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Abstract: Consider the long-range models on Z¢ of random walk, self-avoiding walk,
percolation and the Ising model, whose translation-invariant 1-step distribution/coupling
coefficient decays as |x|~94=% for some a > 0. In the previous work (Chen and Sakai
in Ann Probab 43:639-681, 2015), we have shown in a unified fashion for all o« # 2
that, assuming a bound on the “derivative” of the n-step distribution (the compound-
zeta distribution satisfies this assumed bound), the critical two-point function G p, (x)
decays as |x|‘“2_d above the upper-critical dimension d; = (o A 2)m, where m = 2
for self-avoiding walk and the Ising model and m = 3 for percolation. In this paper, we
show in a much simpler way, without assuming a bound on the derivative of the n-step
distribution, that G, (x) for the marginal case o = 2 decays as |x 1>~4/log | x| whenever
d > d. (with a large spread-out parameter L). This solves the conjecture in Chen and
Sakai (2015), extended all the way down to d = d., and confirms a part of predictions
in physics (Brezin et al. in J Stat Phys 157:855-868, 2014). The proof is based on the
lace expansion and new convolution bounds on power functions with log corrections.
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1. Introduction and the Main Results

1.1. Introduction. The lace expansion has been successful in rigorously proving mean-
field critical behavior for various models, such as self-avoiding walk [9], percolation
[17], lattice trees and lattice animals [18], oriented percolation [24], the contact process
[25], the classical Ising and ¢* models [26,27]. It provides (a way to derive) a formal
recursion equation for the two-point function G (x), which is similar to the recursion
equation for the random-walk Green function S, (x) generated by the non-degenerate
(i.e., D(0) < 1) 1-step distribution D(x) and the fugacity p € [0, 1]:

Sp(x) = 8o.x + (pD * Sp)(x), (1.1)

where, and in the rest of the paper, (f * g)(x) = Zy f(y) g(x — ) is the convolution
of two functions f, g on Z¢. The formal recursion equation for G p(x) is of the form

G p(x) = My(x) + (T, % pD % G ) (x), (1.2)

where 1, (x) is a series of the model-dependent lace-expansion coefficients. It is natural
to expect that, once regularity of I7,, (e.g., absolute summability) is assured for all p up
to the critical point pc, the asymptotic behavior of G, (x) should be the same (modulo
constant multiplication) as that for the random-walk Green function Sj(x). If so, then
sufficient conditions for the mean-field behavior, called the bubble condition for self-
avoiding walk and the Ising model [1,22] and the triangle condition for percolation [6],
hold for all dimensions above the model-dependent upper-critical dimension d., which
is 2m for short-range models, where m = 2 for self-avoiding walk and the Ising model
and m = 3 for percolation.

Inrecent years, long-range models defined by power-law couplings, D (x) & |x
for some o > 0, have attracted more attention, due to unconventional critical behavior
and crossover phenomena (e.g., [7,8,13,21]). Under some mild assumptions, we have
shown [13, Proposition 2.1] that, for ¢ # 2 and d > o A 2, the random-walk Green
function S (x) is asymptotically z—z|x|‘“2_d , Where

|—d—a

r(4=g12) 1 — D(k) 1 — etk
2a/\27.[d/21-(a€2) Vot ‘k‘lﬂ, |k|om2 |k\1§0 sz |k|a/\2 (x)

Xe

Y
(1.3)

For short-range models with variance 0> = >y |x|>D(x) < oo, the asymptotic behavior
of S (x) is well-known to be 4T (452)7~4/26=2|x|>=4, which is consistent with (1.3)
for large @ > 2. The crossover occurs at @ = 2, where the variance o2 diverges

logarithmically and S (x) was believed to have a log correction to the above standard
Newtonian behavior.
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An example of D(x) = |x|~? is the compound-zeta distribution (see (1.15) for

the precise definition). It has been shown [13] that this long-range distribution for o # 2
also satisfies a certain bound on the “derivative” | D*" (x) — %(D*” (x+y)+ D™ (x —y))|
of the n-step distribution. Thanks to this extra bound, we have shown [13, Theorem 1.2]
in a unified fashion for all « # 2 that, whenever d > d. = (o A 2)m (with a large
spread-out parameter L), there is a model-dependent constant A close to 1 (in fact,
A = 1for a < 2) such that G (x) ~ %S1 (x). One of the key elements to showing
this result is (slight improvement of) the convolution bounds on power functions [16,
Proposition 1.7] that are used to prove regularity of IT, in (1.2). However, since those
convolution bounds are not good enough to properly control power functions with log
corrections, we were unable to achieve an asymptotic result for « = 2, until the current
work.
In this paper, we tackle the marginal case « = 2. The headlines are the following:

o Si(x)~ g—§|x|2—d /log |x| whenever d > 2, where y is in (1.3), but v, is redefined
as

1 — D)

= lim ————M—. 1.4
K20 kP og(1/1k) (14

v

o Gp(x) ~ %S1 (x) whenever d > d. (with a large spread-out parameter L). This
also implies that other critical exponents take on their mean-field values for d > d.
(including equality).

The latter solves the conjecture [13, (1.29)], extended all the way down to d = d,. It
also confirms a part of predictions in physics [8, (3)]: the critical two-point function
for percolation was proposed to decay as |x|**?~"~4 whenever @ # 2 — 1, where
n = n(d) is the anomalous dimension for short-range percolation and is believed to be
nonzero for d < 6, and as |x|>~"~¢/ log |x| whenever o« = 2 — 1.

We should emphasize that the proof of the asymptotic result in this paper is rather
different from the one in [13] for & # 2. In fact, we do not require the n-step distribution
D*" to satisfy the aforementioned derivative bound. Because of this, we can cover a
wider class of models to which the same result applies, and can simplify the proof to
some extent. Although the same proof works for @ < 2 (see Remark 3.7 below), we will
focus on the marginal case o = 2.

Before closing this subsection, we remark on recent progress in the renormalization
group analysis for the O(n) model, which is equivalent to self-avoiding walk when
n = 0 and to the n-component |¢|* model when n > 1. Suppose that the above physics
prediction is true for the O (n) model as well, and that n > O for d < 4. Then, we can
take a small ¢ > 0 to satisfy o« = d% € (4, 2—1n) # J,henced =200 — ¢ < d,, and

yet G, (x) is proven to decay as |x |°"d [21]. This “sticking” at the mean-field behavior,
even below the upper-critical dimension, has been proven by using a rigorous version
of the e-expansion.

In the next subsection, we give more precise definitions of the concerned
models.
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1.2. The models and the main results.

