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Abstract: Relaxed highest-weight modules play a central role in the study of many
important vertex operator (super)algebras and their associated (logarithmic) conformal
field theories, including the admissible-level affine models. Indeed, their structure and
their (super)characters together form the crucial input data for the standard module
formalism that describes the modular transformations and Grothendieck fusion rules of
such theories. In this article, character formulae are proved for relaxed highest-weight
modules over the simple admissible-level affine vertex operator superalgebras associated
to sl and osp(1]|2). Moreover, the structures of these modules are specified completely.
This proves several conjectural statements in the literature for sl,, at arbitrary admissible
levels, and for osp(1]2) at level — %. For other admissible levels, the osp(1]2) results are
believed to be new.

1. Introduction

Relaxed highest-weight modules are a generalisation of the usual highest-weight mod-
ules that are playing an increasingly important role in the representation theory of vertex
operator superalgebras and their associated conformal field theories. The name comes
from the work of Feigin, Semikhatov and Tipunin [1,2] on the implications of the well
known coset construction of the N = 2 superconformal algebras for the representation

theory of the affine Kac—Moody algebra ;[2 (see [3—5] for recent progress on this). In
this work, they relax the definition of a highest-weight vector so that it need not be
annihilated by the positive root vector of the horizontal subalgebra. The notion of a
relaxed highest-weight module has since been generalised [6] to infinite-dimensional
Lie superalgebras admitting a conformal grading.

A relaxed highest-weight module may therefore be described as a generalised highest-
weight module obtained by inducing a weight module over the horizontal subalgebra.
The notion is similar to, but more general than, a parabolic highest-weight module
because the space of ground states (equivalently, the module that one induces from) is
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not required to be finite-dimensional nor simple. It seems that such modules were first
considered in the vertex algebra literature in [7], where the simple ones were classified
for the admissible-level affine vertex operator algebras Ly (sl2). They have also appeared
in the physics literature as integral components of the SL,(R) Wess—Zumino-Witten
model [8] and through requiring closure under fusion and cosets in Ly (sl;) conformal
field theories [9—12]. More recently, relaxed highest-weight modules over Ly (sl3) at
admissible levels have also begun to receive attention [13,14].

There are two observations relating to relaxed highest-weight modules which we find
compelling as arguments for their continued study. First, they provide the most natural
setting in which to study weight modules over vertex operator algebras using Zhu algebra
technology [15]. Second, they are an essential ingredient in many applications of the
standard module formalism [16,17] to the modular properties of logarithmic conformal
field theories. This formalism, which originated in [18,19], identifies a set of standard
modules, which need not be simple, from which all simple modules may be constructed
using resolutions and all Grothendieck fusion rules may be computed using a variant
of the celebrated Verlinde formulae of rational conformal field theory [20,21]. These
standard modules turn out to be relaxed highest-weight modules for admissible-level
Lk(slp) [22,23], admissible-level L (0sp(1|2)) [24,25], and the bosonic ghost system
[26]. We expect that this observation will generalise appropriately to higher-rank affine
vertex operator algebras.

One of the main inputs of the standard module formalism is a character formula
for the standard modules. For admissible-level Ly (sl>) and Lg(osp(1]2)), this means
determining the characters of the relaxed highest-weight modules. The characters of the
reducible relaxed L (sl;)-modules were first computed in [22,23], but the corresponding
simple Ly (sl)-characters were only noted to follow from some unproven assertions in
[1,27]. Similarly, the simple L_s,4(0sp(1]|2))-characters were only conjectured in [24].

This unsatisfactory state of affairs has recently been partially rectified by Adamovié
in [28]. There, he explicitly constructs the relaxed highest-weight L (sl>)- and Neveu—
Schwarz L_5/4(0sp(1|2))-modules using a clever free field realisation that effectively
inverts the quantum hamiltonian reduction, see also [29]. While this construction leads
to straightforward determinations of the characters, it is not obvious that the resulting
modules are generically simple. The simple characters therefore only follow when there
are no coincidences of conformal weights, modulo 1. Note that a similar character
formula had been previously proven for certain critical-level relaxed highest-weight
slp-modules in [30].

A second main input to the standard module formalism, and more widely to con-
structing projective covers for the highest-weight simples, is the determination of the
structure of the non-simple standard modules. This structure is needed to construct the
resolutions that relate the non-standard simples to standards and thereby enable the study
of the modularity of the simple modules of the theory. Again, these structures were stated
without proof and used extensively in [22-24].

Our aim in this work is to rigorously prove the character formulae and structural results
of [22-24] for all admissible levels. Instead of an explicit construction, we develop the
structure theory of “relaxed Verma modules” and their simple quotients over both sl and
05p(1]2), the latter in both its Neveu—Schwarz and Ramond incarnations. The first main
result (see below) is a means to compute the character of an arbitrary simple relaxed
highest-weight module from that of an associated simple (usual) highest-weight module.
When the latter character is known, for example through the Kac—Wakimoto formula for
admissible-level highest-weight modules [31,32], we can thereby deduce the required
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relaxed characters. This is our second main result. The third settles the structures of
the non-simple relaxed modules in terms of non-split short exact sequences. The key
technical tools we use to prove these results are a generalisation of Mathieu’s coherent
families [33] to a relaxed affine setting and a study of a Shapovalov-like form on the
resulting relaxed coherent families.

1.1. Main Results. We divide our conclusions into three main results. The first applies
to general simple relaxed highest-weight sl)- and 05p(1]2)-modules of fixed level k.
These sl;-modules are denoted by €. ,, where A is a coset in the quotient of the weight
space of sl by its root lattice and ¢ is the eigenvalue of the quadratic Casimir of sl
on the ground states (see Sect. 3.3). The 05p(1]2)-modules fall into Neveu-Schwarz

and Ramond sectors and are denoted by NS/E\M, and R:‘Z\A;q, respectively. Here, A is a
coset in the quotient of the weight space of osp(1|2) by its even root lattice and o is the
eigenvalue of the super-Casimir of 0sp(1]2) on the even ground states (see Sect. 6.3). In
the Ramond sector, g continues to refer to the sl;-Casimir eigenvalue, now understood
with respect to the usual embeddlng sly < osp(1]2).

We say thata weight sl>- or 05p(1]2)-module M is stringy if its (non-zero) strmg func-
tions s, [M] are independent of the sl>- or osp(1]2)-weight v, respectively. An 0sp(1]2)-
module is R-stringy if its string functions only depend on whether the corresponding
osp(1]2)-weight is even or odd. Finally, let L+ NSL+ and R£+ denote the level-k simple

highest-weight ;[2-, Neveu-Schwarz 05p(1|2) and Ramond 05p(1]2)-module whose
highest-weight vector is even with sl>- and o0sp(1|2)-weight u, respectively. We can
now state our first main result, combining Theorems 4.7, 4.10 and 4.12 for sl, with
Proposition 7.2, Theorems 7.3 and 7.4 for 0sp(1/2).

Main Theorem 1.

o The relaxed highest-weight az—module ’é)h;q is stringy and its string functions are
given by

so[€ig] = lim s_pma[L2, ] forallven, (L.1)

where « is the simple root of sl and  denotes any solution of (u, u + @) = q,
if J/1+2q ¢ 7Z, and the maximal such solution (with respect to the real part of its

Dynkin label), if /1 +2q € Z.

o The Neveu—Schwarz relaxed highest-weight 0sp(1|2)-module NSE ao US stringy. For
oc¢Zl+ 2, its string functions are given by

so[SE0] = i St [NSLiM o] forallv €2UG+w),  (12)

where w is the (odd) simple root of 0sp(1]|2) and u = (o — %)a). This identity also
holds for o € Z + % when o > 0. However, when o < 0, we must replace the string
function on the right-hand side by SM,mw[NSL;].

o The Ramond relaxed highest-weight 0sp(1|2)-module ng;q is R-stringy and its string
functions are given by

limp 00 S—p—2mo[*L* 5, ] forallv e,

Sv[Rg)\;q](q) = { .

oy (1.3)
limy,, 00 S—ji—2m+w [R'ﬁ’tyﬁZw]’ forallv € A+ w,
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where |1 now denotes any solution of (i, L +2w) = q, if /1 +2q ¢ Z, and the
maximal such solution, if /1 +2q € Z.

Our second main result concerns the specialisation of the first to modules over the
simple admissible-level vertex operator superalgebras Ly (sly) and Ly (osp(1|2)). For
slp, the level K is said to be admissible if k +2 = 7, where u € Z>>, v € Z3; and
ged{u, v} = 1. Only the &;., with

(vr — us)2 -2

202 ’
define Lk(ﬁ[z) modules [6,7]. For osp(1|2) kis admlsmblelfk+2 = 2/M,Whereu € L2,

ve Z>1, (u—v) € Zand gcd{ (u —v), v} = 1. Moreover, the Y5¢;., and *E,., are
only Lk(osp(l |2))-modules if

4=qrs = r=1,...,u—1 and s=1,....,v—1 (1.4)

vr — us
2v
r=1,...,u—1,s=1,...,v—1,andr —s € 2Z + 1,

’

(vr — us)? — 40?2 (1.5)

8v? ’
r=1,...,u—1,s=1,...,v—1,andr — s € 27,

and qd =4rs =

respectively. In both cases, Ly (sl) and Lg(0sp(1]2)), the set of these relaxed modules
isempty if v = 1 (K € Z>).

Theorems 5.2,8.2 and 8.3 now give the characters of these relaxed Lk (slp)- and
Lk (0sp(1]2))-modules, proving the conjectural formulae of [22-24]. As far as we know,
the formulae for Ly (0sp(1|2)) with k admissible and not equal to —% are new.

Main Theorem 2. We have the following character formulae:

ch[€q,, |z @) = 2* X” (q) Z( z°)", (1.62)

- =1(q) 92(1; q)
h NSE . : — AXV,S ’ 0] n’ 1.6b
e )@ 0 =2 S 2 (160

nez

Ch [RE}L;Qr,s ] (Z’ q)

N=1 —1
Al Xrs (@ [93(1;9) s er @ [94(1;9) oen
B - . (1.6

’ [ @t | @ 2 e | e 2 0

Here, erjr, Xr, N=1and % X, =1 denote the Virasoro minimal model character (5.11), the

N =1 superconformal minimal model character (8.12) or (8.16a), and the N = 1
superconformal minimal model supercharacter (8.16b), respectively.

The final main result concerns the structure of the non-simple relaxed Ly (sl>)- and
Lk (osp(1]2))-modules. Up to isomorphism, these are the €.4, ., ¥ Ex.q,, and RE; 4 |
whose coset A contains (i, s, where

1 u 1 u
Wrs = —(r —1- —s)(x, Wrs = —(r —1- —s)a) and
’ 2 v 2 v

1 u
frs = E(r . —s)a), (1.7)
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respectively. With this, the structures are characterised by Theorems 5.1 and 8.1.

Main Theorem 3. We have the following non-split short exact sequences:

0— LY — g, — WL, 0, (1.82)
0—> NSE;” s N oy — HWNSL;u 0, (1.8b)
0—>RLY > %€y, g, —> WREY, 0. (1.8¢)

Here, W and 11 denote the conjugation and parity-reversal functors, respectively (see
Sects. 3.3, 6.1 and 6.3).

