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Abstract: We consider a family of growth models defined using conformal maps in
which the local growth rate is determined by |®/,|~", where ®,, is the aggregate map for
n particles. We establish a scaling limit result in which strong feedback in the growth
rule leads to one-dimensional limits in the form of straight slits. More precisely, we
exhibit a phase transition in the ancestral structure of the growing clusters: for n > 1,
aggregating particles attach to their immediate predecessors with high probability, while
for n < 1 almost surely this does not happen.
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1. Introduction

1.1. Conformal aggregation processes. Laplacian growth models describe processes
where the local growth rate of a piece of the boundary of a growing compact cluster is
determined by the Green’s function of the exterior of the cluster. Such growth processes
can be used to model a range of physical phenomena, including ones involving aggregates
of diffusing particles. Discrete versions can be formulated on a lattice in all dimensions:
some famous examples of this type of growth process include diffusion-limited aggre-
gation (DLA) [28], the Eden model [4], or the more general dielectric breakdown model
(DBM) [22]. Despite considerable numerical evidence suggesting that the clusters that
arise in these processes exhibit fractal features, very few rigorous results are known (for
DLA, see [14]) and it remains a formidable challenge to rigorously analyze long-term
behavior such as sharp growth rates of the clusters.

One objection that can be leveled at lattice-based models is that the underlying dis-
crete spatial structure could potentially introduce anisotropies in the growing clusters
that are not present in the physical setting of the plane or three-dimensional space.
Indeed, large-scale simulations in two dimensions demonstrate anisotropy along the
coordinate axes [6]. This fact provides one motivation for the study of off-lattice ver-
sions of aggregation processes. In the plane, such off-lattice models can be formulated in
terms of iterated conformal mappings, providing access to complex analytic machinery.
Clusters produced by these conformal growth processes are initially isotropic by con-
struction, but simulations suggest that in many instances, anisotropic structures appear
on timescales where the number of aggregated particles becomes large compared to the
size of the individual constituent particles. Nevertheless, proving the existence of such
small-particle limits, whether anisotropic or not, has proved elusive, similarly to the case
of lattice-based models.

A fascinating feature of Laplacian growth models is competition between concen-
tration and dispersion of particle arrivals on the cluster boundary. Protruding structures
(“branches”) and their endpoints (“tips”) tend to attract relatively many arrivals, but they
compete with each other as well as the remainder of the boundary. (Kesten’s discrete
Beurling estimate gives an upper bound on the tip concentration in the case of DLA.)
The degree to which tips are favored is determined by the exact choice of growth rule,
and several models contain one or more parameters that affect concentration, dispersion,
and competition [2,8,16,22].

Previous and recent work on small-particle limits of conformal aggregation mod-
els [13,23,24,27] has yielded growing disks, that is, smooth and isotropic shapes; the
dispersion effect “wins” in the limit. In this paper, we study a particular instance of a con-
formal growth model, focusing instead on the concentration aspect of Laplacian growth
and showing that anisotropic scaling limits arise in the presence of strong feedback in
the growth rule. The scaling limits we exhibit are highly degenerate in the sense that
growth, which is initially spread out, favors tips very strongly, and eventually collapses
onto a single growing slit.

To state our results, we first describe the general class of processes our object of study
fits into. Let ¢ > 0, and let f, denote the unique conformal map

fe: A={z€C:|z] > 1}U{oo} - D; = A\(1, 1 +d]
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having f.(z) = ez+O(1) atinfinity, and sending the exterior disk A to the complement
of the closed unit disk with a slit of length d = d(c) attached to the unit circle T at the
point 1. The logarithmic capacity ¢ and the length d of the slit satisfy

d2
+
4(1+4d)

c

ey

in particular, d < ¢!/? as ¢ — 0. In terms of aggregation, the closed unit disk can be

viewed as a seed, while the slit represents an attached particle. Typically, we think of
the particle as being small compared to the seed.

A general two-parameter framework to model random or deterministic aggregation,
based on conformal maps, is given by the following construction. Pick a sequence {6 };2
in [—m, ), and let {dk},fozl, or, equivalently, {ck},fil, be a sequence of non-negative
numbers connected via (1). From the two numerical sequences {6} and {c; }, we obtain
a sequence { fx}72, of rotated and rescaled conformal maps, referred to as building
blocks, via

fi(z) = €% f., (e71%2).

On its own, each individual f; grows a slit in the exterior disk, attached at ¢ and
having logarithmic capacity cx. Finally, we set

®,(z) = fio -0 fulz), n=12,.... )

Each &, is itself a conformal map sending the exterior disk onto the complement of a
compact set K,, C C, that is,

D,: A > C\K,.

The sets {K,,}Z‘i | are called clusters. They satisfy K1 C K, and model a growing

two-dimensional aggregate formed of n particles. At infinity, we have
@, (2) = ez + O(D),

where
Cap(Ki’l) = ecn — eZ::l Ck (3)

is the total capacity of the nth cluster.

When modeling random aggregates formed via diffusion, one chooses the angles
{6} to be i.i.d., and uniform in [— 7, 7r). Due to the conformal invariance of harmonic
measure, this has the effect of attaching the nth particle at a point chosen according to
harmonic measure (seen from infinity) on the boundary of K,,_1. This type of setup has
been considered in a number of papers, see for instance [1,8,10,12,13,17,19,23,26,27];
we shall only briefly mention models that are particularly pertinent to our study.
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1.2. Aggregate Loewner evolution (ALE). The main object of study in the present paper
is a model we refer to as aggregate Loewner evolution, abbreviated ALE(«, 1), with
parameters @ € R and n € R. In ALE(«, 1), conformal maps ®,, are defined as in (2)
as follows.

Initialize by setting ®o(z) = z and letting F be the trivial o-algebra.

e Fork =1,2,3, ..., weletd have distribution conditionalon 7| = F(6y, ...60_1;
C1, ..., Ck—1) given by
|q>;(_l(ea+i9)|777d9

hi(0) = - .
k( ) fT|q);(_l(ea+z€)|fnd9

“4)

Here, 0 > 0 is a regularization parameter, which ensures that the angle distributions
are well defined even though @) _ (¢'?) has zeros and singularities on T. The param-
eter o is allowed to depend on the basic logarithmic capacity parameter c¢. Typically,
we shall take

o=o0(c)=c"

for some appropriate y > 0.
e Next, we define a sequence of logarithmic capacities for k = 1, 2, 3, ... by taking

ck = | @) _ (7|7, (5)

We note that ALE(«, 0) is the same model as the Hastings—Levitov HL («) model studied
in [3,8,13,26], and in particular ALE(0, 0) coincides with the HL(0) model studied in
depth in [23,27]. The Hastings—Levitov model was introduced as a conformal mapping
model of dielectric breakdown (DBM) [22], a discrete model in which vertices are
added to a growing cluster by drawing bonds from among the neighboring lattice points.
At stage n of DBM(7), a point is added to the cluster K, by including a neighbor of
(J, k) € K,, with probability

NN Y
b ((]’ 0= (j/, k/)) N Z:lb ()J¢n(l,)my7 '

Here, summation is over lattice neighbors of K, and the function ¢, is discrete harmonic,
and has ¢, = 0 on K, and ¢, = 1 on some large external circle.

Off-lattice versions of DBM involving non-uniform angle choices determined by the
derivative of a conformal map have been considered by several authors. Hastings [7],
and subsequently Mathiesen and Jensen [19], study a model that essentially corresponds
to ALE(2, n) modulo a slightly different parametrization in 5. (In fact, an alternative
name for the growth model in this paper could have been DBM(«, 1) or HL (e, 1), but
we have opted for a different terminology to avoid confusion with lattice models, and
also to emphasize connections with the Loewner equation, see below.) Hastings argues
that for large enough exponents, more precisely, for n > 3 in our parametrization, the
corresponding clusters become one-dimensional; he also points out that the behavior of
the models depends strongly on the choice of regularization.

Another model that fits into this general framework is the Quantum Loewner Evolu-
tion model (QLE(y, 1)) of Miller and Sheffield [20,21] which is proposed as a scaling
limit of DBM(n) on a y-Liouville quantum gravity surface. In the QLE construction,
particles are attached according to a distribution which depends on the power of the
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derivative of the cluster map, as in (4), but with an additional term involving the Gaus-
sian Free Field due to the presence of Liouville quantum gravity. In the construction of
QLE, capacity increments are kept constant, as for ALE(0, ). However, each particle
in QLE is constructed as an SLE curve, rather than the straight slits used in ALE.

Common to all conformal mapping models of Laplacian growth is the difficulty that
derivatives of conformal mappings do not remain bounded away from 0 or co as they
approach the boundary and therefore the map 6 +— |, (¢'?)|7! can be very badly
behaved. For instance, even whenn = 1, |®), (€'?)| 7" is not integrable over T for certain
values of 1 and hence the ALE(«, n) model would not be well defined if we were to use
| D), (€?)|7" as angle density. As mentioned above, for this reason we define the model
via the regularization parameter o as in (4), and then let 0 — 0 together with the (pre-
image) particle size, controlled by the parameter ¢. A similar difficulty arises from the
dependence of the particle sizes on the derivatives of the conformal mappings. Although
in this case the model is well-defined without the need for a regularization parameter in
(5), it is no longer possible to guarantee that the resulting clusters have total capacity
bounded above and below. Indeed, even with the presence of a regularization parameter,
it is not clear that the total capacity remains bounded as & — 0. The exception is the
ALE(0, 1) model: in light of (3), taking n =< ¢! is a natural choice of time-scaling in
ALE(0, n) as with this choice the resulting clusters have total capacity bounded above
and below. This in turn means that the total diameter of the clusters K, remains bounded
as a consequence of Koebe’s 1/4-theorem, see [25]. The fact that we have some a
priori control over the global size of clusters is our main motivation for moving from
studying HL.(«) with « large to ALE(O, n) with n large. Simulations suggest that one-
dimensional limits are present also in HL(«) for large o but showing that this is the case
seems technically more difficult.

In this paper, we mainly focus on ALE(0, 1) for n > 1, and show that the conformal
maps ®,, converge to a randomly oriented single-slit map in the regime where n =< ¢!,
This can be viewed as a rigorous version of Hastings’ investigation [7] of ALE(2, n) for
the ALE(0, n) model. To obtain our convergence results, we exploit what is in a way the
most extreme mechanism that could lead to a single-slit limit, namely that of aggregated
particles becoming attached to their immediate predecessors. The main difficulties in
the proof are that the angle densities induced by slit maps exhibit bad behavior even
in the presence of regularization and have maxima and minima of different orders in
the regularization parameter o, making it hard to show convergence to a point mass.
Furthermore, the feedback mechanism in (4) is sensitive so that a single “bad” angle can
destroy the genealogical structure of the growing slit by leading to the creation of a new,
competing tip further down the slit, which could lead to a splitting of growth into two
branches.

