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Abstract: The restricted planar elliptic three body problem (RPETBP) describes the
motion of a massless particle (a comet or an asteroid) under the gravitational field of two
massive bodies (the primaries, say the Sun and Jupiter) revolving around their center of
mass on elliptic orbits with some positive eccentricity. The aim of this paper is to show
the existence of orbits whose angular momentum performs arbitrary excursions in a large
region. In particular, there exist diffusive orbits, that is, with a large variation of angular
momentum. The leading idea of the proof consists in analyzing parabolic motions of the
comet. By a well-known result of McGehee, the union of future (resp. past) parabolic
orbits is an analytic manifold P* (resp. P~). In a properly chosen coordinate system
these manifolds are stable (resp. unstable) manifolds of a manifold at infinity Ps,, which
we call the manifold at parabolic infinity. On Py it is possible to define two scattering
maps, which contain the map structure of the homoclinic trajectories to it, i.e. orbits
parabolic both in the future and the past. Since the inner dynamics inside Py, is trivial,
two different scattering maps are used. The combination of these two scattering maps
permits the design of the desired diffusive pseudo-orbits. Using shadowing techniques
and these pseudo orbits we show the existence of true trajectories of the RPETBP whose
angular momentum varies in any predetermined fashion.

1. Main Result and Methodology

The restricted planar elliptic three body problem (RPETBP) describes the motion g of
a massless particle (a comet) under the gravitational field of two massive bodies (the
primaries, say the Sun and Jupiter) with mass ratio u revolving around their center of
mass on elliptic orbits with eccentricity €5. In this paper we search for trajectories of
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motion which show a large variation of the angular momentum G = ¢ X ¢. In other
words, we search for global instability (“diffusion” is the term usually used) in the
angular momentum of this problem. Notice that for 4 = 0 the angular momentum is a
first integral.

If the eccentricity of Jupiter vanishes, the primaries revolve along circular orbits, and
such diffusion is not possible, since the restricted (planar) circular three body problem
(RPCTBP) is governed by an autonomous Hamiltonian with two degrees of freedom.
This is not the case for the RPETBP, which is a 2+1/2 degrees-of-freedom Hamiltonian
system with time-periodic Hamiltonian. Our main result is the following.

Theorem 1. There exist two constants C > 0, ¢ > 0 such that for any 0 < €5 < ¢/C
there is w* = u*(C,c, ;) > 0! such that for any 0 < u < p* and any C < G <
G} < c/e; there exists a trajectory of the RPETBP such that G(0) < G}, G(T) > G3
for some T > 0.

This result will be a consequence of Theorem 13, where it is also shown the existence
of trajectories of motion such that their angular momentum performs arbitrary excursions
along the region C < G} < G5 < c/e;. Comments about the values C and ¢ can be
found in Remark 9.

1.1. Previous works. Let us recall related results about oscillatory motions and dif-
fusion for the RPCTBP or the RPETBP. They hold close to a region when there
is some kind of hyperbolicity in the Three Body Problem, like the Euler libra-
tion points [LMS85,CZ11,DGR13,DGRI16], collisions [Bol06], the parabolic infin-
ity [GK13,LS80,Xia93,Xia92,Moe07,Mos01,MP94,MS14] or near mean motion res-
onances [FGKR16]. Aubry-Mather theory was used to study oscillatory motions and
instabilities not close to parabolic motions [GK11].

Among these papers, two were very influential for our computations: the first one is
[LS80], where the method of steepest descent was used along special complex paths to
compute several integrals, and the second is [MP94], where asymptotic formulae for a
scattering map on the infinity manifold for large values of €;G is computed. We also
believe [GMMS16] to be very important in the future, since the proof of transversal
manifolds of the infinity manifold is established for the RPCTBP for any 1 € (0, 1/2].

It is worth mentioning the paper [Bol06] where the existence of trajectories with
diffusion of G was proven assuming small 0 < ¢ and 0 < u < ¢. Diffusive trajectories
in [Bol06] are of a very different nature: G travels in a bounded interval while trajectories
come close to collisions. In the present paper G is very large, and trajectories come near
infinity. However the idea of the proof in [Bol06] is similar: after regularization of
collisions there appears a normally hyperbolic symplectic invariant manifold M with
trivial inner dynamics and it is possible to define several scattering maps which give rise
to diffusive trajectories.

1.2. Comments on the proof: a parabolic infinity and scattering maps. Concerning the
proof of our main result, let us first notice that, for a non-zero mass parameter small
enough (0 < p < 1/2) and zero eccentricity (e5 = 0), the RPCTBP is non-integrable.

1 The upper bound on u* can be improved in the sense that for € < c/G§ we can choose u* =
WHC, ¢, ¢/ G).
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Although forlarge G itis very close to integrable, since its chaotic zones have a size which
is exponentially small for large G, more precisely, of size O (exp(—G3/3)) (see [LS80,
GMMS16]). This phenomenon adds the first difficulty in proving the global instability
of the angular momentum G in the RPETBP for large values of G.

The framework for proving our result consists in considering the motion close to
the parabolic orbits of the Kepler problem that takes place when the mass parameter
w is zero. To this end we study the manifold at parabolic infinity, which turns out
to be an invariant object topologically equivalent to a normally hyperbolic invariant
manifold (TNHIM), in the sense that it is an invariant manifold of fixed points which,
even if it is not normally hyperbolic, it has stable and unstable manifolds which con-
sist of the union of the stable and unstable manifolds of its fixed points as proved in
[GMMSS17].

More concretely, recall that a motion of the comet ¢ (¢) is called future (resp. past)
parabolic if lim;_, ;o |g(t)| = 0o and lim;_, 1, () = 0 (resp. t — +oo is replaced
by t — —o00). For the RPCTBP McGehee [McG73] proved (see [GMMSS17] for the
RPETBP) that the set of future (resp. past) parabolic motions, denoted 73;[ (resp. P,), is

an immersed analytic manifold. The intersection 73; NP, consists of orbits both future

and past parabolic. For 1 = 0 we have that P; = P, and they correspond to parabolic
motions of the Kepler problem (between the Sun and the comet). These manifolds are
stable and unstable manifolds of the manifold at the parabolic infinity denoted Poo. The
infinity manifold P, is independent of © and turns out to be topologically equivalent
to a normally hyperbolic invariant manifold (TNHIM).

On this TNHIM P, it is possible to define two scattering maps [DLS00,DLS08],
which contain the map structure of the homoclinic trajectories to P°°. A non-canonical
symplectic structure still persists close to 7> and extends naturally to a b>-symplectic
structure in the sense of [Scol6,KMS16]). Therefore, on P, it is possible to define a
symplectic scattering map, which contains the map structure of the homoclinic trajecto-
ries to the TNHIM. Unfortunately, the inner dynamics within P*° is trivial, so it cannot
be combined with the scattering map to produce pseudo-orbits adequate for diffusion,
and adds a second difficulty. Because of this, in this paper we introduce the use of rwo dif-
ferent scattering maps whose combination produces the desired diffusive pseudo-orbits.
Itis worth remarking that this strategy of combining several scattering maps to get diffus-
ing orbits have been already applied to several problems [Bol06,DGR16,DS17,DS18].
Using the results in [GMMSS17] we prove the existence of orbits of the system shad-
owing diffusive pseudo-orbits.

The main issue of computing the two scattering maps consists in evaluating the Mel-
nikov potential (37) associated to the TNHIM P°°. The main difficulty comes from the
fact that its size is exponentially small for a large angular momentum G, so it is neces-
sary to perform very accurate estimates for its Fourier coefficients. Such computations
are performed in Sect. 6, see Theorem 8, and they involve a careful treatment of several
Fourier expansions, as well as the computation of several integrals using the method of
steepest descent along adequate complex paths, playing both with the eccentric and the
true anomaly. To guarantee the convergence of the Fourier series, we have to assume
that G is large enough (G > C, C = 32), and ¢y small enough (Gey < ¢, c = 1/8). For
a larger value of C and a smaller value of ¢, one can ensure that the dominant part of
the Melnikov potential consists on four harmonics, from which it is possible to compute
the existence of two functionally independent scattering maps (see Remark 9) which are
globally defined in the manifold of parabolic infinity Puo.
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The combination of these two scattering maps permits the design of the desired
diffusive pseudo-orbits, under the assumption of a mass @ very small compared to the
eccentricity (0 < p < p*, see (64)). Shadowing these pseudo-orbits by true trajectories
of the system is done using the results of [GMMSS17].

It is worth noticing that since all the diffusive trajectories found in this paper shadow
ellipses close to parabolas of the Kepler problem, that is, with a very large semi-major
axis, their energy is close to zero. The orientation of their semi-major axis (precession)
changes only slightly at each revolution.

1.3. Other parabolic regimes. The case of arbitrary eccentricity O < €; < 1 and arbi-
trary mass parameter 0 < p < 1 remains open in this paper. As it turns out, the case
€;G = 1 involves the analysis of an infinite number of dominant Fourier coefficients of
the Melnikov potential, whereas for the case ;G > 1, the qualitative properties of the
Melnikov function should be known without using its Fourier expansion. Larger values
of the mass parameter u than those considered in this paper involve improving the esti-
mates of the error terms of the splitting of separatrices in complex domains, as is usual
when the splitting of separatrices is exponentially small. The computation of the explicit
trajectories from the pseudo-orbits found in this paper needs a suitable shadowing result
given in [GMMSS17], which involves the translation to TNHIM of the usual shadowing
techniques for NHIM.

1.4. Plan of the paper. The plan of this paper is as follows. In Sect. 2 we introduce
the equations of the RPETBP, as well as the McGehee coordinates to be used to study
the motion close to infinity. In Sect. 3 we recall the geometry of the Kepler problem,
i.e. when u = 0, close to the parabolic infinity manifold and its associated separatrix.
Next, in Sect. 4, we study the transversal intersection of the invariant manifolds for
the RPETBP, as well as the scattering map associated, which depend on the Melnikov
potential of the problem, whose detailed computation is deferred to Sect. 6. The global
instability is proven in Sect. 5, using the computation of the Melnikov potential, and
is based on the computation of two different scattering maps, whose combination gives
rise to a heteroclinic chain of periodic orbits with increasing angular momentum and,
finally to trajectories with diffusing angular momentum.

2. Setting of the Problem

Fix a coordinate reference system with the origin at the center of mass and call gs and gj
the position of the primaries, then under the classical assumptions regarding time units,
distance and masses normalization, the motion g of a massless particle under Newton’s
law of universal gravitation is given by

d2q

dr?

qs — 4 q1 —4q

=(1—-pn) 2
lgs —ql® " lgy —ql?

&)

where 1 — u is the mass of the particle at gs and p the mass of the particle at gj.
Introducing the conjugate momentum p = dq/dt and the self-potential function

1_
Koy *
lg —qs| g — qil

Uu(g,t;€e) = ()
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then the Eq. (1) can be rewritten as a 2+1/2 degree-of-freedom Hamiltonian system with
time-periodic Hamiltonian
2

Hu(q, p.tie)) = ”7 — Up(q. 11 €). 3)

In the (planar) RPETBP, the two primaries are assumed to be revolving around
their center of mass on elliptic orbits with eccentricity €j, unaffected by the motion of
the comet ¢. In polar coordinates ¢ = p(cos«, sin«), the equations of motion of the
primaries are

gs = wr(cos f,sin f) gy = —(1 — pr(cos f,sin f). )

By the first Kepler’s law the distance r between the primaries [Win41, p. 195] can be
written as a function r = r(f, €)

1 - 6J2
r=— 5)
1+e¢jcos f
where f = f(t, €)) is the so called true anomaly, which satisfies [Win41, p. 203]
d (1+e€ycos f)?
af _ (d+ecosf)” ©)

dt (1 —e})32

Taking into account the expression (4) for the motion of the primaries, we can write
explicitly the denominators of the self-potential function (2)
lg —as|* = p® = 2urpcos( — f) +u*r,

g —ail* = p®+2(1 = wrp cos(er — f) + (1 — w)*r’. ()

‘We now perform a standard polar-canonical change of variables (¢, p)—(p, o, P, Py)

. Py . . Py
q = (pcosa, psina), p=|P,cosa ——sina, P,sina +— cosa
P Y

to Hamiltonian (3). The equations of motion in the new coordinates are the associated
to the Hamiltonian
2

* P/g Pa *
H(p,a, Py, Po,t; GJ):T"'W_U,L(/@“J;GJ) @®)

with a self-potential U}
U;j(p, a,t;€5) =Uy(pcosa, psina, t; €).
From now on we will write
G = Pou y= P,O’
so that Hamiltonian (8) becomes
2
+ —_—
202
Remark 2. In the (planar) circular case €; = 0 (RTBP), it is clear from Egs. (5) and
(6) that » = 1 and f = 1, and that the expressions for the distances (7) between the
primaries depend on the time ¢ and the angle « just through their difference o — . As
a consequence, U;j(,o, a, t;0), as well as H;(,o, o, y,G,t;0), depend also on ¢ and «

just through the same difference « — ¢, called the sinodic angle. This implies that the
Jacobi constant H* + G is a first integral of the system.

