Commun. Math. Phys. 361, 1083-1113 (2018) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-018-3132-x Mathematical

Physics

@ CrossMark

Manifestations of Dynamical Localization
in the Disordered XXZ Spin Chain

Alexander Elgart!, Abel Klein’®, Giinter Stolz’

1 Department of Mathematics, Virginia Tech, Blacksburg, VA 24061, USA.
E-mail: aelgart@vt.edu

2 Department of Mathematics, University of California, Irvine, Irvine, CA 92697-3875, USA.
E-mail: aklein@uci.edu

3 Department of Mathematics, University of Alabama at Birmingham, Birmingham, AL 35294-1170, USA.
E-mail: stolz@uab.edu

Received: 1 August 2017 / Accepted: 7 February 2018
Published online: 2 April 2018 — © Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract: We study disordered XXZ spin chains in the Ising phase exhibiting droplet
localization, a single cluster localization property we previously proved for random XXZ
spin chains. It holds in an energy interval / near the bottom of the spectrum, known
as the droplet spectrum. We establish dynamical manifestations of localization in the
energy window /, including non-spreading of information, zero-velocity Lieb—Robinson
bounds, and general dynamical clustering. Our results do not rely on knowledge of the
dynamical characteristics of the model outside the droplet spectrum. A byproduct of our
analysis is that for random XXZ spin chains this droplet localization can happen only
inside the droplet spectrum.
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1. Introduction

We study disordered XXZ spin chains in the Ising phase exhibiting droplet localization.
This is a single cluster localization property we previously proved for random XXZ spin
chains inside the droplet spectrum [16].

The basic phenomenon of Anderson localization in the single particle framework
is that disorder can cause localization of electron states and thereby manifest itself in
properties such as non-spreading of wave packets under time evolution and absence
of dc transport. The mechanism behind this behavior is well understood by now, both
physically and mathematically (e.g., [4,6,15,18,22,28]). Many manifestations of single-
particle Anderson localization remain valid if one considers a fixed number of interacting
particles, e.g., [3,13,29].

The situation is radically different in the many-body setting. Little is known about
the thermodynamic limit of an interacting electron gas in a random environment, i.e.,
an infinite volume limit in which the number of electrons grows proportionally to the
volume. Even simplest models where the individual particle Hilbert space is finite di-
mensional (spin systems) pose considerable analytical and numerical challenges, due to
the fact that the number of degrees of freedom involved grows exponentially fast with
the size of the system.

The limited evidence from perturbative [5,9,20,24,27,42] and numerical [12,33,
37,38] approaches supports the persistence of a many-body localized (MBL) phase
for one-dimensional spin systems in the presence of weak interactions. The numerics
also suggests the existence of transition from a many-body localized (MBL) phase to
delocalized phases as the strength of interactions increases, [8,10,37,38,40].

Mathematically rigorous results on localization in a true many-body system have
been-until very recently-confined to investigations of exactly solvable (quasi-free) mod-
els (see [1,30,41]). More recent progress has been achieved primarily in the study of
the XXZ spin chain, a system that is not integrable but yet amenable to rigorous analy-
sis. The first results in this direction established the exponential clustering property for
zero temperature correlations of the André-Aubry quasi-periodic model [31,32]. The au-
thors recently proved localization results for the random XXZ spin chain in the droplet
spectrum [16]. Related results are given in [11].

In [16, Theorem 2.1], the authors obtained a localization result for the droplet spec-
trum eigenstates of the random XXZ spin chain in the Ising phase. This result can be
interpreted as the statement that a typical eigenstate in this part of the spectrum behaves
as an effective quasi-particle, localized, in the appropriate sense, in the presence of a
random field.

In this paper we study disordered XXZ spin chains exhibiting the same droplet lo-
calization property we proved in [16, Theorem 2.1], which we call Property DL. We
draw conclusions concerning the dynamics of the XXZ spin chain based exclusively on
Property DL.

For completely localized many-body systems, the dynamical manifestation of local-
ization is often expressed in terms of the non-spreading of information under the time
evolution. An alternative (and equivalent) description is the zero-velocity Lieb—Robinson
bound. (See, e.g, [21].)

There is, however, some difficulty in even formulating our results for disordered
XXZ spin chains. Property DL has been established in [16, Theorem 2.1] only inside
the droplet spectrum, an interval at the bottom of the spectrum. In fact, Theorem 1
below shows that Property DL as stated can only hold inside the droplet spectrum for
random XXZ spin chains, showing the near optimality of the energy window where
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it was proven in [16, Theorem 2.1]. To resolve this issue, we recast non-spreading of
information and the zero-velocity Lieb—Robinson bound as a problem on the subspace
of the Hilbert space associated with the given energy window in which Property DL
holds. This leads to a number of interesting findings, formulated below in Theorem 2
(non-spreading of information), Theorem 3 (zero-velocity Lieb—Robinson bounds), and
Theorem 4 (general dynamical clustering).

As we mentioned earlier, our methodology in [16] is limited to the states near the
bottom of the spectrum and sheds light only on what physicists call zero temperature
localization. It is unrealistic to expect that this approach can yield insight about extensive
energies of magnitude comparable to the system size which is the essence of MBL.
In fact, numerical studies suggest the presence of a many-body mobility edge in the
random XXZ chain, at least for sufficiently small disorder [8,10,37,38]. Nonetheless,
we believe that the ideas presented here will be useful in understanding the transport
properties of interacting systems that have a mobility edge, such as the Quantum Hall
Effect [14,23,39].

Some of the results in this paper were announced in [17].

This paper is organized as follows: The model, Property DL, and the main theorems
are stated in Sect. 2. We introduce some useful tools and collect needed technical results
in Sect. 3, and a lemma about spin chains is presented in Appendix A. Section 4 is
devoted to the proof that Property DL only holds inside the droplet spectrum for random
XXZ spin chains (Theorem 1). Non-spreading of information (Theorem 2) is proven in
Sect. 5. Zero-velocity Lieb—Robinson bounds (Theorem 3) are proven in Sect. 6. Finally,
the proof of general dynamical clustering (Theorem 4) is given in Sect. 7.

2. Model and Results

The infinite disordered XXZ spin chain (in the Ising phase) is given by the (formal)
Hamiltonian

H =H,=Ho+ABy, Ho=Y hiis1, Bo=)Y wili, e))
ieZ i€Z

acting on ;7 C%, with (Ciz = C?foralli € Z, the quantum spin configurations on the
one-dimensional lattice Z, where

(1)  hii+1, the local next-neighbor Hamiltonian, is given by

1
hiiv1 = 3 (I —of0],

5 - (oo +alal). @

i i i+l

, 0% act on (Ciz) and

. . y
where 0%, 07, 0% are the standard Pauli matrices (al.", 0;,0;

A > 11is a parameter; l

() N; = %(1 — 0;) is the local number operator at site i (the projection onto the
down-spin state at site i);

(ili)) = {wj};<7, are identically distributed random variables whose joint probability
distribution is ergodic with respect to shifts in Z, and the single-site probability
distribution u satisfies

{0, 1) C suppe C [0, 1] and p({0}) = 0; 3)

(iv) A > 0 is the disorder parameter.
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If in addition {w; }; 7 are independent random variables we call H,, a random XXZ spin
chain.

The choice A > 1 specifies the Ising phase. The Heisenberg chain corresponds to
A =1, and the Ising chain is obtained in the limit A — oo.

We set e, = <(1)> and e_ = ((1)) spin up and spin down, respectively. Recall

o%eq = Feq. Thus, if N = %(1 —o0%),wehave Ne, =0and Ne_ =e_.

