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Abstract: We show the existence of infinitely many admissible weak solutions for
the incompressible porous media equations for all Muskat-type initial data with C3%-
regularity of the interface in the unstable regime and for all non-horizontal data with
C?“-regularity in the stable regime. Our approach involves constructing admissible
subsolutions with piecewise constant densities. This allows us to give a rather short
proof where it suffices to calculate the velocity and acceleration at time zero - thus
emphasizing the instantaneous nature of non-uniqueness due to discontinuities in the
initial data.

1. Introduction

We consider the evolution of two incompressible fluids with the same viscosity and dif-
ferent densities, moving in a porous two-dimensional medium with constant permeability
under the action of gravity according to Darcy’s law. After non-dimensionalizing, the
equations describing the evolution of density p and velocity u are given by (see [11,16]
and references therein)

o;p +div (pu) =0, (D)
divu =0, (2)
u+Vp=-(Q,p), (3)
p(x,0) = po(x). “)

We refer to [1,4] for results of the general case. In this note, we assume that at the initial
time the two fluids, with densities p* and p~, are separated by an interface which can
be written as the graph of a function over the horizontal axis. That is,
+
P x2 > zo(x1),

po(x) =1"_ o)
P x2 < zo(xp).
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Thus, the interface separating the two fluids at the initial time is given by I' :=
{(s,zo(s))|s € R}. We distinguish the following cases: If p* > p—, which means
that the heavier fluid is on top, we speak of the unstable regime. The case p™ < p~ is
called the stable regime.

The Muskat problem. Since for given p(x,t) at a fixed time ¢, u is the solution of
an elliptic problem by the Biot—Savart law, the Eqs. (1)—~(3) describe the evolution of
the density in time. Assuming that p(x, ) remains in the form (5) for positive times,
the system reduces to a non-local evolution problem for the interface I”, known as the
Muskat problem (see [20]). If the sheet can be presented as a graph as above, one can
show (see for example [11]) that the equation for z(s, ) is given by

p-—p* /"O (0sz(s, 1) — 052(8, 1)) (s — &) J
E.
2r oo (5 =62+ (2(s, 1) — z2(§,1))?

The behavior of solutions of (6) depends strongly on the sign of p~ — p™. In the stable
case, this equation is locally well-posed in H>(R), we refer to [2,11] or [7,9] for an
improved regularity. However, in the unstable regime, we have an ill-posed problem, see
[6,8,11,21,24]. In particular, in the unstable case, there are no general existence results
for (6) known.

Thus, the description of (1)—(4) as a free boundary problem seems not suitable for the
unstable regime. In [16—-18] F. Otto used a Lagrangian relaxational approach in the spirit
of optimal transportation and he proved the existence of a unique relaxation limit p in the
case of the flat initial datum zo = 0. Whilst Otto’s relaxation limit does not satisfy the
original system (1)—(4) any more, the relaxed density can be thought of as a macroscopic
average of an infinitely fine mixture of the two phases p®. More precisely, there is a
growing mixing zone around the initial unstable sheet I", where the two densities are
mixed with average density p(x, r) which satisfies an evolution equation (a variant of
the 1D Burgers equation). Such a behaviour is reminiscent of the physically expected
behaviour in the unstable regime [16,29].

0rz(s, 1) = (6)

Weak solutions. Taking the curl of (3), we can eliminate the pressure and obtain curl u =
—dy, p. This motivates the definition of weak solutions in the following form.

Definition 1. Let pg € LOO(RZ) and T > 0. Wecall (p, u) € L®(R2 x [0, T)) a weak
solution of (1)—(4) with initial data pg if

T
/ / 03¢ +u - Vo)dxdt :/ ¢ (x,0)po(x)dx V¢ € C2([0,T) x R?)
0 R2 R2
/ u-Vedx =0 VYo € CP(R?)
RZ

/z(u +(0,p)) - Vigdx =0 V¢ € C®(R?).
R

In [10] infinitely many weak solutions of (1)—(4) were constructed to any initial
datum pg. The construction is a variant of convex integration, as used in [12, 14,25], and
in particular the result in [10] is in a sense the [IPM-analogue of the Scheffer-Shnirelman
construction for the Euler equations [22,23,28]. However, these weak solutions do not
retain the geometric structure of initial data of the type (5), and in particular the density
p may exceed the initial densities p.
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Admissibility and mixing solutions. Motivated by the analogous development of admis-
sible weak solutions for the Euler equations [13] as well as the result of Otto in [16], in
[27] admissible weak solutions were introduced by the second author as weak solutions
(p, u) such that

px,t)elp,p"] forae. (x,1), 7
(or p € [p*, p~] in the stable case, where p* < p7).

In [27] the second author showed that there exist infinitely many admissible weak
solutions for the Muskat problem in the unstable regime with flat initial data by the convex
integration method. Moreover, an interesting connection between such admissible weak
solutions and the relaxation limit of Otto is provided by the concept of subsolution (see
below in Definition 2). In a nutshell, weak solutions constructed by convex integration
arise by adding high-frequency spatially localized perturbations to an initial p(x, t),
which can be thought of as an averaged density: by increasing the frequency of the
perturbations, one can easily construct a sequence of admissible weak solutions (o, ux),

such that p A 0 in L°°, see [27]. Whereas the construction of weak solutions from
strict subsolutions is by now very well understood in the general setting (see for example
[25]), constructing strict subsolutions to the initial value problem still requires ad-hoc
methods [3,15,26,27] and no general technique seems to exist.

Recently, the result from [27] was generalized to arbitrary initial curves zg by Castro,
Cordoba, and Faraco in [5]. The main theorem in [5] states that for each zg € H> (R) and
for p* > p~, there exist infinitely many admissible weak solutions to (1)—(4) with initial
data (5). The key point in the proof is to show the existence of certain strict subsolutions,
which are in a sense the geometrically nonlinear analogues of the subsolution constructed
in [27]: the two ingredients defining the subsolution are a density and an evolving sheet
(as in the original Muskat problem), whose translates are then level-sets of the density
(see also Sect. 2 below). The density is chosen exactly as in [27], but the evolving sheet
needs to solve anonlinear and nonlocal evolution equation 9,z = F(u) (see (1.11)—(1.12)
in [5]) — the analysis of this equation is the central part of the proof in [5].

The main result. The aim of this paper is to give an alternative and considerably simpler
proof of the main result from [5] for the unstable case. The key difference is that we
allow the density to be piecewise constant — in turn, rather than having to prove local
well-posedness for a non-linear and non-local evolution equation, it suffices to obtain
expressions for the velocity and acceleration of a double-sheet at time + = 0. Our
construction is similar in spirit to fan-subsolutions, introduced for flat shock-waves for
the compressible Euler equations in [15]. The advantage is not only the considerably
shorter proof, but also the lower regularity requirement on the initial curve: we require
C3® with decay at infinity, in contrast to H S in [5]. Finally, we extend our result also
to the stable case, provided the initial interface is not horizontal flat (thus, extending the
observation made in [5] Section 7 concerning flat non-horizontal interfaces in the stable
case).

Our assumption on the initial datum is that the initial interface is asymptotically flat
with some given slope 8 € R, i.e. pg is given by (5) with

20(s) = Bs +7o(s) (¥

for some 7 with sufficiently fast decay at infinity. More precisely, for any o« > 0 define
the seminorm

= sup (s OO IO

1< 1,5€R &1

’
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and for any k € N the norm

IfIlE g = sup (1+1s/™ 8] £(s)] + (85 £15.
seR,j<k

We denote by Ci*(R) := {f € C*“(R) : || f]l}, < oo}

Theorem 1. Let zo(s) = Bs +Zzo(s) withzg € Cg’“(R)for some() <a < land B € R.

