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Abstract: We prove the almost sure invariance principle with rate o(n®) for every ¢ > 0
for Holder continuous observables on nonuniformly expanding and nonuniformly hyper-
bolic transformations with exponential tails. Examples include Gibbs—Markov maps with
big images, Axiom A diffeomorphisms, dispersing billiards and a class of logistic and
Hénon maps. The best previously proved rate is O (n'/*(logn)'/?>(loglogn)!'/4). As a
part of our method, we show that nonuniformly expanding transformations are factors
of Markov shifts with simple structure and natural metric (similar to the classical Young
towers). The factor map is Lipschitz continuous and probability measure preserving. For
this we do not require the exponential tails.

1. Introduction

Definition 1.1. We say thatarandom process X¢, X1, . . . satisfies the Almost Sure Invari-
ance Principle (ASIP) with rate, say o(n®) with ¢ € (0, 1/2), if without changing the
distribution, {X,, n > 0} can be redefined on a new probability space with a Brownian
motion W; such that

X, =W, +0(n®) almost surely.

The ASIP is a strong statistical property. It implies directly the functional central limit
theorem, the functional law of iterated logarithm and other statistical laws, see Philipp
and Stout [22, Chapter 1]. The rate in the ASIP has additional powerful implications,
see Berkes, Liu and Wu [1] and references therein.

Suppose that 7: A — A is a nonuniformly expanding or nonuniformly hyperbolic
transformation as in Young [26,27] with exponential tails (see Sect. 2), such as Gibbs—
Markov maps with big images, Axiom A diffeomorphisms, dispersing billiards, and a
class of logistic and Hénon maps.


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-018-3234-5&domain=pdf
http://orcid.org/0000-0002-0015-4494

174 A. Korepanov

Suppose that v is the unique T -invariant ergodic physical measure, v: A — Risa
Hoélder continuous observable with [ vdv = 0 and v, = ZZ;(]) vo Tk Thenv,,n >0
is a random process with stationary increments on the probability space (A, v).

We prove that v, satisfies the ASIP with rate o(n?) for every ¢ > 0. Our results
strongly improve the best previously available rates.

Remark 1.2. Our analysis is restricted to discrete time R-valued processes. The ASIP
with good rates for flows and R?-valued processes with dependent increments, such as
those in dynamical systems, is an important open problem.

Remark 1.3. We only consider processes with bounded increments. This is automatic
for dynamical systems with Holder continuous observables as above.

The ASIP has been introduced by Strassen [24,25], proved for processes with inde-
pendent increments and martingales using the Skorokhod embedding. Approximations
with martingales turned out to be very robust, see Philipp and Stout [22]; they have been
used to prove the ASIP for various dynamical systems [6-9,11,18,20], including the
nonuniformly expanding and nonuniformly hyperbolic maps in [18].

A downside of the martingale method is that the best rate in the ASIP which the
Skorokhod embedding can produce is 0(n1/4(10g n)l/z(log log n)1/%), see Kiefer [12].
For nonuniformly expanding and nonuniformly hyperbolic systems, this rate has been
achieved by Cuny and Merlevede [7] and Korepanov, Kosloff, and Melbourne [16].

For processes with independent and identically distributed increments, Komlos,
Major, and Tusnddy in their celebrated work [13] proved the ASIP with a much better rate
O (log n), which is in fact unimprovable. Their proof is based on the so-called Hungarian
construction and uses the quantile transform rather than the Skorokhod embedding.

For processes with dependent increments, it is also possible to prove the ASIP without
relying on the Skorokhod embedding, but getting good rates proved to be challenging.
For instance, Gouézel [10] used blocking techniques to construct an approximation
with a process with independent increments, for which the ASIP with the optimal rate
O (logn) is known. However, an efficient control of the approximation error is tricky,
and the best rate he could reach was o(n!/4*¢) for every ¢ > 0, roughly the same as in
the martingale method. For different reasons, o(n'/#*¢) was not surpassed by various
other methods [2,17,19,20].

In the dependent setting, the rate O (n/ 4(log n)l/ 2(log log n)1/%) was unbeaten until
very recently. First, Berkes, Liu, and Wu [1] proved the ASIP with rate o(n®) for every
& > 0 for processes generated by a Bernoulli shift:

n—1
Xn = ZW( . sgk—lvéks Ek+la . ")1
k=0

where {&;} is a sequence of independent identically distributed random variables and
is a sufficiently nice function. Their result is based on an insightful approximation by
a process with independent increments and a Komlés—Major—Tusnddy type result for
processes with independent but not identically distributed increments by Sakhanenko
[23]. Soon after, Merlevede and Rio [21] obtained the rate O (log n) for Harris recurrent
geometrically ergodic Markov chains, strongly using the Markovian structure and in
particular the regeneration technique.

The result of [1] readily covers some smooth dynamical systems such as the doubling
map x — 2x (mod 1), whose natural symbolic coding is a Bernoulli shift. But such
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systems are rare: for instance, they do not include smooth perturbations of the doubling
map.