1.2. Outline. We begin, in Sect. 2, by recalling the definition of relaxed highest-weight
modules over an affine Kac-Moody superalgebra g and introducing the module category
in which we shall work. We then specialise (Sect. 3) to g = sy, discussing the simple
and certain carefully chosen non-simple weight sl;-modules, before inducing to obtain
the relaxed sl-modules of interest.

The study of the characters of these modules commences in Sect. 4. First, the notion
of a string function is recalled. We then introduce relaxed coherent families and define
a variant of the Shapovalov form on them. We prove a key result about such forms
(Theorem 4.3) which then allows us to compute the string functions of each relaxed sl,-
module in Sect. 4.3. The structure of the non-simple relaxed modules is also discussed
in Sect. 4.5 where we present an extended example to illustrate that this question is
decidedly non-trivial in general. Section 5 then determines structures and computes
characters explicitly when the relaxed sly-module defines a module over the simple
vertex operator algebra Ly (sl2), for general admissible levels k.

The remainder of the article studies the case g = o0sp(1]2). There are many sim-
ilarities with the sl, case, with the main difference being the need to study a twisted
(Ramond) sector in addition to the usual (Neveu—Schwarz) sector. Section 6 deals with
the simple and non-simple 0sp(1|2)-modules and their inductions to relaxed 0sp(1]2)-
modules (Neveu—Schwarz and Ramond), while Sect. 7 outlines the minor differences
required to compute the string functions of the relaxed 0sp(1|2)-modules. The applica-
tion to module characters and structures for the simple admissible-level vertex operator
superalgebra Lk (0sp(1/2)) appears in Sect. 8. We conclude with “Appendix A” in which
string functions are studied for Verma modules over sly and 05p(1/2) in order to simplify
the character calculations in Sects. 5 and 8.

2. Relaxed Highest-Weight Modules

We recall here the relaxed highest-weight modules introduced in [1], for 5/1\[2, and in [6]
for untwisted affine Kac—Moody algebras (actually, the setting in the latter paper covers
relaxed modules for general conformally graded Lie superalgebras). Given a simple Lie
algebra g with a fixed choice of Cartan subalgebra b, form the associated untwisted
affine Kac—Moody algebra

=9®C[t.t"'1®CK & CLq, @.1)

where K is central and Lo actson x, = x ® t", x € gand n € Z, as a derivation:
[Lo, xp] = —nx,. Leth = h & CK @ CL(y. We make the following definitions.
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Definition.

o The relaxed triangular decomposition of an untwisted affine Kac—Moody algebra g
is

=900 7 =" 97", (2.2)

where g7 =g @G>, g~ (§7) is the subalgebra of § consisting of the x,, with x € g
andn < 0 (n > 0), and g° is the subalgebra spanned by K, L and the xo withx € g.

o A relaxed highest-weight vector of g is a simultaneous eigenvector of b that is anni-
hilated by g~.

o A relaxed highest-weight module of g is a g-module that is generated by a single
relaxed highest-weight vector.

o A relaxed Verma module of g is a g-module isomorphic to RM = U(p) Rg> M,

where M is some weight g°-module on which K and Lg act as multlphcatlon by
some K and A in C, respectively, extended to a g~ -module by letting > act as 0.

e A ground state of ag-module M is a generalised Lo-eigenvector whose Lo-eigenvalue
is minimal among those of M.

Here, U(g®) denotes the universal enveloping algebra of g®, where @ may stand for >,
>, 0, <, < or nothing. If e is >, 0, < or nothing, then it will be convenient in what
follows to also consider

U(lg. gD NU@*)

Uk@®) = K —K1)

2.3)

This construction serves toremove L as a generator and identify K with a scalar multiple
of the unit 1 of U(g).

As usual, every relaxed highest-weight module may be realised as a quotient of some
relaxed Verma module. However, the relaxed Verma module Ry need not be a relaxed
highest-weight module in general. It will be, of course, if M is a simple g°-module.
Obviously, a relaxed highest-weight vector of minimal conformal weight is a ground
state, but the converse is not true in general.

Just as highest-weight modules are typically analysed in the context of the Bernstein-
Gel’fand-Gel’fand category O, it is useful to discuss relaxed highest-weight modules as
objects in a larger category.

Definition. For an untwisted affine Kac—-Moody algebra g, the associated relaxed cat-
egory Z has, for objects, the g-modules M satisfying the following conditions:

o Mis finitely generated.

e Theactionof heeCK C b C ﬂ onMis semisimple and the generalised simultaneous
eigenspaces of the action of b (its weight spaces) are all finite-dimensional.

e The action of g~ on Mis locally nilpotent: dim(U(g™) - v) < oo forall v € M.

The morphisms are g-module homomorphisms, as usual.

A relaxed highest-weight module belongs to Z if and only if it has finite-dimensional
weight spaces. The same is true for a relaxed Verma module Ry and for this, it is
sufficient that M has finite-dimensional weight spaces (with respect to f)). Moreover,
every non-zero module in % has a relaxed highest-weight vector. It follows that the
simple objects of % are relaxed highest-weight modules.
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Remark.

o All this generalises to the affine Kac-Moody superalgebras corresponding to g be-
ing simple, basic and classical, as long as one respects the Z,-grading by parity
throughout.

e For convenience, we shall understand throughout that the definition of weight module
always includes the requirement that its weight spaces are finite-dimensional. When
g is a Lie superalgebra, we shall also insist that weight modules are Z-graded by
parity.

e We do not insist that L acts semisimply on modules in % because we would like to
be able to accommodate non-semisimple actions when g is a Lie superalgebra like
s[(2]1).

3. Relaxed Highest-Weight s1,-Modules

This Sect. 3 introduces the relaxed highest-weight modules over ;[2 that we are interested
in. We first recall the classification of simple weight modules over sly, discussing the
less familiar, but far more numerous, dense modules in detail. Certain non-simple dense
slp-modules are also introduced for later use. Finally, we induce to obtain relaxed Verma
slr-modules and their (generically) simple quotients.

3.1. Simple Weight sly-Modules. We recall the classification of simple weight sl;-
modules, recalling that we assume that weight modules have finite-dimensional weight
spaces. For this, we fix a basis {e, &, f} such that

[h,e]l =2e, e, f1="h, [h, f1==-2Ff, 3.1

choose the Cartan subalgebra to be ) = Ch, and normalise the quadratic Casimir in
U(sly) to be

0= %h2 +ef + fe. (3.2)

In this basis, the (rescaled) Killing form has non-zero entries
k(h,h)y =2, «(e f)=«(fe)=1 (3.3)

The bilinear form induced from the Killing form on h* will be denoted by (-, -). The
rescaling normalises this form so that ||« 1?2 = (a, @) = 2.

Let w € h*, @« = 2w and p = w denote the fundamental weight, the simple root and
the Weyl vector of sly, respectively. Let P = Zw and Q = Z« denote the weight and root
lattices of slp, respectively, while P> = Z>(w denotes the dominant integral weights.
Finally, we introduce the following useful family of subsets of §*/Q, parametrised by
q €C:

A(g) ={[A1 € */Q: (u, n +2p) = g for some p € [A]}. (3.4)

The classification of simple weight s[;-modules is now succinctly stated as follows.
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Proposition 3.1 (see [34, Thm. 3.32]). Every simple weight sly-module (with finite-
dimensional weight spaces) is isomorphic to precisely one member of one of the following
families:

(1) The finite-dimensional modules V,, with highest weight 1 € P> and lowest weight

— .
(2) The highest-weight Verma modules V/J; with highest weight i ¢ P>.
(3) The lowest-weight Verma modules 'V, with lowest weight ju ¢ —P>.

(4) The dense modules R4 with weight support [A] € b*/Q and Q-eigenvalue g € C
satisfying [A] € A(q).

All of these modules have one-dimensional weight spaces.

We recall that a dense module is one whose weight support is a translation of Q.
Whenever it will not cause confusion, we shall drop the brackets distinguishing A € h*
from its coset [A] € h*/Q, especially with regard to notation for dense modules: thus,
Rir.g = Razq- Note that V,, u € Py, is left invariant by the functor induced from
the Weyl reflection of sl,, while it exchanges V;, with V_  and R;., with R_;.,, for

L ¢ A(g)and pu ¢ P>.

3.2. Non-Simple Dense slp-Modules. Fix g € C and consider the family of simple
dense sl-modules R;.,, A ¢ A(g), given in Proposition 3.1. It is clear that f € sl
acts injectively on each of these modules, as does e. It follows that we may choose basis
vectors vy, i € A, of R;.4 so that the sl-action on R, is given by

1
evy = Yulusa, hvg =, vy, fou=vu_—o, Vu= —[q — (U, 1 +2p)].

2
(3.5)

The key observation is that this action is polynomial in i € h*. To complete this family
of dense sl;-modules, we shall choose a non-simple dense sl;-module, also denoted by
Ry..q, tofill each “gap” corresponding to the A € A(g). This will be done by requiring that
f continues to act injectively. It then follows that (3.5) will also hold for the non-simple
Roq-

"(l]“o construct these non-simple modules, we recall that dense sl,-modules are easily
obtained by inducing the simple modules of the centraliser of f) in U(sly). Using the
Poincaré-Birkhoff-Witt theorem, it is easy to see that this centraliser is C[4, Q]. Let v
denote a spanning vector of a (necessarily one-dimensional) simple C[4, Q]-module,
so that ~v = A(h)v and Qv = qv, for some A € h* and some g € C. Then, a basis of
the (obviously dense) induced sl-module is {v, ¢"v, f"v :n € Z-¢}. Moreover, this
module will be simple if and only if no e"v is a lowest-weight vector and no f"v is a
highest-weight vector, leading to the condition [L] ¢ A(qg) stated in Proposition 3.1.

If, however, we choose A € h* such that [A] € A(g), then the induced sl;-module
will be dense and indecomposable, but not simple. The solutions in h* of (u, u+2p) = g
have the form

u=-—-px1+2qw (3.6)

and are therefore distinct unless ¢ = —|| ol = —%. If there is precisely one such
solution w in [A] € h*/Q, meaning that /1 +2q ¢ 7Z \ {0}, then the structure of the
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induced module depends only on whether A < @ or A > pu (where the ordering is by
the real part of the Dynkin label). We choose Ry, = R[4 to be the induced module
obtained when A > u. Then, R;., has no lowest-weight vectors and so f acts injectively,
as desired, although e does not.

If there are instead two (distinct) solutions (3.6) in [A], which requires that /1 + 2g €
Z \ {0}, then let  denote the maximal one (with respect to the ordering used above).
We have, therefore, u € P. There are now three different possible structures for the
induced sl>-modules according as to whether A > p, A < —por —u < A < u. We
again choose R;.; = Rju);4 to be the induced module obtained when A > u so that f
acts injectively.

For fixed g € C, the number |A(g)| of (isomorphism classes of) non-simple X;_,
is therefore 1 if /1 +2q € Z and is 2 otherwise. We can characterise each of these
non-simples through its unique composition series. If /1 +2¢g € Z\ {0} and u € P is
the maximal solution of (u, u +2p) = ¢, so that & = [u], then the composition series
is

0CVE, o CV)CRiy 3.7)

and its composition factors are V* p—a Vuand' VI /1+2q ¢ Z\ {0} and p is any
solution of (i, i +2p) = g, then the composition series for A = [u] is instead

0CV, CRiy (3.8)
and the composition factors are V/’; and V4.

