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Abstract: We shall find the weakest norm that satisfies the Brezis—Gallouet—Wainger
type inequality, under some conditions. As an application of the Brezis—Gallouet—
Wainger type inequality, we shall establish Beale—-Kato—Majda type blow-up criteria
of smooth solutions to the 3-D Navier—Stokes equations in unbounded domains.

1. Introduction

Let 2 be a 3-dimensional domain with 32 € C°°. The motion of a viscous incompress-
ible fluid in €2 is governed by the Navier—Stokes equations:

oou—Au+u-Vu+Vp=0, divu=0 €0, T), xeQ,
(N-S)
{ulasz =0, uli=o0 = uo,

where u = (u] (x,1), uz(x, 1), u3(x, t)) and p = p(x, t) denote the velocity vector and
the pressure, respectively, of the fluid at (x, ) € Q x (0, T) and ug is the given initial
velocity vector fields. In this paper, we consider Beale—Kato—Majda type blow-up criteria
of classical solutions to (N-S). In the case that 2 is the whole space, Beale—Kato—Majda
[1] and Kato—Ponce [23] showed that the L°°-norm of the vorticity @ = rot u controls
the breakdown of smooth solutions to the Euler and Navier—Stokes equations. To be
precise, if the smooth solution « in C ([0, T); W*?(R"))(s > n/p + 1) breaks down at
a finite time t = T, then

t
/0 le(@)l|lLe@dT /' 00 (1.1)

ast /' T.Chemin [9] and Kozono, Ogawa and the second author [24] proved similar
blow-up criteria with ||w| L~ replaced by ||u|| BL . and [|wl|l o, respectively. Note that
Chemin [9] dealt with solutions in C%, & > 1. Chae [8] also prdved the same criterion via
lwll o for solutions in the Triebel-Lizorkin spaces. It is notable that Planchon [36]


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-017-3061-0&domain=pdf
http://orcid.org/0000-0001-6090-2688

952 K. Nakao, Y. Taniuchi

improved the criterion given in [24]. He showed that, if the solution « to the Euler equa-
tions in C ([0, T); B;’q(R"))(s >n/p+1,1 < p, g < 00) cannot continue the solution
in C([0, T"); B, ,(R™)) for any T’ > T, then lim¢_, o, sup; fTTfe |Ajw|sodt must be
greater than an absolute number M, where A ; is a frequency localization operator at & ~
2/, For the Navier—Stokes equations in R”, Fan et al. [11] proved a logarithmically im-

proved blow-up criterion: fot ”“)(T)”B&oo(R")/\/l +log(1 + ”w(r)”Bgooo(]Rn)) dt /

oo. Recently, for the 3-D Navier—Stokes equations in R3, Bradshaw et al. [4] proved that
the local existence time 7, of a unique smooth solution can be estimated from below
as Ty > ¢/[@(0)|| oo gy, if initial vorticity @ (0) € L2(R*) N L>(R?). This estimate
implies that if T is the maximal time of existence of the smooth solution, then

lo@lpoowsy = ¢/(T —1) fort <T, (1.2)

which directly yields the Beale-Kato—Majda blow-up criterion (1.1) for the 3-D Navier—
Stokes equations. See also Kukavica [28].

In the case where €2 is a bounded domain, for the 3-D Euler equations, Ferrari [14]
and Shirota—Yanagisawa [37] succeeded in proving that the same result of breakdown as
Beale—Kato—Majda holds. See also Zajaczkowski [46]. In [34], Ogawa and the second
author proved a similar blow-up criterion with ||| () replaced by [|w|lpmo(). To
be precise, in [34] it was shown that, if €2 is a 3-D bounded domain and if the smooth
solution u in C ([0, T); H™(2))(m > 3/2 + 1) breaks down at a finite time t = T, then

t
fo o (@) llbmoydT /00 (1.3)

