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Abstract: We develop the notions of multiplicative Lie conformal and Poisson ver-
tex algebras, local and non-local, and their connections to the theory of integrable
differential-difference Hamiltonian equations. We establish relations of these notions to
q-deformed W-algebras and lattice Poisson algebras. We introduce the notion of Adler
type pseudodifference operators and apply them to integrability of differential-difference
Hamiltonian equations.
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1. Introduction

It has been demonstrated in a series of papers, [BDSK09,DSK13,DSKV14,DSKV15,
DSKV16,DSKV18] to quote some of them, that Poisson vertex algebras play as a fun-
damental role in the theory of Hamiltonian integrable PDE, as the Poisson algebras do
in the theory of integrable Hamiltonian ODE.
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Recall that a Poisson vertex algebra (PVA) is a unital commutative associative algebra
V with a derivation 9, endowed with a Lie conformal algebra (LCA) A-bracket

V®V — V[Al, a®bw— {a)b},

such that one has
L (left Leibniz rule) {aybc} = {a,b}c + b{a;.c}.
Recall also the axioms of an LCA:

Al (sesquilinearity) {0a; b} = —A{a,b}, {a)0b} = (0 + A){a,b};
A2 (skewsymmetry) {b)a} = ——{a_y_,b};
A3 (Jacobi identity) {ay{b,c}} — {bulasc}} = {{anb}rsuc).

Note that PVA appears naturally as a quasiclassical limit of a vertex algebra, hence
the name.

For a non-local PVA the A-brackets are allowed to take values in V((1~1)), the
space of Laurent series in A~!, and they are not quasiclassical limits of vertex algebras.
However they are indispensable for the theory of integrable Hamiltonian PDE [DSK13].
Note that one of the main sources of non-locality is the Dirac reduction, which makes
non-local even a local PVA [DSKV14].

Now, according to Kupershmidt’s philosophy [Kup85], many ideas of the theory of
integrable PDE should be extended to the theory of integrable differential-difference
equations. In our recent paper [DSKVW 18] we observed that, in order to extend the
ideas of the PVA theory to the theory of integrable Hamiltonian differential-difference
equations, one is led to a “multiplicative” version of LCA and PVA. This notion was
derived in [DSKVW18] from the notion of a I'-conformal algebra [GKKO9S] for the
group I' = Z.

Note that, while the vertex algebras encode the operator product expansion of local
fields along the diagonal, and the Lie conformal algebras encode its singular part, the
['-conformal algebras encode the singular part of the operator product expansion off the
diagonal when only simple poles are allowed.

Recall [DSKVW 18] that a multiplicative PVA is a unital commutative associative
algebra V with an automorphism S, endowed with a multiplicative LCA A-bracket

YV — VLA, a®b {anb),

such that the same left Leibniz rule L holds as in the “additive” case. The axioms of a
multiplicative LCA are multiplicative analogues of A1-A3:

M1 (sesquilinearity) {S(a)\b} = 2~ Hanb), {an S(b)} = AS{ayb);
M2 (skewsymmetry) {b,a} = —{a;-15-1b};
M3 (Jacobi identity) {ay{b,c}} — {bu{asc}} = {{a,b}yuc).

Note that axioms L. and M2 imply
rL (right Leibniz rule) {ab,c} = {a,sc}-b + {bysc}—a.

(As usual, the arrow indicates where S should be moved.)

The non-local multiplicative PVA are indispensable for the theory of integrable
Hamiltonian differential-difference equations as well. But, while in the “additive” PVA
case the A-brackets could be allowed to take values only in the Laurent series, the “mul-
tiplicative” A-brackets can be any bilateral series in A. However, for the “multiplicative”
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Dirac reduction one needs the A-brackets to be rational, i.e. symbols of rational difference
operators (see Theorem 5.12).

In [GKK98] a correspondence between multiplicative LCAs and multiplicative g-
local formal distribution Lie algebras was established (see also Theorem 2.14 of the
present paper), which is similar to that in the “additive” case [Kac96]. However, in the
“multiplicative” case this is just one side of a medal. The other side is a correspondence
between multiplicative LCAs and local lattice Lie algebras (see [GKK98] and Propo-
sition 2.19 of the present paper). The latter is a Lie algebra g with an automorphism S
such that [S" (a), b] = 0O for all but finitely many n € Z (a, b € g).

In the same spirit, the non-local g-deformations of W-algebras attached to sly of
Frenkel and Reshetikhin [FR96] can be encoded by the non-local multiplicative PVA
Wh (see Example 5.13 for N = 2 and 9.14, 9.13 for general N), and what is called
the “lattice analogue” [FR96,HI97] is encoded by the same multiplicative PVA (see
Example 4.6 for N = 2) as the corresponding non-local lattice Poisson algebra.

Note that, as in the additive case [Kac96], an important ingredient of the theory is
the multiplicative calculus of formal distributions, in particular the multiplicative formal
Fourier transform, which we naturally call the formal Mellin transform (see Sect. 2.3).

In our paper [DSKVW 18] we classified all (local) multiplicative PVA in one variable
u up to order 5, which provides a rather large list of examples. In particular, applying
the Lenard—Magri scheme to the simplest compatible pair from this classification, we
proved the integrability of the Volterra lattice:

du

dt

The simplest example of a non-local multiplicative PVA in u is YW, given by
AS —1
AS+1

=u(S7' = S)u.

{upu} =u

u.

This A-bracket is compatible with {uu} = A—A~!. Applying the Lenard-Magri scheme
to this pair, we prove integrability of the modified Volterra lattice (see Sect. 4.2)

dv_ V(S = S)Hv

dt '

More generally, in Sect. 4.3, using the non-local multiplicative PVA Wy with N > 2
we construct a bi-Hamiltonian equation (4.12) inn = N — 1 variables, and conjecture
that it is integrable.

After developing the foundations of the theory in Sects. 2-5, we turn to the notion
of an Adler type pseudodifference operator, which is a “multiplicative” version of that
introduced in [DSKV15,DSKV16,DSKV18]. Given a unital commutative associative
algebra V) with an automorphism S, the algebra of pseudodifference operators V((S~!))
is defined by the relation

S"o f=S"(f)S", neZ feV.

An operator L(S) € V((S™)) is called of Adler type if the following identity holds with
respect to a multiplicative A-bracket on V (i.e. satisfying axioms M1, L and rL):

AS A AS
L(D) — L@ (-

{L(2), L)}y = L(wAS)s( )L (w)

1 A
- E(L(wAS) + L(w))(L*(Z) — L(2)). (1.1)
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Here 8,(z) = ), 2", L(z) is the symbol of L(S), and L*(S) stands for the adjoint
operator, defined by (fS")* = S" o f.

We show that, as in the additive case, identity (1.1) implies that the subalgebra of
V generated by the coefficients of L(S) is a multiplicative PVA (Corollary 6.3) and,
moreover, the hierarchy of difference equations of Lax type

dL(S)

di, =[(LS))+. L], n=1,2,..., (1.2)

is compatible, and has conserved densities
1
h, =——mRes L(S)?, p=1,2,..., hp=0. (1.3)
p

Hereafter mRes stands for the coefficient of S°.

In fact, following ideas from Oevel-Ragnisco [OR89] we introduce the notions of a
3-Adler type pseudodifference operator (see Definition 7.1), from which identity (1.1)
is obtained by a degeneration. We show that we again obtain a multiplicative PVA for
which (1.2) is a hierarchy of compatible difference equations and (1.3) are integrals
of motion. As a result, we obtain in Sect. 8 a tri-Hamiltonian hierarchy of difference
equations

L L L
dL(Z)z{/hn_l,L(m} ={/hn,L<z>} ={/hn+1,L(z>} . nel
dt, 3 2 1

One of the most important operators of Adler type is the “generic” pseudodifference
operator of order N:

LyS) = u;s,
J=N
where u Ny UN=T5 - - is the (1nﬁn1te) set of generators of the difference polynomial

algebra Voo ~- Identity (1.1) endows Voo N with a structure of a (local) multiplicative
PVA, and an integrable hierarchy of Hamiltonian differential-difference equations (1.2)

on L(S) = Ly(S). Applying the Dirac reduction (provided by Theorem 5.12) by the

constraint uy = 1 to the multiplicative PVA 1700, N, we obtain the algebra Voo v of
difference polynomials in the variables uy_1, uny—_3, ..., so that

L) =S +uy_ 1SV T+ ovug+. ..,

satisfies the Dirac reduced identity (9.4) of (1.1). As a result, we obtain the following
rational multiplicative PVA structure on Vo n:

N—i

{uisuj} = (jn S 7 iy — i n(AS) 1)
n=0

+u; ((AS)N - (AS)j> ((AS)N - 1)_1 (1 - (AS)—I') wi,  (14)

subject to
uy=1, u; =0 for j > N. (1.5)
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Note that for N = 1 the A-bracket (1.4) is local, hence we obtain an integrable hierarchy
(1.2) on L(S) = Ln(S). This is the discrete KP hierarchy, studied in detail by Adler
and van Moerbeke in [AvM99].

Next, assuming that N > 2, consider the difference subalgebra Vy of Vo, n generated
by uy—1,...,ur, ug. It is clear from (1.4) that the element u is central, hence we can
further reduce by the difference ideal generated by uy — ¢, where ¢ is a constant. As
a result, we get the multiplicative W-algebra Wy, which is the algebra of difference
polynomialsinuy, ..., uy—_1, with afamily of multiplicative rational Poisson A-brackets
{uipujt = cluipujt + {uizujla, where

{uiuih = (W)™ = A )uij,
and

jiti-l B (AHY = (8)7)(1 = 38)™)
{uipujls = (;— > )”"(”) Uivj—n U SN —1 e

n=i

subject to (1.5) (see Sect. 9.4). This Poisson structure (for ¢ = 1) corresponds to the
q-deformed W-algebras of [FR96] mentioned above.

We find it remarkable that, though the multiplicative PVA Wy is non-local, it contains
a beautiful local multiplicative PVA, which we denote by Ay, in the same number
of difference variables (see Example 5.10 and Theorem 9.8). The corresponding local
lattice Poisson algebras for N = 2 and 3 are the well-known Faddeev—Takhtajan—Volkov
[FT86] and Belov—Chaltikian [BC93] algebras, and for N > 3 they are the more recently
discovered Mari—Beffa—Wang algebras [MBW13].

As we have mentioned above, the pair of compatible multiplicative Poisson struc-
tures for YV, leads to integrability of the modified Volterra lattice via the Lenard—
Magri scheme, while the pair for A, leads to the integrability of the Volterra lattice
[DSKVW18]. Likewise, for any N > 2 we get a bi-Hamiltonian differential-difference
equation on N — 1 functions, which is a multicomponent generalization of the modi-
fied Volterra and Volterra lattices, see (4.12) and (9.16) respectively. These equations
have been discovered by Mari—Beffa and Wang in [MBW 13]. We conjecture that in both
cases the Lenard—Magri scheme can be infinitely extended, proving thereby integrability
of these lattices. Note that in both cases certain master symmetries are constructed in
[MBW13].

We are planning to develop in the subsequent publications a theory of multiplicative
W -algebras, attached to any simple Lie algebra, which will include these examples.

In the last Sect. 10 we discuss various reductions of the discrete KP hierarchy, reprov-
ing thereby integrability of various Hamiltonian differential-difference equations, like
the Volterra lattice, 1-dimensional Toda lattice, Bogoyavlensky lattice. In conclusion,
we present the 2-dimensional Toda lattice by Ueno and Takasaki [UT84] and the corre-
sponding two compatible multiplicative PVA structures. The corresponding local lattice
Poisson algebra structures have been computed by Carlet [Car05].

We are grateful to Sylvain Carpentier, who pointed out to us that the pair of Pois-
son structures from Example 4.6 can be used to prove integrability of the modified
Volterra lattice via the Lenard—Magri scheme. The research was partially conducted
during the authors’ visits to MIT and the University of Rome La Sapienza. We are
grateful to these institutions for their kind hospitality. The first author was partially
supported by the national PRIN fund n. 2015ZWST2C_001 and the University funds
n. RM116154CB35DFD3 and RM11715C7FB74D63, the second author was partially
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supported by the Bert and Ann Kostant fund, and the third author was supported by
a Tshinghua University startup research grant when working in the Yau Mathematical
Sciences Center.

Throughout the paper the base field I is a field of characteristic zero.

2. Multiplicative Lie Conformal Algebras and Multiplicative Poisson Vertex
Algebras

2.1. Multiplicative Lie conformal algebras (mLCA).

Definition 2.1. A multiplicative Lie conformal algebra (mLCA) is a vector space R
endowed with an invertible endomorphism S : R — R and a linear (over [F) multiplica-
tive A-bracket

{2}: R®R — R[AMATY, a®b> {a;b),

satisfying the following axioms (a, b, ¢ € R):

(i) sesquilinearity: {Sa; b} = A~ {ayb}, {a, Sb} = LS{a,b},
(i1) skewsymmetry: {a, b} = —{b;-15-1a},
(iii) Jacobi identity: {ay{b,.c}} — {bufarc}} = {{arb}ruc).

In the RHS of skew-symmetry S is moved to the left to act on coefficients. Namely, if
{bra} =", cad”, then {by—1g-1a} =), ST (cp)A™".

Note that, as a consequence of the sesquilinearity axioms, S is an automorphism of
the A-bracket. The reader should not fail to notice that a multiplicative Lie conformal
algebra is a multiplicative analogue of a Lie conformal algebra [Kac96]. This notion was
derived in [DSKVW 18] from the notion of a I"-conformal algebra [GKK98] for I" = Z.

Example 2.2. Let g be a Lie algebra. The current mLCA is defined as
Curg=F[S, S '®g,

with S acting by left multiplication on the first factor, and with the multiplicative A-
bracket given by

(" R@ayS" b} =A1""S"®[a,b]l, a,beg, m,necl.
In other words we extend by the sesquilinearity axioms the Lie bracket of g.