2. Overview of Results

Clusters that are formed by successively composing slit maps come with a natural notion
of ancestry for their constituent particles. We say that a particle j has parent O if it attaches
directly to the unit disk and that the particle j has parent k if the jth particle is directly
attached to the kth particle for j > k. More precisely, suppose that B¢ € (0, ) is defined
by

fH L 1 +d @D = (€ 1 10] < Be)
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so e*Pe is mapped by the basic slit map to the base point of the slit i.e. fe(eTihey = 1.
Therefore particle j has parent O if | (¢’ (#j£F))| = 1 and particle j has parent k > 1
if

e 04H) € (1, 1+ ),

where @ ;(z) = fro frar0---0 fj(2).

In the ALE(0, n) model, each successive particle chooses its attachment point on
the cluster according to the relative density of harmonic measure (as seen from infinity)
raised to the power 7. As the highest concentration of harmonic measure occurs at the
tips of slits, intuitively one would expect that for sufficiently large values of 1 each
particle is likely to attach near the tip of the previous particle. In this paper we show that
this indeed happens, and we identify the values of 1 for which the above event occurs
with high probability in the small-particle limit, that is, we show that the probability
tends to 1 as ¢ — 0. Figure 1 displays ALE(0, n) clusters for different values of 7.

The limiting behavior of the model is quite sensitive to the rate at which & — 0
as ¢ — 0. Figure 2 shows how the angle sequences {6y} in ALE(0, 4) are affected
by the choice of exponent y when regularizing by ¢ = ¢. This phenomenon is also
observed by Hastings in [7] for a related model. In [13], which deals with slow-decaying
o scaling limits in a strongly regularized version of HL(«), it is shown that the scaling
limits of the clusters are disks for all values of « > 0, provided o > (log c_l)_l/ 2,
By using similar techniques, combined with those developed in the paper [24], it is
possible to prove that the corresponding scaling limits in ALE(0, 1) are again disks for
all n € R, provided ¢ > (log c¢~1~L. (In [24], which focusses on the case n < 1, the
stronger result is obtained that ALE(0, n) clusters converge to disks for all o > ¢¥
where y = 1/3if n < 1 or 1/5 if n = 1, and a phase-transition is observed at n = 1
at the level of fluctuations). Together with the result in Theorem 1 stated below, this
shows the existence of a transition in the macroscopic shape of the ALE(0, n) clusters
when n > 1, from slits to disks as the regularization parameter o increases. Simulations
suggest that there might be an intermediate regime where a suitable spatial rescaling,
as in Fig. 2c, reveals stochastic features in the angle sequence {6, }. As we seek results
in this paper which do not strongly depend on the choice of regularisation parameter,
part of our objective is to identify the minimal value of n for which there exists some oy
(dependent on ¢ and 1) such that, provided o < o9, with high probability each particle
lands on the tip of the previous particle.

The following is the main result of the paper and shows that the ALE(0, ) model
exhibits a phase transition at 7 = 1 in the genealogy of the growing cluster in the small-
particle limit. See Theorem 9 for a complete statement and proof; in particular we give
sufficient conditions on y.

Theorem 1 (ALE(0, n) model). For ALE(0, n) with logarithmic capacity parameter ¢
and regularization parameter a, let Qn = Q%c’o be the event defined by

Qn = {Particle j has parent j — 1 forall j =1,..., N}.

For each n > 1, there exists some y = y(n) such that if og = ¢¥ and if N = n(T) :=
|Te™ | for some fixed T > 0, then

lim inf P(Qy) =1,

¢c—>00<0<op
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Fig. 1. ALE(0, n) clusters with ¢ = 10_4, o= cz, and n = 10,000
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Fig. 2. ALE(0, 4) angle sequences with ¢ = 10~% and n = 5000, with varying regularization o (note that
images c, d are on a different spatial scale to a, b but the same spatial scale as each other)

whereas if n < 1, then for any N > 1,
lim sup P(Qy) = 0.

¢c—045-0

In the case when n > 1 and o < oy, it follows that, for anyr > 1 and T < oo,

sup sup [P, (2) — e f,(e_iglz)| — 0 in probability as ¢ — 0,
t<T {lz|>r}

andthe cluster K, ;) converges in the Hausdorff topology to a disk with slit of logarithmic
capacity t attached at position z = ¢'91.

2.1. A related Markovian model. Observe that, for each k, we are free to specify the
interval of length 27 in which to sample 6y, and this choice does not have any effect on the
maps ®,,. It is convenient to choose to sample 6 from the interval [6;_1 — 77, O —1 + 7).
In this case, we can express the event as

Qy =1 sup [0; —0;j_1] < Be
2<j<N

(Recall that, by definition, B¢ € (0, ) and etibe ig mapped by the basic slit map to the
base point of the slit i.e. fe(eT"P<) = 1.) One of the main difficulties in analysing this
event is that the distribution of 6 conditional on Fj_ [as defined in (4)], depends non-
trivially on the entire sequence 01, . . ., Ox—1. In this subsection, we introduce an auxiliary
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model for random growth in the exterior unit disk in which the sequence of attachment
angles is Markovian. The Markov model is relatively straightforward to analyze and
exhibits an analogous phase transition to that described above. The remainder of the
paper is concerned with examining how ALE(0, 1) and the Markov model relate to each
other.

Set ®(j(z) = z and let {®};} be conformal maps obtained through composing

* * *
q)nzfl o---o f,

where each ;' is a building block with ¢; = ¢, and rotation angle 6" having conditional
distribution with density

1 (0—p* _
REO16F ) = Z*—|fc’(k_1)(e‘”’(9 Gy k=1,2,3,.... (6)
k—1
Here, we have set
z,;*:/ | L (70| de
T

and suppressed the dependence on ¢, o and 7 to ease notation.

In order for the measure above to be well-defined when 1 > 1, we require ¢ > 0.
In words, the density of the kth angle distribution in this model is obtained by replacing
the complicated (k — 1)th cluster map of ALE by a simple slit map “centered” at 6;_ |,
and with deterministic logarithmic capacity ¢(k — 1).

For this model we obtain the following theorem: we again set n(¢) = [¢/c], let K :(t)

denote the cluster associated with ®*, ., and define the event

n(t)’
Q) = {Particle j in the * -model has parent j — 1 forall j =1,..., N}.

Theorem 2 (Markov model). Set op = ¢’ where
n+1
> —.
2 —1)

*

14

Then
lim inf P(Q3) =1 ifn>1

c—>00<0<o0g
lim sup P(Q}) =0 ifn < L.

=040

Furthermore, whenn > 1 and 0 < oo, foranyr > 1 and T < oo,

sup sup |<I>;(t)(z) — e f,(e7 % 7)| — 0 in probability as ¢ — 0,

t<T {lz|>r}
and the cluster K :([) converges in the Hausdorfftopology to a disk with slit of logarithmic
capacity t attached at position z = o,
Remark. It can also be shown that lim¢_, ¢ info<g <oy P(R2},) = 1 when n = 1, provided
oo — 0 exponentially fast as ¢ — 0, but we omit the details here.

We give the relatively straight-forward proof of Theorem 2 in Sect. 5.1. Because
of the Markovian nature of the auxiliary model, all that is needed are estimates on the
derivative of the explicit slit map to control the densities (6), together with standard
martingale arguments.
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Fig. 3. Diagram illustrating the presence of zeros and singularities in the derivative at each successive particle
tip and base in @, (z) (left). These zeros and singularities are absent in f¢(z) except at the tip of the final
particle and base of the first particle (right)

2.2. Overview of the proof of Theorem 1 and organization of the paper. The main idea
for the proof of Theorem 1 is to show that the Markovian model of the previous section is
a good approximation of the ALE(0, 1) process. In order to do this one approach would
be to try to argue that |®/, (¢*?)| can be globally well approximated by |( fe:)' (e%*?)],
where we use the notation

12 =€ fe(e™2)

for the rotated slit maps. However, this seems difficult to make work to sufficient precision
when evaluating the maps close to the boundary. Specifically, the map ®/,(z) has zeros
(respectively singularities) at each of the points on the boundary of the unit disk which
are mapped to the tip (respectively to the base) of one of the slits corresponding to
an individual particle. In contrast, for the map ( f,fg)’ (z), the points corresponding to
tips and bases of successive particles coincide and therefore the singularities and zeros
corresponding to intermediate particles cancel each other out, leaving only a zero at the
point mapped to the tip of the last particle and singularities at the two points which are
mapped the base of the first particle (see Fig. 3).

Interactions between nearby tips can be subtle and are in general hard to analyze [2].
Our strategy is instead to establish two properties of the distribution function 4, (6).

e The first is to show that near the tip of the last particle to arrive the derivatives of
®,, and ﬁfg are in fact very close and so for very small values of 6 — 6,,, h,,11(6) can
be well approximated by 4, (016,).

e The second property is to show that 4,41 (6) concentrates the measure so close to 6,
that even though the probability of attaching to earlier particles is higher than for the
Markovian model, Q2 still occurs with high probability, provided we now require

M +2n—D/200—D?] ifl <n<3;
y > {@n+1)/2(n — D] if3<n<T7;
5/4 ifn>7

when regularizing by 6 < o9 = ¢”; see Fig. 4 for plots of the lower bounds on y
and y*.

We now give a brief overview of the structure of the paper. In Sect. 3 we provide
some background information on the Loewner differential equation, which allows us to
represent the aggregate maps ®,, as solutions corresponding to a [— 7, )-valued driving
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Fig. 4. Lower bounds on regularization exponents for ALE (solid) and the Markov model (dashed)

process with equally spaced jump times and positions given by the random angles (4).
In particular, we explain how convergence of an angle sequence {6y} allows us to deduce
convergence of the corresponding conformal maps &,,.

In Sect. 4 we obtain estimates on the derivative of the slit map used to construct the
Markovian model. These estimates lead to moment bounds for [— 7, 7 )-valued random
variables constructed from slit map derivatives. The arguments used are elementary in
nature, and heavily use the explicit form of the slit map.

In Sect. 5, we first apply our slit map estimates to give a straight-forward proof of
Theorem 2. Then we state the detailed estimates on Loewner derivatives at the tip and
away from the approximate slit needed to show that %,,(6), the density function for the
nth angle 6,, has the required behaviour (deferring the proofs until the next Section).
Similar arguments to those in the proof of Theorem 2 are used to establish Theorem 1,
but since {6x } does not have a Markovian structure, there are further terms to control. We
also discuss some extensions of our results, valid for certain instances of the ALE(«, 1)
model as well as related models.

Finally, Sect. 6 contains most of the technical machinery needed for the proof of
Theorem 1. In this section, we obtain estimates on the distance between two solutions to
the Loewner equation in terms of the distance between their respective driving functions,
in the case where we know what one of the solutions is (in our application it is a slit
map). These estimates, which we believe may be of independent interest, enable us to
obtain much more precise estimates than exist for generic solutions. In particular, our
estimates give very good approximations when the conformal mappings are quite close
to the boundary, whereas generic estimates blow up in this region. We perform this
analysis by using the reverse-time Loewner flow (12) to write the distance between the

two solutions as the solution to an ordinary differential equation which we are able to
linearize.