Example. (\/1+2q ¢ 7Z) Suppose we choose g = —%. Then, (1, i +2p) = ¢ if and

only if u = —%a) or —%a). As the difference of these solutions is not in Q, it follows
that R,._3/g is simple for all but two cosets 1 € h*/ Q, one for each solution. In other

words, A(—%) = { [—%a)], [—%a)]}. The corresponding non-simple dense sl>-modules
are indecomposable with two composition factors each. Moreover, they are completely
characterised by the following short exact sequences:

0— Vtw/z — :R—a)/Z;—3/8 — V3_w/2 — 0,
c0 — Vt3w/2 — :Ra)/Z;—S/8 — \7;/2 —> 0. (39)
Example. (/1+2q € Z \ {0}) By way of contrast, taking ¢ = 0 yields © = 0 and
—2w as the solutions of (i, u +2p) = g. The difference of these solutions does lie
in Q, hence R, is simple for all cosets except A € A(0) = {[0]}. This exception is

indecomposable, with three composition factors, and is characterised by the following
short exact sequence:

0— Vj — Ro.o — V5, — 0. (3.10)

Note that the Verma module V| is not simple, having V* , 'as a simple proper submodule.

Example. (/1 +2g = 0) The last type of example corresponds to g = —%, for which
the only solution of (i, u +2p) = g is 1 = —p. Ry,_1, is therefore simple unless

AE A(—%) = {[p]}. The non-simple dense module has two composition factors and is
characterised by the following short exact sequence:

0— V' — Rp_1p—V, — 0. (3.11)
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3.3. Relaxed Highest-Weight s:\lz-Modules. Each of the simple sl,-modules M of Propo-
sition 3.1, and more generally any indecomposable weight sl;-module, may be induced
to a unique relaxed Verma module Ry of slp, once we fix the eigenvalue K of K, called
the level, and the eigenvalue A of Lo, called the conformal weight, on M. It is clear that
Ry is in category Z and that its space of ground states is naturally isomorphic to M as
an slp-module. We shall not specify the level k or conformal weight A explicitly in our
module notation, assuming that it is understood in the given context.

If we take M to be one of the \7+ then induction results in a Verma module (with
respect to the standard Borel subalgebra of s 2) Starting with M =V, we instead obtain
Verma modules with respect to the Borel obtained from the standard one by applying the
Weyl reflection of sl,. We denote the results by \7+ and V , respectively. Their respective
simple quotients will be denoted by L,‘: and L e The functor (on sl-modules) induced
from the Weyl reflection lifts to a functor on sl;-modules called conjugation. We shall
denote this conjugation functor by w so that wV), =V_ and WL} = LT .

If we instead take M =V, so u € P> then we arrive at a proper quotlent of both
V+ and V- . Which we shall denote by V This is actually a parabolic Verma module

(w1th respect to the parabohc subalgebra sl ) and its simple quotient will be denoted by
L . Both \7 and L are self-conjugate. We note that all of the relaxed Verma modules
\7* \7 and \7#, as well as their simple quotients L, L and L > are highest- welght
modules with respect to the standard or the Weyl- reﬂected Borel subalgebra of 5[2.

The most interesting case is thus that of the relaxed Verma modules ﬁx;q that are
induced from the dense sl>-modules R;.,. These are not highest weight with respect to
any Borel. Let 7, x;q denote the sum of the submodules of R,\ .q that have zero intersection
with the space of ground states and let 8; q = IRA g /\ r:q- The E;L .q are likewise not
highest-weight with respect to any Borel. However, they are simple for all A ¢ A(q) as
Ji:q then coincides with the maximal proper submodule 3 r:q of Ry.4 (which is unique
because IRA,q is cyclic). We shall identify the space of ground states of both :Rk,q and
Ek;q with Ry, = @uek Cuvy, so that the action of the zero modes e, i and f on the
ground states is given by (3.5). We remark that Wﬁ,\;q = ﬁ_x;q and nggq = g_k;q,
when A ¢ A(q), but that these isomorphisms fail for A € A(q).

Our aim in this paper is to rigorously determine the characters of the simple ’E\;L; q-
The key to this computation is to consider the result when A € A(qg), that is when these
relaxed highest-weight modules are not simple.

4. Relaxed ;[z-Modules and their String Functions

In this section, we study the string functions of the relaxed highest-weight g\lz—modules
&1.:q- The aim is to compute them in terms of the “limiting” string functions of certain
associated simple highest-weight modules. This will be achieved by introducing affine
versions of Mathieu’s coherent families [33] and studying analogues of Shapovalov
forms on them.
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4.1. String Functions. Recall that the character of a level-k weight module M over sl,
is given by

ch[M](z: @) = tr; 2g% = > dimM(u. n) 29", “.1)
neh*,neC

where q and z are indeterminates and M(,u n) denotes the weight space of M with
slp-weight u € h* and conformal weight n. The string function s, [M], u € h*, of Mis
then the coefficient of z* in the character:

su[M](@ = Y dim M(p. n) g 4.2)
neC
We make the following definition.

Definition. A level-k weight module M is said to be stringy if its non-zero string func-
tions s, [M] all coincide.

This means, in particular, that the multiplicities dim ﬁ(u, n) of the weights of M are
independent of u, provided only that u is in the weight support of M.

Example. Straightforward examples of stringy ;IQ—modules are provided by the level-k
relaxed Verma modules R;.,, where A € h*/Q and g € C (see Sect. 3.3). Indeed, their
characters are easily computed:

qA+1/8

ch[Rig](@z: Q) = ZZ“ — su[Rug]@

3
n(@? =
A+1/8
e E 4.3)

0, otherwise.

Here, n(q) = ql/24 ]_[fil (11— qi) is Dedekind’s eta function.

Remark. In applications to vertex operator algebras and conformal field theory, it is
common to normalise characters (and thus string functions) by multiplying by q /4,
where ¢ = % is the central charge of the theory (and k # —hY = —2). Moreover,
in this case, the Sugawara construction also fixes A as a function of ¢ and k. We shall
make this adjustment when applying our results to relaxed modules over the affine vertex
operator algebra L (sl;) in Sect. 5 below.

We refer to series like string functions as generalised formal power series. There is a
useful partial ordering on generalised formal power series in q defined by

Zanq” < Z b,q" if a,<b, foreachn e C. (4.4)
neC neC

If (Sm (q))m <z is asequence of generalised formal power series in g, then we say that this
sequence converges to another generalised formal power series S(Q) if the coefficients
in their expansions do. More precisely, if we have

Su(@ =) an,q" and  S@) =) aq", 4.5)

neC neC



638 K. Kawasetsu, D. Ridout

then we shall write

lim S,(Q) =S if lim ay,=a, foreachn eC. (4.6)
m—£00 m—£00

In what follows, we shall find it convenient to denote these limiting generalised formal
power series by S10(Q). In particular, when M is indecomposable, so its weight support
is a single coset [1] € h*/Q, we shall define limiting string functions by

Sto0 [JV[] @ = mg‘}goo Sp+ma [ﬁ] @, 4.7)

whenever the right-hand side exists.

4.2. Coherent Families and Shapovalov Forms. Our first aim is to prove that the relaxed
highest-weight sl-modules €., are stringy. For this, we shall employ two key tools. The
first is Mathieu’s notion of a coherent family [33]. This is a (highly reducible) module
that is parametrised by its central character: for slp, this is just the eigenvalue ¢ of the
quadratic Casimir. Although there is always more than one coherent family for each
central character, the conventions introduced above (to facilitate the present application)
pick one out uniquely. We shall lift these preferred coherent families to relaxed coherent
families over sl. These sl>-modules will be crucial for establishing the stringiness of

the 8)#].
The coherent families that we shall use for sl are the direct sums
Ry= P Rug q€C. (4.8)
reh*/Q

Each of these has a one-dimensional weight space for every weight 1 € h*. Recall that
we chose the Ry, in Sect. 3.2 so that the action of f on each R;., would be injective.
The vectors v,,, now with v € h*, therefore define a basis of qu on which the sl-action
is again given by (3.5). We emphasise that this action is manifestly polynomial in w.

We introduce two affine versions of the sl coherent families of (4.8). These relaxed
coherent families are 5[2 modules and we have one version that decomposes into relaxed
Verma modules and one into their generically simple quotients:

Re= P Rg. &= P Euo (4.9)

reh*/Q reh*/Q

These modules do not share the property of having one-dimensional weight spaces (with
respect to the Cartan subalgebra b of sl). However, they do admit a polynomial action
of sl and so provide a useful setting for comparing the properties of their summands.

The second tool that we shall need is an analogue of the Shapovalov form on the
relaxed coherent families 31 To construct this, we first construct such forms on the
relaxed Verma modules fR;L .q- Our definition depends on two choices: a cyclic generator
of ﬂh ¢ and an adjoint (linear involutive antiautomorphism) of U(s 2). For the generator,
we shall choose a ground state v,,, v € L. This may be chosen arbitrarily when A ¢ A(q).
When A € A(g), we must choose a v, with v > , where p is the maximal solution in
A of (1, u +2p) = q. For the adjoint, we take the extension to U(s[z) of the compact
adjoint of s[

=fon,  hi=h_w, fi=e, K =K, Lj=Lo. (410
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Given these choices, recalling Eq. (2.3) and noting that v, is a simultaneous eigenvector
of K and Lo, we define a contravariant bilinear form (-, -),, on R;_., by

(vy, ), =1 and (Uvy, Vo), = (v, UTVu,),, forall U, V e Uy(sh).
“.11)

We call it a Shapovalov form on RA q- Note that the kernel of such a Shapovalov form on
R;\ ¢4 coincides with the maximal proper submodule 3 ;¢ and that this does not depend
on the choices made during the construction.

To check that this form is well defined, note that as hg and Ly are both self-
adjoint, their simultaneous eigenspaces are orthogonal with respect to (-, -),. Taking
a Poincaré-Birkhoff-Witt ordering such that mode indices increase to the right, we see
that (Uv,, Vv,), vanishes if U7V belongs to the span Z of the ordered monomials that
either involve a non-zero mode index or have a non-zero sly-weight. It follows that the
value of the form (4.11) is entirely determined by the projection : Uk (sly) — Cl[h, Q]
whose kernel is Z:

Uvy, Vo), = BU'V . 4.12
(Uvy, Voy), = B( )h»—>v(h),Q»—>q (4.12)
Here, we have identified the image of 8 with the centraliser of b in U(sl) (Sect. 3.2).
Fix now g € C. For each A € h*/Q, choose a v € A that defines a Shapovalov form
(-, )y on R;.4. The direct sum

P ¢ (4.13)

reh*/Q

then defines a contravariant bilinear form, which we shall also refer to as a Shapovalov
form, on the relaxed coherent family R,. This construction clearly depends on the
uncountably many choices for v, one foreach A € h*/Q. However, the kernel of this form
is independent of these choices. Note that this construction is equivalent to extending the
chosen Shapovalov forms on the Rk g to R by insisting that v¢ and v, are orthogonal
for all distinct &, ¢ € h* (consistent with ho being self-adjoint).