1.2.1. Random walk Let

lxl, = %(m vr) [xeRY 1<r<ool, (1.5)

where | - | is the Euclidean norm. We require the 1-step distribution D (x) to be bounded
as

1 —d—
D) = L lEl4e

D 1
& 3050, Vx ez, VL e[l,00): cg#g—, (1.6)
Ly gd-«a c

I

where L is the spread-out parameter.
Let D and D*" be the Fourier transform and the n-fold convolution of D, respectively:

D(k) = Z **Dx) [k e [, )7, (1.7)
xezd
b) [n =01,
D*"(x) ={2" 1.8
w {Zyezd DD () D(x —y) [n = 11. (19
We also require D to satisfy the following properties.
Assumption 1.1 (Properties of ﬁ). There isa A = A(L) € (0, 1) such that
R <2—A [Vke[-mn],
1—D(k 1.9
()L A LK 1/L) (9
while, for |k| < 1/L,
N 1 [a # 2],
1 — D(k) = (LIk)*"?* x (1.10)
log %Ikl [a =2].
Moreover, there is an € > 0 such that, as |k| — 0,
- L+ O(LEK9) [ #2],
1 — D(k) = vy|k[*"? x ( 1.11
(k) = velid :(logﬁ+0(l)) [a = 2], (11D
where the constant in the O (1) term is independent of L.
Assumption 1.2 (Bounds on D*"). Forn € N and x € 7,
—d/(an2) [Ol # 2]
D" < 0L~ x {" ’ 1.12
l loo = O( ) X {(nlog%)—d/Z [a =2], ( )
0 LD{/\Z 1 2
D (x) < n% ) [or 7 2], (1.13)
flx g+~ log ¢l [«=2]
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It has been shown [10-13] that the following D is one of the examples that satisfy
all the properties in the above assumptions:

a4
—_— —d—O{ ['x ;é 0]»
D) =1 3 ezavop VI (1.14)

0 [x =o0].

Another such example is the following compound-zeta distribution [13]:

D(x) =) U T,) [xeZ, (1.15)
teN

where, with a probability distribution 2 on [—1, l]d C R4 and the Riemann-zeta function

t(s) = ZteNtis’

h(x/L) d
U = 7], 1.16
v =S e (1.16)
i—1-a/2
Ty () = m [t € N]. (1.17)

We assume that the distribution / is bounded, non-degenerate, Z¢-symmetric and piece-
wise continuous, such as i(x) = Z_d]l{nxumfl}.

Since the proof of (1.12) for @ = 2 is only briefly explained in [13, (1.19)], we will
provide a full proof in Sect. 2.

Let S, be the random-walk Green function generated by the 1-step distribution D:

||

Sp(x) = Z p‘wll_[D(w,—wj_l) [x € Z9], (1.18)

w:0—>X j=1

where 0 € Z¢ is the origin, p > 0 is the fugacity and |w| is the length of a path
w = (wg, ®1, ..., Wy|). By convention, the contribution from the zero-step walk is the
Kronecker delta §, .. It is convergent as long as p < 1 or p = 1 withd > o A 2. One of
the main results of this paper is completion of the asymptotic picture of Sy for all « > 0,
as follows.

Theorem 1.3. Let d > a A 2 and suppose D satisfies Assumptions 1.1-1.2. Then, for
any p € [0, 1],

O(L—a/\Z) 1 q [05 # 2],
< ' x (1.19)
el =" " oz, @ =2
og Il

Sp(x) - 80,)5

Moreover, there are €, 1 > 0 such that, for L1t < |x] = o0,

O(L¢
Va/v (1 + |)(C|€) [ # 2],
Si(x) = =S5 x (1.20)
|x|d—aA2 1 (1+ o(l) ) o = 2],
log |x| (log |x|)¢

where the constant in the O (1) term is independent of L.
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1.2.2. Self-avoiding walk Self-avoiding walk (sometimes abbreviated as SAW) is a
model for linear polymers. Taking into account the exclusion-volume effect among
constituent monomers, we define the SAW two-point function as

ol
Gpx)= Y P Pwj—w;- D[]0 = buw) (1.21)
j=1

w.0—>X s<t

where the contribution from the zero-step walk is §, ,, just as in (1.18). Notice that the
difference between (1.18) and (1.21) is the last product, which is either 0 or 1 depending
on whether w intersects itself or does not. Because of this suppressing factor, the sum
called the susceptibility

Xp = Gpl) (1.22)
xezd

is not bigger than y_ ;s S, (x), which is (1 — p)~! when p is smaller than the radius
of convergence 1, and therefore the critical point

pe =sup{p : xp < oo} (1.23)
must be at least 1. It is known [22] that, if the bubble condition
Gilo) =Y Gp(x)* <0 (1.24)
xezd
holds, then
xp = (pe—p)~" (1.25)

meaning that the critical exponent for x, takes on its mean-field value 1.

1.2.3. Percolation Percolation is a model for random media. Each bond {u, v} C Z¢ is
assigned to be either occupied or vacant, independently of the other bonds. The prob-
ability of a bond {u, v} being occupied is defined as pD(v — u), where p > 0 is the
percolation parameter. Since D is a probability distribution, the expected number of
occupied bonds per vertex equals p ZX?&O D(x) = p(1 — D(0)). Let G, (x) denote the
percolation two-point function, which is the probability that there is a self-avoiding path
of occupied bonds from o to x. By convention, G ,(0) = 1.

For percolation, the susceptibility x, in (1.22) equals the expected number of vertices
connected from o. It is known [6] that there is a critical point p. defined as in (1.23)
such that x, is finite if and only if p < p. and diverges as p 1 pc. Itis also known that,
if the triangle condition

Gl o)=Y Gp(x)Gil(x) < o0 (1.26)
xezZ4

holds, then x, diverges in the same way as (1.25).

There is another order parameter 6, called the percolation probability, which is the
probability of the origin o being connected to infinity. It is known [2,14,23] that p in
(1.23) can be characterized as inf{p > 0 : 6, > 0} and that, if the triangle condition
(1.26) holds, then

0p <X P — D, (1.27)

meaning that the critical exponent for ), takes on its mean-field value 1, i.e., the value
for the survival probability of the branching process.
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1.2.4. The Ising model The Ising model is a model for magnets. Let A C Z? and
define the Hamiltonian (under the free-boundary condition) for a spin configuration

© = {pv}ven € {il}A as

Hy(@) == Y Juwvfuto. (1.28)
{u,v}CA

where J,,,, = Jy,v—u > 0 1is the ferromagnetic coupling and is to satisfy the relation

tanh(BJ,
D(x) = o Blox) (1.29)
ZyeZd tanh(ﬂjo,y)
where 8 > 0 is the inverse temperature. Let
(Qop)pA = D Potx e‘f’HA(@/ Y @, (1.30)

pe{£1}A pef{x1}A

Using p = Y .zatanh(BJ, ), we define the Ising two-point function G,(x) as a
unique infinite-volume limit of (@,@x) g, A:

Gplx) = lngr%fpo(px)ﬁ,A. (L.31)

It is known [20] that the susceptibility x, defined as in (1.22) is finite if and only if
p < pc and diverges as p 1 pc. It is also known [3,14] that p. is unique in the sense
that the spontaneous magnetization

6, = /lxlligloo G,(x) (1.32)

also exhibits a phase transition at p.. (Unlike the case for percolation, the continuity of
0, in p has been proven for all dimensions, as long as J, , satisfies a strong symmetry
condition called the reflection positivity [4].) Furthermore, it is known [1,5] that, if the
bubble condition (1.24) holds for the critical Ising model, then

Xp = (pe —p) 7, 0p = /D — Pes (1.33)

meaning that the critical exponents for x, and 6, take on their mean-field values 1 and
1/2, respectively.