ast /' T.However, in [34], the blow-up criterion via ||| pmo(g) Was proven only for 3-D
Euler equations. In the present paper, we prove the same criterion for 3-D Navier—Stokes
equations in domains with Q2 € C*. In [34], the proof was based on the H™-energy
method. However, it seems difficult to apply the H" -energy method to solutions of the
Navier—Stokes equations in a domain with the no-slip boundary condition u|3q = 0, due
to the diffusion term. In the present paper, instead of applying the H-energy method, we
will use the integral equation of (N—S) and the smoothing effect of the Stokes semigroup.
Moreover, by using a space of Morrey type we improve the bmo-criterion (1.3) to

t
| Ho @l gy 7 . (14)

ast /' T.Here, M iog (2) will be defined in Sect. 2.

It is notable that Grujic and Guberovic [18] established a local version of the bmo-
criterion for the interior regularity of weak solutions to the 3-D Navier—Stokes equations
by using the non-homogeneous div-curl lemma. It is also notable that Morrey type norms
of Vu and vorticity @ were utilized by Caffarelli et al. [7] and Gustafson et al. [19] for
the interior regularity of suitable weak solutions to the Navier—Stokes equations. More
precisely, in [7], it was shown that if u is a suitable weak solution and if

r—>0+

t
limsup r~! / / |Vu(y, 7)|* dydr is sufficiently small, (1.5)
t—r2 JB(x,r)
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then u is regular at (x, t),1.e.,u € L®(B(x,r) X (t — r2, 1)) for some r > 0.In [19], this
interior regularity criterion (1.5) was refined, replacing by the more general condition
that

: IR
lim supr_(3/p+2/q_2){ / ( / lo(y, 7|7 dy)q pdr] ? is sufficiently small
r—0+ t B(x,r)
(1.6)

—r2
for some p, g with2 <3/p+2/q <3,1 < g <00, (p,q) # (1, 00).
In order to prove (1.3) and (1.4) for (N-S), the following Brezis—Gallouet—Wainger

type inequalities play important roles:

(BGW)p I fllLoy < CA+ ] fllxlog’ (e + 11 £1I).

When © = R”, by using the Fourier transform, Brezis—Gallouet—Wainger [5,6] proved
(BGW)g in the case

B=1—1/p, X =WVYPPR"Y), Y =W"r*4R"(c C*(«a > 0).

Engler [10] proved the same inequality for general domains €2 without using the Fourier
transform. Ozawa [35] proved the Gagliardo—Nirenberg type inequality

_ 1—
I llagen < Cp.mg" =P I(= AP £ 1 f 15, forall g € [p,o0) (17)

with the explicit growth rate with respect to ¢ and that this estimate directly yields
(BGW)g with B =1 —1/p. When € is a bounded domain, in [33,34], (BGW)g was
proven in the cases

B=1 X=>bmo(Q), Y =C%Q), or

B=1 X=BeQwithO(q) =g, Y =C%Q),
where Bg (L) is introduced by || f || po(2) 1= sup,=1 Hf(_‘)lg)(m . Furthermore, in [1,9, 10,
14,20,23-26,29,32,34,35,37,42,46] several inequalities of Brezis—Gallouet—Wainger
type were established. Then, we have one question.

Question. What is the largest normed space X that satisfies (BGW)g with Y =
CY(Q)?
In the present paper, we also consider this problem and find the largest normed space X
under some additional assumptions.

Throughout this paper we impose the following assumption on the domain.

Assumption 1. Q@ C R” is the half-space R, the whole space R", a bounded domain,
an exterior domain, a perturbed half-space, or an aperture domain with Q2 € C*°.

For the definitions of perturbed half-spaces and aperture domains, see Kubo—Shibata
[27] and Farwig—Sohr [12].

The remainder of the present paper is organized as follows. In Sect. 2, some function
spaces are introduced. In Sect. 3, the main results are described. In Sects. 4, 5 and 6, the
proofs of main results are presented.