2
y
H;:(P,Ol’y,Gat,GJ)=7 _U;(Paa’t’EJ) (9)
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2.1. McGehee coordinates. To study the behavior of orbits near infinity, we make the
McGehee [McG73] non-canonical change of variables

2

P=1 (10)

for x > 0. This brings the infinity p = oo to the origin x = 0 (and extends naturally to
a b3—symplectic structure in the sense of [Scol6,KMS16]; other related examples can
be found in [DKM17,BDM+18]).

In these McGehee coordinates, the equations associated to the Hamiltonian (8)
become

d—x:—lx3y d_yzlG2x6_£%

dt 4 dr 8 4 0x (11)
do 1 ag dG U,
_ = —X _ =,

dt 4 dt do

where the self-potential ¢/, is given by
2
1-—
Uy, tier) = U/ ot €) = — LB (12)
® 2 os oy

with

1
lg —as” = 0§ =1 — pra® cos(e — f) + Zu’r’x’,

1
lg —qi* =of =1+ (1 — wyrx’cos(e — f) + yilie w)2rxt,

It is important to notice that the true anomaly f is present in these equations, so that
the equation for f given in (6) should be added to have the complete description of the
dynamics.

2.1.1. The symplectic structure. Under McGehee change of variables (10), the canonical
form dp A dy +da A dG is transformed to

4
w:——3dx/\dy+da/\dG
X

which, onx > 0, is a (non-canonical) symplectic form. Therefore, expressing the Hamil-
tonian (9) in the McGehee coordinates

y2 x*G2
Hﬂ(-x’avyvc’t;EJ)ZT'i- 8 _Z/lll(xvavt; 6])7 (13)
the Eq. (11) can be written as
dx _ x* (0H, dy  x( 9H,
dt 4 \ dy dt 4 0x (14)
da  OHy, dG  9H,
dt  9G dt — da '

Equivalently, we can write the Eq. (14) as dz/dt = {z, H,} in terms of the Poisson

bracket 3

ﬁay dy dx

da G  9G da’
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Fig. 1. Level curves of H in the (x > 0, y) plane, for fixed G > 0

3. Geometry of the Kepler Problem (u = 0)

3.1. The manifold at parabolic infinity. For ¢ = 0 and G > 0, the Hamiltonian (13)
becomes Duffing Hamiltonian (see Fig. 1):
y2 X462 2 42 2

y X
H X, ,G—_+ —Un(x) = — + -

and is a first integral, since the system is autonomous. Moreover, H) is also independent
of €j and «. Its associated equations are

d_x:_lx3y dy 1o 14

dt 4 dr 8 4 (15)
do 1. dG _,

dr 4" dt

where it is clear that G is a conserved quantity, which will be restricted to the case G > 0
from now on, that is, G € R,. The phase space, including the invariant locus x = 0 is
given by (x,a,y, G) € R>o x T x R x R,. From Eq. (15) it is clear that

fo={z=(x=0,0,9,G) € R5g x T x R x Ry}
is the set of equilibrium points of system (15). Moreover, for any fixedo € T, G € R,
AO[,G = {(07 a’ 07 G)}

is a parabolic equilibrium point, which is topologically equivalent to a saddle point,
since it possesses stable and unstable 1-dimensional invariant manifolds. The union of
such points is the 2-dimensional manifold of equilibrium points

Aoo = U Aa,G,
o,G
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which was previously denoted as Pqo.
As we will deal with a time-periodic Hamiltonian, it is natural to work in the extended
phase space

Z=(z,8)=x,2,5,G,5) ERsg x TxRxRy xT
just by writing s instead of ¢ in the Hamiltonian and adding the equation

ds

E =
to systems (14) and (15). We write now the extended version of the invariant sets we
have defined so far. For any o € T, G € R, the set

Agc={z2=10,2,0,G,s),s € T}

is a 2 -periodic orbit with motion determined by ds/dt = 1. The union of such periodic
orbits is the 3-dimensional invariant manifold (the parabolic infinity manifold)

Ao =|JAuG=1{0.0.0.G.5). (@.G.5) e Tx R, x T} T x Ry x T, (16)
o,G

which s topologically equivalent to a normally hyperbolic invariant manifold (TNHIM).
Parameterizing the points in A by

%0 = Xo(a, G, s) = (xo(a, G), s) = (0,,0,G,5) € Apo T x Ry x T

the inner dynamics on A is trivial, since it is given by the dynamics on each periodic
orbit Ay G:

br.0Xo) = (0,,0,G, s +1) = (Xo(a, G), s +1) = Xo(at, G, s +1), (17)

where we denote by ¢~>t, « the flow of system (14) in the extended phase space.

3.2. The scattering map. In the region of the phase space with positive angular momen-
tum G, let us now look at the homoclinic orbits to the previously introduced invariant
objects.

The equilibrium points A, ¢ have stable and unstable 1-dimensional invariant man-
ifolds which coincide:

Ya,G = Wu(Aa,G) = WS(Aa,G)

= {z =(x,4d,y,G), Ho(x,y,G) =0, :a—G/ fdx},
Ho=0 Y

whereas the 2-dimensional manifold of equilibrium points A, has stable and unstable
3-dimensional invariant manifolds which coincide and are given by

Yy =W'Ax) = W(Ax) = {z=(x,a, 5, G), Holx,y,G) =0}

The surface
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V0.6 = W'(Ag6) = Wi (Ag,G)

={Z=(x,&,y,G,s),s€T, Ho(x,y,G)zo,&zot—G/ )—Cdx}
Ho=0 Y
(18)

is a 2-dimensional homoclinic manifold to the periodic orbit [\a,G in the extended phase
space. The 4-dimensional stable and unstable manifolds of the infinity manifold A s
coincide along the 4-dimensional homoclinic invariant manifold (the separatrix), which
is just the union of the homoclinic surfaces yy G:

7= W'(Ao) = Whoo) = | P
o,G
={Z=(@x,a,y,G,s),(@,G,s) e T xRy xT, Ho(x,, y,G) =0}.

Due to the presence of the factor —x3 /4 in front of Eq. (15), it is more convenient
to parameterize the separatrix yy. G, given in (18), by the solutions of the Hamiltonian
flow contained in Ho = 0 in some time t satisfying (see [MP94])

dt 2G

In this way, the homoclinic solution to the periodic orbit 1~\a,G of system (15) can be
written as

xn(t; G) = m (20a)
an(t;a,G) = a+m+2arctan t
2t
w(; G) = G+
Gh(t;G) =G
sh(t;s) =5+, (20b)
where o and G are free parameters and the relation between ¢ and t is
G3 73
t=—<r+—>, Q1)
2 3

which is equivalent to (19) on Hy. From the expressions above, we see that the conver-
gence along the separatrix to the infinity manifold is power-like in t and #:

o — ap+TT 2 2
Y —(—— ~ —— , T, — Foo. 22
Xh, Yh G Ge Taw (22)

We now introduce the notation
zo =12(0,a,G,s5) = (20(0, @, G), s) = (xn(0; G), an(0; @, G), yu(0: G), G, 5) €y
(23)
so that we can parameterize any surface y, G as

Ve, =120 = Zo(0, o, G, s) = (zo(0,, G), 5), 0 e R, s € T}.
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and we can parameterize the 4-dimensional separatrix as
7 = W(Aw) = {70 = Z9(0, a, G, 5) = (z9(0, &, G),5),0 €R, G € Ry, (a, 5) € T?}.
The motion on y is given by

(]3,,0(20) =Zo(c+t,a,G,s+1t) = (zo(oc +t,0, G), s +1) 24)
and by Eqgs. (20), (21) the following asymptotic formula follows:

$r.0(20) — dr.o(Ro) = (2o(0 + 1,0, G), s +1) = (Xo(@, G), s +1) —— 0. (25)

The scattering map S describes the hor~noclinic orbits to the infinity manifold Ao
(defined in (16)) to itself. Given X_, X, € A, wWe define
Su(Ro) =%,
if there exists z* € W,‘j (Aso) N A (Aoo) such that
dst,,u(i*) — qu,u(ii) — 0 fort — +oo.

In the case u = 0 the asymptotic relation (25) implies §0 (Xp) = Xp so that that the
scattering map Sp : Axc —> Ao is the identity.

4. Invariant Manifolds for the RPETBP (. > 0)

4.1. The parabolic infinity manifold. In order to analyse the structure of system (14),
we will write H,, given in (13) as

Hu(x,a,y,G,s;€5) =Holx,y, G) — uAU,(x, a, s; €5) (26)
where we have written U/, in (12) as

2
Uy (x,a,s; €5) = Up(x) + nAU, (x, a, 55 €5) = x? + n AU, (x, a, s; €7),

and we proceed to study the dynamics as a perturbation of the limit case u = 0. From
(12),

AUy (x, ct, 55 €5) = lim AU, (x, a, s; €))
u—0

x2 x2\2 x2

= —(5) reoste— )=

[4+x4r? +4x2r cos(o — f)]1/2 ( 2 ) T DT
(27)

where r = r(f, €;) and f = f (s, €)) are given, respectively, in (5-6).

For u > 0, it is clear from Eq. (14) that the set £, remains invariant and, therefore,
so does the infinity manifold A, being again a TNHIM, and all the periodic orbits
]\a,G also persist. The inner dynamics on 1~\oo is the same as in the case u = 0, so that
the parametrization Xg as well as its trivial dynamics (17) remain the same.
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4.2. The scattering map. From [McG73,GMMSS17] we know that le([\oo) and

W, (Ao) exist for z small enough and are 4-dimensional in the extended phase space.
The existence of a scattering map will depend on the transversal intersection between
these two manifolds.

Let us take an arbitrary Zg = (g, s) = (Zo(0, @, G), s) € ¥ asin (23). Now, we have
to construct points in W;(Aoo) and W;j([\oo) to measure the distance between them. It
is clear from the definition of y that

vV = (VHo(zo0), 0)

is orthogonal to y = WY(Aso) = W5(Aso) at Zy and then if the normal bundle to 7 is
denoted by

N(zg) ={zog+ 1V, L € R}

we have that, if u is small enough, there exist unique points i;’“ = (zfi“, s) such that
{Z5") = W' (Aso) NN (Z0). (28)

The distance we want to compute between le(]\oo) and Wﬁ([\oo) is the signed mag-
nitude given by

d(@o, 1) = Ho(@) — Ho(Z),).
We now introduce the Melnikov potential (see [DG00,DLS06])

0]

L(a, G, s;€1) = / AUy (xn(t; G), an(t; a, G), s + t; €)) dt, (29)

—00

where Al is defined in (27). Thanks to the asymptotic behavior (22) of the solutions
along the separatrix and of the self potential close to the parabolic infinity manifold

AlUy(x, a, s; €5) = O(x4) as x > 0
this integral is absolutely convergent, and will be computed in detail in Sect. 6.
Proposition 3. Given (a, G, s) € T x R* x T, assume that the function
cgeR+—— L(a,G,s —0;€¢)) € R (30)

has a non-degenerate critical point c* = o*(a, G, s; €5). Then, there exists u* =
w*(G, €y), such that for 0 < p < p*, close to the point zj; = (2o(0*, &, G), s) € y (see
the parameterization in (23)), there exists a locally unique point

' =7"0" . G, sie5, ) € Wi(Aoo) h Wit(Aoo) M N ()
of the form
7" =75+ 0.

Also, there exist unique points X+ = (0, a+,0, G4, s5) = (0, 2,0, G, s) + O(n) € Ao
such that ~ ~
Gep(Z*) — ¢r (X)) —> 0 fort — +oo.

Moreover, we have

L * 2
Gy — G- =Ma—(a, G,s — 0™ (a, G,s5€)) + O(u”). (31)
o
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Proof. From the Eq. (23) we know that any point Zg € y has the form
i() = i()(a, o, G, S).
As in (28), we consider

7 = @) € Wi (R 0N G0)

and we look for Zg such that i; = iz There must exist points X+ = (X4, 5) € Ao such
that

Prn (@) — Prp(Fe) —— 0, (32)

moreover (f)t,ﬂ(izu) - 43,’0(20) = O(w) for =t > 0 (see [McG73,GMMSS17]). Since
"Ho does not depend on time, by (26) and the chain rule we have that

d ~ ~ ~
EHO(@,M(ZZ’U)) = {Ho, Hu} (b1 (Z"); €9) = —p{Ho, AU Ny, (Z);"); €).

Since Hyp = 0 in 1~\oo, using (32) and the trivial dynamics on 1~\OO we obtain

+oo
Ho(iz’“) = _M/o {Ho, AUM}(¢LM(i;SZu); €7)dt.

Taylor expanding in  and using the notation (24)

o0

Ho(Z),) — Ho(z,) = f {Ho, AU} (¢r.0(Zo); €1) dt + O (u?)

—00

= M/‘OO {Ho, AUy} (zo(0 +1,a, G), s +1; €5)dt + 0(@2). (33)

—00

On the other hand, from (29)

o0
L(a, G, s; €)) =/ AUy (xp(v — 5; G), an(v — 550, G), v; €)) dv
—0Q
and then
oL o0
— (o, G,s5€5) = —/ {AUy, Ho}(zo(v — 5, a0, G), v; €7) dv
as o
so that
oL ©
3_((1’ Gv § — 0, GJ) = {H()? AZ/[O}(ZO(V — s+ o, 0, G)? V3 6.]) d‘)
S —00

= [ {Ho, AUp}(zo(t + 0,2, G), s +1; €1) dt (34)

—00

and therefore, from (33) and (34)
~ - - oL
d(@. 1) = Ho(E) — Ho(E) = u” (@ G.s —oien + OGP). (35

For a non-zero small enough p, it is clear by the Implicit Function Theorem that a
non degenerate critical value o™ of the function (30) gives rise to a homoclinic point Z*
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to ]\oo where the manifolds le(f\oo) and W;(]\OO) intersect transversally and has the
desired form z* = z5 + O ().