Example 2.3. The general mLCA mgc, is defined as the free module over the algebra
F[S, S _1] with generators u,,, m € Z, and the A-bracket on generators defined by

{mptn} = A"S™" = Mupsn, m,n € Z,

and extended to mgc, by the sesquilinearity axioms. It is shown in [GKK98] that repre-
sentations of an mLCA R in the free F[S, S~!]-module of rank 1 correspond to homo-
morphisms R — mgc;.

Example 2.4. Let V be a vector space. The general mLCA over V isdefined asmgc(V) =
mgc; ® End V. For A € End(V) and n € Z denote A, = u, ® A. The multiplicative
A-bracket on mge(V) is given by (A, B € End V)

{AmaBn} = kimSim(AB)mHz - K”(BA)"H_,Z, m,n € 2.

For N € Z>¢, we denote mgc,, = mgc(V), where V is an N-dimensional vector space.
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The following is the “multiplicative analogue” of the Key Lemma in [Kac96].

Lemma 2.5. Let R be an mLCA, and let [ : R — R := R/(S — 1)R be the quotient
map. Then we have a well-defined Lie algebra bracket {-, -} on R given by

{fa, [b} = [{a:b}],_,. 2.1
We also have a well-defined representation of this Lie algebra on R, with the action
{~}: RxR— R, {fa b}={arb}|,_,. (2.2)
by derivations of the A-bracket, commuting with the action of S on R.

Proof. Obvious. 0O

2.2. Affinization of an mLCA. Let R be an mLCA and let A be a unital commutative
associative algebra with an automorphism S4. Then, in analogy with the LCA case
[Kac96], we can construct a new mLCA, called the affinization of R, as

R=R®A,
with the automorphism S =S® S4 and the following multiplicative A-bracket:

{a®fxb®g}~={a,\5[{b}®f-g, (2.3)

where S Ii denotes S4 acting on the first factor. Explicitly, if {a;b} = ), c,A", then the
RHS of (2.3) is

> e ®Sh(fHg A"

Proposition 2.6. The triple (1? .S, {-»-1}7) defined above is an mLCA.

Proof. Straightforward. O

2.3. Multiplicative calculus of formal distributions. Recall that a formal distribution in
the variable z with values in the vector space g is a formal bilateral series

a() =) a,z" egllzz N an g 2.4)

nez

Similarly, a g-valued formal distribution in two variables z and w is an element of
gllz, z~", w, w™']]. An example of an F-valued formal distribution is the multiplicative
8-function

5 =) 7" (2.5)
nez
It has the following property:
a(2)8(z/w) = a(w)d(z/w) € gllz, 2" w, w1, (2.6)

for every formal distribution a(z) € gl[z, z~'1].
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The multiplicative residue of the formal distribution (2.4) is defined as
mRes;(a(z)) =ap € g. 2.7)
Hence, the Fourier modes a,,, n € Z, of the formal distribution (2.4) can be obtained as
a, = mRes(a(z)z").

Likewise, for a pseudodifference operator a(S) = Z” a,S" € V((Sil)), we define its
multiplicative residue by

mResg a(S) (: mRes, a(z)) = ay. (2.8)
It immediately follows from (2.6) that

mRes; a(z)8(z/w) = a(w) forevery a(z) € gllz, z_l]]. (2.9)

By taking non-negative (resp. negative) powers of w in both sides of Eq. (2.9) we also
have

—1 B
mRes; a(z) (1 — %) =a(w)s (resp. mResza(z)% (1 — %) : = a(w),).

(2.10)
The multiplicative §-function splits as sum of its positive and negative parts:
8(z) = 8+(2) +6-(2), (2.11)
where
1
Se@) =) " and b-() =Y =81 2.12)

n>0 n<-—1

Later we will use the following properties of the positive and negative §-functions.
Lemma 2.7. The following identities hold:
34 (x1x2) = 84(x1)8+(x1x2) + 84+ (x1x2)84(x2) — 84 (x1)8+(x2), (2.13)

in F[[x1, x2]], and
1
8(x1)d+(x1x2) = 84 (x1)8+(x2) — 8+ (x1x2)84(x2) + 5+(;)5+(X1X2), (2.14)

in (Fl[x1, x; D211,

Proof. Equation (2.13) turns into an obvious identity of rational functions, by substitut-
ing 6+(x) = ﬁ Equation (2.14) is obtained from Eq. (2.13) using (2.11) and (2.12).
O
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Keeping in mind the mLCA, we fix a non-zero element ¢ € I which is not a root of
unity. We say that a formal distribution in two variables a(z, w) is g-local if

n(z — q"w)a(z, w) = 0 for some finite subset T C Z. (2.15)

neT

A formal distribution in three (or more) variables a(z, w, x) is called g-local if itis ¢-local
for each pair of variables. Examples of g-local formal distributions in two variables are
the g-shifted §-functions: §(z/q"w), n € Z, where §(-) is as in (2.5). Indeed, it follows
from (2.6) that

(z = q"w)d(z/q"w) = 0.

If g is a Lie algebra, we say that a pair (a(z), b(z)) of g-valued formal distributions in
one variable is g-local if the Lie bracket [a(z), b(w)] is a g-local formal distribution in
two variables.

Lemma 2.8 (Multiplicative Decomposition Theorem, [GKK9S8, Prop.1.1]). A formal
distribution in two variables a(z, w) is g-local if and only if it admits a decomposition
into a finite sum

a(z,w) =Y ea(w)8(z/q"w), (2.16)

nez

for some ¢, (w) € g[[w, w~ Y. In this case, the decomposition (2.16) is unique and

2—q'w
cn(w) = mReSZ ( 1_[ m
iET\{n}q q

where T C 7 is a finite subset for which (2.15) holds.

. alz, w)), 2.17)

Note that formula (2.17) follows by the following obvious identity:
i

mResZ( l_[ S

_ . 5(z/qmw)) =&n.y forevery meT, neZ.
. q"w —q'w
i1eT\{n}

Definition 2.9. The formal Mellin transform is the linear map
M2 gllz 7w w = gllw, w™ '], neZ,
defined by the following formula:

M, (a(z, w)) = mRes; (%)"a(z, w). (2.18)

Proposition 2.10. The formal Mellin transform satisfies the following properties:

(i) M2, (8(z/q7w)) = q";
(ii) MZ,wSZ = q_nMZ,w’ and M?,w w = anZ)M’zl,w’

Sy are given by S;(a(z, w)) = a(gz, w) and Sy (a(z, w)) = a(z, qw);
(iii) if a(z, w) = Zj cj(w)a(z/qu) is a g-local formal distribution, then

where the operators S; and

M2 (a(z,w) =) cj(w)g" and M? (a(w,2) =) cjlg~ w)g™;
- .

J
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(iv) for every formal distribution in three variables a(z, w, x), we have
MMy, (a(z,w, x) = My MT (a(z, w, x)) = My M? (a(z, w, x)).
Proof. Straightforward verification. O

By Lemma 2.8 and Proposition 2.10 (i), we can define the A-Mellin transform of a
local formal distribution in two variables a(z, w) as

M (a(z, w) = M? | (a(z, w)) g, € ollw, w A, A7 (2.19)

Corollary 2.11. For local formal distributions a(z, w) and a(z, w, x), we have

(i)ifa(z,w) =3, cj(w)8(z/q’w), then

M @G w) =3¢ ;
J

(i) M2, (S:a(z, w)) = A" ML (a(z, w)), and M2, (Spa(z, w)) = AS, ML,
(a(z, w)), where S; and Sy, are as in Proposition 2.10 (ii);

—1g-1
(iii) M*  (a(w, 7)) = ./\/l;:wsw (a(w, 2)), (where Sy, is moved to the left);

,w

(lV) M;L’XMIJ),X(G(Z7 wv .X)) = MIJ),XMé,x(a(Zv wv -x)) = M)Lwlfo%,w(a(Z7 wv .X))

2.4. Multiplicative formal distribution Lie algebras and correspondence to mLCA. The
following notion is the “multiplicative analogue” of a regular formal distribution Lie
algebra [Kac96].

Definition 2.12. A multiplicative g-local formal distribution Lie algebra is a pair (g, R),
where g is a Lie algebra, R C g[[z, z~!]] is a subspace such that:

(1) g is the space of the Fourier modes of the formal distributions in R;
(ii) for a(z) € R and n € Z, we have a(¢"z) € R;
(iii) the formal distributions in R are pairwise g-local and, in the decomposition of the
commutator of a(w), b(w) € R in the finite sum (cf. (2.16))

[a(2), bw)] =Y caw)8(z/q"w), (2.20)

nez

all the coefficients ¢, (w) lie in R.

Anideal J C g is called irregular if R 0 J[[z,z~']] = 0.

Remark 2.13. The “multiplicative analogue” of Dong’s Lemma does not seem to hold in
general. In fact, it is not hard to prove, by arguments similar to the “additive” case, that
if a(w), b(w), c(w) are pairwise local and (2.20) holds, then [¢, (w), c(x)] decomposes
as a finite combination of g-shifted §-functions and their derivatives.
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Theorem 2.14. (a) If (g, R) is a multiplicative q-local formal distribution Lie algebra,
then R has the structure of an mLCA, with S : 'R — R given by

S(a(z)) = a(qz),

and multiplicative A-bracket

fa()bw)} =Y cp(w)r,

nez

for a(w), b(w) € R, where the elements c,(w) are given by the decomposition
(2.20).

(b) Conversely, let R be an mLCA, with automorphism S and multiplicative A-bracket
{--}. We obtain a multiplicative q-local formal distribution Lie algebra (gr, Rg)
as follows:

gr = RIt.t7'1/(ngS— 1), Rg={akx)=) a"z™""|aeR}

nez

where, the automorphism S is extended to R[t, =] by commuting with the multi-
plication by t, and g : Rlt, t='1 — RI[t,t7 "] is defined by nglat") = q"at”,
for every a € R, n € 7. The Lie algebra structure of g is constructed, using the
multiplicative L-bracket of R, as follows:

laf (@), bg(D] = {a,1 b} (1) - g(1), 2.21)

foreverya,b € Rand f,g € F[t,t™']. In (2.21) ,u,lj is the map g, acting only on
the first factor f(t). In other words, if {a,b} =), ¢, A", then the RHS of (2.21) is

Y enf(@"Dg).

(c) Let R be an mLCA. Consider the corresponding multiplicative q-local formal distri-
bution Lie algebra (gr, Rr) from part (b), and the corresponding mLCA structure
on Rpg given by (a). We have a canonical mLCA isomorphism Rr >~ R.

(d) Conversely, let (g, R) be a multiplicative q-local formal distribution Lie algebra.
Consider the corresponding mLCA structure on R given by (a), and then the cor-
responding multiplicative formal distribution Lie algebra (gr, RR) given by (b).
There is a canonical surjective Lie algebra homomorphism gr — @, whose kernel
is an irregular ideal.

Proof of Theorem 2.14. The proof of (a) follows by using Corollary 2.11 on the A-Mellin
transform. For (b), the Lie algebra g is obtained, via Lemma 2.5, from the affinization
for A =TF[t,t ]and S4 = ttgq. The proof of (c) and (d) is the same as in [Kac96]. O

Example 2.15. Consider the current mLCA Cur(g) defined in Example 2.2. It is not hard
to check that the corresponding multiplicative g-local formal distribution Lie algebra
given by Theorem 2.14(b) is the loop algebra g[z, r~'], with the Lie bracket

[at™, bt"] = [a, b]t"™, m,n € Z,
and the collection of pairwise g-local formal distributions

R = Span {a(qiz) = Zq_”[at”z_" acg,ic Z} .

nez
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Example 2.16. Consider the general mLCA mgc; from Example 2.3. It is not hard to
check that the corresponding multiplicative g-local formal distribution Lie algebra given
by Theorem 2.14(b) is the space

9 = @F[Iv t_l]un’

nez

with the Lie algebra bracket
[wit™, ujt"] = T qjm)u,'+jt’"+", i,j,mnéelZ,

and the collection of pairwise g-local formal distributions

R = Span {ui(qsz) = Zq_”uit"z_” i,s € Z} .
nez

Note that the Lie algebra g constructed above is isomorphic to the Lie algebra associated
to the associative algebra of g-difference operators on the circle:

Flx, x ' lpg, g ',

with the associative product defined by the relation pLin = qi"xiuz, i,n € Z. The
isomorphism is obtained by identifying u;" > x' Wgsisn € Z.

Example 2.17. Consider the general mLCA mgc (V) from Example 2.4. It is not hard to

generalize the results in Example 2.16 and check that the corresponding multiplicative
g-local formal distribution Lie algebra given by Theorem 2.14(b) is the space

g = (EPFIr. 1 "uy) ® End(V).

nez

with the Lie algebra bracket (A, B € g)
[A;t", Bjt"] = q""(AB)ixjt™" — q/™(BA)isjt™™", i, jym,n € Z,
and the collection of pairwise g-local formal distributions is
R = Span {Ai(qsz) = Zq_S"Ait”z_” | A €End(V),i,s € Z} .
nez

Note that the Lie algebra g constructed above is isomorphic to the Lie algebra associ-
ated to the associative algebra of End(V)-valued g-difference operators on the circle

(End V)Lx, x~"lpeq. g’
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2.5. Local lattice Lie algebras and correspondence to mLCA. We introduce here the
notion of a local lattice Lie algebra, which is equivalent to that of an mLCA.