The operator H,, as in (1) with B, > 0 can be defined as an unbounded nonnegative
self-adjoint operator as follows: Let Hy be the vector subspace of &), (Cl.2 spanned
by tensor products of the form ®i c7.€i» € € {eq,e_}, with a finite number of spin
downs, equipped with the tensor product inner product, and let H be its Hilbert space
completion. H,, defined in Hp by (1), is an essentially self-adjoint operator on H.
Moreover, the ground state energy of H,, is 0, with the unique ground state (or vacuum)
given by the all-spins up configuration ¥y = ®;eze4. Note that N;yg = Oforalli € Z
and [|4oll = 1.

The spectrum of Hy is known to be of the form [19,36] (recall A > 1):

o(H) ={0tu[1— L 1+LJu{[2(1-1).00)No(Hy}. ©))

We will call I} = [1 — %, 2(1 — %)) the droplet spectrum. (Droplet states in the Ising
phase of the XXZ chaln were first described in [36] (see also [19,35]); they have energies
in the interval [1 , 1+ ] The pure droplet spectrum is actually 71 N o (Hp); we
call /1 the droplet spectmm for convenience.)

Since the disordered XXZ spin chain Hamiltonian H,, is ergodic with respect to
translation in Z, B, > 0, and B,y = 0, standard considerations imply that H,, has
nonrandom spectrum X, and

0(Hy) =¥ ={0}U{[1 — §,00)N X} almost surely. (3)

(In the case of a random XXZ spin chain Hamiltonian H,, with a contlnuous single-site
probability distribution standard arguments yield ¥ = {0} U [1 - A oo) )

‘We consider the restrictions of H,, to finite intervals [—L, L], L € N (We will write
[—L, L]for[—L, LINZ, etc., when it is clear from the context.) Welet HL) = Hi-L.L]
where Hg = ®ies(Ciz for S C Z finite, and define the self-adjoint operator

L—-1
H® = HY = 3" hijs1+ 4 Z oiNi + BWN_L+N) on HP. (6)
i=—L i=—L

We take (and fix) 8 > 5 (1 — —) in the boundary term, Wthh guarantees that the random

spectrum of HCE)L) preserves the spectral gap of size 1 — A above the ground state energy:
o(HD) = (0} U {[1 ) ﬂa(Hcf)L))}. 7

The ground state energy of Ha(,L) is 0, with the all-spins up configuration state I/f(gL) =
®icl-r.11¢+ € MY being a ground state, which is unique almost surely since Y-, o

N; # 0 almost surely (which rules out the all-spins down configuration in Ha()L) as a
ground state).

Given an interval 1, we set o; (H(L)) (H((()L)) N 1, and let

G; ={g : R — C Borel measurable, |g| < x;}. )
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In this article we consider a disordered XXZ spin chain as in (1) for which we have
localization in an interval [1 — %, @1] in the following form, where || ||; is the trace
norm.

Property DL. Let H = H,, be a disordered XXZ spin chain. There exist @1 > Oy =

— % and constants C < oo and m > 0, such that, setting I = [®y, O1], we have,

uniformly in L,

E ( sup
8€Gr
We proved in [16] that Property DL holds in the droplet spectrum for random XXZ
spin chains, and show in Theorem 1 below that it can only hold inside the droplet
spectrum, suggesting the name Property DL (for Droplet Localization). Property DL
is relevant only for the eigenstates that populate the droplet spectrum, an interval at
the bottom of the spectrum. These states are localized near energetically preferable
droplets (single cluster) configurations in the underlying Hilbert space, since non-droplet
(i.e., many-clusters) configurations always have energy above the droplet spectrum. In
addition to non-droplet configurations, large droplets will pick up enough field energy to
have total energy above the droplet spectrum. We make no assertions about eigenstates
with energies above the droplet spectrum.
If H = H, isarandom XXZ spin chain, then H %) almost surely has simple spectrum.
A simple analyticity based argument for this can be found in [2, Appendix A]. (The
argument is presented there for the XY chain, but it holds for every random spin chain of
the form Ho + Yt opNi in ), c—r.2) C7-) Thus, almost surely, all its normalized
eigenstates can be labeled as g where E is the corresponding eigenvalue. In particular,

Nig(HE)N; H1> < Ce ™= forall i, j e [—L, L]. )

NP | = il |V el (10)
where PEL) = X{E}(H(L)) and || ||; is the trace norm.
Given 0 < § < 1, we set
Ly=[1-%.C-8H1-5)]: (11)

note that I1 5 C I; if 0 < § < 1. The following result is proved in [16].

Droplet localization ([16, Theorem 2.1]). Let H = H,, be a random XXZ spin chain
whose single-site probability distribution is absolutely continuous with a bounded den-
sity. There exists a constant K > 0 with the following property: If A > 1, A > 0, and
0 < § < 1 satisfy

)»(S(A—l))%min{l,((S(A—1))} > K, (12)

then there exist constants C < oo and m > 0 such that we have, uniformly in L,

E Yo Nl |Njve| | < Ce™i forall i, j e [-L, L], (13)

Eeoy, ,(HM)
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Cli’ld, as a consequence,

E( sup ”J\fig(H(L))/\fj Hl) < Ce ™Il forall i,je[—-L, L. (14)
8eGry 4

In particular, Property DL holds in the interval I 5.

The interval /1 5 in [16, Theorem 1.1] is close to optimal, as the following theorem
shows that for a random XXZ spin chain localization in the form of Property DL (as in
(9)) is only allowed in the droplet spectrum.

Theorem 1 (Optimality of the droplet spectrum). Suppose Property DL is valid for a
random XXZ spin chain H. Then ®1 < 20y, that is, if I is the interval in Property DL,
then we must have I = I 5 for some 0 < § < 1.

Let H,, be a disordered XXZ spin chain satisfying Property DL. We consider the
intervals I = [®g, ®1] and Iy = [0, O1], where ®, @; are given in Property DL. We

mostly omit w from the notation. We write Pl(gL) = xg(H®)) for a Borel set B C R,
and let PéL) = P{(EL}) for E € R. It follows from (7) that PI(OL) = P(§L) + PI(L). Since

NiP® = PP N; = Oforalli € [—L.L], G; may be replaced by G, in (9). By m > 0
we will always denote the constant in (9). C will always denote a constant, independent
of the relevant parameters, which may vary from equation to equation, and even inside
the same equation.

Given an interval J C [—L, L], a local observable X with support J is an operator
on® ey C?, considered as an operator on H L) by acting as the identity on spins not in
J. (We defined supports as intervals for convenience. Note that we do not ask J to be the
smallest interval with this property, supports of observables are not uniquely defined.)

Given a local observable X, we will generally specify a support for X, denoted by
Sx = [sx, rx]. We always assume § # Sy C [—L, L]. Given two local observables
X, Y we set dist(X, Y) = dist(Sx, Sy).

Given £ > 1l and B C [—L, L], weset By = {j € [-L, L]; dist(j, B)} < £.1In
particular, given a local observable X we let

Sxo=Sx)e=1Isx —Crx+£lN[-L,L]. (15)

In this paper we derive several manifestations of dynamical localization for H from
Property DL. The time evolution of a local observable under H ‘) is given by

B (x) = " xe=tHY for 1 e R. (16)

(We also mostly omit L from the notation, and write t; for rt(l‘).)