We are now almost ready for the key tegbnical result, Lemma 4.2 below. First, how-
ever, recall that when A ¢ A(q), we have Jy,; = Jx,q. When A € A(q), the following
result will prove to be a useful substitute.

Lemma 4.1. Suppose that . € A(q) and let ;@ be the maximal solution in A of (i, i +
2p) = q. Then,

Tnog(+ma, A+n) = Jp.g(u+ma, A +n), (4.14)
forallm > n € Zxy.

Proof. As JA g © Hx .q 1s clear, we suppose that v € HA g (1 + ma, A +n). Because
each ground state v,, with v > u, generates iRA .¢» the submodule 3\/[ - Hx g

Rk,q generated by v has zero intersection with @, . . Cvy. Assume that one of the

other ground states v,, v < u, belongs to JT/[U. Applying Poincaré-Birkhoff-Witt basis
elements (with indices increasing to the right) to v now shows that so must v+ (m—n)a»
a contradiction since m > n. Thus, JVEU has zero intersection with the space of ground
states P, ., Cv, andsov € Jy,y. O



640 K. Kawasetsu, D. Ridout

Fix n € Z3( and define P, to be the set of all Poincaré-Birkhoff-Witt monomials of

Uk(g[zgo), ordered so that mode indices increase to the right, that satisfy the following
conditions:

e The slp-weight (ad(hg)-eigenvalue) is —na.
e The conformal grade (the negative of the sum of the mode indices) is n.
e The exponents of eg and hg are zero.

There are clearly only finitely many such monomials. A basis for the weight space
Ry (v, A +n) is then given by the Uv,1,q With U € P,.

Choose a Shapovalov form on ’fﬁq. Then, for each v € h* and n € Z>, we define
the Shapovalov matrix for ﬁq (v, A +n) to be the | P,,| x | P,| matrix

Av;n = ((va+nou VU‘”’”‘)‘)V)U,VGP,,' (4.15)

The kernel of this matrix is then the weight space 3 A (v A+n). If A ¢ A(g), then
HX g = JA .q> S0 the rank of A, is the dimension of 8,\ (v, A +n). This, in turn, is

the coefficient of q**" in the string function SU[S 2¢1(@).If A € A(g), then Lemma 4.1
gives the same conclusion for all v > u + na.

Lemma 4.2. For each n € Z, the rank of the Shapovalov matrix A, , is independent
of v € b* for sufficiently large v.

Proof. Fixnandgq € C. Then, the entries of A,. , are complex polynomials in v(h) € C,
by (4.12). Let B,. , denote its reduced row-echelon form over C. If we instead treat v as
a formal indeterminate, writing A, (v) for the Shapovalov matrix in this case, then we
may instead row-reduce over the field C(v) of rational functions in v. Let B, (v) denote
the reduced row-echelon form, over C(v), of A, (v). Then, evaluating v at v(h) € C
gives B, (V) |y y(n) = By; n, for all but finitely many v (h) (because row-reduction gives
only finitely many opportunities to divide by zero). Similarly, each non-zero entry of
B, (v) will evaluate to a non-zero entry of B,., for all but finitely many v(4). As there
are only finitely many entries, it follows that the number of non-zero rows of B, (v) and
B,. , must agree for all but finitely many values of v(h) € C. This number for B, (v) is
obviously independent of v(%), so the lemma follows. O

Remark. The statement of the Lemma would also hold for v sufficiently small (negative),
except that our construction of Shapovalov forms required us, when A € A(g), to choose
v € A larger than the maximal solution g.

This Lemma immediately implies our first result on limiting string functions.

Theorem 4.3. For given q € C, the positive limiting string functions seo ré)\zq] exist and
are independent of . € h*/Q.

4.3. Stringiness of the Simple IE\A; ¢~ Recall that the /E\A; 4 are simple when A ¢ A(q), that
is when the space of ground states is simple (as an sl;-module). Our aim here is to show
that the simple &;.., are stringy. This uses the following lemmas, the first of which is an

immediate application of the Poincaré-Birkhoff-Witt theorem for ;‘\[;

Lemma 4.4. If (1 # v, then U(s15)v, NU(sI5) v, = 0in Ry
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Lemma 4.5. The action of fy on ﬁ,\;q is injective. If A ¢ A(q), then eo also acts
injectively on R;.4.

Proof. We only show the first assertion as the second may be proved in a similar fashion,
once we recall that the condition on A and ¢ implies that the ground states v, span a
simple sly-module isomorphic to R;.,, hence that ¢y does not annihilate any of the v,,.

Let w be an arbitrary non-zero element of /ﬁx;q, so that w has the form
¢
w=) Uitima (4.16)

forsome £ € Z~g, Uy, ..., Uy € U(;[2<)\{O} andn; < --- <nyg € Z.Since [ fy, U;] €
U(s [2<), for each i, and fp does not annihilate any of the v,,, we see that

l
Jow = Z(U Vit~ + L0, Uilvaima) € UtVis(n— 1o + @ U(5[2 )Virima-
i=1 m>ny

4.17)

As Uy # 0, the term U1v;4(z,—1)¢ 1S non-zero. Moreover, it cannot be cancelled by any
of the other terms, by Lemma 4.4. Thus, fow # 0 as desired. O

Lemma 4.6. If ey and _fo both act injectively on an indecomposable level-K weight
module M of sy, then M is stringy.

Proof. Recall that the weight spaces ﬁ(,u, n), for u € h* and n € C, are always finite-
dimensional, by definition. As eg: M(u, n) — M(u+a, n) is assumed to act injectively,
we have dim M(u, n) < dim M(u_+ o, n). Similarly, fo: M(u + o, n) — M(u, n)
acting injectively implies that dim M(u, n) > dim M(u + , n). The stringiness of M
now follows because indecomposability implies that the M(u, n) are zero unless p
belongs to a unique coset A € h*/Q. O

The desired stringiness result is now easy to prove.

Theorem 4.7. Let g € Cand . ¢ A(q). Then, the simple relaxed highest-weight module
g IS Stringy.

Proof As eg and fj both act 1nJectlvely on the maximal proper submodule 7; A
IRA .¢» by Lemma 4.5, it follows that 2] hig 1 is strlngy, by Lemma 4.6. But, CRK q 18 strlngy
(Sect. 4.1), so we conclude that 8,\ g = RA q/Hx gistoo. O

4.4. Computing the String Functions. Theorem 4.7 says that the simple /é,\; ¢ are stringy,
but we do not yet have a means to actually compute their string functions. For this, we
shall combine this result with Theorem 4.3, concluding that the string functions of the
simple e ;¢ coincide with the positive limiting string function of the non-simple ones.
As we shall see, the latter are computable in principle.

Lemma 4.8. Let A € A(q) and take i to be the maximal solutionin X of (j, 1+2p) = q.
Then, Lo is the unique simple quotient of both R;.4 and &;.4.
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Proof. Recall from Sect. 3.2 that V., is a quotlent of Ry.4. As induction is a tensor

functor, it is right-exact, hence v u+a 18 @ quotient of iR,\ .q- It follows that the irreducible

E u+a 18 als0 a quotient of fRA, g necessa’r\lly by the (umqu/e\) maximal proper submodule

J5..q- This establishes the statement for R;., and that for ;. is obtained by noting that
&, Rig/T0eg . R

Mg~ M/Ak,q ~ MY~ T (4.18)

=< = =< nta
gl;qﬁk;q 3A;qﬁk;q 3%(1

remembering that ;. is cyclic. O

Proposition 4.9. The limiting string function oflﬁ\k;q, A€ A(q), is

S0 [ €110 ](@ = S00[ L v ] (@), (4.19)
where ( is the maximal solution in A of (u, u +2p) = q.

Proof. Choose non-negative integers m and n satisfying m > n. Then, Lemmas 4.1 and
4.8 give
dimé\x;q(,u +ma, A +n) = dim /ﬂix;q(u +ma, A +n) — dimﬁ\k;q(u +ma, A +n)
(4.20)
= dim/ﬁx (1 +ma, A +n)

—dlmﬂ;\q(u+ma A+n)—d1m£ (uw+ma, A+n)

nta
and the desired identity of limiting string functions follows. O
Remark. Recall that (u, 1 +2p) = g has two solutions ut € h*, given in (3.6), that

satisfy w4 + u— = —a. When /1 +2q ¢ Z, the cosets Ay = [p4+] and A_ = [u_] are
distinct elements of A(g), hence (4.19) applies to both. We must therefore have

ool L)@ = 800 [Er11q ] @ =500 [Erpg | @D =500 [L_sa ] @ =500 [L,., ] (@),
(4.21)

by Theorem 4.3.

Combining Proposition 4.9 and Eq. (4.21) with Theorems 4.3 and 4.7, we now deduce
the string functions of the simple &;.,.

Theorem 4.10. If \/1 +2g ¢ Z, then the non-zero string functions of the simple relaxed
highest-weight modules &;.4, A ¢ A(q), have the form

$0[€3:0](@ = 800 [Lrae @, forallv € i, (4.22)

where [ is any solution of (A, A +2p) = q. If /1 +2q € Z, then the same is true when
1 is the maximal such solution.

Remark. The irreducible az—modules E; and Etv are related by the conjugation func-
tor w. It follows that the positive limiting string function of one must match the nega-
tive limiting string function of the other. We may therefore replace the right-hand side
of (4.22) with the negative limiting string function s_ OO[L_ - _o1(@). Moreover, when

J1+2qg ¢ 7Z, we may instead replace this by s_OO[L;](q), by (4.21).
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While Theorem 4.3 assures us that the limiting string functions of the simple highest-
weight sl,-modules appearing on the right-hand side of (4.22) actually exist, it is perhaps
comforting and useful to see this directly. One way to approach this is to note, as in
Lemma A.1, that these limiting string functions also exist for Verma modules over shy.
Indeed, fj acts injectively on the ground states of L v ¢ P>, so the argument used in

the proof of Lemma 4.5 shows that fj acts 1nJectlvely on all of Ej The string functions
s¢[L}] therefore increase monotonically as & — —oo, while they are bounded above by
the limiting string function of V.

4.5. Stringiness of the Non-Simple /E\;L; ¢~ While our first main aim, to compute the char-
acters of the simple /8\,\; 4> was essentially completed in Theorem 4.10, it is now straight-
forward to also establish the stringiness of the non-simple E;L; 4 and thereby determine
their characters. We shall also discuss the structure of these ;[z-modules.

Lemma 4.11. Let . € A(q) and take . to be the maximal solution in ) of (1, u+2p) =
q. Then, &;., has a simple submodule isomorphic to Ltu—w if J1+2q € Z, and to

L; otherwise.

Proof. Recall from Sect. 3.2 that R;., has a simple submodule isomorphic to V- p—a
if /T+2q € 7Z, and to }7\; otherwise. Let us assume that /T +2q ¢ Z for simplicity.
Then, upon inducing to Rizq> the ground state v, becomes a highest-weight vector for
slp, hence it gener:it\es a copy of V, (as U(sl5) and fo act freely). Now, the maximal
propet submodule M of V+ has zero intersection with the space of ground states, hence
Mc fJA q- Indeed, the space V), of ground states of \7+ is simple, since u ¢ P, and so
M V+ N j)L q- Thus

- + vt Riw  ~
Chelx Ko, =g (4.23)
M VENT, Tog

as required. If \/1 + 2¢q € Z, then the argument goes through with —u — « replacing p
throughout. 0O

Remark. Note that for the special case /1 +2¢g = 0, we have © = —p and thus —pt — o
and p coincide.

