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Abstract: One knows that the set of quasi-periodic Schrodinger cocycles with positive
Lyapunov exponent is open and dense in analytic topology. In this paper, we construct
cocycles with positive Lyapunov exponent which can be arbitrarily approximated by
ones with zero Lyapunov exponent in the space of C/ (1 < | < 00) smooth quasi-
periodic cocycles, which shows that the set of quasi-periodic Schrodinger cocycles with
positive Lyapunov exponent is not open in smooth topology.

1. Introduction and Results

Given an C" compact manifold X, let A(x) be a SL(2, R)-valued function on X and
(X, T, ) be ergodic with 1 a normalized T -invariant measure. The dynamical system
in X x R%: (x,w) — (T(x), A(x)w) is called a SL(2, R) cocycle (or cocycle for
simplicity). We will simply denoted it as (7', A). If the base system is a rotation on torus,
ie, X =T =R\Z",T =T, : x - x + w with rational independent w, we call
(T,, A) a quasi-periodic cocycle, which is simply denoted by (w, A). If furthermore

A(x) = S,(x) is of the form S, (x) = (“(f‘) 0_1 with v(x + 1) = v(x), we call

(w, Sy(x)) a quasi-periodic Schrodinger cocycle.
For any n € Nand x € X, we denote

A'(x) = A(T" %) ... A(Tx)A(x)
and
A7) = AN T ") . AT T ) = (ANT )L
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For fixed ergodic base system (X, T, ), the (maximum) Lyapunov exponent of (7', A)
is defined as

L(A) = lim % / log [A"(x)lldp == nli)rgo/Ln(A(x))du € [0, 00),

which measures the average growth rate of ||A" (x)]|.

Regularity and positivity of Lyapunov exponent (LE) are the central subjects in
smooth dynamical systems, both subtly depend on the base dynamics 7 and the smooth-
ness of the matrix A. For nonlinear systems, they also depend on the geometry of the
manifold.

The chaoticity in the base favors the positivity and regularity of LE. The classical
Furstenberg theory [25] showed that for random product of matrices or cocyles over full
shifts, the largest LE is positive under very general conditions. Furstenberg—Kifer [26]
and Hennion [28] proved continuity of the largest LE of i.i.d random matrices under a
condition of almost irreducibility. For Schrédinger cocycles, Kotani [40] proved that LE
is positive for almost every energy for some class of non-deterministic potential. Viana
[48] proved that for any s > 0, the set of C* linear cocycles over any hyperbolic ergodic
transformation contains an open and dense subset of cocycles with nonzero LE; and LE
is continuous for SL(2, R)-cocycles over Markov shifts [43]. For other related results,
see [6,10] and [49].

However, when the base dynamics is quasiperiodic, the positivity and continuity of
LE seem to be more sensitive to the smoothness of the matrix-valued function A(x). LE
was proved to be discontinuous at any non-uniformly hyperbolic cocycles in C° topology
by Furman [24] (Continuity at uniformly hyperbolic cocycles is trivial). Motivated by
Marié [41,42], Bochi [11] further proved that any non-uniformly hyperbolic SL(2, R)-
cocycle over a fixed ergodic system on a compact space, can be arbitrarily approximated
by cocycles with zero LE in the C? topology, which shows that any non-uniformly
hyperbolic cocycle can not be an inner point of cocycles with positive LE in C? topology.
For further related results, we refer to [8,12,13,28,35,36,39,47].

On the other hand, there are many tremendously positive results on both the positivity
and continuity of LE in analytic topology.

For the positivity of LE, Herman proved that, by the subharmonicity method, LE is
uniformly positive for Schrodinger cocycles with the potential 2A cos x if || > 1. The
result remains true for trigonometric polynomials Av(x) with large A [29]. The gener-
alization to arbitrary one-frequency nonconstant real analytic potentials was given by
Sorets and Spencer [46]. The same result for Diophantine multi-frequency was estab-
lished by Bourgain and Schlag [17] and Goldstein and Schlag [27]. Zhang [54] gave a
different proof of the results in [46], and applied it to a certain class of analytic Szegd
cocycle. For more references, we refer to [16,22,38].

For the continuity of LE, Large Deviation Theorems (LDT), established by Bour-
gain and Goldstein in [17] for real analytic potentials with Diophantine frequency, is
an important tool. In [27], Goldstein and Schlag gave some sharp version of LDT and
developed the Avalanche Principle(AP), and proved that if w is a Diophantine irrational
number and v(x) is analytic, then the Lyapunov exponent L(E) is Holder continuous
provided L(E) > 0. Later, Jitomirskaya, Koslover and Schulteis [31] proved the con-
tinuity of the LE for a class of analytic one-frequency quasiperiodic M (2, C)-cocycles
with singularities. The continuity of LE implies that the set of the cocycles with positive
LE is open in analytic topology. Together with the denseness result by Avila [1], one
knows that the set of quasi-periodic cocycles with positive LE is open and dense in
analytic topology. More related references can be found at the end of this section.
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So, the behavior of LE are totally different in C° and analytic topology. We are
curious about its behavior in smooth case. A natural question is whether the set of quasi-
periodic cocycles with positive LE is open and dense in C*° topology, same as in analytic
topology. The problem turns out to be very subtle as Avila [1] already proved, among
many other results, that cocycles with positive LE is dense in smooth quasi-periodic
cocycles. In this paper, we will prove that, different from analytic case, the set of smooth
quasi-periodic cocycles with positive exponent is not open in smooth topology. More
precisely, we will construct smooth non-uniformly hyperbolic Schrédinger cocycles
which are accumulated by ones with zero LE in C’ topology (I = 1,2, ..., 00).! The
following is the main result of this paper.

Theorem 1. Consider quasi-periodic Schrodinger cocycles over S with w being a fixed
irrational number of bounded-type.> For any 0 < | < oo, there exists a Schrodinger
cocycle S, with a positive Lyapunov exponent and a sequence of Schrodinger cocycles S,,
with zero Lyapunov exponent such that v, (x) — v(x) in C! topology. As a consequence,
the set of quasi-periodic cocycles with positive LE is not open in C',1 = 1,2, ..., cc.

Theorem 1 can be obtained from Theorem 2 in the same way as in [50] to obtain
examples in Schrodinger cocycles from examples in SL(2, R) cocycles. Thus we only
need to prove Theorem 2.

Theorem 2. Consider quasi-periodic SL(2,R) cocycles over S with w being a fixed
irrational number of bounded-type. For any 0 < | < oo, there exists a cocycle D; €
CL(S', SL(2,R)) with positive Lyapunov exponent and a sequence of cocycles Cy €
Cl(S', SL(2,R)) with zero Lyapunov exponent such that C;, — D; in C' topology.
ASZ a consequence, the set of cocycles with positive Lyapunov exponent is not open in
c,i=1,2,...,00.

Remark 1.1. Avila and Krikorian [5] proved that the LE is smooth in the space of smooth
monotonic quasi-periodic cocycles not homotopic to the identity. Our result thus shows
that LE has a totally different behavior in the space of smooth quasi-periodic Schrédinger
cocycles homotopic to the identity in comparison with the space of ones not homotopic
to the identity.