1.2.5. The main results Let

2 A Isi
de = (@ A2) xm, m= [SAW and Ising], (1.34)
3 [percolation],

where m is the number of G, involved in the bubble/triangle conditions (1.24) and
(1.26).

In the previous paper [13], we investigated asymptotic behavior of G (x) for a #
2,d > d. and L > 1 (see Theorem 1.7). In the current paper, we investigate the
marginal case o« = 2, for which the variance of D diverges logarithmically, and prove
the following:
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Theorem 1.4. Let « = 2 and d > d, (including equality) and suppose that D satisfies
Assumptions 1.1-1.2. Then there is a model-dependent Ly < oo such that, for any
L > Ly,

O(L7?)

Gp(x) S bpx+—75—. (1.35)
X192 1og [I %Iy
Moreover, there is an € > 0 such that, as |x| — 00,
1 o(1
Gp(x) = — fz/”z <1 + 20 ) (1.36)
Pe |x]47=log |x| (log |x|)¢

where the O (1) term is independent of L.

Due to the log correction to the standard Newtonian behavior in (1.35)-(1.36), we
can show that the bubble/triangle conditions hold, even at the critical dimensiond = d..
For example, the tail of the sum in the bubble condition (1.24) can be estimated, for any
R >1,as

4—d

2 ood_r r
Y. Gp) ~/;e T Goar (1.37)

x:x|>R

which is finite even when d = 4, due to the log-squared term in the denominator. Also, by
the convolution bounds in Lemma 3.5 below, which is one of the novelties of this paper,
we can show that G*2(x) for d > 4 is bounded above by a multiple of Ix|*=4/ log |x|.

Therefore, the tail of the sum in the triangle condition (1.26) can be estimated as

6—d

W, [Tdr o
> Gp Gpc(x)fv/R — Toar? (1.38)

x:|x|>R

which is finite even when d = 6, again due to the log-squared term in the denominator.
Therefore:

Corollary 1.5. The mean-field results (1.25), (1.27) and (1.33) hold for all three models
with « = 2 and sufficiently large L, in dimensions d > d. (including equality).

Remark 1.6. 1. In the previous paper [13], we investigated the other case o # 2 and
proved the following:

Theorem 1.7 (Theorems 1.2 and 3.3 of [13]). Let @ # 2 and d > d. and suppose
that D satisfies Assumptions 1.1-1.2 and the following bound on the “derivative” of
D*": forn € Nand x, y € Z¢ with |y| < %|x|,

D +y)+ D" (x—y)| _ O Iyl

D*(x) — <n————- (1.39)
2 |||X |||i+0t/\2+2
Then, there is a model-dependent Ly < oo such that, for any L > Ly,
L7QA2
Gp.(x) < 8o x + ( ) (1.40)

d—an2’
Mg~
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As a result, the bubble/triangle conditions (1.24) and (1.26) hold, and therefore the
critical exponents for x, and 0, take on their respective mean-field values. Moreover,

there are A = 1 + 0(L72)Il{a>2} and € > 0 such that, as |x| — oo,

A Ya/Vo O(L%)
G = — 1 .
Pc(x) De |x|dom2< + |x|e

(1.41)

The extra assumption (1.39) is hard to verify in a general setup. However, we have
shown [13] that the compound-zeta distribution (1.15) for & # 2 satisfies (1.39). In
fact, as explained in Sect. 3.2 (see also Remark 3.7), the proof of Theorem 1.4 for
o = 2 also works for the case @ < 2, so that we do not have to require (1.39) for
o < 2,butnot for ¢ > 2. This is somewhat related to the fact that the multiplicative
constant A in (1.41) becomes 1 for o < 2.

2. The possibility to extend the mean-field results down to d = d. was already hinted
in [19, Theorem 1.1], where we have shown that, ford > d. and L >> 1, the Fourier
transform G, (k) obeys the following infrared bound, uniformly in k € [—m, JT]d
and p < pc:

G,k) = L+ On) (1.42)

Xy +p( = Dk))

where

5 _/ ddk D(k)? (1.43)
" iirae Qo) (1= Dy '

In fact, we can follow the same line of proof of [19, Theorem 1.1] to obtain (1.42),
as long as §,, is sufficiently small. However, for « = 2 and d > d. (including
equality), we have

d’k  D(k)? Com dk -
S < = = o —__—ow
ki>1/1 2m)®  A™ i<t/ ([kI=10g 57m)™

(1.9) - (1.10)
(1.44)

Therefore, by taking L sufficiently large and using monotonicity in p, we obtain

dk 4
G = lim G*" =1l —_— " , 1.45
O OO = O e et P e )

as long as d > d., hence the mean-field results for all d > d.

2. Analysis for the Underlying Random Walk

In Sect. 2.1, we prove Theorem 1.3 for « = 2 (the results for « 7# 2 have been proven
in [13]). In Sect. 2.2, we complete the proof of (1.12) for o = 2.
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2.1. Proof of Theorem 1.3. The results for « # 2 are already proven in [13, Propo-
sition 2.1]. The proof of (1.19) for « = 2 is easy, as we split the sum at N =
|||%|||%/10g |||%|||1 and use (1.13) forn < N and (1.12) forn > N, as follows:

Sq(x) = 8o, = ZD*"(x) + Z D" o

< O(L—d)(lmg ||||”§+|||21 Z Z(” log 1)~ d/2>
L

X 1—d/2 —dyp x 12—d
< O(L_d)<10g|||L|||1N2 N ) _ OL™ Iy

+
192 (log N)472 log 15 Il
2.1
It remains to show (1.20) for a = 2. First, we rewrite S (x) ford > 2 as
SO B ey oy
QT 1= Dk xord (271)‘1
2.2)
Let
) ()2
€ (0, %), = = 2.3
me( d+2) (log li—‘)““ (2.3)
Then, for |x| > L'*7 (so that §, , = 0),
T d «
I = f dt/ Ak ikx—r1-Dik) g,
[—7, ﬂ]d (27T)d
t d?k ik-
= dre™ / e "D (k)”
~/0 Z )4 (Zﬂ)d
t tn
— - L p#n
= /O dre (50,)( +Z D (x))
n=1
a1y OL)log 5 OL x| 04
- x|d+2 XIN1+20 :
x| (log )
which is an error term.
Next, we investigate S1(x) — I;. Let
x|\~
= € (0, 1), LR=\|— . (2.5)
nlog L L

Then, we can rewrite Sy (x) — I; as

e’} ddk ) N
Sl(.x) _ Il :/ dt/ v e*lk’X*f(l*D(k))dt
T )4 2m)

/oo . / Ak ikx—uptlk log I 24: I (2.6)
_ : e + B °
T i<k (1) j=2
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where