For a completely localized many-body system (i.e., localized at all energies), dynam-
ical localization is often expressed as the non-spreading of information under the time
evolution: Given a local observable X, forall £ > 1 and ¢ € R there is a local observable
X (1) with support Sy ¢, such that | X,(t) — &, (X)|| < C | X]| e, with the constants
C and ¢ > 0 independent of X, ¢, and L. Since we only have localization in the energy
interval 7, and hence also in I, we should only expect non-spreading of information in
these energy intervals.

Thus, given an energy interval J, we consider the sub-Hilbert space H(JL) = Ran PJ(L),

spanned by the the eigenstates of HX) with energies in J, and localize an observable
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X in the energy interval J by considering its restriction to H(]L), Xy = P](L)X P}L).
Clearly 7, (X(JL)) = (v (X(L)))J.
Property DL implies non-spreading of information in the energy interval Ij.

Theorem 2 (Non-spreading of information). Let H = H,, be a disordered XXZ spin
chain satisfying Property DL. There exists C < 0o, independent of L, such that for all
local observables X, t € R and £ > O there is a local observable X,(t) = (X¢(1)),
with support Sx ¢ satisfying

E <su§ l(Xe(t) = 7 (X)), ||1) < C|IX[le” 1", (17)
te

We give an explicit expression for X (¢) in (114). Note that X; = (X 10) T and hence
(17) implies the same statement with 7 substituted for /.

Another manifestation of dynamical localization is the existence of zero-velocity
Lieb—Robinson (LR) bounds in the interval of localization. The following theorem states
a zero-velocity Lieb—Robinson bound in the energy interval /. If we include the ground
state, i.e., if we look for Lieb—Robinson type bounds in the energy interval Iy, the
situation is more complicated, and the zero-velocity Lieb—Robinson bound holds for the
double commutator; the commutator requires counterterms. Note that [z, (X;), Y;] #
([tr (X), YD ;. (We mostly omit @ and L from the notation.)

Theorem 3 (Zero velocity LR bounds). Let H = H,, be a disordered XXZ spin chain
satisfying Property DL. Let X, Y and Z be local observables. The following holds uni-
formly in L:

E (sup e (X)), Y1]||1> < C|IX||[Y [le” s distX.D), (18)
teR
E <sup Iz (X1) . Y1o] = (11 (X) PoY — Y Pory (X)) 1)
teR
< C|IX||[Y [le” s disX D) (19)
5 ( wp |[[5 (610) .5 ()] 2] )
t,seR
< C“X” ” Y” ” Z”C_%m min{dist(X,Y),dist(X,Z),dist(Y,Z)}' (20)

Moreover, for the random XXZ spin chain the estimate (19) is not true without the
counterterms.

The proofs of these zero-velocity Lieb—Robinson bounds do not involve tricky can-
cellations from the commutators. Cancellations from the commutator are only used to
justify that it suffices to prove the zero-velocity Lieb—Robinson bounds for local observ-
ables Z satisfying ®j€Sz(1 -N)z ®jesz(l — Nj) = 0 (see Sect. 3.1 for details).
Under this assumption each term in the expansion of the commutators is shown to satisfy
the desired bound.

The counterterms in (19) are generated by the interaction between the ground state
and states corresponding to the energy interval I under the dynamics. Here, and also in
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Theorem 4 below, they are linear combinations of terms of the form (z; (X) PpY); and
(Y Pyts (X));. Note that

Il(t (X) PoY); 11y = ll(ze (X) PoY) |l = || PrY*wol| | Pr X ol ,
(Y Pore (X)) g1l = (Y Pore (X)) 1l = || PrX* Yo 1 PrY ol . 1)

which do not depend on either ¢ or dist(X, Y).
Another manifestation of localization is the dynamical exponential clustering prop-
erty. Let B C R be a Borel set. We define the truncated time evolution of an observable

X by (H = Hy"),
P (X) =e"MEXe "HE where Hp = PgH. (22)

Note that (t (X)), = (1 (X)) = 7 (Xp).
The correlator operator of two observables X and Y in the energy window B is given
by (Pg = 1— Pp) ] )
Rp(X, Y):PBXPBYPB:(XPBY)B. (23)
If E is a simple eigenvalue with normalized eigenvector g, we have, with Rg (X, Y) =
Rigy(X, Y),

tr (Re(X,Y)) = (YE, XYYE) — (e, X¥E) (VE, YYE). (24)
The following result is proved in [16].

Dynamical exponential clustering ([16, Theorem 1.1]). Let H = H, be a random
XXZ spin chain, and assume (13) holds in an interval 1. Then, for all local observables
X and Y we have, uniformly in L,

Efsip > o (Rer/ 0. 1)| | = clxpye S0, s
1R peor (HD)Y

Elsup Y | (Re(r (X)), Y)l | < CIX|Y e D (26)
teR
Eeoj(H@D)

and

E (sup r (Ri(x) (X, Y))D < CIIX|Y [le™ D), @7)
teR

The estimate (26) is not the same as (25), but it can be proven the same way; the
proof of [16, Lemma 3.1] is actually simpler in this case.
Since

(R O 0) = 3 (vt 00 Byy), 8)

Eeor(HWD)

(27) is a statement about the diagonal elements of the correlator operator R; (rtl (X),Y).
We will now state a more general dynamical clustering result that is not restricted to
diagonal elements. The result, which holds in an interval of localization satisfying the
conclusions of Theorem 1, requires counterterms.
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Theorem 4 (General dynamical clustering). Let H = H,, be a disordered XXZ spin
chain satisfying Property DL. Fix an interval K = [Og, ©2], where &y < @, <
min {20, @1}, and a € (0, 1). There exists m > 0, such that for all local observables
X and Y we have, uniformly in L,

E (sup H Rx (r,K (X). Y) - (r,K(X)PoY +2K (1) P0X>K ”)

teR
< C (1 +1In (min {|Sx|, |SyI}) [IX ||| Y [|e ™ stXYD" (29)
and
K
E (f;‘ﬂl;j (=% 0. vn) H)
< C (1 +1In(min {|Sx|, Sy|D) | X ||| Y [|e " istXYD" (30)
where

X O, =15 X), 7]
— (r,K (X) PoY + 7K (Y) POX) + (Ypof,K (X) + X Py (Y)) . 3D

Moreover, for the random XXZ spin chain the estimates (29) and (30) are not true without
the counterterms.

While it is obvious where the counterterms in (19) come from, the same is not true
in (29), where the time evolution in the second term seems to sit in the wrong place: it
is rtK (Y) and not r,K (X). It turns out this term encodes information about the states
above the energy window K, and the appearance of tX (Y) is related to the reduction
of this data to Py, as can be seen in the proof.

Remark 1. One may wonder why the counterterms in (29) do not appear in (27). The
reason is that their traces obey decay estimates similar to (27) with @ = 1, see Lemma 4.

3. Preliminaries

We make extensive use of the decomposition of a local observable with respect to the
projection on the ground state on its support, introduced in Sect. 3.1. This decomposition
will play a prominent role in Sect. 3.2, where it is used to establish several localization
properties of operators g(H) for g supported in the interval / where Property DL is
assumed. These technical lemmas are extensively used in the proofs of non-spreading
of information and zero-velocity LR bounds in Sects. 5 and 6 below.

The proofs of Theorems 1 and 4 will in addition require bounds on operators of the
form X f (H)Y, which will be established in Sect. 3.3 by using an argument of Hastings,
combining LR-bounds with the Fourier transform.