This paper is a continuation of [50], where the authors constructed smooth quasi-
periodic Schrodinger cocycles, at which the LE is not continuous in smooth topology.
Here we further prove that LE can jump down to zero. There are also some results in the
other side. For some type of C? potentials, Anderson Localization and positivity of LE
has been established by Sinai [45] and Frohlich—Spencer—Wittwer [23], also see Bjerklov
[9]. For the model in [45], Wang and Zhang [51] showed the continuity of the LE, which
implies some non-uniform hyperbolic quasi-periodic cocycles can be inner points of
smooth quasi-periodic cocycles with positive exponents. Those results together show that
the topological structure of the set of quasi-periodic cocycles with positive LE is more
complicated in smooth topology comparing with C” topology and analytic topology.

The LE of the Schrodingier cocycles encodes enormous information on the spectrum
of the corresponding quasi-periodic Schodinger operators. It is known from Kotani the-
ory that the positive LE implies singular spectrum, and typically Anderson localization,
see [30,37,44]; while zero Lyapunov spectrum usually implies continuous, typically
absolutely continuous spectrum. Positivity of the LE is also a starting point for many

1 The authors would like to thank Jitomirskaya for drawing their attention to the problem.
2 Bounded type means Z—]’:, the best approximation of w, satisfies gx+1 < Mgy for some M > 0.
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other problems in dynamical systems and spectral theory, such as Holder continuity of
LE, topological structure of spectrum, continuity of spectrum. Also the recent devel-
oped methods, such as Avalanche Principle and Green’s function estimates, etc.(see
[15]), depend crucially on the positivity of LE.

A related more interesting question is the robustness of Anderson localization. i.e., if
the perturbations of a Schrodinger operator exhibiting Anderson localization still have
Anderson localization (assuming that the base dynamics is a rigid Diophantine rotation)?
The answer is affirmative in analytic category since the LE is continuous and thus keeps
positive under perturbations. However, the problem is completely open in the smooth
topology. The result of this paper implies that the positivity of LE is not a robust property
in smooth topology, so it is reasonable to guess that Anderson localization is not a robust
property in smooth topology. However this problem is widely open.

The proof of Theorem 2 is constructive. Recall in [50], we have constructed a smooth
cocycles A with positive LE and a smooth cocycle A; in %S-neighborhood of A in
C! topology for any given § such that the finite LE of A, defined by L, (A) =
nl—l /Sl log ||A'il1 (x)||dx, is smaller that (1 — &1)L(A) for a fixed number §; > 0 inde-
pendent of §. As a consequence of subadditivity of finite LE, L(A1) < (1 —§1)L(A). It
follows that the LE is discontinuous at A. However, the construction in [50] did not tell
us how small L(A1) can be. In this paper we will further locally modify A; such that the

modified cocycle, say A», satisfies ||A2 — Ay~ < %8 and L, (A2) < (1=681)L,, (Ay).
It follows that A, is in the §-neighborhood of A and L(Ap) < (1 — 81)2L(A).
Inductively, we locally modify Ay such that the modified cocycle, say Ax+1, satis-
fies |Ar+1 — Akllcr < 2%8 and Ly, (Ags1) < (1 — 81)Ly, (Ag), where ny — oo
will be specified later. It follows that all Ay are in the §-neighborhood of A and
L(Agy) < (1 - SHXL(A). Ttis easy to see that Ay has a limit, say A, with L(A) = 0.

A and A we constructed are of the form A Ry () and ARd;(x) where A = diag{i, —\},
A >> 1 with L(A) ~ In »and L(A) = 0. Moreover, ¢ (x) is an arbitrarily small modifica-
tion of ¢ (x) in an arbitrarily small neighborhood of two points. So a small change makes
a big difference! For Schrodinger cocycles, we actually construct implicitly, for arbi-
trarily large A, smooth v(x) and v(x) which are slightly different from each other at the
neighborhood of two critical points such that L (S (x)) is very big while L(S, q;(x)) =0.
The result is surprising as we have even not seen any smooth example of the form S, 5
with A >> 1 such that L(Sxé(x)) =0.

From our construction, one can see how and where to modify a cocycle so as to
control the LE. This might be useful for other problems.

More historical remarks on the continuity of LE in analytic topology: When the under-
lying dynamics is a shift or skew-shift of a higher dimensional torus, the log-continuity
of LE was proved in [18] by Bourgain, Goldstein and Schlag. Recently, the result of
[31] was generalized by Jitomirskaya and Marx [32] for all non-trivial singular analytic
quasiperiodic cocycles with one-frequency. With this result, Jitomirskaya and Marx [33]
can determine the LE of extended Harper’s model.

An arithmetic version of large deviations and inductive scheme were developed by
Bourgain and Jitomirskaya in [19] allowing to obtain joint continuity of LE for SL.(2, C)
cocycles, in frequency and cocycle map, at any irrational frequencies. This result has
been crucial in many important developments, such as the proof of the Ten Martini
problem [3], Avila’s global theory of one-frequency cocycles [2]. It was extended to
multi-frequency case by Bourgain [16] and to general M(2, C) case by Jitomirskaya
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and Marx [33]. More recently, a completely different method without LDT or AP was
developed by Avila, Jitomirskaya and Sadel [4] and used to prove the continuity of LE
for the general case M(d, C), d > 2. For further works, see [20,21,34,38,52].

In the following, we will use ¢, C, C(I), etc, to denote some universal positive
constants independent of iterative steps.

2. The Construction of D;

We will not distinguish A and its lift in R!. In this paper, we consider the case n = 1.
Clearly, the norm of an SL(2, R)-matrix is not less than 1 and the equality holds if
and only if it is a rotation matrix. Thus we call an SL(2, R)-matrix is hyperbolic if
its norm is strictly larger than 1. A quasi-periodic cocycle (w, A(x)) of degree d is
defined by a matrix function A(x) = Ry(x) - A(x) - Ryr) on R, with A(x + 1) =
A(x) = diag{||All, H}TH}’ Yx+1) =2nd+ ¥ (x),¢p(x +1) = 2nd + ¢p(x) where

Ry = (cos6—sinfsinf cosf ). It is easy to see that (¢(x) + ¥ (x — w)) is uniquely
determined by A(x) up to 2w Z and L(A) = L(A(x) - Ry(x)+y (x—w)) as A is conjugated
t0 A(X) - Rp(x)+y (x—w)- We will construct examples in smooth topology for all degrees.

Let A = diag{A, %} with & >> 1. In this section, we will construct a sequence of
smooth cocycles By of the form A - R, (x), converging in C! such that L(lim By) > 0.
Moreover & (x) will be specially designed so that, in the next section, we can further
constructed cocycles Cy with zero Lyapunov exponent in any small neighborhood of
Bj. When 1 is big, we will see that the Lyapunov exponent of Bj crucially depends
on the local behavior, more precisely the degeneracy, of & (x) at the critical points
{c: &(c) = % (mod 1)} due to the cancellation.

Let w be a fixed irrational number and 2£ be its best approximation. Throughout the
paper, we assume that w is of the bounded type, i.e., gk+1 < Mqy; € > 0 is small. /
is a fixed positive integer reflecting the smoothness of cocycles. Let A and N are large
enough so that

o
lo
R T [ ek SR @2.1)
= Ik
We define the decaying sequence {1} inductively by log Ay = logAp—1 — %

where Ay = A > 1. Itis easy to see tliat A converges] to 1)\.00 with Ao > Al €. .
For k > N, we define Cy = {O, —}, Iy = [_E’ E]’ Iy = [2 2, 3+ ‘113]
h] _ 1 hz
= I~ ok € = b -
+ —] and by & L the set 1’” U 1“ . Denote Lebesgue measure of Iy by |Ix].

and Iy = Ix,1 | Ix2. For C > 1, we denote by

11
qu’z

For each x e Iy, let rf H(x) (respectlvely 1, (x)) be the smallest positive integer such
that T’;(x)(x) € I (respectively T« M (x) € I). Let r,f = Minyey, rki(x) and
T = min{r,:r , 7 1. Obviously, ry > gi. Moreover, from the symmetry between /i 1 and
Iy, wehavery =1 =r, .