—ik- _ _N _ k21 L
12_/ dt/k|<R e R GO ) MR

dk efik~x7T(17[)(k))
I = / ; . (2.8)
R<|k|<1/L (27) 1 — D(k)
dk e—ik‘x—T(l—ﬁ(k))
14—/ R VY 2.9)
Lrad @0 1Z Dy VY
For I, we first note that, by (1.11),

o7 1=Dtn _ mello pin | < 012y M R T (2.10)

Lets = v2t|k|210g ﬁ and r = |k| < R. Since |x| > L', we have

d 1 d 1 d 1 d d
_s:<2_ 1>—rz<2— 1>—r><2——)—r=—r. 2.11)
s log/ r log /7 onlogL ) r r
Therefore, for d > 2,
O(LZ)/ dt t/ d+2 —Uzlr 10g r

vt R?log 7% d (d+2)/2
O(LZ)/ dtt/ il <—S - ) e
T 0 s \wtlog 1
(d+2)/2
(2.5)
< oL~ d)(l g| ') T'=4/2

23 O x>

[1>]

IA

IA

- , (2.12)
(log by2=@-2/2
which is an error term because
d—2 23 d—2 4
,_d=2rad, =1+ > 1. 2.13)
2 d+2 d+2

For I3, since (1.10) holds and log ﬁ >log 7 > Ofor k| < /L, thereisac > 0
such that

|I3| < O(L 2)/ dr d 2 —cL?T? O(L d)Tl d/Z/T ds (d 2)/2 -,
L2TR? §
(2.14)
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Since T R? — o0 as |x| — oo (cf., (2.3) and (2.5)), the integral is bounded by a multiple
of (L2T R?){@=4/2,=cL’TR* 'which is a bound on the incomplete gamma function.
Therefore, for N € N large enough to ensure 2N +4 > d,

(LR)d_4e_CL2TRz - (LR)* 0oL~
T ~ T (L’TR>N
—2+(2N+4—d)(1— [x] (1 N+1
O (L™2*CN+=d) (-0 (]og %)( +) (N+1)

I3 < O(L™)

|x |d—2+CN+4—d)(1-0)

x| L1+ O(L_z)(log M)(l+u)(N+l)
L T

| [4—2+CN+A=d) (T—w)n/ () (2.15)

which is an error term.
For 14, we use (1.9) and a similar argument to (2.15) to obtain that, for N € N large
enough to ensure 2(Nn — 1)/(1+1n) > d — 2,

L2V (log ELYN L4 L~2)(log YN
|]4| < O(I)e_TA < o - O( )( og L) |x|><L o( )( og L)

™~V — |x|2N - |x|2(Nn=D)/(+n)
(2.16)
which is an error term.
So far, we have obtained
si= [ a | Wk miecatifiosdy |5 @17
1x) = t e + i .
T ki<r 2m)d '/

To investigate the above integral, we introduce & = x/|x| and change variables as
k = |x|k. Then, by changing time variables as t = ”2’ 5 log 7 2 the integral in (2.6) can
be written as

dyc vatli* x|
[x]™ d/ / — exp( ik & ————log—
lc|<|x|R (27T)d |x|? Lik|

xl

x> [ d/x . , 108 7
= 0 s dr ——7 €xp —ik & —Tlk|? T
vz log ' J 2l 1og b lc|<jx|r (27) log 1

x2 L

_ P (/ f oikE—TIk]? _i:M) (2.18)
vglog— R4 (27{)‘1 j=1 g

where

=5 T d
M| = /|x|2 08T d-c/. d%x e*i’('<§*7|’(|2 (219)
0 R (27) ’

> e
M= / dt/ el (2.20)
%bgm lc|>|x|R (27)

L
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d4 ) 1
M; / / - em'f”“z(l —exp (zp«ﬂil'(')). 2.21)
T log 11 le|<lx|r (27) log 'I’i—l

Notice that the first term in the parentheses in (2.18) gives the leading term:

— d=2
/ / J— :/oo e 1/(47) _ I Y. Q0
o Jmd (Zn)d 0o @ro)dt gl

For M, since |x|?/(v2T log |x‘) = ﬁz (log |x‘)“ — 00, we obtain that, for N € N
large enough to ensure 2N +4 > d,

0T e X1 _
M, /‘ > e T e~ 1/t — 1 /oo dS (d—2)/26—s
TR T 42T a0 sl S
2 (d—4)/2
< 0(1) (L) o~/ @uaTlog )
B v T log &
(2.23)
Using the exponentially decaying term yields
YN o(l
< @ (2.24)

~ (log |z_‘)(2N+4—d);L/2 ’

which gives an error term as long as 2N +4 > 4.

For M, changing the order of integrations and changing variables as r = |« 2wl
g g g g g |x|2
log 7 1 yields
dd 00
|M,| 5/ Kd/ d‘L’ e—r|K|2
k|>x|R (270) " log 1l
:/ _d 1 <_| pnl |x|>
> 1x g (2m)4 |'<|2 |x |2 &1
d—2)/2
= o(1) <L)( ! / dr @2/,
vy T log x| v TR?log 7 klor
lx|? 2104 Ll
= O(1) (|x|R)?* ———— ¢~ Rloe 7", (2.25)

x|

T log T

Using the exponentially decaying term and |x| > L7 as in (2.15)~(2.16), we obtain
that, for N € N large enough to ensure 2N +4 > d,

O(1)(log EHWNV+DR =Lt O (1) (log 1) N+Dr

<
EheNa-O—0) = x|V I—am T (2.26)

|M>] <

which gives another error term.
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For M3, we first note that, since |«| < |x|R = (|x|/L)'~¢,

1 1 1 R
1 —exp (zl |2 og || Sthl og x|l J og |x|
x] [x] B
log 7 log 7

log &

2 [og x| o= w)r|,<|2

= T|k| B (2.27)

log

nT

Then, by changing the order of integrations and changing variables as s = w|«|? HE

log %, we obtain

1 dd [}
IM3] = ﬁ/ 7Kd lklzllogIKII/ dr 7 e~k
log 7 Jikl<ixir (27) 20 1og 1

1 / d?k |10g|/<||( ol |2v2T m)eww 27 log 1
 log BT Jig<iuir @007 @?lkP? X 8L
_ i1
0(1) < |X|2 )(d 2)/2 /-a)vaRzlog dS slle (d—2)/2 s
_ I+s)e™
log I v T log 7 Ix] 0 s wvy T log 7 Izl (1)
(log \z;\)fnufzm/z
(2.28)
Using the triangle inequality
2 2
2. 3) L
log skl log il + loglog u (2.29)
wvy T log 7 Iz v2
we obtain
2 Il
/ e S| @2 4 e
0 s v T log 7 Iz
d
< / > log SR 4 gy +(T(452) + F(%))Mloglogu
0 N
convergent as long as d > 2
= 0(1)(1 +loglog %) (2.30)
As a result,
O()loglog Bl 1<z 0(1) loglog 1!
by < o Doeloe g O o ko8 1 (231)
(lo T)l (d—2)u/2 (log T)4/(d+2)
which gives another error term.
Summarizing (2.17)—(2.18) and (2.22), we arrive at
x|2—4 4
Si(x) = " |x( ZM)+ZI~, (2.32)
L j=1

with the error estimates (2.4), (2.12), (2.15)—(2.16), (2.24), (2.26) and (2.31). This com-
pletes the proof of Theorem 1.3 assuming the properties in Assumptions 1.1-1.2. 0O
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2.2. Proof of the bound (1.12) on | D*"|| oo fora = 2. Forn =1, |D|lsc = O(L™%) is
obvious. For n > 2, we recall that || D*" || is bounded as (cf., [10, (A.2) and (A.4)])