In this paper, we denote by C various constants.
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2. Function Spaces and Preliminaries

We first introduce Banach spaces of Morrey type and Besov type which are wider than
L. Let Eq be the 0-extension operator from functions defined on €2 to functions on R”
and Rgq be the restriction operator from functions on R” to functions on €, i.e.,

fi Q
Ef@)—{ﬂmjgjiR“Q, Raf = flg

B(x,1):={y e R"; |[y—x| <t}andlet L () denote the uniformly local L' space,

i.e.,

uloc

Lioe® = € L@ 5 1Sl = £ )ldy < oo}.

xe]R” [B(x, DI Jaex,Hne
Definition 1. Let 8 > 0 and €2 be a domain in R”. Then,
M;Og(Q) {f e LulaC(Q) 1Ay, Iog < oo} is introduced by the norm

1
sup
ve@, 0<t<1 |B(x,1)|logf(e + 1)

[l = / Eolf(»ldy.
Mg*(@) B(x,1)

o M*(S) is defined by

M- log(Q)
9

My#(Q) == BC(Q) "

where BC(Q) denotes the set of all bounded continuous functions in €2.

We note that, for any constant § > 0, || || is equivalent to the following norms

log
Mg (@)

1
I fIlyjog oy == sup / Eolf(y)ldy,
Mgs@ " eq o<i<s |B(x, D|1ogh (e + 1) Jeea
1
NI g, i= sup / Eolf(y)ldy.
MR5@ " crn 0<1<s |B(x, )| logP (e + 5y I

Indeed, for 0 < § < r, clearly || f| ]og(Q) <\fll ]og(Q) <IfI <Cm,B,38,r)

lug>
L)
I log holds, where C(n, 8, 8, r) is a constant independent of f. By Proposition

4.3 (4 9) in Sect. 4, we observe that ||f||’
11z gy = 1y g = 1A

gog @ = C(n)”f”M‘lgo%(Q) Then we have

log forall 6 > 0.
5(8)

Definition 2 (Modified Vishik’s space). Let B > 0 and v € S(R") be a spherical

symmetric function with ¥(§) = 1 in B(0, 1) and ¥(§) = 0 in B(0, 2). Then,

o Vg(R") ={f € S'(R"); [ fllv, < oo} is introduced by the norm

[¥n * flloo

p 5. where Yy (x) = 2"V 2N x).
N=1.2,... N

1l =
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e Vg is defined by

Vs .= BUC@®Y ",

where BU C(R") denotes the set of all bounded uniformly continuous functions in
R".

Note that the space Vg is a modified version of spaces introduced by Vishik [43]. We
also note that the following inclusions hold:

M°)(R) > bmo(Q) D L¥(R), see Appendix,
Vi(R") D B, (R") D bmo(R") D L®(R").

Here bmo(R") = BMO(R") N Llldoc(Rn) and bmo(2) is defined by the restriction of

bmo(R"™) on Q,i.e. bmo(RQ) := {Rq f; f € bmo(R")}, where Rg, f is the restriction of
f on 2. The norm of bmo(S2) is defined by

I £ lbmoey := inf{ll fllomony; f € bmo(R™) with f = f in Q}.

Let CSO(K ) denote the set of all C* functions with compact support in the set K,
BC*®(K) := {g € C®(K); 0%g € L°°(K) for all multi-indices o} and C&Oﬂ(Q) =
Cow =19 € (C3°(R))"; div ¢ = 0}. Then L7, 1 < r < 00, is the closure of C{7, with
respect to the L"-norm || - |,.. Concerning Sobolev spaces we use the notations W*-7 (Q)
and W(I;’p(Q), k € N, 1 < p < oco. Note that very often we will simply write L" and
Wk-P instead of L"(2) and W5P(Q), respectively. The symbol (-, -) denotes the L2-
inner product and the duality pairing between L? and L, where 1 /p+1/p =1