Notation Many of the estimates presented in this paper, especially in Sect. 6, are more
precise than what is strictly needed for the proof of our main theorem, in that we fre-
quently keep track of the dependence of constants on parameters, and similar. We have
opted to record detailed versions to enable potential further applications where such
dependencies may be important. Generic constants, which may change from line to line,
will mainly be denoted by the capital letters A and B.
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Throughout, we use integer subscripts, or the letters j, k, and n, to denote building
block maps, that is, rotated copies of a slit map aggregated to form the cluster maps
®,, and ®;. When we need to keep track of scaling, we use f¢r (boldface subscript)
to denote a slit map adding a single slit of logarithmic capacity ¢k (k = 1,2,...) at
the point 1. Finally, a generic single-slit map centered at 1 adding a slit of logarithmic
capacity ¢ > 0 will be denoted f;.

3. Loewner Flows

We shall make extensive use of Loewner techniques in this paper. Loewner equations
describe the flow of families {W; };>( of conformal maps of areference domain in CU{ooc}
onto evolving domains in the plane in terms of measures on the boundary. We only give
a very brief overview here, and refer the reader to [15] and the references therein for a
discussion of Loewner theory.

3.1. Loewner’s equation. Let {i;};~0 be a family of probability measures on the unit
circle T, in this context referred to as driving measures, such that t — | i, || is locally
integrable. Then the Loewner partial differential equation for the exterior disk,

Z+
0V (z) = Z\If{(Z)/ —é‘dllt@)v (7
TZ—¢
with initial condition

Yo (z) = z,

admits a unique solution {W;};>¢ called a Loewner chain [1,15]. Each W;(z) is a con-
formal map of the exterior disk onto a simply connected domain,

\IJ{: A — Dt Z(CU{OO}\Kt

and at co we have the power series expansion W, (z) = e’z+O(1). The growing compact
sets {K;};>0 are called hulls, satisfy K, C K, for s < ¢, and have cap(K;) = ¢’ for
t > 0, where cap(K) denotes the capacity of a compact set K C C.

The limit functions appearing in Theorem 1 can be realized in terms of Loewner
chains, and in fact have a very simple Loewner representation.

Example 1 (Growing a slit). Let ;; = §1, a point mass at { = 1. Then (7) reads

O f1(2) = zf/ (2)

z+1
z—1"

With initial condition fy(z) = z, the solution has the explicit representation (viz. [18, p.
772])

t
ﬁ&)z52@2+M1—e”k+1+&+1h&2+ﬂl—2fﬂz+0. ®)

The solution precisely consists of the slit maps f;: A — A\(1, 1 +d(¢)], where

dt)y=2¢'(1+y1—e 1) =2, t>0. )
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This means that the growing hulls are K; = DU (1, 1 +d(¢)], the closed unit disk plus
a radial slit emanating from ¢ = 1. We note that the somewhat complicated expression
in (8) can be obtained by conjugating the simple formula for a slit map in the upper
half-plane H = {z € C: Im(z) > 0}, namely

Ft(Z) =V 2 —4[,

with suitable Mobius transformations.

In this paper, we are mainly concerned with the case u; = §,iz for some function
&: (0, T] — R and in that setting, we refer to & as a driving term.

The conformal maps arising in ALE(«, 1) have the following simple Loewner repre-
sentation. We first solve the Loewner equation with driving measure ; = 4,5, Where

N
&= Ol ., (10)

k=1

with Cy = Z?:l cx, and the angles {6} and logarithmic capacities {c,} given by (4)
and (5), respectively. Explicitly then, the Loewner problem associated with ALE(«, 1)

reads _
i&

z
z—elb

WV (z) = z2¥/(2) where Wy(z) = z. (11)
To obtain the composite ALE(«, n)-maps ®,, described in Sect. 1, we evaluate the
solution to (11) at r = cn; thus

D, = Wy, n=1,2,....

The random driving function &; can be viewed as a cadlag jump process exhibiting a com-
plicated dependence structure encoded through angles and capacity increments. When
o = 0, the dependence structure is only present in the distribution of the increments, as
the jump times are deterministic, and equal to ck for k = 1, 2, .... We emphasize that
this is the main technical reason why the ALE(0, ) model is easier to analyze then the
general ALE(«, 17) model or the Hastings—Levitov model HL («).

3.2. Reverse-time Loewner flow. The Loewner Eq. (11)is a first-order partial differential
equation, and in the ALE(«, ) model, it gives rise to a non-linear PDE problem since
the driving measures depend on the maps f; via their derivatives. As is common in
Loewner theory, we shall analyze solutions by passing to the backwards flow associated
with (11): this essentially entails employing the method of characteristics to obtain an
ordinary differential equation that describes the evolution at hand. See [1, 15] for detailed
derivations and discussions.

Let T > 0Obe fixed. The equation for the backward or reverse-time flow in the exterior
disk is

u (z) + €' =

Orus(2) = ut(@m,

(12)
where we define

8 =é&ry, 0<t<T.
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Then, setting u(z) = z, we obtain (see [15, Chapter 4])

ur(z) = ¥r(z)

where W; denotes the solution to the forward Eq. (11) with driving function &;. Note that
this holds in general only at the special time 7.

The main advantage of the backward flow is the fact that, for each z, (12) is now
formally an ODE, simplifying the problem of analyzing and estimating the solution to
the corresponding flow problem. Such analysis is carried out in Sect. 6 and will be crucial
in the proof of Theorem 1.

3.3. Convergence of Loewner chains. Our strategy will be to argue that the driving
function (10) arising in the ALE process is close, in the regime where n = ¢!, to
the constant driving function & = 6. We would then like to argue that the resulting
conformal maps are close. These kinds of continuity results have been established in
several settings, see for instance [10, Proposition 3.1] and [12, Proposition 1], and [9]
for a more systematic discussion.

Since the ALE driving processes exhibit synchronous jumps, it is natural to measure
distances between them in the uniform norm ||-|. For T > 0, we denote the space
of piecewise continuous functions £ : [0, T) — R endowed with this norm by D7. We
consider the space X consisting of conformal maps f(z) = Cz+ O(1) as z — oo, with
C > 0 uniformly bounded, and we endow ¥ with the topology of uniform convergence
on compact subsets of A. We then view the conformal maps W,, and hence the aggregate
maps ®,,, as random elements of X.

The following result is well-known, but we give a proof for completeness. (With
additional work, one could obtain estimates on rates of convergence. We do not pursue
this direction here, however see Remark 3 after Lemma 11.)

Proposition 3. Let T > 0 be given. For j = 1,2 let \If,(j), 0 <t < T, bethe solution to
the Loewner Eq. (7) with driving term é,(]). Forevery e > O there exists § = 8(e, T) > 0
such that if||ei5(l) _ ciE? loo < 8, then

sup sup UV (0) — 0P ()| <.
0<r<T {lz| =2 1+¢}
Proof. Fixs € [0, T] and consider the reverse-time Loewner Eq. (12). We let uﬁj ) be the
; ; () . .
reverse flow driven by és(i)t for 0 <t < 5. Write W,(J ) = e“fxit. Taking the difference

and differentiating H = u" — u® with respect to 7 gives
H—Hv=W® - w®yy,
where

1Dy @ — wOwd _ (172D + @)W + W)

v=0() = @D — W)@ —w®)

and

D +u@)2

w=wl) =S W)@ — oy
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Since the flows move away from the unit circle, these expressions show that there is a
constant A depending only on 7 such thatif |z| > 1 +ethenforall 0 <t < s < T,

Rev(t) < AJe?,  |w()| < AJe.

Since H(0) =0,
! t
H(t) = / [efs vdr (W 5y — W@ (s))w(s)] ds
0

and consequently, for a different 7-dependent A,

1 2 2
sup W2 =P @)= sup [H@O| < IWD = WD et ase2
{lz|=1+¢} {lz]|=>1+¢}

—A/g?

Hence we can take § < e &3 /A and this is clearly uniformin0 < < 7. O

Thus, we obtain convergence in law of conformal maps provided we can show con-
vergence in law of driving processes. Note that in our main result we have convergence
to a degenerate deterministic limit (modulo rotation). As is explained in [10, Section
4.2], we can strengthen the convergence that follows from Proposition 3 in this instance,
and obtain convergence of K, with respect to the Hausdorff metric in A.

4. Analysis of the Slit Map

In our arguments, we shall need effective bounds on the derivative f/(z) of the slit
map, in order to estimate moments of angle sequences, among other things. An explicit
formula for the slit map f;: A — A\(l, 1 +d(¢)] was given in (8), while the length
d(t) of the growing slit is given by (9). We note that f;(1) = 1 + d(¢), and that one can
compute that ft(e‘ﬂ’) = J‘,(e_iﬂ') =1 for

B d()
B; = 2arctan (—2 IO 1) . (13)

We shall refer to exp(if;) and exp(—if;) as the base points of the slit. In our scaling
limit results, we will make use of the facts that

B ()

a0 — 1 and 3172

— 1, as t— 0. (14)

4.1. Pointwise estimates. We begin by obtaining bounds on the (spatial) derivative of
the slit map f;(z). To get a feeling for the overall behavior of these derivatives, it is
instructive to first compute the derivative of the half-plane slit map,

b4
/ —_—

From this formula, it is apparent that F;(z) has a zero at the point that is mapped to the

tip of the slit, and square-root type singularities at points mapping to the base of the slit.

We show that the slit map in the exterior disk exhibits the same type of local behavior.
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Lemma 4. Forallt > 0 and |z| > 1, we have

z—1
1/ (@) = H;(z) (= eiﬁf)m (- e—iﬁ:)m (15)
where H,(z) is holomorphic in z, has lim,_, »o H;(z) = €', and satisfies
1 < [H(2)] < 4’
Proof. Since the slit map f;(z) solves the Loewner equation
0 f1(z) = th/(Z)i
z—1
we have
fl@= 0 f1(2). (16)

(+1)

Differentiating the explicit expression (8) with respect to ¢, we find that

4 1
0 f1(2) = ° o ((Z+ DV(z+ 12 —de 74 (z+1)% —Ze_tz).
\/(z +1)2 —de 1z

Inserting this into (16), we obtain

z—1

Vz+ 12 —4e !z

f/(2) = Hy(z)

with
t

Hi(2) = ~ [(z 1) (2414w DT —deiz) —2e7]

It remains to show that H;(z) is bounded above and below. But this follows immediately
upon writing H,(z) = z~! f,(z), where f;(z) is the slit map itself, and observing that
1 < |fi(@)/1z] < A+d(1)) Ve < 4e'. Finally, we verify that z; = e’ solves (z+1)> —
4e~'z = 0, and this leads to the factorization (z + 1)? —de ™'z = (z — €'Pr)(z — e7F1).