Theorem 4.12. If A € A(q), then, /ék; q IS stringy and its non-zero string functions are
given by (4.22).

Proof. Since fy acts injectively on /J\;L; q C ﬁk; 4> by Lemma 4.5, we have

S [Tg]@ = su[Tag]@ = su[Cg]@ <su[€rg]@, 424

for all v < v'. Thus, the string functions of /E\A;q are bounded above and below by

soo[’éi};q](q) and S_o [’g}; ¢1(Q), respectively. Theorem 4.3 shows that the positive limits
exist and we shall shortly see that the negative ones do too.
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Suppose first that /1 + 2g € Z and let i be the maximal solutionin A of (i, u+2p) =
q. Then, LY _, is a submodule of &;.,, by Lemma 4.11. Thus, we have

S—oo[ L7 o (@ < 5—00[€2:0](D) < S00[E1:g @ = Soo[Lra ] @, (4.25)

sOO[WL’r

where the last equality is Proposition 4.9. However, s_ OO[L T _ol =

Lol =
soo[L p+a s 80 the inequalities in (4.25) are actually equalities. It follows that 8,\ g 18
stringy with the required string functions.

It remains to consider the case when /1 + 2q ¢ Z and so u is the unique solution in
rof (u, u+2p) =gq. Now, Lemma 4.11 gives

—oo[EE]@ < 5-00[€1:0 ] () < 500 [E:g @ = Sc[Lria]@  (4.26)
in place of (4.25). However, conjugating and applying (4.21) immediately gives

oo [L5]@) = 55[£2,](@ = 500[£77, ] @) (4.27)

The stringiness is therefore established as before, as is the identification of the string
functions. 0O

For later use, we provide a strengthening of Lemma 4.11 in the case where /1 + 2q ¢
Z.

Proposition 4.13. Choose q € C so that \/1+2q ¢ Z. Then, for each . € A(q), we
have an short exact sequence

— 0, (4.28)

00— E; — /Fj)h;q — E;m
where | denotes the (unique) solution of (i, u +2p) = q in A

Proof. By the proof of Lemma 4.11, we have L* <> &,., and [f' = \7+/(\7+ NThg)-
It follows that

e _ V* _ Ry V47, R,
LRV ~ Tk f T TR Z . (429
L; V N j)\ q jx;q j)»;q V j

Since L7, 1+ 18 the unique simple quotlent of € A and R Riigs by Lemma 4.8, the proposition
will follow if we can show that VM + JA g = Hx ¢ in R;L q-
The inclusion \7; + J,\,q C 3 ;¢ 18 clear, so suppose that v € jk;q~ Without loss

of generality, we may assume that v is a weight vector, Then, there exists m such
that eg'v € Jy,,, because the weight spaces of J;., and J;., coincide for sufficiently

large slp-weights, by Lemma 4.1. Moreover, there exists n such that fj'v € ’\7;, by
the Poincaré-Birkhoff-Witt theorem. It follows that the image of v in j;x;q/ 67\;2 +’J\A; 7)

generates a finite-dimensional sl;-module. As /1 +2q ¢ Z, we have ;. ¢ P by (3.6),
so this is impossible unless the image is 0. It follows that J., = \7; +Jy;4 as required.
O

We conclude with a cautionary example illustrating that our intuition with respect
to composition factors of relaxed highest-weight modules may need refining when

J1+2q € Z.
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Example. Consider the s:\lz—module R_ p:—1/2 atlevel kK = —1. Note that /T +2g =0
and u = —p. The slr-module of ground states therefore has exact sequence

0— th — R_pi—1p — V, — 0, (4.30)
in which both Verma modules are simple. However, the corresponding short sequence

0— L, — € p1p— L, —0 (4.31)

of 5[2 modules is not exact. The easiest way to see this is to compute the dimensions of
the following weight spaces using the Shapovalov form on V+ :

L ,Gp. A+, Lf (p.A+1D),  Lf (—p.A+1), LF (=3p,A+1).
(4.32)

Here, we recall that A is the conformal weight of the ground states of R_ p:—172- These di-

mensions are O (obviously), 0 (because e_jv_, is singular in vt o)» 1 and 2, respectively.
Now, if (4.31) were exact, then we would have

dim&_p;_1(=3p, A+ 1) =dimL* (=3p, A+ 1) +dimL; (=3p, A+1)
=dimL* ,(~3p, A+ 1) +dimL}Gp, A+ 1) =2,
and  dim€__ip(—p. A+ 1) =dimL? (—p, A+ D) +dim L, (—p, A+1)
=dimL* (—p, A+ 1) +dimLi(p, A+1) = 1.
(4.33)

However, this is impossible because e pi—1/2 18 strmgy, by Theorem 4.12.
We can isolate an additional composition factor of e pi=1/25 beyond L and L;,

as follows. First, prove that the following relations hold in e p:—1/2 (the left- hand sides
are annihilated by all positive modes):

1
e 1Vy—o+@—p,ph_v, — Ellv — plPfoivse =0,  forallv e —p. (4.34)

Second, note that f_jv, is non-zero in g 0:—1,2 as the module it generates contains v_,.
Third, use (4.34) to show that ep f_ v, is a highest-weight vector in 8_/,;_1/2/)3:/). We
conclude that L, is also a composition factor of € _ . _ . Note however that this analysis

does not rule out the existence of further composition factors. We illustrate the structure
of 8—,0;—1/2 in Fig. 1.

5. Application to Admissible-Level L (s1;)-Modules

We now apply the results of the previous section to study the ’8\,\;61 that define modules
over the simple affine vertex operator algebra Ly (sly), where K is an admissible level.
This means that K has the form

k+h' = % u €Lz, velsy, ged{u, v} =1, (5.1
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'U_p fb 'Up
< At <
f=1 el
[ ) L L) [ )
L % [\ L)

Fig. 1. A depiction of the structure of e_ p;—1/2, showing three composition factors (though there could be

more) and arrows indicating the az-action. Black dots denote weights and are labelled by ground states when
appropriate. sly-weights increase from left to right, while conformal weights increase from top to bottom

where we recall that the dual Coxeter number of sly is hY = 2. As the conformal
weights of any module over an affine vertex operator algebra are fixed by the Sugawara
construction, we shall set those of the ground states of &,., to be

q

A=Ay =5 (5.2)

The /S\A;q that define Ly (slp)-modules are those with [6,7]

1 u (vr — us)? — 2?2
CI:CIr,SZE((V_v) _1> 2—1)2, r=1,...,u—1,
s=1,...,v—1. (5.3)

Note the “Kac table”-type symmetry g,—y—s = ¢ indicating coincidences amongst
these relaxed highest-weight modules. Moreover, u and v being coprime gives /1 + 2g, s =
|r — “s| ¢ Z which implies that we have |A(gy.)| = 2. In other words, there are two
distinct cosets A € h*/Q, for each r and s (modulo the Kac symmetry), defining non-
simple relaxed highest-weight modules of the form &; .4, . Indeed, the u € h* satisfying
(i, 1 +2p) = gy s are given by

W= s = (r —1- %s)a) and U= fy—ryv—s = (—r -1+ %s)w, 5.4)
where we recall that w denotes the fundamental weight of sl5.

The structures of the non-simple relaxed highest-weight modules 8,\ grs» With
J1+2q ¢ Z, are now immediate consequences of Proposition 4.13. These structures
were previously stated, without proof, in [11] (see Eqgs. (4.14) and (4.29)), [22] (see
Eq. (3.14) and the structure diagrams of Sec. 5.1) and [23] (see Eq. (4.3)).

Theorem 5.1. Each admissible-level Ly (slp)-module gﬂr sigre Wherer =1, u —1
ands =1, — 1, is a non-split extension of the (conjugate) simple hlghest welght
module L# o = L_ﬂu ., by the simple highest-weight module L+m In other words,
the following sequence is exact:

— 0= —> 0. (5.5)

~; ~
0 Lﬂr,s SM’J;(I’V —Mu—r,v—s
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Remark. Recall that the (non-simple) relaxed highest-weight module E,m 1qr.s Was cho-
sen so that fo acts injectively. Its conjugate therefore has an injective action of ¢g and is
a ngn-split extension of L) by LZ,, . Inparticular, W, .4,  is not isomorphic
to €

Mu—rv—s:9u—r,v—s*

U—r,v—s

Finally, we turn to the characters of the L (s[>)-modules /S\A; g7 =1,...,u—1and
s =1,...,v— 1. Theorems 4.10 and 4.12 allow us to compute their string functions in

terms of the limiting string functions of the £, . Indeed, Egs. (4.22) and (4.27) give
S (€100, )@ = 5oLy, 4o (@ =5-00[L}, J(@. forallé er,  (5.6)

independent of A € h*/Q. The rightmost limiting string function can now be computed
from the Kac-Wakimoto character formula [31] because L+ s is an admissible level-k

highest-weight sl,-module. We write the character in the form [35]

(L, J@ =) (ch[V;,,. J@a—chV;,  J@a) 67

nez

where the Verma module characters are given in (A.1). It is convenient at this point to
reinstate the convention that characters and string functions are normalised by the factor
q~%/?*, where
3k 3 6v2 5.8)
~ k+hv uv '

is the central charge of L (sl»).

Now we can use the computation of the limiting string function for Verma modules
in Proposition A.1:

S_M[E;r.s](q) = Z(S—OO [9;-2nu+r,x](q) -5 OO[V:—LZnu rv](q)) (59)
nEZ
J— A nu+r, vfc/24+]/8 A nu—r,s 70/24‘*1/8
B n(q)3 > (o 9 )
n

_ Z( AN —CVIT /2441724 qAZV;u s cV"/24+1/24).
n(Q)3

Here, A,y = Ay, , and the Virasoro conformal weights and central charge are given by
the usual formulae:

I ) et Uk S B etV PR T
’ 4uv uv
Recognising in (5.9) the character
(1—cViry/24
VlI‘ q AV]r AVI]’
(q) - <q 2nu+r,s — q 2nu—r,s (51 1)
n(Q) 2 )

nez

of the simple highest-weight Virasoro module of conformal weight AV“ and central

charge cVir, Eq. (4.22) gives the string functions, and thence the characters of all the
€34y, - This proves a character formula for these modules that was originally conjectured
in [23].
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Theorem 5.2. The characters of the admissible-level Ly (sly)-modules Ek;qr.sr with A €
b*/Q r=1,...,u—lands=1,...,v— 1, are given by

X (@)
ch[Er, J@ ) = 2 3 20 (5.12)
n@= =

6. Relaxed Highest-Weight osp(1|2)-Modules

We now generalise our study of relaxed highest-weight modules over 3\[2 to osp(1]2). We
follow a similar strategy as before, but content ourselves with only describing those parts
of the arguments that are not just straightforward generalisations of their s, analogues.
The main differences arise because the intended application to modules of admissible-
level vertex operator superalgebras Ly (0sp(1]2)) requires us to analyse both the un-
twisted (Neveu—Schwarz) and twisted (Ramond) sectors.