1
d e
ID*" oo < O(L™) / e D1 — A)2, (233)
o F
Since the second term decays exponentially in n, it suffices to show that
d
/ Lpdemnr?los 3 < 0((nlog ) ~4/?). (2.34)

Let r = n~ /% (so that nt> = ,/n). Notice that log 7 > log5 > 0 forr < 1. By
changing variables as s = nr? log 7, we have

/ ﬂ d ,—nr?log 3 < 0~ ds 8 g, < O(nfd%z)efﬁlog%’
Vilog 5 S
(2.35)

which decays much faster than O ((nlog 5*)~ /2, For the remaining integral over r €

(0, t), we change variables as s = nr? log Z o Then, there is a ¢ > 0O such that

d 1 d 1 d d
e k] i) ety (236)
s log 7~ logs. /) r r

4
r= - T = - T = 1 > = Srm . (2.37)
nlogg nlogZ n(zlogn+10g %) nlogT

Therefore,

dj2 2log Z d/21d
/’ dr pd g og 44/ /m 3 ds (25 < 44/ Fn(’?) ’
0 T c(nlog Bt)d/2 s c(nlog 5t)d/2
(2.38)

asrequired. O

3. Analysis for the Two-Point Function

In this section, we use the lace expansion (1.2) to prove Theorem 1.4. First, in Sect. 3.1,
we summarize some known facts, including the precise statement of the lace expansion
for the two-point function. Then, in Sect.3.2, we prove the infrared bound (1.35) by using
convolution bounds on power functions with log corrections (Lemma 3.5) and bounds
on the lace-expansion coefficients (Lemma 3.6). The proofs of those two lemmas follow,
in Sects. 3.3-3.4, respectively. Finally, in Sect. 3.5, we prove the asymptotic behavior
(1.36) and complete the proof of Theorem 1.4.



558 L.-C. Chen, A. Sakai

3.1. List of known facts. The following four propositions hold independently of the
value of @ > 0.

Proposition 3.1 (Lemma 2.2 of [13]). For every x € Z¢, G p(x) is nondecreasing and
continuous in p < p¢ for SAW, and in p < p. for percolation and the Ising model. The
continuity up to p = p. for SAW is also valid if G ,(x) is uniformly bounded in p < p.

Proposition 3.2 (Lemma 2.3 of [13]). For every p < p. and x € 74,
Gp(x) < Sp(x), pPD(x) < Gp(x) —8px = (pD * Gp)(x). (3.D

Proposition 3.3 (Lemma 2.4 of [13]). Forevery p < pc, thereisa K, = K,(a,d, L) <
oo such that, for any x € 74,

Gp(x) < Kpllxll ;9. (3.2)

Proposition 3.4 ([9] for SAW; [17] for percolation; [26] for the Ising model). There
are model-dependent nonnegative functions on 7, {JT(n) Tnco (7p O = 0 for SAW) and

{R(")}n |» Such that, for every integer n > 0,
S+ (pDye+my™) % Gp+ (—D)MIRYY [SAW],
G, = (3.3)
" 4" % pDex G+ (=)™ RV [percolation & Ising],

where the spatial variables are omitted (e.g., G, for G p(x), 8 for o) and'
D4 = D — D(0)é, T = Z( /7 (3.4)
Moreover, the remainder term obeys the following bound:

R(}1+1) S

%G [SAW],
I { (3.5)

“ % pD x G, |percolation & Ising].

Before proceeding to the next subsection, we derive the unified expression (1.2) from
(3.3). To do so, we first assume p < p. and Zj ||7'r<’) l1 < oo, which has been verified
fora #2,d > d.and L > 1in [13] and is veriﬁed in the next subsection for @ = 2,
d > d. and L > 1. Then, by (3.5), we can take the n — oo limit to obtain

o _ s+ wDsrmy <G, (sAWL 56
P \np+my,*pDs*G, [percolation & Ising], '

1 The recursion equation [13, (1.11)] is correct for percolation and the Ising model, but not quite for SAW,
as long as D(0) > 0. To deal with such D, the definition [13, (1.13)] of [T, needs slight modification. See
(3.10) below.
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where 7, = lim,_.oo 7" . For percolation and the Ising model, if pD(o)||7,ll; < 1
(also verified foro # 2,d > d. and L > 1 in [13], and fora =2,d > d. and L > 1
in the next subsection), then

Gy=mp+m,*xpD*xG,—pD(o)mp* G,
—
replace

=map+7y,* pD*x Gy — pD(o)mp * (np+7rp *pD*x G, — pD(o)m) * Gp)

(p — pD(o)n;Z) +(mp — pD(o)n;jz) * pDxGp+(— PD(O))zﬂ;z * Gp

—_—
replace
= (7, — pD(o)n;Z) +(mp — pD(o)n;z) * pD x G
+(— pD(o))27r;§2 * (np +7p % pDx G, — pD(0)T), * Gp)
=TI, +1, x pD x G, 3.7
where
M, =m,+ Z — pD(0))"' 7D, (3.8)

For SAW, if pD(o) + |7, |l1 < 1 (also verified for @ # 2,d > d. and L > 11in [13],
and for ¢ = 2,d > d. and L > 1 in the next subsection), then

G, =8+pD>ka+(—pD(0)8+np)* Gy
——
replace
=5+ pD#Gp+ (= pD@b+7y) % (5+pDxGp+ (= pD©)5 +7,) %G))
- <8+(—pD(0)8+7rp))+<8+(—pD(0)8+rrp)) «pD %G,

+(= pD©)s +7,) % G,

——
replace
=TI, +I, * pD x G, 3.9)
where
o
m,= Z — pD()s +7,)"". (3.10)

3.2. Proof of the infrared bound (1.35). Leta = 2,d > d. and

A = sup S1(0) — 0(L7?). G.11)

o X127/ Tog I %I
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Define

gp = pVsup Gpl)
P — — .
w0 MIx[IT/ log I £ 1l

We will show that g, satisfies the following three properties:

(3.12)

(i) gp is continuous (and nondecreasing) in p € [1, pc).
(i) g1 = 1.
(iii) If A < 1 (.e., L > 1), then g, < 3 implies g, < 2 for every p € (1, p).

Notice that the above properties readily imply G, (x) < 2)»|||x|||i_d /log Il for all
x #Zoand p < pc (< 2). By Proposition 3.1, we can extend this bound up to p., which
completes the proof of (1.35).

It remains to prove the properties (i)—(iii).

