = typeII*.
Else v(a;) > i and the equation is not minimal. Divide all the a; by s’ and
start again with the new equation.
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