A final technical lemma in Sect. 3.4 provides several lower bounds which show that
o correlations in the local ground states do not decay. This will be the key ingredient
for the proofs of the non-triviality of the counterterms in Theorems 3 and 4.
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3.1. Decomposition of local observables. Given S C [—L, L] C Z, S # @, we define
projections P+ by

PP =R 10+oH=QRU-N)) and PP =1-P. (32)

Jjes jes
Note that
P <Y N (33)
ieS
In particular,
P®py=pPyP¥ =0. (34)
We also set S = [—L, L]\ S, and note that
P(S)P(S ) P(S )P(S) P[ L,L] = P. (35)
Given an observable X, we set P(X) P(SX ) , obtaining the decomposition
= Y x*’ where x**=pXxp". (36)

a,be{+,—}
. X) . ..
Moreover, since PJf ) is a rank one projection on Hgs,, we must have

x*t* = tx P, where tx €C, |Zx| < |X|. (37)

In particular,
(X —¢x)"" =0 and [X —¢xll <2(X]. (38)

We will use (38) to replace general local observables by local observables satisfying
X** = 0 in the proofs of Theorems 2, 3, and 4.

3.2. Consequences of Property DL. Property DL is defined in terms of one type of local
observable, the local number operators N;. For proving the theorems we need to apply
it to general local observables. Using the decomposition (36) it suffices to consider local
observables of the type Pf) as in (32). The following lemmas give the consequences of
Property DL we need for the proofs of the theorems.

Let H, be a disordered XXZ spin chain satisfying Property DL. We write H = Hlf)L),
and generally omit @ and L from the notation. The following results hold uniformly on
L.

Lemma 1. Let X, Y be local observables. Then

E|{ sup
g€Gypy

E (” PN pXp, H1> < Cemimdist(X.y), (40)

|PX g P ”1> < CemdmXY), (39)
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Proof. Tt follows from (33) that setting Z = (Y ;g A;) ' P'¥), we have || Z|| < 1 and
PY = (XiesNi) Z = Z (X5 Ni), and hence we have

[PXeanp®| = 3 [NeaA ], (1)
ieSx, jeSy
The estimate (39) then follows immediately from from (9) using [16, Eq. (3.25)]
Similarly,

L
[PPSOy =P POR| < Y|P PO PN @)
k=—L

Since [PEY), PEX)] =0,

[P PO PG| < min {[ PYO PG| | PO PN 3)
so it follows from (39) that
E (H P p PN H 1) < Ce—mmax{dist(k.Sx) dist(k.Sy)}. (44)

Suppose, say, max Sy < min Sy, and let K = % (max Sy + min Sy). Then,

E(”P(Y)P(X)P H ) < N omdistk,Sy) 4 —m dist(k,Sx)
Opp] )< Y e
k< k>K

S Ce_%mdiSt(X’Y), (45)
where the last calculation is done as in [16, Eq. (3.25)], yielding (40). O

Lemma 2. Let X and Y be local observables and ¢ > 1.

(i) We have
E( sup | PP g(m) P ) < ceme. (46)
1€G; 1
(i) If ¢ < L dist(X, Y), we have
SC SC .
E( sup P+< ”)g(H)PJr( o) < Cemdist(X,Y)=20) (47)
g€l 1

Proof. Let £ > 1 and g € G;. If S, = ¥, (46) is obvious since PJr(SX‘[) = Py. If
Sk.¢ # ¥, using (35) we get

S¢
| PD0gcary P < | PDg P s)

S5
) = ” PEX)g(H)Pi X.[)P_iSX,(Z)

1 1

and (46) follows from (48) and (39).
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Similarly, using (35) twice, we get

P+<8;()g(H)P+(S§('K) P+(Sf',e) P_(SY’K)g(H)PESX’Z) P+<S§(,z)

1 1

< | P gany P 1 (49)

Ife < %dist(X, Y), then dist(Sx ¢, Sy¢) > dist(X, Y) — 2¢. In this case (47) follows
from (49) and (39). O

Lemma 3. Let X, Y be local observables with X+ = Y%t = 0. Then

E (sup sup [[(r (X) g(H)Y), |, ) < ClIX]||[Y]le™smdsxD), (50)
teR geGy
Proof. Since
@ g, |, = | (xe " gany) | - 5D
it suffices to prove
E ( sup |(Xg(H)Y), |, ) < ClIX]| Y] e™smdsxD), (52)
8€Gy

Let X, Y be local observables with X** = Y** =0, and let 0 < 2¢ = dist(X, Y).
Set S| = S; %,82 SC . Given g € Gy, and inserting 1 = ES,) + P+(Sj),j =1,2,
we get

Xg(H)Y = > X PSDg(H) Py, (53)
a==+;b==%
We estimate the norms of the terms on the right hand side separately. If one of the indices
a, b, say a = —, we get
|(x P py) | < v | Prx Pt g |
1

< 1YI | Pix PSP

=[x
= 1x1i (| P PS0 PX| | PRSP ), (54)

where we have used the fact that [Pﬁsl), X]=0,X""=0,andg € G;.Ifa =b = +,
we bound the corresponding contribution as

H (XP£5'>g(H)P+<32>Y)IH] < g(H)PS? 1 (55)
Using (40) and (47) we get
(sup [xscny), |, ) < CIX| Y| (267 4 emminn=0)
geGy
< CIX| Y] e sm D), (56)
O

The following lemma justifies Remark 1.
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Lemma 4. Let X, Y be local observables. Then for all intervals K C I we have

E <sup tr (‘L’ZK (X)POY) D < C| XY |Je”m distX.¥) (57)
teR K

Proof. Given K C I, we have

tr (TtK(X)P()Y)K =tr Pxt;(X)PoY Px = tr PhY Pxt:(X) Py
= Py P P PYOX Py, (58)

where we used (37), (34), and Pk Py = 0. It follows that
e (X Corey) | = ixpnyi | PY pee P (59)

The estimate (57) now follows from (39). 0O

3.3. Estimates with Fourier transforms. Lemmas 5 and 6 below are used to prove The-
orems 1 and 4.

Let H,, be a disordered XXZ spin chain. Given a function f € C°(R), we write its
Fourier transform as

f@) = %/Re"”‘f(x)dx, and recall f(x):/Re—”Xf(z) dt. (60)

The following lemma is an adaptation of an argument of Hastings [25,26], which
combines the Lieb—Robinson bound with estimates on Fourier transforms.

Lemma 5. Let « € (0, 1), and consider a function f € C2°(R) such that
)] = crem™ ™ forait il =1, ©1)

where Cy and m ¢ > 0 are constants. Then for all local observables X and Y we have

HXf(H)Y —/ e "y, (X) f(r)dr
R

= Xy (1+ | f] ) emmemenr, (©2)

where C1 and m > 0 are suitable constants (depending on Cy, m g, and o), uniformly
inL.

Proof. We have
Xf(H)Y =X (/ e H £(r) dr) Y = / e "He (X)Y F(r)dr
R R

:/e—”H[r, (X),Y]f(r)dr+/ e "Hyn, (X) f(rydr  (63)
R R
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The commutator in the first term can be estimated by the Lieb—Robinson bound (e.g.
[34]):

Il (0, Y11 < C XY [ min {7 @En=0b g, (64)

where C, 1 > 0, v > 0 are constants, independent of L and of the random parameter
w. We get

/ e "t (X), Y1 (r)dr
R

2

<cIxlyl / o1 @S]
B |r|<

dist(X,Y)
v

f d’*/lwdislgx,n f dr)

o dr)

~ AT
< CIXIY] (Hlee pasacn [

dist(X,Y)
[r|==50=

A i M (disxn ) T
S C ||X|| ||Y” (Hle e—MTldlst(XqY) +Cfe 2 ( 2v ) / C_Tlr‘ dr> , (65)
R

where we assumed dist(X, Y) > 2v. The estimate (62) follows. O
Lemma 5 will be combined with the following lemma.