We define fgon I = I1 | J I, = {x : |x] < 27} UJ{x : |x——|§—}by
2qN 2q

£01(x), x| < =1y

2
2y 2.2)

B0 =1 ¢ () (or £n@)). =3l =5y
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—T

x
Fig. 2. Nonhomotopic to identity
where
1+1 1 1 I+1
§o1(x) = sgn(x)|x["",  &oa(x) = sgn(x — E)Ix - 5' . (2.3)
£(x) is a lift of a 1-periodic C! function satisfying
£0o) &o1(x), x| < ﬁ; o
X) = .
—E02(x) (orw +602(x)), |x — 3| < 7y

2‘112\/ ’

and |&(x)(mod )| > 2{]#2 for any x(mod 1) ¢ I. The picture of the function £ is as in
Figs. 1 and 2. !

Let &y (x) = &(x) defined above. Define By (x) = AR%—SN (x)- The following result
on concatenation of non-rotating blocks is a generalization of Proposition 3.1 in [50].

Proposition 2.1. There are C' functions &(x) (k = N + 1, N +2,...) constructed
inductively such that

L&) — &1l < CO - A2 LI™F, if k> N, 2.5)

2. Let B, = AR%,&(X). For each x € Iy, we have

+ +
1B o) = Ak ™ (2.6)
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3. Let

r+
B (x) = R‘//Bk,r;'(x) A () Rd’Bk-’;’(x)’

T = | |
B (T 'k x) = Rka.—r,:(x) ABk,—rk_ (x) R(PBk.—rk’(x)'
Then for x € Iy, we have
(Dk Vg o () + (1) = F = E0(x) on 16
1]
O W, ) + g (0) = 5| = W, x € I\ 15

where &y(x) is defined in (2.2) and (2.3).

Remark 2.1. Tt is easy to see from (2.5) that By converges to a limit D; in C'-topology.
Moreover, from (2.5) and (2.6) as well as Theorem 3 in [50], we can show L(D;) >
(I —€)lnA.

We first describe the idea for the proof of Proposition 2.1, which is similar to the one
for Proposition 3.1 in [50]. Under a non-degenerate condition, Young [53] obtained a
positive lower bound for the Lyapunov exponent. In contrast, To find a series of cocycles
with zero Lyapunov exponent which converges to a cocycle, some degeneracy on the
limit cocycle is necessary. Thus in order to use Young’s method to obtain the positivity
of the Lyapunov exponent of the limit cocycle, we need a higher-order non-degenerate
condition (see (1)x, (2)x and the definition of the function &y) on the limit cocycle as
well as some modification of Young’s method as follows. After each iteration step, the
original higher-order non-degenerate condition is destroyed due to small perturbation.
Thus we need to modify the definition of the cocycle a little such that the non-degenerate
condition in (1) is recovered (see the definition of fk and the construction of f; in the
proof of Proposition 2.1). Moreover the modification should be small enough to ensure
the convergence of the series of cocycles, which is estimated by (2.5). Then similar to
[53], we obtain (2.6).

For any cocycle A(x),n € Z* andx € I, we decompose A" (x) as Ry, , (x) - Aan(x)-
R¢A,n(x) when A" (x) isnon-rotatingin /, where A 4 , (x) € SL(2, R)is adiagonal matrix
satisfying [|A" (x)|| = ||Aa,»(x)| and Ry, ,(x) and Ry, ,(x) are two rotation matrix with
Ya.nand ¢4 , two angle functions. We make a similar decomposition for A" (7" x) as
Ry, )" Da,—n(x) - Ry, _,(x) when A"(T~"x) is non-rotating in /.

To prove Proposition 2.1, we first give the following Lemma 2.1 to estimate derivatives
of angles and norms for the product of non-rotating blocks. It shows that the quotient of
derivative of the norm by the norm is much smaller than the norm, while the quotient of
derivative of angle by the norm is very small.

Lemma 2.1. For any function o (x) defined on S', denote dy(0) = miny gy, {|o(x)]}.
Assume that for any x € I,

log [A™ ()]l > —log dy1, 2.7)
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where diy1 = di1(P4, rr (x) +1//A —r —(x)=-Z %). Furthermore assume that, for i <1 and

+
m* = rif (),

L @] < CO A

di
dx’

i +m —i
| LIAZWO Azt < €yl @n

Then fori <1, x € Iy and m* = r,il(x) it holds that

Lppir |, |[Lva i @] =COdy Dy
LT a0 < CO) d @

Moreover, for anyi > 0, x € Ii41, it holds that

dx, @, (0 = bar ()| = COY - L2, - d

R 2.8)
a0 = Va L (D] £ €G- L2

The proof of Lemma 2.1 will be given in the Appendix.

Proof of Proposition 2.1:
Foreachk > Nandx € Iy,let¢p,_, , (x)and ¥p,_, , (x) correspond toB ~ 1 (x). Since

usually fi(¥) i= (Urg, | = () +bp_ () = W | o (O + g e () £0
and ka—ls—r;,l(x) + ¢Bk71,,;71(x) - 5 = &(x) on Ik 1, we have that usually
ka_]’_r; (x) + ¢Bk71,,k+(x) — % # &y(x) on I;. To satisfy (1) in Proposition 2.1,
we modify &;_1(x) into a new & (x) on I by defining & (x) = &—_1(x) + fx(x), where

fr(x) € Cl is the following 1-periodic function:
fix)  xe f—’{)
fi) = hi (), x e I\
0, X € Sl\Ik

where h,f (x) is apolynomial of degree 2/ +1 restricted in each interval of I;\ f—’(‘) satisfying

dfhk( 1 )—de.k(:I: 1
dx/ 1Oq2 dx/ 10q,§
d'hf 1

d](i y=0, i=12 0<j<I.
X

From (2.8) in Lemma 2.1, we have that

Vg, e Ot )= 0+ (D)ot = CORC T
(2.9)
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where (2.7) is fulfilled by conclusion 2 and 3 of the induction assumption for the case
¢ _TL.US from the definition of f;(x) we obtain
[feler < €AY - 27 17 (2.10)
Let Br(x) = A - R%—Sk(x)’ then we have
Lemma 2.2. For x € Iy, it holds that

Fx)
()R-

rk Fx)

()—B"
and

rk (x) rk (x)

(T~ 1 (%) x) = (T~ e (X)x)

Proof. Obviously T'x € S'\I; forx € Iy and 1 <i < rj(x) — 1. Since Bx(x) =
Bi_1(x) for x € S\ I, we have that

rk Fx)

@ = B ) - BE, 0 B(x). x € I,

From the definition, we have Bi(x) = By_1(x) - Rg_,(x)—5(x), Which implies
B,;ll (x)B(x) = Rg,_, (x)—&(x)- Thus we obtain the first equation in Lemma 2.2. Simi-
larly we can prove the second. O

Lemma 2.3. It holds that
fold) = W | e ) + 65,02 (0) = W, o (1) + 2 (), % € Iy

Proof. Since a rotation does not change the norm of a vector, for a non-rotating matrix
A and a rotation matrix Ry, we have

dA-Ry = Pa +0. 2.11)
From Lemma 2.2, we have
Gz () = bp,_, 2 () = i), V() =Yg ().
Thus
@) = W | e )+, 42 () = W o (1) + 2 (), x € I,
which concludes the proof. 0O
Proof of (1) and (2)x. From the definition of fi(x), we have fi(x) = (1//Bk_] i )+
¢Bk71,r;’ (x)) — (wBH — (x) + ¢Bk71,r;71 (x)) on 11—’6, which together with Lemma 2.3

implies that for each x € {5, ¥ L) 4 () = W () + (1)) —
fk(x) i e COR X NN (x). Since 1/ka - (x) ¢>3k Lt () = &o(x)
on 10 L by induction assumptlon (1)x—1, we obtain (1) in proposition 2.1.