O

Our analysis of the ALE model will require local estimates on the derivative of the
slit map. Representative graphs of how 6 +— | ft’(e"+‘9)| varies with ¢ and ¢ are shown
in Fig. 5.

Lemma . Fix T > 0, let 0 < t < T and suppose |z| — 1 < d(t). Then the derivative
of the slit map admits the followmg estimates, where A and Ay are non-zero constants
depending only on T':

1. (Near the tip) For | arg z| < %,BI,

lz — 1] |z — 1]

d(l‘) |ft()|\ 2 d(t)

1

2. (Near the base) For |argz £ B;| < 2,3t,

d(t)

|ft(z)| \A2|Z| 1
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D)
\
W/
MU
\
\

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Fig. 5. Plots of 6 +— If/(e‘”m)l. Left: 0 = 0.0001 fixed, + = 0.01 (blue) and + = 0.1 (dashed). Right:
t = 0.01 fixed, 0 = 0.0001 (blue) and 0 = 0.02 (dashed). Plot with ¢t = 0.01 and o = 0.2 (black) shown in
both pictures for comparison

3. (Away from tip and base) For %ﬁt < |argz| < m,
AL < |f/ (@] < As.

Proof. We treat the case | arg z| < % B: first. In light of the global bounds on the function
H,(z) from Lemma 4, it suffices to estimate the square root expressions appearing in the
denominator in (15). We have

. . 172
|Z _ elﬁtl — |eIOg |Z\+z(arg2—f5t) _ 1| = ((log |Z|)2 + (arg(z) _ ﬂt)2> = 10g |Z| Vd(t)
a7

If0 < |z| — 1 < d(¢) this yields

R e e R X (O}

as claimed.
Near the base, the same reasoning as before shows that [z — 1| =< d(¢). On the other

hand,
Izl —1< |z — eiﬁt| < |elOg lzl+i (Br+3B1) _ eiﬂr| < Ad(1),

where the lower bound is attained when arg(z) = ;. Combining these bounds leads to

the claimed estimates for |arg z £ ;| < %

On each fixed radius, the function v: arg(z) e /ZZ(_Zl_e—iﬁt)l 77| is decreasing

on [%,8,, 7], with v(rr) = ("1 4+ 1) /((e'°2 2l + cos B;)? +sin? B;)1/2 > 1. So in order
to obtain the last set of estimates, it suffices to note that v remains bounded above and
below as arg(z) — %ﬂ,, by the same arguments as before. O

4.2. Moment computations. We now return to random growth models and present the
moment bounds that will be needed in Sect. 5. As before, & > 0 is our regularization
parameter, while n > 0 is a model parameter.

Define the normalization factor

zj=z,*(n,a)=/T|f,’(e"+"f)|—"ds. (18)
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Lemma 6. Fix T > 0 and n > 0. There exist constants A1 and Ay depending only on
T and n such that, for all 0 < t < T, the total mass Z;' satisfies the following.

e(n<1)Forallo > 0,
Al < Zt* < Aj. (19)
In particular, Z} remains ﬁnite aso — 0.

e(n>1)Foral0 <o < (70D D,
Ald(t)’?a*(ﬂfl) < Zt* < Azd(t)no.f(nfl). (20)
In particular, Z} diverges as 6 — 0 with o < 130T,

n_ . .
Moreover, forn > 1 and 0 < o < t20-D we have the following estimates:

; Bi
L. (Near the tip) For |0| < 5

>

—71/2 2\ —1/2
1 6\> 1 1 0
Al—(1+<—)) — (™)~ "<A2—<1+< )) :
o o Z o

2. (Near the base) For |0 — B;| < 2/3;,
A1) < ;v/(e‘”"@)r" < Al
t
3. (Away from the tip and base) For %,B, NS
Are" ()™ < %Ift%e‘”"@)r" < Ao )7,
'

Proof. We begin by treating the case n < 1. In light of Lemma 5, non-trivial global
bounds on Z; from above and below follow immediately from the bounds on | f/ (e?*')|

for |s| > % B; provided the contribution from (— 2’ , 5 is finite. Hence it suffices to
estimate the integral

ﬁ

/ | f/ (€¥5)|7Nds = Ad(t)/

—d
(02 +52)172
where we have used that A; < |e®+ — 1|/(o + sz)l/2 < A for s, o small. Next, we
note that
B Br

L a7 L
/0 (02+s2)'7/2s\/0 s

and the latter integral is bounded for 0 < ¢t < T since n < 1.

We turn to the case n > 1. Since the integral [ | f/ (e%*%)|7"ds now diverges as
o — 0 due to the singularity at s = 0, it again suffices to estimate the contribution
coming from |s| < B;/2 in order to establish (20). We have

ﬁt
/ /17T < Ad(t)"/ (02 +52)/ds
0

B
20

< Ad(z)"o—"/ o(1+u>)™"?du
0
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after a change of variables. Since fooo(l + u?)™"/2dy is now finite, the upper bound

follows. Similar reasoning together with the assumption that o < #'/? yields the lower
bound on the integral. The estimates on the normalized derivative follow upon dividing
through by Z7 in Lemma 5. O

‘We now turn to moment bounds for n > 1.

Lemma 7. For all n and o > 0,

m
/ Z*If(e"+’9)l dp = 0.
-

Now suppose n > 1 and o satisfies the hypotheses of Lemma 6. Let x € (o, &).
Then, for 1 < n < 3, we have

Ax3en 1l < /
~ _x Z*

X

|f( O’+19)| V)d0<A2X3 7’]0_7] 1

and for n = 3, we have

X

A1a2log(xa*1)</ |f,(e"+’9)| "do < Ara?log(xa ).

. ZF
Forn > 3, we have
2 ! 2
Ao </ Z*|ft( Y Tdo < Ara.
—x

Under the same assumptions as above, for 1 < n < 2, we have

X
Ax* ! g/ Z*|ft(e‘”’9)| 1do < Ayx* el
—X

and forn = 2,
Alalog(xa*‘)gf |9|—|f,(e"+’9)| "do < Aro log(xa V).
—x
Finally, forn > 2,
A1a<f_i Z*m( ¢TI b < g

Proof. The statement that [ 0] f; (€7 *1%)|71d0 = 0 follows immediately from symmetry

of the function @ > | f/(e?*?)| for each o and .
We turn to second moments, and deal with the parameter range 1 < n < 3 first. By
Lemma 6,

/ Z* ey

2
* ‘ (s do
[ Lo [
0 Z 0 (1_,_(%)2)’7 o



304 A. Sola, A. Turner, F. Viklund

Performing a change of variables, and assuming n < 3, we obtain the integral

s 1 X
62/ w1 +u®) ™" du = 62/ w? (1 +u®) ™" du + 02/ u?(1+u®)~"du
0 0 1

X
o
= Ao+ A202/ w? du

1

023 g3

Ao + Ay
= Ao

1 23
= A10% + Ay gL

as claimed. An obvious modification of the argument leads to bounds for n = 3.
Finally, we treat the case > 3 and show that the second moment decays like o2
independently of 5. It now suffices to examine

X

1 . x
f 6> —1f/ (7% 7do < 202[ W (1 +u?)~12du.
bl<x Zi 0

The integral on the right now converges since > 3, and in fact

/OO w?(1+u?) " du = ﬁ F(UT%).
0 4 T@)

To get the lower bound, we use the assumption 1 < x/o to bound the integral from
below. The second assertion of the Lemma follows.
Analogous calculations lead to the quoted bounds on the first moments. O

5. Ancestral Lines and Convergence for ALE

We now present a proof of our main convergence theorem, conditional on technical
results proved in the final section of the paper, and discuss possible extensions of our
results.

5.1. Convergence in the Markovian model. We first prove Theorem 2, which we restate
for the reader’s convenience. Recall that K ::(t) is the cluster associated with <I>Z ®° and

the event
Q) = {Particle j in the % -model has parent j — 1 forall j =1,..., N}.

Theorem 2. Set oy = ¢! where

n+1
> —
2 —1)

*

Then
lim inf P(QY) =1 ifn>1
c—>00<0 <oy

lim sup P(Q}) =0 ifn < L.

¢=Vg>0
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Furthermore, when n > 1 and 0 < oy, foranyr > land T < oo,

sup sup |<D:(,) (z) — et fl(e_ierz)| — 0 in probability as ¢ — 0,
t<T {|z|>r}

and the cluster K :(t) converges in the Hausdorfftopology to a disk with slit of logarithmic
capacity t attached at position 7 = o
Proof. Since we can always rotate the clusters K, by a fixed angle, without loss of
generality, we assume that the initial angle 6] = 0. As explained in Sect. 2, we choose
to sample 6" from the interval [6;_; — 7,6, | + 7). This means that we can write
0 = us +- - - +u, where the u; are independent [— 7, 7)-valued random variables and
up = 60 — 6;_, has symmetric distribution £} (6|0).

First suppose > 1. Then by (14) and Lemma 6 there exists some constant A (which
may change from line to line), depending only on 7" and n, such that for all k < N,

A7 N ke)'? < Bre < Alke)!/?,

Al 92 -n/2 i A 92 —n/2 Bre
— |(1+= <hO0) S —(1+— for 0] < —
o o

o o? 2 =
and
RE(010) < A" (ck) ™ for 0] > %
Therefore
g % "
P <|Mk| P ?c) = Z[SC h}(610)do +2ﬁkc ¥ (010)do
2 2

< A" ez 4 g1 (ck)=1/2).

Hence, for n > 1,

PQ)°) < P( sup 16F — 67| > %)
2<kEN

N
1
< ZIP’(|uk| > %) < Ag" lem20 el 5
k=2
asc — 0.

Now suppose that n < 1 and 0 — 0 as ¢ — 0. Using Lemma 5 and setting |z| = ¢°
in (17), and then letting ¢ — 0, we get

Be

N N 2 c’l/z Vv ol Be 12 0
P(Qy) <P (165] < Be) < A ; md9+ ., 40) <Acvel — 0.
2

If o is bounded below, then £ is uniformly bounded above and below, and P(Jux| <
Be) =2 [ h(0]0)d6 — 0 since B — 0 with c.
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To show convergence of CDZ(;)(Z) to fi(z) fort < T whenn > 1 and ¢ < oy, by

Proposition 3 it is enough to show that sup, <  |6;] — O with high probability as ¢ — 0.
To do this, we write

n n
O = i<y + Y ukl{uyi>pe2)
k=2 k=2

and note that M¥ = >/, ug1{ju,|<p./2} is a martingale. By the same argument as used
to show P((Q23)¢) — 0,

P (6 = M foralln < N) > 1 — Ag" e 207Dl 5 1,

Convergence of sup, <y |6 to O follows from moment bounds in Lemma 7 together
with standard martingale arguments (viz. the proof of Theorem 9). O

5.2. The ancestral lines and convergence theorem. We now return to the ALE(0, n)
process and show how the bounds obtained above, together with certain comparison
results that will be proved in the next section, allow us to prove the analogue of Theorem 2
for the @, maps that generate ALE(0, 1) clusters.