Let us recall the Helmholtz decomposition: L (2) = L, @ G, (1 < r < 00), where
G ={Vpel;pe L?oc(ﬁ)}’ see Fujiwara and Morimoto [15], Miyakawa [30],
Simader and Sohr [38], Borchers and Miyakawa [2] and Farwig—Sohr [13]; P, denotes
the projection operator from L" onto L/ along G,. The Stokes operator A, on L/ is
defined by A, = —P, A with domain D(A,) = W>" N Wol’r N L. It is known that
(L7 )* (the dual space of L”) = L’ and A* (the adjoint operator of A,) = A,, where
1/r+1/r’ = 1.1tis shown by Giga [16], Borchers and Sohr [3], Borchers and Miyakawa
[2], Iwashita [21] and Farwig and Sohr [13] that — A, generates a holomorphic semigroup
{e~"4r: ¢ > 0} of class Cp in L, . Since Pru = Pyuforallu € L' NLY (1 <r,q < 00)
and since A,u = Agu forall u € D(A;) N D(A), for simplicity, we shall abbreviate
Pru, Pju as Pu foru € L" N L9 and A,u, Aqu as Au for u € D(A,) N D(A,),
respectively.

We very often use the notations f for integral means, i.e., {5 f (y)dy := % Sz fdy
and 7y, for the translation operator, i.e., Ty f = f(- —y). Let I denote the characteristic
function on €2.

3. Main Theorems
Now our main results read as follows.

Theorem 1. Let Q(C R") satisfy Assumption 1.
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(a) Forany o € (0, 1) and B > 0, there exists a constant C (2, o, B, n) > 0 such that

: 1
Il < C (141 s g log” (€411l cucy)) forall f € C@NME).

(3.1)
(b) Let B > 0 and X (2) be a normed space. Assume that X (2) satisfies the following
conditions: "
(A1) Co(R) = X() C Ll (2);

(A2) X (L2) is a translation invariant space, i.e., | Ro(ty f)llx@) < Il fllx) forall
y €R" andall f € Co(R2); .

(A3) X (§2)-norm has the property: || flx@ = lIgllx if f, & € BC()NX(2)
and |f(x)| <|gx)| a.e. x € Q;

(A4) there exist constants o € (0,1) and C > 0 such that
£l = C(1+1flx log? (e+ 11 /o)) forall f € C*@NX(Q).

Then, there exists a constant Cy > O such that

IIfIIM;:g(Q) < Coll flix) forall f € BC(Q)NX(Q).

In particular, if BC(Q) is densely contained in X (), then X (Q) — M};g(Q).

Remark 1. (i) The condition (A2) implies that if both of f and 1, f belong to Co(£2),
then || fllx @) = llty fllx (@), since f = t_,1y f. Hence we call (A2) the translation
invariant property.

(i) By Definition 1 and Theorem 1(a) we see that M};g(Q) and ]l;léog(Q) satisfy Condi-
tions (A1)—(A4). We emphasize that Theorem 1(b) implies that M;,Og(SZ) is the
largest normed space that satisfies Conditions (A1)—(A4) and densely contains
BC(Q).

If we do not assume (A3), there is a normed space wider than M log , when Q = R”
as below.

Theorem 2. (a) For any o € (0, 1) and B > 0, there exists a constant C(«, B,n) > 0
such that

1/ leqeny = €1+ 1f vy 1og? (e + 1 f llcugan)) forall f € C*@®) N V.
(3.2)
(b) Let B > 0and X be anormed space. Assume that X satisfies the following conditions
(B1) BUC(R") — X;
B2) X > S®RYorX Ll [®RY;

uloc
(B3) X is a translation invariant space, i.e.,

IfC=Wx =Iflx forally eR"
(B4) there exist constants a € (0, 1) and C > 0 such that
1/ leqeny = C(1+ 1fllx 10g? (e + I flleucen)) forall f € BC®®.

Then, there exists a constant Cy > O such that

Ifllvs < Collfllx forall f € BUCR").

In particular, if BUC is densely contained in X, then X — Vﬂ.
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(c) Let B > 0 and X be a normed space. Assume that X satisfies Conditions (B2)—(B4).
Furthermore assume that

C€)  lex* flix < el fllx holds forall p € S andall f € X.
Then, X — Vg.