Consider now the solution of system (14) in the extended phase space represented
by qz,, «(Z"). By the Fundamental Theorem of Calculus and (26) we have

> aH ® AAU,
Go-Go=— [ = T Gy di = wf %

—0o0

zﬂfwaA
/

8
8

Z); €y) dt

75); ) dt + O(u?)

(zo(o +t,a,G), s +t; 61)d1+0(,u )

—(a, G, s — 0" €1) + O(?).
|

Remark 4. From (35) it is clear that, to apply the implicit function Theorem, we need
that < p*, where

82
w =0 <@ (E (a, G,s —o*(a, G, s; €); eJ))) .

We will give more precise information about p* after the computation of the Melnikov
function given in Theorem 8§, where we will see that it is exponentially small for large
G.

Once we have found a critical point o* = o*(«a, G, s; €5) of (30) on a domain of
(o, G, s), we can define the reduced Poincaré function (see [DLS06])

L*(e, G €y) = L(a, G, s — 0™ €5) = L(, G, s™; €) (36)

with s* = s — o™*. Note that the reduced Poincaré function does not depend on the s
chosen, since by Proposition 3

d
35 (L(a, G, s — 0™ (. G, 55 €9); €5)) = 0.
s
Note also that if the function (30) in Proposition 3 has different non degenerate critical
points there will exist different scattering maps.

The next Proposition gives an approximation of the scattering map in the general
case u > 0.

Proposition 5. The associated scattering map (a4, G4, S4+) = §M (o, G, s) for any non
degenerate critical point o™ of the function defined in (30) is given by

* *

oL oL
nog (@ Giep+ 0, G+ o

(a, G, 5) —> (Ol— (a, G; EJ)+0(M2),S)

where L* is the Poincaré reduced function introduced in (36).
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Proof. By hypothesis we have a non degenerate critical point o* of (30). By defini-
tion (36), Proposition 3 gives

Gy —G=p—~(a,G)+0u).
o
as well as G_ = G + O(u) to get the correspondence between G, and G _ that were
looking for.

The companion equation to (31)

*

0G

ay—a=—p——~(, G)+ 0

follows from the fact that the scattering map is of the form EM (a,G,s) = (Su(a, G,s),s)
and, for each fixed s € T, S, is symplectic.

Indeed, this is a standard result for a scattering map associated to a NHIM, and is
proven in [DLS08, Theorem §]. For what concerns our scattering map defined on a
TNHIM, the only difference is that the stable contraction (expansion) along W,S;u([\oo)
is power-like (22) instead of exponential with respect to time. Therefore, we only have to
check that Proposition 10 in [DLS08] still holds, namely that Area (¢;,,,(R)) — 0 when

t — Oforevery 2-cell R in W;(]xoo)parameterizedbyR . [0, 1]x]0, 1] — le(]\oo)in
such a way that R(#1, 12) € Wli ([\oo), R0, 1) € Aoo. But this is a direct consequence

of the fact that the stable coordinates contract at least by C//t (see (22)) and the
coordinates along A, do not expand at all. O

Remark 6. In the (planar) circular case €5 = 0 (RTBP), AU, (x, «, s; €5) depends on the
time s and the angle « just through their difference o — s, see Remark 2. From

IAU, IAU,
Ex,a,530) = ——(x, , 55 0)
o as

one readily obtains
oL oL
(0, G,5;0) = —— (e, G, 5, 0)
as do

and, therefore,

oL
da

*

oL
(a,G,s—a*;eJ)z—a—(a,G,s—a :00=0
s

and consequently the reduced Poincaré function £* does not depend on «, and G4 =
G_+0(u?).

Butindeed G; = G_ in the circular case, since there exists the first integral provided
by the Jacobi constant C; = H,, + G and as H;, = 0 on Awo, G+ = G_. Therefore, in
the circular case there is no possibility to find diffusive orbits studying the intersection
of W;(]\oo) and Wl‘j([\oo) since any scattering map preserves the angular momentum.
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5. Global Diffusion in the RPETBP

We have already the tools to derive the scattering maps to the infinity manifold Ao,
namely, Proposition 3 to find transversal homoclinic orbits to A, and Proposition 5 to
give their expressions. Both of them rely on computations on the Melnikov potential £.
Inserting in the Melnikov potential introduced in (29) the expression for Al in (27),
we get

9] xZ xz 2 xz
L(a, G, s; €1) 2/ [ 7 > h 1/2+(—h> FCOS(Olh_f)_—hi| dt
—ool[4 +xpr? +4xEr cos(an — f)] 2 2

(37)
where xy, and oy, coordinates of the homoclinic orbit defined in (20), are evaluated at ¢,
whereas r and f, defined in (5) and (6), are evaluated at s + .

To evaluate the above Melnikov potential, we will compute its Fourier coefficients
with respect to the angular variables «, s. Since x;, and r are even functions of  and f
and oy are odd, £ is an even function of the angular variables «, s: L(—«, G, —s; €]) =
L(a, G, s; €)), and therefore £ has a Fourier Cosine series with real coefficients L x:

L= Z Z Lq’kei(qs+k“) =Loo+2 Z Lo coska +2 Z Z Lg k cos(qs + ka).

qeZ kel k>1 q>1keZ
(38)

The concrete computation of the Fourier coefficients of the Melnikov potential (37) will
be carried out in Sect. 6. In that section, the following general bounds will be obtained
in Proposition 20 and Lemma 35:

Proposition 7. Let G > 32, q > 1, k > 2 and £ > 0. Then |L,¢| < By and
[Lo,e| < Bo,¢, where

3
Bq,O — 29+q e2q6;]G—3/2e—qG /3

g+l
€ 3
By = o1l ,2q _SJ G~ /2,4G*/3
2
1 —¢;
1— _ A3
By 1= 99+q equ\J alG—1/2,—-4G*/3

q+k
By = 22Kk+5 ,2q € G—2k=1/2,~4G*/3

(J1—ehk
By = 05+q+2k ,2q eyc—q\Gk—l/ze,qu/3
By =287t b G273, @)
Directly from this Proposition, we first see that the harmonics L, ¢ are exponentially

small for large G and g > 1, so it will be convenient to split the Fourier expansion (38)
as

L=Lo+L1+Ly+ - =Lo+L1+L> 40)

where
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Lo(a, G e5) = Lo,o+2 Z Lo,k coska,
k>1

Ly(@. G.s:e) =2 Lyicosgs +ka), g > 1. 1)
keZ

The function £y does not depend on the angle s as it contains the harmonics of £ of order
0 in s, which are of finite order in terms of G, £; the harmonics of first order, which are
of order e=4G/ 3, and all the harmonics of L, for g > 2 are much exponentially smaller
for large G than those of £, so we will estimate Ly and £ and bound L>».

To this end, it will be necessary to sum the series in (41). From the bounds By «
in (39) for the harmonics L, x we get the quotients

Bq,k+1 _ i €] fork > 2 M = 4¢;G fork > q
Byw G [[_o 7 By o
s — € ’
B 4
0.tel _ 2 pore > 0. (42)
B()’/g G?

To guarantee the convergence of the Fourier series of £,, we impose the following
conditions

This is one of the reasons why we are going to restrict ourselves to the region G > C
large enough and €;G < ¢ small enough along this paper to get the diffusive orbits.

Among the harmonics Lo ¢ of 0 order in s, by (42), the harmonic L o appears to be
the dominant one, but we will also estimate Lo ; to get information about the variable
o, and bound the rest of harmonics Lg ¢ for £ > 2. Among the harmonics of first order
L k., again by (42), the five harmonics L j for |k| < 2 are the only candidates to be the
dominant ones, but the quotients from (39)

Bi» EJ3 By 2€J2 Bio €5 G

Bi_1 2(1—e)G* B l_eszs’ Bi-1 G G*

indicate that Ly _; and L _» appear to be the two dominant harmonics of order 1.
Nevertheless, as we will need to use two different scatterig maps, the coefficient L1 _3
will be necessary to check that both scatterig maps are independent. Summarizing, to
compute the series (38) we compute only the five harmonics Lo o, Lo,1, L1,—1, L1,—2
and L _3, and bound all the rest, providing the following result, whose proof will also
be carried out in Sect. 6.

Theorem 8. For G > 32, ¢;G < 1/8, the Melnikov potential (37) is given by
Lo, G,s;€5) = Lola, G; €) + L1(a, G, 55 €)) + Lsa(a, G, 55 €)) 43)
with
Lo, Gy e5) = Loo+ Lo1cosa +E(w, G €)
Li(a,G,s;€5) =2L1 _1cos(s —a)+2L1 _»cos(s —2)
+2L1,3c0s(s — 3a) + &1 (e, G, 55 €), (44)

where the four harmonics above are given by
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T
Loo = Lo,0(G; €)) = ﬁ(l + Eo,0)

15mey
8G3

7T _~3
2011 =2L11(Gi €)= [ o =™ P+ By )

2Ly 2 =2L1 (G e)) = —3V2me, G F (1 + Ey )

Lo = Lo,1(G; €5) = — (I+Eo1)

19
2L _3=2L1_3(G;e) = §«/2ne}G5/26763/3(1 +E1_3)

and the error functions satisfy
|Eool <2'2G*+2249¢2
|Eo.q| <2364+ €2
|Ei_1] <22'G71 +249¢7
49
12l <2767 + ¢
|E1—3| <2"G7 +15¢;
6ol <214 2677
1 = 2600 [67 + 6]

|£22| < 228G3/2e—263/3.

1189

(45)

(46)

(47)

(48)

(49)

(50)
(51)

Remark 9. To estimate properly the first harmonics Lo o, Lo.1, L1,—1, L1,—2, L1,—3 we
will need to take G > C, with C big enough and €;G < ¢ with ¢ small enough to ensure
that the corresponding relative errors E; ; are smaller than one, say |E; ;| < 1/2. This
is the main reason why we have to enlarge the constant C = 32 given in Theorem 8.

The function £ introduced in (41) with ¢ = 1, contains only harmonics of first order
in s, sO we can write it as a cosine function in s. Introducing the parameters (depending

on G and €y)
Ll ) 2 1+ El 2 2
= ——= =12¢G"——— = 12¢gG“(1 + E
P L. €] T E €e1G7( »)
Ly 3 19 1+E1 3 19 G +E,)
= — = —¢ —_— = —€
T L T v E L, g
with

Ep, E; = O(e, G
in the expression (41) of £, we can write

L
Ly =2L1 1 (Z Lll’kl cos(s +ka))

keZ
=2L 1 (cos(s —a) — pcos(s —2a) + gp cos(s — 3a)

(52)

(53)
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L
+ Z L cos(s + kar)

k#t—1,—2,-3 b1

. . ) L )
— 2L1,—19T ez(s—ot) 1— pe—la +qpe—21a + Z 1,k el(kﬂ)a

k#—1,-2,-3 Ly
—2L; % (ei“*‘*)Be*”) — 2L, _ Bcos(s — a — 6), (54)
where B = B(«, G; €5) > 0and —60 = —0(«, G; €5) € [—m, ) are the modulus and
the argument of the complex expression
—i —2i Lik ikn —if
1 — pe™i% 4 gpe™ 2 4 o ftktDe . pe=if (55)
2 I

k#t—1,-2,-3

Writing also in polar form the quotient of the sum in (55) by the parameter p introduced
in (52)

Ee ¢ -— Iil,k eik+a _ LLLk ol (k+De
kt—1,—2,—3 PE1.~1 kt—1,—2,—3 L2
_— LLl,k ei(k+1)a,
k#t—1,—2,—3 L3

with £ = E(o, G; €¢5) > 0and —¢p = —¢ (o, G; €)) € [—m, ), Eq. (55) for B and 6
reads now as _ ' _ _

Be " =1 — pe™™® 4+ gpe ¥ 4 pEe"? (56)
or, equivalently, as the couple of real equations

Bcosf =1—pcosa+gpcos2a+pEcos¢p =1—¢qgp— (1 —2gcosa)pcosa
+ pE cos¢ (57)
—Bsinf = psina —gpsin2a — pEsing = (1 —2gcosa)psina — pE sin ¢.
(58)
One can also obtain explicit formulas for B:

B? =1+ p*(1+¢*+E?
+ 2p (—(1+gp) cosa + g cosRQa)+E cos ¢ + pE cos(¢p + &) + pq E cos(¢p—2x)) .
(59)
The function E = E(«, G; €j) is small, since, by (50), (48) and (52), if G > C is
large enough and Gej < ¢ is small enough (see Remark 9),

19, . 237/2 L -3/2
E| < 1€ - 2Ye(e}G7? + G /): 220 (62G2+G_3)=0(G_3 €2(;2)
T Ll T 3V2meG32 32 A

(60)
with an analogous bound for its derivative with respect to «.