Without loss of generality we may set 61 = 0. Let

1 .
hi(0) = Z—k|<1>;€,1(e"+’9)|—'7, k=23,... 1)

denote the density functions conditional on Fj_; associated with the angle sequence
{6k} of the ALE(0, n)-model with model parameter € R, particle capacity parameter
¢ € (0, 1) and regularization parameter ¢ € (0, 1). As usual, let F; be the o-algebra
generated by 61, ..., 6.

We first state a precise estimate for how well |CI>;(e"+i9)| can be approximated by
[( f,?é‘)’(e‘”i oy |. In Sect. 2, we discussed how the intermediate particles are visible in the

derivative of ®,(z) in a way they are not in ffé’ (z) (see Fig. 3). The estimates below
capture this discrepancy.

Lemma 8. Fix T > 0, letn < |T/c] and set &, = (¢ — 1) V supyc, |6k|.

(1) There exists some absolute constant A > 1, such that if |0 — 6, < 2 and e, <
A~ 1e2 then
oy ( ea+i0)
n
6y, i
(fud) (e%i%)
(i1) There exist absolute constants A and B only dependent on T, such that if €, <
A~1e!2) then

1| < AgZe!. (22)

(cp;(e””@)‘ > B~ e~ 1o (1 — cos(6 — 6,)) /2.

The proof of Lemma 8 relies on a refined analysis of solutions to the Loewner equation
in the case where driving functions are uniformly close, and will be presented in Sect. 6
to avoid interrupting the flow of the proof of the main theorem below.

We now prove our main result. For fixed 7 > 0, set N = | T'/c]. Recall the definition
of Qpu from Sect. 2.
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Theorem 9. Set o9 = ¢” for

5 Q@r+Dp+l
5, @+ Dn+

Y23 T -
where
ﬁ ifl <n<3;
A=) =9,
5 ifn=3.

Then, for all T < oo,

lim inf PQyn)=1 ifn>1

c—>00<0<o0g

lim supP(Qy) =0 ifn < 1.

¢=Ve>0

Furthermore, when n > 1 and o < oy, foranyr > l and T < oo,

sup sup [P, (z) — fi(2)| = 0 in probability as ¢ — 0,
t<T |z|>r

and hence the cluster K, converges in the Hausdorff topology to a disk with slit of
logarithmic capacity t attached at position 1.

Proof. Fix n > 1 and let
Np = inf {k >1: (6] > ak*(logc—l)“} AN. (23)
Observe that, since o < op, we have
ank(log c—l)6k < (T*cy_(“l/z)(log c—l)m) el

Hence, using the fact that y > X + 1/2, and that A-Llel/2 < Be < Ac!/2, there exists
some ¢y > 0, dependent only on 7" and 7, such that if ¢ < cg, then {N7 = N} C Q.
From now on assume that ¢ < c¢g. We shall prove that P(N7 = N) — 1l as¢ — 0. Once
this has been done, it follows that if n > 1,

lim inf P(Qy)=1.

¢c—>00<0 <oy
Exactly the same argument as Theorem 2 can then be used to show that

lim sup P(Qy) =0

¢=Ve>0

if n < 1, and that when n > 1 and 6 < 0, forany r > 1 and T' < oo,

sup sup | @) (z) — fi(z)] = O in probability as ¢ — 0,
t<T |z]>r

and hence the cluster K,(;) converges in the Hausdorff topology to a disk with slit of
logarithmic capacity ¢ attached at 1.
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We turn to the proof. Suppose that n < N7. As before, using the fact that o < oy,
we have

£, < ank(logc”)“ < (TAcV*(k+1/2)(logc*1)6*> cl/Z’

where ¢, = (e? — 1) Vsupy <, |0k as in Lemma 8. Hence there exists some 0 < ¢; < co,
dependent only on 7 and n, such that if ¢ < c¢j, then g, satisfies the conditions of
Lemma 8. From now on assume that ¢ < c¢j. Then, by Lemma 8, there exists A, such
that, if |0 — 6,] < ¢1/2

(1= Ap)| fe (€O 71 < (@] (7M1 < (1 + Ap)| £ (7 @00y 70,

and furthermore A, = A,7(72c_1nZA (log e~ 1)!1?* for A, that depends only on 1 and 7.
We begin by getting estimates on

zn=/ | @], (7).
T
We have
b/
/ D), (7 H) T Me129g, <y 40 < ZB”nA”(logc_l)ﬁ)‘”/ (1 — cosu) ™" ?du
T cl/2

< B/n)»ncf(nfl)/Z(lOg 071)6)”7

for some B’ that depends only on 1 and 7. Using the notation of Sect. 2, recall from
Lemma 6 that there exist A’, A” depending only on 1 and T such that

A’(nc)fi/zo-*(flfl) <ZF < A//(nc)rl/zaf(ﬂfl).
Hence,

(Z2)™! fT 10 () M 112 gy 0

< Bnan—1n(?»—1/2)'7c—(277—1)/2(log c—l)ﬁln

for some B, that depends only on 1 and 7. Set B, = B,o"~'n?=1/2n¢=Cn=1/2
(loge™1)04n,
Observe that the choice of y ensures that, provided ¢ < o, we have N(1=V04  —
0 and NBy — 0. We shall see that these conditions are sufficient to prove our result.
Now

Zy = fT |5, (Lo, 1<e1r2) + Liet2 <jo—g,1<x)) 40

cl2
<2(1+Ay) f | Fre(€+1) 740 + B, Z,
0
<(+A,+B)Z;.
Similarly, we can show that

Zn > (1 — Ay — B)ZE,.
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Since A, + B, — 0 as ¢ — 0 there exists 0 < ¢» < ¢y, depending only on 7 and 7,
such that A, + B, < 1/2 provided ¢ < ¢3. Assume from now on that ¢ < ¢;. Hence, if
160 — 6,] < ¢'/2 then,

(L= o)y (010) < hps1(0) < (1 + )iy, (010n)

n+l n+l

where «,, = 7(A, + By). Equivalently
(1 —an)hy 1 (010) < hpe1 (0 +6,) < (1+ay)hy,;(6]0).

n+l n+l

As in the proof of Theorem 2, we choose to sample 6 from the interval [0;_; —
7, Or_1 + ) and so we can write 6, = uo + - - - + u, where the uy are [— m, 7w)-valued
random variables and, conditional on Fj_1, uy = 6y — 6r_1 has distribution function
hi (0 +6r—1). We write

n n
0,1 = Mn + ZE (”k1{|uk|<kka(logc*1)2k} | .7:]{_1) + Z ukl{\uk|>k)‘a(logc*1)z}‘}! (24)
k=1 k=1

where

n
My =Y (e <o toge-1y2) — B (46 <o Goge-1y2y | Fie1))
k=1

is a martingale.
We first show M,, is small with high probability. By Lemma 7,

Fic1) < (+ag-) 10121(610)d6
|0|<k*a (loge=1)2*

- Ac2kB M (Joge HPG=1  if1 < <3
= | Ac2(oge™1)? ifn >3,

2
E (1" g <k toge-y2)

for some constant A depending only on 7' and 5. Hence M,, is a martingale with quadratic
variation

(Mupny) < An**a?(loge ),

By Freedman’s version of Bernstein’s inequality, see [5, Proposition 1], we obtain that

P (|Mn| > on’(log c_1)6k/2 for some n < NT>
(logc—l)4)\

<2 —_—
eXp( 8(A+1)

) —0 as ¢— 0
as desired.
We next turn to the second term in (24). We use that

E ({1 <p o toge1y24) | Fr—1)

= / Ohy (0 +6r_1)do
16|<k*a (loge—1)2*

/ 0h;§(9|0)d0 + / Ohr(0 +06;_1) — hZ(9|0))d9

16| <k*o (loge—1)2* 16|<k*o (loge—1)2*

= / 60 (hi (0 +6k—1) — h}(0]0))do,
|0|<k*a (loge—1)2*
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by the symmetry of 43 (0]0). Hence, again by Lemma 7,

|E (ukl{\uk\gkka(bgcq)z}"}| }—k_l)| < [9|<kla(logcl)2A

<o / 161} 010)do
|9|<k}‘0‘(10gc_1)2)‘

Aaj_10k@ M (log e~ 1)2+C—m
<
Aaj—10 (log c 2

101174 (0 + O—1) — hi (0]0)|d0

ifl<n<?2
ifn > 2,
for some constant A depending only on T and 7. Therefore, if 1| < n < 2,

n
ZE (“k1{|uk|<kha<logc—1)n}|fkfl)
k=1

n
< Ao (log ) Z o k@
k=1
< an*(log c—1)6k (An_("_l)“lan(log c—l)—ZA(1+n)> ’
andifn > 2,
n

Z E (uk1{|uk|<k}~a(logc*1)2)‘}| ]‘-k—l)
k=1

n
< Ao(loge™)? Y e
k=1

< an)‘(log c_l)é)‘ (Anl_)‘an(log c_l)_z(”‘_l)) .

By our choice of y, there exists 0 < ¢3 < ¢, depending only on T and 7, such that

n
Z E (Mk1{|L1k|<kka(logc*1)2A}| ‘7:1‘—1)

< on’(log ¢ Ho 2
k=1

provided ¢ < c3. From now on assume that ¢ < c3.

Finally, we deal with the last term in (24). The same computation as was used to
bound Z,, can be used to show that

P(lug| > ¢'/?; k < Np) < By.
We also have

P(k*o (loge™H? < Jug| < ¢'/?)

ol

1 0\?\ "
<Al +ag—1) — 1+(—> do
kka(logc*])n o o

e 2\ /2
< A/ (1+9 ) d6
kk(logcfl)n

< Ak_k("_])(log ¢ H=2ra=D,
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Hence, putting these two bounds together,

n
P <Z uid |, )= kra (0ge—1)2+y 7 0 for some n < NT>
k=1

< P(Jug| > kka(logcfl)”‘ for some k < N7)

N
<Ay (k—””—“(log ¢ =22 0=1) Bk)
k=1

<A ((1ogc—1)—l + NBN) )

since o < 0y.
But on the high probability event

{an| < an*(loge "% /2 forall n < NT}

|

n
N {Zukl{luk|>k)‘0'(10gc1)2)‘} =0foralln < NT}
k=1

n
ZE (Mkl{luklgkkd(logc_l)n}"Fk*l)
k=1

< on*(log c_1)6’\/2}

we have
sup 16,] < onk(logc_l)@‘
l’lgNT

and hence Nt = N. O

5.3. Modifications of the model. One criticism that can be levelled at the ALE(0, n)
model, from the point of view of modelling physical phenomena, is that the conformal
mappings distort the sizes of particles as they are added to the growing cluster. Using the
result proved above that the scaling limit of the ALE(O, n) cluster is a growing slit, it can
be shown that the size of the nth particle is approximately equal to d(cn) —d(c(n — 1)).
Using the expression for d(¢) in (9), we obtain

2172 ‘ .
den) — d(e(n — 1)) < | 7@-nm i en <L
2¢ce " if en > 1.