Definition 2.18. A lattice Lie algebra is a Lie algebra g with an automorphism S €
Aut(g). It is called local if, for every a, b € g, we have

{§"(a), b} = 0 for all but finitely many values of n € Z. (2.22)

Proposition 2.19 [GKKO98]. If (R, S, {- 5 -}) is an mLCA, then R is a local lattice Lie
algebra with the automorphism S and Lie bracket

{a,b} = mRes;{ayb}, a,be R, (2.23)

where the multiplicative residue is defined by (2.7) Conversely, if (R, S) is a local lattice
Lie algebra, then we can endow it with a structure of an mLCA with the multiplicative
A-bracket

{axb} =) (8"(a),b}A", a.be R. (2.24)

nez

Proof. Straightforward. O

Example 2.20. Consider the current mLCA Cur(g) defined in Example 2.2. The corre-
sponding local lattice Lie algebra is the space Cur g = F[S, S~!] ® g, with the auto-
morphism S and the Lie bracket

{(S"®a,S" @b} =8y,S" ®la,bl, a,beg, mnel.

In other words, it is isomorphic to the direct sum of infinitely many copies of the Lie
algebra g, and the automorphism S is the “shift” operator.

Example 2.21. Consider the general mLCA mgc; from Example 2.3. The corresponding
local lattice Lie algebra is the space mge; = €, ., FIS, S ~Mu,, with the automorphism
S and the Lie bracket

{Slums S]un} = 8j,i+mSlum+n - 8i,j+nSjum+ns i,j,m,ne€ Z.

This lattice Lie algebra is isomorphic to the Lie algebra gl,, with the automorphism
S(E; j) = Eit1,j+1, via the isomorphism S'u,, > —Ej4; .

Example 2.22. Consider the general mLCA mgc (V') from Example 2.4. The correspond-
ing local lattice Lie algebra is the space mgcy, = mgc; ® End(V') with the automorphism
S and the Lie bracket (A, B € End(V))

{S"Am, ST By} = 8j.ism S (AB)msn — 8i.jsnS’ (BA)msn, i, j,m,n € L.

Remark 2.23. If S is an automorphism of order e > 1, it seems natural to introduce the
notion of an mLCA R with A-bracket{-, -} : RQR — R[A]/(r°—1), satisfying axioms
(i)—(iii) of Definition 2.1. Then we still have Examples 2.2 and 2.3, where F[S, S~!]
should be replaced by F[S]/(S¢ — 1). Furthermore, all results of this and the next section
extend to this framework with little changes. For example, g in Sect. 2.4 should be a
primitive e-th root of 1. These “periodic” mLCA should be useful in the study of periodic
lattice equations.
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3. Multiplicative Poisson Vertex Algebras and Hamiltonian
Differential-Difference Equations

3.1. Multiplicative Poisson vertex algebras (mPVA).

Definition 3.1. Let V) be a unital commutative associative algebra with an automorphism
S : V — V. Amultiplicative A-bracket on Vis alinearmap {- -} : V®V — V[A,17]
satisfying the sesquilinearity axioms (i) of Definition 2.1 and the left and right Leibniz
rules (a, b,c € V):

{aybc} = {a)b}c + {a)c}b, 3.1
{abyc} = {arxc}(| _gb) + (brxc}(],_sa)- (3.2)

Here and further we use the following notation: for a polynomial (or a bilateral series)
a(z) =Y ,a,z" and b, c € V, we let

a@x)(|,_sb)c =) anS"(b)cz". (3.3)

For example, the RHS of the skewsymmetry axiom in Definition 2.1 can be written, using
this notation, as —(|x=S{bA71x71a}). A multiplicative Poisson vertex algera (mPVA) is
a unital commutative associative algebra with an automorphism S : V — V and a
multiplicative A-bracket satisfying also the skewsymmetry and Jacobi identity axioms
from Definition 2.1 of an mLCA.

Note that the left and right Leibniz rules (3.1)—(3.2) are equivalent, provided that the
skewsymmetry axiom (ii) of Definition 2.1 holds.

A lattice Poisson algebra is defined as a Poisson algebra with an automorphism S,
and it is called local if condition (2.22) holds. In the same way as in the mLCA case,
there is a canonical bijective correspondence between mPVA and local lattice Poisson
algebras (cf. Proposition 2.19).

3.2. Algebras of difference functions and multiplicative Poisson structures. In order
to construct examples of mPVA, consider the algebra of difference polynomials in £
variables

Ve =Flu;,|i € l,neZ], (34)

where I = {1, ..., £}, with the automorphism S defined by S(#; ,) = u; n+1. Note that

on V; we have
0 B
So = oS. 3.5)
8ui,n aui,n+1

A multiplicative A-bracket on V; is introduced by letting (denote u; = u; o)
(i} = Hji(\) =Y hjd* e Vela 27", ivj el (3.6)
k

and extending (uniquely) to the whole space V; by the sesquilinearity and Leibniz rules.
Then we have, for arbitrary a, b € Vg, the following Master Formula (cf. [BDSKO09]):

b= Y 5" (hﬁ;ksk'" (83“ ))A”"’*". (3.7)

ou; u;
i,jel Jn L
m,n,keZ
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Definition 3.2. An algebra of difference functions in the variables u;, i € I, is a com-
mutative associative algebra extension of V;, with an automorphism extending S and
commuting derivations extending %, such that, for every f € V,

nn

af

au,-,n

= 0 for all but finitely many i,n € Z, 3.8)

and satisfying the commutation relation (3.5). An element ¢ € V is called a constant
if it is fixed by S, and it is called a quasiconstant if it is annihilated by all partial
derivatives %, i,n € Z. Note that, as a consequence of (3.5) and (3.8), the algebra of

quasiconstants is S-invariant and it contains the algebra of constants.

One can construct an algebra of difference functions by adding to V, any smooth
function f = f(ujn|i € I,n € Z) in finitely many of the variables u; ,, the shifted
functions Sk( f) = f(uin+k |i € I,n € Z) and all their partial derivatives of arbitrary
order.

Example 3.3. An algebra of difference functions in one variable u# cannot contain a
solution f to the difference equation

(S =a)(f) = pu), (3.9)

where a is a non-zero quasiconstant and p(u) is a function of u such that p’(u) # 0.
Indeed, obviously f cannot be a quasiconstant. Let then N and M be respectively the

largest and smallest integers such that % # 0 and % # 0, where u; stands for S’ (u).

en, a 1n to both sides o 9), we getthat N + 1 = 0, while a 1n
Then, applying 52— to both sides of (3.9), we get that N + 1 = 0, while applying 7/

to both sides of (3.9), we get that M = 0, a contradiction since N > M.

In the same way as in [BDSKO09] for the case of PVA, one proves the following:

Proposition 3.4. Given an algebra of difference functions V and an £ x € matrix H(L) =
(Hl-j ()‘))f,j=1 € Matgyp V[A, A7, where Hij(A) = Zk hij;kkk, the multiplicative A-
bracket (3.7) defines a structure of an mPVA on V if and only if skew-symmetry and the
Jacobi identity hold on the generators u;:

(l) {uikuj} = _{ujkfls—lui};
(i) fuip fuj uidy — fuj ) uipund) = ({uiu oo

In this case we call the matrix H a multiplicative Poisson structure on V.

Example 3.5. Let p(A) € F[A, A~!] be a Laurent polynomial satisfying

pOh = —p). (3.10)

Then, we have an mPVA structure on any algebra of difference functions V in one
variable u, defined by

{upu} = p(r). (3.11)

Indeed, skewsymmetry of the A-bracket follows from the assumption (3.10), while the
Jacobi identity holds trivially, since {u;u} is central.
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Example 3.6. As an application of Proposition 3.4, if R is an mLCA, the symmetric
algebra over R has a canonical structure of an mPVA.

Example 3.7. Let (P, {-, -}) be a Poisson algebra and let V = ®,czP be the tensor
product of Z copies of P, where it is understood that a monomial in V has only finitely
many factors different from 1. For u € P we denote u,, the monomial which has the
factor u in n-th place and 1 everywhere else. Clearly, V' is a Poisson algebra, being
tensor product of Poisson algebras, i.e. the commutative associative product is defined
componentwise, and the Poisson bracket is such that (u, v € P, m,n € Z)

{m, va} = 8m.nlu, via,

which defines a local lattice Poisson algebra, with the automorphism S : V — V given
by S(u;) = upn41. Itis clearly local in the sense of Definition 2.18. Hence, we have the
corresponding multiplicative Poisson A-bracket on V), defined by (1, v € P, m,n € Z):

{tmpvn} = {u, v}, A",

Example 3.8. Let V be an algebra of difference functions in one variable u, and fix
f(u) €V (i.e. an element f € V such that % = 0 for n # 0). Then the formula

N
{upu} = chf(u)(f(uj)kj — f(u_j))Fj), where c; are constants ,  (3.12)
j=1

defines a structure of an mPVA on V, called in [DSKVW 18] the multiplicative A-bracket
of general type. Hereafter u, = uy , in the case £ = 1.

Example 3.9. Let V be the field of fractions of difference polynomials in one variable u.
Consider the following mPVA on V

{uku} =" — )»_n,

where n = 2m + 1 is an odd positive integer. Let v = (uS(u))~!. By a straightforward
A-bracket computation we get

{vaivy = v(1+A8)vw(1+ A8 (S "y
— (1 +A8)(R8) "vw (1 + (S v, (3.13)
where

B S2k (v)
- 2k—1 ()"
k=1 5 )
Note that the RHS of (3.13) is equal to the multiplicative A-bracket denoted in

[DSKVW18, Eqgs. (1.11)-(1.12)] by {vav},+1,0,—1, Which is a special case of the com-
plementary type A-bracket for e = —1.
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3.3. Integrable hierarchies of Hamiltonian differential-difference equations. Let ) be
an mPVA. We call V := V/(S — 1)V the space of Hamiltonian functionals, and we

denoteby [ : V — Y the canonical quotient map. Recall from Lemma 2.5 that we have

a Lie algebra bracket on V) given by (2.1), and a representation of V on V with the action
given by (2.2). This action is by derivations of both the A-bracket and the commutative
associative product, and it commutes with the action of S.

Definition 3.10. The Hamiltonian equation associated to a Hamiltonian functional [h €
V is, by definition,

d

—Lt‘ = {[hu}, ueV. (3.14)

An integral of motion for the Hamiltonian equation (3.14) is a Hamiltonian functional
/g €V such that

{/h. Jg}=0.

Equation (3.14) is called integrable if there are infinitely many linearly independent
integrals of motion f hu, n € Z>g, with hg = h, which are in involution, i.e. such that

{[hm, [hp} =0, forall m,n.
In this case, we have an integrable hierarchy of Hamiltonian equations

du

a = ={[hn,u}, ueV, nels.

In the particular case of a multiplicative Poisson structure H on an algebra of differ-
ence functions V, Eq. (3.14) becomes

d_ isyoh (3.15)
dr Su’ '

where u = (u;);cs, and gh =( ah Yier € VO is the vector of variational derivatives

o Z ( )i=1,...,£.
814, s ou; p

Consequently, since the map, associating to f h € V the derivation { f h,.}of V,is
a Lie algebra homomorphism, if the operator H (S) has finite-dimensional kernel and
equation (3.15) is integrable, then it has infinitely many linearly independent commuting
symmetries.

4. Non-local Multiplicative Poisson Vertex Algebras
4.1. Non-local mLCA and non-local mPVA.

Definition 4.1. A non-local mLCA is a vector space V' with an invertible endomorphism
S . V — V endowed with a non-local multiplicative A-bracket, {-; -} : VQ®V —
V[, A~ 1] satisfying axioms (i)-(iii) of Definition 2.1. A non-local mPVA is a unital
commutative associative algebra V endowed with an automorphism S : VV — V and a
non-local mLCA A-bracket, {-, -} : V®V — V[[A, 271 satisfying the left Leibniz
rule (3.1) (or, equivalently, the right Leibniz rule (3.2)).
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Recall that V[[1, A~!]] denotes the space of bilateral series ZneZ ay\",wherea, €V
for all n € Z. Thus, non-local mLCA or mPVA differ from local ones just in replacing
Vir, A1 by VI[[A, 2~ 1]. Note that in the non-local case all axioms still make perfect
sense.

Remark 4.2. Recall that in the “additive” case of non-local PVA’s, the A-bracket cannot
be a bilateral series in A, A~!, otherwise the skewsymmetry and Jacobi identity axioms
would give divergent series. As we have seen, this issue does not arise in the “multi-
plicative” case, which, in this respect, seems to be much easier to deal with.

Let V be an algebra of difference equations in the variables u;,i € I, andlet H(}) =
(H;j(A)i, jer € Matgyg V[[A, 2711] be a matrix valued bilateral series in A and A~L.
As in Sect. 3.2, we can define a structure of a non-local multiplicative A-bracket on
V by letting the A-bracket of a,b € V be given by the Master Formula (3.7), which
makes sense also for bilateral series. One can check that Proposition 3.4 still holds in
the non-local case:

Proposition 4.3. Given an algebra of difference functions V in £ variables u;, i € I,

and an £ x £ matrix H(L) = (Hij O‘))szl € Matgxg VI[A, A7, the multiplicative
A-bracket (3.7) defines a structure of an mPVA on'V if and only if skew-symmetry and the
Jacobi identity hold on the generators u;. In this case we call the matrix H a non-local

multiplicative Poisson structure on V.

Example 4.4. If we replace in Example 3.5 the Laurent polynomial p(}) by an arbitrary
element of F[[A, 2~!]] satisfying condition (3.10), formula (3.11) gives a non-local
mPVA structure on any algebra of difference functions in one variable u.

Example 4.5. We can generalize Example 3.8 to the non-local setting as follows. Let V
be an algebra of difference functions in one variable u. Let f(u) € V be a function of

the variable u only (i.e. % = 0 for all n # 0). Let (1) € F[[A, 2~11] be a bilateral

series satisfying the condition:

r = —r). 4.1)
Forexample, 7 (1) = Y~ (A" —A~"). Define a multiplicative A-bracket on V by letting
{upu} = f () r(AS) f (), (4.2)

and extending to ) by the Master Formula (3.7). The RHS of (4.2) has the obvious
meaning: if r(A) = )", ¢, A", then (cf. (3.12))

F@rQS)f) =" cnf @) f )",

We claim that this defines a structure of non-local multiplicative PVA on V.