From expression (54), £ is a genuine cosine function in s (non identically zero) as
long as B > 0. If we first consider the case E = 0 in the Eqs. (57-58) defining B, it
follows that B =0 only fora =0and 1 — p+¢gp =0,0r p = 1/(1 — gq), that is, for
G ~ (12¢7)~1/2 (see (52-53)). A totally analogous property holds when E is taken into
account:
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Lemma 10. There exists C > 32 and ¢ < 1/8 such that, for G > C and €;G < c, then
B(a, G; €) > 0 except fora =0and ) ;.7 L1 = 0.

L
Remark]].ZLl,k=0 < |l—p+gp+ Z Ll’k =0 < p=
keZ kt—1,—2,-3 ~L-1
Lk

Li_
s Li—

1+
k#—1,-2,—

l—¢q
Proof. For B = 0, Eq. (58) reads as

sina = f(a). 61)

where f(a) = f(a, G;e€p) := Esing/(1 — 2gcosa). By (53) and (60), if G > C
is large enough and Ge; < c is small enough, we have that 2 + (3f/da)*> < 1,
and therefore there are exactly two simple solutions of Eq. (61) in the interval
[—m/2, 37 /2]; one is oz{;+ € (—m/2,m/2) obtained as a fixed point of the contrac-
tion ¢ = arcsin (f (¢, G; €5)), and a second aaf € (m/2,3m/2) fixed point of the
contraction « = 7 —arcsin (f («, G; €7)). Taking a closer look at Eq. (56), we see that if
o changes to —«, then —¢, —6, B, E are solutions of (56) or, in other words, ¢, 6 are odd
functions of « and B, E even. Therefore, « = 0, 7 are the unique solutions of Eq. (58)
for B = 0. Substituting « = 0, 7 in (57) for B = 0, only « = 0 provides a positive p,
which is then givenby p = 1 +gp+pE = (1 +Zk#_1,_2,_3 Lix/L1,-1)/(1—¢q). O

We are now in position to find critical points of the function s +— L(«, G, s; €5). To
this end we will check that s — L(«, G, s; €5) is indeed a cosine-like function, that is,
with a non-degenerate maximum (minimum) and no other critical points. By Theorem 8,
the dominant part of the Melnikov potential £ is given by Lo + £;. By Eq. (43) and
the bounds for the error term, for G > C big enough and Gej < ¢ small enough, the
critical points in the variable s are well approximated by the critical points of the function
Lo+ L1 (in fact of £ because Ly does not depend on s) and therefore will be close to
s —a—0 =0,7 (mod 2m) thanks to expression (54). For this purpose, we introduce

ET = T(O(,G;G]) =2L 1B (62)

where B = B(«, G; €j) is given in (55) (see also (59)) and L _; is the harmonic
computed in (47). By (54) and (62), the function £ can thus be written as a cosine
function in s

Li(a, G, 53 €) = Li(a, G; &) cos(s —a — 0),
and differentiating the Melnikov potential (43) with respecto to s we get

8£ 8£22

1 oL
a—:—ﬁTsin(s—a—9)+ =
s

/J_Tas

=0<=sin(s—a—0) =

which is a equation of the form (61) for s —a —6 instead of « and f = (Bﬁzg/as) /LY =

(3L>2/3s) /(2L1,—1 B). Therefore, as long as f* + (3f/da)> < 1, there exist exactly
two non-degenerate critical points s3 of the function s — L(c, G, s; €7).
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Now, by estimate (47) for L1, 1, bound (51) for £ and Lemma 10, it turns out that
2+ (8f/da)? < 1 happens outside of a neighborhood of size O <G3/2e_G3/3> of the
point

Ly
s L

1+
k#—1,-2,—

l—gq

(@ =0,G = G*) where G* ~ (12¢7)~"/? is such that p =

(63)

Let us recall now that the Melnikov function £ (see (40), (41)), as well as its terms £,

are all expressed as Fourier Cosine series in the angles « and s, or equivalently, they are

even functions of (¢, s). Consequently, Bﬁq /ds is an odd function of («, s), and it is easy

to check that each critical point s7 is an odd function of «. Moreover, using the Fourier

Sine expansion of 9L, /ds, one sees that if s is a critical point of s = L(«a, G, s; €)),
s + 7 t00, so s* = s + . We state all this in the following Proposition.

Proposition 12. Let £ be the Melnikov potential given in (43). There exists C > 32
and ¢ < 1/8 such that, for G > C and €;G < c, except for a neighborhood of size

(0] (G3/2€_G3/3> of the point (¢ = 0, G = G*) given in (63), s — L(a, G, s;€y) isa
cosine-like function, and its critical points are given by

si=si@, Giep=a+0+¢*, sEi=s"+m=a+0+m+¢"

where 0 = 0(a, G; €)) is given in (55) and ¢* = O (G3/2e_G3/3).

From the Proposition above we know that there exist s and s* = s* + 7, non-
degenerate critical points of s — L(a, G, s; €]). Therefore, applying Proposition 3 and
Remark 4, we know that W (A ) intersects transversally W¥(Ay) if 0 < pu < p*
with

32
w =0 (W (E (a, G,s*; e;))) .

Using Theorem 8 and (62), we see that it is enough to impose that:
lul < |Lt] =2IL1-1B] =0 (0—1/26—03/3> ,

that is, ; exponentially small for large G in the region C < G < c/€j which a fortiori

is satisfied for R
0<pu<pr=e /3 (64)

We will see that this is the relation between the eccentricity and the mass parameter
that we need to guarantee that our main result, Theorem 1, holds. This kind of relation is
typical in problems with exponentially small splitting, when the bound of the remainder,
here O (u?), is obtained through a direct application of the Melnikov method for the real
system. To get better estimates for this remainder, one needs to bound this remainder for
complex values of the parameter ¢ or T of the parameterization (20) of the unperturbed
separatrix. Such approach has recently been used for in the RPCTBP in [GMMS16] and
it is likely to work in the RPETBP, allowing us to consider any p© € (0, 1/2], that is,
imposing no restrictions on the mass parameter, although this is not the purpose of this
paper which focuses on the geometric mechanism that gives rise to diffusive orbits.
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We are now in position to define two different scattering maps S*. By Proposition
5, we begin by defining two different reduced Poincaré functions (36)

Li(a, G;e) = Lo, G,s55; €))
= Lo(a, G; €)) £ L] (a, G; €) + Ex(a, G; €y).
By the symmetry properties of L, (a, G, s; €5) (see (41)), it turns out that each

(E;)i(a, G; €1) = L(a, G, s1; €7) isaneven function of . Moreover, since s* = s+,
one has that (E(’;), = (=14 (E(’;)+, so we can write the reduced Poincaré map as

L=Lox LT+ L5 L5+ Lk (65)
with £ = (L)

From the expression for the scattering map given in Proposition 5 we can define two
different scattering maps S+ (o, G, s) = (S+(«, G, 5), 5), where

(@, Gy e)+0?) ).

(66)
These two scattering maps are different since they depend on the two reduced Poincaré-
Melnikov potentials £%. From their expression (66), the scattering maps S+ follow

closely the level curves of the Hamiltonians £} . More precisely, up to O (u?) terms, S+

is given by the time —u map of the Hamiltonian flow of Hamiltonian £% . The o)
remainder will be negligible as long as

ALk 5 oLk
Si(a,G,s)=|a—pu (a0, G;en) +O(u), G+
oG da

Lk
G

ALk
o

’ ’

| < ‘

which is already true for u < p* in (64).

‘We want to show now that the foliations of £% = constant are different, since this will
imply that the scattering maps S4 are different. Even more, we will design a mechanism
in which we will determine the places in the plane («, G) where we will change from one
scattering map to the other, obtaining trajectories with increasing angular momentum
G. To check that the level curves of £} and £* are different, and indeed transversal,
we only need to check that their Poisson bracket is not zero. Since £ and £* are even
functions of «, their Poisson bracket { £}, £} will be an odd function of «, so we already
know that it will have a factor sin «. Using Eq. (65) we can write

(L5, CEYy={Lo+ LT+ L5+, Lo—LT+L5— -} ==2{Lo, LT}+ & (67)

where &£ contains only Poisson brackets of odd order

lg/2]
E3==2({Lo. LY +{LT. L3) =2 Y Y {LL. L)
g odd>5 g=0

Therefore, by formula (41) defining £, and the bounds (39) for the harmonics L, x, the

error term &3 = O (e_G3) is much exponentially smaller for large G than {Lo, L7},

which is O (e_G3/ 3) and we now compute.
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By differentiating £, using (44) and bounds (45) and (46), one easily obtains:

850 157‘[6] . 4 2 2 .~—1
EZWSHNX(“-O(G ,aG 7, G ))

0Ly 37 _ T5mey _

3G = gk (1 +0(G 4,6%)) + 8GO cos o (1 +0(G 4,6%)) .

With respect to £} = 2L, _1 B, we will use (55) and the definitions of p, g in (52-53)
which give

,CTe_ig =2Ly 1+ 2L1,_26_ia + 2L1,_3e_2"°‘ + 51*,
where the error term £} contains a factor sin « and satisfies the same bound as & in (50):
. 3 7 3
& = Z Lyel®he = o (EJGij,G?Gj)eiG /3,
k#—1,-2,-3

Taking into account the expressions for L1 _1, L1, —2, L1,—3 given in (47-49),
after a straightforward computation, we arrive at

ALY 19B , _ pL sina
da B da ! B2

ALY
0G

(1 +gp —2qcosa+ O <G73, qGil , EJZGZ, (6]G)3G)>

2 —1
= -G*(1+0(G Het.

Using these computations we arrive at

(o, £f) = — LI e (68)
with
¢:=8(1+0(c7")) - 5‘:% (1+ap—2qcosa+0 (G, G762 fG))
X (1 — % cosa (l +0 (G_4, e%)) +0 (G_4, 6J2>> . (69)

5.1. Strategy for diffusion. The previous computations (67), (68) as well as Lemma 10
tell us that the level curves of £ and £* are transversal in the region G > C > 32
and ;G < ¢ < 1/8, except for the three curves « = 0, « = 7 and d = 0, which are
transversal to any of these level curves of £¥ and £*, see Fig. 2. Indeed, this is clear
for the lines « = 0 and o = 7, and the same happens for the curve d = 0 using the
expression of d given in (69) which implies

1/3
2
G = (ll_z) (1 + Kejl/3 cosa+ O <6J2/3)>
€5
with K # 0.

Thus, apart from these three curves, at any point in the plane (¢, G) the slopes dG /d o
of the level curves of £} and L£* are different, and we are able to choose which level curve
increases more the value of G, when both slopes are positive, or alternatively, to choose
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e=0.06
2.91
2.8
G 2.7
2.61
2.5
x m 3t on St 3n Ix 2n
4 2 4 4 2 4
o

Fig. 2. Tllustration of the level Sets of £ (£* ) in Blue (Red) and d = 0 in Green (color figure online)

the level curve which decreases less the value of G, when both slopes are negative (see
Fig. 3). In the same way, we can find trajectories along which the angular momentum
performs arbitrary excursions. More precisely, given an arbitrary finite sequence of
values G;,i = 1, ..., n wecan find trajectories which satisty G(T;) = G;,i = 1, ..., n.

Strictly speaking, this mechanism given by the application of scattering maps produce
indeed pseudo-orbits, that is, heteroclinic connections between different periodic orbits
in the infinity manifold which are commonly known as transition chains after Arnold’s
pioneering work [Arn64]. The existence of true orbits of the system which follow closely
these transition chains relies on shadowing methods, which are standard for partially
hyperbolic periodic orbits (the so-called whiskered tori in the literature) lying on a nor-
mally hyperbolic invariant manifold (NHIM) [Moe02,Moe(07,GL06, GLMS14]. Such
shadowing methods are equally applicable in our case as it is proven in [GMMSS17],
where we have an infinity manifold A, which is only topologically equivalent to a
NHIM.

With all these elements, we can finally state our main result

Theorem 13. Let G < G5 large enough and €; > 0, u > 0 small enough. More
precisely C < G} < G} < c/ejand 0 < p < p* = %e*(gq)%“, for C > 32
large enough and ¢ < 1/8 small enough. Then, for any finite sequence of values G; €
(G7,G3), i =1,...,n, there exists a trajectory of the RPETBP such that G(T;) = G,
i =1,...,nforsome0 < T; < Tiy1. In particular, for any two values G| < G, €
(G7, G3), there exists a trajectory such that G(0) < G1, and G(T) > G for some time
T > 0.
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diffusion along green lines

2.581

2.57 1

2.561

G 2.551

2.54 1

2.531

2.52 1

2%
4

T T T T \
T x 3= 3n 7z 2m
4 2 4 2 4
o
Fig. 3. Zone of diffusion: Level curves of £% (£*) in blue (red) and diffusion trajectories in green (color
figure online)

6. Computation of the Melnikov Potential: Proof of Theorem 8

The main difficulty to compute the Melnikov potential is that it is given by an integral (37)
where the coordinates of the separatrix x;, and oy, are given implicitly (20) in terms of
the time 7 through the variable t (21), whereas r and f are given in terms of s + ¢
through the differential equation (6) defining the true anomaly f. To evaluate the above
Melnikov potential, we will compute its Fourier Cosine series (38) in the angles s, .
We will detect that there are only five dominant harmonics, Lo, Lo,1, L1,—1, L1,-2,
and L1 3, so we will estimate them and bound all the rest.