(1) In the unstable case p* > p~, for each B € R, there exists T, > 0 such that there
exist infinitely many admissible weak solutions to (1)—(4) in [0, Ty).

(ii) In the stable case p* < p~, whenever B # 0 and ||05ZollL~ < |B] there exists
T, > 0 such that there exist infinitely many admissible weak solutions to (1)—(4) in
[0, T).

As pointed out above, the advantage of our method is the simplicity of the proof and
the lower regularity requirement for the initial curve. However, this comes at a small
price: as will be explained below in Sect. 2, the admissible weak solutions obtained in
our Theorem (as well as those obtained in [5,27]) have the common feature, that there
is an expanding mixing zone §2,;(t) concentrating on the initial interface I at time
t = 0, where the two fluids are “infinitely mixed”. The rate of expansion of the mixing
zone in the unstable case is given by

forsome c > 0.The constructionsin [5,27] admitany ¢ < 2,andindeed, ¢4, = 2 seems
the maximal expansion rate possible (see [27] and the discussion following Theorem 2
below). In contrast, our construction admits only ¢ < 1. However, this is only a problem
for the simplest possible choice of piecewise constant density in (14) - we will show in
Sect. 5 that with a more general piecewise constant density any expansion rate ¢ < 2 is
reachable.

We also point out that, just like in [5], our result is local in time: there is a short time
of existence [0, T]; moreover T, — 0 as we reach the maximal speed ¢ — ¢;;4x. This
is at variance with the result in [27], which is global in time.

The paper is organized as follows. In Sect. 2 we recall the notion of a subsolution
for (1)—(4) and show in Theorem 3 that under appropriate estimates for the interface
z(s,t) as time t — 0, we are able to construct a subsolution and thus prove our main
result Theorem 1. In Sect. 3 we recall the expression for the normal component of the
velocity obtained by the Biot—Savart law for piecewise continuous densities, and provide
Schauder-type estimates for the associated integral operators. Section 4 is devoted to the
construction of the interface curve z(s, t) by evaluating the velocity and symmetrized
acceleration at time r = 0. Finally, we generalize these results to more general piecewise
constant densities in Sect. 5.

2. Subsolutions for the IPM Equations
We start by recalling the general strategy for the construction of weak solutions, as

followed in [5,27]. The basic idea is to construct a suitable admissible subsolution, and
then apply the general machinery of convex integration.
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Observe that if (p, u) is a solution of (1)—(4), then so is (p, i) given by

o(x,t) =ap(x,at) +b, u(x,t)=au(x,at). ©)]
Then, by choosing
pt—p~ pt+p”
a=——— b=-——
2 2

we may assume that the Muskat-type initial datum (5) is given by p™ = %1 (in the
stable case the signs are obviously swapped). Under this normalization, admissibility
amounts to the requirement

|p] < 1forae. (x,1).

Definition 2. Let T > 0. We call a triple (p, u, m) € L>®(R? x [0, T))ﬂadmissible
subsolution of (1)—(4) if there exist open domains QF, iy with 2T U 27U 2pix =
R? x [0, T) such that

(1) The system

op+divim =0

divu =0
(10)

curlu = —ay, p
Pli=0 = po
holds in the sense of distributions in R? x [0, T);
(i1) The pointwise inequality
1 2 1 2

m—pu+§(0,l—p)<§(l—p), (11)

holds almost everywhere;
(iii) [p(x, )| =1in 2T U L2~
@iv) In £2,,;, the triple (p, u, m) is continuous and (11) holds with a strict inequality.

Admissible subsolutions lead to the existence of infinitely many admissible weak
solutions by the Baire category method for convex integration, see for instance the
Appendix in [27]. As pointed out in [5], a slight modification of the general technique
leads to the following statement:

Theorem 2. Suppose there exists an admissible subsolution (p, i, m) to (1)—(4). Then
there exist infinitely many admissible weak solutions (p, u) with the following additional
mixing property: Foranyr > 0,0 <ty < T and xo € R2 such that B := By (xg, tg) C
2mix, both sets {(x,t) € B : p(x,t) = 1} have strictly positive Lebesgue measure.
Furthermore, there exists a sequence of such admissible weak solutions (pk, uy) such

that,ok—*\ﬁask—> Q.

Thus, the crux of the matter is the construction of an admissible subsolution. In [27]
the x{-invariance of the initial curve zo = 0 simplifies the construction of a subsolution.
Indeed, assuming that (p, u, m) is a function of (x2, t) only, the equation d; p+divm = 0
together with maximizing the constraint (11) leads to Burger’s equation d; p+c0y, % p? =
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0 with 0 < ¢ < 2. This equation admits a continuous rarefaction wave solution for the
density

1 X2 > ct,
px, 1) =12 lx2| < ct, (12)

ct
-1 X2 < —ct

in the unstable case, whereas in the stable case we merely obtain the stationary shock-
wave

—1 x2 >0,
9 t =
px.1) :1 x2 < 0.
Therefore ¢ can be thought of as a weak notion of mixing speed, in the following
sense: the general structure of weak solutions corresponding to this subsolution will be
that there are three time-dependent regions: 2% (¢), £27 (¢t) and $2,,;, (f), given by

Q%) = {x € R?|xy > z(x1, 1) +ct},
2nix () ={x € R2|z(x1, 1) —ct < xp < z(x1,1) +ct}, (13)
Q7) = {x € R?|xy < z(x1, 1) — ct}

for some curve z(-, t), with §2,,;(¢) expanding with speed c. The three open sets in
Definition 2 are then

2* =0, Quir = 2uir .

t>0 t>0

In 2% the density is given by the constant value p* = =1, and in the mixing zone
ix the two fluids are completely mixed - see Section 4 in [27] and Sections 2-3
in [5]. In the above x-invariant setting from [27] the curve z is simply stationary, i.e.
z(s, 1) = zo(s) = 0. Furthermore, it was shown in [27] that for x| -invariant subsolutions
¢ = 2 is the maximal possible speed, and it was conjectured, based on similarities with
the Lagrangian relaxation framework of Otto in [16, 17] that the maximal mixing speed
could be used as a selection criterion.

In [5] the construction from [27] was generalized to non-flat initial curves zg whilst
retaining the structure (12) in the mixing zone £2,,;,. More precisely, the density is
chosen as a linear interpolation between p* = 1 and p~ = —1. In this case, however,
z = z(s, t) has to solve a rather complicated evolution equation in time, which arises
as a spatial average of the original Muskat evolution kernel. We wish to emphasize that
the evolution equation obtained in [5] is not necessarily a canonical choice, but rather
arises from the specific ansatz used for p - indeed, we show below that simpler choices
for the profile p reduce the existence of a subsolution to differential inequalities which
can be solved by prescribing velocity and acceleration of the interfaces at time r = 0.
Indeed, given z : R x [0, T] — R define 2% (1) and 2, (7) as in (13) and set

Pt xe %),
p(x,t) =140 X € 2mix(@®) (14)
pT x e,
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where p* = 1, p~ = —1 in the unstable case, and p* = —1, p~ = 1 in the stable case.
This definition of p already determines the velocity u by kinematic part of (10), namely
the Biot—Savart rule (see Sect. 3 below)

divu =0, (15)
curl u = =9y, p.
Note that p is piecewise constant, with jump discontinuities across two interfaces
I'E@t) ={(s,z(s, 1) £ct) : s € R}. (16)

It is well known [11] that, provided the interfaces are sufficiently regular, the solution u
to (15) is globally bounded, smooth in R2 \ (I"'*U I'") with well-defined traces on I +
and the normal component is continuous across the interfaces. In particular, it follows
that the normal velocity component

— 0y, 2(x1, t)) (17)

uy(x,t) :=u(x,t) - ( 1

is a globally defined bounded and continuous function. In particular we set u= = u, |+,
ie.
uljf(s, 1) == uy(s,z(s,t) ct, t).