6.1. Simple Weight osp(1|2)-Modules. The simple basic classical Lie superalgebra
osp(1]2) has basis {e, x, h, y, f}, where e, h and f are even while x and y are odd.
As the notation suggests, the even subalgebra of osp(1]2) is isomorphic to sl and so the
commutation rules (3.1) continue to hold. The remaining (anti)commutation relations
involving the basis elements may be taken to be

[evx]=07 [h’x]=x5 [f’x]z_yv
[67)’]=—X, [h»)’]z_y» [f’y]:Os (61)
{x,x}=2¢, {x,y}=h {y,y}=-21

The non-zero entries of the (rescaled) Killing form, in this basis, are
k(h,h) =2, ke, f)=K(f,e)=1, Kk(x,y)=—«k(y, x)=1. (6.2)

The Cartan subalgebra is chosen to be ) = Ch and the quadratic Casimir to be

Q’—1h2+ef+fe—1x +lx (6.3)
In U(osp(1]2)), there is also the super-Casimir [36] given by
1
E:xy—yx+§. (6.4)

It is not central, but rather commutes with e, & and f, while it anticommutes with x and
y. Note that £2 =20’ + 1.

Let w € h* and @ = 2w denote the fundamental weight and highest root of 0sp(1]2).
The (odd) simple root is then %a = w and the Weyl vector is p = %a). LetP=Q =Zow
denote the weight and root lattices, while Q% = Za denotes the even root lattice.
P> = Z>ow again denotes the dominant integral weights. We induce the Killing form
toa ;)ilinear form (-, -) on h*, noting that the rescaling again normalises the latter so that
flall* = 2.

The classification of simple weight osp(1]|2)-modules follows a similar pattern to
that of sl,-modules (Proposition 3.1). We recall our assumption (Sect. 2) that weight
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0sp(1|2)-modules are Z,-graded by parity. This means that an osp(1|2)-module decom-
poses into the direct sum of an even and an odd subspace, which are both preserved by
the even elements e, h and f but are swapped by the odd elements x and y. There is
an obvious parity-reversal functor IT on any category of Z,-graded osp(1|2)-modules
given by exchanging the even and odd subspaces. We note that X-eigenvalues are con-
stant on the even and odd subspaces of a simple osp(1]|2)-module, taking values o and
—o, respectively, for some o € C.
Aswedid forsly, itis convenient to introduce a family of subsets, this time parametrised

byo € C:

A(o) = {[x] € b*/Q° : ul® = (o — 1) for some p € [,\]}. (6.5)
This facilitates the following classification of simple weight osp(1]2)-modules.

Proposition 6.1 ([24, Thm. 2]). Every simple (Z>-graded) weight osp(1|2)-module (with
finite-dimensional weight spaces) is either isomorphic to a member of one of the follow-
ing families or its parity-reversal is.

(1) The finite-dimensional modules 'V, with even highest weight u € P> and lowest
weight — L.

(2) The highest-weight Verma modules \7; with even highest weight u ¢ P.

(3) The lowest-weight Verma modules V), with even lowest weight j ¢ —P>.

(4) The dense modules R,., whose even weight vectors have weights in 1 € h*/ Q% and
S-eigenvalue o € C, where . ¢ A (o).

All of these modules have one-dimensional weight spaces.

Note that the weight support of the dense module R, is actually AU (A +w), the second
Q-coset corresponding to odd vectors. We parametrise these modules by their even
weight supports because of the obvious isomorphisms R 1.6 = IIRy. 5. As for slp
(see Sect. 3.1), the Weyl reflection of osp(1]2) defines a functor on o0sp(1]|2)-modules
that exchanges 'V, with V_ .

6.2. Non-Simple Dense 0sp(1]|2)-Modules. The action of e, x, y and f on the simple
dense modules R;.,, A ¢ A'(0), is injective. We shall therefore choose basis vectors
Uy, [ € A, so that

evuzﬁivwa, XV =PBuVutw, hvp=, vy, Y =Vy—w, [fUu=—Vy_q,
(6.6a)
where
1 T 1
B = 3 (u,0) = (=)0 + 3 (6.6b)

and v,; € {0, 1} denotes the parity of v,. This action is observed to be polynomial in
w1 € b*, up to the parity-dependent sign. This is not a major obstacle to the analysis to
follow because we can just restrict to the even and odd subspaces when we wish to exploit
this polynomial dependence. Our first task is to define non-simple indecomposables
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Riy:o» With L € A’ (o), to complete this family. We shall construct them so that y and f
continue to act injectively, hence v, may be chosen such that (6.6) continues to hold.

We therefore fix o € C and define indecomposable dense osp(1]2)-modules R;.q,
with A € A’(0), by inducing from the centraliser C[/2, £]of b in U(osp(1]2)) as follows.
Let v be an even eigenvector of i and X, so that hv = A(h)v and v = ov for some
A € bh* and o € C satisfying [A] € A’(c). The structure of the osp(1]|2)-module
induced from the C[A, £]-module Cv then depends on the relative ordering (by real
parts of Dynkin labels) between X and the solutions

p==x(c-13)o (6.7)

of |ul?> = %(o — %)2 We take Rj.. = Rp.s to be the induced module with A
larger than all solutions, so that y and f act injectively. It follows that R,., may have
highest-weight vectors, but no lowest-weight vectors. Indeed, v,, will be an even highest-
weight vector if u = (O’ - %)w € A and yv, will be an odd highest-weight vector if
,u:—(o—%)we)».

Example. Consider the case o = %, so that (6.7) has the unique solution i = 0. Then,
[A] = [0] = QY and Ro.1/2 has two highest-weight vectors: vg and yvg = v_,. Its
(unique) composition series is therefore

0cC Hvtw C Vg C fR[o];l/z, (6.8)

with composition factors I[TV* , V¢ and ITV,,.

—w?

This case generalises: both solutions (6.7) belong to the same Q°-coset if and only if
ocel+ % In this case, take u € P to be the maximal solution in A = [u] € bh*/Q0.

The composition series of R, thus depends on the sign of o. Specifically, ifo € Z + %
and o > 0, then the series is

ocnv:, ,cV,cCRi, (6.9)
and the composition factors are [TV _ .V, and 11V . However, for o € Z + % and
o < 0, the series is instead

0cCV:r, cnv,_, CRuo, (6.10)

with composition factors V* s V40 and V.

The remaining case corresponds to the two solutions (6.7) belonging to different
QO-cosets, whence o ¢ Z + 5. This leads to two inequivalent indecomposable dense
osp(1]2)-modules R, ., where Ar = [u+] = [£(o — %)a)]. The composition series
are

0CV,, CRuye and 0CTVL _, C R0, (6.11)

. . . " - + _
with respective composition factors V), , 1TV, 4, and IV}, _ .V, .
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6.3. Relaxed Highest-Weight 0sp(1|2)-Modules. As in Sect. 3.3, we may induce an
indecomposable weight 0sp(1]2)-module to a relaxed Verma o0sp(1|2)-module in cate-
gory %, once we choose eigenvalues kK and A for K and L. These induced modules
are 05p(1]2)-modules, but are often said to belong to the Neveu—Schwarz sector for his-
torical reasons. Such Neveu—Schwarz modules will be denoted by adding hats and NS
symbols to the osp(1|2)-modules that they were induced from. Thus, we have Verma
modules ¥V, parabolic Vermas NSV and relaxed Vermas NSfR;L o Quotienting each
by the maximal submodule whose 1ntersect10n with the space of ground states is zero
results in more Neveu—Schwarz modules: NsLi NSL and € a0 (respectively). All are

simple except for the NSE;L;(, with A € A/(0).

In many applications those of Sect. 8 for instance, one also needs to consider a
twisted Vers10n of asp(1]2) in which the indices of x, and y, are requlred to belong
to Z + 2 instead of Z. We shall denote this twisted version by Rasp(1]|2) and refer to
its modules as the Ramond sector of 05p(1]2). Because the zero modes of the Ramond
sector omit xo and yp, we construct relaxed Verma osp(1|2)-modules in the Ramond
sector by inducing indecomposable weight sl;-modules. The notation for the result adds
a hat to the sl;-module being induced, just as in the Neveu—Schwarz sector, but adds an
R symbol instead. Thus, the Ramond sector has Verma modules Rvi, parabolic Vermas

®V,, and relaxed Vermas ®R;.,. As above, quotienting each by its maximal submodule
whose intersection with the space of ground states is zero gives new Ramond modules:

RLi, RL and K€ a;¢ (respectively). Again, these modules are all simple except for the

E;L g With A € A(q).
Flnally, the Weyl-reflection functor of osp(1]2) lifts to a conjugation functor on
0sp(1]2)-modules that we shall (again) denote by w. We have, for example, WNSL+ =

NS . and WRL; =~ RE- .- We emphasise that an R label indicates that the module
was induced from an sl;-module (which may otherwise share notation with a similar
0sp(1]2)-module) so that its parametrisation must always be understood in the context
of sl data.

7. Relaxed Fs?(1|2)-M0dules and their (Super) Characters

We now turn to the string functions of the Neveu-Schwarz and Ramond relaxed highest-
weight 0sp(1/2)-modules Y¢;., and ®&;.,. Their computation will only be outlined
here as many of the details and proofs follow in an almost identical fashion to those
detailed for sl in Sect. 4.

7.1. String Functions. The character of a Neveu-Schwarz or Ramond level-k weight
module M over 0sp(1]2) is still given by (4.1) and string functions are likewise defined
by (4.2). We shall also consider the supercharacter of M which is given, at least for
indecomposable weight modules, by inserting (—i)ﬁ into the sum in (4.1), where & €
{0, 1} denotes the parity of the weight vectors in M whose osp(1|2)-weight is i € h*.

Example. The character and non-zero string functions of the level-k Neveu-Schwarz
relaxed Verma module NSR,\ o, for A € h*/Q% and o € C, are
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h[Ry ]z q) = 1A 2D 5, S

4
Zn(q) HEA HEA+W (71)
5 h(l;q) .
NS _ qAt+1/24 ¢ U .
= su[PRuo]@=q @t ifueiUQ+ow)

It follows that Nsﬁk;g is stringy. The Ramond relaxed Verma character and non-zero
string functions are, however, given by

qA+1/6

Ch[RﬁA;q](Z q) = W

D @@+ 0a(s )2+ Y (9315 9) — Da(l; @) 2"

HEM UEA®
A+1/6(
—— (0L +94(1; ), ifpen,
5 2n(q)*
= s [Ru]@ = A+01|/6
= 1;q) — 1; if A .
277((1)4(193( ;) — (), fper+w

(7.2)

Rﬁ,\;q is therefore not stringy. Here, #; denotes the Jacobi theta functions (with the
conventions of [37, App. B]).

The supercharacters of these relaxed Verma modules may be obtained from the above
character formulae by replacing, in each, the sum of the two sums by their difference.

The previous Ramond example inspires us to make an alternative definition.

Definition. A level-k Ramond weight module M is said to be R-stringy if its non-zero
string functions s, [M] depend only on whether 1 belongs to its even or odd weight
support.