The plan of this proof is thus divided in different parts. In Sect. 6.1 we Fourier expand
the Melnikov potential £ to find that each of its harmonics L, x is given by a series in
terms of some constants cZ’m and integrals N (g, m, n). General upper bounds for these
constants and integrals are given in Sect. 6.2, which provide the upper bounds B, x
for the harmonics L, ; announced in Proposition 7. Since the upper bounds By j are
exponentially small for large G and ¢ > 1, we split the Fourier expansion (38) as

£=£0+£1+£Zz

where Ly, £ contain the harmonics of £ of order 0, 1 in s, respectively, whereas
L2 contain the harmonics of higher order, which are readily bounded. Section 6.3
contains an asymptotic expression for the integrals N (g, m, n) which are necessary for
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the computation of L. Finally, the Sects. 6.4 and 6.5 are devoted to the computation
to the harmonics of £, and Ly, respectively, estimating, for each order, the two most
dominant ones, and bounding all the rest.

6.1. Fourier expansion of the Melnikov potential. The next Proposition gives formulae
for the Fourier coefficients (38) of the Melnikov potential (37). For any integer n, m, we
will use the Fourier expansion of the function

r(f(t))n eimf(l) — ZCZ,Pneiql (70)

qeZ

which can be found in [MP94] and [Win41, p. 204]. Since r is an even function and f
is and odd function, one readily sees that the above coefficients are real and indeed they
satisfy

cri,q m _ C(r;,m — Z,m
Once these coefficients ¢j ™ are introduced we can give explicit formulae for the Fourier
coefficients of the Melnikov potential L.

Proposition 14. The Melnikov potential given in (37) or in (38) can be written as

L= ZLqeiqs, where L, = ZLq,keik“, (71)
qeL keZ
with
Leo=Y c"'N(g.1.)
>1
Lyi=Y ¢V 'N(g.1-1,1)
[>2
_ 20—1,1 _
Ly_1= lz;cq N(g,l,1—1) (72)
Lyx = chl_k’_kN(q,l — k1) fork=>2
1>k
Ly k=) ¢ MN@. 11—k  fork=2
1>k
and

om+n _1/2 _1/2 o0 eiq(r+r3/3) G3/2

Proof. We write Melnikov potential (37) as:

o) xz 2 x2
L = Lonain +f [(7}‘) rcos(an — f) — 7}‘] dt, (74)
—00
where
2
Emain = /Oo *h /2 dt
—00 [4 +xr2 + dxtr cos(an — f)]
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can be written as

o ~12
Lonain = / 2h < Zh, (f(t+5)) ef(en— f(t+v))>

’ —1/2
(1+—h (f(t+5))e = f<’+s>)> dt.

2
Using the expansion for z = %hr (f(t +5)) eFilen—rf(t+s)
oo
1 —1/2\ ;
1+ 2 = 4
(o Z,_O ( ! )Z

which, by (20a), (5), is valid as long as |z| = |x2r2| < 2(1 +€))/G* < 1, we get

Loain =2 ) L+ D D5

k>0 I>k k<0 I<k

where

tkah —lkf(t+s) dl 0<

p 1 1/2
!
S = 2 —2l+k+1 ( )(

lk(]lh —zkf(t+s)dt 1 <k

_4l+2k+2[r(f(t + S))]721+k

ii 221 k+1 (l 1/2> ( 1/2> 41 2k+2 [r(f(t+s))]21 k
k<l
< —

With these expressions is easy to see that 1:8 cancels out the last term in the integral (74)
and that L} + S:ll cancels the cosine term, and so

L= Lo+Y Lh+ Y S+ > L+ Y > 5. (75)
1>1 122 I<-2 k=2 1>k k<—2 1<k
Now we perform the change of variable

G3 3 G3
t = 7(”%), dt = 7(1+12)dr

introduced in (21), and we use the formulae for x, and o, given in (20a) and (20b). In
particular we will use that
5 4 ; T—1i

2 io io
X=——"\ x}dt =2Gdr, €% = e,
b G+ 1Y) h T+i

and the expansion in Fourier series given in (70) to obtain

_ : 3 3
il _ eika 22] k —1/2 —1/2 Z lq s 21 k. k/ ll](T+‘L' /3) G°/2 4
k G221\ | J\i-k = “a 0o (1 — )20=R) (7 + )2
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= ek S elas R NG k. 0<k<i; (76)
qeZ
_ 3 3
S _ ke o —2l+k (_1/2> (_1/2> Z iqs, otk k/ eiq(t+17/3) G7/2
k g4 2—1\ —_; N\r—y = “ s (1 —1)=2U(z +i)20k= ¢
= el N eltse 2T N k-1, I<k<-1. (77)
qeZ

Substituting now Eqs. (76) and (77) into the expansion (75) we get

DY e ON(g L )+ Y @O N TN INGg - 1,1

qel =1 qel 1>2
+ Zei(qS7a) Z C;yil’lN(q, —l, — = 1)
qeL <=2
+ Z Zei(qs+k(x) X:C(?l—k,—k[v(q7 l _ k, l)
qel k>2 1>k
i k —2l+k,—k
+Z Z el @s+ “)Zcq kN, —1 k= 1).
qel k<=2 1<k

Changing now the indexes / — —[ and k — —k in the third and fifth terms we obtain
the desired formulae (72) for the Fourier coefficients Ly ;. O

6.2. General upper bounds. In view of Proposition 14 and formulae (72), to compute
the dominant part of the Melnikov potential and obtain effective bounds of the errors
we will need to estimate the constants cZ " defined in (70) and the integrals N(q, m, n)
defined in (73) for ¢ > 0 and only for indexes m, n satisfyingn > 0, m < n + 1.
Alternatively to (5), it will be very convenient to express the distance r between the

primaries as
r=1—¢ycos E (78)

in terms of the eccentric anomaly E, given by the Kepler equation [Win41, p. 194]
t=FE —¢ysinE. (79)

We obtain a general upper bound for the constants cZ’m, where the dominant order in €j
appears explicitly.

Proposition 15. Let n,m,q € Z, n,q > 0, m < n + 1. Then the Fourier coefficients
cg™" defined in (70) sansfy

2q+n+l, g,/ 1— €j \m ql m>0
| <
| < B e L (80)

(1 —62) m/2 m=
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Proof. In the integral formula for the Fourier coefficients
1 2 ) )
M= — rieimf e=idl 4y (81)
g 2 0
we change the variable of integration to the eccentric anomaly (79) (dt = r dE) to get
2
e — L noeﬁ)mw”“”e4wdE. (82)
g 2 0

To compute ¢ from (82) we will use the identity (see [Win41, p. 202])

2a ’ 2

which readily implies

. . et . . €1 _;
relf — azelE —€J + Jze iE — (aelE/z — —e lE/2)2, (833.)
4da
2 2 2
€ € €
a2+—12=1, az——J2= 1—6J2, a4+—J4=1—6J2,
da da 16a
) 2
J 2
- — = — €7 (83b)
1644 J

To bound the integral (81) for m > 0 we will consider two different cases: 0 <
g <mand 0 < m < q. Let us first consider the case 0 < g < m. By the analyticity
and periodicity of the integral we change the path of integration from J(E) = 0 to
IE = In(2a?/€y)

) 2a?
E=u+iln(— u € [0,2r] (84)
€]
so that
ol E — giu—n@a%ep) _ € iu
2a?
and then, by (78), (79) and (83a), (83b),
retf = %ei” — €+ e—zje*"“ =¢j(cosu — 1)
2
po oS, 20 i L 2
2 \2a €] 4q?

2 2
€ € . . .
1-— —J2+a2 cosu +1 a2——Jz smu:l—cosu+z,/1—elzs1nu
4a 4a
2 . —iu 2 2 .—iu
_ir _ 2ae €7 iu > —iu\ _ 2ave 2 s
exp | e —a’e = exp|—y/1 —€ycosu+isinu|.
€] 4a €]

Therefore, along the complex path (84) we have the following bounds

o
I

‘reif) =¢€5(1 — cosu) < 2e¢y
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|r|=\/(1—c0su)2+(1—612)sin2u=\/2(1—cosu)—612sin2u52
) 2a? 2d%2 [i_~2
’67” :iexp <—,/1—e?cosu> gie I=ey
€] €]

Since 2a® < 2, substituting these bounds in (82) we find directly the desired result (80)
for0 < g <m.
For the the case m < g we now perform the change of the integration variable through

()
E=v—iln|l—, v e [0,2r] (85)

€]

so that

2
ol B — oivinQa%ep) _ 2a ei?

and then again, by (78), (79) and (83a), (83b),

2 2
= (cosv——(1+cosv)+z 1—er1nv>
€5

2
. €
r:l—aZe“’—4—Jze_ _l—cosv—t,/l—ejsmv
a
—i 2 —iv
. e . € . €e .
e ! = 5 €xp aze’”——Jze v = 5 €xp 1 —efcosv+isinv ).
2a 4da 2a

Therefore

2
|reif|2=£ 1_eJ(cosv+l)
€] 2

and consequently, using that 2a> > 1, along the complex path (85) we have the following
bounds

2 : 2 4
(- = \re’f) s+ rs2
€] €]

eVl” G < ee!” (86)

Substituting the above upper bounds (86) in (82) we find the desired result (80) for
0 < m < q.In the case m < —1 we use the above lower bounds for |re‘f| to get
(80). O

‘ —it
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As we can see from Eq. (72) the Fourier coefficients of the Melnikov potential £
depend also on the function N (g, m, n) defined in (73), so to bound (or to compute)
these Fourier coefficients we need to bound (or to compute) N (g, m, n).

Introducing the integral

00 WigGi(t+1Y/3)2
I(Q7mvn):/ ) 'Zdt
—oo (T =0 (T +1D)""

N (g, m, n) can be written as
2mn —1/2\ [(—1/2
N(g,m,n) = W( m )( " )I(q,m,n).
We will denote
h(r) = i<?+r) (87)
the variable term in the exponencial of the integral, so that

oo 1G> h(x)/2
I(g,m,n) = drt. 88
(@.m.m f_oo @@+ ®9)

Since the integral I (¢, m, n) involves an exponential function with a large parameter
G? in front of the exponent, we will apply the method of steepest descent [Erd56, §2.5—
6]. In particular on a complex path with J(h(t)) = 0. So, let us define the path (see
Fig. 4):

=T UllhuUli3ulryurlys (89)

where 0 < ¢ < 1, t™ is a point such that J(k(r*)) = 0 that will be fixed in Lemma 23
as |t* —i| =1/2,and

MN={reC:3M(x)=0N{reC: R <R(—7%))
I5={teC:3M()=0N{r € C:NR(x) > R(z™)}
H={teC:30(@)=0N{t e C: R(—T") <N(r) <0}N{reC: |t—i|>ce}
Iy={teC:3h()=0N{reC:0<RE@) <R@THIN{reC:|t—i|>ce}
MN={reC:JMn()<0}Nn{reC:|t—i|=ce} (90)

By the Cauchy-Goursat Theorem plus a limit argument, the integral I (g, m, n),
defined in (88) over the real axis, is equal to the one taken over the path I' thinking
of 7 as a complex number (see [L.S80]). In fact, by the same argument, its value depends
neither on ¢ nor on 7*,

The positive branch of the hyperbola defined by JI(k (7)) = 0 intersects the circum-
ference of radius ¢ in two points C; and —Cj given by

C.=I';sNly —C,=I3NT,. 91)

Since the integral over I does not depend on ¢, we will choose a particular value
of & to bound /(g,m,n) and consequently N(gq,m,n) defined in (73). Later on, in
Proposition 22, we will just compute the e-independent terms of this integral.
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7 Plane

Fig. 4. The complex path I"

It is not difficult to see that, if we define the function

3 .
u(e) = hi) ey = —= —i( T er)= @ - - Lo

3 3
then
u(T1UTy), u(T4 UTs) C RE.
Moreover, if t~ e ' Uy thentt = -7~ € '4 U T's and

u(t”) =u®).

1203

92)

On the other hand, one can see that u is an increasing function while moving along
'y UTy or 'y U T'5 in the direction of increasing imaginary part. Therefore, u has two
inverses in R{: 7* and 7_. Before writing them down let us notice that the point C

defined in (91) can be written as
C.=i+eel% with 6, € (0,7/2)

and has the following expression in the coordinates u defined in (92)

= ¢? ke

u(Cy) = [u(Ce)| = 2|1 — %ieieE

with

€ 2 e 2
= (1 + —sin@S) +<— cos98> >1,
3 3

since by construction, 6, € (0, 7/2) and then 0 < sin 6;.
Now, we can write the inverses of the function u

€.
kg=|1—§ze’95

™t [u(Cy), +00) —> T4y UTs 77 :[u(Cy), +00) — ' U T,
ur— Ew)+in(u), u+— —&) +inu).

93)

(94)
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The change (92) is useful over I'y U I'; and I'4 U I's, thus performing this change in
(73), we have that for any ¢ > 0

N( ) dm’"e_qG; /OO (F} ) — Fy ()] ™95"2g
S, N) = ————— u) — u)le u
q G2m+2n—1 W(Co) m,n m,n
3
st [ f,Z,nmdr} 95)
I3
where
—1/2\ /—1/2
dm.n =i2m+"< / )( / ) (96)
n m
1
Fy(u) = . . ©7)
, (‘Ei(u) _ l)2m+1(.r:|:(u) + l)2n+1
, 1% h()
Jman(T) = (98)

(t —i)2m(r+i)n’

and h(t) is given in (87). To give a bound for N (g, m, n) given by (95), some estimates
for d, , and F,, , are needed. We begin with the constants d,, ;.