Our main result in this section is as follows:

Theorem 3. Suppose that z(s, t) = Bs +z(s, t) with 7 € C'([0, TT; Ci’a(R)) satisfies

lim 9,2, 1) = ui ¢, 0] o =0, (18)
1
lim — 282, ) =, 0) —ug (0| =0, (19)

In the stable case assume in addition that ||Z(-, 0)||Lc < |B|. Then, there exists Ty €
(0, T] such that there exists an admissible subsolution for (1)—(4) on [0, Ty) with initial
datum pg given by (5) with zo = z|;=0. Furthermore, the density of the subsolution can
be chosen to satisfy (13)—(14) with any 0 < ¢ < cjax, where

1 1B1ABI=1195Z0ll.0)

1 in the unstable case;
Cmax =
2 1+Bl9szoll oo

in the stable case.

Remark 1. We note that the time of existence 7, > 0 depends on ¢ and in particular
Ty — 0asc — cnax-

Proof. Given z = z(s,t), ¢ > 0 and p(x, t) (defined by (13)-(14)), the velocity u is
determined by (15). Therefore it remains to define m so that (10)—(11) are satisfied in
(0, Ty) x R2, with (1 1) a strict inequality in £2,,;,. Set

m=pu—(1=p*)(y+3e)

for some y = y(x,t), withy =0in 2%, Then (11) amounts to the condition

lyl < 5 in Qmix,
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whereas (10) is equivalent to div y = 0 in §2,,;, together with two jump conditions
[P1r=(0hz £ ) + [ml s - (ax‘z_xf’ t)) =0, (20)

where [-];= denotes the jump on I'*. Noting that u, in (17) is globally well-defined
and continuous, the jump conditions become

[plrs(@z —uy £o) F 5 Fy =0,

—0
Vv:]/'< 1x]Z>’

and )/Vi denotes the one-sided limit limg , 5y yp(x) for x € I + Choosing y =

v+ g= (_Eiaxfgg ) for some function g € C 1(.Qmi +) and noting that
X1

where

o] 1 unstable case,
L =
pir 1 stable case,

the conditions (10)—(11) reduce to

1.
Vel < 7 I mix (2D
dg=(c—%) £ (z—ul) onI'™ (unstable case) (22)
dg=—(c+3)F@z—uy) onI'™ (stable case) (23)

where

0:8(x, 1) = yy(x, 1) = 0y, 8(x, ) + 0y, 8(x, 1) 0y, 2(x1, 1)

is the tangential derivative of g along curves defined by z. We treat the unstable and
stable cases separately.
Unstable case. Fors e R,t € (0,T) and A € [—ct, ct] define

8(s, A, 1) :=g(s,z(s, 1) + A, 1)

and observe that
.
(@ g)(s, 2(s, 1) + 2 1) = — (8(s, 1, D).
In order to satisfy (22) we then set
S
g(s, xct, t) := / c— % + (0,7 — uf) ds’,
0

and, more generally, for A € [—ct, ct]

ct — A

. ct+A . .
g(sa)"5t) = —g(S,Ct,t)"l‘ g(s7 _Ct7t)
2ct ct

_ 1 A+ct $ R A—ct : .
=s(c—75)+ ot ; 0z —uyds’ | + et A dhz—u,ds |.
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Then

8 o — 1 ' + — /!
)\.g(s’)\’7t)_ﬂ o (zatl—uv—uv)ds,

A—ct

%8s, M) =(c— 1+ 5o

(Btz — u:) +

(8,1 — uu_) .

Noting that 3, 8(s, A, t) = 9x,8(s, z(s, 1) + A, 1) and 8,8(s, A, 1) = 9y, g(s, 2(s, 1) +
A1) +0x,8(s, 2(s, 1) + A, t)dy,2(s, 1), from the assumptions (18)—(19) we deduce

[85,8C, Ol — 0 and [[3y, 8¢, 1) — (c — D~ — 0

ast — 0. Therefore, for any 0 < ¢ < 1 we deduce that

1
[Vg| < 3 for sufficiently small ¢ > 0.

This concludes the proof in the unstable case.
Stable case. Define the one-parameter family of diffeomorphisms

B
_mk

p ,\,z)+x

T

D(s,A) = Z(

with inverse map

By —
W (x1, x2) = (xl + o (2 — 2z, t))) .

X2 — Z()C], t)

Since det D®; = 1, it follows that @; is a global Cl—diffeomorphism of R2. Moreover,
since @, (s, L) € {xp = z(x1) + A} for any s € R, it follows that @; maps R x [—ct, ct]
onto £2,,,; . Set

§(s, A, 1) = g(Ps(x), 1)

and observe that

d
B B — 5
(0-8) (s - 1+ﬂ2)"z (s - 1+ﬂ2)"t> +A,t> = 3 (g(s,k,t)).

In order to satisfy (23) we set

. x:F—H_ﬂzct . N
8(s, xct, 1) == / —(c+5) F Bz — uy)(s) ds’
0

and, more generally, for A € [—ct, ct]

ct—)LA( -
s, —ct,t).
2ct §

o ct+ A,
g(s’)‘"t) = —g(S,Ct,t)+
2ct
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Then
A L. A 1 ’ + - ’
08(s, A, 1) = E(g(s, ct,t) — g(s,ct, 1)) = —— (28,z —u} —uy) ds
1 N zct
+ — / Oz —ub)(s)ds' + — / Oz —u,)(s")ds',
2ct S=Typzct
58(s, 1, 1) = — (c+ %)
A+ct A —ct _
- (8,z — u:) (s — %ct} =~ e (8,z —u, ) (s + %Ct).

From the assumptions (18)—(19) it follows that
18:8C. llze — 0 and [|8;8(, 1) + (¢ + )L — 0

as t — 0. Furthermore, using that Vg(x) = D¥T (x)Vg(¥ (x)), we can estimate

1+ 8|95z

Vgl <
Vgl T+ B2

19;81 + (/1 + B* +1852)9,.81.

Therefore we obtain

1+ 18111852l L
Vel < ngm%)ml)

as ¢t — 0. Hence, provided
9szoll> < 181, (24)
1 |BIUBI— 113520l .0)

for any ¢ < PRR TR e have |Vg| < 1/2 for sufficiently small > 0. This

concludes the proof in the stable case.