First, it is immediate to check that the assumption (4.1) implies the skewsymmetry
condition {uju} = —{u;-1g-1u}. Let us check the Jacobi identity. We have, by the
sesquilinearity axioms and the left Leibniz rule
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{uafuuly = {us f @) r(usS) f (w)}

= {up f)}r(uS) f) + fu)ruwS){u, f(u)}

a a
1w (0.9 7 @) () @) + 1w o) (2L fares) fw).

u

Hence,

0 0
{upfupu}y — {uy{upul}y = f(u)r()\MS)(éf(u)r()\S)f(u) - %f(u)r(uS)f(u))-

On the other hand, by the sesquilinearity axioms and the right Leibniz rule, we have,
using the notation (3.3),

{lunuds ey = {f @) rS) f (@)rpu )
= {f Wt} (|, _gr OS) f ) +r(u™' S71) f ()
a a
= F@rous) (2w res) £+ 2 reets T pw).
u ou

Hence, by (4.1), the Jacobi identity holds, and (4.2) defines a structure of non-local
mPVA on V.

Note that the bilateral series r(A) satisfying (4.1) form a vector subspace of
F[[x, 2~1]]. Hence, for a fixed function f(u), all the multiplicative A-brackets (4.2)
are compatible mPVA A-brackets.

Example 4.6. Let V be an algebra of difference functions in one variable u and consider
the following two non-local mPVA A-brackets on V), special cases of Examples 4.4 and
4.5 respectively:

{u,u}y = p(A) and {upu}r = ur(AS)u, 4.3)

where p(A) = A — A~ Vand r(A) € F[[A, A~ satisfies the condition (4.1). We can ask
when these two structure are compatible, in the sense that their sum is still a non-local
mPVA X-bracket on V. The compatibility condition reads, in this case,

{upfuputr by — {upfusutr by = Husutzy,uh

Expanding all three terms via the sesquilinearity axioms and the Leibniz rules, we get
the following equation on the bilateral series r (A):

pMr(usS) = p(r(A8) + (p(A) — p()r (i) = phuS)(r(AS) —r(ns)). (4.4)

It is not hard to prove that, for p(1) = A — A ™!, there is a unique (up to a constant factor)
solution of Eq. (4.4):

r() = Z(—l)”(/\” — 7). (4.5)

n>1

This mPVA, denoted by W, corresponds to the classical lattice W -algebra of sl [HI97]
via (2.23) (the classical lattice W-algebras for gl and sly, N > 2, will be considered
in Sect. 9).
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4.2. The Lenard—-Magri scheme for the modified Volterra equation (cf. [KMWI13]).
Recall that, given two difference operators K (S) and H (S) in V[S, S~!], a Lenard-Magri
sequence of length n is a sequence of elements §; € V, where j =0,1,2,...,n — 1,
such that

K =H(SE—, j=12,....,n—1 (4.6)

Proposition 4.7. Let K (S) = S—S"andlet H (S) be a skewadjoint difference operator
of the form H(S) = (S+1)o D(S), for some difference operator D(S). Then any Lenard—
Magri sequence of length n > 1, with & = % can be extended to a Lenard—Magri
sequence of length n + 1.

Proof. By induction on n. First, we claim that H (8)(&,-1) € (S—1)V.Indeed, we have
1 ~ ~ ~
E/H(S)(En—l) = féoH(S)(Sn—l) =/50H(S)(En—1)
+ fslﬁ(sxsn_z)+~--+/sn_1ﬁ<S)<so)

- /sll?m)(sn_l) —--~—/§n_11?(5)<sl)

n—1 n—1
= Zfsiﬁ(sxsn_i) - Z/&Em(sn_i) =0-0=0,
i=0 i=1
since H (S) and K (S) are skewadjoint. Hence, by the assumption on H (S), there exist
a, b € V such that
H(S)(En—1) = (S — (@) = (S + D)(D).

A solution for the Lenard—Magri recurrence relation (4.6) is then

1
& = ES(a — b).
O
Remark 4.8. Proposition 4.7 can be generalized as follows (proof is the same). Let
K(S) =gu)(S — S Ho g(u) and let H(S) = g(u)(S + 1) o D(S) be a skewadjoint
operator for some difference operator D(S). Then there exists an infinite Lenard—Magri

sequence with &y = m. Proposition 7.3 from [DSKVW18] is a special case of this.

Now consider the compatible pair of Poisson structures from Example 4.6:

S —1
K(S)=u ou, H(S)=S5-5"
S+1

Proposition 4.9. There exists an infinite Lenard—Magri sequence &y = % &,&,... for
the operators K (S) and H(S).
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Proof. Relation (4.6) can be rewritten as
1 _
(S—l)u§j=(8+1);(S—S l)éj_l. 4.7)
Letting u&; = (1+ S~ Hw;, Eq. (4.7) can be written as
~ ~ 1
K(S)oj = HS)wj-1. o0 = 7. (4.8)
where I?(S) =S—Sland
~ 1 —1 1 -1
HS = +Do—-(§—8Ho—-(1+S).
u u
The claim follows from Proposition 4.7. 0O
Obviously &) = % Next, it is easy to see that

1 1 1 5 1
SEENEDER

u ui u_q

Due to the general theorem (see e.g. [DSK13 Thm.6.20], [DSKVW18, Thm.5.5]), all the
& are variational derivatives: § = 3~ f h;. Itis easy to see that the first three conserved
densities are

1 1 1

ho=logu, hj=—1\F hh=———5— .
uuy 2u2u% uu%uz

4.9)

So we get an integrable hierarchy of Hamiltonian equations % = H()(E)), J =

0,1, 2,....(tis easy to show that they are linearly independent.) fhe first two equations
of this hierarchy are:

du 1 1 du 1 /1 1 1 1 1
—_—— — == -+ )= (-+—). (4.10)
dty ul U_1 dy u% u up uz_l u u_n
Note that, after the substitution u = %, the first of these equations turns into the modified
Volterra lattice
dv

% = vz(v,1 — V7).

Introduce the following Lax operator: L = S T T 12 S~1. Then the first
equation in (4.10) can be written in the Lax form = [(L2)+, L] and the integrals of
motion from (4.9) can be written as [h; = 2mees(Lz), [hy = ——f mRes(L*). We
conjecture that the whole hierarchy has the Lax form

dL

(L, L), j=0,1,2,...,
ar, [( )+, L1, j

and the integrals of motion are

Jhj=

l]+1
- ) [mRes(L¥), j=1,2,....
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4.3. A bi-Hamiltonian equation in n > 2 difference variables uy, ..., u,. Here we
generalize Sect. 4.2, using a compatible pair of Poisson A-brackets for the multiplicative
W-algebra Wy with N = n + 1 > 3, constructed in Sect. 9.4 below. We obtain a bi-
Hamiltonian differential-difference equation on n-variables as follows. Let K (S) and
H (S) be the n x n matrix difference operators, corresponding to the Poisson A-brackets
(9.14) and (9.13). Let

uy _ Sh;

ho =1 , hy=————, &§=—, i=0,1.
0 081 ! urSuy) ' Su !
Then we have
K (S5 =0, K(S)& = H(S)éo, (4.11)
hence we obtain the bi-Hamiltonian differential-difference equation 5_;:) = H(S)é&.
Explicitly:
duj _ S”H(wj) e =1,....n, (4.12)

dio Sy Si(uy)’

where u,.; = 1. Its first two conserved densities are hg and /.

We conjecture that the Lenard—Magri sequence (4.11) can be infinitely extended,
hence, by a general theorem as above, the Eq. (4.12) is integrable. This equation have
appeared earlier in [MBW13].

5. Rational Multiplicative Poisson Vertex Algebras

5.1. Pseudodifference operators. Let) be aunital commutative associative algebra with
an automorphism S. The algebra of scalar difference operators over V is the space of
Laurent polynomials V[S, S~!], with the associative product o defined by the relation

So f=S(f)S, feV.
Hence, for a(S) = )", anS™ and b(S) =, b,S" in V[S, $~1, their product is

a(S) ob(S) = Z A S™ (by) S

m,n

The algebra V[S, s naturally acts on V: the action of a(S) = ), a,S" €
VIS, S~1] (finite sum) on feVis

a(S)f =) aS"(f) € V. (5.1

(It should not be confused with the associative product a(S) o f = >, a,S"(f)S" €
VIS, S7'1)

The algebra V[S, '] is Z-graded by the powers of S, and it can be completed
either in the positive or in the negative directions, giving rise to two algebras of pseu-
dodifference operators: V((S)) = V[[S]][S~'] and V((S~")) = V[[S~'11[S]. Given a
pseudodifference operator a(S) = Zn a,S" € V((St)), we define its formal adjoint
as

a*($) =) 5" oay € V(ST
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its positive part as
a(S)e =) anS",
n>0
its negative part as
a(§)-= Y aS",
n<-—1
and its symbol as

a(x) =) a," € V().

n

(Note: here and further V((S*1)) stands for V((S)) or V((S~1)) respectively, NOT for
V((S, $7h).)

The action (5.1) of V[S, S~ on V does not extend to an action of V((ST!)) on V.
On the other hand, we have a z-action

V((STH) x V= V((*)).
mapping a(S) € V((S*)) and f € V to

a@zS)f =) anS"(H" € V(). (5.2)

For example, the symbol of a(S) € V((S*!)) is given, in terms of this action, by
a(z) = a@$)1 e V(H). (5.3)

Given pseudodifference operators a(S), b(S) € V((S £1y) it is not difficult to write
a formula for the symbol of the product a(S) o b(S), and its formal adjoint (a o b)*(S).
We have (cf. [DSKV18, Lem.2.1]):

(aob)(z) =a(zS$)b(2), (5.4)

and
(aob)* (z) =b*"(z8)a*(2). (5.5)

5.2. Rational difference operators. Let V be a field with an automorphism S, and con-
sider the algebra of rational difference operators: V(S) ( = V(S _1)), defined as the
skewfield of fractions of the algebra of polynomial difference operators V[S] (or, equiv-
alently, V[S~!]). Since V[S] is a Euclidean (non-commutative) domain, it satisfies the
Ore condition, and therefore

V(S) = {a(S) o b(S)™" |a(8), b(S) € VIS, b(S) # 0}.
It can be embedded in both algebras of pseudodifference operators V((S)) and V((S ).

Indeed, if b(S) = Z,]LM b,S" € V[S](M < N),issuchthat by;by # 0, we can factor
it as

v bn\ cne
b(S):bMSMo<1+ZS M(E>S M>,

n>M
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and expand b(S)™L, via geometric series expansion, as an element of V((S)), or we can
factor b(S) as

b\ o_(N—
b(S) = bySN o (1+ > sV (b—)s v ”)>,
N

n<N

and expand b(S)~!, via geometric series expansion, as an element of V((S 1)), We
denote by (* the resulting embeddings of the algebra of rational difference operators

L VS) = V((STY). (5.6)

If V is not a field, but only a domain, the above construction applies over the field of
fractions of V.

5.3. The symbol of a rational difference operator as a bilateral series. By composing the

embeddings V(S) < V((5*!)) defined in (5.6) with the symbol maps V((S¥!)) —
V((z*")) defined in (5.3), we get the positive and negative symbol maps

V(S) = V((E), r(S) = rE @) (= @r)(@). (5.7)
Definition 5.1. The symbol r (z) of arational difference operator r(S) € V(S§) is defined
as the bilateral series

1 1
r(z) = 5r+<z> +5r (@ eV, 7. (5.8)

Note that, for a difference operator a(S) € V[S, S~!], the symbol coincides with the
positive and negative ones.

Proposition 5.2. The symbol map V(S) — V[[z, z~'1] is an injective linear map. Let
the bilateral series R(z) € V||z, 2711 be the symbol of a rational difference operator
r(S) € V(S). We can reconstruct the rational difference operator r(S) as follows.
Decompose (uniquely) the bilateral series R(z) as

R(z) = R(2)+ + R(z)—, where R(2)+ € VI[zll and R(z)- € V[[z '1lz”". (5.9)

Then R(z)+ and R(z)— are the positive and negative symbols, respectively, of two
(uniquely defined) rational difference operators:

R+ = (r1)"(2), R(2)— = (r-)"(2) for some ri(S) € V(S), (5.10)

and we have
r(S) =ry(S) +r_(S). (5.1

Proof. Obviously the symbol map r(S) — r(z) € V[[z,z ']] defined by (5.8) is a
linear map, since it is a linear combination of compositions of linear maps. If » € V(S)
is such that r(z) = 0, then we have

(@) = —r7(2) e V(@) NV((z™")) =VIz, 271, (5.12)

On the other hand, the positive and negative symbol maps V(S) — V((z*!)) are injec-
tive, and they both restrict to the “symbol map” bijection V[S, S~!] = V[z,z7 N
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Since, by (5.12), r*(z) € V[z, 771, it then follows that r(S) € V[S, S~!], and since,
again by (5.12), r*(z) = —r~(z), we get r = 0. This proves that the symbol map (5.8)
is injective.

Let us prove the reconstruction claim. By assumption, we have

R(z) = %r‘“(z) + %rf(z) for some r(S5) € V(S). (5.13)

Combining (5.9) and (5.13), we get
1 1
q(2) = R(2)+ — §r+(z) =3 @ = R@)- €V(@)N V(™) =VIz, 7'

Hence, ¢(z) is the symbol of a difference operator ¢g(S) € V[S, S_l]. In particular,
g% (z) = q~(z) = q(z). we thus get

1 1 + 1 1 -
R(@)+ = §r+(z)+q(z) = (—r +q> (@), R@-= Er_(z)—q(z) = (Er - q) (2).