Obviously )qu > qk Hence (2)k in Proposition 2.1 can be obtained from the
induction assumptlon )i— 1f0r|1/ka — (x) bp, Lt (x)— |on I _1 and (2.10).
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Proof of conclusion 1. Conclusion 1 can be obtained from (2.9).

Proof of conclusion 2. For x € I, let i1(x) < i2(x) < ... < ij(x) < rr be
the returning times of Ir_; not larger than r;. Since |I| < %|Ik_1| ( we can make a
slight modification of the definition of I; if necessary), from the symmetry between
Ix.1 and I >, we have that for any x € I, we have T"*x € [x_;. Then we have
that ij(x)(x) = ry. Since T5®x ¢ I fors < j(x), 6, — %] > ? where 6, =

BBrive ()—is () (THOX) + Ui o—ii_ o) (TH1®x). Together with conclusion 3 of
the induction assumption for (k — 1)-th step we have that |6, — %| > #, where
k

O = quk,,-A,H(x)_,'s(x)(T"S(")x) + ¥ B,.i,(x)(x). Thus from the definition of Ax, we obtain
conclusion 2 for k-th step by repeated applications of Lemma A.1.

3. The Construction of Cy(x)

Now we start to construct a Cy in any small c! -neighborhood of By such that L(Cy) = 0.
Itis obvious that C; — D; inC! topology. Ci will be constructed as limit of a sequence of
converging cocycles, say Ay ;, in any small neighborhood of By such that L(Ag ;) — 0
as i — oo. By the construction, we can show that L(Cy) < lim;_, o L(Ag,;) = 0, see
Corollary 3.1. In the following, we shall simply denote Ag ; by A;.

The following lemma is of key importance for the construction:

Iterative Lemma: Ler Ao(x) = A - Ry g satisfy that [ Ag°™ ()|l = /70 with

A>pu > land on,—rno (x) + ¢Ao,rn0 (x) — % = &o(x), x € Iy,. Then we can find two
small positive numbers 81 > &8 such that for any i > 0, there exist Aj(x) = A - R%,gi x)
and an unbounded sequence of integers {rn; }7° | With ry; > qy,, such that the following

properties hold true:

1 i
(D). 16141 — biler < giMP - pm 2070000 4 g2,
n-(x) — .
@ 14" ol < 2879 for x e 1, and j < i
P : 1 3 Vi, () + b, (0) — F = Eo(x) on Ly:
@- 147 @) = w080 on L, and uO- s L

i
- 1 . . C .
(5). fin; S&n;’w' with 0 < w; §@andw,~—>0asz—>oo.

1
@™ and p. = minye, A
—"

1
.

In; (x)
i

Inj (x)

In the above, [i,, = maXyep, |A ;

Therefore, ", = pL(l"S])i and fL,; < A(lfaz)i.

Remark 3.1. In the above lemma, (1) shows the convergence of cocycles and upper
bound estimate (2) can imply that the Lyapunov of the limit cocycle is zero. (3) played
a similar role as the one played by (1) in Proposition 2.1, i.e., it ensures some higher-
order non-degenerate condition. The realization of (1) and (2) is based on the condition

that A"

prove (1)—(4), we need (5) to show that the growth of ||A;
x € 1l.

(x)] is large enough. Thus we need a lower bound estimates as in (4). To

" (x)(x) || is uniformly for all

The main result Theorem 2 is an easy consequence of the following corollary.



The Set of Smooth Quasi-periodic Schrodinger Cocycles 811

Corollary 3.1. There exists a SL(2, R)-sequence {Cx },fi n Such that Cy has the limit Dy
in C!-topology with L(D;) > (1 — €) In » and L(Cy) = O for each k.

Proof. For any k € N, we apply Iterative Lemma by setting A9 = Bg, np = g; and
= A!1=¢ where B is defined in Proposition 2.1. Hence for each i we obtain A; such
that (P;) holds true. By (1) of (P;), A; has alimit, say C, k inC!- topology From the second

inequality in (2) of (P;), as i — 00, we obtain ||Ck ( )™ 0 < 20=8) for any
J <iandx € I,;. By the subadditivity of Lyapunov exponent and the definition of r; (x),

it implies that for every x in the base space, it holds that lim inf,,_, o rll log [C{ ()] <

(1 — 8,)7 log A, see also the argument in [50]. Hence we have L(Cy) < (1 — &)/ log A
for any j. Let j — oo, we obtain L(Cy) = 0. Moreover, from (1) of (P;) it holds that

ICx — Diller < ICx — Bkllet + 1B — Dyllc
= [|Ck — Aollgt + | Bk — Dyl
< 2310030 4 g2 4 | By — Dyl

which, with the help of the inequality ,u,(l_‘sl)i"’"i > \TI\ in (4) of (P;), implies Cy — Dy

in C!-topology as k — oc. On the other hand, Proposition 2.1 says that L(D;) >
(I1—e)lnA. O

Roughly speaking, the idea for the proof of Iterative Lemma can be described as fol-
lows. Consider two non-rotating blocks A;(x) = Ry, x)Ai (X) Ry, (x) With [|A; (x)|| >
1, i = 1, 2 for all x in some interval. Then the difference between ||A2(x)A;(x)]|| and
[A2(x)|| - [JA1(x)]l is determined by ¢2(x) + ¥r1(x) — % Now we add some small per-
turbation on ¢ (x) +v1 (x) — 7 to reduce || A2(x) - A1 (x)||. Obviously, the fastest way to
reduce itis to change ¢, (x)+v1 (x) — % into zero for all x, since then || A2 (x)- A (x)]| will
be much smaller than || A3 (x)]|- || A1 (x)]|. With such a modification, however, we lose the
control on the lower bound of || A2 (x)- A1 (x)]|, while alarge norm || A2 (x) A1 (x)|| is nec-
essary for us to continue the reduction of the Lyapunov exponent in later iterations. Thus
instead, we will modify ¢, (x) + 1 (x) — 1 to equal some small € > 0, see Fig. 3. With a

suitable €, on one hand we can reduce the Lyapunov exponent o M log ||[A2(x)A1(x)]|

remarkably, where n; is the length of the block A;, i =1, 2;0n the other hand a large
lower bound for the norm || A;(x) A1 (x)]| is still available.