3. The Velocity u

In this section we derive a concrete representation formula for the velocity u and for
the normal velocity component u,, defined in (17), where u is the solution of the system
(15). It is well-known [19] that for sufficiently smooth p the solution v of

divv =
ivv=0 in R2
curl v = —dy, p

can be written using the Biot—Savart kernel as

! =y d 25
3 Jer o |2( i 0)(¥)dy. (25)

v(x) 1= BS(~y,p) =
If the density p is piecewise constant, with a jump across a sufficiently smooth interface
I', the expression for v(x) for x ¢ I" can be derived by formally writing d,, 0 as a
delta distribution supported on I" [11]. More precisely, in [11] (see Section 2 therein)
the following expression was derived for the normal velocity component v, under the
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assumption that the interface is given by a graph I' = {(s, z(s)) : s € R} with z €
C'*(R) and
Pt x> z(xy),
px)=9"_
P x2 < z(xp).

For any x = (x1,x2) € R? we have

e = v - (T50)
+ - d 0 (26)
_ PP by (01z(x1 — &) — d1z(x1)) & d.
27 R E2+(z(x1 — &) —x2)?

where the principal value refers to the limit limg—, o [ _RR.
For the convenience of the reader we recall the argument leading up to formula (26).
First of all, by writing 9, p as a delta distribution supported on I", from (25) one obtains

_ P =p” 2E) — x 1
v =2 PVA( © )(x1 e e EOLS
for all x ¢ I'. Then, by using that

PV/ d log ((x1 — )2+ (x2 — z(é))z) ds =0,
R

we deduce

Pt —p” 1 xp—§
v = PV[;<%49><m——@2+@@)—x»2d§

from which (26) follows.
Then, for the density p = p(x, t) defined in (14) with interfaces I'* in (16), the
normal velocity component (17) on I'* is given by the expression

/ 05z(s — &, 1) — dsz2(s, 1)
R &

v -
upv
vi%

ut(s, 1) = DL, 5, 00dE, (27

where
g2 g2
2+ 66D —2(.0)72 &+ E06 &0 —2(s. 0 F 202

Motivated by this expression, consider the following @-weighted variant of the Hilbert

transform: 1 ds f(s — &) — 35 f(5)
To(£)(5) = 5oV [ 21 -
R §

T
for some bounded weight-function @ = @ (&, s). For the weight we use the following
norms: first of all we assume that @*°(s) 1= limg|—c0 D (&, s) exists, @ (-, s) € c! R\
{0}), and set

D1(§5,5,1) =

(&, 5)dE, (28)

D =£(P— %), o°= ‘sl‘im D(E,s),
g 1 (29)
& = £20; (gqs) =£0:D — @,
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We introduce the norms

I@llo:= sup [@E )+ sup (BE )| +]DE, 9D,

seR,|£[<1 seR, [E|>1
12l = max 18 o + [95 @lo + sup (05 D&, a + [P (E, )],
J< |E]>1

where we use the convention that || @ (£, -)|| denotes a norm in the second argument only
and ||@|| denotes a norm joint in both variables. In particular the Holder-continuity of
8sl‘<15 in both variables &, s is required in the norm |||® |[«,o. Accordingly, we define the
spaces

WY = (@ e L®(R?) : &> and 3 ® exist, with [|®|]o < oo},
WEe = (@ e WO | @0 < o0}

We have the following version of the classical estimate on the Hilbert transform 77 = HV
on Holder-spaces:

Theorem 4. For any o > 0, f € Ci’a(R) and ® € W0 we have
sup(1 +[s]"*) | To (f)(s)] < Cli@lloll £1IT 4 - (30)
s

Moreover, foranyk € N, f € Cfﬂ’a(R) and ® € Whe

1To (Ol e < CHPNeall £l a €2y

where the constant depends only on k and «.

Proof. We start the proof by rewriting the principal value integral in (28) as a sum of

absolutely convergent terms. To this end we split the integral fR d§¢ = fl £l<1 dé +
fl £l=1 dé& and integrate by parts in the second term. We obtain
1 s —&)— 0
To ()(s) = —/ SO0 =0T g ¢, gy ae
21 Jigl<1 §
- iasf(S)PVf l€1>(E,S)d’§
2 g1=1§
b (fs =D, s)+ f(s+DP(—1,5))
2
1 1
— —&)o: [ - D (&, d
* o |S|>1f(s £)0¢ <$ 3 S)) 3
1 ds — &) — 0
:2_/ fs=98) f(s)cb(g,s)ds )
™ Jig<1 §
1 1 -
) /W £ 0(6.)de (1)
1
+g(f(s—1)¢(1,S)+f(S+1)<15(—1,S)) (I3)

L[ fe-8)
+ E/W 60 ae, (1)
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where @ and @ are related to @ as in (29).
It is easy to see that

sup(1+[s|"*) | L ()| < ClIPlloll £1IT o
s

fori = 1,2, 3. For the term /4 observe thatif |£]| < %|s|0r|§| > %|s|,then|s—§| > %|s|.
Therefore we have for any |s| > 2

[f(s =8 =
[14] if ————|P(&,s)|d§
Y e<liories 3 €2

+/1 LI
Is|<l&1<31s]

£2
~ | (€, )| 41117 |D(s — 7, 9)
<Cls| (”""Ilfll’f,a/ g+ ke e
E>1 & s lsl<itl<3lsl 1+l
<ClsIm ™M sup DG IS g
seR,|E[>1

This concludes the proof of (30).
The Holder continuity of I, I3 and /4 is easily handled analogously and leads to the
estimates

(115 < ClOs f1I% sup D&, o,
[&1>1
(15 < CIfIE sup P E, ) la
(141, < CIfIIE sup 1D, ) la-
[&1>1

Next, we consider /1 = I (s) and write for simplicity g(s) = 9, f(s). For [n| < 1/2 let
§ = s — n and write

ne =[ 80 =80 o5 ¢ 5yas
ls—n—gl<t S —§
g) —g@)

:/ 88) Z 89 g5 6. 5)d8 + 1,
s—gj<t S —§

where I is an integral over intervals of total length ~ |n| on which |§ — &| > 1/2.
Therefore

[l < Clyl (L +1s1™) 71T G Nl o
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Next, we write, with » = 2|n|

Il(E)—h(s)—Iu:/ Mq&(g_g,g)_wcp(s—é,s)d&
s—gl<t 5§ $oE
:/ Mq&(g_g,g)_wcp(s—é,s)dé
|s—&|<r §—§ s=§
(I12)
+ M@( —£,5) — @(0,5))d& (113)
r<|s—&|<1 5§
+f (g8 - g(s))(— - —><P<S §.5). &
r<|s—&|<1 § —§
(114)
86 =80) (45— g,5) — b(s — &, 5)) de
r<ls—&|<1 s—§&
(115)
[ 50 (1o
r<ls—§&[<l 5—§

We can estimate each term as follows:

(1+ s/ 112] < C[g]:;n@uo/ 15 —&1° 4|5 —g1* dg
[s—&|<r

< CLglil@llolnl®
(1+ 15" I13] < CleTy [¢]a|n|“/ 5 — £ de
|s—&|<1
< Clgli[@alnl®
(1+1s]"™) |14l < Clglzl@loln] Is —&[* 15— &7 ag
r<|s—&|<1
< ClgliI@llolnl
(1 +1s/™ ) 11s] < CILE[@uln|®
whereas, using that -/r<\s—§|<l ﬁ de =0

(1+1s/"*)[6()] = Ig(s) — g®)D (0, 9)]

< ClelylI®llolnl®.

1 1
— d
/r<s—s|<1 s—& s—& :

‘We conclude that

11115 < Cl@llallds flly

and this finally proves (31) for k = 0. For k > 1 the estimate follows from differentiating
the terms 7 (s), ..., I4(s) with respect to s and applying the Leibniz rule.