2
(5.14)
Since the positive and negative symbol maps (5.7) are injective, we get from (5.10) and
(5.14) that ro.(S) = %r(S) + ¢(S). Equation (5.11) follows. O

Example 5.3. The bilateral series (1) = anl(—l)"(kn — A7) (cf. Eq. (4.9)) is the

symbol of the rational function %

One has to be careful when using the notation (5.8). Indeed, for a(S), b(S) €
V((ST1)) we have

(@ob)(zS)1 =a(zS)b(zS)1.

This formula for rational difference operators a(S), b(S) € V(S) makes no sense, since
the RHS, being product of bilateral series, may have divergent series. Instead, the correct
version for rational difference operators is given by the following:

Lemma 5.4. The symbol of the composition of two rational difference operators f(S),
g(S) € V(S) is given by

1 1
(fog)z) = Ef*(zS)g+(z) +5f@8)e (). (5.15)

Proof. Obvious. O

5.4. Rules for computing A-brackets with rational operators. Note that the embeddings
1* in (5.6) are algebra homomorphisms, while their halfsum %(f’ + (7)) is not (and it
has values in V[[S, S~!]], which is not an algebra). The following proposition provides
useful rules for computing A-brackets of symbols of rational difference operators.

Proposition 5.5. Let V be a domain with an automorphism S, endowed with a (possibly
non-local) multiplicative A-bracket {- -}. Let u € V and f(S), g(§) € V(S). We have,
recalling the notation (3.3),
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{ur(f 0 9@} = (ur fF@0}(|,_s8™ @) + FF@a0)(|,_slurg=(@})  (5.16)
{(f o @  @au} = (fF@0)ru}(],_s8™ @) + {87 @uu} (|, _s f @ x™)

(5.17)
(@Y= —(f "D @S {un fF @) (|,_g(fTHT @) (5.18)
(5@} = ~{fF @0}, (FHT@)(|,g(f DTy ™).

(5.19)

Proof. The proof is straightforward. It uses formula (5.4), the Leibniz rules and the
sesquilinearity conditions. For example:

ur(f 0 ®)" (@) = {ur f*(zS)g* (2)}
= {(ur fF @0}, _s8T @) + @A) (|, _lurg™(@)}).
proving (5.16) with +. O

Remark 5.6. Note that Egs. (5.16)—(5.19) fail if in place of the positive and negative
symbols we have the symbols. However, we can compute the analogous A-brackets with
the symbols (f o g)(z) or (f~1)(z) using (5.16)—(5.19) and the definition (5.8) of the
symbol: (f 0 8)(z) = 3(f 0 @)*() +3(f 0 &) (@, and (f () = 3(f H* (@ +
3(FH@.

5.5. Rational mPVA.

Definition 5.7. A non-local mPVA V is called rational if, for every a, b € V, the mul-
tiplicative A-bracket {a,b} € VI[[A, 2711 is the symbol (5.8) of a rational difference
operator. For a,b € V, if {a;b} = fap(}) is the symbol of the rational operator
fan(S) € V(S), we denote by {a;b}* the corresponding positive and negative sym-
bols:

{@b)* = fap™0) € VT, (5.20)

so that {a;b} = 3{a,b}* + {a: b}~

Remark 5.8. An alternative definition of a rational mPVA V is obtained by letting the
A-bracket {-, -} have values in V((1)), and requiring that, for a, b € V, the A-bracket
{a, b} is the expansion in V((1)) of the symbol of a rational pseudodifference operator.
The skew-symmetry axiom (ii) and the Jacobi identity (iii) then would require some
explanation. First, by assumption {b,a} is the symbol of a rational difference operator
r(S) = f(S)0g(S)~". Then, the RHS of the skewsymmetry axiom, (| _{bs-1,-1a}),
is the symbol of r*(S) = g*(S)~! o £*(S), which is also a rational difference operator.
Hence, the skewsymmetry axiom can be rewritten as the skewadjointness r*(S) = —r(S)
in the space V(S). As for the Jacobi identity, it is not hard to check that all three terms
of the identity are linear combinations of expressions of the form

r(uS)(p(Mg(w)),

for rational pseudodifference operators p(S), g(S), r(S) € V(S). Hence, the Jacobi
identity should be interpreted as an identity between expressions of this form (i.e., can
be rewritten as an identity in V(5)®3).
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Example 5.9. Let V be an algebra of difference functions in one variable u#. The non-
local mPVA structure on V defined in Example 4.5 is rational provided that the bilateral
series r(A) € F[[A, A~ is the symbol of a constant coefficients rational difference
operator (S) € F(S) satisfying (S~™') = —r(S). (The same is true for the non-local
mPVA structure of Example 4.4).

Example 5.10. Let) be as in Example 5.9. Consider the two compatible non-local mPVA
structures on ) constructed in Example 4.6. Note that the first mPVA A-bracket {- ; -} in
(4.3)islocal, while the second mPVA A-bracket {- ; -}», withr (1) asin (4.5), is non-local,
though rational by Example 5.3. In order to construct a local mPVA subalgebra with
respect to both A-brackets, assume that u is an invertible element of ), and consider
the Miura transformation v = (uS(u))~" (cf. [HI97]). A straightforward A-bracket
computation using Egs. (5.18)—(5.19) yields

{uavh = U(l +)»S)v(1 + )»S)v — v(] + ()»S)_l)v(l + ()»S)_l)v,
{vav) = v(AS — (x5 . (521)

Let. Ay C V be the subalgebra of V of difference polynomials in v. Thus we get a pair of
compatible local mPVA A-brackets on A;. It is proved in [DSKVW18] that any mPVA
A-bracket of order less than or equal to 2 on Aj is either a linear combination of those
from (5.21) oris a A-bracket (3.12) of order < 2. We show in [DSKVW 18] that, applying
the Lenard—Magri scheme to the compatible A-brackets from (5.21), gives integrability
of the Volterra lattice. Also, we point out there that the local lattice Poisson algebra
corresponding to the difference of the structures (5.21) is the Faddeev-Takhtajan-Volkov
algebra [FT86].

In Sect. 9.4 we will consider a generalization of this example for arbitrary Wy,
N > 3. In the next example we construct V3.

Example 5.11. Let)V be an algebra of difference functions in two variables u, v. Consider
2
the constant coefficients rational difference operator r(S§) = (Clabulps F(S). Define the

§3-1
following two multiplicative A-brackets on V:
i =0, {woh =272 =4, {wvh = (87— Mu
and

(s = "1 = A8)v +ur(AS)(AS + Du,
{upv}r = vr(AS)u,
{vyv}r = vr(AS)(AS + 1)v.

One can check that they are compatible rational mPVA A-brackets. The corresponding
commutators of formal distributions define the ¢g-deformed W-algebra of sl3 [FR96],
see also [HI97]. In Sect. 9.4 we shall construct a local mPVA subalgebra 43 as well.
The local lattice Poisson algebra corresponding to the mPVA A3 is the Belov-Chaltikian
algebra [BC93].
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5.6. Dirac reduction. Let V be a rational mPVA with multiplicative A-bracket {-)-}.
Given elements 61, ..., 8,, € V, we consider the matrix

ch) = ({eﬂkea})gf g1 € Matym VIIA, A~ (5.22)

By the rationality assumption on V, this is an m X m-matrix, symbol of a rational matrix
difference operator:

C = C(S) € Matmxm V(S),

which we assume to be invertible. The Dirac modified A-bracket {-y -} by the constraints
01, ..., 0, is defined as follows

1 m
(@b} ={abh = 237 3 iV (|, s (CTNop 0 @r05)F), @b e V.
+ o,p=1
(5.23)
In the RHS of (5.23) we are using the notation (5.20).
The following result is the “multiplicative analogue” of [DSKV 14, Thm.2.2]

Theorem 5.12. Let V be a rational mPVA with automorphism S and \-bracket {- , -}.
Let 61, ...,0,, €V be elements such that the rational matrix pseudodifference operator
C(S) € Mat,,,xm V(S) with symbol (5.22) is invertible.

(a) The Dirac modification {-  -}P defined by (5.23) is a rational multiplicative Poisson
A-bracket on V.

(b) All elements 01, ..., 0y, are central with respect to the Dirac modified A-bracket:
{a,0;)P = {0;,a}? =0 foralli =1,... ., manda € V.

(c) The associative algebra ideal T = (S"(0;) |i = 1, ..., m; n € Z) is an mPVA ideal
of V with respect to the Dirac modified A-bracket {- 5 -}P.

Hence, the quotient space V /1 is a rational mPVA with respect to the multiplicative A-
bracket induced by the Dirac modified A-bracket {- 5, -}° onV, provided that it is defined.
We call this mPVA the Dirac reduction of V by the constraints 01, . . ., 0,,.

Proof. Straightforward. O

As a special case, assume that V is an algebra of difference functions in uy, ..., ug,
and that the multiplicative Poisson A-bracket on V is given by the Poisson structure

H(S) = (H,-j(S))fj:1 € Maty¢ V(S), with symbols of the entries given by
Hij(A) ={uj,ui} € V(A).

Then, by the Master Formula (3.7), the matrix C(S) € Mat,, «,, V(S) with symbol (5.22)
is given by
C(S) = De(S) o H(S) o D§(S), (5.24)

where

004 .
D@)(S) = (Z msn> 1 1 g GMath( V[S,S ],
o= m,i1=

nez ’

.....
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is the Frechet derivative of ® = (6y)g=1....n,and Dg (S) is the transposed adjoint matrix:

,,,,,

30
DE(S) = <Z S o —5) € Matgx, VIS, S711.
4

oUjp
nez s j=1,..., ,B=1,...m

Moreover, it is not hard to check that the Dirac modified Poisson structure H D(S),
corresponding to the Dirac modified multiplicative A-bracket (5.23), is as follows:

HP(S) = H(S) + B(S) o C(S)"! o0 B*(S) € Matyyx V(S), (5.25)
where

B(S) := H(S) o D¥(S) € Matg,n V(S),
B*(S) = —De(S) o H(S) € Maty,x¢ V(S),

and C(S) is as in (5.24).
As a further special case, assume that the constraints have the form

9i=l/li+ci, i=1,...,m,

wherec;, i = 1, ..., m,are constants. In this case, let us write the multiplicative Poisson
structure H (S) in block form

_(HI(S) HxS)
H(S’—<H3<S> H4(S>>’

where the blocks are of sizes H{(S) € Maty,x,, V(S), H2(S) € Mat,x—m) V(S),
H3(S) € Matg_pyxm V(S) and Hy(S) € Mat_myxe—m) V(S). Then, the above
matrices Dg(S) € Mat,,«¢ V(S), De(S)* € Matyy,, V(S), C(S) € Mat,,xm V(S),
B(S) € Matyy,, V(S), and B(S)* € Mat,,«¢ V(S), are as follows:

Linscm
De(S) = (lmxm Omx(éfm)) ’ DE(S) = ( ) >

O(E—m)xm
B(S) = (g;g;) BX(S) = — (Hi(S) Ha(S)). C(S) = Hy(S).

Hence,

Do (00
H7(S) = (o Hy(S) — H3(S) o Hy(S)™! on(5)>'

In other words, the multiplicative Poisson structure for the Dirac reduced mPVA V/7 is
the quasideterminant of the matrix H (S) with respect to the block H4(S) (cf. formula
(5.25) and [OR89)):

Hy(S) — H3(S) o Hi(S)™" o Ha(S).
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5.7. Relation with q-deformations of Poisson algebras. Let) be a vector space over the
field F(q) of rational functions in the variable g. Consider the space V[[z, 7L w, w )
of V-valued formal distributions in two variables. An element a(z, w) € V[[z, 71,

w, w™ ] is called quasi-local if it has an expansion of the following form:

a(z,w) = ZCj(w)(S (,L) for some ¢;(w) € V[[w, w']]. (5.26)
) ’ q’w ’
JEZL

Due to Lemma 2.8 this is a generalization of the notion of a g-local formal distribution
in two variables.

Example 5.13. Examples of quasi-local formal distributions are provided by the ¢g-
deformed W-algebras Wy of Frenkel and Reshetikhin [FR96]. Let us consider the
simplest example when N = 2. Then V is a completed algebra of polynomials in
the indeterminates #,, n € Z, with the following two compatible g-deformed Poisson
brackets

{r<z>,r<w>}1=8<ﬂ)—a<ﬂ) and (1(2), 1= =L (E) 1)1 (w),
Z 1+¢ Z

4 meZ

where 1(z) = ),y t22". The first bracket is obviously local, while the second can
be written using property (2.6) in the form (5.26), where ¢;(w) = ajt(qj w)t(w), and
a; are coefficients of the expansion of the function ]1%3. Replacing, as in Sect. 2.4,

8(z/q’w) by A/, letting S(¢(w)) = t(qw) and identifying ¢ (w) with u, these brackets
correspond to the compatible multiplicative A-brackets of Example 4.6.

6. The Multiplicative Adler Identity and Poisson Vertex Algebras

6.1. The multiplicative Adler identity. Let) be aunital commutative associative algebra
endowed with an automorphism S and a multiplicative A-bracket {-, -}. By analyzing
the notion of an Adler type pseudodifferential operator from [DSKV15,DSKV16], we
arrive at the following multiplicative analogue of it.

Definition 6.1. The multiplicative Adler identity (or, simply, Adler identity) on a pseu-

dodifference operator L(S) € V((S +1)) with respect to a multiplicative A-bracket {- ; -}
reads

(L2 L(w)) = LwAS)S, (’”T)‘S) L (g) _ L@, (wa5> L(w)

1 )
- E(L(wkS) +L(w)) <L (Z) - L(z)) , (6.1)

where §.(z) is the positive part of the §-function, defined in (2.12).