In the present work we extend the result of [1] to a large class of widely studied
dynamical systems. Our strategy is to construct a semiconjugacy between a dynamical
system in question and a Bernoulli shift. The semiconjugacy preserves the probability
measure and sufficient structure for verification of assumptions of [1].

Remark 1.4. The historical overview above focuses on what is immediately relevant to
our goals, without any attempt to describe the vast literature on the ASIP. For a thorough
description of rates related results, see [1] and the review by Zaitsev [28].

Remark 1.5. Chernov and Haskell [4] prove the Bernoulli property for K-mixing nonuni-
formly hyperbolic maps. That is, such maps are measure-theoretically isomorphic to
Bernoulli shifts. They remark that even though the Bernoulli property is a characteriza-
tion of extreme chaotic behavior, it is not helpful in proving statistical properties like the
central limit theorem. This is because a measure-theoretic isomorphism alone does not
have to preserve any useful information about the structure of the space, such as metric
or coordinates.

In contrast, we build a semiconjugacy to a Bernoulli shift which preserves enough
information to prove the ASIP.

Remark 1.6. As an essential part of our proof, for a nonuniformly expanding dynamical
system we construct an extension which is a renewal Markov shift, so that the factor map
is Lipschitz with respect to a natural metric. Our construction is inspired by the coupling
lemma for dispersing billiards as it appears in Chernov and Markarian [5, Lemma 7.24].

After circulating the first version of this paper, the author has been made aware of
the work by Zweimiiller [29], where he shows that nonuniformly expanding dynamical
systems are similar to renewal Markov shifts.

Two dynamical systems are similar if they are factors of a common extension. All
probability measure preserving systems are trivially similar, but in infinite ergodic theory
the similarity is a highly nontrivial relation. The focus of [29] is on infinite measure
preserving systems.

Our construction is remarkably similar to the one in [29], although we draw rather
different conclusions: we make observations which allow us to treat probability measure
preserving systems.

2. Statement of the Result

We use notation N = {1,2,...} and Ny = {0, 1, ...}. All functions, subsets, and par-
titions are assumed to be measurable. When we work with metric spaces, the default
sigma algebra is Borel, and for finite and countable spaces the sigma algebra is discrete.

Let (A, dp) be a bounded metric space and 7: A — A be a transformation. Let ¥
be a subset of A and m be a probability measure on Y. Let o be an at most countable
partition of Y (modulo a zero measure set) such that m(a) > O foralla € «.

Let r: Y — N be an integrable function which is constant on each a € o with value
7(a) such that T*@ (y) e Y foreveryy € a,a e a. Let F: Y — Y, F(y) = T*W(y)
be the induced map.

We assume that for each a € «, the map F restricts to a (measure-theoretic) bijection
from a to Y. Further, there are constants 0 < n < 1, A > 1 and K, K; > 1 such that for
alla exand x, y € a:
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o dr(F(x), F(y)) = Ad(x, y),
o da(T'(x), T'(y)) < K; dpa(F(x), F(y)) forall 0 < £ < t(a),
e therestriction F': a — Y isnonsingular and its inverse Jacobian ¢, = dd 7 satisfies

|1og £u(x) —10g Lu(y)| < Kdj (F(x), F(y)). 6]

Finally, we assume that the induced map F: Y — Y allows a non-pathological
coding by elements of «. We require that the set

{(ag, ay, ...) € o™ : there exists y € Y with Fk (y) € ay for all k}

is measurable in ™ (in the product topology with Borel sigma algebra).

We say that T: A — A as above is a nonuniformly expanding map. We say that it
has exponential (return time) tails, if fY ePT dm < oo with some B > 0.

It is standard [27] that there is a unique 7 -invariant ergodic probability measure on
A, with respect to which m is absolutely continuous. We denote this measure by v.

For on observable v: A — R, denote

[v(x) —v(y)l

[V|oo = sup [v(x)|, |v|; = ———— and [vll; = |[v]ec + [V]y.

> XEA ! X#yeEA d(x,y) ! > !

We say that v is centered, iff vdv = 0, and that v is Holder, if |v]|;, < oo.
Our main result is:

Theorem 2.1. Suppose that there exists § > 0 such that fY Pt dm <oo. Ifv: A — R

is a Holder centered observable, then the process v, = Zk _gvlo Tk, defined on the
probability space (A, v), satisfies the ASIP with rate o(n®) for every ¢ > 0.

Remark 2.2. For maps which are naturally a Bernoulli shift, such as the doubling map,
Theorem 2.1 follows directly from [1]. Our result is new for smooth perturbations of the
doubling map and, for example, for:

e smooth expanding circle maps,
e Gibbs—Markov maps with big images,
e unimodal maps such as logistic with Collet-Eckmann parameters [3].