Obviously, the Rﬁk;q are R-stringy (as are the N R .0 )- Given an indecomposable level-k

Ramond weight module M, so that the even and odd weight supports are the Q°-cosets
[1] and [ + w], respectively, for some pu € h*, we thus have two distinct notions of
limiting string function:

Sj:oo [J’\/\[] (Q) = mgniloo Spu+2maw [ﬁ[] (CI), S;oo [J’V\[] (Q) = mgniloo SM+(2m+l)w|:j/\/\[] (Q)
(7.3)

We call these the limiting even and odd string functions, respectively.

7.2. Coherent Families and Shapovalov Forms. Recall thatin Sect. 6, we defined NS:S\A;J
(RE€.¢) to be the quotient of the relaxed Verma module MR;., (*R;.,) by the maximal

submodule NS?]\M, (R/J\;L;q) whose intersection with the space of ground states is zero.
There are thus four types of relaxed coherent families to consider:
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NSRU= @ NSR)L;U’ NS((:J= @ NSEA;U’

reh*/QO0 reb*/Q0
Ry = P R "e= P “Ens. (7.4)
reh*/Q rebh*/Q

We let NSEJ\,\;G and Ré‘)\;q denote the maximal proper submodules of stﬂix; - and Rﬁk; >
respectively. R N

The first task is to construct analogues of Shapovalov forms on "R, and *R,. For
this, we need an adjoint on U(osp(1]2)) and URosp(1|2)). A convenient choice is

ef=fon X\ =iy hi=h_, ¥ =-ix,,
fi=e, K'=K, Lj=Lo. (1.5)

We emphasise that T is taken to be a linear antiautomorphism, not an antilinear one,
because the Shapovalov forms are intended to be bilinear, not sesquilinear. With this
understood, it is easy to chgc\:k that ¥ is involutive.

The ground states of ™X;., form a coherent family over osp(1]2), hence we may
define the Shapovalov form (-, -),, by choosing, for each A € h*/QV, a ground state v,,,
as in (6.6), that generates NS@,\;U:

(vp, v), =1 and (Uvy, Voy), = (v, UTVUU)U

— T 3S5h
= BWU'v) Hi vy, oo forall U, V € Ui (osp(1]2)). (7.6)

Here, 8: Uk(0sp(1|2)) — C[h, X] is the projection whose kernel is spanned by the
Poincaré-Birkhoff-Witt monomials, ordered so that indices increase, that have a non-
zero index or have non-zero osp(1|2)-weight. In the Ramond case, the coherent family
of ground states is instead over sl so the definition of the Shapovalov forms is as in
(4.12) except that the universal enveloping algebra is that of Rosp(1]2). A Shapovalov
form on each affine coherent family "R, or *R, is then obtained as a direct sum of
forms (-, ), over [v] € b*/QC or [v] € h*/Q, respectively.

Consider now the weight space MR, (v, ANS+n) of 0sp(1]2)-weight v and conformal
weight Ags +n, where n € Z3(. A basis for this space consists of the Uv, 4,4 in which
U is a Poincaré-Birkhoff-Witt monomial of Uk(ﬁ(l|2)<), ordered so that indices
increase, with osp(1|2)-weight —na and conformal grade n, such that the exponents
of ep, xo and hg are all 0. Then, the analogue of Lemma 4.1 shows that the dimension
of &, (v, ANS + n) is equal, for sufficiently large v, to the rank of the matrix whose
entries are the values (Uvyi,4, V Vptna), Of the §hap0va10v form applied to the basis
elements. A similar construction identifies dim & (v, Ag +m), m € %Z>Q, with the
rank of the corresponding Shapovalov matrix, again for sufficiently large v. The proof
of Lemma 4.2 now readily generalises and we arrive at the following result.

Proposition 7.1. For given o, q € C, the positive limiting string functions SOO[NS/S\;\;(,]
and ngO[RS r;q] all exist and are A-independent.

We remark that the Ramond results follow by restricting to m € Zx, for the even
limiting string functions, and to m € Z>q + %, for the odd ones.
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7.3. Stringiness of Relaxed Modules. The osp(1|2)-analogues of Lemmas 4.4 to 4.6 are
clear. We summarise them along with the analogue of Theorem 4.7 for convenience.

Proposition 7.2. e Both yo and fy act injectively on Nsﬁ)\;g, while fo acts injectively
on RfR;L .
o If) & N (o), then ey and x( also act injectively on NSIR,\ o and, thus, S& o 18 Stringy.
o If L & A(q), then ey also acts injectively on RiRA .q and, thus, SA ¢ s R-stringy.

To identify these string functions, we employ Proposition 7.1 to identify them with
the positive limiting string functions of the non-simple NSE ros A € A (o), and RE Ag
A € A(g). The explicit constructions in Sect. 6.2, combined with the simple quotient
analogues of Lemma 4.8 and Proposition 4.9, now lead to the following conclusions in
the Neveu-Schwarz sector. Their Ramond counterparts follow similarly by adapting the
5[2 results to Rosp(1]2).

Theorem 7.3. o Ifo ¢ Z + 2, then the non-zero string functions of the simple relaxed
highest-weight modules NSEA o A & N (0), are

[ 80 ]@ = s [“Lo @ = s [L7) @ foraliver, (@7

where ( is either of u+ = (o — %)a). Ifo € Z+ % then the non-zero string functions
are instead

NS Sco [NSZ;LH»] (@), ifo >0,
R 7 7.7b
S [ A ](CI) Soo[NSL;,](Q), ifo <0. ( )

o Similarly, the non-zero even and odd string functions of the simple relaxed highest-
weight modules €. .q» A ¢ N(q), are

SE[}Eq )@ = sE[*L 0@, forallv e a, (7.8)

where | now denotes any solution of (i, it +2p) = q, if /1 +2q ¢ 7Z, and the
maximal such solution, if \/1 +2q € Z.

It only remains to demonstrate the stringiness of the non-simple NS/E\;\; - and R’E\;L; q-
This is straightforward, but a little tedious because the Neveu—Schwarz analogue of
Lemma4.11 now identifies the simple submodule M < NS, ; in terms of four separate
cases tabulated as follows.

o~

M |p=(e-Ho p=—(o-Ye
cel+% HULM ® /L;iﬂ
c¢L+% [ net,,

Here, 1 denotes the maximal solution of || |?> = 21 (a — %) in A. The Ramond version

s Skyq, if /1 +2q € Z, and otherwise

RL; R€A;q. For this sector, p is the maximal solution of (i, u+2p) = g. Applying
the proof methods of Theorem 4.12 to these six cases, we arrive at the desired conclusion.

has only two cases, just like 5[2 RE* —a

Theorem 7.4. o If . € A'(0), then NS:‘Z\A;U is stringy and its non-zero string functions
are given by (7.7).
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o Similarly, if A € A(q), then ng;q is R-stringy and its non-zero string functions are
given by (7.8).

Finally, we present the analogue of Proposition 4.13. Again, the osp(1|2) proof is
virtually identical to the sl one.

Proposition 7.5. e Leto ¢ Z + % Then for each ) € N (), there is a unique solution

2
wof lnl? = %(a — %) in A and a short exact sequence of one of the following

forms:

0— NSE; — Nslﬁ\x;g — HNSZ:;HU — 0, ifu= +(O' — %)a) €A,

~ ~ ~ (7.9)
0— HNSL;ﬂU — B — NSL; — 0, ifu=—(c— %)w € A.

o Similarly, let \/1+2q ¢ Z. Then, for each )\ € N (o), there is a unique solution u
of (W, w+2p) = q in X and a short exact sequence

0— RLH — REiy — "Liy — 0. (7.10)

8. Application to Admissible-Level L (0sp(1]2))-Modules

We conclude by applying our results to determine exact sequences and (super)characters
for the M¢;., and R ;¢ that define modules over the simple affine vertex operator
superalgebra Ly (0sp(1]2)), when K is admissible:

u—uv

k+h\/=2u—v, uGZgz,l)EZ)h%EZy ng{

,v} =1. (8.1)

Note that the dual Coxeter number of osp(1|2) is hY = % As with the ;[2 case, the
Sugawara construction fixes the conformal weights of the ground states of ™¢,., and
RE).q to be

_k/4
and A= AR— 47K (8.2)

2 _1/4
AZANS_ o —
7 9 2(k+hv)’

" 4(k+hv)

respectively.

The relaxed highest-weight Ly (0sp(1]2))-modules are classified in [25,38]. Omit-
ting the highest-weight simples, the classification may be presented in terms of two
parameters r = 1,...,u — lands = 1, ..., v — 1, with the module belonging to the
Neveu-Schwarz sector when r — s is odd and to the Ramond sector when r — s is even.
Indeed, the V€, and RE,., are Ly (0sp(1]2))-modules when

1
r—se2zZ+1, U:Ur,szz(r—zs) andwhen r—se€2Z, q=gqs
v
1 u\2 1
=—|r——-s) — =, 8.3
8 ( v ) 2 8-3)
respectively. We note the “Kac table”-type symmetries 6,— y—s = —0 s and g, —y y—s =

qr.s- Moreover, as “5“ and v are coprime, we have

1 —s—1 — 2
SR S P e S B R

5 : ¢7 (8.4)
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in the Neveu—Schwarz sector (r — s odd) and

1 u
V1+2q = E‘r — ;s) =

in the Ramond sector (r — s even). There are therefore two distinct non-simple re-
laxed highest-weight modules NSE. Aoy OF RE 29,5+ Tor €ach r and s (modulo the Kac

r—s (u—v)/2
2 v

s| ¢z (8.5)

2
symmetries). In particular, the Neveu—Schwarz solutions to ||y.||2 = j(“r,s — %) and
the Ramond solutions to (14, jt +20) = gy are p = £1(r —1— “s)w and p =
—p £ %(r — %s)w, respectively. We therefore define

1 u . .
—(r—l——s)a), if r — s 1s odd,
)2 v
MHrs = 1 u (8.6)
—(r -2 — —s)a), if r — s is even.
2 v

Note that —py—ry—s = rs + o, if r —sisodd, and —py—y y—s = prs + o, if r —sis
even.
Proposition 7.5 now gives the osp(1|2) analogues of Theorem 5.1.

Theorem 8.1. /.

o Each admissible-level Ly (0sp(1]2))-module NS/S\W sions Wherer =1, ..., u—1and
s=1,...,v—1satisfyr —s € 27Z+1, is anon-split extension of a (con]ugate) simple
hlghest welght module HNSL; o I'INSL:M ro , by the simple highest-weight
module NSL;'_S. In other words, the following sequence is exact:

0— MLf M€, o, — I¥LD,  —0. (8.7a)

e Similarly, each admissible-level (twisted) L (05p(1]2))-module Ré\l‘«r,s;qhs’ wherer =
IL,...,u—1lands = 1,...,v — 1satisfy r —s € 27, is_a non-split extension of

a ( conjugate) simple hlghest welght module XL, st = RE - Laeroes by the simple

highest-weight module NSL;”. In other words, the following sequence is exact:

0— RE;AX - Rgﬂr,s?‘]r,s - Rzzuu,nv,s — 0. (87b)
Remark. The Neveu—Schwarz exact sequence (8.7a) follows directly from the first exact
sequence of (7.9). If we had instead used the second exact sequence, we would have
instead arrived at

0 — MM“L* s N oy — L2, —> 0. (8.8)

Hu—r,v—s

However, this is seen to be equivalent to (8.7a) by replacing r by u—r, s by v—s, applying

the parity-reversal functor I, and using the isomorphism ITY€;., = N&; ., (see
Sect. 6.1).