Proof of Iterative Lemma. Let 0 < §p < llz be a fixed number and §; = 83y - /,

8y = M~%1 . 81 with ki defined in Proposition 3.1. Obviously, M*! > 8.
When i = N, (P;) obviously holds true for Ay with A > N. Assuming that

Apn, ..., Aj_1 have been constructed with (Py), . (Pl 1), we will construct A; such
that (P;) holds. From (5) of (P;_1), we have [|A,” "’ i ( =< 14" i ](V)(y)||1+wl 1 for
x, y € Iy, , provided that n; _; is sufficiently large such that M < 1.

nji—1
Letn; > nj_; such that u~ 81, > ‘In,- > 29071 hence the second part of (4) of

(P;) holds true. It is worthy to note that one purpose to do so is to ensure that the norm

of non-rotating block [|A;™ O )(x)|| >> 1 although the corresponding finite Lyapunov

exponent maybe very small. Then the Diophantine condition implies that r,, > gy;.
Thus I,,; can be defined as before. We will determine n; later, see step 3 as below.
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Next we construct a modification of A;_j. For our purpose, we first make a local
modification for A;_; on I,,_, such that there is a low platform in the image of
oys - (x) + 95 - (x) — % (see Fig. 3) for the new cocycle Ai,l, which is

i—1sTn;_ i—1>""n; _
critical to reduce the Lyapunov exponent when keeping the norm large.

We denote the sub-interval [0, - ——]of I,,_, by [a,b]. Definea <c<c<d<b

1

nji—

such that |ac| = p; gao.r"i ' aél = M? - acl,d = ‘%}’ see Fig. 3. From the definition
of n;, we have |1,;| < |ac|.
Define
20acl™ = (@a; 1y )+ VA, (1), x €[C,d];
ei(x) =40, x € [a, c] or equals b;

hi(x) x €[c,¢]orld, b],

where h; (x) are polynomials of degree 2/ + 1 restricted on each interval and for0 < j <1
satisfies

i i dj(z‘ac‘]Jrl_((pA« e TVA = )

d’h d’h 1-"nj_ 1=

/I jl (b) = 0, I jl (d) - . ' } 1 d ! l (d),
iy dj(2|a5|l+l (P4, n: YA, e )

dfh, d/h, ~ i~ i—17ni—

dx/ ( ) dxJ ( ) dx/ (C)

We have the following estimates:

Lemma 3.1. It holds that |e; (x)|ot < C - q;ﬁl.

Proof. From (3) in (Pi—1) and (1),,—1 in Proposition 2.1, it holds for 0 < j < [ that
|Qlac™! = (@a,_r,_, +Vaiymn, 1))(x)|c,~ < C g, 2" Hence from Cramer’s

rule we have that |h,(x)|cz <C- an. Consequently, |e; (x)|o < C - qn’H. O

‘We can make the definition of ¢; (x) on other subintervals of I,
Let éi = 6;_1 +e¢;(x). Thus for A,-,l =A- R%—éi’ ¥
on /,, , is of the shape as in the Fig. 3.

., 1n a similar way.

- -
i—1sTn;_y (x) +¢Ai—1a"ni,1 (x) 2
In the following, we will do some routine modifications on A;_1 as in the proof of
Proposition 2.1 such that the process of iterations can go forward until at the step n;
we obtain a cocycle A; satisfying (1)—(5) of (P;). Note that the modification defined by
e; (x) is the only one which is essential in the proof of Iteration Lemma.

Step 1. The construction of A; and proof of (1), (3) and (4) of (P;).

Tnj_ 1() rn, 1()

Lemma 3.2. Let A;9 = A - Ré,- ‘= A - Ry, satisfy ||A )] = for

X € Iy, with vy = /L(l_‘sl)i_] Then for any n; —n; 1 > j > 1, there exist 6; j and
Aij=A-R L . such that the following properties hold true:

n; i (x) P14+ (X)
DAl = v on Iy
Bij): § Q- bain @)+ wl,,,frn,.f”_, (x) = % = 6;.0(x) on I;;
= —4n; _1+j-1 212 60‘1}1, 212
316 = O j—rler <rijj-v, 7 ri A~ max{y; R
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AY

a ¢ ¢ d b X
Fig. 3. The image of 7 1(x)+w/§ x)-%
1y

i—1-""nj_q

where vj are iteratively defined by

—(j-1) -1 ;
v = - ,,O—ao(ﬁ otV2T D 204D pIBRCD) =)

1
. Tn, y+j - - .
Let Ei,j = minyey, ”(Ai,n]l' 1+i x) || "i-1* forany j < n; —n;_y. Thus we have ﬁi,j >

v an = U, > Vyn .
J dﬁ'li Elvni—":’—l = TR

Proof. For j = 1, from (4) of (P;_1) and the definition of éi and 119, we have

dn;_1+1

log ||A"' > 1 'y 2Dy
XNz logu. 08 K;
rn,',1+1(-x) il qn,‘,1+1 —hi-

=1 -2(1+1)d) logﬁi’nii1 >y,

qn;_

Thus we obtain (i) Moreover (i) and (5) can be proved by Proposition 2.1 and
Lemma 2.1 with dy; _,+1 > —77-
n;_1+l

Assume (P; ;) hold true. We will prove (P; j+1) holds true. We define 6; j.1(x)

starting from 6; ; (x) in the same way as we define &4 starting from & in Proposition 2.1.
—2(1+1)80qn; _

Applying Proposition 2.1 and Lemma 2.1 with dj,;_,+; > mm{vl §+ 0dniy n,2(11:/1)}
and i = [, we have that (2) and (3) hold true.

For (1), one can sees that if |ac| < |I,,_,+;], then from g4 > V2 gm for each m,
G ~d0dn;_y ﬁlml 2(+1)

log || A’ ()] = logv; + log;

Tn; +/(X) i,j+1 Gn; _1+j+1 ’

> (=82 Y4 V2T H D) 204 1) logvo—8 - 2 -2 + 1) Tog vg
= log Vitl-

Now we consider the case |ac| > |I,,_,+;|. Let j* be the smallest integer such that

|I‘1n,-_1+j*| < |ac| (Obviously, j* depends on n;_; and we can choose n; large enough
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such that j* <« n;). Since for any s, it holds that M? . |[Is+1] = |Is|. Thus from
the definition of |ac| and |ac|, we have |an-71+j*| > lac| since |an>1+/'*—1| > lac|.

. ik
nj_1+j

. q ..
Then since v It > qi_l_l +jre1s WE follow Proposition 2.1 to construct v; j+4, and

Aj jram = A - R%,;*m such that if m > 1, then

. . > Vitpm.
El,n,-,1+]*+m = YJttm

Thus (1) holds true. O

Define 6; (x) = 6; jem+(x) and A;(x) = A - R%,gi(x), where m* = n; —n;j_1 — j*.
Then (4) of (P;) can be proved by (i) in (15,3 ;). From the inequality 0 < §p < ILZ’ (1) of

(P;) can be proved by (5) in (}3,-, ;) and Lemma 3.1. (3) of (P;) is obvious by the method
of constructing A; ;.