Remark 2.3. In nonuniformly hyperbolic maps with exponential tails and uniform con-
traction along stable leaves, as in Young [26], Holder observables reduce to Holder
observables on a nonuniformly expanding quotient system through a bounded cobound-
ary. A detailed exposition can be found in [16, Section 5]. Thus, Theorem 2.1 implies
the ASIP with rate o(n®) for every ¢ > 0 for maps such as:

e Anosov and Axiom A diffeomorphisms,

e dispersing billiards,

e Hénon maps with Benedicks-Carleson parameters,
e Lozi maps.

The paper is organized as follows: in Sect. 3 we introduce the notion of Markov Young
towers and state Theorem 3.4 which establishes a semiconjugacy between 7: A — A
and a Markov Young tower. Theorem 3.4 is proved in Sect. 4. We prove Theorem 2.1 in
Sect. 5.
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3. Markov Young Towers

Suppose that

e (A, Py) is a finite or countable probability space,
e h4: A — Nis an integrable function,
e 0 < & < 1isaconstant.

Define a probability space (X, Py) = (AN, Pi) and let fx: X — X be the left
shift,

fx(ao, ai,...) = (a1, az,...).

Define h: X — N, h(ag,ai,...) = hg(ap). Let f: A — A be a suspension over
fx: X — X with a roof function £, i.e.

A={x,0)eXxZ:0=<tl<h(x)}

(x,£+1), £L<hx)—-1, 2)

(x,0) = .
/ {(fX(X), 0), £=hx)—1

Define a distance d on X by d(x, y) = £50Y) wheres: X x X — Ny is the separation
time,

s((ao, ai, ...), (bo, by, ...)) =inf{j > 0:a; # b;}.

Let d also denote the natural compatible distance on A:

1 k /
A k), (v, ) = { ’ 7 3)

dx,y), k=j

Let h = [ hdm. Let P be the probability measure on A given by P(A x {¢}) =
h='m(A) forall ¢ > 0and A C {y € Y : h(y) > £+ 1}. Note that P is f-invariant.

Let Ay = {(y,€) € A : £ = k}. Then X is naturally identified with A¢, which we
refer to as the base of the suspension, and Py, fx have their counterparts on Ag, which
we also denote Py, fx.

Definition 3.1. We call the map f: A — A as above a (non-invertible) Markov Young
tower.

Remark 3.2. To define a Markov Young tower, we need an at most countable probability
space (A, [P 4), an integrable function 4 4: A — N and a constant 0 < £ < 1. Further,
we always use notation for Markov Young towers as above, i.e. with the symbols f, A,
A, Pa, X, Px, fx,h,P,d,&.

Remark 3.3. Similar to the classical Young towers, our Markov Young towers are very
simple objects on their own, studied by various people under different names. We chose
the term “Markov Young tower” because for both the key property is not just their own
structure but the relation to a large class of dynamical systems (see Theorem 3.4 below).
It allowed Young [26] to prove the exponential decay of correlations for dispersing
billiards among other maps, and it is an essential ingredient in the proof of our main
result.
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Our key technical result is:

Theorem 3.4. Suppose that T: A — A is a nonuniformly expanding map. Then there
exists a Markov Young tower f: A — A and a map w: A — A, defined P-almost
everywhere, such that

e 77 is Lipschitz:

da(m(x), () < Cad(x, y),

where Cp = ALK, diam A,

e 17 is a semiconjugacy: P-almost surely, T omr = 1w o f,

e 11 preserves the probability measures: w,Px = m and m, P = v.
In addition, moments of h are closely related to those of T:

o (Weak polynomial moments) If there exist C; > 0 and B > 1 such that m(t > {) <
C P forall £ > 1, then Px(h > £) < ceP for all £ > 1, where the constant C
continuously depends on C, B, A, K and n.

o (Strong polynomial moments) If there exist constants C; > 0 and B > 1 such that
/ A dm < C,, then fhﬁ d Py < C, where the constant C continuously depends on
Cy, B, A, K and 1.

e (Exponential and stretched exponential moments) If there exist constants C; > 0,
B >0andy € (0, 1] such thatfeﬂfy dm < Cq, then feﬂlhy dPyx < C, where the
constants B’ € (0, 8] and C > 0 depend continuously on C, B, v, A, K and n.

e (Exactly exponential moments) If [ ePTdm < oo for some B > 0, then f: A — A
can be constructed so that

01 —0)""1—6)"N, ne{N,2N,3N,...}
0, else

Px(h =n)={

with some ) <6 < 1land N > 1.

Remark 3.5. The exact exponential moments in Theorem 3.4 allow us to represent in a
natural way f: A — A as afactor of a Bernoulli shift and use [1] to prove the ASIP, see
Sect. 5. Our results are limited to f ePT dm < oo, because without the exact exponential
moments such a representation does not work.