Recalling (2.6), we have

wAS\ (A wAS
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Hence, using (2.11), we can rewrite the Adler identity (6.1) in the equivalent form
involving the negative §-function 6_(z):

{L(2)xL(w)} = —L(wAS)é— (w_kS) L* (%) + L(z)d6- (me) L(w)

Z
- % (L(wAS) + L(w)) (L* (%) - L(z)) . (6.2)

Next, we observe that the Adler identity can be rewritten equivalently in terms of local
(i.e. polynomial) A-brackets among the coefficients of the pseudodifference operator
L(S).Indeed,let L(z) =) ;.5 u;z' € V((z~1)) (the same argument works for L(z) €
V((2))). Clearly, the RHS of (6.1) is a Laurent series in z~' with powers of z bounded
above by the positive integer N, while the RHS of the equivalent equation (6.2) is a
Laurent series in w ™! with powers of w bounded above by N. Hence, the Adler identity
(6.1) is consistent in the degrees of z and w, and, comparing the coefficient of z'w/
(i, j < N)in both sides of (6.2), we get the following A-bracket relations:

N—i
fuisuy =Y (jnOS) ™ iy — isn(1S)"uj )
n=0

— %u,((m)f + DS = Du;. (6.3)

Likewise, for L(z) = > ;o y u;z' € V((z)), the RHS of (6.2) is clearly a Laurent series
in z with powers of z bounded below by N, while the RHS of (6.1) is a Laurent series in
w with powers of w bounded below by N. Hence, again (6.1) is consistent in the degrees
of z and w, and (6.1) is equivalent to the following A-brackets relations for all i, j > N.

j=N
{uiku.j} = Z (uj—n()\s)jiiinuiwz - ui+n()¥S)nuj—n)

n=0

- %u,-((m)u D(AS) ™ = Du;. (6.4)

Proposition 6.2. Suppose the pseudodifference operator L(z) € V((z*")) satisfies the
Adler identity (6.1). Then, we have the multiplicative skew-symmetry relation

(L@ L)} = —(|,_g{Lw);-1,-1L(2)}), (6.5)

and the multiplicative Jacobi identity:
{L@u{L(w)u L)} = {L(w) L@ L)} = {L(@2 L)}y, L)} (6.6)
Proof. From (6.1) we have

(|, (L)1 1 L))
ZS ZS * 1 ZS
= ( x:SL (H) Oy (m) L <m> — L(w)d+ (m) L(2)
Y (2)srw) (e () -
() o) (2 (o) 1))
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z s
— L(wAS)S, (wkS> L <Z) — L(2)8, ( xs> L(w)
1 A
- 5(L(w,\S) — L(w)) (L* (;> + L(z))
— L(wAS)S_ (w S) L* (’\> —L(2)5_ <w—)‘S> L(w)
Z Z Z

1
+ 5 (LWAS) + L(w)) (L* <§) - L(Z)) = —{L(2)L(w)}. (6.7)

For the second equality of (6.7) we used the definition of formal adjoint, for the third
equality we used (2.12), and for the fourth equality we used (6.2). This proves Eq. (6.5).
Next, let us prove Eq. (6.6). By a straightforward computation (see [DSKV15] for the
same computation in the additive case), using the Adler type identity (6.1) and the
Leibniz rules, the Jacobi identity (6.6) can be rewritten as the vanishing of the following

N (e (e () (B - (W (e (L) 6

e (O) () G)) ©9)
() (- () 2 (i) 1) (0) 6.10)
(e () () e () - () () (2) 6
e (t )(&(z:i’s) v () rremon (0o () ()
)

L(wiuS)ss <

— L(vAuS) ( (

+ = L(U}\}LS)L*

+ L(vAuS)d4 (

— L(vAunS) (8+ <

6.12)
+ Lo ( ( (’“ ) )L* (% (6.13)
L), ( ot ) (L(z)8+ ( )L(v) L@, (w S) L(z)) (6.14)
~ L(w) (& (“‘S> LG )) ( ( ) L(v)) (6.15)
+ S L@ILW) (a( ) ( ) - 1) L) (6.16)
- s () (s () L+ o () L) (6.17)
+L(2) (6+ (sz) L(w)) ( ( S) L(v)) + L(2)3, (”A“ S) L(w)L(v) (6.18)
e yrannsit (o, (22) s, (20) - )L(z) (6.19)
e NI o
- 7L(vAuS)L* < ) ( <wm) 1) L(w) 6.21)
S A R P
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1 zus w v
— JLOLEnS) <3+ ( - ) +6, (z;TS> - 1) L (E> (6.23)
L waus)Lens) <3+ <ﬂ) +5, ( v ) - 1> L* (5) (6.24)
2 w uns w
1 Y @NTA wAS Z
- SL@)L ( : ) <5+ (T) +6, (wm) - 1) L(w). (6.25)
Using notation (3.3) we can rewrite
(6.11)+ (6.12) = L(viuxy) <5+ (”“’“”) 5s (ﬂ) _ 5 (”A“xy) 5 (ﬂ)
w Zuy w Z
vAX w VAX s AN
(7)o (g )+ () (et (2)) (et () =
In the last identity we used (2.13), with x; = ”“‘Txy and xo = % Similarly, we rewrite
(6.17) + (6.18) = L(2) (5+( ky)m (””) (M’”t) ("’”)
z w

() (2 (1)) st -

In the last identity we applied again the relation (2.13) with x| = wT” and x; = ”T’”
Furthermore, note that '

(6.8) + (6.9) = L(vhuxy) (a+ <”“”‘y ) () s (va) 5. (wa y)
wAx vuy e Ll
_5+< z )8+< >(|x sL <Z |} sL (E))
= —LAS)5, (“’“‘S ) L ( (w” ) L ( ) (6.26)
Z

In the last equality we used (2.14) with x| = wi‘x and x = “£2. Using Egs. (2.11) and
(2.12), we can rewrite

(6.20) = L(vAuS)s, (W‘S> L* <M> 5 (w—”> L(w)
Z Z

Z

= L(wAuS)s, <”A“S> L* (E) 5 ('”S> L* (A> , (6.27)
Z w Z Z

where in the last equality we used the property (2.6) of the multiplicative delta function.
Combining Egs. (6.26) and (6.27) we get

(6.8) + (6.9) + (6.20) = 0.

vALLS
—L(w)5+< ” >L( )8 ( )L( )
vAS
= - <8+ (T) L(v)) L(znS)é ( ) L(2). (6.28)

Similarly, one shows that

(6.14) + (6.15)
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In the last identity we used the property (2.6) of the multiplicative delta function. Using
Egs. (2.11), (2.12) and (6.28) we get

(6.14) + (6.15) + (6.22) = 0.

Finally, using Egs. (2.11), (2.12) and the property (2.6) of the multiplicative delta-
function, one shows that

(6.10) + (6.21) = 0, (6.13)+(6.25) =0, (6.16)+(6.23) =0, (6.19) +(6.24) = 0.
This completes the proof. O
As an immediate consequence of Proposition 6.2, we have

Corollary 6.3. Assume that V is a unital commutative associative algebra with an auto-
morphism S, and assume that the pseudodifference operator L(S) € V((St)) satisfies
the Adler identity (6.1) with respect to a multiplicative A-bracket {- ) -} of V. LetUd C V
be the smallest subalgebra of V containing all the coefficients of L(z) and preserved by
the automorphism S. Then, U is a subalgebra with respect to the multiplicative \-bracket
{5}, ie. U U} C UIA, A1, and, moreover; the restriction of {- 5 -} to U defines a
structure of an mPVA on U. If, in particular, V is generated by the coefficients of L(z)
and the action of S, then V is an mPVA.

Proof. Due to Proposition 3.4, if skewsymmetry and Jacobi identity for the multiplicative
A-bracket hold on a set of difference generators of I/, then they hold on the whole /. O

7. The Multiplicative 3-Adler Identity

By analyzing the work of Oevel and Ragnisco [OR89] (see [DSKV19]) we arrive at the
following definition.

Definition 7.1. The multiplicative 3-Adler identity on a pseudodifference operator
L(S) € V((S*)) reads

(L2 L(w)} = LWAS)L(E)S, (“)7”) (L* (5> - %”L(w))

Z
wAS wAS A
— <L(z) — L(wkS)—) Sy <—) L(w)L* (—) . (7.1
Z Z Z

Using Eqgs. (2.6) and (2.11) we can rewrite Eq. (7.1) as

wAS wAS A
(L) L(w)) = (L(z) - L(me) 5 (T) Lw)L* (Z)

wAS o [ A wAS
— L(wAS)L(z)$- <T) (L <—> - TL(w)) . (12)

Z

Proposition 7.2. Suppose the pseudodifference operator L(z) € V((zT")) satisfies the
3-Adler identity (7.1). Then, multiplicative skew-symmetry relation (6.5) and the multi-
plicative Jacobi identity (6.6) hold.
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Proof. By Eq. (7.1) we have

2z w [ A
(s L@ L@)) = (LwrS) - L@ =) 8 (=) L@L <Z>

z s
— LwAS)L(2)8, <wxs) (L(w) - mL (Z)) .
(7.3)

Using Egs. (7.1), (7.3) and the definition of the multiplicative §-function, we thus get

{L@aL )} + (|, _g{L(w);-1,-1L(2)})

= L(wAS)L(2)$ (w7”> (L* (’%) - L(w))

+ (L(wAS) — L(2))8 (me) L* (’;) L(w) = 0.

In the last identity we used Eq. (2.6). This proves the skewsymmetry relation (6.5). The
Jacobi identity (6.6) follows from a straightforward but long computation, similar but
much longer than the analogous proof of (6.6) in Proposition 6.2. We omitit. O

To distinguish between different Adler identities we add subscripts to the A-brackets
as follows: we shall denote by {-, ~}§L) or {-,- }( ), a A-bracket on V for which the

pseudodifference operator L(S) € V((SEDY) satisfies the 2-Adler identity (6.1) or the
3-Adler identity (7.1) respectively. One can easily check that, for € € C,

fa 9 = P s 2ef o P + 20000, (7.4)
and
Fa s = o #2ef P, (1.5)

where the 1-Adler identity reads:

AS AS
z )(wTL() L(w))

(L@ L)Y = s, (

- (L(z)7 - L(wk))&r(wT)L). (7.6)

In particular, Proposition 6.2 can be obtained as a consequence of Proposition 7.2 and
Eq. (7.4). And an analogous Proposition can be stated for the 1-Adler identity (7.6).
From Proposition 7.2 and the analogous result for the 1-Adler type identity, we get that
Corollary 6.3 holds also for the A-brackets {- ~}§L) and {-, ~}§L).

Let L(z) = Y ;_yuiz' € V((z™h) (respectively, L(z) = > ;o y uiz" € V((2)).
By comparing the coefficients of 2w, i, Jj < N (respectively, i, j > N), in both sides
of the 1-Adler identity (7.6) we get the following local A-bracket relations among the
coefficients of the pseudodifference operator L(S):

fuiu P = e (8™ = A )ui ), (1.7)

where ¢;; = 1ifi,j > 1,¢; = —11ifi,j < 0, and ¢;; = 0 otherwise. These
multiplicative A-brackets should be compared with Example 2.3.
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8. Integrable Hierarchies Associated to Adler Type Pseudodifference Operators

8.1. Integrable hierarchies associated to a 3-Adler type pseudodifference operator.

Theorem 8.1. Ler L(S) € V((Sil)) be a pseudodifference operator over the multi-
plicative Poisson vertex algebra V. Assume that L(S) satisfies the multiplicative 3-Adler
identity (7.1). Define the elements h, € V, n € Z>g, by

1
h, = ——mRes; L"(z) forn #0, ho =0. (8.1)
n

Then:

(a) All the elements f h,, are Hamiltonian functionals in involution:

s [ha}P =0 forallm, n € Zo. 8.2)
(b) The corresponding hierarchy of compatible Hamiltonian equations satisfies
dL
diw) = {[hn, L)} = (L™, LI(w), n € Zso (8.3)
n

(in the RHS we are taking the symbol of the commutator of difference operators),
and the Hamiltonian functionals [hy, n € Z=, are integrals of motion of all these
equations.

In the remainder of the section we will give a proof of Theorem 8.1. The proof is
based on Lemma 8.2 and Lemma 8.3 below, which are the multiplicative analogues of
Lemmas 2.1 and 5.6 in [DSKV16]. The proof of these lemmas is similar. For example
the proof of Lemma 8.3 uses Proposition 5.5.

Lemma 8.2. Given two pseudodifference operators A(S), B(S) € V((St)), we have

(a) mRes, A(z)B*(%) = mRes; A(zAS)B(2);
(b) [ mRes; A(zS)B(z) = [ mRes; B(zS)A(z).