We close this section by showing that, under quite general conditions, @+ belongs
to the weight-space W°:
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Lemma 1. Suppose that z = z(s,t) = Bs + z(s,t) with 7z € C([0, T]; cle(Rr)) for
someO) <a<1,BeRandT < 0. Then 4 € WO with sup, 0.7 I1@+llo < oo.

Proof. First of all we easily see that

sup [@4(§, s, 1) < 2.
s.E.t

For simplifying the notation, set

— (s — 1
Zi(§,s5) = i g(s = Z/ d5z(s — T&, 1) dt, (32)
0

so that we may write for any & # 0

1 1

@iz + .
L+2Z7 1+(Z £ 3)?

Moreover, observe that supg [Z;(§,5)] < [0szllL>~ and, because of Z; =

B+ L0080 Himpy oo Z,(€,5) = B uniformly in s € R. Therefore, with the
notation from (29),

o 2
=T
and
_ g2 — 22 B> — (2, £ %)
qji:é 2 - 2 + 2ctN\2 23"
(I+ZHA+ %) A+ (Z £ )71+
Since

sup [§(Z; = % —B)| =sup|z(s,t) —Z(s — &, 1) £ 2ct| < 2|12 L + 2ct,
s,& s,

we deduce that

sup |@4] < C,
5, lE[>1

with the constant C depending on ||Z||z~, 8, c and T.
Next, we calculate:

27,807, —2AZi £ ¥)ERZ T H

@ =
S0P (1+27)? (1+(Z, £ %)2)2
Since
£0:2, = dya(s — £, 1) — DT TED gy 28D 28D
S ) s = 0Oy , s ’

we deduce that supy |¢|.1 |§0¢ P+| and hence sup; ¢ |@. | is bounded uniformly in
t € [0, T]. This concludes the proof.
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4. Construction of the Curve z

In this section we construct a function z = z(s, f) satisfying the conditions of Theorem 3.
In order to motivate the construction, observe that (18)—(19) suggest that it suffices to

specify z up to order r2. Therefore we start by formally calculating the expressions for

P
the initial velocity uf |=0 and initial symmetrized acceleration 9, |,20%.

Let z = z(s,t) = Bs +z(s,t) with 7 € C2([0, T); Ci’“(R)) for some 8 € R and
o € (0, 1). Using the expression (27) and the notation introduced in (28) we have

ut = %Td&z,

where p* = £1 in the unstable case and p* = F1 in the stable case. This difference in
sign has no effect on the computations and on Theorem 5 below, therefore we will from
now on treat the unstable case without loss of generality. Hence, in particular

+ _ 0 ._ =
u, |[=O =u, = Tp,20,

where
Po(§,5) 2% (33)
0(s,8) =
£2 4+ (z0(s — &) — 20(5))?
and zo(s) = z(s, 0). Observe that although @4 (&,s5) — @g(&,s) as t+ — O for any
& # 0, the limit is not uniform in &, therefore in particular @1 - @ in the norm of
WV, Nevertheless we have

Lemma 2. Assume that z(s,t) = fBs +7(s,t) with zZ € CO([O, T); Ci’a(R)) for some
B €Randa € (0, 1). Then for any f € C1*(R)

lim sup(1 + |s|"*%) | T, f(s) — Ta, f ()] = 0.
=0 R

Proof. In analogy with (32) we set

z0(s) —zo(s — &)

Zo(§.5) = £

(34)

so that @ = ﬁ In the following we consider without loss of generality @..(¢) — &y.

As pointed out above, the limit lim;_.g @4+(¢) is not uniform in & because of the
singularity at £ = 0. Therefore we need to modify the argument in the proof of (30). To
this end recall the decomposition

To, f —Toyf = To,)—vp)f =L+ L+ 13+ 14

in the proof of Theorem 4 and focus for the moment on the term

Ii(s,1) = 5— £ (Py — Po)(§, 5, 1) dE.

1f 95 f(s — &) — 05 f(s)
27 Jig1<1
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Using the definition of @, and ®@( we write for & # 0

_ 1 2
C1+Z2 L+ (Z+ 5?2 1+Z5

¢+_(p0

Zo+ Zs Zo+Z+ 3%

=" (Z-Z
T+ 200+2) t>+(1+z§)(1+(z,+%)2)

It is easy to see that supg ; , [@+| < 2. Moreover

—0
sup|Z; — Zo| < sup |95z (s, 1) — d5z0(s)| —> 0,
Es S

t—0
sup |2 < 2e1'/? 50,
172 <]

hence
lim sup |D.(&,s,1) —Po&,s)=0.

=012 jg| seR

1067

(Zo — Zi — ).

(35)

On the other hand, by splitting the integral fl§|<1 dté = fIEI<tl/2 dt + ft1/2<|E|<l dt we

can estimate

(L+[s]") 11 (s, )] < Cl3 £15 (sup [P+ ] + | Do) ; €1~ dg+
&5 |

£|<t!

+C3, f15( sup |¢+—¢o|)/ &%~ ag
tl/2<|§‘|<1

t1/2<|g].s

<CO (124 sup [0, - o).

12<|&|.s
Hence

lim sup(1 + s ) 11 (s, 1) = 0.
t— s

Next, from (35) we equally deduce

lim sup(1 + |s| %) | I3(s, 1)| = 0.
t—0 ¢

Concerning I, note that for |£]| > 1
72 - 72 25— (Zi+ %)

®, — Pyl =
1l ol = I£1 (1+z§)(1+z,2)+(1+z§)(1+(zl+%)2)

<C sup (Zol +1Z:1) (161120 — Z/| + Ig1| 20 — 2, —
[&]>1,s

< Clloszllzee (161120 — Zil + 2ct)

)

Since also

sup  |&]1Zo — Z:| < 2suplz(s,t) — zo(s)| > 0 ast — 0,
|E]>1,5€R seR
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we deduce that lim;_ ¢ SUP|¢|> 1 seR [(@+ — Do) (&, s, )| = 0 and consequently
lim sup(l + Is| ) | 2 (s, 1)| = 0.
t— s

Finally, let us look at /4, which requires bounding & 9¢ (@, — ®g). Observe that

Z(sv t) - Z(S - %‘a t)

§0:Z; = O52(s —§,1) — : ;

so that

sup |§9; Z,| < 2sup [d,2(s, 1)| and sup [£9¢(Z, — Zo)| < 2sup|dyz(s. 1) — 8s20()]-
s,& K s,& s

By a simple calculation it follows lim;—. Supjg| | ser 1§95 (P+ — Po) (&, 5, 1)| = 0 and
hence

lim sup(1 + |s| %) | 14(s, 1)| = 0.
t—0

This concludes the proof of the Lemma.