4. Proof of Theorem 3.4
Forv: A — R and n € (0, 1], denote

|vloo = sup [u(@)],  |vly = vG) —v)]

and vy = [v]eo + [v]y-
X€EA xX#yeA dn (x, y)

4.1. Construction of Markov Young tower. We define A as the set of all finite words in
the alphabet « (not including the empty word). For w = ag ...a,—1 € A we define

lw|l=n and hg(w) = rt(ag)+---+t(an—1).
Let
Yo={yeY:TFeq forall0 <k <n—1}.

We use the measure P 4 from the following lemma:
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Lemma 4.1. There exists a probability measure P4 on A and a disintegration m =
ZweA P 4 (w)my,, where my, are probability measures on Y, such that for every w € A,

® My, is supported on Yy,
° (ThA(w))*mw =m.

In addition,

o [fthere exist C; > 0 and B > 1 such that m(t > £) < Crﬁ_ﬁ forall £ > 1, then
Pathy >0 <C P for all £ > 1, where the constant C continuously depends on
C., B, A, K and n.

o If there exist constants C; > 0 and B > 1 such that [ Bdm < C,, then

i hi‘ dPy < C, where the constant C continuously depends on Cy, B, A, K and n.
e [f there exist constants C; > 0, B > 0 and y € (0, 1] such that feﬂfy dm <

C, then feﬁ/hil dPy < C, where the constants B’ € (0, 8] and C > 0 depend
continuously on C¢, B, v, A, K and n.

Remark 4.2. Our Lemma 4.1 corresponds to [29, Theorem 2], where the disintegration
of m is called a regenerative partition of unity. For the ease of citation and explicit tail
estimates, we refer to [14].

Proof of Lemma 4.1. Suchadecomposition is constructed in [14, Section4]. Itis implicit
in [14] that m,, is supported on Yy,.

We remark that in [14], the set A contains the empty word, while here we do not
allow it. This, however, does not cause problems, because if w is the empty word, then
P 4 (w) is uniformly bounded away from 1 and m,, = m. Thus the decomposition with
the empty word translates to one without, with the same moment bounds. O

For the exactly exponential moments in Theorem 3.4, we obtain a special version of
Lemma 4.1:

Lemma 4.3. Suppose that | ePT dm < oo with some B > 0. Then the measure P4 in
Lemma 4.1 can be chosen so that

011 —0)0YN, ¢ e NN
Patha=0 = 0 else

with some N € Nand 0 < 6 < 1.

Our proof of Lemma 4.3 uses a rather delicate technical adaptation of the argument
in [15, Section 4]. It is carried out in Appendix A.

LetP 4 and {m,,} beasin Lemmas 4.1 or 4.3.Let& = AL According to Remark 3.2,
A, P4, hq and & define a Markov Young tower f: A — A. To prove Theorem 3.4, it
remains to construct the semiconjugacy 7 : A — A.

4.2. Semiconjugacy. Let: Y — oo be the natural embedding, ((y) = (ao, a1, ...) if
F*(y) € a for all k. (Technically, ¢ is defined on a full measure subset of Y.) The space
o0 is supplied with the product topology and Borel sigma algebra.

Remark 4.4. The map ¢ is measurable and injective by construction; in addition we
assumed that ((Y) is measurable in oo Tt is straightforward to check that :~!is con-
tinuous on ¢(Y), and that ((A) is measurable for all measurable A C Y. Hence ¢ is
bimeasurable: both images and preimages of measurable sets are measurable.
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Let my = t,m. This is a Borel probability measure on oo with My (ozNO \u(Y)) =0.

For words woq, ..., w, € A, let wg---w, denote their concatenation. Then
wo - - wal = |wol + - + [wy| and hg(wo - - - wy) = hA(wo) +- -+ h A(wy).

For x = (wo, wi,...) € X, let m,(x) € a0 denote the sequence of elements of «
obtained by concatenating all wg, k > 0. It is clear that thus defined 7, : X — aNo ig
continuous.

Proposition 4.5. (7). Px = mg.
Proof. Recall that we have the disintegrationm = )", . s Pa(w)m,,.

Let wo € A. Since F*ol; Y, — Y is a bijection and E,Lwo‘mw0 = m, We can write
My, = Zw. e Pa(wi)myg,w,, where my, , are probability measures supported on

Ywow, such that Fiwowllmwo,wl = m. Continuing with m,, ,,, and further recursively,
we obtain for each n > 1 a disintegration

m = Z Pa(wo) - - Pa(wn)muy,...w,,

F‘w()“'wn‘
*

where my,,. ., are probability measures supported on Yy....,, such that

n

mw0>~~~swn =m.