Step 2. The proof of (2) of (P;).
Now we will give an upper bound estimate for the Lyapunov exponent. For this purpose,
we need the following proposition in [50]:

Proposition 3.1. Let 11, I be two intervals in _S1 satisfying I = Iy + 1/2. Define
I = L minr(x) = minye; min{i > 0|T'x (mod 27) € I} and max r(x) =
maxxe L1y min{i > O|T'x (mod 27) € 11—011}. Then there exists ki € N such that
M~ —ki < min r(x) <1

— maxr(x) —
From the definition of [a, d], we have |¢Ai’r’7i—l (x)+ wAi’_r"i—l x) =7 < 20ac|! =
2,1[2150"""*1 for each x € [a, d]. Apply Proposition 3.1 with I} = [a, d]. Similar to the

—Ni—1
1

(x))]|™i-1*/ . Then with

"1 l+/

definition of M, -in Lemma 3.2, let i1; ; = = MaXyef,, ||(A
logh > 1it follows from (5) of (P;_1) and Lemma A.1 that

_ _1 szlao _1—IM~k1.5 1-8; (1- 82)
H“ _lul"z—'u‘ln S'u”zl <H’11§)L

Step 3. The proof of (5) of (Pi) Fori = N, (5) of (P;) can be achieved by choosing
A > N > 1.Fori > N, recall that n; = m* + n;_1 + j* in the proof of Lemma 3.2.
Letn; > i; > j*+n;_1. Then |I,,,| < |I;,| < |In,_, |, which implies that

() i ()
A" )™ ~ |4

1

I 3.1)
for any x, y € I, (in fact both sides of (3.1) tend to each other as n; — o0). From
the definition of j* we know that in the iterations from step n;_1 + j* to step n; for
x € I;, we need not to consider the existence of the platform, see the definition of éi
as above. Hence based on the estimate on concatenation of non-rotating blocks in [53]
or Proposition 3.1 in [50] (see also the proof of (2.6) in Proposition 2.1) and by the fact
n; > n; > ni—1 + j*, forany x € I,, we obtain that

n() ﬁ +n, rox _—
AT @7 >~ A7 V) ey T (3.2)

N =



The Set of Smooth Quasi-periodic Schrodinger Cocycles 815

and

1

T

(3.3)
In the last inequality, we use the condition that 7i; > j*+n;_;. Combining this together
with (3.1), (3.2) and (3.3), we obtain (5) of (P;).
This ends the proof of Iterative Lemma. O

1 ;. (x) r~]x lo qdi; T (x
@7 — AT T | < oy 220 AT

ni—1

I'nj (x)
i

A

4. The Proof for the C°° Case

In this section, we will prove Theorems 1 and 2 for the C* case. The basic idea is the
same as the one in finitely differential case. Essentially, we only need to modify cocycles
in C* category. We will focus on the difference between the two cases. First we follow
the steps in section 3 to construct a sequence of C* cocycle which is C!-convergent.
Then we will prove that it actually converges in C* topology.

a+l1 . 2
Assume A > ¢V > 1 with0 < a < 1—10. Forn > N, let AZ’jr*ll = Admet o= (10g,,)"

. .. 2 —g,-q2a!
with Ay = A. From the definition of A,,, we have A;" > AZ’LI e " > AZ’Lz'e Inn—1 >

_(.,2a
cee > )\ ~XNC n > 11=9 for some small positive e if A > 1 and N > 1. Itimplies

that A, decrease to Ao > A1 7€,

Construction of By(x)  Let
(a)

_ ) &o1(x) for |x]| <6,
S0(x) ‘{ Enn(x)(or — Ea(x)) for [x — 1/2] <6,

1 1
where &y (x) = sgn(x)e M” and &y (x) = sgn(x — 1/2)e” #1727 § > 0 is a small
number. Let £(x) be a lift of a C* 1-periodic function satisfying

&01(x), |x] < 4;

—En(x) (or m +En(x)), |x— 5 <8. (4.1)

é(x)={

(b) V|x(mod 1)| > § and |[(x — 1/2)(mod 1)| > 8, |&(x)(mod 7)| > e_aia.
Define £y (x) = &£(x) and By(x) = A - R%*SN(X)'
We restate Lemma 5.1 in [50] as follows:

Lemma 4.1. For each n > N, there exist a g,(x) € C* be a 1-periodic function such
that

=1, X € 15s
gn(¥): 1 el0, 1], x e\
=0, x e Sh\I,
and (| .
| Sas 0=r=la] (42)
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Using the same argument as that in finite smooth case, we have that for any x € Iy,
+ +
1B @ = 4y and

T _
B8y () + Yy -y () = 5 = Eo(D)ler < Ay 43)
forx € Iy.
Define a 1-periodic function ey(x) € C* such that ey(x) = —(dpy,ry(*) +

Uy, —ry (X) — F —&0(x)) for x € Iy.
Let éy(x) = en(x) - gn(x) and Eyy1(x) = En(x) + én(x) for x € S'. Define
Byii(x) = A - R%,§N+l(x). Obviously, By+1(x) = Bn(x) - R_;,(x)- Then for any x €

€3] )
In By Gl = AN and @y, ry () 4V By, —ry (X) = Gy .y () +UBy .y (X)—
ey (x), whichimplies ¢y, .ry (X) +V By, —ry (X) — 5 = &o(x) on %. (4.3) implies that
~ 1. _ ,2\a
len (xX)|er < ANI in Iy. Thus we have [¢ gy, .ry (X) + ¥ By, —ry (X) — 5| = % e~ 10qy)
on IN\%.
For any n > N, define a 1-periodic function e, (x) € C* such that

en(x) = (@B,.r,(X) + VB, —r, (X)) = (DB,.1s X) + VB, —r,; (X)) X € .

Define e, (x) = €, (x) - gn(x), &n(x) = §n—1(x) + €n(x) and B, (x) = A - Rz _¢, 1),
Obviously, B, (x) = B,—1(x) - R_;, (). Then we obtain (2.5), (2.6) of Proposition 2.1
and

—|x|7@ —lx—=1/2|"¢ Lyi -
™ Cor e~ W—127% )y e i =12

|¢Bnyrn ('x) + ans*rn (.X) - %l = 10 °
5l
2

e
1 —(1042) I
18,5, (X) + VB, —r, (X) = 5| = 3 - 710" x € L\ 33

From (2.5), one easily sees that By (x), By+1(x), ..., 1s Cl-convergent to some Dy (x).
Thus from (2.6), the Lyapunov exponent of Dy, (x) has a lower bound log Ao > (1 —
€)logA.

In the following, we will prove that By(x), By+1(x), ..., is also convergent to
Doo(x) in C*-topology. To deal with C* case, we need some refining estimates for
finitely differentiable cases.

Corollary 4.1. By (x), By+1(X), ..., is also convergent to Doo(x) in C*-topology.

Proof. 1t is equivalent to prove that &,(x), n = N, N + 1, ... is C*°-convergent. From
the definition of &, (x), we have &,(x) — &,_1(x) = é,(x). From the definition of &, (x),
it is sufficient to estimate e, (x) and g, (x). Since ¢, (x) is determined by ¢p, ,, (x) —
OB, e (X) and ¥rp . (X) — ¥p, .., (x), with the help of Lemma 2.1, we have

d” _
L(X) <C(r) ')‘nqnila 0<r= [6],1131]

dx’”

Note that C(r) is independent of n. Thus for any fixed R € N, we can choose n large

1
enough such that C(r) < )\,%q"*' for any r < R. This together with (4.2) ends the
proof. 0O
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Construction of C,(x) Next we will construct the sequence C,,(x), n=N,N+1,...,
which is also C*°-convergent to Doo, but the Lyapunov exponent of each C,,(x) equals 0.
We denote the sub-interval [0 ]ofIk, L byla, bl. Definea < c < ¢ <d < bsuch

that lac| = (28¢ - ki—1 - logu, ) 1/“ ,|aé| = M? - |ac|,d = ”gb.Letnl be sufficiently

large such that I, 2 [a, c].
Define

e — (A )+ VA, (X)), x € [E,d];
ei(x) =140, x € [a, c] or equals b;
i (x) x € [c,éor[d, b],

where ﬁii(x) is of a C* connection between the parts in [a, c] and [¢, d] as well as
between the part in [¢, d] and the end point b of I,,. Then similar to Lemma 4.1, we have

1
<C) gy, 0<r<[g’l

d"h; (x)
dx’

Thus the C*°-convergence of C,(x) is similar to the above argument.
The remain part of the proof is same as Section 4.