In particular, the first particle is of size approximately 2¢!/?

particles are strictly smaller.

A number of modifications to the model are possible which result in clusters where
all of the particles are roughly the same size. The simplest modification (cf. [13]) is to
recursively choose a deterministic sequence of capacities with ¢; = ¢ and ¢,, satisfying

, Whereas all subsequent

n
d(Cp) —d(Cp_1) = d(c) where C, = ch.
j=1
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Another modification (see [7,19]) is to take the logarithmic capacity of the nth particle
to be

cn = €| @)y (7))
for some regularization parameter ¢ > 0, not necessarily equal to the angular regular-

ization parameter o. Closely related (see [1,26]), is to choose logarithmic capacity ¢,
corresponding to slit length

dy = inf{d > 0:d|®,_ (1 +d)e'’)| = d(c)}.

In each of these modified models, the total capacity of the cluster no longer grows
linearly in the number of particles and is potentially random. It is therefore necessary
to modify the timescale in which to obtain scaling results. More precisely, given some
fixed T > 0, let

n() =sup{n: C, <t} for t <T,

and set N = n(T). The event 2y can then be defined as before.

It is relatively straightforward to verify that the proof and conclusion of Theorem 9
still hold for these modified models (and further generalisations). We only state the
modified result for n > 1, as the case n < 1 is identical to that for the Markov model,
for any choice of logarithmic capacity sequence.

Corollary 10. For n > 1 and ¢ > 0, define oy as in Theorem 9 and take ¢ < oy.
Consider a sequence of conformal mappings, constructed as in (2) from sequences
{0332, and {ck )72 |, where (without loss of generality) 61 = 0 and, conditional on
Fn1 =0, cr: 1<k <n—1),86, are given by (4).

Provided there exists some constant A > 0, depending only on T and n, such that

P(cy = Acforallk =1,...N) —> 1

as ¢ — 0, it holds that P(Qy) — 1 as ¢ — 0. Furthermore, such a constant A exists
for the three modifications defined above as well as for ALE(«, n) for any o > 0.
In this case, foranyr > 1 and T < 00,

sup sup |¥;(z) — fi(z2)| = 0 in probability as ¢ — 0,

t<T |z|>r

where WV, is the solution to (11) corresponding to the modified model, and hence the
cluster K; converges in the Hausdorff topology to a disk with slit of logarithmic capacity
t attached at position 1.

Note that, as we do not impose an upper bound on each logarithmic capacity c, it
is no longer necessarily the case that n(t) — ¢ as ¢ — 0. For his reason, we need to
compare f; with W, rather than @, as in the previous result.

Proof. The proof consists of checking step by step that each inequality in the proofs of
Lemma 8 and Theorem 9 still holds (possibly with new constants). The only changes
are that we compare ®,, to

6 0 6
fC’:, — fCl’l O+++0 ann
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instead of fcg,;’ and we need to define
Nt = 1nf{ 2 6k| > ak)‘(logc_l)(”\ orcy < Ac] AN

and then use the additional assumption in the statement of the corollary to show that
Nt = N with high probability.

To show that the additional assumption holds for the modified models defined above,
it is enough to show that, so long as n < N7, there exists some constant A (depending
only on T and n), such that

|q);l_1(e&+i9n)|—l - A

But this follows by using the (analogous) estimates in Lemma 8 for the modified model
and observing that there exists some constant A" (depending only on T') such that

Ifl@] <A

whenever | arg(z)| < f;/2andt < T. O

6. Estimates on Conformal Maps via Loewner’s Equation

We now obtain refined estimates on the distance between solutions to the Loewner
equation in terms of the distance between their driving functions, in the special case
when the driving functions are close to constant. These will enable us to prove Lemma 8.
Generic estimates between conformal maps tend to blow up close to the boundary (asseen

in, for example Proposition 3). As we wish to compare |/, (€9 to |( f Y (e7+i0)|
when o is typically much smaller than the difference between the respective driving
functions, we need bespoke estimates which behave well close to the boundary.

Suppose \Ifj (z) is the solution to the Loewner Eq. (11) with driving function &/,
for j = 0, 1. For fixed T > 0, let u/ (z) be the corresponding reverse-time Loewner
flows defined in (12), so that \IIJ () = uT(z) and (\Il Y(z) = (uT) (2). In Sect. 6.1,
we compare vl r(2) to \IIO (zo) under the assumption that \IIO (zo) (or, more precisely,
u?(zg), for0 <t <T) is “known”. Specifically, we find conditions on ||E — &0 =
Sup, < 7 lefé' — ¢i€”| and |z — zo|, which depend on u?(z0) and (u%)'(z0), under which
|utl(z) — u?(zg)| can be shown to be small.

In Sect. 6.2 we interpret this result when £° = 0. This enables us to compare Wl (2) to
f7(z) when &, the driving function of W, is close to zero. Specifically, we obtain refined
estimates in the case when arg z is close to 0 and in the case when |z]| is close to 1. We
also obtain cruder estimates which apply in the intermediate regime between these two
cases which are used in the proof of Lemma 8 to “glue” the two results together.

6.1. Analysis of the reverse-time Loewner flow. Define h : A x T — C by

uv+1
h(u,v) =u
uv — 1

so, by (12),

! () = hul (2), e 1), j=0,1.
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Observe that

My 2

— W, v) = - T 1

u (uv — 1)2 75
O vy = 2u? *
v VT T =2

Since
N oh —itd N
0 (uy)(z) = —8u(ut (2), e 1) (u; ) (2),

using (ué)’ (z) = 1, we therefore obtain

. t 2
W) () = exp (t - / 2 ) : (26)
0 (uf (z)e ™51 — 12

It is also convenient to write u,' () =r .(z)eml(z) where r,'(z) > 1 and ﬁj(z) e R

with 13‘0 (z) € (—m, ]. Substituting this into (12) and separatmg Re[(ut (2)e” g, +
1)/l (z)e” i _ 1)] and Im[(u (2)e &1 + /! (2)e” i1 _ 1)] we obtain the
two differential equations

j =1

' (r])? —2r] cos(®] — é%_[) +1

@7

J_
or; =r

and ] ) )
. r! sin(®] — &/
! =2 ! .( ! .ST"? (28)
(r] 2 — 2r] cos(@® — & ) +1

where we have suppressed the dependence on z to ease notation.
We observe that the right hand side of (27) is non-negative and maximised when

éT , = 0. In this case, the differential equation

J
ir; +1
dr] =r] Lt—
J
ri —1

can be solved explicitly,

rl(z) = (e 1212 +2¢ |z + €' — e/2(|z] + DVe (|z] + 12 — 4]z] —2|z|).

202

Noting that

Lzl + 1)?

|z|

4e'z], |zl > 1,

rl(z) <
we obtain the crude estimate

2] < luf ()] < 4lzle”. (29)
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Lemma 11. Suppose zo € A, T > 0 and £° : (0, T] — R are given and let

A /t 2|u (z0)|*ds
t = — .
0 |(@d) (zo)|ul(z0)e T~ — 1|2

There exists some absolute constant A such that, for all |z| > 1 satisfying

0 _"597; —1 t 0y/ -1
-zl <A™ inf [0 . (/ |9)' z0)| ds) |
0

0<I<T |w?) (z0)] u0(zo)e 51— — 113
(30)
we have, forall 0 <t < T,
0 0 t 0y/
u; (z) —u; (z u.) (zo)|ds
'Og ;1 (2) 6(/0) < Alz — 20 I( 3)§2)|
(z — zo)(uy) (z0) 0 [u0(zg)e T — 13
(where we interpret the left hand side as being equal to 0 if z = zo) and
@) (z) T (z0)ds
log —=—| < Alz — 20l 3 .
(u7)'(z0) 0 [u0(z)e 75 — 113
Furthermore, A can be chosen so that if, in addition, & L. (0, T] — R satisfies
Lg%, < A= inf
E" —&"0r o,
g0 -1
|ud (zo)e 57 — 1| R / Asl@) Go)l + 15 o),
@Y @) A+ 1)l \Jo 10 (zg)e 47— — 13 ’
(3D
then, forall0 <t < T,
ul () = )| < Al @o)llE" — € A (32)
and
) 2) Asl@) o)l + 13 o)l
‘1 og LG —s°||rf
( ) ( ) 0 |u0(20)e lsT s — 1|3

Lemma 11 can be interpreted as telling us that, provided u?(z()) stays away from

7, ul (z) will be close to u?(z¢) for sufficiently small |z — zo| and ||E! — £°||7. The
conditions in (30) and (31) quantify precisely what is meant by ‘sufficiently small’.

Remark. 1. Atfirst glance, Lemma 11 may not appear to be very illuminating. However,
the key point is that all of the bounds have been expressed purely in terms of u?(zg)
for0 < t < T, which enables us to obtain good estimates in situations where we have
good control over u?(zg). The benefit of this approach is demonstrated in Sect. 6.2.
There, u?(zg) is taken to be the solution corresponding to a constant driver and so
the relevant terms may be computed explicitly to yield simple expressions.
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2. The conditions (30) and (31) can be simplified by observing that by (27), for any
g :[0,T] — [0, 00),

! d 4 9,10
/ g (s’)os < sup g(s) % ds
0 |u9(Z0)e_lsT—s — 1|2 Ogsgt 0 rs ((rs) - 1)
= 1 sup g(s)log (Iu?(zo)lz ~ Dizol®
2 ogs<i U (z0) 2 (Jzol? = 1)
Therefore
f (s) -
S
inf g(t)*1 A / g. 5 ds
Ose<T 0 Jud(zo)e T — 12
can be replaced by

: Sl ozl T
inf H~'=1o .
ogtgrg( ) (2 £ lzo] — 1
However, in the cases we are interested in, it is possible to eliminate the log term by
computing the integral explicitly.
3. Although this result is most powerful when applied to specific choices of zo and &°,

it can be used to provide generic estimates too.
Observe that, by (26) and the crude estimates on |u?(zO)| in (29),

! $ 2 0 d 8 s O
A, g/ exp (_S+/ ug (z0)|dr ) 1zole® [u¥ (z0)| ds
0 0

_i£0 _i£0
u z0)e ™1 — 12 ) ul(zp)e ™1 — 12

T 20ud(zo)lds
= 4|zo] (exp (/ 5 é—l’éjo S 1
0 uy(zo)e °T— — 1|
and, by (27),

/f 20ud@o)ldr / 20r9ds _ | (4P Go)l = Dol + 1
0 u0G)e &t — 12 Jo (D=1 (lu? z0)| + D(lzol — 1)

Hence it follows from (32) (taking z = z¢) that there exists some absolute constant
A such that

(W) — Dzl + 1)
(V2@ + Dzl = 1)’

W7 (@) = Wp @] < AlE" = £°%l71(¥D) @)zl
By using standard distortion estimates to bound |(\Ilg)/ (z)], there exists some (pos-

sibly different) absolute constant A such that

AellzlIE" — &°l7
(Iz] = 1)?