Taking images under ¢: ¥ — o0, we obtain a similar disintegration in ":
me= Y Pawo): PaWy)Ma: ...,
wo,...,wnéA

where mg: wy,....w, = LMa: wy,...,w, are probability measures supported on the cylinders

N .
Q- With

N No .
a,’ ={(ap,ar,...) e ap...auy-1 = w}

Let w € A and n = |w|. Then for all wy, ..., w, € A, either aﬁg.,.wn C a,IEO or
., Ny = . Thus
ma(@y®) = Y Pa(wo):Pa(wy) =Px(r,  (@)0)).
wo,...,wy €A:

Qg Caﬁo
Thus (74 )+ Py agrees with mg, on all cylinders in o0, By Carathéodory’s extension
theorem, (7y)« Px = my. O

Letmy: X — Y,nxzflorra.

Proposition 4.6. wx is well defined Px almost everywhere on X and is measurable.
Also, (mx)« Px = m.
Proof. The map ¢ is injective, which allows us to define 7x on X’ = (7, Lon)(y).
Recall that ((Y) is measurable in ™0 and my (:(Y)) = 1. The map 1, iS continuous,
so X' is a measurable subset of X and, by Proposition 4.5, Px(X’) = 1. Hence 7y is
defined almost everywhere.
Using the bimeasurability of ¢ and Proposition 4.5, for every measurable A C Y,

Px(my ' (A)) = Px((r, " 0 )(A)) = ma((A) = m(A).

In other words, (7x)« Px = m. O
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Remark 4.7. Further we silently ignore the zero measure subset of X, on which my is
not defined, and the corresponding subset of A, which also has zero measure.

Definer: A — A by

7 (wo, wy, ...), €) = T (wx (wo, wi, ...)). 4)
Then wx : Ag — Y is a restriction of 7.
Proposition 4.8. v is Lipschitz: foralla,b € A,
dx(r(a), w(b)) < Cad(a,b),
where Cp = AK; diam A.
Proof. Leta = (x1, j) and b = (x2, k), where
x1 = (w10, w1,1,...) and x3 = (w20, W21, --..).

If j # k or w0 # w20, then d(a, b) = 1 and the statement is trivial.
Suppose now that j = k and wy,0 = wz,0. Let n = 5(x1, x2). Note that n > 1 and

J =k <h(x1) =h(x2) = hg(wi0) =ha(wo).
Observe that wx (x;) € Yy, gw,,_, and F(x(x;)) € Yy .wy,_; fori =1, 2. Also,
diam Yy, |,y < A== diam Y. Then
dp((a), T (b)) = da (T (rx (x1)), T/ (1x (x2))) < K¢ diam Yoy, ey,
< KA~ D diam Y = AK, diam Y d(a, b).
o
Proposition4.9. T or =7 o f.

Proof. Suppose that a = (x,£) € A, and x = (wg, wi,...). If £ < h(x) — 1, then
f@a)=(x,£+1)and

n(f(@) = T (wx(x)) = T(n(a)).
If £ = h(x) — 1, then

n(f(@) = 7x(fx(x)) = F(rx(x)) = T (mx (x)) = T (7 (a)).
Thus 7(f(a)) = T(w(a)).O
Proposition 4.10. 7, P = v.

Proof. We use the fact that v is the unique 7 -invariant ergodic probability measure on
A, with respect to which m is absolutely continuous.

Since PP is f-invariant and ergodic, it follows from Proposition 4.9 that 7, P is T'-
invariant and ergodic. Since Py is absolutely continuous with respect to P and 7, Py =
m, using Proposition 4.6 we obtain that m is absolutely continuous with respect to . IP.
Thus 7, P =v. 0O
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5. Proof of Theorem 2.1

5.1. ASIP for Bernoulli shift. Suppose that {&; }xe7z is a sequence of independent identi-
cally distributed random variables, and Xj are real valued random variables with mean
zero given by

Xk =GC(..., 81, &k, Ek+1, -+ -)

for some function G.
Let {£;} be an independent copy of {e;} and for £ € Z define {8£}kez by

) ek, k#L,
T Vel k=t
> = /.
Define
X,f=G(...,sﬁ_l,sf,slfﬂ,...).
Let p > 4,

Sep=IXo—Xoll, and Op,= " &,
[k|>¢

1
where || - ||, = (E|-7)"”.
We use the following result [1, Theorem 2.1] (with [1, Corollary 2.1] to verify the
assumptions):

Theorem 5.1. If | Xi|l, < oo and O¢ ), = o™ P), then the partial sum process
ZZ;(I) Xy satisfies the ASIP with rate o(n'/P).

Remark 5.2. Theorem 5.1 is proved in [1] under a more relaxed condition on ®; ;. We
use intentionally a suboptimal but easy to state result.

5.2. Construction of Bernoulli shift. Suppose that f: A — A is a Markov Young tower
as in Sect. 3 with

B aha—m = 100 -0 "1 —6)"/N, ne{N,2N,3N,...}
Alha=mn) = 0, else

with N € Nand 0 < 6 < 1. Let v: A — R be a centered Holder observable and
vy = Zz;é v o f¥ be the corresponding random process on (A, P).

By Theorem 3.4, to prove Theorem 2.1 it is enough to show the ASIP for v,,.