Proof of (i). 1t suffices to show that sup, ., G, (x)/[Ix[I7~¢/log |l is continuous in
p € [1, po] for every fixed pg € (1, p¢). First, by the monotonicity of G, (x) in p < pg
and using Proposition 3.3, we have

Gp)  _ Gp) Kyl
x4/ Tog 0~ Mz ™/ log 1~ Mlxliz ™/ log 1l
K
20 (3.13)

XN/ log I

On the other hand, for any xo # o with D(xg) > 0, there is an R = R(pg, xg9) < 00
such that, for all |x| > R,

K[?o < D(XO) ‘
XN /log M~ llxoll2 =/ log 1221

Moreover, by using p > 1 and the lower bound of the second inequality in (3.1), we
have

(3.14)

D(x0) < pD(x0) < Gp(x0)- (3.15)
As aresult, for any p € [1, po], we obtain
Gp(x) G p(x0) v Gp(x)

sup — = — ax — .
wto X774/ Tog I MlxollF log 122y x:0<lxl<R [lx|127¢ /log I £
(3.16)

Since G p(x) is continuous in p (cf., Proposition 3.1) and the maximum of finitely many
continuous functions is continuous, we can conclude that g, is continuous in p € [1, pol,
asrequired. 0O

Proof of (ii). By Proposition 3.2 and the definition (3.11) of A, we readily obtain
G S
g1 =1V sup z_dl(x) — < 1Vsup z_dl(x) S N GAT)
x#o AlxlIz "/ log I Il x#o Alxlly "/ log Il

asrequired. 0O




Critical Two-Point Function for Long-Range Models with Power-Law Couplings 561

OARN), TP

Fig. 1. Examples of the lace-expansion diagrams for SAW and the Ising model (left) and percolation (right).
The factor £ in (3.19) is the number of disjoint paths (in red) from o to x using different sets of line segments

X

Proof of (iii). This is the most involved part among (i)—(iii), and here we use the lace
expansion. To evaluate the lace-expansion coefficients, we use the following bounds
on convolutions of power functions with log corrections, whose proof is deferred to
Sect. 3.5.

Lemma 3.5. For a; > by > O with a; + by > d, and for ay, by > 0 with ay > by when
ay = by, there is an L-independent constant C = C(d, a1, a2, by, by) < oo such that

- —b
llx — vl lyll,™

“a Qog [l Iy (log i P2

Clixl”
= (og [IX 11?2
Li—a [a > dI,
loglog |71 lay =d, ax = 1],
x 1 (log [ %)V =42) la1 =d, ap # 1], (3.18)
4= la1 < d, a;+by > d].
I l2 Qog XD =4 [ay < d, a1 +by =d, ar+by > 1].

Assuming g, < 3 and Lemma 3.5, we prove in Sect. 3.4 the following bounds on
the lace-expansion coefficients {n;,")}io o (recall that nl(f)) = 0 for SAW) in (3.3).

Lemma 3.6. Let (cf., (1.34) for the definition of m)

m+ 1 3 [SAW & Ising],

E = =
m—1 2 [percolation].

(3.19)

Suppose g, < 3 and p < pc. Under the same condition as in Theorem 1.4, we have

Iz J
(PD % Gp)(x) < O —L—  [x €Z7]. (3.20)
log Il I
Moreover, for SAW,
O(L™)5,.. [j = 1],
Dy < _ 3@2-d) 3.21
T S i I T (3.21)

(log 17 11)?
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and for the Ising model and percolation,

oy o x>
O(L™) 8, +0O) —@ [j =0,1],
D(y) < (log M7l 10
T 0= s 622
o0y —L _— [j >2l.
(log I ll)*
Consequently, we have 3 |7y i < oo ford > dc and L > 1. Then, by using
(3.5) for p < pe, we obtain lim, .« | R’ |1 = 0 and (3.6) with
L 5 e
O(L™%)épx + O )m [SAW],
l7tp ()] = L|||x|||€(27d) (3.23)
1+ 0L~ )8y + 000%)——E—  [Ising & percolation].
( oo Gogli3nt =~ =P
This implies that, for SAW (cf., (3.10)),
iy 3 e
pD(0) 3o x + |Tp(x)] < O(L™)p,x + O (A )—gv (3.24)
— (log [l 7 lllv)-

o(L~)

hence pD(o) + ||mplli < 1 ford > d. and L > 1. Also, for the Ising model and
percolation (cf., (3.8)), since L~ =00 ford > 2,

J 5y el 2
pD)|mp(x)| < O(L™%)ép,x + O(2 )—e, (3.25)
(og 41l
hence pD(o)||7pll1 < 1 ford > dc and L > 1. We note that, for all three models,
—d)=—d-2—-U—-1)d—d.). (3.26)

By repeated applications of (3.24) and Lemma 3.5, IT,,(x) for SAW obeys the bound

o0

1Ty() = sl < Y (PD(0) +|mpl) " (x)

n=1

o0
<Y O™
n=1
N e’
O(L=9)
—2-2(d—4)yj—1 3(2-d)
O (L2 2@=D)i =1 x ||

> n
oL~ Ton3)
+ZJZI()( pooey (og I 111)°

n=1
*.’Lemma 3.5
a i i\
< O™+ 00 g s . Z (0@ + 0L 220
0og 1 [ S —
L O(L*Zd)
o)

(3.27)



Critical Two-Point Function for Long-Range Models with Power-Law Couplings 563

Similarly, by repeated applications of (3.23), (3.25) and Lemma 3.5, IT), (x) for the Ising
model and percolation obeys the bound

() = So.u] < I7p(x) = Sox| + <|np| £y (pD@Imyl)™" )(x)

n=1

< RHS of (3.27)

3(2—d
e =

(log 713

By weakening the O(}3) term in the right-most expression of (3.27) to 03, IT p(x)
for all three models enjoys the unified bound

<O N8, +01>) (3.28)

22—d)
[Ty (x) = 8o| < O(L™)5p + 0<A2)MM. (3.29)
(log 1% 1Ih)
As a result,
£2—d)
5 _ Il _
I1,(0) — 1 L 22 —L __—ow™ .
[I1,(0) = 1] < O(L™H) + 00 Y Qg = O (3.30)
X
0(L727(€—l)(d7dc))
and
£(2—d)
- - llx]l
11,(0) — [T, (k)| < OO K> |x|2(log”fw <Ok (3.31)
X

O(L—(¢=D(d=dc))

Now we are back to the proof of (iii). First, by summing both sides of (1.2) over x
and solve the resulting equation for x,, we have
11,(0)

Xp =T,0) + 1,0 pxp = —F—.
1= pIT,(0)

(3.32)

Since x, < oo (because p < p.) and ﬁp 0)=1+0(L™%) > 0 for large L, we obtain
pI1,(0) € 0, 1), (3.33)

which implies p < IT,(0)"! = 1 + O(L™%) < 2, as required.
Next, we investigate G ,(x). By repeated applications of (1.2) for N times, we have
Gp(x) =1I,(x)+UIp x pD x Gp)(x)
=TI1,(x)+ I+ pD x ITp)(x) + ((Hp % pD)*? % Gp)(x)