Acknowledgements. We are grateful to the referee for the useful suggestions. We are also in debt to S.
Jitomirskaya for drawing our attention to this question.

Appendix A. Product of non-rotating matrices

Let A be anon-rotating SL(2, R)-matrix, i.e., ||A|| > 1. Itis know that A can be written
uniquely as A = Ry - Aa - Ry with Ag = diag(||All, |A|I~Y). It is known that —¢ is
the most expanded direction of A and v is the most contracted direction of A~

For two non-rotating matrices A = Ry, - As - Ry,, B = Ry, - Ap - Ry, with big
norms, let BA = Ry, - Apa - Ryp,. We firstly investigate how ¢pa, ¥pa and || BA||
depend on A and B.

Lemma A.1. Let A, B be non-rotating SL(2,R) cocycles and 0 = ¢p + Ya. Then it
holds that 1N (|| Al IIBII. ) < |BA|> < N(IAIl, |Bl, 6), where N(| A, | B, 0) =

(IAIZIBIZ + [ A2 BII=>) - cos® 6 + (| AIPIIBI > + Al I BII?) - sin® 6.

Proof. For any SL(2, R) matrix A = (a;j)2x2, it is known that 1 i alJ < IA|? <
2
Zl,j ij

It is easy to see that

_[(!IBIIO cos® —sin6 IA] O
184l = H( ||B||—1>'<sin9cos9 )'(o ||A||—1>H

H( I|ANlIBllcos® —||Al~|B]lsin@ )”
IANIBI~" sing [|A|~" | B]I~" cos &

It thus implies the conclusion. 0O
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Lemma A.2. Let ¢ = ¢pa — dpa, ¥ = Ypa — ¥p. Assume 6 € [0, ). Then ¢ can be
chosen as the following continuous function

0, for 6 =0
—%(%—tanfl(acot9+btan9)), for 0 <6 <%
T - 1(% —tanY(acotf +btand)), for T <O <mifb>0
o (1Al II1BIl, 0) =
—Z -1 (%Z —tan"Yacotd +btand)), for T <6 <mifb <0
0, for 0 =% ifb>0
-z for 6 =Zif b <0,
(A1)
where
_AIPIBI* = IAII2] B2 _NAIPIBII~* — A2 BI?
2(|BII> = 1BI72) ’ 2(|B)I> = 1BI72)
Similarly,  can be chosen as the following continuous function
V) g
0, for 6 =0
—% (%—tan_l(a/cote—b/tanﬁ)), for 0 <60 <%
%—%(%—tanfl(a’cote—b’tane)), for T <6 <mifd’ >0
YAl 1B, 0)) =
-z - % (% —tan~!(a’cotd — b'tand)), for Z <60 <mifb' <0
0, for@:%ifb/zo
_z, for 6 = Z if b <0,
(A2)
where

o JAPIBI® — IAIZ21BI72 ) IAIPIBI~2 — 1AI2) B>
21412 = 1A172) 2(I1A12 = [ A[I72)

Proof. Let

Vis) = |B] O cosf —sinf [|A] O cos s
9=\o BI~') \sino coso ) \o ja)~') lsins

<||B|| 0 ) _ (cos@ Al - coss —sin@ - [[A]| ! - sins )

0 |B|! sin@| Al - coss +cosf - |A|| " - sins

__(cosO-||AIB] - coss —sin® - |AI~Y - ||B| sins
~ \sinO||A|||B]| ™" - coss +cosO - A" B|7! - sins
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Thus

[V($)I* = (cosO| A | BI)? + (sin? O[|A|| 2| BII* — cos® 0]|A||*| B||) sin? s
+sin® 0| A|)*|| B2
+(cos? 0| A 2| B|| "% — sin® 0| A|I*[| B|| %) sin® s
+2(|B||7> = || B]|*) sin 6 cos 0 sin s cos s.

Obviously %(| V(s)|?) = 0 at ¢ since |V (s)|? attains its extreme at ¢, a simple compu-
tation leads to

(HAIIBIZ = AI21BI ™) cos? 6 + (IAIZI B~ = 4172 BI) sin? 0) sin 2¢
= —2(|B|I> = |B||?) sin 26 cos 2¢.
Thus

IANBI> — Al 2Bl > IAI21BII~% — [ Al~2) B|?
= cotd + tan 6.
2(IIBII> — 1B~ 2(IIB|12 — 1B~

—cot2¢

With the help of the equation ddT~22(| V(s)|?) < 0, we obtain the unique ¢ corresponding

the maximum ||BA|? of |V (s)|?, which satisfies (A.1).
(A.2) is proved similarly. O

Later we will see that both ||A|| and || B|| are very big. Thus

A2 327 A -2 B -2
TAIZIBI" 1A~ | Bl ~ A]2,

a =
IBI>—IIBII—>

p = LARIBI2—IA| B>
IBI2=1B]-2

If A, B are non-rotating, the functions ¢ (||A|l, | Bll, 0), ¥ (||All, I|B]l,0) defined
above are continuous in all variables. In the following, we estimate the derivatives of ¢
and ¢ with respect to 6, ||All and || B]|.

—2 A2
=< max{]| Al| 72, {55}

Lemma A.3. It holds that

_ T
¢ (mod )| < C(0) - | Al > - |6 — 5| ! (A3)
and -
[ (mod )| < C(0) - | BII>- 10 — 5|—1. (A4)
Suppose |6 — %|_1 & A% Then, fori > 1, we have that
B , _ T
=571 = CO - 1Al 2-|9—5| i1 (A.5)
Il = €6 - IAIT2 - AN - 10— 517, (A.6)
and )
0'¢ ) _ _ T
|———| < C@)-|AI7>- 1Bl 16 — =" (A.7)

Bl 2
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More generally, fori + j +k > 1, we have

diti+kg

g . .
| < C(, j k)10 — T AIT B R A8
|8918||A||Ja||B||’<|_ (i, . k) - | 2| Al 1Bl (A8)

Similarly, suppose |6 — %|_1 < ||B||?. Then we have

8i+j+kw T ) -
—— | <C(, j,k)- 10 — = “=hA BTk A9
gatATaTEE < Cl a0 16 = S AL B (A9)

Proof. To prove (A.3), it is sufficient to consider the situation § ~ %. We only consider

the case 0 < 0 < % since the proof for the other cases is similar. From the fact
limy— oo %ﬂ‘an" = 1 and the definition of a, we have |¢| < C(0)-a~ -0 — %71 <

C(0) - [[A]7% 16 — Z|~'. Thus we obtain (A.3). We can obtain (A.4) similarly.
for i > 1, from the definition of ¢, we have

dp 1 ) oy oy
2 2 dffs=1 el T 3ok

I +..+H =i

where f(||All, ||B]l,6) = acotf + btan 6. To estimate ?;7"?, we have that

gls s
|‘;9,{| = |;9;,S(a cot@ +btan )| < |a| - | cot’s)(0)| + |b| - | tan’s) (8)].

By a direct computation, we have

[tan®™ @] = |(cosT2O) BV < | Z cos~ @ g . cos® g ... cos g
K1+ Hip=lg—1
and
lcot™ 0] = |sin20) 5"V < Y sinT @0 sinV o sin 6.