The map f is N-periodic. For simplicity we assume that N = 1. We show how to
remove this assumption in Sect. 5.4.

In the rest of this subsection we construct a suitable Bernoulli shift o : D — D with
a measure preserving semiconjugacy g: D — A. The random process ZZ;(I) X with
Xy =vogo o* has the same distribution as vy,. If {ex} are the coordinates of D, they
are independent and identically distributed, and Xy = (v o g)(..., &k—1, €k, Ek+1s - - -)-
This sets up a ground for the application of Theorem 5.1.
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Let (2, Pg) be a probability space supporting random variables A,,: Q — A,n > 1,
such that fora € A,

0, h(a) # n,
P(4, =a) = { P 4(a) ha@ =n
PAUlaeAhat@=n)> "TA

That is, A, is a random element of .4 chosen among those with & 4 = n with respect to
the appropriately conditioned measure P 4.

Let Z = {0, 1} and Pz be the probability measure on Z given by Pz(0) = 1 — 6 and
Pz(1) =6.

Define D = (2 x Z)Z with the product probability measure Pp = (Pg % IP’Z)Z. Let
&r = (wy, z) be the coordinates in D and o : D — D be the left shift.

Let

to=suplk <0:zx =1} and t,=inflk>t_1:zx=1}, n>1.

Note that 7, are finite Pp-almost surely.

Defineg: D — Abyg({ex}) = (¥, —to), wherey = (Ay—1o(@1g)s Ary—r; (@1,), - . 2).
Observe that g is a probability measure preserving semiconjugacy betweeno : D — D
andT: A - A.

5.3. Weak dependence. Here we verify the assumptions of Theorem 5.1. As above, we
set

Xe=@Wog) (.., 8k—1, &k, Eksls--.)-

Let p > 4. The observable v is Holder continuous, thus || X[, < [[Xklleo < o0. It
remains to prove that @ , = o(£77).

Proposition 5.3. There exists 0 < 05 < 1 such that 8, , = 0(9%').
Proof. Lett € Z,
x = ((wo, wi,...),r) =g(a)) and x" = ((wg wi,..).r") = g({e).
Suppose first that £ > 1. Let ¢, = Zf;ll zj. Thenw; = wﬁ forall0 < j <c¢y— 1.
If cp > 1, then r = rt and d(x, xl) <& Ifcp =0, thend(x, xe) < 1. In either case,
d(x,x% < g°.
Since {zx} are independent identically distributed,

Ed(x,x)? < E&Pet = (E%-[?Q)Z—] — (1 iy +9§p)e—1.

Since v is Holder continuous, |Xo — Xg| < |v|,d(x, xz)” and the result for £ > 1
follows.

Suppose now that £ < 0. Then x # x¢ only when 7o < £. The result follows from
Holder continuity of v and

Pty <€) =P(zo=z-1=---=20-1 =0) = (1 —-6)".
O

Finally, ®; , decays exponentially in £, because so does d;,,. The proof of Theo-
rem 2.1 is complete.
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5.4. Periodic tower. In Sect. 5.2 we assumed that the tower f: A — A is aperiodic,
namely that N = 1. Here we give a sketch of proof for N > 1.
Let

Ay ={(x,£) e A:£=0 (mod N)}.

We supply Ay with a probability measure Py, which is a (normalized) restriction of [P
Define a projection y: A — Ay, 7wy (x, £) = (x, NL%J) Observe that (y)« P =
Py.

Let
n—1 N—1
un:Zuoka with u:Zvofk
k=0 k=0

be a process on the probability space (Ay, Py).

Since 7y is measure preserving and |v, — u|,/n) 0 Tn| < 2N|v|oo, the processes v,
and u,, are naturally defined on a common probability space with v, = u|,/n| + O(1)
almost surely.

By the method which works for N = 1, we show the ASIP for the process u, on
the probability space (Ay, Py). So, there exists a Brownian motion W,, with u,, =
W, + o(n?) almost surely for every ¢ > 0.

Thus, almost surely and for every ¢ > 0,

Un = Wiyny +0(n®) = W, +o(n®),

where W, = »/N 18 a Brownian motion. We used that W,y — W|,,yn| = O(logn)
almost surely. This is the desired ASIP for v,,.
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A. Proof of Lemma 4.3

Our argument is based on [15, Section 4], and here we work in their notations, which
are different from the rest of the paper.

Inthissection, 7: A — A isanonuniformly expandingmapasinSect.2, F: Y — Y
is the induced map and f: A — A is the Young tower,

A={(y,0)eY xZ:0<t<1(y)}

v, e+, L<t(y)—1,

1Z:
F&, 0 (Fy,0), £=1(y)— L.

Lett = fy Tdm. Let ma be the probability measure on A given by ma(A x {£}) =
77 lm(A) forall£ > 0and A C {y € Y : t(y) > £+ 1}.
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Let L: L'(ma) — L'(ma) be the transfer operator corresponding to f and m 5, so
JLepydma=[¢yofdmforall¢ € L' and € L.