Next, in order to evaluate % | =0 “33””7 , we first calculate
D, +D_ ;- 7? 2 1 1
—Po = 2 7+ 2c12+ 2ci\2
2 20+ ZH) \ 1+ Z; 1+(Z,+?) 1+(Z,—?)
Areg®
1 —2ctZiE —2c%% 2ctZiE — 2%
+ 2 2 7 2¢1)2 + 2 7.& —2ct)2 '
L+ Z5 \&~+(Zi§ +2ct)” 7+ (£ —2ct)
Axing¢
Moreover, let
B D, +D_ —47Z0Z/
PiE )= —| — = 5 (36)
ail_g 2 (1+22)
/ _ 4 _ 26(5)—26(5—5)
where z,(s) = 9;z(s,0) and Z,(§,s) = — For the regular part A,., @ we

have
Lemma 3. Assume z = z(s, t) = Bs + Z(s, 1) with 7 € C'([0, T); Ci’“(R)) for some
B €Randa € (0, 1). Then for any f € C1*(R)

lim sup(1 + |s|1*%) |%TAN o f(s) — To, f(s)| = 0.
1=>05eR *

Proof. Observe that
Zi—Zo _,_ /1 d52(s — 7€, 1) — d520(s — 7§)
-7y =
0

— 0,0 — dr,
; ; 10s20(s — &) dT

and by assumption

> d52(s, 1) — d520(s)

; — 0;0520(s)| > Oast — 0.

seR
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Therefore
Z[ - Z() ’
sup —Zy| —~> Oast — 0.
s,&
Now write
L A oo ® — @ Zy -2 (@ + D — 2000) + —20 Z‘%_Zf2+zz’
n — Q1= _——F5° - — 29 0 .
eree 2w(1+23) 1+ 72 2t 0
2
Since 2;2(01+§,2) is uniformly bounded in s, £ ast — 0, the first summand can be dealt with
0

exactly as in the proof of Lemma 2. On the other hand the second summand converges
to zero uniformly in s, £ as ¢+ — 0. This concludes the proof.

Next we analyse the singular part Ay, P:

Lemma 4. Assume 7z = z(s,t) = Bs + z(s,t) with 7 € co(o, 7); Cl’“(R)) for some
B eRanda € (0,1). Then, for any f € C*(R)

o 9SG —6)—0fE) e
lim > /M . Aging® (€, 5,0)d§ = 2 f()a(s)  (37)

forany s € R, where

_1=2)?
7T U+ @022

t=0

Moreover, if in addition f € Cf’a (R), then

lim sup(1 + |s|1%%)
=0 seRrR

N0 () = €02 f ()0 (5)] = 0. (38)

Proof. We begin by performing the change of variables & +— % in the integral:

! 0 f(s—&) —df(s)
%/@M § Asing®P (&, 5. 1) d§

1 / s f(s —18) — 05 f ()
1
lEl<7

Vi (€, 5)d§,

~ té

where
—dc*(@c? + (1 —322)&%)
(1+ Z2)(E2 + (Z1& +20)2)(E2 + (ZiE — 20)2)

lpl(é& s) = AsingQ(tsv S, t) =

Since supg ¢ ; [ Z¢| < [|9sz][z and

2
E2+(ZiE £20)° = 4 +<1+Zf>(€i mc)
1+ 27?7 1+ 27?7

< 4¢?
= —’
1+ 1952017
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it follows that

[P (5, 5)| < (39)

L+ 5

where the constant depends only on ||dsz]| . and on ¢ > 0. Furthermore, since

lim Zy(t&, s) = lim Z,(t&,s) — 05z0(s) forall &, s € R,
t—0 t—0

we deduce that for any £, s € R
Y&, 5) = im ¥ (8, 5)

1 ( —2cEdsz0 — 22 . 2cEd570 — 2¢2 )
1+ (052002 \ % + (60520 +2¢)> %+ (§d520 — 20)% )

where we write zg = z|;=¢. Finally, since f € C2(R), we have

O f(s —18) — 05 f(s)
1§

< sup [9ZF(s)I,

[s—s'|<1

sup
[t&]<1

so that, from the Lebesgue dominated convergence theorem we deduce that

. / a5 f(s —18) — 35 f (5) 321 (s)
m — 1
&

(=0 27 Y ds ==

o . A /R%(E,S)dé-

Noting that the bound (39) applies also to ¥y and 9,z is independent of &, we may
evaluate the integral fR Yy d& using elementary methods. Indeed, we calculate for any
constantsa € Rand ¢ > 0

1 —2acE — 2c? 2act — 2¢*
a,c — ~ dé;'
’ 21 Jr (1 +a®)E2 +4dactE +4c? (1 +a?)E2 — dack + 4c?
1 / ac 2(1 +a®)E — 4ac 2(1 + a®)€ + 4ac i
27 Jr 1+a? \(1+a2)E2 —dact +4c2 (1 +a?)E2 +dact +4c?
1 2¢%@@? - 1) / 1 1
+ — +
27 1+a? R (1 +a?)E2 +4ack +4c¢? (1 +a?)E2 — 4ack +4c
1 ac (1 +a?)E? — dact + 4278
=— lim |log
27 1+a? R>o0 (1+a?)&% +4ack +4c |_p

748

1 2¢%(@a? - 1) 2 g
27 (1+a2)? 2, 42
m (1+a%)” Jrg24 Teory
1 2¢@@®—1) 1 1 —a?
= — = —C———.
27 1+a? Jpl+&2 1 +a?

Therefore

| B 1-— asZO(S)z
— / Y&, ) dE = —c G )

hence the proof of (37) follows.
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In order to show (38) we again start with the decomposition
a0 f =h+h+5+1
as in the proof of Theorem 4. We claim that

sup(1 + |5 |11 (s) — ¢d? f(s)a(s)| — 0 ast — 0, (40)

andfork =2,3,4
sup(1 + |s| )| [k (s)] — 0 ast — O. (41)
N

The proof of (41) follows from the observation that %Am,gd) and Sag%Asmgé are
bounded uniformly in s € R, |£] > 1. The claim (40) is equivalent to showing
lim; .9 J; = 0, where

l+C|l)

Jy = sup(1 + s / O f(s —15) =0 f
s &

)y, at + / 92 f ()W d&
<1 173 R

Let ¢ > 0 and fix R > 1 so that fIEI>R |¥;|dé < ¢ forall t > 0 (by the bound (39) this
is possible). Moreover, fix 0 < § < 1 so that

a5 f(s) —dsf(s —m)

sup(1 + |s|"*%)
seR

—32f(s)

<é&

for all 0 < |n| < &. This is possible if f € Cf’a(R) since we can write

O f(s) —dsf(s —m)
n

1
—32f(s) = fo [02f (s — i) — 82 f(s)]d.

Then, for any + > 0 with R < & we have

Jy < sup(1 +[s]1*%) / O 2 18) = 06D gy 4 92 by ds‘
s €| <R 1§
+Sup(1 + |S|1+Ol) an(s - t%') - an(s) lI/t + Bszf(s)llfo) dé
s lE]>R t&
< sup(1 +|s]1*%) G —18) 20T 6) 83f(s)‘ W, | de
s lE|<R t§
+||f||;af |wt—wo|ds+||f||§,af W, + Wl dE
EI<R |E|>R

< CU+IfI5)e + ||f||§,a/ 0 — Wy e
lE|<R

Using once more the bound (39) we deduce that lim sup, _,o J; < C(1+] f ||;a)8. Since
& > 0 was arbitrary, it follows that lim;_.o J; = 0, concluding the proof of (40) and
thence the proof of (38).
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Using Lemmas 3 and 4 we can calculate

1
—llm T¢+¢ ZO+T Do+ D =20
SO (BT ()

=Tp, 20+ Tq)oz(/) + CBSZZ()O’(S),
where o is the function defined in Lemma 4. This motivates our choice of z(s, 1):

Theorem 5. Assume that zo(s) = Bs + Zo(s) with zp € Ci’“ (R) for some 0 < a < 1
and B € R. Let

2(s, 1) = 20(8) + 121 (s) + 31722(5),

where

21 = Te,Z0,

22 :=Tpyz1 + Te 20 + coafz(),

with o = A=@20° Thon 2(s. 1) = Bs + 2(s, 1) with 7 € C2([0, 00); CL*(R)) and
T (1+(3520)H)%" > ’ ’ P

with this choice of 7 the conditions (18)—(19) of Theorem 3 are satisfied.