Lemma 6. Let K = [©y, @3] and f € CZ(R) with supp f C [ayf, by]. Then for all
local observables X and Y we have

/R (e tty, (X))K Forydr = /R (=¥ Py, (X))K Frydr,  (66)

where

Kf=K+K —supp f C[200—bs,20, —ay]. 67)

Proof. Let K = [0y, 2], f € C.(R) withsupp f C [ay, br]. Then for all E, E €K
we have

Pk </ ey (X) f(r) dr) Pp = / Ppe "yl xe=irH pp, £(r) dr
R R

PgY (/ eir(H=E=E") £ dr) XPp = PgYf(E+E — H)XPp
R

= PEYPKff(E+E/ — H)X Pp

Pg (/ e Y Pg 1 (X) f(r) dr) P, (68)
R

where K ¢ is given in (67). The equality (66) follows. O



Dynamical Localization in the Disordered XXZ Spin Chain 1097

3.4. Counterterms. The following lemma is used to prove the need for counterterms in
Theorems 3 and 4.

Given vectors ¥, ¥» € HD, we denote by T (¢, ) the rank one operator
T (W1, ¥2) = (Y2, ) Y1 Recall

1T W1, Yl = 1T Wi, )1l = [l 1921

Note that for all observables X and Y we have

XPPY =1 (vrut xud”). (69)

Lemma 7. Let H,, be a random XXZ spin chain. Consider aninterval K C [1— %, 1+%].
Then there exist constants yx > 0 and Ry such that foralli, j € Z with |i — j| > Rk,
we have

E (1151 inf | (o pg%;)KH) > yk > 0, (70)
2
L L
<11Ln1)1;10f H(aixPé )a]’f +oj P )GZ?C>K“2) > YK, (71
and
T % 2
E(lim inf lim L / [(a®0 - (a®®)) | dt) >2yk. (72)
L—oo T—oo 0 K12
where
AV =" (oF) PPt + 7P (07) Pt (73)

Proof. Let H be a random XXZ spin chain, and let V' = };,_, NV; denote the total
(down) spin number operator on H. The self-adjoint operator A/ has pure point spectrum.
Its eigenvalues are N = 0, 1, 2, .. ., and the corresponding eigenspaces H  are spanned
by all the spin basis states with N down spins. Since [H, A'] = 0, the eigenspaces H y are
left invariant by H. The restriction Hy of H to Hy is unitarily equivalent to an N-body
discrete Schrodinger operator restricted to the fermionic subspace (e.g., [16,19]).

In particular, H; = H,, is unitarily equivalent to an one-dimensional Anderson
model:

Hyi = —55L1+ (1= %) +aV, on €(Z), (74)

where £; is the graph Laplacian on ¢>(Z) and V,, is the random potential given by
Vo(i) = w; fori € Z.

The same is true for restrictions to finite intervals [— L, L], where we have the unitary
equivalence

HY = o+ (1= ) + 2V + (B= 30— D) (ieny +xiw) . (75)

acting on £2([—L, L), where now E(lL) is the graph Laplacian on £2([—L, L)) (e.g.,
[16]). Note that Hcf)Ll) is the restriction of H, 1 to 42([—L, L]), up to a boundary term.
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In what follows we will consider these unitary equivalences as equalities. In this case,
ifi € [—L, L] we have al." w(gL) =§; € KZ([—L, L]), Note that for the infinite volume
Anderson model in (74) we have

o (H)) D Xy :=[1— %, 1+1] almost surely. (76)

The following holds for all w € [0, 171%: We have lim; o0 HI(L) = Hj in the strong
resolvent sense, and hence limy o f (H (L)) f (Hy) strongly for all bounded con-

tinuous functions f on R. (For an interval J C Z, we consider ¢2(J) as a subspace of
¢2(Z) in the obvious way: C(Z) =)@ (Z\ J)) In particular, for f real valued
with || fllo = 1,

sup H 7 <land lim f (HI(L)) 8, = f(H) S, forallu e Z.  (77)
L —00

Moreover,

Jim B ([ rcn”) =& (1) =B (o, )

== (foo. P a0)) = [ Poaw. a9

where 1 is the density of states measure for the Anderson model H. It also follows from
(77) by bounded convergence that

lim E (Hf(Hl(L))Sj H Hf(Hl(“)&-

L—o0

) =E (s |17 cHSN) . 79

We now fix a function f € C.(R) suchthatsupp f C KNXjand xx’ < f < xknx,
for some nonempty interval K" C K N X}. Note that

D= / A1) dn@) > 0, (80)
Giveni, j € Z,if i, j € [-L, L], we have
(or77) | = [ |
o L | B e P P
and hence it follows from (77) that
timinf | (o P"o) | = | rcHns; 1)L (82)

Givenu € Z,let H I(M’L) denote the restriction of Hj to the interval [u — L, u+ L] =

+[—L, L], and note that (77) and (78) hold with H\""™ substituted for H") = H*".
In particular,

lim ¢® =0, where ¢®D =F (” (f(Hl("’L)) — f(H1)> Su

L—o0

) CE



Dynamical Localization in the Disordered XXZ Spin Chain 1099

and note that &;, = ¢™L) <2 s independent of u € Z. Moreover,

E (1 H)3al) = E (I f (D8I (84)

It follows that for all i, j € Z and L € N, with |i — j| > 3L we have (recall
[fllo =1

B (| s 17 csil) = 5 (| re ;| | s

& (| ) | ) =2
> E (| £(HDS;|) E Ul fHDS ) — 4er.
= E ([ rcs; ) E (1 (Hsi1?) = des

)—ZEL

2
=E (I (H)%I?) —4e = D? —4ep = 1D, (85)

where we used (83), the fact that the collections of random variables {wi }brefj—r,j+1
and {w;}sefi—r,i+1) are independent, used (83) again, used (84), and the last 1nequahty
follows from (78), (80), and (83), taking L sufficiently large. In particular, there exists
R such that (85) holds if |i — j| > R.

It follows from (82) and (85) that for |i — j| > R we have

E <lim inf (H PP oyl H H PP oy H)) > 1p?, (86)

L—o0
which is (70).
Note that /f € C.(R) and xgx' < f < </f < xknx,. Given an observable X we
have
2
e ”% _ H Pl((L)XP[((L) H2 — i (PIEL)X*PIEL)XP[(?)
> ir (P,QL)x*f(H@))XP}(L)) —tr (\/?(H“))XP,‘(L)X*J?(H(L)))
2
> (VEHO)XFHOXFHD)) = [VFHOXFaED)| @)

Thus, we can estimate

”(a P(L)Jx:l:o P(L) x) H2
K12
g oo o) |
= |7 (VTP J?(Hf”)«sj) £ 7 (VFPs, s
=2 (Vo [Vronen || +re (. rorn))’)

>2 (Hf(H](L))(S,- H2 Hf(Hl(L))aj ”2 B K(Sjv f(H1(L))5i> ) . 58)
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It follows from (88) and (77) that

2
lim inf H (J-XP(L)U)F +o7t P(L)o.x> H
i *0 J Jj'o k2

L—o0 !
=2 (I CEHOSIR | £ S P = [(85. £ CEDS]) (89)

Given a scale ¢ and |[i — j| > 3¢, we have

(8, f(HNS)| = )( Iz (f(Hl) —f(H(’ %) ) )