Without loss of generality we assume that f is mixing (otherwise we switch to a
power of f which is mixing).

Remark A.1. The proof of decay of correlations in [15] is based on a construction of a
probability space (W, Pyy) and a random variable r : W — N such that each sufficiently
regular observable ¥ : A — [0, co) with [ ¢ dma = 1 can be decomposed into a sum
U= pew Pw(w) ¥y, with [, dma = 1 and L™ ™y, = 714,. In particular, this
applies to Y = T1x,.

The distribution of r depends on the tails m(t > n). There is quite a lot of flexibility
in the construction. We show that if the tails decay exponentially, we can construct r
distributed geometrically up to a period, as required for Lemma 4.3. Moreover, we can
take W = A, r = h_4 and ensure that the observables v, are supported on the respective
Yy x {0}. This yields the desired result, with m,, given by the densities .

Remark A.2. Unfortunately, there is no easy way to point out what needs to be changed
in [15]. We present a complete proof, referring to [15] in the proofs where possible.

Let Ay = {(y,k) € A : k = ¢£}. Recall that n € (0, 1] is the exponent in (1). For
v A — [0, 00), define

|log ¥ (y,n) —log ¥ (y', n)|
[Ylpe=sup  sup -
=0 (v )£ A, d(y,y)

’

where log0 = —oo and log0 — log0 = 0. Note that for a countable collection i of
nonnegative functions, |3, I//k’n’z < maxg [Ykly.e.

Fora e a,letS, = {(y,k) € A:y € aand k = t(y) — 1}, and let x be the partition
of A generated by {S;}secq and {A¢}e>0. Let »" = \/Z;é f_kx. Then x° is the trivial
partition, and for every n > 1 and a € x", there exists £ > 0 such that f": a — Ay is
a bijection.

Fix constants R > 0 and & € (0, e~ ®) such that R(1 — £e®) > K + A~ !R.

Proposition A.3. Suppose that  : A — [0, 00) with ||, ¢ < R. Letn > 1,a € x"
and g = Y1, Then

Le R [\ Wdma <¢la, < et [y wdma.

2. |ana|n,£ < R.

3. Ift € [0,&], then ), = L™, —t ffAO L™, dma 1, is nonnegative and |\ |, ¢ <
R.

Proof. This is a minor modification of [15, Proposition 4.1]. O

Let R be the set of observables i : A — [0, 00) such that || < eR7 fA Ydma
and |l < R.

Forn > 0, let R" denote the set of observables ¥ : A — [0, o0) such that L™y € R
and |[L" (Y 1,)]p¢ < R forevery a € »".

Corollary Ad4.  (a) If ¥: A — [0, 00) is supported on Ay and |V |y ¢ < R, then
v eR.
(b) If ¥ € R, then LY € R.
() Ify € R", then y € R¥ forall k > n.
@ Ify, ' € R" andt > 0, then ¥ + v and t belong in R".



186 A. Korepanov

Proof. See [15, Corollary 4.2]. O
Lemma A.5. There exist N > 1 and € > 0 such that

(@) [u, ¥ dma =€ [ ¥ dmp forall y € LR,
(0) (1 — &) (1=5)" = eRema (U y, Ac) foralin > 1.

Proof. (a)is proved in [15, Lemma 4.5]. Following the proof, we are free to choose ¢ as
small as needed and N as large as needed. By assumptions of Lemma 4.3, m a (UZ’;H Ayg)
decays exponentially in n, thus we can choose N and ¢ so that (b) is satisfied. O

Further we assume that N and ¢ are as in Lemma A.5. Define B = LY R. Note that
LB c B C R.Forn > 0let B" denote the set of observables {: A — [0, o) such
that L™y € Band |[L" (Y 14)|,,¢ < R for every a € »".

Remark A.6. If ¢ € B, then Ly € B.If € B", then € BX forall k > n.

Define a sequence p,,n > —1 by

(1-5e(LL)"". nenz
0, néNZ

p-1==E&¢ and p, = { forn > 0.

Lett, =1— 22;1—1 prforn > 1.Then ) oo | px = 1,11 = 1 —e and forn > 2 using
Lemma A.5 we obtain

Nn—1

1 — n
a=1-3 p=0 —.gg)(l_;) > min{r1, eRema (U, Ac)). (5)
k=—1

Let Eg = Agand Ex = {(y,€) € A : £ = t(y) —k, £ > 1} for k > 1. Then
{Eo, E1, ...} defines a partition of A and ma (Ey) = ma(Ag) for all k.

Proposition A.7. If v € Bwith [, ¥ dma = 1, then fUI?o_ g, W dma <ty forn > 1.
Proof. See [15, Proposition 4.6]. O

Proposition A.8. Let p;, q; € [0, 00) be sequences such that 2710 pj= 2?10 q; <
0o and Z’;‘:o qj > Z’;ZO pj for all k > 0. Then there exist sy ; € [0,1], 0 < j <k,
such that ZI;ZO Sk,jqj = px forallk = 0 and Z,fi] sk,j = 1 forall j = 0.