Proof. Step 1: Estimating z1and z2. We begin by showing that z; € Ci’a(R) and 72 €
C1*(R).Firstofall, since dsz9 € C2(R) with32z9 € CL* (R), itfollows thato € C2(R)
with o, 050, 8320 € L*°(R) and consequently co 8SZZO € Ci’a(R). Therefore, according
to estimate (31) in Theorem 4 it suffices to show that @y € W** and @, € W'*, where
@¢ and @ are defined in (33) and (36) above.

The proof that &y € W follows entirely along the lines of the proof of Lemma 1:

Since limjg| o0 Zo = B we see that §° = 1+52 Note also that

SEUP 1§(Zo — B)| = Sgur) 1Z0(s) — Zo(s — &) < 2[Zollo-

Therefore

_ p* - 73 . B+

Po= S<1+Zo)(1+ﬂ2> G+ 2+ p) 0= P)

is bounded uniformly in &, s. Similarly, we calculate

—4
535‘150 = m%’ 3 Zo
and
§0sZo = dsz0(s — &) — w = 3,Z0(s — &) — w.

We deduce that also 430 is uniformly bounded. This shows that @ € WO,
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Next, we calculate:
—4Z7005Z0 2, — 16Z2(35Z0)* B 4(3;Z0)* +4Z()8§ZO.
(1+z32" (1+23)3 (1+23)?
Note that, since 9529 € C2*(R), the function Zy(&, s) satisfies Zg € C2*(R2) and this
implies @ € C>“(R?). Furthermore, proceeding as above, it follows easily that & 8f Zy
is bounded uniformly for s € R, |£] > 1 for k = 1, 2, and hence the same is true for
Safcﬁo. Analogously, &0 85 Zy is bounded uniformly for s € R, |§] > 1 fork =0, 1, 2,
hence the same is true for & ¢ 8!? @¢. This implies that 95Dy, 83@0 e WO,
In the same manner we deduce that fork = 1, 2
E119F Zo(&, s1) — 8 Zo(&, s2)| < 10¥z0(s1) — 8 20(52)]
+10§z0(s1 — &) — 85 z0(s2 — &)

<2005 z01els1 — 521°

0Py =

and similarly, for [§| > 1landk = 1,2
|&118g 95 Zo (£, 51) — 30X Zo(&, 52)| < ([05 2014 + 2[052010) 151 — 521

This shows that &g € W2,
We next proceed with @;. First of all, from Theorem 4 and the above we deduce that

z1€C f "*. Comparing the expressions for @ and 9; P we see that the estimates for @1
may be obtained exactly as above, by replacing d;zo by z; where appropriate and noting
that both functions are in C>¢. In this way we deduce that &; € W,

Step 2: The estimate (18). Using (27)—(28) we have

uf — 0z = (chizo +1tTp, 71 + %tsz)iZ2> — (21 +122),
whereas, by our choice of z;
Te,.z0 — 21 = To, 20 — TeyZo0.
Since Zo, z1, 22 € CL*(R) by Step 1, Lemmas 1 and 2 imply that

lim sup(1 + s/ uE (s, 1) — 8z(s, )] = 0.
r— s

In particular (18) follows.
Step 3: The estimate (19). As in Step 2, using (27)—(28), our choice of z;, z» and the
linearity of @ — T, we have

1 (ul +u; 1 _ .
- > hz)==\To,+0 20— 21 |+ To+0 21 — 22+ 5T, 40 22
t ! 2 2 2

1 - - 1 - 2=
= (7 TA, 020 — Te,20) + (; TAgipe®20 — CO; ZOG(S))

+ (T¢>++<b 71— T(pom) + <§T¢>++¢> z2> -
-7 -7

Since Zp € C2*(R) and z1, z» € C1*(R), Lemmas 1, 2, 3 and 4 are applicable, and we
conclude that

1+0()

1 <uj(s, 1) +u, (s, 1)

Z 5 — 0z (s, t))‘ =0.

lim sup(1 + |s|
t—0

In particular (19) follows.
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5. Symmetric Piecewise Constant Densities

The subsolution (and corresponding admissible weak solutions) constructed in the pre-
vious sections have a mixing zone with a maximal expansion rate of ¢, = 1 in the
unstable case, whereas the maximal expansion rate reachable with the construction in
[5] is ¢max = 2. In this section we show that with a more general piecewise constant
density the method of this paper is applicable to reach the expansion rate ¢,y = 2 as
well — indeed, this is easily achieved by approximating the linear density function from
[5] by a piecewise constant density. From now on we restrict attention to the unstable

case, with p* = land p~ = —1.
Let N € N and define 2N interfaces
It ={x eRxy =z(x1, 1) £¢it}, i=1,...,N, (42)

where 0 < ¢ < c2 < ... < cy are arbitrary velocities and z(s, t) is the parametrization
of a curve for ¢ € [0, T]. The open regions between neighbouring interfaces are defined
* .Qo(t) ={x e R?: —c1f <xp — z(x1, 1) < cit},
V@) ={x e R?: xp > z(x1, 1) +cnt), (43)
QN ={x eR?: x3 < z(x1,1) — cnt),
andfori=1,...,N —1

.Qi(t) ={xe R? : z(x1, 1) +cit < xp < z(xy,t) +cip1t},

. 5 (44)
Q7)) ={x e R z(x1, 1) —cizit < x2 < z(x1,1) — cit}.
Analogously to (14) we set
p(x, 1) = % forx € 21(t), i=—N,...,N, (45)

so that we have a constant density jump of % across each boundary I"*!. The mixing
zone is then

N-1
iy = U Q' ={x eR* —cnt <xp —z(x1, 1) < eyt

i=—(N-1)

With the density defined in this way, the velocity u can be obtained as in Sect. 3, in
particular we have the expression for the normal velocity component:

ul(s, 1) :=u (s, z(s, 1) +cit, 1) - (—aszl(s, t))

=z

1 0sz(s —&,1) — 05z(s, 1)
27 N R é;-'

bij(&, s, 1)d§

fori = —-N...N,i # 0, where
52
E2+ (z(s — &, 1) — 2(s, 1) — (¢; — ¢j)1)?
%-2
+
E2+ (z(s —&,1) — 2(s, 1) — (ci +¢j)1)?

and we have setc_; = —¢; fori =1,..., N.

D; (&, s, 1) =
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Theorem 6. Suppose that z(s,t) = s +z(s, t) with 7 € cLqo, T); Ci’a(R)) satisfies

N @) (=0)
. 1 Uy ('7t)+ul) (at)
lim = L) — =
L LECOEDD N 0, (46)
i=1 Ll
tim [3,2C, 1) — u®D(., ”H =0 foralli=1...N. (A7)
t—0 L>®
Moreover, let
2i —1
0<c < i=1,...,N. 48)

Then there exists Ty € (0, T') such that there exists an admissible subsolution for (1)—
(4) on [0, T,] with initial datum po given by (5) in the unstable case with zo = z|;—o.
Furthermore, the density of the subsolution satisfies (43)—(45).