Lemma 8.3. Let V be an mPVA with multiplicative A-bracket {-) -}. Let L(S) €
V((STY)). Let hy, € V be given by (8.1). Then, fora € V, n € Z=1, we have

{hnpa}lizr = —mRes;{L(zx) a}(lr=sL" "' (2))

JHaihn} =1 —/mReSz{axL(wX)}lle(Ix:sL"_l(w))- (8.4)

Proof of Theorem 8.1. Applying the second equation in (8.4) first, and then the first
equation in (8.4), we get

s [} = /mResZ mRes, {L(2x)x Lw)}(|,_y L @) (|, L")

(8.5)
We can now use the 3-Adler identity (7.1), and the fact that L(zs)L™ '(z) = L™(z)
and L(wS)L"~Y(w) = L"(w), to rewrite the RHS of (8.5) as
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/mResZ mRes,, (L(wS)Lm(Z)3+(wTS)L*(é)L”_1(w)

m wS wS m wS 1,
— LHLT @) () —— L7 (w) = LT (D3 ()L (DL (w)

S wS
+ L)L @a () LN )L"(w)) (8.6)
We use Lemma 8.2(b) to rewrite the first term in the RHS of (8.6) as
mRes; mRes,, L" (z)§+(—)L*(—)L" (w). (8.7)
z z

Hence, the first and third term in (8.6) sum to zero. On the other hand, using Lemma
8.2(a) (with A = 1), we rewrite the last term in (8.6) as

/mResZ mRes,, L(wS)L" (z)8+(w—S)w—SL"(w). (8.8)
7z

Hence, the second and last term in (8.6) sum to zero, thus showing that the RHS of (8.5)
vanishes and proving part (a).
We are left to prove part (b). We have

([hn L)} = (i Law)}”|,_, = — mRes (L) L)} (|, _sL" "' (@)
wS 1 n wS ws
= —mRes; (L@WS)L" (28, (—)L*(2) = LWwS)L" (2)84(—) == L(w)
Zz Z Zz Z
n wS 1 n—1 wS wS 1
~L" (@8 ()L (L) + LS L™ ()8, (=) == L* () L(w) )
Z Z Z Z Z
il w n wS wS
= —mRes, (Lw$)L (©34(—) = LWwS)L" @34(—) L (w)

— ! (z)8+(wa)L(w) + L(wS)L”(z)6+(wa)waL(w)>
Z Z Z
= LY (wS),L(w) — L(wS)L"K(w),. (8.9)

In the second equality we used the first equation in (8.4), in the third equality we used
the 3-Adler identity (7.1) and some algebraic manipulations, in the third equality we
used Lemma 8.2(a) (with A = 1), in the fourth equality we used Eq. (2.10). This proves
(8.3) and completes the proof of the theorem. 0O

8.2. Integrable hierarchies associated to 2-Adler and 1-Adler type pseudodifference
operators. The analogue of Theorem 8.1 for 2-Adler and 1-Adler pseudodifference
operators can be proved by similar computations (see also [DSKV16] for the same
computations in the additive case):

Theorem 8.4. Let L(S) € V((ST1)) be a pseudodifference operator over an mPVA V.
Assume that L(S) satisfies the multiplicative 2-Adler identity (6.1) (respectively, the
1-Adler identity (7.6)). Define the elements h, € V, n € Zxo, by (8.1). Then:

(a) All the elements f h,, are Hamiltonian functionals in involution:

(. [ha}is =0 forallm,n € Z=. (8.10)
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(b) The corresponding hierarchy of compatible Hamiltonian equations satisfies

dL(w)
dt,

= ([, LYY = [(L")s, LI(w), n € Zsg,  (8.11)

(respectively, L = {[hn, La)}® = [N, L ](w),neZzl,) (8.12)

and the Hamiltonian functionals [hy, n € Z=, are integrals of motion of all these
equations.

8.3. Tri-Adler type pseudodifference operators and tri-Hamiltonian hierarchies. Let )
be a unital commutative associative algebra endowed with an automorphism S, and let
L(S) € V((ST")) bea pseudodifference operator. We say that L(S) is of tri-Adler type if
there exist mPVA A-brackets {- ~}§L), i =1, 2,3, onV for which the pesudodifference
operator L(S) € V((St!)) is of i-Adler type, i = 1,2, 3. We say that V is a tri-mPVA if
any linear combination of the A-brackets {- » -}fL), i =1,2,3,isanmPVA. The following
result follows from Theorems 8.1 and 8.4.

Corollary 8.5. Let V be a unital commutative associative algebra endowed with an
automorphism S. Let L(S) € V((ST1)) be an invertible tri-Adler type pseudodifference
operator with respect to multiplicative A-brackets {- ), -}EL), i=1,2,3,0nV, and assume
thatV is a tri-mPVA. The elements h,, € V, n € Z>1, given by (8.1) satisfy the following
generalized Lenard—Magri recurrence relation:

a1, LW = ([ hns L@V = {[hast, L@V 0 € 2. (8.13)

Hence, (8.3) is a hierarchy of compatible tri-Hamiltonian equations on the tri-mPVA ).
Moreover, all the Hamiltonian functionals [hy,, n € Z>, are integrals of motion of all
the equations of this hierarchy.

9. Pseudodifference Operators of Generic Type

Let N > 1. In this section we denote by )V the algebra of difference polynomials in
infinitely many variables u;, i € Z<py. LetalsoZ be the difference ideal (i.e. the minimal
S-invariant ideal) generated by the elements uy — 1, and let V = V/Z. Note that V is
isomorphic to the algebra of difference polynomials in the u;, i € Z<y—;. Furthermore,
let

L(S) = Ly(S) = Z u; St e v((s™hy), 9.1)
I<N
and
L(S):=Ly(S)=S" + Z u; St e v((s™h). 9.2)
i<N-1

We call L(S) the pseudodifference operator of generic type of order N.
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9.1. Pseudodifference operators of generic type and 1-Adler type identity. By the dis-
cussion in Sect. 7, we have that (see Eq. (7.7)) the assignment (i, j < N)

{Mi,\uj}gL) = Eij((?»S)_i — Vg,

where €;; = 1ifi, j > 1,¢;; = —1ifi, j <0, and ¢;; = 0 otherwise, defines an mPVA

structure on V. Note that {uy;u j}gL) =0, for every j < N. Hence, Z is a central ideal
and we have an induced mPVA structure on )V given by (i, j < N — 1)

{1 = e (8™ = A Yui 9.3)

where inthe RHS uy = 1 and up = O fork > N.

The linear independence of the integrals of motion f hn,n € Zy>1, is proved in the
same way as in [DSKV15]. Thus, from Theorem 8.4 and the above discussion we get
the following result.

Theorem 9.1. Let L(S) be the pseudodifference operator of generic type for the algebra
of difference polynomials V), and endow V with the mPVA structure given by (9.3). Then
we have an integrable hierarchy of Hamiltonian equations in )V given by (8.12).

9.2. Pseudodifference operator of generic type and 2-Adler type identity. By Corollary

6.3 we have an mPVA structure on )V whose A-brackets {uiu j}éL), i,j <N, are given
by the RHS of Eq. (6.3). The next result can be proved easily using the Adler type
identity (6.1)

Lemma 9.2. The following identities hold:

a) {umi(w)}g_i) = L(Lwrs) — Lw)) (1 + 8 N)uy.
B LN}y = Jun (14 0HV) (L) — L*(2)).

o) unun)s” = Jun (AN — ) )u.

We can apply the Dirac reduction procedure of Sect. 5.6, by the constraint 8 = uy,
to get the following result.

Proposition 9.3. Let L(S) be the pseudodifference operator of generic type of order N
defined in Eq. (9.2). Then, it defines an mPVA structure on V via the following Dirac
reduced 2-Adler type identity:

(L@ Lw)PP = L(wAS)6+<ij)L*(z*‘A) - L(z)3+(ij)L(w)
+HLw)S)Y = Lr)) ()Y = 1) (L) — L* @), (9.4)

Proof. Equation (9.4) follows from the 2-Adler identity (6.1), Eq. (5.23) defining the
Dirac reduced A-bracket and Lemma 9.2. By Theorem 5.12, Eq. (9.4) defines an mPVA
structure on V. O
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By comparing the coefficients of 2w, i, j < N — 1, in both sides of (9.4), we get
the following A-brackets relations in V

N—i
L)D f—i—
(w197 = 3 (g 08 e — i (1))
n=0

+uj (Y = a8)) (G - 1)7] (1= 09w, ©5

where uy = 1 and uy = 0O for k > N. The local Poisson brackets on V corresponding
to (9.5) (up to a constant factor) have already appeared in [Car06].

Note that the RHS of (9.5) is local only for N = 1. The following result follows by
a straightforward computation.

Lemma 9.4. Let N = 1 and h,, be defined as in (8.1). Then, we have

(hus L)) it = (i L))l
From Theorem 8.4 and Lemma 9.4 we get the following result.

Theorem 9.5. Let N = 1. Let L(S) be the pseudodifference operator of generic type for
the algebra of difference polynomials V, and endow V with the mPVA structure given
by (9.5). Then we have an integrable hierarchy of Hamiltonian equations in V) given by
(8.11).

9.3. Pseudodifference operator of generic type and 3-Adler type identity. The 3-Adler
type identity (7.1) is not consistent for the pseudodifference operator L(S) € V((S™1)).
Indeed, the LHS of (7.1) has powers of z bounded above by N, while the RHS of (7.1)
contains powers of z of order greater than N. Hence, we can not use the operator L(S)
to define an mPVA structure on V using the 3-Adler type identity. However, similarly
to what was done in Sect. 9.2, we can perform a Dirac modification to get an mPVA
structure on V given by the pseudodifference operator of generic type L.

We illustrate this procedure in the case of N = 1. Let V be the algebra of difference
polynomials in the u;, i € Z<p, and let L(S) = S + ZieZ>0 u_;S7' e V((S’l)) be
the generic pseudodifference operator of order 1. Denote by H; (L) (M) (w, z) the RHS
of (7.1). Note that, H{" ()(w.2) = ¥; ;-,(H{");i(\)z'w/. On the other hand,
{L(2)3L(w)} = Zi’jio{uuuj}zi w/ . Hence, the 3-Adler identity (7.1) is not consistent.

Let H3(L)(S) = ((H;L))ij (S))i’j52 and write it as a matrix in blocks form as follows

Loy _ (AS)  B(S)
s (S)—<C(S> D(S))’

where

A(S) = ((Hg(L)(S))i,j)izl,z;j=1,2’ B(S) = ((H3(L)(S))i,j)i:1’2;j50a
CO) = (B if)icojma PO = (Hig)ico, <0
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We are interested in computing the generating series for the entries of the matrix pseu-

dodifference operator obtained by taking the quasideterminant of H3(L) (S) with respect
to the block D(S) (see end of Sect. 5.6)

LDy _ (O 0
(Hy )7 = <0 D(S) — C(8) 0 AGS) ™ o B(S))' ©-6)

From Eq. (7.1) we get, by a straightforward computation,
Y (HP 0)ind = (L1 — L),
i<2

> @ G)ojw! = AS(L(w) — L*(w™'v),
Jj=<2

S HP )iz = LEaS) (2 +uo(l+271) — (28 +uo(1+ 27 H)L() |

i<2

Z(Hg“ W)1jw! = (wS + (1 +A8)ug) L(w) — (w+ (1 +A8)uo) L*(w™'2).
<2

9.7)
From Eq. (9.7) we immediately get

0 S—1
ABS) = (1 —S51 Soug —uosl)’

whose inverse is

(A =8HTo(Soupg—upS™Ho(s-nH71 (1 -85H!
A(S) —< R . . 98)
Let (H;L))D()»)(w, )= ((H;L))D)ji(k)ziwj be the generating series for the
symbol of entries of the matrix pseudodifference operator (H3(L))D . Since, by Eq. (9.6),

(H3(L))D(A)(w, ) =<0 ((H3(L))D)ji(k)ziwj, we get a consistent Dirac modified
3-Adler identity. Explicitly, using Egs. (7.1), (9.6), (9.7) and (9.8):

(L@ L)PP = HHYP )(w, 2)
wWAS| 1, . wAS
= L(wAS)L(2)(1 — T) (L*G@') — TL(w))

— (L) - L(w/\S)me)(l - me)‘lL(w)L*(z—u)

— (LwAS)wAS — wASLW))(AS — 1) (L(z) — L*(z™"0))

+(LwAS) — L)) ()™ = 1) (L™ —z8) "' L* e 'h)

— (LwAS) — Lw)) (A8 — 1) uo(L(2) — L*(z~'%))

+(LwAS) — Lw))uo((R8) ™ = 1) (L(z) — L*(z~'%). (9.9)

Skewsymmetry (6.5) and Jacobi identity (6.6) for the multiplicative A-bracket (9.9)
follow by a straightforward (but long) computation that we omit (note that L(S) is not
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an operator of 3-Adler type, so we cannot apply Theorem 5.12). Hence, we have an mPVA
structure on V given by the Dirac modified 3-Adler type identity (9.9). By comparing
powers of z'w/, i, j < 0in both sides of (9.9) we get the following A-brackets relations
inV

{Miwj}gL)D
=Y (a8 up(AS)* T uisja — (S g A Uiy qp)
a<i
b<l1
= Y (#irjmab ST T U S Ty — iy OS) TP (RS) T ug).
jH+l<a<l1

b<l1
— (uj S = ASu; ) (S = 1) (1 = ()
+ui (S = 1) = 1) (T = ) i
= u; (097 = 1) (x5 = 1) w0 —ug(3:H7 = 1)) (1= G.H i, ©.10)

where u1 = 1 and uy = 0 for k > 1. This agrees, up to a constant factor, with formulas
in [Car05].

Similarly to the arguments provided in the previous section, from Theorem 8.1 and
Corollary 8.5 we get the following result.

Theorem 9.6. Let N = 1. Let L(S) be the generic pseudodifference operator for the
algebra of difference polynomials V, and endow V with mPVA structure given by (9.10).
Then we have an integrable hierarchy of Hamiltonian equations in V' given by (8.3).
Moreover, the three mPVA structures on 'V given by (9.3), (9.5) and (9.10) are compatible
and the Lenard—Magri recursion relations (8.13) hold. Hence, (8.3) is a compatible
hierarchy of tri-Hamiltonian equations on the tri-mPVA V.

Remark 9.7. We can similarly define a generic pseudodifference operator in V((S)).
Similar results as the ones proved in this section still hold. Moreover, for M, N > 1,
all the results of this section can be proved starting from a difference operator of the
form

N
L) =Lun(S)= Y wS eVIs, 5],
i=—M

where Vs the algebra of difference polynomials in the variables u;, where —M <i < N,
see [Car06]. In particular Egs. (6.3), (7.7), (9.5) for —M < i, j < N, subject to the con-
dition uy = 0 for k < —M, still define mPVAs which were previously studied, in
terms of Poisson algebras, in [BM94,MS96,Car06]. The same is true for N = 1 for
Eq. (9.10).