N—1

- (np £ (pD* Hp)*”)(x) +(UT, % pDY™N %G ,) (x). (3.34)
n=0
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Notice that, by (3.26), (3.29) and Lemma 3.5, there are finite constants C, C’, C” such
that

£2—d)
- / iyl
(T, *D)(x) > (1—-CL™HDx)—C'22) ——L __Dx—y)
8 ; (og [l 71"
> (1 —CL™=C"}Dx), (3.35)
which is positive for all x, if L is large enough (see Remark 3.7 below). Therefore,
11, « D
Dx) = M (3.36)
11,(0)

is a probability distribution that satisfies Assumptions 1.1-1.2 (see computations below).
By this observation, we can take the limit

0 < (T, pDY™N % G,)(x) = (pI1,©)" (DN % G ,)(x) —— 0. (337
~——— — — — 00
€(0,1) =Xp

so that

o
G,,(x) = (Hp * Z (pﬁp(o))n’l)*n) ()C) = (Hp * Spﬁp(O))(x)’ (338)
n=0
where &, is the random-walk Green function generated by the 1-step distribution D with
fugacity g € [0, 1], for which (1.19) holds. By (3.29) and Lemma 3.5, we obtain that,
for x # o,

2 (Q2—d) od
Gy < (1+ 0L DS + Y %( . M).

s (log [l #1lI1)* log 1=
OO Ix13 /log 1% Iy
(3.39)
Suppose Sy(x) < (1 + 0(%3))Sl(x) holds for all x. Then, for x # o,
2—d 2—d
L>1
Gp(x) < (1+003)81(x) + ool ezt Il (3.40)
log (It log I 7 1llh

as required.

It remains to show Sy (x) < (1 + 0(A3))Sl (x) for all x. This is not so hard to verify,
as explained now. First, by (3.35) and its opposite inequality with all negative signs
replaced by positive signs,

‘D(x) B
D(x)
Also, by (3.30)—(3.31) and (1.10),

1‘ = 00>). (3.41)

1 —Dk) (336 | D(k) ,(0) — M,(k) _

1 — D) 1,000 1—D(k)
—_—— S————
1+0(L~4) 0(3)

1+003). (3.42)
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Similarly,

1-Dk)  1-D®k)
k|2 log(1/1k]) — [k|>log(1/|k])
N—

D) 11,(0) — 11, (k) v (3.43)
L .G

5(0) [k[>log(1/Ikl) k-0

—v2, " (1.4) —0, " (3.31)

Therefore, for L large enough, D satisfies all (1.9)—(1.12) with the same constants as
D (modulo O(23) terms). Similar analysis can be applied to show that D also satisfies
(1.13) with the same constant as D. As a result, we can get S;(x) < (1 + 038 (x)
for all x. This completes the proof of (iii), hence the proof of the infrared bound (1.35).

O

Remark 3.7. The above proof works as long as o« < 2+ (£ — 1)(d — d.) (cf., (3.39)),
then we can define the probability distribution (3.36) by taking L sufficiently large. For
short-range models investigated in [15,16,26], on the other hand, since « is regarded as
an arbitrarily large number, there is no way for (3.35) to be nonnegative for every x. In
this case, we may have to introduce a quite delicate function E), ; -(x) asin [13,16] that
is required to satisfy some symmetry conditions. Since we do not need such a function
for all « < 2 and d > d,, the analysis explained in this subsection is much easier and
more transparent than the previous one in [13,16]. This is also related to the reason why
the multiplicative constant A in the asymptotic expression (1.41) becomes 1 for o < 2.

3.3. Convolution bounds on power functions with log corrections. In this subsection,
we prove Lemma 3.5. First, we rewrite the sum in (3.18) as

—aj —aj —by

—by
Z lllx — ¥yl iy, _ Z Il — ¥, ([nall
(log 122 l11)%2 (log ll ¢ ll1)?2  (og [ 1% (og [l 111"

yezd yilx=y|<ly

- —b
lloe =yl Myl

| (log [IZ+ )% (log Il )b

yilx=y|>ly

- b
_ ( llx — il iyl ™
(log [I*72 1)@ (og 7 lInP

yilx=y|=<[yl

—b —
llx =yl Iy,

(log [I*721h)?> (og 7 ll)*

). (3.44)

Notice that the ratio of the second term to the first term in the parentheses, which is

e —yl? i
(log 172 1P (ogli e (mx — ymL)‘“—bl <1og |||"L;y|||1>“2"’2 (3.45)
e =yl Iyl Iyl log 11 C

(log 17 )@ (og I 7 lInP
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is bounded above by an L-independent constant C € [1, 0co) as long as a; > bj, or
a; = by and ap > by. Therefore,

ol g™
S (gl T ) Qog I E D~

- —b
e =yl v
Sty Gog I e (og I lInP

(3.46)

Now we consider the following cases separately: (a) a; > d, (b)a; =d, (c)a; <d
anda; + b > d.

(a) Letaj > d. Since |x — y| < |y| implies |y| > %|x|, and since

1
Izl = Sz,

log
log 57 Mt = log 7 10g Nzl (3.47)

we obtain

e = vz iyliz” oWl

Z llx — vl
vy (0g 157> )2 (log |||z|||l)b2 = (log I ll)P2 scze Uogll =

O(Ldfal)
(3.48)
(b) Leta; = d. First we split the sum as
Yo=Y (3.49)
yilx=yl=lyl

y:\x—y3|5|y| y:\x—yg\flyl
(yI=zlxh  (Ayl=3lxD

For the first sum, since |x — y| < |y| implies |y| > %|x| (so that (3.47) holds), and
since

3

log =% log log 3%
log ||| 7l = ; logllzlli,  loglog ||| h = ~——F

T x
loglog Il |l
oglog 5

(3.50)
we obtain
e —ylz%  lyng”
— b
yix— y|<|y\ (log “ley”h)az (10g "lL“']) 2
(Iy\< [x])
- oM™ 3 llx =yl
= (log [ 1ll)?> Rt (log]] 2y
_ 1 a > 1],
M x {loglog 12111 hé - 1} (3.51)
BCIEDE L ’ '

(og 1NN [ap < 1].
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For the second sum in (3.49), since |y| > %|x| implies |x — y| > %Iyl, and since

v 1 y log% y
M5l > glllyIIIL, log 57 llh = =—log ¢l (3.52)
10 >
we obtain
— —b
e —ylz" Wyl om D
x—y TIO — (log ME 1 )@+b2 L
i STy Qog I e (ogliz il = dogliE )= &=
(y1>31x]) :
omix"
(3.53)

which is smaller than (3.51).