Proof. We proceed as in the proof of Theorem 3 and set
m=pu—(1-p*)(y+ e,
with
y=VigDinQ' i=-N...N,

where g®™) = g = 0 and g e C1(27) fori = —(N — 1)...(N — 1) are to be
determined. Then, (11) amounts to the conditions

GIUPILEP Y
VePl <3 i@ i=—(N-1...(N-D.

and (10) reduces to jump conditions (20) on each interface: foranyi =1,..., N
. (i)
. 1 ci 2i — 1 i \2 +i 0:2 — Uy
Brg(i(' ) =05 {— — 5 + <1 - (lﬁ) )8‘[8( 0 4+
11— (’T)2 N 2N N
+i - (%)2 +i +i
=pE) ¢ NI 5 o&ED o [F (49)
1 — ()2
N
with
. (&i)
. 1 ;20— 1  0z—
I S {c" - S }
-5 N N
and

0:8(x, 1) = 0y, 8(x, 1) + 0x, g(x, 1)0x, 2(x1, 1).

Since g™*N) = 0, we may use this expression to inductively define gV 1) g(F(N=2)
(=D
s 8 as

1— (&2 .
N7 9. gF D' nyds'.  (50)

g(ii)(xl, 1) = /x1 h(i(i+1))(sl’ N+ —N" 5
0 1—(5)?
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Note that by our choice g™ for i # 0 is a function of x{, t only, therefore
1-(F)?
N~
-G

fori =1,..., (N — 1). Now, by (47) we have [|3,z — u |1 = o(1) as t — 0 for all
i=1,...,N,sothat

(i) _ ax]g(ii) — pEGD) 4 (£@+1))

08

. 1 Cj 2i +1
(G+1)) _ i+l AT
pEGD) 1_(L)2{ - }+0(1).
N

Using inductively (49) we then obtain

N

4 1 i 2j—1
=S (55 )
2 2
= 5 \N 2N
From (48) we have|%— 22]1\721| < %,so that
XN: ¢ 2j-1 <2N:2j—1_N2—i2
4L \N 2N2 J| T & 2N2 = 2NZ
j=i+l j=i+l

We deduce that fori = 1,..., N we have 8,,g*" = 0 and
Haxlg(ﬂ)(-,t)—%HLoo —~0ast— 0. (51)

It remains to construct g(o) in 20. As in the proof of Theorem 3 we define for s € R,
t € (0,T)and A € [—cyt, cit] the function

8(s,h 1) = g Vs, z(s, 1) + 1, 1)

and set, in accordance with (49) withi = 1,

. cit+ A §
§(s,h 1) = pot (/O (h(+1)+(1—#)Bxlg(“))ds’)

ar=»xr(° 1 =)y 7o/
+T1t<‘/0 (h +(1—m)8xlg )dS

C1 1
=9 _—— —
N 2NZ
A+cyt § A —cit §
+ cl / 0/7 — u,(fl)ds/ + ‘l / 0;7 — uf)_l)ds/
2citN \Jy 2c1tN 0

1 cit+ A cit — A _
+(1—-— —— gt )+ — =D , 0 ).
( N2> < 2cqt & (s.2) 2cqt & (5. 2)

Using (47), (48) and (51) we deduce that

3,80, 1) — %Hm S 0ast— 0. (52)
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Furthermore, we have

1 s 1 1
9.6 — 297 —u®D _ D g+ — (11— (<+1)_ (71)>'
*8 2c1tN/0 e N2 J\& T8

Now, from (49) and the choice g(iN ) = 0 we obtain

N

N . )
1 -1 —
ax]g()_ax]g( ) — e E zatz_ul(}+1)_u$} J)’
j=2
so that
N (+)) (=
1 § uy 4+ uy
0.8 = — 0:7 — ds’
+8 cit Jo ! 12_; 2N

In particular, since 3,8 = dx,¢?, it follows from (46) that

85,80 (., t)”LOO S 0ast— 0. (53)

From (51), (52) and (53) we finally deduce that

: 1
Vg < 3 for all i for sufficiently small 7 > 0.

This concludes the proof.

We now construct a curve z = z(s, ) satisfying (46)—(47) analogously to the con-
1,

struction in Sect. 4. Indeed, assume that z(s, t) = Bs +Z(s, t) with z € cl(0,T1; C,
(R)) for some 0 < @ < 1 and B € R. Recall that

L&
(i) _
Y JZ_I T,z

fori =1,..., N. Note that for any i, j

2¢2 _
£2+ (z0(s — &) — z0(5))?
where @ is defined in (33). Lemma 2 applies to show that

lim sup(1 + |s]1%%) |To.,; f(s) = Tay f(s)| =0
=0 cR ’

Dy j |,=0 = Dy,

whenever f € C1*(R). We deduce

lim sup(1 + |s|1*) [« (s) — Tp,Z0(s)| = 0, (54)
=0 3R
= = il ulDuP .
where zg = z|;=¢. Next, we calculate 3 | — 3 To this end set, analogously to

Sect. 4,
@i,j + ®7i,j

AD; = 5

— Dy = Apeg®ij + Asing Dij
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where
2 2
Ayuur; = 20 Zi ! N 1
T T2+ 22 \ 1+ (Zi + (i — DD T (Z— @ —ep b
1 1
’ 1+(z +(C'+C')L)2+ 1+(Z; — (ci +¢j)E)?
t 1 J f t i j %_
and
)2 2
A . ® _ 1 _(Ci - Cj)tZtE — %tz N (Ci _ Cj)tZtE _ (Cl ZCJ) tz
sing®ij 1+ Z(Z) 24+ (ZE + (¢; — Cj)l)2 E2 4+ (Z/E — (¢ — Cj)f)z
(c,+c])2 2

—(ci +CIZiE — sz (i + ) ZiE — t
24 (ZiE+(repn? | B4 (ZE — (¢ +cj>r>2

As in Lemma 3, we have

lim sup(1 + 51" [1Ta, 00, F(8) — T, f(5)]| =0
OseR

whenever [ € Cl’a (R) and, using Lemma 4,

lim sup(1 + |s|'+%)

I=>05eRr

000, £ 5) = €107 f ()7 ()| = 0
whenever f € Cf’“(R),where Cij = %|cl~—cj|+%|c,-+cj| = max(c;, ¢j). Consequently,

N

el 1 ORNE) _ PN

at WZ% = To,20 + Tay 29 + €95 200, (55)
1=0"" =1

where
N
_ 1
c= _22 max(c;, ¢j),

and 16 and @ are defined in (36) in Sect. 4. From these considerations we deduce

Theorem 7. Assume that zo(s) = Bs + Zo(s) with zp € Ci’a (R) for some 0 < a < 1
and B € R. Let
2(s, 1) = 20(s) + 121 (s) + 31%22(5),

where
21 := Te,20,
22 :=Tpyz1 + Te 20 + 503320,

2
with o = (11:(52—;2(;)2)2 and ¢ = # Z%:] max(c;, ¢j). Then z(s, t) = Bs + (s, t) with

7 € C2([0, 00); Ci’a (R)) and with this choice of 7 the conditions (46)—(47) of Theorem 6
are satisfied.
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The proof is entirely analogous to the proof of Theorem 5, based on the above
calculations and Lemmas 2, 3, and 4.

Finally, observe that for the subsolution obtained in Theorem 6 the rate of expansion
of the mixing zone is given by ¢, < =l — g %, so that any expansion rate ¢ < 2 is

obtainable by choosing n sufficiently lertlrge.
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