Kl+..tk=l—1

From the condition |6 — %|’1 & ||A||? and the fact that the signs of | B||? cot 6 and
| B|| =2 tan 6 are the same, we have

b f

| RER

T g _ T o
|<CUy) - (al - 10 — =|7EDapp| - 1o — —|7EHDy < cty) - 1110 — =17
2 2 2
(A.10)

On the other hand, we have

k—1,_1
d (5 )

—gr | ST itk

Thus from | f| = ||A||? - | cot 8] we obtain

3 T . 1 , . Ty
T9 <o -Z1 . = <ciya)?e - T
|89' | < C@)I 2| e ONAI7] 2|
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Next we estimate

k 1
() al ]
l+f a'lf ok f L > < i<
anAw' = L=t | gt gyl iz 1 =7 =k (A.11)
—k—1 g Oy ok
S Z[1+...+lk=i |f| |(9||A||]1 | |8”AHII{ |

It is easy to see that | f| ~ |a| - | cot ] with the condition |6 — %|_1 < A% We
also have

Blff I g
| =] < | cot ]| ———| + | tan O] ——|.
A Al A Al Al All’
By a direct computation, we obtain
I a o (IAIPIBI? — A2 Bl 2 L
|| = - < — < Cy) - la] - AT
AL [aAls IBII> - |IB]
and
b _|_als (1Al ||Bn2 [EY ZHBHZ)‘ ) —2, lAI% —
'anA||’s|_‘auAn’-v( IBIP=1BI~ < CUo) - (AN ) - A1
Thus we have
et = €A - {16 = FIAIP w10 = 3170 Al - a2+ Ik |
(A.12)
< CUy) - If]- 1A,
With the fact that | f| > [|A]|> - | cot @], it follows that
-2 1 I
1™ |8”AH1S|_C(1)|f| AV
(A.13)

<Cly) - A7 o - Z|7L

2
Combining (A.11), (A.12) with (A.13), we obtain (A.6).
Similarly, we have (A.7) and (A.8).
The estimates for ¥ can be proved similarly. O

Appendix B. Proof of Lemma 2.1.

In this section, we first give estimates on most contracted and expanded directions of
the product of non-rotating blocks. Then we will give the proof of Lemma 2.1.
Let A, B, 6, ¢ and ¢ be defined as in Lemmas A.1 and A.2.

Lemma B.1. Let |0 — Z|~!' < || A|12, | BI*. Suppose for any i > 0, it holds that

LA < ey jan-1o - 217,
dxt |~ 2

LIBN < ey nen 1o - 2o,
dx' |~ 2

i

d'o . T
Il =CO 10— L (B.1)
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Then we have

d'¢ ) T _
ol = CW-1o =17 Loja)=2,
diy ) T _
P ORI E B2,
d'|BA| . T
— | <C@)-IBA|-16 — =771 (B.2)
dx! 2

Proof. For the first inequality of (B.2), we see that

=y i3, CdAl o d Al
- Dy 81+ Sip + 1+ is =1 || A|71-9] B||'206%3 dx'l dx'i1

d'¢
dx!

UBL d2)B(dhe) o (disf
dx’1 dx’i2 dx dx’in )’

where ¢ satisfies tan 2¢; := cot 2¢.
From Lemma A.3, we have that

Bil+i2*3 g,
Al -] B|"2-86'3

Then from (B.1), (B.3), (B.4), we have that

d'p:

dx!

< Cir, iz, i3) - 10 = ZI7WH A= =2 |B| 72, (B4)

. _ T
< C() - ||All 2-|9—5| @D,

thus the first inequality of the lemma is proved.
In the last inequality, we use the fact that

of Al
ANAIl~ oxs

T
<9__—(J+1)_ .
<| 2| |/

We can prove the second inequality similarly. There remains the third inequality to
be proved.
By a direct computation, we have

AL _0eh g e e

o5 2 - S (B.5)

3¢11 3¢lk ’

11+ -+l =i
where

g=g1+8, g =IAl-lBl-cosfcosp— A" - B " sindsing,
@ = Al IBII”" -sin6 -cosp + |A|~" - |B||~" - cos 6 - sin . (B.6)

It is not difficult to see that [(g2)®)| < C(k) - g2~*.
From the definition of g, we have

Bng
dgpls

(g3
Il

s (gh)
I

)
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with

' (g3)
agls

32

3gpls.2

dls.lg)
agls.1

E Zl.r, 1 +l.r,2=l,r

It is easy to see that

dls gy
3¢1x,1

< IAllIBlIcosO] - [cos(¢ + 5 - L )|+ 1A~ Bl sin 6] - | sin(¢ + 5 - 5.1

< 1Al - 1IB] - [cos 6] =< | BA]|.

Then we obtain

(gt
L2 < | BA|?. (B.7)
b
Similarly, we have
0" (g3)
-2~ < || BA|*. (B.8)
s

Combining (B.5) with (B.7), (B.8), we then have

3| BA|
!

Similarly, it holds that

< C(0) - max(| BA|* g7 = ) - | BA. (B.9)

d'|IBA -
AL < ey max (44 aanBYH cosol) < ¢ -0 - 21 ®.10)
and
PUBAV _ ey yman-ar—, | 2BAL _ ey ypag-11m. @
BIAL 31 BI

Similar to (B.9)—(B.11), we have that

0144 BA|
OIATT-DBI2-073¢ 046

<C@)-IBA|-IAI7" - IBI72 10 — 174,

which, combining with (B.1), the first inequality in (B.2) and the fact

Ll > g H | BA| AL A
dxt A QAN - BBl - 93¢ - 8140 gt dxJin1
97140 5liatg

dxJ1.4 oxJiad’

(B.12)

implies the third inequality. O
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Proof of Lemma 2.1

For any x € Iiyq, let ri(x) = reo(x) < rg1(x) < -+ < Iiso)(x) 1= rrge(x)
such that 77%i®x e I, 0 < j < s(x) < C(M). Consider A0+ k1) (x) =
ATRI ) (70 (x)) o ATROW) (x)

Let A0 (x) 1= Ry - Ly (%) R
R¢;(x).Then

or (o) and AT (TR0 x) 1= Ry L (x)
ATROBITRIE) () = Ry + L)« Ry (00 - L ()« Ry
= Ry () - Lis1,1(x) - Ry (X))

Since T7%/™x € I\ Ix41 for j < s(x), it holds that |¢} + ¥, — Z| = di+1. From (2.7)
and Lemma B.1, we have

d' (1,1 — dp) N i )
e S ) L (B.13)
Similarly, it holds that
di ot )
—(I/”‘Z’]i YOl cay. )l (B.14)
X

In the above, we regard ¢ri1,1 — ¢, and ¢ + ¥, as ¢ and 6 in Lemma B.1,
respectively. Moreover, for each x € It, [0(x) — 5| = ¢} (x) + ¥ (x) — F| = dy+1
from the definition of dj4. It implies that

dig;
dx’

diyf

+ dx!

di‘Pkfl,l
dx!

di N i
, ‘ Zﬁ?"“sco)-dkw

<CG)- (" +d ') <Ch)-d".

The last inequality is obtained from (1);.
TLett] < €G- Mgl - dy

Since s(x) < C(M), it follows from no more than C (M)-applications of the above
argument that (1), and (2), hold true.

From no more than C(M)-applications of (B.13) and (B.14), we have

Setting Ly+1.1 = || BA||, we obtain ‘

di . T +—
’E@A,,;H(x)—m,r;(x)) < C) - lo = 31712417

and

. T N
T W ) =g () S C@ 10— ST LT

Tk

i

Since |6x — % | > d, we obtain (2.8). O

Remark B.1. In the proof of Lemma 2.1, it is not necessary that s(x) is bounded by a
constant. We make such an assumption only for the simplicity. And the condition that
w is of bound type is only used in constructing Ci (x).
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