1Wl(z) — wi(z)| <

(cf Proposition 3).
Here we have used only generic information about the two flows. We note that this
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last estimate is not optimal, however, as we have taken worst-case bounds for both A7
and |(\Ilg)’ (z)|, whereas typically these two quantities are bad in different regions.
Indeed, one expects the exponent 1 in the denominator as has been proved in the
chordal setting. In fact, one can start from the setting of Proposition 3 to obtain an
exponent 1 + 6 for § > 0 arbitrarily small (see [9]). Alternatively, one can localise
and use the half-plane case (see [11]). By following the latter approach near the tip
of a slit map, one can obtain an estimate that also exploits information about the
derivative but with a sub-power correction that we do not get here.

We emphasize that the case in which we apply this result is not the generic one. We
have much information about |(u?)/ (zo)| and the form of the estimates here allows
us to use this information efficiently.

Proof. Set 8/ = u,j(z) — u?(zg) for j =0, 1. Then S,j satisfies the ODE
ds’ . i .
d—; = hu! (2), e &) — h(uO(z0), e 57-1).

We shall obtain the desired estimates by linearising this ODE and showing that, under
assumptions (30) and (31), the higher order terms can be controlled.
Write

as! i on

0 60
W CICON D

o . 9h . .
e — e S o) e + HT ()
v
where, by direct computation,

. 2 ((a,f V26811 426 (7571 — e E1-)u0(20) + (e 5T — e 7-0)2 (40 (20))u! (z))
1 =—

W (zo)e & — 1)2(u (e 41 — 1)

Taking j = 0, we have
d 0 a]’l 0 _ ;&0 O\—1 0
3 1028 = (] o), e ) + () HO(r)
and hence, using (26) and that (u8)’(10) =1,
57

log—————— =
(z = 20) () (z0)
Taking j = 1, we have

t
[ N1 HO(s)ds. (33)
0

i( z ) - B4 yy)
dr \@®(zo))  @0)(z0) At (¥ (zp)2dt \"' 0
1 o1 .0 _dh .0
= —n 7ZST—t —_ 715T—t R 0 71‘57‘_[ 1
JRCHIED) <(e ¢ R0 e <’>>

and hence, using (25),

1 t —igl_ =€)\ 00, N2 ' 1
Oat 20 = _/ 2(e e .O)MS(ZO) ds+f IZ/(S) ds. (34)
(u)'(z0) 0 (u0) (20) (u0(z0)e'sT-s — 1)2 o (ug)'(zo)
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Since

< g = £%r A,

/f 2t — @)
A
0

(u9) (z0) (u? (zo)eiggfx —1)2

it follows immediately that

TH ()] )
——ds ).
|9 (z0)|

We next obtain bounds on H/ (¢), under the assumption that r < T/, where

18 — (z — 20) %) (z0)| < 1) (z0)] (uel — &7 A, + fo

T/ =inf [z >0:18/| > 21u?) (z0)] (IIS’ — & A + 1z — zo|)} AT.

In what follows, we shall show that if we take A = 25 in assumption (30) then 70=T
and if we take it in (30) and (31) then 7' = 7. (Note that we have made no attempt to
optimise the value of A.)

Using (31) and (26),

_ ;&0
16! — £0p < 1EGoe T — ]
251u7 (20|

and

4 (z0)e ™7+ — 1]

8/ <
671 25

forallt < T/. Hence,
Jul (2)e 41 — 1] — [u0 (zp)e - — 1]
< luf (@) 57 — udzg)e 60|
; e L 0
< Juf (2) — ud (zo)le T~ | + e 51 — 75T ||u (z0)|
<1871+ 1187 = &°l7 |uf zo))
1 .
< Slufoye 5 1
and so
Jooy,—ikd 4 0 —i£l
lu (2)e °T— — 1] = glu, (zo)e °T—1 —1].
Also
j 0 i - 33 0
lu; (2)| < |uf (zo)| + 167 | < £|M,(20)|~
Hence, using the bounds above,

5(89] < 5 12— 200l o)l

! < ,
20ulzo)e ET- — 1P [ud(zo)e T — 1P

6D HO0)| <
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and so, by (33), 7O = T and the first statement in the lemma follows. Similarly
5
20u (zo)e E 1 — 13
33
X <<53)2 +20ul zo) 16} 118" — &%l + glu?(Zo)PIIEl —s“n%)

<20(|I§1—$°||2A2+|Z—20|2)I(M?)’(Zo)lz 2331ul(z0) 1€ — 07

|H'(1)] <

jud (zo)e ™ 51 — 113 250(u0 (zo)e 1+ — 112
By (31), we have
! H1 N t uO / z
[ Oy, < et g, 4200 o @Gl
o @) (z0)l 0 [u0(zo)e s — 1P

It follows that 7' = T and hence
18] — (2 — 20) (1)) (z0)|

t 0y/
<1 (z0)| <2||§‘ — 007 A, +20]z — zo? () o)l ds) .

_j&0
0 u(zo)e™ 1= —1P3

To obtain estimates on the derivative, we use that

t . L
log(u/) (2) = / _Z(uﬁ(z),e_’gh)ds

t .
= / (%u?(zm,e’f?—w + H] (s)) ds
0 ou

t .
— log()' (z0) + /0 H] (5)ds

where
(s - )
H (1) = — —
ud(zo)e 57— — 1)(u] (2)e 7 — 1)
( 1 1 )
X — + — — )
u(zo)e T — 1y () Er 0 — 1
As above,
; 25 (. | (z0) | Ay + [l (20)] ) (z0)]
|H{ ()] < > (II%" — &% 7 5 ; + |z — 20| 0
uf (z0)e 57— — 113 ud (zo)e 571 — 1]3
and hence
0y/ A + 0
log (”01) (z) 16/ — £ " (uy) (20)| lus o)l |
(uy)'(20) 0 [u0(zo)e s — 13

+|z — z0]

W (zo)] ds) |

_i£0
0 [ud(zo)e™ T —1P3
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Finally, we observe that, by the same arguments as above, under assumption (30) with

250 250

A =25,1u0(2)| /1 o). [uf (2)e ™7 11/ | (z0)e ™7+ 1| and | (uf)'(2)]/1(u?) (z0)]
can be bounded above and below by strictly positive absolute constants and hence there
exists some absolute constant Ay > 1 such that

1) @IA + [ @] < Ar (160 o) A+ 1 z0)1)
forall0 <t < T, where

A / ’ 20 (2) ds
= . .
0 @) @)Iud(2)e't- — 112

Hence, if assumption (31) holds with A = 25(5 /4)3A1, then

0 7i$;)"—t —1
lg! — %y <2571 inp (Lute -]l
o< \ [d) @) A, + 10|

—1
N / Asl@d) @1+ @)l |
0 Jud(@)e s — 1P
and so we may set z = zo in the computation above to get that

lul(z) — ul ()] <21 @)Ig" — %7 Ar < AlW¥) zo)llIE" — %7 AT

and

‘log @) (2)
@9 (2)

asrequired. O

0y/ 0
< Alg! —SOIIT/O As|(ug) (zo)| + lug ol 4

u0(z0)e 415 — 13

6.2. Small driving functions. In this section, we explicitly evaluate u?(zg) and (u?)’ (zo0)
when 50 = 0 and either arg zop = O or |zg| = 1. This enables us to compare W7 (z) to the
slit map f7(z) when &, the driving function of W, is close to zero. Since 5?4 does not
depend on T, u%(z0) = f:(z0) and (%) (z0) = f/(z0) forall # > 0. We could therefore,
in principle, just substitute the estimates from Sect. 4 into Lemma 11. However, instead
we observe that in these two cases solving the pair of differential equations (27) and
(28) reduces to solving a single ordinary differential equation, and we are able to obtain

explicit solutions directly.

First suppose that zo = r > 1. Set u?(zo) = roe”?r From (28) it is immediate that

ﬁto = 0 for all # > 0. Substituting this into (27) we get

0
ry+1
8trt=rt06 .
ry —1

o <(r,0+1)2r>_
e+ 2) ~

(35)

Solving this gives
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0 o (r+ 1)2e! 4re—t
=r, =——11 ]—— —1. 36
ur o) =y 2 " r+1)2 (36)

Observe that if = 1, then r” = d(z) + 1.

Now suppose zo = ¢'? where |0| € (0, 7). Although u?(zg) is not explicitly defined
when |zo] = 1, u?(z) for |z] > 1 can be continuously extended to the boundary of the
unit disk in a well-defined way, so this is the interpretation we put on u?(eig).

From (27) it is immediate that 0 = 1 for all + < inf{r > 0 : u%('%) = 1}.
Substituting this into (28) we get

or

sin 9 0
900 = — 5 = —cot —-
1 —cos ¥, 2
Solving this gives .
9 = 9(e"?) = cos™! ((1 +cos@)e’ — 1) (37)

and hence
inf{r > 0:u’(e"?) =1} = log ——.
inf{r > upe”) J Ogl+cos€

Corollary 12. Suppose V;(2) is the solution to the Loewner Eq. (11).

(i) (Near the tip). There exists some absolute constant A such that, for all |z| > 1 and

T > 0 satisfying |€ll7 + | argz] < A=\ (|z| — 1)/|z], we have
W7 (2)] - (AIZI(II’;“IIT+|argZ|))2
|fr@1 ] |z = 1

(1) (Away from the tip). There exists some absolute constant A such that, for all |z| > 1
and T > 0 satisfying

‘log

T <log ————
o8 1 + cos(arg z)

and
0

ar, [
lENlT +1z] — 1 < Ailefr/zcot%tan TT‘/I — cos VY,

where l?to is defined as in (37) with 6 = arg z, we have

log W7 (2)] . Ayel (el —D(IEllr + 1zl — 1) <1
argz 90| 1 — cos 0 s

tan 5 COtT

1 —cos(arg W7 (z)) < A(1 — cos 199),
and

1}0
Wr(z) — 1> A~ (|z| — 1) tan % cot 7T
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Proof. (1) Set zo = |z| and define r,0 as in (36), with r = |z|. Using (35), we compute
|(u?)/(zO)| and A, from Lemma 11. By (26),

t
) (zo)] = €' exp [ — / s
0o (P9 —1)2

! 20,19
=e¢'ex (—/ #ds)
P\ ) 02—y

_ 7= Dey?
((r)2 = Dr?

=D+

0= Drer+1)

!
Le.