Proof. See [15, Proposition 4.7]. O

Lemma A.9. Let v € B" for some n > 0. Then y = Y oo | Vi, where Y : A —
[0, 00) are such that

(@) L"(Y—114) = caln, forall a € »", where ¢, are nonnegative constants,
(b) Zae}:" Cqg = p-1T fA Y dmp,

() Y € R™ forall k > 0,

() [y Yrdma = pi [\ ¥ dma forallk = —1.
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Proof. We follow the proof of [15, Lemma 4.8]. Suppose without loss of generality that
Sardma =1.
Define

t= p—l/on L dmpa = éjs/fAO LY dmp.

By Lemma A.5, on L*rdma > ¢e,s0t € [0, &].
Under convention that 0/0 = 0, let

L"(Y1a) dm
Y1 =17 Z (fAO L"(Y1,) . ofn> Ylg.

aex"

Then properties (a) and (b) are satisfied.

Letg = ¢ — vy and gx = gly-ng, for k > 0. Then L"** g is supported on Ag
and |L”+k(gk1a)|n’g < R for every a € x". By Corollary A.4, g; € R"**.

Letgr = [, gk dma.Then Y 2 g = > r—o pk and by Proposition A.7, > "¢ _ i >
ZZ=0 pi foralln > 0. Choose s¢,; € [0, 1] as in Proposition A.8, and define ¥ : A —
[0, 00), k > 0, by

Vi = Z j=05k,j8j
Then (d) holds for all k. Corollary A.4 implies (c). O

Let W be the countable set of all finite words in the alphabet Ny including the zero
length word, and let Wj be the subset consisting of words of length k. Let Py be the
probability measure on W given forw = wy - - - wx € Wi by Pyw(w) = p_1pw; - - Puy-
Define r: W — Ng by r(w) = Xw + N|w|, where Yw = wy +---+ wy and |w| =k
forw = wy - - - wg.

Proposition A.10. Let ¢ € B with [,y dma = 1. Then ¥ = Y, w Yw, where
Yy A — [0, 00) are such that

(@) [\ Ywdmp =Py(w),
(b) Ly, = Py (w)T1a,,
(c) L™ (yry 1,) = Ccw,alag foralla e 1" W) where Cw.q are nonnegative constants.

Proof. Proof is identical to [15, Proposition 4.9] except for condition (c), which is
guaranteed by Lemma A.9. O

Definition A.11. We say that arandom variable X has geometric distribution with param-
eter 0 € (0, 1) (or X ~ Geom(0)), if X takes values in Ny and P(X =n) = (1 — 6)"0
forn > 0.

Proposition A.12. Suppose that Y = Z,I{Vlzl(l + Xx), where M ~ Geom(6y) and
O —m

X ~ Geom(0x) are independent random variables. Let 1y = 0x0y and n; = =5 0

Then

n+ {1 —=nn, n=20

F=m =0 =), n= 1
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Proof. We compute the probability generating function of Y. For z € R,
E(zY) = P(M = 0) + P(M > 1) Ec"*Y) E(ZY).
Using
E@Z1*X1) = Y0  P(X; = f)ZkH = %’
we obtain

E(zY) = m+1 - 771)1_({7#~

Now, P(Y = n) is the coefficient at z" in the above expression. O

Proposition A.13. There exist constants 0 < 6 < 1 and C{, Co > 0 such that

Cl, n=20
P(r=n) =3 C0"N, ne NN
0, else.

Proof. Recall that Wy is the subset of W consisting of words of length k. Then
Pw (W) = (1 —p_l)kp_l. Elements of W have the form wy - - - w; where wy, ..., wi
can be regarded as independent identically distributed random variables, drawn from Ny
with distribution

0,1 —o)"N, ne NN
Py = n) = pa/(1 = p_py = {17 0
0, else

where 6] = (tgf. In other words, w1 /N ~ Geom(01).

Then the random variable /N on W has the same distribution as Y in Proposi-
tion A.12 with 0y = p_1 and 6y = 6;. The result follows. O

We are ready to complete the proof of Lemma 4.3. Let v = dm/dma = t1a, and
V¥ =, cw Vw be the decomposition from Proposition A.10.

Theny = Y cw D weaw) Ywla Where A(w) = {a € "™ :a C Agand fr"a =
Ag}. Toevery w € Wanda € A(w) there corresponds u € A such thata = Y, (modulo
zero m measure) and 7 (w) = h 4(u). Thus we can write

m= Z P A(u)ymy,
uc A

where m, are probability measures supported on Y, and P 4 is a probability measure on
A such that P4 (h 4 = n) = Pyw(r = n) for all n.
The result of Lemma 4.3 follows from Proposition A.13.
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