Remark 2. (i) From Theorem 2(a) we observe that Vg and ‘7,3 satisfy Conditions (B1)—
(B4). Hence, Theorem 2(b) implies that \7,5 is the largest Banach space that satisfies
Condition (B1)—(B4) and densely contains BU C (R").

(ii) Since Vj satisfies (B2)—(B4) and (C), Theorem 2(c) implies that Vj is the largest
normed space that satisfies Conditions (B2)—(B4) and (C).

(iii) Since M/l;)g (R™) satisfies (B2)—(B4) and (C), from Theorem 2(c) we observe that
MgER") < Vp.

(iv) If X satisfies (B1)—(B3) and the following condition

(C)' X is a Banach space and BUC(R") is dense in X,
then X satisfies Condition (C).
Our results on (N-S) read as follows.

Theorem 3. Let the dimension n = 3, Q(C R?) satisfy Assumption 1, p > 3 and u be
a solution to (N-S) on (0, T) in the class

S,(0,T) := C([0, T); L?) N C'((0, T); L?) N C((0, T); W>P(Q) N Wy'” ().

Assume that T < oo and T is maximal, i.e., u cannot be continued to the solution of
(N=S) in the class Sy (0, T') for any T" > T. Then,

¢
f ||a)(r)||M10g(Q)dr Soo as t /T foranys € (0,T), 3.3)
s 1

where w = rot u.

Remark 3. (i) Solutions in the class S, (0, T') are called strong L? solutions on (0, T').
For p > 3, the existence of strong L” solutions to (N=S) is proven in [17,21,22,44].

(i1) The blow-up criterion (1.2) given in [4] dose not directly imply (3.3). Indeed,
let f(x,1) := minfc/|T — 1], log"(1/|xD}, then || f(D)lloo = ¢/IT — 1|, while
Jo Wfll e dt < [y Ilog"(1/1xDll, s df = CT < oo. Here log*s :=

1 1

max{0, log s}.

(iii) By using Theorem 3 and the standard argument, we can also show the following
regularity criterion for weak solutions. If n = 3, u is a Leray—Hopf weak solution
with the energy inequality in the strong form and if u satisfies

T
fo (0l ot g, dT < 0. (3.4)

then u is smooth in (0, 7] x Q. Here, for the definitions of Leray—Hopf weak
solutions and the energy inequality in the strong form, see e.g. [41, Definition 2.1].
Note that there are no inclusion between Conditions (3.4) and (1.6). See Lemma
7.1 in Appendix.
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It holds that || f| M) < Cll fllbmo()» see Appendix. Hence, we have:
1

Corollary 1. Under the same assumptions as in Theorem 3, it holds that

t
/ lo (@) lbmoydr /' 00
N

ast /' T foranys € (0, T).
In the same way as in the proof of Theorem 3, we also have:

Corollary 2. Let Q = R3. Then, under the same assumptions as in Theorem 3, it holds
that

t
/ e (@ lly,®3Hdt 7 00
s

ast /' T foranys € (0, T).
Before closing this section, we introduce an inequality equivalent to (BGW)g.

Proposition 3.1. Let X be a normed space, Y be a semi-normed space, Z(C X NY) be
a linear space, and B > 0. Then, (BGW)g holds for all f € Z if and only if there exists
a constant C > 0 such that

1
(BGW)g I flli=e) < C(el flly +10gﬁ(6+;)||f||x)

forall f € Zandall e > 0.

Indeed, substituting f = ﬁ into (BGW)g, we see that (BGW)g yields (BGW);a.

Conversely, letting ¢ = W, we see that (BGW)}} yields (BGW)g.