(e = re™) 8| ©0)

Since E (| £ (HDS || | £(HS; ) < ( (|| FCHDS P || £ DS | )) it follows from
(89), (90), (85) and (83), that there exists £1, such that for |i — j| > 3¢; we have

E(llmmf H (a P(L) x:l: xP(gL)ox> H )

1

2(E (sl | s ) =B (| (e - e ) s]))
=2(40* e ) = §D* o1)

The estimate (71) is proven.
Now let AL (1) be as in (73) (we mostly omit L from the notation), and let

20w = (a0 - (APw))

_ ItH x X X X _ x X X X —itH
=e (Gi Poaj +0j Pyo; )K (Ui Poaj +0j Pyo; )Ke

= Ay — Age™ """ = B, — B}, (92)
where
A=AD©0) =0of Pyo} +0f Pooj = A* and B, =e" Ag. (93)
We have
|z = 18- 52
=tr (B;B/") +tr (B}B;) — tr (B;B;) — tr (B} B;")
=2 Ag|? — 2Retr (PKe”HAPKe”HAPK). (94)
Since
tr (PKe"’HAPKe“HAPK) = Y ) (Pp AP APE).  (95)
E,E'cog

K C (0,00), and lim7_ o0 & [ €/ dt = 0if s # 0,we conclude that
T JO

2
lim l/ HZ(L)(t)H dt—2||AK||2 2H(crl-xPoCTf+U;P0°ix)KH2' (96)

T—o00

The estimate (72) now follows from (71) O
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4. Optimality of the Droplet Spectrum
We are ready to prove Theorem 1.
Proof. (Theorem 1) Suppose Property DL is valid for a disordered XXZ spin chain H

with@| > 20.Let K = [@g, @], where @y < @) < @j,ande = min {®| — 26);, Oy} >
0. We pick and fix a Gevrey class function 4 such that

1
0<h<1, supph C (—¢,¢), h(0) =1, and ‘h(r)‘ < Ce M2 forall t € R,
in particular, szl < 00. Note that Py = h(H).

Let X, Y be local observables with X** = Y** = 0. It follows from Lemmas 5 and
6 that

[(XPoY)kll = I(Xh(H)Y )kl

. 1
S CIX| Y| e™™ESEID2 4 sup |[(Y P,z (X)) (| O
reR
where
Kn C 200 —¢&,20,+¢] C [@g, O] = 1. (98)
It follows from Lemma 3 that
E (sup ” (Y Pg, (X))K ||> <E (sup H (Y Px, (X)), H)
reR reR
< CIX|||Y] e smdisX.y) (99)
so we conclude that
. 1
E((XPoY)kll) < C X Y] e 2 @sStXID2, (100)

where m» = min {ml, %m} > 0.
For all k € Z we have J,f = (o,f)*, (a,i‘)+’+ =0, and ||a,f || = 1. Thus it follows
from (100) that for all i, j € [—L, L] we have (we put L back in the notation)

1
() hzecment o
K
uniformly in L.
If H is a random XXZ spin chain, (101) contradicts (70) in Lemma 7 if |i — j| is

sufficiently large. Thus we conclude that we cannot have ® > 26y, that is, we must
have @] <20,. 0O

5. Non-spreading of Information

In this section we prove Theorem 2.
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Proof (Theorem 2). Let H, be a disordered XXZ spin chain satisfying Property DL.
Let X be a local observable with support S = Sy = [sx, rx]. In view of (38) we can
assume Xt = 0.

We take £ > 1, and set (recall (15))

O=[-L,LI\S; =[~L.sx = 5)U(rx +5. L]
T=8N0=[sx — Ll sx—5U@x+5ry+L] (102)

We start by proving that

E (sup
teR

Given an observable Z, we write Z;, = Z| + Z> + Z3 + Z4, where

1
(p+<0>r, (X5) P -, <x>)10 H ) <ClX[e ™. (103)
1

Z1=PyZPy;, Zo =P ZP; = Z;; Z3 = PyZP;; Z4 = P;ZP,. (104)

Since (Xi)p, = (Xp); = Xi and 7, (X;) = (n(X)); fori = 1,2,3,4, X; = X[ =0,
and (X4)* = (X*)3, to prove (103) it suffices to prove

= (s | (P (00 L),

teR

1) < CX[le WM (105)

in the casesi = 2, 3.
If i = 3, we have

(@] (@) (@] @)
o~ (2 00 2),| = (0005 ) 27 |
A |
1

(106)

where we used PpX = Py X PX since X** = 0. Thus it follows from (39) that

E (sup
teR
If i = 2, recall that Z» = Z;. Since P; P Py = P; Py = 0, we have

(P (x1) P = (PO xp) P) (108)

1
7 (X3) — (P (X1) Pio>)3H]) <ClIX[e " (107)

Thus

(@) (@]
k0= (A (1) 27) |

(P
(1’ (X; )P(O)) (Pf”r, (X1) P+<O>) H]
(
(

IA

) | +[(#cx0) |

o) | (e )
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Since
(@) | =) |
it follows from Lemma 3 that
E (fZE w (X0 = (P (Xi) PL7) | 1) < Clxfle . (111)
This finishes the proof of (105), and hence of (103).
We now observe that for all observables Z we have
PO zp@ = 7p© — p©@ 7 (112)

where Z is an observable with S; = S% and || Z|| < || Z||. To see this, we write the

Hilbert space as HY) = Hp ® Hs ¢ and let Yo = ®;co e; be the all spins up vector
in Ho. We define T : Hg — H(L) by Tn = Yo ® nand R : H) — HS by

P(O)go =vYo®Ryp.ie., P(O) = TR. Note ||T|| IR|| < 1. Given an observable Z we
define Z : HS[ — HSz by Z=RZT.Then Z = In, ® Z satisfies (112).

It follows from (103) and (112) that

E { sup
teR

Since P;fo)r, (X 10) does not have support in S¢, we now define

<p+<0>f$(70) — (X))

)

) < C|[X|le 6™, (113)
1

Xot) = P07, (Xp) = o (X)) P for 1 €R, (114)

an observable with support in & ¢ U7 = ;. and claim that X, (¢) satisfies (17).

To show that (17) follows from (113), we consider an observable Y with Sy = O° =
S ¢ and note that

(P = POy = PO Py, (115)
Since POP(O\T) P(O\T) Py = 0, we have

(PEO\T’ P Y) - (PEO\T) P Y); : (116)

—_~—

We now apply (115) and (116) with Y = 1, (XIO). We have

Io

PO (Tm)y’ PO = pO p©OI (X, PO p©)

= Port (XIO)PO = POXPO = P0X+ +P0 = 0, (117)
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e~

where we used (112), P(O) P(O ) — Pyand X** = 0. Since 7, (X1,) is supported on O,

—_~—

+,+
we conclude that <1:, (X 10)) = 0. Thus we only need to estimate (PEO\T) P+(T) & »b) g

—_~—

where Y = 1, (X,O) and a, b = &+, but eithera = —or b = —. If a = —, we have
and hence

<sup H( pOD p(@Ny-, ) H ) = ||Y||IE<HP PO p©
teR

)

< ClIX|emim, (119)

using (40). Since the b = — case is similar we conclude from (115), (116), and (114)

that
o) ——
E <sup (PJS )z, (X1) — X@(t))
teR

Combining (113) and (120) we get (17). O

) < Clx|eimt (120)

1()1

6. Zero-Velocity Lieb—Robinson Bounds
In this section we prove Theorem 3.

Proof (Theorem 3). In view of (38), we can assume X** = Y** = 0, and prove
the theorem in this case. This is the only step where we use cancellations from the
commutator. The estimate (18) then follows immediately from Lemma 3.