We now turn to the characters and supercharacters of the NS/E\A; orgs M € HY/ QY and

r — s odd, and R/E\A; ars»» € b*/Qand r — s even. The computations are very similar to
that in Sect. 5, reducing the string functions to the negative limiting string functions of
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NSEL , and RELY ,» respectively. Normalising characters and supercharacters by q~¢/%4,
where
k 302
- —1-= 8.9
k+hv uv (89

is the central charge of Ly (0sp(1]2)), Eq. (5.7) still holds [35] when we replace the
Lk (slp)-modules by their Neveu—Schwarz Lg (0sp(1/2)) analogues. Proposition A.2 thus
gives the Neveu—Schwarz string functions:

s-oo[PL5, 1@ = Yo (5[ Vs, J@ =5 [S,, J@)  (810)

nez

_ ;9 ( Aesrs—C/24+1/24 _ qum,f,~,s—c/24+1/24>
= 2
2n(qQ) =

_ (15 Q) Z(qunﬂh;cN:'/m _ quvnjl_,ch:l/zzt)
(@)t =

Here, A, s = Agfx and the N = 1 conformal weights and central charge are given by

(vr — us)? — (v — u)? +i Nel 3 3(v — u)?

—(=1)""*% = ==
8uv 32(1 =D7). e 2 uv

8.11)

N=1 _
Ar,s -

The link to the N = 1 superconformal algebra is made manifest through comparing this
limiting string function with the character

N=1
q° /24 Pa(1; Q) AN=I A N=1
rs ( ) 2nu+r,s — 2nu—r,s (8]2
%@ =g 2@ Z( ) )

of the simple Ramond highest-weight N = 1 module of conformal weight Aﬁ\fs:l and
central charge cV=!. (Note that » — s odd specifies the Ramond sector of the N = 1
superconformal minimal models.)

We thereby obtain the (super)characters of the Neveu—Schwarz relaxed highest-
weight modules.

Theorem 8.2. The characters of the admissible-level Neveu-Schwarz Li(osp(1]2))-
modulesNSE;LG”,wnh)»ef) JQr=1,...,u—1,s=1,...,v—landr—s € 2Z+1,
are given by

- XN [9a(1: )
W™, |z, = =22 ’ 1 "o, 8.13
[0 @D =2 G Ty | 27 2 *19

JHEA HEA+®

The supercharacters are given by replacing the sum of the two sums by their difference.

Remark. We mention that (8.12) is technically not the correct character of the simple
Zo-graded Ramond N = 1 module described above because its leading coefficient is
1, whereas almost all Ramond modules have a two-dimensional space of ground states.
More precisely, Xr’stl is the character of the given simple N = 1 module whenu, v € 2Z,
r = 5 and s = 3. Otherwise, the correct character is obtained by multiplying by 2.
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Another way of looking at this is to note that while (8.12) is indeed the character of
a simple Ramond N = 1 module, this module only admits a consistent Z;-grading by
parity if u,v € 2Z,r = % and s = % As far as conformal field theory is concerned,
these non-Z,-gradable modules are not acceptable in a consistent space of states because
they cannot be assigned supercharacters.

The Ramond (super)characters are a little more subtle to deduce. Happily, the Ramond
version of Eq. (5.7) continues to hold. This does not seem to be mentioned in [35], but is
a simple consequence of the existence [24, Eq. (3.24)] of an invertible functor mapping
RV+ to NSV+ The subtlety of the computation arises because one has to take into

account the relatlve parity of the Verma submodules of RV+ ~when determining whether
their limiting even or odd string functions contribute to the limiting even or odd string
function of R\7+” or vice versa. Indeed, we have

M2nu+r,s — Mr,s = NUW® and Monu—r,s = Mrs = (MU — r)w, (8.14)

hence, by Proposition A.2, the limiting string functions must satisfy

S:EOO[ Mr, s](q) Z( :E((X) 1) [ MZnu+r3](q) :t( l)w r[’\?MZnufr.s](q))

nez
—C/24+1/6
q /24+1/

— W Z(qAZnu+r.x (193(1, q) 4+ (_1)”14194(1; q)) _ qunu_m
4 nez

(31 @) £ (=)™ 94(1: 9)))

- q<3/2—cN=1>/24[1’3(1; 9 Z( Mk g Sf;k)

2n(@*

19 1 v

2477((q)q4) Z( 1)"“( 2nu+r,s — (_1)rqA2nulr,s)i|’
(8.15)

where A, = ASH. Noting that character and supercharacter of the simple Neveu—

Schwarz highest-weight N = 1 module of conformal weight A;YSZI and central charge
cV="are

GB/2—eV=h/24 9.1
iy @ 3(1; ) AQ’ ! év L
nu+r,s — nu—r,s 8.16a

nez

q(3/2_cN=l)/24 U4(1; Q) AN=1 AN=1
and =1 — 1 nu 2nu+r,s — (— 1 r 2nu—r,s s
=t o 0 (a (=17 g5 )

nez

(8.16b)

respectively, the result for the Ramond relaxed highest-weight modules follows.

Theorem 8.3. The admlsstble level Ramond Ly (0sp(1]2))-modules RE)L gre» With A €
h*/Q, r = 1, —Ls=1,...,v—1and r —s € 27, have the following
characters:
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5 XA @ [3s(sa) XN (@ (9415 )
h[RE;. 1q) = | =22 . o . ko817
"o @@ ( m@? \ @ 2@\ 0@ ,%Z ¢4
X @ [3(g) T @ [9a(1;9) 3 o
2n@* \ n(@ @\ n@ ) S

The supercharacters are given by replacing the sum of the two sums by their difference.

The character formulae of Theorems 8.2 and 8.3 reduce to the formulae conjectured
in [24, Props. 13 and 14] when k = -3 3 hence u = 2 and v = 4. In this case, the N = 1
minimal model is trivial, hence the N = 1 characters and supercharacters appearing in
these theorems are all 1.

Remark. The relaxed character formulae (8.13) and (8.17) may be somewhat simplified
by expressing the elements of the cosets A and A+w explicitly as A+2nw and A+(2n+1)w,
respectively, where n € 7Z:

=1

o r.s (q) 192(1;(])

BB (25 ) = 225 )", 8.18
e[ @ @) =2 S @) (8.18)

nez

Ch[Ra\;qm](Z; Q=2

=1 —N=1
er @ [93(1;9) o , Xrs @ [v4(159) N
[ @ \ @ 2(2 U R TP D }

(8.18b)

The corresponding supercharacters are now obtained by replacing each z* by —z%
throughout.
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Appendix A. Limiting String Functions for Verma Modules

In this appendix, we detail the computation of the limiting string function in the case of
Verma modules. The results should be expanded in the region |g| < 1 in order to recover
(generalised) formal power series in Q.

Proposition A.1. The limiting string function of the Verma ;[z-module 17\; exists and is
qA+1 /8
n(@?3’

where A is the conformal weight of the ground states of ’\7; and n(q) is Dedekind’s eta
function.

o[ V(@ = (8.19)
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Proof. Recall that the character of a Verma sl,-module is given by

ch[V; ]z q) = 2a (A1)
8= [T72,(1 —z#g)(1 —g)(1 —z72gi~1)’ :
As string functions are residues (with respect to z%) of characters, we may write
sy[V%](@) = Resze ch[V: ]z ) 27"~
ZM—V—(XqA
= Resze (A2)

2,0 =z¢q)(1 —g)(1 —z g1’

where we may convert the right-hand side into a generalised formal power series in z
by expanding in the region 1 < [z%| < |q|*]. We extract the factor (1 — z~%) from the
denominator of the above expression and note that what remains has an expansion of
the form

1

H?i](l _ZOlqi)(l _ ql)(] _ Z—aqi) = Zp"l(z )q s (A3)

n=0

where each p, is a Laurent polynomial whose maximal and minimal degrees are n and
—n, respectively. (The reader will no doubt recognise (A.3) as the character of the level-k
universal vertex operator algebra of s(5.)

Since the expansion region requires that 1 < [z%|, we may replace (I —z=%)~! by
a geometric series, thereby arriving at

o0 (0.¢]
s[Vil@ =a) " |:Resz“ > P (z‘“)z“”’"”)‘*}q". (A4)
n=0 m=0

Here, we have expressed the string function as a (generalised) power series in . As
the minimal power of z* in p, is —n, the residue gives no contribution unless ma >
u — v — na. It follows that for every fixed order n in the power series, we may choose
v sufficiently negative so that all contributions to the residue come from m > 0. The
limit of the string function as v — —oo, v — u € Q, will therefore not be affected if
we allow the sum over m to range over all integers. Recognising ), ., 27" = §(z%)
as a formal delta function and noting that it allows us replace any instance of z#, with
B € Q, by 1, we obtain the required expression for the limiting string function:

o0
s—oo[Vi](@ = lim g® Z|:Resz°f > pn(z"‘)z“”('”*““}q" (A5)
n=0 me7z
) Z/tfvfan
= lim Resu . . —§(z%)
vo—oo 1, (1 = z¢gi) (1 — gi) (1 — z—oq)
qA
TR, (=)
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Proposition A.2. The limiting string function of the Neveu—Schwarz Verma 05p(1]2)-
module "V} exists and is

A+12492(15.9)

NSA»+
[ee) A% = s
i@ 2@

(A.6)

where A is the conformal weight of the ground states of NS/V; and ¥ j denotes the Jacobi
theta functions. R

For the Ramond Verma 0sp(1|2)-module RV;, the limiting even and odd string func-
tions exist and are

A+1/6

EL[T@ =1

(93(1; Q) £ 9a(1; ), (A7)

where A now denotes the conformal weight of the ground states of RV;.

Proof. The character of a Neveu—Schwarz Verma osp(1|2)-module is

(1 +z°9)(1+z7°q
(1 —2z*g)(1 —g))(1 —z—*gi~1)’

ch[¥V ]z q) = 29" ]| (A.9)
i=1

The derivation of (A.6) now mirrors that of (8.19) except that we extract the factor

1+z*‘“ _
e = T szw (A.10)

Again, we check that it is permissible to replace this geometric sum by the formal delta
function §(z*) when considering the limiting string function. The result now follows
using standard identities for theta functions (for which we use the conventions of [37,
App. B]).

The character of a Ramond Verma Rosp(1]2)-module is instead

(1 + qui—l/Z)(l +Z—wqi—l/2)

o0
ch[*V*](z; q) = z*q® : : . Al
[ ll]( q) q ll] (] _ Zaql)(l _ ql)(l _ Zfaqlfl) ( )
This time, we can only extract
1 = —2mw 1 - —w\m —w\m
= Z 52:: )"+ (=27 (A.12)

m=0

which gets replaced by %(8(2“’) + §(—2z?)). The limiting even string function now fol-
lows from the usual manipulations. To get the limitln% odd string functions, we multiply
(A.12) by z=® so that the replacement is instead by 5(§(z”) — §(=z%)). O
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