Therefore, again using (35),

A /‘t (r?—l)r(r+l) 2(r§,))2 d 2r(rt0—r)
= S =
"o = D00+ 1) (0 - 1)2 r—Ded+1)
and so
2r0(r0—r)
0y/ t \'t 0
u ANy=————"—<X1,.
W) @A = g <
Hence
@) GOIA +|uf@o) 2] 2Iz|
| (z0) — 1 S0 T -1
and
t 0y/ 0 t 0
/ ) GolA; + @l </ K
0 |ug (z0) — 11 o P =1 lz| — 1

Here we have used that r,0 > |z| forall 0 < ¢ < T in each of the final inequalities in
the preceding two displays. Similarly

@) ol _ 1
ufz0) =11~ Izl =1

and

/, @) @)l 1
0

S .
[u(zo) — 113 7 2lz|(Jz2 = 1)
By Lemma 11, using that r,o < 4|z]e’, we get

V7. (2)

_ Al
fr@

Szl =17

‘log
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By using that u?(zg) and hence (u?)’ (zo) are purely real, that
[Re @) — 1] < 11}
and that

IRe z — |z|| < |zl(arg2)?,

it is possible to repeat the computations in the proof of Lemma 11 for the real parts
of utl (z) and log(utl)’ (z) to obtain the stronger bound

W7 (2)| —‘R W (2)
e )

We omit the details as the argument is almost identical to that used in the proof of

Lemma 11. _
(i) Setzg = € ¥ If0 <t < T < log 14-(:()82ng)’ then defining 19,0 as in (37), with

0 = argz,

- <A|z|<||snT+|argz|>>2'
lz] — 1

'log

1u%(z0) — 117 = 2(1 — cos #?),

1) (z0)| = (/td—s)
) ROV=EXRA f 1 —cos 0

t 9 190
= exp (—/ = Sods>
o Sindg

0

= tan — cot —,

2 2

and
0

0 (! tan%’ o v
At=cot—/ ——=—ds =1—cot—tan —.
2 Jo 1—cos®? 2 2

By standard trigonometric identities, and using the explicit value of z?to from (37),

6 v (1 —cos6)(1 +cos ) (1 — cosO)e! 2(ef — 1)
tanzcot—: = = /14 —-—°

2 (1+cos@)(1 — cos ) N 1 — cos ¥ 1 —cos®?
(38)

Hence

0
WY (z0)| A, = tan & cot 2L — 1,
! 2 2

00
1) z)| Ay + 1ul(zo)| 1) (zo)]  tan§cot F

|u? (z0) — 1] B [u%(z0) — 1] B 2(1 — cos ﬁt())
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and
t 0y P 190
0 cot =
/ |(MS) (z0)| ds = 273/2 tan — / ds
o ud(zo) — 113 o (1 —008190)3/2

< tan ! cot sm 190 ds

23/2/T+cos8 Jo (1 —cos®?)?
tan % cos ¥ — cos 6

" 232 /T+cos6 (1 — cos 09)(1 — cosh)

0
(1 — e tan % cot 197’

23/2(1 — cos@),/l —cos )

t/2

tan COt

<—$
4,/1 — cos ¥

where we used the upper bound on 7 in the final line. The first result follows directly
from Lemma 11. For the second, as in the proof of Lemma 11,

luk (z)e™ %0 — 1)

2 (1 — cos(arg |Wr(2)| — &) <
< 4lup(z0) — 1> = 8(1 — cos ),

and the result follows by using the assumption on ||£ || 7. For the final result, observe
that, by (27) and Lemma 11 there exist absolute constants A; such that

oo [YT@I =1
og—————
2l - 1
_ /T s @1 @1+ D
0 luf(@)e e — 112
T 2 T 2
> [ e [ , -
/o|u?(zo)—1|2 o Iluf@e 1= =112 |up(z0) — 1]

. /T dr _AI/T 4y (@) —up @)l + gl .
0 0

1 —cos |uf (z0) — 113

o vl

> logtan — cot L
2 2

T 0y/ 0 T Ov
— Ay (Iléllr/o Arl(y) o)l + luy (Z0)|dt+(|z| B 1)/' l |(uy)' (z0)|dt 1|3)
uy

U0 (z0)e &1+ — 113 0(z0)e 571 —

o 0
> lo tan — cot —— — Aj.
g ) ) 3
Taking A > e gives the required result. O

Next, we extend Corollary 12 (ii) to give a lower bound on the derivative that holds
for all values of T'.
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Lemma 13. Suppose V,(z) is the solution to the Loewner Eq. (11). There exists some
absolute constant B such that, for all T > 0 and |z| > 1 satisfying

€T +12] —1 < A™1/1 = cos(arg 2),
where A is the absolute constant from Corollary 12 (ii), we have
(Jz] = 1)y/1 — cos(arg z)

BeT (J&llr +1zl = 1)

Proof. We first obtain a generic lower bound on |W/.(z)|, without making any assump-
tions on the driving function & or initial value z. By (26)

W7 (2)] =

T
2
log |V’ (2)] > T—/ : s
g W7 (2)] Py TE
o T2 e @R - D)
-7 2 I 1)
o rt(rhH?=1) lzI* (W (2)] )
Therefore, using the fact that |Vr(z)| > |z],
T
—1
Wil > S EHZD
Wr(z)| —1

Now suppose T satisfies the conditions of Corollary 12 (ii). Then
|W(2)] = e~ tan(arg(z)/2) cot(99/2) > 3

and hence the required result holds provided B > 3+/2.
If T does not satisfy the conditions from Corollary 12 (ii), then there exists some
0 < S; < T such that

0
_ argz Vg
€T + 1zl — 1= A" le ™51/ 2 cot === 5 tanT1 1—00519(5)1.

By (38), this is equivalent to

1 —cos ¥y = AeS (JIEIr +|z| — 1)y/1 — cos(arg ).

We can write W (z) = Wr_g, (¥s, (z)) where g, is the solution to the Loewner equation
for some driving function which is bounded by ||£|| 7. Using the generic estimate above,
the results of Corollary 12 (ii) applied to Vg, (z), the identity in (38), and that W7 (z)| —
1< 4fzle”,

, T~ Slw
e (Izl N 1)tan2(arg(z)/2) cot’ (95, /2)
= 12A|z]eT

_(Jz] = (1 — cos(arg z))
© 124(1 —cos¥Y)

(|z| —1),/1 —cos(arg z)

12AZeT(IIfIIT +lzl =1

Taking the absolute constant B = 1242, gives the required result. 0O
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Finally, we describe the radial and angular effect of the slit map f;(z) near the tip for
small values of ¢.

Lemma 14. There exists some absolute constant B such that, for all 0 < t < 1 and
|z| > 1 with |argz] < 112, we have

i@ — 1= B2 and |arg f,(2)| < B(z| — D).

Proof. By (27) and (28), | f;(z)| is increasing in ¢ and |arg f;(z)| is decreasing in z.
Therefore, without loss, we may assume that 7] —1 < A 112 and (1 —cos(argz)) /2 >
A(|z] — 1) where A is the absolute constant from Corollary 12 (ii). (Here we have used
that | arg z| < (1 — cos(arg )2 1t follows that |z] — 1 < A~H(1 — cos(arg )Y2 and
so there exists some s < log(2/(1 + cos(arg z))) such that

ar, 90
lz] — 1= A_le_s/zcot%tan 75,/1 —cos ),

where 15‘? is defined as in (37) with 6 = arg z. Observe that, by Corollary 12 (ii),

1 — cos(arg fs(z)) < A(1 — cos 19;))
0

argz vy

2
= A <(|z| — D tan == cot — ) <3A(| fi ()| — D2

Hence, again using (27) and that | arg f(z)| is decreasing and | f,(z)| increasing in r,
we have for all s < r <t that

ar'fr(Z)| > |fr(Z)| |fr(Z)|2—1
(£ @] — D2 +2]f(@)|(1 — cos(arg f;(2)))
— |fr(Z)|2—1
> AT f (@l
TG

for some absolute constant A;. It follows that

<<|ft(z>|+1>2> ((Iﬁ(z)|+1)2|fc(z)|)

og|l ————— ] > 1o

4 £ (2)] | @I f5(@)] +1)?
t=s ((d((t—s)/A1)+2)2>
A B\ —s)/An+1)

WV

and hence | f;(z)| = 1 +d((t — 5)/A1). Since 0 < ¢ < 1, it is straightforward to verify
that
2 t

log—mMM— < =
87 +cos(t1/2) T2

and so s < t/2, Therefore |f;(z)| — 1 = d(t/(2A1)) = Bf]tl/2 for some absolute
constant Bj.
By (27) and (28),

o (arg fr(2)) _ =28 (1f/»(D
sin(arg f7(2))  1fr(@)F =1
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and hence, integrating both sides,

tan (argf,(z)) _ tan<arg2) (i@ +D(zl =1
2 2 /(i@ =Dzl + 1D
tl/z) Q2+d@)(zI =D

< -
\Bltan< 3 21172

It follows that there exists some absolute constant B > Bj such that |arg f;(z)| <
B(jz| —1). O

We are now in a position to return to the ALE(0, n) model and apply our results to
prove Lemma 8, which we restate for convenience.

Lemma 8. Fix T > 0, letn < |[T/c] and set g, = (e — 1) v SUPg <y |0kl

1

(i) There exists some absolute constant A > 1, such that if |0 — 6,| < ¢ 2 and &, <
@' ( ea+i9)
n

A_lcl/z, then
‘ (finy (eo+i9)

(ii) There exist absolute constants A and B only dependent on T, such that if €, <
A~ 2 then

- 1‘ < Agie™l.

’cb;(e‘”*’)‘ > B e 1o (1 — cos® — 6,)) /2.
Proof. (i) By the chain rule,
O O (TS ) B (e (@)
() €419)  (fr o) (f (@O (S (@10 (fiy)e) (fe" (@*1%)
Set

w = fce,, (ed+i9) — el’@,,f'c(eﬂ'+i(9—9n)).

Thenif |6 —6,| < ¢'/?, by Lemma 14, we have |w|—1 > B~ !'¢!/2and | argw—6,| <
B(e? — 1) for some absolute constant B, and so

26, + |argw — 6,] < 2B + B)e,c 2 (w| — 1).

Since the conformal map e'% ®,,_{ (ze %) has driving function bounded by SUPy<p 10k —
0, < 2¢,, by Corollary 12 (i), there exists some constant A (different to that in the
corollary), such that if &, < A~!e!/?, then

@ (w)
(fet_1y) (w)

Observe that it is not possible to apply Corollary 12 (i) directly to ®,, in the argument
above, as this result requires (|z| — 1)/|argz — 6,| to be bounded away from zero
which is not the case here. This is where we use that ®,, evolves in discrete steps.
Specifically, we invoke Lemma 14 to show that the single slit map fce " maps z into
a region in which the condition needed for Corollary 12 (i) holds.
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(i) The result follows directly from Lemma 13. O
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