To prove (19), recall P;, = P; + Py, and note that since X+ = Y** = 0 we have
PyX Py = PpY Py =0, so

(o (X1) > Yi] = [ (X1), Y11+ Pr (7 (X) PoY — Y Poty (X)) Py
+ Py (7 (X) PrY — Y Pr7y (X)) Po+ (7 (X1) Y Po — PoY7; (X7))

+ (POXe—”HY, - Y,e"’HXPO) . (121)
Note that [t; (X7), Y7] can be estimated by (18). We have
I Pot: (X) PrY Polly = || Pot: (X*7) PLY "Ry,
= IXIy )| PXeH py PO (122)
so it can be estimated by (39), with a similar estimate for || PoY P;t; (X) Pyll;. Moreover,

Iz (XD Y Polly = ||z (X)) Y~ F Pol|
< WX | PDe P O gy | Prx e e P L 123)
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The first term can be be estimated by (40). To estimate the second term, let £ =
dist(X, Y) > 1. Then

| Pixemitp PO

Sy, ¢ )

£ ) Sy o) .
S P[X_’+P+ e—llHPIPEY) + P]X_’+P7 Y’Z e—l[HPI PEY)
1 1
(S, ) | (S, )
< | x| (‘ p, "TeitHp pM| 4 lpp "2 pX) ) (124)
1 1
(SY’%)

where we used [X 7, P_
estimated by (46) and (40).

The remaining three terms in (121) can be similarly estimated. (Although (121) is
stated for the commutator, it could have been stated separately for each term of the
commutator. The above argument does not use cancellations from the commutator.)
Combining all these estimates we get (19).

It remains to prove (20). Let X, Y and Z be local observables. In view of (19), we
only need to estimate the commutator of the counterterms in (19) with Z;, that is,

] = 0. Thus the second term in last line of (123) can be

E ( sup |[[(z: (X) Pots(Y) — 7(Y) Poty (X)) ZI]||1> : (125)

t,seR
If we expand the commutator, we get to estimate several terms, the first one being
E ( sup || Prz; (X) Pofs(Y)PIZP1||1> <E (Sup IIPofs(Y)PlZlell) (126)
t,seR seR

This can be estimated as in (122) and (123), and the other terms can be similarly esti-
mated, yielding (20). In particular, there are no counterterms in (20) since the quantity
in (125) decays.

We will now show that for the random XXZ spin chain the estimate (19) is not true
without the counterterms. In fact, a stronger statement holds. Let now H be a random
XXZ spin chain, and assume that for all local observables X and Y we have

E (sup [ (X1) - Y10]||1) < CIXIIYIY (dist(X, Y)), (127)
teR
uniformly in L, where the function Y : N — [0, oo) satisfies lim, o Y (r) = 0.

Assume (19) holds with the same right hand side as (127).
It follows from (19) and (127) that

E(I(XPoY —YPoX);ll;) <E (Su]g l[(r: (X) PoY — Y Pory (X))1||1>
te

<E <sup |[e (X1) . Yip] — (2 (X) PoY — Y Poz, (X)), | 1)

teR
+E <sup [z (X10) . Y1, | 1)
teR

= 2C|I XYY (dist(X, Y)) (128)
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In particular, taking X = o;" and ¥ = o we get (putting L back in the notation)

E(|(orpHor —orpiPar) | ) <207 i = gD (129)

A,

Thus, using ||A||% < ||A]l |A]ly and ‘ <2, we get

2
B (|(or s —aipiar) |1) < 28 (|(er pP oy~ riPar) )

<4CTY (i —jI). (130)

crl.x PO(L)U;‘ — a]’.‘ P()(L)Gix

Since (130) is not compatible with (71), we have a contradiction, so (127) cannot
hold. O

7. General Dynamical Clustering
We now turn to the proof of Theorem 4. We will use the following lemma.

Lemma 8. Let @) < ©1. Given o € (0, 1), there exist constants mq > 0 and C, < 00,
such that, given ©3 > O, there exists a function f € C°(R), such that

Ho=f=1,
(ii) supp f C [@2, O3 + O — O],
(i) f(x) =1 forx € [®, O3];

@) [0 = e for 1] = 1;
W | 7], = Camax (1.1 (©s - 02}
Proof. Let 0 = ®1 — ©,. Pick a Gevrey class function # > 0 such that
supp h C [0, 01; /Rh(x)dx =1; and ‘ﬁ(t)‘ < Cpe ™ forallt € R,

where Cj, and m;, > 0 are constants. Let

k(x)=/x h(y)dy for x e R,

—00
then k € C°°(R) is non-decreasing and satisfies
0<k<1, suppk C[0,00), and k(x)=1forx > 6.
Given ®3 > ©®1, we claim that the function
f@x) =k(x — 02) —k(x — O3) 131

has all the required properties. Indeed, properties (i)—(iii) are obvious. To finish, we

compute
x—0
f(t):/e_”x (/ 2h(y)oly) dx. (132)
R x—03
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Integrating by parts and noticing that the boundary terms vanish, we get

fO =7 | e (h(x—02) —h(x—603)dx = (e’i@ﬂ — e*i@”) h(t)
R
_ %ie—i(é)gt (1 _ e—i((-)3—(-)2)z) hao). (133)
Thus
N in(L(©3-0,)r .
‘f(l)‘ <2Cp M e ™l forall reR. (134)

Parts (iv) and (v) follow. 0O
We are ready to prove Theorem 4.

Proof (Theorem 4). Let H,, be a disordered XXZ spin chain satisfying Property DL.
Let K = [®g, O], where Oy < @ < min {260, ®@}. Since (9) holds for the interval
[®9, min {20, O1}], we assume O < 260 without loss of generality. We set K/ =
(®,, 00).

Let X and Y be local observables. In view of (38), we can assume Xt = Y+ =0,
and prove the theorem in this case. For a fixed L (we omit L from the notation), we have

Rx(tX (X).Y) = (rtK (X) 13KY)K = (r,K (X) PK/Y)K + (z,K (X) POY)K. (135)

Fix a € (0, 1), let ®3 > 20,, to be chosen later, and let f be the function given in
Lemma 8. We have

(5 0 PeY) = (K00 P = fu)Y) + (K0 faDY) o (136)
To estimate the first term, note that Px: — f(H) = g(H), where |[g| < 1 and

g(H) = g(H)P; + g(H) P where P(®) = P_ o,1and P(®) =1 — P©3) The
term with g(H) Py can be estimated by Lemma 3,

E (sup | (= @0 g H) <E (sup [ 0 g Py, H)
teR K teR
< CIIX|| Y ]lesm XD, (137)
The contribution of g(H)P©3) is estimated by Lemma 9,

(= O P@y) | <yl Pexg( P

< Y1 | PO Xg(H) POV

B d Hp<c~)z)xp(@3>

©2)

_MmF_ _
< Cp|X||Y]e xI (138)

To estimate the second term on the right hand side of (136), we recall that Hx = 0
on supp f, so

(=5 0 fany) =t XpY )k (139)
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it follows from Lemmas 5, 6 and 8 that

(I[K (X) f(H)Y)K = A+T(K)), (140)
where
IAIl < 2C1Co IX 1Y || max {1, In (@3 — @)} e~ ASEIDT (147
T(J) = e'fx (A@ e "y Pt (X) f(r)dr> for J CR, (142)
K
and