Lemma 16. Let m,n € Z, m,n > 0 and d,, ,, be defined by Eq. (96). Then
ldpnl < e /22M" ifman>0.

Proof. Lets € N, then
() =[S ) s )= 232

< i(2 _ 1)S= (1 - i)ss lim (1 _ i)S= e 12,
25 K 2s §—00 2s

O
The next Lemma gives information about the functions Fnjf R (1),
Lemma 17. The function an () defined in (97) has the expansion
0 .
Fopn @) = )20 2 d] " () (99)
Jj=0
where the coefficients d;"’" satisfy
A" 3\
dg" =1/@)>|d| < (5) (5) : (100)

Consequently, the series (99) is convergent for |\/u| < /2/3.
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Proof. Let us introduce the function
oo
+ . 2m+1 o+ 2 m,n j
T, () = (B> o (68 =) d (),
o

which is well defined since u = x2 is a good change of variables in R* and has the two

inverses x = #./u. To bound the coefficients d;?”" we use Cauchy formula:

+ + 2
(D" = Tnn () -1 EonD

= — 4 X =— -
270 Jjyj=e X9 270 Jjxjme XITHM

Applying the change of variables

x = i\/(r —i)2— %(r — i3 =+t —i)/(1 - %(z — i) = ii;; (V2 —i1),

(101)
we obtain
. 1 (‘L’ — i)zm_j . 2m—j 1
+1)/d"" = F— 2 - )
( ) J :sz.”' [—il=p 32/1.2—_/ ( lf) (‘E _ i)2m+1(‘[ +i)2"+1
3(1 —i
—( i) =dt
232 —it)2
| i dv

= :F_—-+ . R
2033 Jiemit=p (v — i)t (x4 iy2(e +20) T

Now, taking p = 1 and using that |7 +i| > 1 and that 2 < |7 + 2i| < 4 we have

Jj+3
|d™" < i " z ’
J —\3 2 ’

which is the desired bound. From this bound it is clear that the series defining T,,fn(x)
is convergent for |x| < /2/3 and therefore the one for F,:,—L, , (1) is convergent for

Ju < J2/3. O
From Eq. (99) we have

2m
For () = (E/u) 2" " d () + g (2V0), (102)
j=0
where the regular part of the function F,i (1) is given by
s .
g n(EVI) = (V) A () (103)
j=2m+1

and d;"’” are defined by Eq. (99) and satisfy bounds (100). The next Lemma bounds
gni@n inside its domain of convergence.
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Lemma 18. Let gt | (£/u) as in Eq. (103), 0 < B < 1 and 0 < /u < B+/2/3. Then

9 _
gt (EVu)| < ——2" 2,
1-p
Proof. It is clear from Eq. (103) that
o
g;‘in(i\/ﬁ) = Z d:i’;nﬁl (i‘/ﬁ)s
s=0

Since by hypothesis 0 < \/u < B+/2/3 with 8 < 1, we can apply Lemma 17 to get

2m+4 s
A" 3\ K (3)?
|g,?:,n(iﬁ)|s<§> (5) Z(§> (V)
s=0
2m+d 5o

QTR -2

which proves the Lemma. 0O

We are now in conditions to give a general bound for N (g, m, n) forg > 1.

Proposition 19. Let N(q, m, n) as defined in (95) forq > 1, m,n > 0, m+n > 0,
G >1.Then

|N((], m, n)| S 2n+m+3 eq Gm—2n—1/2 e—qG3/3.
Proof. We will bound the integrals of N (g, m, n) in (95) choosing
e=G3?, G>1.

We write down then, using (93), (94), (97), and that k, > 1,

o0 3
/ F,in(u)e_qG W2 du
u(Cs)

> 3
< [ 15 k1O
G3 '

e 3
< / |Fy, (u)]e™ 192 dy
Gk,

G3m+3 2e—4/2
(2 . (G_3/2))2n+1 qG3

o
< Rty [ e au < G
G-3
(104)

It only remains to bound the last integral of (95) where the integrand is given in (98)
and the domain I'3 in (90). The path I'; can be parameterized by

T=i+ G %" with6 €[6y,6,] = [ — 6,, 0c], (105)

with 6, given in (93). If we define

3
h0) = h(z(6)) = i (t(i) + z(@)) ,
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a straightforward computation using (92) shows that
2

- . 1 3 a:
_ 2 ~-3(.2i0 —5 .3i0
h0)=-3-G (e + G e )

and then, as G > 1,
qu3ﬁ(0)/2’ _ e—qG3/3e—q(cos29+G’3/z sin30/3)/2 e—qG3/3e%(1+%G’3/2) < e—qG3/36q'

(106)

Note that, by (105), over I'3 we have that |t —i| = G~¥? < 1 and therefore |z +i| > I,
and we can bound the last integral of (95) using (106):

0dGh(v)2 0 cdG*h(6)/2 .
f dt| = / i G Y2 qp
ry (T =02 (x+i)> o, (T(0) — D)2 (T (0) +i)>"
.
Sl 6 4G /3

0
< / ’ TG_?’/Z do < / —3G_3/2 do < 7TG3m_3/ze_qG3/3eq.
01 (G_ / ) n 01 G—m
(107)

From Lemma 16 and the bounds (104) and (107), we can finally bound N (g, m, n)
given by equation (95) as follows

IN(q, m,n)| < e—1/22m+ne—qG3/3Gm—zn—l/z(4 +neq)§ pmHn+3 g 4 —qGY/3 Gm—2n—1/2
|

From this Proposition and the one estimating the constants cZ’m, we can provide
general estimates for the Fourier coefficients L,  of the Melnikov potential for ¢ > 1.

Proposition 20. Assume G > 32. Then for g > 1, k > 2, the Fourier coefficients of the
Melnikov potential (38) verify the following bounds:

|Lq,0| < 29 (262)q 6;1 G—3/2 e—qG3/3

q+1
€ 3
|Lq,1| S 21162(] J G_7/2€_qG /3

1— e%
q _
[Lg—1] < 20 <2e2) ej 1 G—l/Ze—qG3/3

q+k
22K+5 ,2 €J G—2k—1/2,~4G*/3

(J1 — €Dk

|Lg.—k] < 272% (262)'] l=al Gh=1724-4G3

|Lq,k| =

Proof. From Eq. (72) and Propositions 15 and 19 we have

_e2
1Lg.0l < 24t 10" e~y G112 Y @te™h
=1
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q+1
_¢2 €
Lgal = 2ete1-9 _ 00360 Y iy
1- EJZ 1>2

) _
[Lg.—1] < eqe—qG3/3eq 1—€? 2q€J|1 q\G3/2 Z(Z4G_l)l
1>2
q+k
Lo al < 24 keteW ™9 =G GH12 324Gy
(ﬁ)k 1>k

_¢e2 —
|Lg—k] < 2427 HKede 003N =000/ G123 24 g1
>k

Since by hypothesis 2*/G < 1/2, all these series converge and the Proposition is proven
_ 2
using that 0 < €j < 1 and that e? =4 <el. O

The Melnikov potential £ (37) has a Fourier Cosine series (38) which can be split
with respect to the variable s as £ = Lo + Ly + L3 + - - -, like in (40-41), as well as a
complex Fourier series (71) £L = ) g€z L,e'? . Both series are related through Lo = Lo

and £, =20 {e”” L, } for ¢ > 1. In the next Lemma we see that the terms

Lso(a, G, 55 €1) = 22 ZLW‘ cos(gs +ka) = Lo+ L3+ Lg+---
q>2 keZ

of second order with respect to s satisfy a very exponentially small bound for large G.

Lemma 21. Assume G > 32, €;G < 1/8. Then for q > 2

Lyl =Y 1Lgal 2R 9973226y G '
keZ

L2200, G, 53 €p)| < 28G5,

€
! <1

2
1 —¢

Proof. From Proposition 20 we have, using that

D ILgkl < 1Lgol +|Lgal+1Lg 1]+ Y (ILgxl+ILg )
keZ k>2

< ¢~9G73e24 [292‘76;16—3/2 +2el G772 4 292%?‘1 G~1/?

25 Z(zkE?G—Zk—l/Z + 22k+q€J|k(1|Gk—l/2):|
k>2

o0
< e—qG3/3ezq |:2102q6Jq—1G1/2 n 24ef’G*7/2 n 25G*1/26f Z(2G72)k
k=2
g—1 oo
+25G71220¢] Z(4Ge;1)’< +25G12e; 124 2(461(;)"].
k=2 k=q
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Using now that ;G < 1/8, we obtain the required bound for ), ., [Lg kl:
Z |Lq,k| < equ3/362q [2102q6Jq_1G1/2 + 2116?G77/2 + 286?G79/2
keZ

+242%¢;G173/2 4 26G’11/223‘1}

3 _
< 210¢=4G°3¢2493q Ga—1/2 [2—2‘16? 644 23] G374

+27 40 G q+§eJG ﬂg 21371673 (223Gy1G6 2,

To get the bound for

, we sum for g > 2,

q
|L20| <2672 Z[GG%ez?G} < 2204 G3/2—2G3
42

where the last bound holds as long as
e 2073236 < 12

which is true for every G > 32. Now, using that e < 4 we get the result. O

6.3. Aymptotic estimate for N(q, m, n). Toestimate the term £ we will need an asymp-
totic expression for N (g, m, n), which is given in the next Proposition.

Proposition 22. Forn+m > 0 let dm " the constants dm " defined by Eq. (99) and d,
given by Eq. (96). Then for q > 1 and G > 1we have

d e—qc3/3 23/2qs 1/2
N(q,m,n) = %[Z(_ ) f 1)” gnmnzYGSS 3/2+an+R i|

where
Tl 45222 G0 |Rf | < 18¢"7'GY" 7
When s = 0O the factor 1/(2s — 1) ... in the formula above should be replaced by 1.
To prove this Proposition we will proceed as in the proof of Proposition 19 changing
the path of integration to the path I' defined in (89) leading to the integral (95). The
important fact is that the integral (95) does not depend on €. So, we will compute only

the e-independent terms of that integral. The rest of this subsection is dedicated to the
proof of Proposition 22.

Lemma 23. For 0 < ¢ < 1 let u(C,) be as in Eq. (94) and ann as defined by (97). For
any ¢ > 0 small enough we have, if G > 1

00 2m 00
/ Fif e 192 du =y / TIG2 G (L i)y + E
u(Ce) j=0 u(Ce)

where the constants d;"’” are defined by Eq. (99) and E satisfies

|E| < 4522m+2 G 3,
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Proof Let us take /ity = B/2/3 with B = —1 + ¥ /34 \/T1/2 ~ 0.79. A simple
calculation using (92) shows that |ti(u*) — i| = 1/2. By definition, for ¢ > 0 small
enough we have that 0 < u(C;) < uy < Jux < /2/3,s0

o0 Uy R
f Fnjltn(u)e_qc3”/2du = / F,f,l(u)e_"c3“/2du +E
u(Ce) u(Ce)

with
~ o0 3
E| :/ Fy (e 19 2 qy,
U

which can be bounded as

E o e—qG /2
E| = p
. _/u* ((TE @) — D2 (e () + 1yt

3
2e=05 s 1 1
<
- qG3 |Ti(u*) _ i|2m+1 |‘L’i(u*) + i|2"+1

o 3
/ Fif,we 19" du| <
Uy

G3
< 22m+2G_3C_un* < 22m+2G—3.

By Lemma 17 and Eq. (102) we have

Uy s 2m
/ F,fn(u)e*‘fG W2y = Z/
u(Cy) ’ =0 u

(Ce

U 3 . ~
7”1 (£ ) M du + By
(Ce)

where
Uy
E, = / gnj;’n(:t«/ﬁ)e_qc3”/2du.
u(Ce)

Using that /u,, = B+/2/3, by Lemma 18 we have that, for any ¢ > 0 small enough,

~ Uy 3 2m—2 oo 5
|Ea| < / gk, (EVu)|e 19 2du < 9 f 4G U2y,
u(Ce) ’ 1-8Jo
2m—1 3 2m—1 3
<9——G <9 —-G".
q(1—p) 1-8

Finally,

Uy X oo X Y
f d;-n’ne_qGSM/Z(iﬁ)_2m_l+'1dM=/ d;ﬂ,ne—qG3Lt/2(i\/ﬁ)—zm—l+jdu+E3(j)’
u(Ce) u(Ce)

where

o0
Es(j) = _/ d;”’”e—qGSM/Z(iﬁ)‘””‘“/@.
u

%

We can bound E3 (j) thanks to the inequalities of Lemma 17:

o0
T el R
Uy
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mon 147 3 G3
< | (ia) *fze*‘fT“*—q

—2m— ]+]

<21 (ovm) e 2 (3)" () ()

— 9 2m—1’3—2m—1+jG—3'

Denoting now E3 = Zfﬁl E3 (j), we have

132)711

2m
E < 92m—1G—3 —2m— 1+] < 92m lG -3 .
B3| < >.B =5

j=0
Now the Lemma is proven using that 1/8 < /2 and

|E| = |E1 + E2 + E3).

The next Lemma is a straightforward application of the last one.