4. Proof of Theorem 1

Proof of Theorem I(a). Here, we give the proof of the first part of Theorem 1, using
arguments given in Engler [10] and Ozawa [35]. See also [34]. For the sake of simplicity,
we assume n = 3. By Assumption 1 we see that 02 satisfies the interior cone condition.
Namely there are § € (0, 1) and 6 € (7/2, ) depending only on €2 with the following
property: For any point x € €2, there exists a spherical sector Cg) (x)={x+&eR%0<
E] < &, —I&] < k(x) - & < |&]cosf} having a vertex at x such that Cg(x) C ,
where k (x) is an appropriate unit vector from x. We note that for each x € €, Cg) (x)1is
congruentto Cy = {& € R3:0 < |£] <8, —|&| < & < |&]| cos ). In particular, for any
boundary point x € 9€2, Cg (x) can be expressed as Cg ) ={x+£eR%0<|E| <
8, —l&] <& -v(x) < |&|cos B}, where v(x) denotes the unit outward normal at x.

Let0 < ¢ < §and C?(x) := C§(x)N B(x, t). For any fixed x € Qand y € C?(x) C
Q,

fOI= 1) = fFDI+ IO = M fllgalx = yI* +1fODI = 1f lgat® +1f DI



Brezis-Gallouet—Wainger Type Inequalities and Blow-Up Criteria for Navier—Stokes 959

Integrating both sides of the above inequality with respect to y over C f (x),

If(x)IIC?(x)ISt“llfllc'a(g)lcf(x)l+/ 1fOldy

ye€/ (x)

< 1 fll ey CF ()] +/ | £ ()ldy

yeB(x,0)NQ
1
< 11 fll¢ae|C7 @)1+ 1BG, DlTog? (- + )l f e gy A1)
Since |B(x, t)|/|C,9 (x)|(=: Kp) is a constant independent of x, 7, we have
1
i B(Z
| %N fll¢a(q) + Ko log (t +€)||f||M:30g(Q) (4.2)
forall0 < ¢ < 8. Then we optimize t by letting = (1/]|.f [l ca () /* i [ fll ¢y = 67

and letting r = § if ||f||c'°f(sz) < 6 “toobtain (3.1). O

In order to prove the second part of Theorem 1, we introduce the following proposi-
tions and lemmata. Although the propositions are elementary, for readers’ convenience,
we write proofs of those.

Proposition 4.1. Let f € Lllo (R™). Then, it holds that

][ lfO)ldy = 2"][ (][ If(Z)IdZ> dy (4.3)
B(x.1) B(x.2t) \JB(y.1)
forall x € R™.

Proof of Proposition 4.1. Clearly, by Fubini’s theorem we have

on / (f o N
RHS. = F( +y +x0)lde ) dy
1B, 201 1BO. D] Jiy1<2 iz <t
2n f
= |fE+y" + x)ldy’> dz7
1B(0,20)] [B(0, 1)] |2/| <t ( |y/|<2t
2” / " " /
- lFO"+x)dy" ) dZ = 1. (4.4)
1B, 201 1B, DI Jiz1<i ( y'€B(,20)

Since B(0, 1) C B(Z/,2t) for |7/] < t,

2" /'
1> £ (" +x)|dy”> d7 = LHS., (4.5
[B(0,20)| [B(O, D) J|z|<t ( Y€ B(0,1)

which proves Proposition 4.1. 0O

Proposition 4.2. Let g € L°°(R"). Then, the following inequalities hold:

lx — ¥l
][ lgldz —][ lgldz| < C(n) llglloo, (4.6)
B(x.1) B(y.0) t
1
Hvx ][ gldz| < Co)~ligloo. 4.7
B(x,1) 00 t
1
][ lgldz =Cm,0)—lIglloc for0 <a < 1. (4.8)
B(x,1) G R t
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Proof of Proposition 4.2. For the simplicity, we assumen = 3. Let B(x,t)© B(y, t) :=
(B(x,1) U B(y, )\(B(x, 1) N B(y, 1)). Since

][ lgldz —][ lgldz
B(x,t) B(y.t)

1
< mlB(x, 1) © B(y. )] lIglle

and

2ntdx —y| if |x—y| <2t
|B(x,1) © B(y, )| < { 21BO. 0| if |x—y| > 21

§C|B(o,z)|'x;y',

we obtain (4.6). (4.7) is a direct consequence of (4.6). The interpolation inequality
[ £llge < CILIGIV S and (4.7) yield (4.8). O

Proposition 4.3. There exists a constant C = C(n) > 0 such that
lm; x |Eo flllLo@ry < CllRQ(m; * |Eo f Lo (4.9)
forallt > 0and f € L;ZOC(Q), where m;(x) := mlg(o,,)(x).