(c) Leta; < d and a; + by > d. Similarly to the case (b), we split the sum as in
(3.49) and evaluate each sum by using (3.47) and (3.52). Then, by discarding the
log-dumping term (log || )% ll1)~%2, the first sum in (3.49) is bounded as

- —b —b

llx =yl “ lyll,™ _ oM lllxll,™ Z

e —— (log 1= l1)% (log 5122 = (og [l 1ll1)b?
(y1=31xD

llx = iz

yile—yl<3lx]

d,
oMl

(3.54)

while the second sum in (3.49) is bounded as

—ay 7b1 —aji 7b]

Y — Cle=ylz 3l
(1(”>| |||Lyﬂ|lﬁ )42 (1021&%)”2 = om Z (IOlellmlLlll1)“2”’2
vile—yl<ly| VOB NN L yilyl> 21| L
(y1>31xD
d—ay—b
_ oM lxliy, y 1 [a1 + by > d],
= (log I )+ loglizllh [a1+by =d, ax+by > 1],

(3.55)

which is smaller (resp., larger) than (3.54) if a > 1 (resp.,a» < 1). This completes
the proof of Lemma 3.5. O

3.4. Bounds on the lace-expansion coefficients. In this subsection, we prove Lemma 3.6.
Suppose that g, < 3 and p < pc. Since G,(y) = o,y + Gp(y)1{y20) for all three
models, we have

(DxGp)(x) = D(x)+ZD(x - Gyp(y). (3.56)
y#o
The first term is easy, because

o(L?

2—d
B 2
= 0w _ el
i

log I 7l

2—d
log 111 x I
It logzih ~—

D(x) o) o) (3.57)
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For the second term in (3.56), we use g, < 3 and Lemma 3.5 as

oL 3rlylE™ x4
Y Dx=0G,(» <Y, T = 0k (3.58)
= ol = ylIE Tog Nl e

This completes the proof of (3.20).

To prove (3.21)—(3.22), we repeatedly apply Lemma 3.5 to the diagrammatic bounds
on 7, (x) in [16,26]. For example, the lace-expansion diagram in Figure 1 for SAW and
the Ising model can be bounded as follows Suppose for now that each line segment,
say, from x to y, represents 3A||x — y||| /log I Ly 1, 1.e., the assumed bound on the
nonzero two-point function. Then, by using Lemma 3.5 (to perform the sum over w),
we can show that, for d > 4,

(y) (w) () T

2
M §4d1<3/\10g7:> c W
log 5

0 (;) x o (g)

(3.59)

where the indicies in the parentheses are summed over Z¢. This is due to the following
computation: for d > 4,

any—wm 3z — wiF <3A|||w—x|||i‘d)2
Il

o logll*z=lh logll=Z=llh log I *7=

x (1{\y—w|<|w—x|} + 1{\y—w|>|w—x|})(1{|z—w|5|w—x|} + 1{\z—w|z\w—x|})

d 2—d
- Z 3ully — wll;™ 3allz — w7

I
(P 1
log [l 2+l {ly—wl=lw—x}} L{lz—w|=[w—x]}

Slw—x|>3ly—x| =|w—x|>3|z—x|
+ [3 other cases]
d
3k|||y2 IIIL 3AfI5* xlll
log ||| |||1 log (15751l

—w Z—w
X (Z Ily yJLL I ZJ'UL +[3 other cases])
- logll==Il log ==l

<Clly—z17"/1og 12 h

<4C

g (M log )2 30y — i7" 34z — xlI77
- log 7 log 177111 log <71l

(3.60)
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By repeated application of the above inequality, we will end up with

/ R 1 9 \ D z
M : <4d1 (5e5) C) @
log 5
4] (z) T 0
5
1 2 3(2—d)
S 4d71 <3A Og7:> C (3)\)3 |||x“|Lw =
log § (log [l £1ll+)
o(N)18

(3.61)

which is smaller than (3.21)—(3.22), by a factor 0 ())° for SAW, in particular. This is
because, in fact, not every line segment is nonzero. The situation for the Ising model and
percolation is harder, because most of the line segments can be zero-length, which do not
have small factors of A. However, the convolution p D * G, shows up repeatedly, which
has a small factor of A, as in (3.20). This also provides a bound on the main contribution
from JT;,D (x), as

O(L?) 3yl
llyl4+2 log I+l

(pD % Gp)(0)8,,x < 3<D(o) +> )6 = 0L . (3.62)
y#o
This completes the sketch proof of Lemma 3.6. O

3.5. Proof of the asymptotic behavior (1.36). First we recall (3.38). Since x, =
1,(0)/(1 — pIT,(0)) diverges as p 1 pc, while IT,(0) = 1+ O(L~?) uniformly
in p < pc, we have pcﬁ . (0) = 1. Therefore,

Gp(x) = My, % Si(x) = T (0) Si(x) + Y T, (M(S1(x —y) = Si(x).  (3.63)
N ——

1/pe y#o

The asymptotic expression of S1(x) is the same as that of Sy (x). This can be shown by
following the proof of (1.20) and using the limit (3.43).

To investigate the error term in (3.63), we first split the sum as

)ICEED D D D S E;+;+; (3.64)

y#FO  y0<lyl=ilxl yil—ylsiixl yidylalx—yl>$x|
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For Y, since [x — y| < §|x| implies 5|x| < |y| (so that a similar inequality to (3.47)
or (3.52) holds), we have that, for large |x|,

Pc

y) =81 (X))‘

3.29 2)|x|t@—d)
(629 0G| 3

Tog ) (S166 = 3) +S1)

yilx—yl<$1x]

OW)|x|?/log |x|
|~d—(=Dd—dec)

— oo
N (log |x[)t*!

(3.65)

Similarly, for Z;’,/ for large |x|,

" 329 O x> 002)|y|t—
| Six—y)—8Six < — L
; OIS =) = Siw)| S y-|y21| o
yl>3lx

0(2)|x| =2~ E=Dd=de) /(log |x|)*
|x|7d7(€71)(d7dc)

_ 3
= O gkt

(3.66)

It remains to investigate Z; For that, we first use (1.20) and the Z?-symmetry of
I, to obtain that, for large |x/,

. x—y)—81(X))‘
V2 L +yd e —y29\  x2
< = Z|Hpc(y)|'—( + -
v S 2\log|x +y| log|x —y| log | x|
—_ )
O(L)
oM |x>
+ bk ik 3.67
Z. T )| g e (3.67)
y:i0<|y[<3lx]
0(\3)
Then, by Taylor’s theorem,
O(1v[2)\ @D/
e y2d = |x|2—d<1i2 2y (|y2| )>
| x| |x]
0 2
= x| <1j:(2 d)| |2y |(|TZ| )) (3.68)
X
+ O(|y|?
log |x 4 | = log x| + log " 22! — jog x| £ 2 4 2D (3.69)

|x| RN
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which implies

1 + 2—d _ v|2—d 2—d 0 2 —d
L(lx+yl N lx — yl _x] - (Iy|9)]x] . (3.70)
2\log|x +y| log|x —y| log | x| log |x]|
Therefore, the first term on the right-hand side of (3.67) is bounded by
_ —d—(—1)(d—d. _
0@)|x|~ 00y 5 x|~
_— SRRV = 0) . (3.71)
log [ x| . (log Il lll) log |x|
y:0<|yl<3lx]
0(\2)

This completes the proof of Theorem 1.4. O
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