9.4. The multiplicative W -algebra Wy and its local subalgebra. Let Vy be the algebra
of difference polynomialsinug, uy, ..., uy—1,where N > 2. Then formula (9.5) defines
on it the following rational multiplicative Poisson A-bracket:
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{uipuj} = uo(AS) i — uis; (AS) ug
i+j—1

+(2]j— >0 )unS) i

n=1
+uj<QSﬂV—(ASﬂ><OSYV—])71(l—(kSY4>m, ©.11)

where
uy =1 and up =0 for k > N. 9.12)

It is clear from this formula that u¢ is a central element. Hence we can further reduce
by the difference ideal generated by ug — ¢, where c is a constant. As a result we get
the multiplicative W-algebra Wy, which is the algebra of difference polynomials in
ui, ..., un—1, with the following family of multiplicative rational Poisson A-brackets:

{uijust = clujujh + {uijujlz,

where
{uizueih = (8™ = 2 Juj . ©.13)
and
il . (Y — (8)7) (1 — A8~
{uirujl = (;— ; )Mn()»S)n Uivjn+uj SN —1 i
(9.14)

subject to (9.12). The first Poisson structure has already appeared in Example 2.3, while
the second Poisson structure corresponds to the g-deformed W -algebras of Frenkel and
Reshetikhin [FR96] (as discussed in Example 5.13 for N = 2).

These two compatible multiplicative Poisson structures for N = 2 and 3 have been
discussed in Examples 5.10 and 5.11 respectively. In the first case we constructed a
local mPVA subalgebra corresponding to the local lattice Poisson algebra of Faddeev-
Takhtajan-Volkov. The main result of the present section is the generalization of this
construction to arbitrary N > 3. It is proved by a direct computation.

Theorem 9.8. Let N > 3. Consider the difference subalgebra Ay of the algebra Wy
localized by uy, generated by the following elements:

1
ul(Sul)...(SN_lul)’

Ui .
. : , 2<i<N-1. 9.15
T Sun Sy T O

V] =

Then both multiplicative Poisson A-brackets (9.13) and (9.14), restricted to the subal-
gebra Ay, are local.

Formula (9.15) is the generalized Miura transformation, introduced in [MBW13].
We can write explicit formulas for both multiplicative A-brackets {v;, v;}1 and {v;, v;}2
of any two generators v; and v; (1 < i, j < N — 1). In all these formulas we assume
that vy = vy and v; = O fori > N. For the first A-bracket, we have:
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)
1— @SN 1—@asN
{fviavh = vll_(—)h;((AS)_lvz - UZ}»S)%UI ;
(i) for2<j <N —1:
1— SN 1—(S)~/
{vj,vih = vll_(—)\;(()\S)_lvz — vz)hS)l—ET;*]vj
1 — SN .
+ UIW()L -5 ])Uj+1 ;
(iii) for2 <i,j <N —I:
1 — (AS)! _ 1— @8~/
{v“v,‘}l = v,m((AS) 11)2 - UQA,S)WUJ‘
1—S) .
+ Uim(}\. — ()\.S) ])Uj+1
; _ 1—(A8)~/ i i
+ (vis1 (1) = (AS) 1vi+1)wv,»+(us> T =1 )vis).

For the second A-bracket, we have
(1)

1= "M =N
{lev1}2=v1( ( )1_))55 ( ))v1;

(i) for2 <j <N -—1:

(1= - (AS)N)U. .
1—2S 7

{vj,vila =1
@iii) for2 <i,j < N —1suchthati+j <N+ 1:

AS(1= 081 -0877)
1= 1S B
j i+j—2

(20— D i p S Puy + (' = A v

p=2  p=i

{vjvila =v;

@iv) for2 <i,j <N —1suchthati+j > N +2:
AS(1— (SN (1= 8)™)
1—iS Vi

j N
= ( Z _Z)Uiﬂ'fp()‘s)i_pvp

p=i+j—N p=i

{vj,vila =v;
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Let H(S) and K(S) be the multiplicative Poisson structures corresponding to the
A-brackets from Theorem 9.8:

N—-1 N—-1
H(S) = ({vjsvi}lﬁ)i,jzl and K(S) = ({vjsvi}2—>)i,j:1'
Let
_ b T 0 T
& = ( ,0,...,00" and & =(0,-1,0,...,0)".
Nv
Then,

K(S)50 =0, K(S)51 = H(S)o.

and we have the bi-Hamiltonian equation j—;(’) = H(S)&. Explicitly,

d

G = (s o =5 ),

@—v-(S_l(v)—Si_l(v))+v~ — 85 ' (vis1), 2<i<N-—1. (9.16)
dio = 2 2 i+1 Vi+1), =1 = . .

For N > 3 this is the Mari Beffa-Wang lattice. For N = 3 this is the Belov-Chaltikian
lattice [BC93]. It is unclear how to prove that the Lenard—Magri sequence extends to
infinity, which would prove integrability of this equation.

10. Further Examples of Integrable Hamiltonian Systems of
Differential-Difference Equations

10.1. The Toda lattice. Let )V be the algebra of difference polynomials in two variables
u and v. Let

L(S)=S+v+uS~'eV[s, s71. (10.1)

By Remark 9.7, Egs. (9.9), (9.4), (7.6), Propositions 6.2 and 7.2, and Theorem 5.12, we
have the following three compatible mPVA structures on V:

{vpv}z = (k_l — AS)uv — vASu + u(kS)_lv,
(v} = 021 = A)u + (1 — AS)u? + u(AS) " 'u — ASurSu,

()3 = 2u(WS) 'uv — 2uvASu; (10.2)
v =7 =ASu,  {uv) = vl — AS)u,

{wuys = u((x8)~" — AS)u; (10.3)
(viv) =0 = {wu}r, {wwh = (1 —AS)u. (10.4)

The mPVA structures defined by Egs. (10.2), (10.3) and (10.4) are known as the three
compatible Poisson structures of the Toda lattice, see [Kup85]. By an explicit computa-
tion we have

L(S)2 =852+ w+v)S+u+u;+ V2 + (uv + uv_l)S*1 + uu_lez. (10.5)
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Then, by Egs. (8.1), (10.1) and (10.5) the first two non-trivial integrals of motion (8.1)
are

[hi=—fv and fhzz—%f2u+v2.

By a straightforward computation, using Egs. (10.4) and (10.3) we have

{([hi,ubo =u(w —v_1) ={[ha,u}1, {[hi,v}a=ur—u={[hr,v}1. (10.6)
Furthermore, using Eqs. (10.3) and (10.2) we have

{[hi,u}s = u(uy —u_y +v* —v?)) = {[ha, us,

{[hi,v}3 =ui(v+v) —u(+v_y) = {[ha, v}s. (10.7)
From Egs. (10.6) and (10.7) the first two non-trivial equations of the hierarchy (8.3) are
du ( ) dv
— =u(v—v_1), —=u;—u
dty ! dt !
and
e 2 4?0, Z ) —u oy
— =u(u; —u_1—v , — =ui(v —u ~1).
dn 1 1 sl dn 1 1 1

Note that, letting v = 5—fl and u = e979-1, the first equation becomes the Toda lattice
(see [CDZ04,KMW13])
dq,

5 = edn+1—4n _ e‘In_qn—l’ neZ.
dtj

10.2. The Volterra lattice. Let ) be the algebra of difference polynomials in two vari-
ables u and v with the second mPVA structure {- , -} := {-, -} given by Eq. (10.3). Let
T C V be the difference algebra ideal generated by the variable v. Let Y = V/T and let
7 :V — V be the quotient map.

Let & = v, and let us apply the Dirac reduction procedure explained in Sect. 5.6.
Using Egs. (5.23) and (10.3) we get that the Dirac reduced mPVA structure on V is given
by

(wu}? = u((r8)™' = AS)u. (10.8)
Note that {uu}? = m{u,u}. Hence, we have {7 (a),7(h)}? = n{ayb}, for every
a,b € V. In particular, {[7(h,), [7(hm)}P = 0, for every n,m > 0, where the
integrals of motion fhn are defined by (8.1). Since L(z) :=n(L(z)) = z+uz 'isan
odd Laurent polynomial, we have that f m(h,) = 0 for every odd integer n > 1. The
corresponding Dirac reduced integrable hierarchy for V has the form

dLGz)  =o, -
TET‘zuﬁ’”@* n=>1

the first equation being the Volterra lattice:
du

d_t1 =u(uy —u—y).
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In the case of the first mPVA structure, given by Eq. (10.4), it is impossible to define
the Dirac modified A-bracket with & = v. In the case of the third mPVA structure, given
by (10.2), it is possible, but the Dirac reduced A-bracket is not defined. However the
Volterra lattice is a bi-Hamiltonian equation (see, e.g., [KMW13] and [DSKVW18]),
but we do not know how to obtain the other Poisson structure along the above lines, and
how to prove the corresponding Conjecture 7.4 from [DSKVW18].

10.3. The Bogoyavlensky lattice. Let p > 1, and consider the algebra of difference

polynomials V in the p + 1 variables u;,i =0, ..., p. Let
p .
L) =S+ wS"eV[s. s (10.9)
i=0

and endow ) with the mPVA structure {-, -} := {-, -}» given by Eq. (9.4). (As in the
Volterra case, it is impossible to Dirac reduce the first and the third A-brackets.) Let
T C V be the difference algebra ideal generated by the variables u;, i =0,...,p — 1.
Let V = V/Z,let : V — V be the projection map, and let # = 7 (u)). Then Vs
the algebra of difference polynomials in u. It is clear from Egs. (5.23) and (9.5) that the
induced Dirac reduced mPVA structure on V is given by

(GSHPH —1)(1 = (AS)P)
.8)P (18 — 1) )”'

{wu}? = wluu} = u( (10.10)

Hence, we have {7 (a), 7 (b)}° = m{a;b}, for every a,b € V. In particular, we get
{[7(hy), [w(hw)}P = 0, for every n,m > 0, where the integrals of motion [h, are
defined by (8.1). Since f,(z) = (L(z)) = z+uz P, itis easy to check that fn(h,,) =0
if n is not a multiple of p + 1. The corresponding Dirac reduced integrable hierarchy for
V has the form

dL(z)

- =[L1"Y L)@), n> 1
n

The first equation is known as the Bogoyavlensky lattice:

p
d_u = Zu(ui —Uu_;).

dt
N

This is easily computed using (10.10) and the fact that [7(hps1) = — [u.

10.4. The discrete KP. Let) be the algebra of difference polynomials in infinitely many
variables u;, i € Z<p. Let

L(S) =S+ Zu,-sf e V((S™Y) (10.11)
i<0

be the generic pseudodifference operator of order 1. Equations (9.9), (9.4) and (7.6)
(equivalently, Egs. (9.10), (9.5) and (7.7) for N = 1) define three compatible mPVA
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structures on V. Explicit formulas for the first and the second A-brackets can be found
in the next Section. The corresponding tri-integrable hierarchy (cf. (8.3))

dL(z)
dt,

is the discrete KP hierarchy, see [AvM99]. Note that L(z)+ = z + ug. Hence, the first
equation of the hierarchy is

=[(L")y, L1(z), n=>1, (10.12)

dL
dt(Z) = 2(S = DL() + (L(2) — L(zS))uo,
1
namely
du; ; .
— =S5 — Duj—1 +u; (1 — SHug, i <0.
dty

Furthermore, L2(z)+ = 22+ (S + Duoz + (S + Du_; + u%. Hence, the second equation
of the hierarchy is

dL@) _ a2y 1
d—lz_z ( — ) (Z)+Z(Su0+u05)L(Z)—ZL(ZS)(S+ )uo

+(L(z) — L(zS)((S + Du_y +ud).

Explicitly, the latter equation is (i < 0)

du; 2 i—1 i 2
i (8% = Duj—g + (Sug + uoS)ui—1 — ui—1(S+1)S " ug +u; (1 = SHAS + Du_y +ud).

10.5. Multiplicative Poisson \-bracket for the two-dimensional Toda hierarchy. Recall
that the two-dimensional Toda hierarchy [UT84] is the hierarchy of Lax equations on
the pseudodifference operators

L(S)=S+ug+u_1S ' +... eV(s™h),
and
L(S) =S " +iig+i_1S+... € V((S)).

The equations extend the discrete KP hierarchy (10.12) as follows:

dL(z) ., dL(z) . -

di, = [(L")+, L1(2), a, = [(L")+, L1(2),

dL(z) -, dL(z) -, -

ar, =[(L")-, L1(2), i =[(L")-, L1(2). (10.13)

Carlet computed the three compatible Poisson brackets of [OR89] for this hierarchy
[Car05]. Here we present them in the equivalent language of A-brackets.
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The first mPVA A-bracket is

{uiuih = (1 — & — e)(AS) ™ = Muiy,
fuiritjh = (A7 = O8) 7Y (ejummi—j — €iitj—i),
{iiitjh = (1 — e — e (A — 8)itia, (10.14)

where¢; = 1ifi <0and¢; =0if i > 1, and in the RHS we assume that
ur =1 and wup =ur =0 if k> 1. (10.15)

. The second A-bracket is

1—i

fuisuils = (j-nOSY ™ iy — Uin(8)"uj )

n=0
—u; (08 = 088 = 1) (ST = Dy,
min{l—i,1—j}
windihr = Y (S T isg A = (8) i jan (AS) T i)
n=0

+i ()T = 1S = 1) TGS T = s,

—_

{iisit o = Y (iimn(S) it jun — i jun (AS) ™ i)
n=0
+i ()T = 1S = 1) (S = Dy, (10.16)

~

subject to (10.15). We do not give here the third A-bracket since it is non-local. These
A-brackets can be derived by using the theory of Adler type operators, discussed in the
previous sections.

Define the Hamiltonian functionals

1
p+1

1
p+1

hy=— [mRes LP™!, k), = — JmRes LP~! for p =1, hg=ho =0.

According to the Oevel-Ragnisco theory [OR89], these Hamiltonian functionals are
integrals of motion in involution with respect to both A-brackets and the hierarchy (10.13)
has the following bi-Hamiltonian representation (cf. Theorem 8.1):

df

dty, thns fhilszy = v fhal g

df - A

g = sl = haerafhaf, s n= 1. 1017
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