Lemma 24. For 0 < ¢ < 1 let u(C,) be as in Eq. (94) and an’n as in (97). Then for
any ¢ > 0 small enough we have, if G > 1

m

o0 o0
f [F,;’n(u)—Fn:’n(u)]e_qG%/zdu:Z Z / . )e—qG3“/2dgj;l"_ 5 (W) B duv2E
u u(Ce

(Ce) =

where E is the same as in Lemma 23.

Proof. By Lemma 23 we have

o0 3
/ [F} ) — F, ,)]e 19" du
u

(Ce)

2m 00
— / e—qG3M/2d;71,i1[1 _ (_1)—2m—]+j](ﬁ)—2m—l+]du +2FE
j=0 u(Ce) ’
and the terms in the sum are not zero only for —2m —1+j = —2s—1 withs =0, ..., m.

This observation proves the Lemma. O

Lemma 25. Let 0 < ¢ < 1 and u(C,) be as in Eq. (95). Then the e-independent term of
© —ngu/Z m,n —2s—1
. Ay (Vu) du
u(Ce

is
(s +1)!

s~s+3/2
D254 oo

d;nmn 2Y S§— 1/2G3S 3/2 1'1(1/2)
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Proof. By Eq. (94) we know that u(C,) = O (%) and then the following definitions
make sense, calling § = G3/2:

oo
Ip,s (8) — / e—qﬁu up—(2S+1)/2 du
u(Ce)

Fp.s(€) = u(Ce)P~ 25t/ gmqou(Ce)

Using this notation and integrating by parts we have

Ity = — 9 /‘” ey =512 g, W(Ce)P 7O
—1,5 -
r p—s—1/2 Juc, p—s—1/2
1
=i (@81p.5(8) = fp.s(e) (108)
and also
o
[ e = a0 (109)
u(Cyg

Now, for s > 0 we use recursively Eq. (108) s times to get
(qd)*
(=s =12+ D(=s —1/2+2)---(—1/2)

@8)? fp.s(e)
(—s — 2+ 1) (—=s — )2+ p)’

10,5(8) = Is,s(g)

p=1
The e-independent term of 1o s (¢) is given by

(¢8)°

lim I s(g)
(=s — 12+ 1)(=s — 1/242) - (=1/2) e—>0
= ) L rag)
(=5 =12+ D)(=s — 1/2+2)--- (=1/2) /g5
2s—1
(v49%) /2.

T (s — 12+ D(—s —1/2+2)---(—1)2)

Then the e-independent term of the integral in Eq. (109) is

d5," 5 (VD>
(—s — 12+ 1D)(=s — 1/2+2)---(—1/2)

I'(1/2)

when s > 0.
In the same way, we have that the e-independent term of

o0
loo(e) = / e_qG3”/2d£”n’1"(ﬁ)_1du
u(Ce)

is dy" (\/q8)~! T'(1/2). Therefore the Lemma is proved if we notice that

m
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(— )Y
(=s — 12+ 1)(=s — 1/2+2) - (=1/2) =

_EDres+nt (= (2s+2)'
25 2s+1 25725+ 1) (s+ 1)

2s—-—1)@2s—=3)--

where we have used that

(25 +2)!

This expression allow us to write the cases s > 0 and s = 0 in one equation which
completes the proof. O

Next Lemma is a straightforward application of Lemmas 24 and 25.

Lemma 26. Letu(C,) givenin Eq. (94) and an ,, defined by (97), then the e-independent
terms of

o0 3
/ [F;;,n(”) — F,;’n(u)]e_qG’“/zdu

(Ce)
are given by
m
D (=122 (25 +1)((s+12))‘d2m 5, T 2G3 Y r(1)2) +2E
s=0

where E is the same as in Lemma 23.

Lemma 27. Let f , be defined in Eq. (98), then

-1 !
Res(fi 1(v), i) = 2i —qG3/3m§ L(Z4G%) g 110
es(fnn(T), i) =2ie l_‘ ) Ym—1-21" (110)
=0

Proof. We use the definition of f,,qt » givenin (98), with /(1) givenin (87), or equivalently
by (92).

h(t) ==2/3—(t —i)>+i(t —i)%/3.

Taking any § > 0 small enough, we have

1 1 ed T h(®)
Res(fh n(0), i) = =— £ (de = — / .

2m i)2n de
2mi [T—i|=8 2mi |T—i|=8 (Tt —0)“"™(t +1)

We use again one of the changes (101), for instance

=+/h(i) —h(7) —T(\/ —i71),

to obtain
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Res (fif 2 (1), 1) =

e G¥3 / e—d G3x%2
T |

vj=s (Ta(x) — D)2 (T (x) + )2 xd

3
— 2i e=907/3 Res (fo’m(xz)e_q%xz, 0) .

We can now use the Taylor expansion of the function F}"" (x?) =} i=0 d;ﬂ’"x-" —2m-l

and the expansion of e=4G 2 = 2150 (—qG3x2/2)l/l! to obtain the desired for-
mula (110). O

From this Lemma one and the bounds for d}”’” given in (100), we have

IRes (fi.,(0), )| < 3>2mei‘1G3/3ni1 & (q—G3>l
e — 1\ 3

. (111)

m—1 _ _
< 3ol g—qGY3 (ﬁ) A ST

3 3m—2

We are finally in conditions to prove Proposition 22. N (g, m, n) is given in (95), and
since it does not depend on ¢ we can apply Lemmas 26 and 27 and the bound above
(111) to obtain

G3
dy ne (s+1)! _ 3
N(q, m, }’l) %[Z( 1)5254'2 (2 + 1)( 2)' Enmn 54 s 1/2G3_S 5 F(l/Z)

q q
+Tm,n + Rm,ni|

where by Lemma 26
T .| = 2E < 452%"+2 . G—3

and

3
Riw= (D! | fi,(0)dr
I3
is bounded by Lemma 27
m+1 m—1

Rl = =55— G < 1877162,

Using that 25+ (s + 1)!1(2s + D! = (25 +2)! to show that

Qs+ Ds+D! 1
2s+2)! 25t Q25— DN

the formula for N (g, m, n) of Proposition 22 follows. Due to the fact that the right hand
side of this last expression is not defined for s = 0 but the left hand side is and is equal
to one, we need to point out that for s = 0, the term 1/(2s — 1)!! in the final formula
should be replaced by 1.
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6.4. Asymptotic estimate of L;. Let us first compute the coefficients ¢} which enter

. . . 1 22 3 . :
in the dominant terms of £, more precisely c?‘ ,cy " and c?’ . In passing, we will also

compute c(2)’0 and cg’l, which will enter in the dominant terms of L.

Lemma 28. Let c;™" be defined by (70). Then

3,1 2,2 2.0 3,1 5

o =1+01, 7" ==3e¢+02, ¢y =1+03, ¢ =—561+Q4,
33 97 5

(o —§61+Q5,

with
|Qil <98€7, i=1,2,3.4, |Qs] <98¢;.

Proof. From the definition given in (70) plus the change of variable t = E — €5sin E
we have

31 L [P irE) 3 ii_ LT e i .
cy’ (re )r e ""dE, =4 (re ) re”"dE, j=2,3
0 0

L= 2 2w
1 2 1 2 .
C(2),0 = — rdE, 0(3)’1 = — (re’f(E)) r3dE.
27 Jo 27 Jo

From Eq. (83) we have

1 2 . 62 . P fer Qi
c?’l = —/ [a’e'f — ey + e F)(1 — g cos E)’e i Eel SN EGE (112)
21 Jo 4q?
. 1 2r . €2 L S
ol =— | [ —eg+Le PV (1 —geos Eye ' FINEGE, j=2.3
21 0 da
(113)
20 1 2
)= — (1 —¢jcos E)*dE (114)
2 0
s L[ &
' =— [ [d*F —e+-Le (1 — e cos E)dE. (115)
2 0 4aq?

In what follows we will use (see (83b)) that

1 2 2 ¢ 2, G
0<e <1, —<a“ <1, la® — 1| < —, a+——=1. (116)
2 2 4a?
To compute c?’l we use Eq. (112). It is easy to see that
, 2 ) _
a%elE — e+ 4%6_”5 =e'f — ¢+ E, (117)

(1 —€jcosE)? =1—3¢5cosE + Ep, e98ME — | 4iesinE + Es,

where
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2
_ . € , _
E| = (a>— el + 4—J2e_’E, E, = 36J2 cos’ E — 6_13 cos’ E,
a
i liz(iqsin E)J/*?
’% == - —_—
3 - ,
247+
satisfy
2 2 2
_ e ¢ - _ € e
El <2t +L=¢, E>| < 4€?, Es| < Le¥ < €= <262,
|1|—2 2 J |2|— J }3|—2 —J2— J

From the Eq. (112) defining c?’l plus equations (117), cf’l is the Fourier coefficient of
order 1 of the function

F — e+ E))(1 —3eycos E + E2)(1 +ieysinE + Ex)
et — €5 — 3¢€ycos Ee'f 4+ ieysin Ee'f 4+ Ql(E)
where

Ql(E) =E; — 3612 cos E — 3¢jE  cos E + Ez(eiE — g+ Ep)— ieJ2 sin £
— 3i€f cos E sin Ee'E
— 3i€j cos E sin E — 3ie} sin E cos EE, + i€y sin EE2(e'F — e + Ey)
+ E3(eiE — €1+ E; — 3¢5 cos Eelf — 3612 cos E — 3¢jE; cos E
+Ey(eF — e+ E)),

which implies that, up to order one in €j, the Fourier coefficient c?’l is exactly 1. From

the bounds for E;, E» and E3 we find |Q1(E )| < 98512, which implies the Lemma for
3,1
.

From Eq. (117), it is easy to see that
2
2 JE & ik i E =\> _ 2 iE | F
a“e' —eJ+4—2€_l :(e’ —E]+E1) =e'" —2¢re'" + Ey
a

where
E4 = 6J2 +2E1(eiE —€))+ E_f
can be bounded, in regard of Eq. (116) and the bound for E 1, as
|E4| < €8 +2e7(1 +€)) + €] < 667

Using Eq. (117), we see from Eq. (113) that c%z is the Fourier coefficient of order 1 of
the function
e¥E —2¢;¢’f + E4)(1 — e5cos E)(1 + i€y sin E + E3)
—e¥E _ €7 COS EeXE _ 2€JeiE + i€y sin Ee*E 4+ Qz(E)
where

QZ(E) = 2612 cos Ee'F + Es—eyEqcos E
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= i€y sin E(—ejcos Ee?E — 2¢5e'F + 2€J2 cos Ee'f + E4 — €jE4cos E)

= E3(e?F — ¢jcos Ee?E — 2¢e'E +2GJ2 cos Ee'f + E4 — €jE4cos E).

From the above expressions we conclude that, up to order one in €j, the Fourier coefficient
2,2

cp’” is exactly —3ej, and from the bounds for E4 and E3 we find that |Q2(E)| < SOeJ2
which implies the Lemma for c%’z

An analogous reasoning gives the value and the bounds for C?’3 using

2 s
. € . ~
(aze’E — e+ L e_’E> = —azejze’E 3ateyeE + a0 E + Eq1, |E4q) < 86J3
4q2 4 ’
and
L 52 . 62 . 3¢ 2
(1 — €jcos E)GIGJSIHE — 1 _ _J _ GJeflE _ _JCZIE + J 721E + E4’2,
4 8
- 3
3
|Eg2| < ~€
, 7€
which give

15 3 -
o = Zazef(l 9 7 +3a*e} + 34 2 + Eq3, |E43] < 566€;.
Now, using (116) we obtain the value for c%’3.
We compute CS’O using Eq. (114), as well as Eq. (117) to get

1 2 _
' = — (1 —3€e5cos E + E2)dE =1+ Q3
27 0

with
1 2 _
3= —/ E)dE
2 0

and we have immediately, using the bound for Ez, that |Q3] < 4612, the desired result

2,0
for ¢y

We finally compute cg’l using Eq. (115), as well as Eq. (117)

1 2 . - =
cg’l _ b F — e+ E)(1 —3ejcos E + Er)dE.
2w Jo

We now want to find, up to order €j, the Fourier coefficient of order zero of the function
(eiE — €+ El)(l —3¢jcos E + Ep) = el — 36_]eiE cos E — €5 + Es,
where

Es = Ese'f +3ef cos E — e1Ex + E1 — 3e1E) cos E + Ey E,
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from where we find

i 5
¢y = —EGJ + Q4

with
1 27
04 = —/ EsdE,
2 0

and using the bounds for E; and E1, we find | Q4| < 19612. O

The next step provides an asymptotic formula for £; = 2% {e” Ly }

Lemma 29. For G > 32 and €;G < 1/8 we have the following formula for L given
in (71)

R {e”Ll} =9 {e"s (Ll,_l P P L e L E1>} (118)

where
Li_1=c"'N(1,2, 1)+ E;
Li_>=c">N(1,2,0) + E4 (119)
Li_3=c; N(1,3,0) + Eq,

N(q, m, n) are defined by formula (73) and

|Er(a, Gy )] < 2186_63/361[6‘3/2 . 63G7/2i|

|Ex(@, G e)| = 20" 0 G2

Esa, G; e))| < 2186—63/36 G2
| E4( 7 J

|Eate, G ep)| = 22076} 632,

Proof. From Eq. (71), we have that
Li=Liop+ Z(Ll’keika + Ll’_keiika)
k>1
= Ll,_le_’-“ + L]ﬂ_ze_zm + L11_3e_3ia + Zngkeika + ZL]’_ke—ikoz_

k>0 k>4

Now, setting

E = ZL]vkeika+ZL1),ke_ika (120)

k=0 k>4

we can write

iTt{Lle”}z m{(Ll,,le—f“ F Ly pe k4 Ly ey El)e”}. (121)
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By definitions (72) we have