(0,20, — O] C Kf C 209 — O3 — (O — 07) ,20;, — O] C (=00, ©3]. (143)
In view of (7), Pk, = PK} + Py, where K’f =K;NK,soT(Ky) = T(K}) + T ({0}).
We have

s (splrecp]) = 7], = (e | (v 0), )
< Cmax {1, In (03 — O} X Y[ 7 XD  (144)
where we used Lemmas 3 and 8. In addition,

T({0}) = e & (Y PyX) . = (r,K (Y) POX)K . (145)

To see this, let E, E’ € K. Proceeding as in (68),we have
Pg (/ e "My Pyt (X) f(r)dr> Pgr = / Pge "My poXe " H Pp £ (r) dr
R R

= (/ efir(E+E’)]3(r) dr) PrY PyX Ppr = f(E + E')PgY PyX Py
R
= PpY PyX Py, (146)
since f(E+E')=1asE+E' €[20,20;] C [0, O3].
Combining (135), (136), (137), (138), (140), (141), (144), and (145), we obtain
H Rx(K (X),v) - (r,K (X) P()Y>K - (rf (Y) P0X>K H

71;‘ (O03-62)

<CX|Y] (max {1,1n (@3 — @y)} e 2SI 4 75y ) . (147)

where my = min {my, gm} > 0.
We now choose @3 = @, + |Sx| (dist(X, Y))%, note that @3 > 20, if dist(X, Y) >

@; , obtaining
”RK(‘EtK (X),Y) - (r,K (X) POY)K — (r,K (Y) POX)KH

< CIX| Y] (1 +1n|Sx|) e ms@isX) (148)
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with m3 = %min {mo, mp} > 0, for dist(X, Y) sufficiently large. Observing that the
argument can be done with Y instead of X, we get (29).
Since

(5 0. 11) = Ree (2500 Y) = Re (Y. 00) + [0 (Xx) Vil (149)

(30) follows immediately from (29) and (18).

To conclude the proof, we need to show that for a random XXZ spin chain H the
estimates (29) and (30) are not true without the counterterms.

Suppose (29) holds without counterterms, even in a weaker form: for all local ob-
servables X and Y we have

= (sup [ (0007}
< C (min {|Sx [, [Sy D IX|Y T (dist(X, Y)), (150)

uniformly in L, where the function T : N — [0, oo) satisfies lim,_ Y (r) = 0.
Assume (29) holds with the same right hand side as (150). Taking X = oi" and Y = o;“,
and proceeding as in (128)-(129), we get (putting L back in the notation)

E(| (o Psor +oipPar) |) =4crai-in. (151)

1

Recall that (in the notation of the proof of Lemma 7, as in (69)),

Z .= (ol?‘P()(L)o;‘ +U;‘PO(L)0[X)K =T (P1(<L)5i, P,((L)(Sj) +T (PIEL)(SJ', P]((L)&') .
(152)
Let V be the two dimensional vector space spanned by the vectors P,(<L)8,~ and P,((L)S 1B

and let Qy be the orthogonal projection onto V. We clearly have Z = Qv ZQy and
| Z|| <2, and hence

1ZI3 <21Z1* <41Z|, (153)

so it follows from (71) that there exist constants yx > 0 and Rg such that

(| (o Ao} +ai Par) ) %(H< B0y +oi a7 1)

> 1VK. (154)
foralli, j € Z with |i — j| > Rg.
Since (151) and (154) establish a contradiction, we conclude that (150) cannot hold.
We show the necessity of the counterterms in (30) in a similar way. Note that the
counterterm for X = o7 and ¥ = of is given by Z1)(¢) as in (92). If we assumed the
validity of (30) without counterms, we would have

v

<§u£ Hz“)(t)H) <4CY (i — j]), (155)

where the function Y is as in (151). Since ZY) (¢) is a rank 4 operator, we have

2
HZ(L)(’)HZ <4)z|? < 16]|Z]. (156)
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and hence
sup |20 0)| = 5 sup ”Z(L)(t)”2 > 1 fim L / ' |20 ”2 &, (157)
teR -1 reR (L e 0 2

so (155) and (72) give a contradiction, an hence (155) cannot hold. O

A. A Priori Transition Probabilities for Spin Chains

The following lemma is an adaptation of [7, Lemma 6.6(2)] to our needs. It holds
for every spin chain with uniformly norm-bounded next-neighbor interactions (more
generally, for uniformly norm-bounded interactions of fixed finite range).

Given a spin chain Hamiltonian H™) and an energy E € R,we write P(£:1) =
X(_OO,E](H(L)) for the Fermi projection, and let P(£-1) =1 — p(E.L),

Lemma9. Let HD = ZiL;_lL Yi(,I.Lle be a spin chain Hamiltonian on HLD =

®i€[,L,L](Ci2, (Cl.z = C? for i € Z, where Yifle is a local observable with support
SY@ =[i,i+1]fori € [-L, L — 1]. Suppose

i,i+1

)

ii+1

max H <0 < 0. (158)

ie[—L,L—1

Then there exists constants mp > 0 and Cr < 00, depending on 0, but and independent
of L, such that for any local observable X and energies E < E' we have

(E'-E)

- _mp
HP(E’L)XP(E L) H < Cp|X]|le T8x1 (159)
Note that if H = H,, is a disordered XXZ spin chain, we can write (cf. (6))
L—1
(L) _ (L)

Hy' = Z Yoiien (160)

i=—L

where Ygﬁ%Hl is a local observable with SYi-Li)m =[i,i +1],and
(L) 1 i

sup max |y | se=5(1+5)+22ep <00 a6

wel0,1]2,LeN {€l-L.L—1]

Proof (Lemma9).Let E < E’ andlet X be alocal observable. Without loss of generality
we take || X || = 1. We proceed as in [7, Proof of Lemma 6.6(2)]. For all » > 0 we have
(we omit L from the notation)

HI;(E’)XP(E) ” < o7 (E'-E)

¢ HxeH H (162)

Hadamard’s Lemma gives

oo
e xe™ =X+ Tadfy(X), where ady()=I[H."], (163)

n=1
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and hence

o
e Hxe M| <1432 adfy 0] (164)

n=1

Letting S = Sx = [sx,rxl, y = |Sx| = rx —sx + 1, and Sj’k =[sx — j,rx +k]N
[L,L]for j,k=0,1,2,..., wecan see that

Ji
ady(X) = [H, X] = sz.“, with J; <y +1, (165)
j=1

where each Z;l) = [Yii+1, X]forsomei € Sy 9,50 ” Z;l) ” < 26 and eitherSZ(l) C Si10
J

or Sz“) C 8o.1, and we have
j

lady (X)) < 20(y +1). (166)
Using induction, we can show that forn = 1,2, 3, ... (with Jo = 1)
Jn
adfy(X) ="z, with J, < (y +n)Jy 1, (167)
j=1

where each Z;") is a local observable with ” Z;")

k,k' €{0,1,2...} with k + k¥’ < n, and we have

< (20)" and SZ@) C Sy x for some
J

ladg (O] < 20y 1y < @0)" [[(r + 00 < @op)" [[(1 +k)
k=1 k=1
= (20y)" (n+1)! (168)

We conclude that

o0
e’HXe_rHH <C =1+ Qrby) (n+1). (169)

n=1

Choosing r = (49)/)_1, we get C = C(49y)71 < 00, and it follows from (162) that
Hﬁ(E’)XP(E) ” < 667(46;/)*1(E’7E)’ (170)

proving the lemma. 0O
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