Lii=c¢' N2, )+ o VN -1

>3
Ly 2=c{?N(1,2,00+ Y ¢ >’N(1.1.1-2) (122)
>3
Li 3= N(1,3,00+ Y ¢ N 11-3).
>4
If we now set
Es=) " MINa, -1
>3
Ey=Y ¢ N, 1,1-2)
>3
Ey=Y 7N, LT-3) (123)
>4

we obtain just (118) from Eq. (122) and (121). Once we have obtained the formula (118),
it only remains to bound properly the errors Eq, E3, E4 and E4. From Eq. (120), the

€
triangle inequality and Proposition 7 we have, using also that ! <1
11— 612
|Ex| < Lol + |Lial+ Y |Ligl+ Y |L1 i
k>2 k>4
< e2e—G/3 |:2106]G_3/2 +211,G7/% £ 25¢ Z 22k G —2k=1/2

k=2

+ 26 Z 22k6§<71 Gk—1/2:|

k=4

< 2e=G3 [2106]G—3/2 +211ey G112 42106, G912 +2146_[3G7/2:|
<G |:218€JG—3/2 + 2186J3G7/2:|
< 218¢,e=G/3 [63/2 + eJZGW] (124)

We now proceed with E3, E4 and E4. By Propositions 15 and 19, from Eq. (123)

) :
|E3| < Z ICfl_l’lN(l, I,I—1)| < 236\/:66—G*/3G3/2 Z(Z4G_1)1
=3 1>3
< 216:2,-G3G-3/2,

_e2 ;
|E4] < Z Iczl 22N, L—-2)] < 2€Jeﬂee—G’/3G7/2 Z(Z“G‘l)’

>3 >3
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_G3
< 214e2e=G 3¢, G112

I 22
|Eq| < Z Icfl_3’3N(1, I,1-3) <27 'ete I=¢f o o=GY311/2 Z(Z“G‘Ul
=4 >4
< 216626—63/3612G3/2.

The two estimates above, together with estimate (124) provide the desired bounds for
the errors of Eq. (118). O

Putting together Lemmas 21 and 29 we already have
L=Lo+2R{[L1 167+ Lj e 2"+ Lj 3¢+ E]e*} + Lz (125)
with Ly 1, L1, and L1 _3 as given in (119) and
|Ei(a, G: ep)| < 218e—G3/3eJ[G—3/2 + 6J2G7/2:|
|Es(a. G: e)] < 2206~ 0 3G =32
|Es(e, G; )] <2870 73¢; G112
‘54(01, G; EJ)‘ < 2206_G3/3612 G3/?
ILoa(a, G, 55 €)| < 228G32 05, (126)
We now compute N (1,2, 1), N(1,2,0) and N(1, 3, 0).
Lemma 30. Let N (q, m, n) be defined by Eq. (73). Then

1
N(L2. 1) = /%G*1/267G3/3+1ETT
N _ T 32,-GY3 2
(132’0) = EG e + ETT

N(1,3,0) = %\EGW%G% S
where
"Err| <2°9G 2GR, PErr| <2599, PErr| <209Ge 6,
Proof. From Proposition 22 we have
N(1,2,1) = %6763/3 [df’l«/;(%)m

3

G3 23 G3
_22d22,1\/; 7+?d§s1\/ﬁ ‘/7 +T21’1+R%’1:| (127)

where

TS <452°G73, R}, <18G°,



Global Instability in the Restricted Planar Elliptic Three Body Problem 1221

—1
G3
N(1,2,0) = 2°e* BlodX 'y || =
G3 2
3
G 22 G3
—224% Oﬁ‘/7+?d§,0 T /7 +T2{0+R%,0] (128)

1T}l <452°G™  |R},l <18G°,

where

and
N(1,3,0) = (3;0 - 3/3[2d3°¢ 7G32

2 2
~2d; V2 G2 + SVamdy OGO — gV G T + R;O}

(129)
where
1Ty ol <452°G™°  |R} | < 18G°.
Taking the dominant terms in (127), (128) and (129)we get:
N(1,2,1) = d2,1d§’123—2ﬁc”/2e*03/3 + E+ Erg (130)
where
lp— 2%d2,1ﬁ(df’lG_l3/2 _ d22,1G—7/2)e—G3/3’
"Erg = (T3 + Ry o, 1 G e~ 0 3,
N(1,2,0) = dy 0d?° */_\/Ecﬁ/ze—G"/3 +2E +2Erg (131)
where
2p — Z%dz,oﬁ(dZ’OG*Wz - dzz'OG*3/2)e*G3/3
2Err = (T + R)0)da oG 373,
and
N(1,3,0) = —d3,0d3’°%«/ﬂc5/2e*03/3 +3E+3Erg (132)
where

d3,0
SE = 2d30v/27 (430G — a0 G + 27(;—1/2)6—63/3,

_ _3
SErg = (T3 o+ Ry 0)d3,0G e 7.
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From the bounds given in Lemma 17 for d’"" and the bounds in Lemma 16 for d,,, ,

J
we get:

'E| < 231dy,1 |V (1dy %) + |dy ' G726V <279 G126
"Ezg| < 1d2,1136 G~ e~ G/3 <259 G2GV3,

PE| < 23 |daol /T (1d7°] +1d3 )G 32603 < 209 G—3/2e=G/3
|2ETR| < |dz,0l 36e*G3/3 <249 efG3/37

and

3,0
PE| < 20ds olv/27 (1| +1d; ") + 5 G126 G 3 < 289 G-1/2¢=G3
BErg| < |ds.o| 36 Ge=C/3 < 259 Ge=C3,

Using Lemma 17, d;"" = 1/(2i)***! and the definition (96) for d,, , we have that

. —1/2\ [(—1/2\ /i 3
2,1 3
.1y _12< 2 )( 1 )(2_3) 24
—1/2 i 3
2,0 .~2 _ -
dz,0d ——12< ) )( 2>_ ¥

af—1/2 i 5
d3,0d3’0=123( 3/ ><_§): ~5

We can then write Eq. (130) as

1 3
N2 = /%G—l/ze—c*/3+1ETT
where
YErr ='E+'Erg
satisfies
'Err <279G 2e"03 4259 G203 < 269 G263,

In an analogous way, Eq. (131) can be written as

]T 3
N(1,2,0) = /EG3/26—G’/3 + 2ETT
where
2Err =2E+°Erg
satisfies
PErr] <2° G 1e 03 124903 <259~ C3,

Finally, Eq. (132) can be written as

1
N(1,3,0) = g\/§G5/26G3/3 +3Ery
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where
3Err =3E+3Erg
satisfies
PErr| <2%9G 2e7 973 4259 Ge 03 < 269 Ge =03,
and this proves the Lemma. O
Using the approximations given in Lemma 30 we have from Lemmas 21 and 29:
Lemma 31. For G > 32 and €;G < 1/8, the Melnikov potential L given in (71) satisfies

L=Lo+2Ly_1cos(s —a)+2L1 _pcos(s —2a) + 2L _3cos(s — 3u)
H2R(E e} + Lo (133)

with
2Ly =\ [EGT2e O By +
2L 5 = C%’zv 27TG3/2€_GS/3 + Eqs+ Eg
2L]’,3 = C?’3@G5/26_G3/3 + E4 + E6
and where L>2 and Ey withk = 1, 3, 4 are given in Eq. (126) and
|Es| <239G 727G |Es| <2 9¢,e 03, |Egl <2139 Gele G,

Proof. By Lemma 30 we have that N(1,2, 1), N(1,2,0) and N(1, 3, 0) are real and
then coincide with their real part. Equation (125) gives the correct estimation of £. To
complete the proof is enough to take

3,1

Es=c" - IETT , E¢= C1’2 -ZETT and E6 = C?’3 '3ETT

where ' E77, 2E77 and 3 E77 are given in Lemma 30. Therefore by Proposition 15 we
find directly the bounds of Es, Eg and E¢. O

The next Proposition contains the final asymptotic estimate for £;:

Proposition 32. For G > 32 and €;G < 1/8, the Melnikov potential L (71) is given by
(133) with:

2011 = JEGT P OB L By v Es + B

2Ly = —321€;G¥2e~ G + E4 + Eg + Eg

2L, 3= % 27T€J2G5/2€_G3/3 +E4+E6+Eg

and where L>> and Ex withk = 1,3, ...6and Ek withk = 4,5, 6 are givenin Eq. (126)
and

|E7] < 98¢2G™12e=G3 | |Eg| < 982262G32e7C3 | | Eg| < 982263G/2e~G3,
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Proof. From Lemma 28 we have

C?,l /%G—l/ze—G3/3 _ /%G—I/ZC—G3/3 + E
322G = 3276 G 2O 4 By

c?’3—§n G5/26763/3 = %JEGJZGS/ZG:*G% + Eg

Er= 0, /ZG—l/ze—G%
8
Ey = 02v/27G¥2e=6"

Eg = Osv/27G/2e= 013,

Therefore by Lemma 31 and the bounds of Q1 and Q> given in Lemma 28 we conclude
the proof. 0O

with

6.5. Asymptotic estimate of Lo. It only remains to estimate the Fourier coefficient Ly =
Lo defined in (41) or (71).

Lemma 33. Let N(q, m, n) be defined by Eq. (73). Then form,n € N, m +n > 0,
|N(0 m n)| < 2m+n+2G—2m—2n+l

Proof. Since t € R in the integral (73), it is clear that

1 1
—7 . S]‘
[T +i| |t —i

and then

1 1 - 1
|t +i|2" |t —i|2m — 1+12°

For n, m > 0, using Eq. (73) and Lemma 16 to bound d,, ,, the Lemma follows:

|N(0, m, n)| 5 2m+nG—2m—2n+le—l/2 fw d—‘[
oo 1472

— 2m+nG72m72n+lefl/2n, < 2m+n+2G72m72n+1

Lemma 34. Let k € N and Loy defined by Eq. (41). Then

Lox= Y g N©, 1 -k D).
[>k+1
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Proof. From Eq. (72), we have just to prove N(0, 0, k) = N(0,k,0) = 0 for k > 2. By
Eq. (73) this reduces to show that

/'OO dt _0
oo (T

where the positive sign in the denominator correspond to 7 (0, 0, k) and the negative to
1(0, k, 0). Since the variable 7 € R this integral is trivially zero

/00 dt 1 1 o0 _o
o TEDF T 2k —1(rEDET

0

Lemma 35. Let Lo i be defined by Eq. (72) for k > 0. If G > 32,

|L0,k| S 22k+86‘1;G72k73.
Proof. From Lemma 34 we have
Loal < > leg T INO. 1 = k. D)L,
I>k+1
and by Propositions 15 and 19,
Lol < 2—2k+3€§ G2k+! Z 4G4 < 6§<22k+8G—2k—3.
I>k+1

O

Lemma 36. Let Ly = Ly be defined by Egs. (41) or (71). Then for G > 32

3
Lo=Loo+(c' ZnG—S + Fy) cos(a) + F3
T
Loo = C%’OEG73 + F1

where
|Fi| <2677, R <2P¢,G7°,  |F| <26

Proof. From Proposition 14 we know that

Lo=Lopo+2 Z Lok coska,
k>1

and from Lemma 34 we have that

Loo=cg'NO, 1. 1)+ > "N (O, 1,])
1>2
Loi=cy 'NO.1L.2)+ Y g "' NO. 1 1.1
>3
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Lox= Y &% *N©,1—k1) fork=>2. (134)
1>k+1
Introducing
Fr=Y c"'NO.L), F,=2) ¢ "7INO.1-1.1), F3=2) coskaLox.
1>2 >3 k>2

and using G > 32 in Lemmas 33, 35 and Proposition 15, we have
IR <2’G ) @'¢ <2677
=2
1P| < 226G Y G <2%¢G™°
>3
[F3l <2 1Loxl <2MeG77.
k>2

From definition (73) we have now that

vorn= 2OV [ E = () (e = Te
3 /s . 00
D =2 ()G (e

3 5
=-nG"".
8
From these equations, substituting Eq. (134) in the definition of L and the bounds given
in equations (135) we have proven this Lemma. 0O

N(@©,1,2) =

A refinement of this Lemma is
Lemma 37. Let Lo = L be defined by Egs. (41) or (71). Then for G > 23?2
15
Lo=Loo+ (—§7T€JG_5 + F> + Fs) cos(a) + F3
T -3
LO’OZEG + F1+ Fy

where F1, F» and F3 are given in Lemma 36 and

|Fyl <298G €2, |Fs| <2298G €2
Proof. In Lemma 28 we have computed the constants cg’o and cg’l, then by setting

T _3 3 _s
F, = EQgG , Fs5 = ZTL’Q4G cos «,

and using the bounds for Q3 and Q4 we find the desired bound for F4 and F5. O
With this Lemma we can rewrite Proposition 32 exactly as Theorem 8, and so it is

proven.
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