Proof of Proposition 4.3. Clearly, B(x, t) can be covered by N balls {B1, B2, ... By}
of radius #/2, where the natural number N € N depends only on n. Thus,

sup / |Eo fldy < N sup / |Eof|dy
B(x,1) B(x,t/2)

xeRn xeR”

=N sup / |Eo fldy.
x€R™, B(x,1/2)NQ#AD J B(x,1/2)N2

If B(x,1/2)NQ # @, then there is z, € B(x,t/2) N Q. Since B(x, t/2) C B(zx,t) and
Zy € 2, it holds that

sup / |Eofldy < Sup/ |Eo fldy.
x€R, B(x,t/2)NQ2#4 J B(x,t/2)NQ 2eQ J B(z,HNQ

Therefore we obtain

sup / \EofIdy < N sup f \EofIdy, 4.10)
B(x,t) B(z,t)NQ2

xeR" zeQ

which yields the desired estimate (4.9). O

Lemma 4.1. Let Q satisfy Assumption 1. Assume that X (2) is a normed space and
satisfies Conditions (Al)—(A3) given in Theorem 1. Then, it holds that

IRe(1p * Eoh)x ) < IBllIhlx) (4.11)

forall h € Cy(R2) and all B = B(0, r).
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Proof of Lemma 4.1. By Condition (A2), we have ||Rqty (Eoh)||lx @) < [Eohlx) =
Ihlx(q) for all y € R". Since for all x € it holds that Ro(1p * Eoh)(x) =
Jrn 18Ty (Eoh) (x)dy = [z 18(¥) RaTy(Eoh)(x)dy, we formally obtain
IRa(1p * Eoh)llx@) < / [1WIIIReTy(Eoh) ()l x (@)dy
Rn
< [ 1a0ldy e

RV!

More precisely, since Egh € Co(R"), we easily observe that the Riemann sum

re(x) =

> 1sGm)(Eoh)(x — zm)(€ Co(R™)

Im€ (Z/zk)”

ok

lIlloo

converges to fRn 13(y)(Eoh)(x — y)dy in L®(RQ) as k — oo. Since Co(S2)
X (£2), this convergence holds in X (£2). Hence, we have

Ra(1p * Eoh)llx ) ZkILH;O | Rari ()|l x ()
. 1
<limsup > el Ra(Eoh) (- — zm))llx (@)

. 1
< lim > Gwlliklxe = 1BlIklx@

T k—oo

for all h € C(2). This proves Lemma 4.1. O

Lemma 4.2. Let Q2 satisfy Assumption 1 and X () satisfy the assumption in Lemma
4.1. Then there exist positive constants €y = €(2) and C = C(2) such that

[Ro(ma x+my x |Eo fDIIx < Cllfllx (4.12)
forall f € Co(R2Q and all0 <t < €y, where m;(x) = |B(—(1),z)|13(0’l)(x)'
Proof of Lemma 4.2. We first prove Lemma 4.2 in the case where €2 is unbounded. Let
Qe = {x € Q; dist(x, 0Q) < €} and QF := Q\Qe.
Since 2 is unbounded, by Assumption 1, there is yp € R” such that
Qr+y) CQ and dist(2] + yp, 0Q2) > 1.
Let g1, ¢ € C(S_Z) satisfy

o1+ =1inQ, 0<¢,¢ =<1
g1 =1inQ1p, ¢ =0in Q. (4.13)

For f € Co(2) we decompose | Ep f| into two functions as follows.

|Eof| = Eo(lfle1) + Eo(lflg2).
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Let 0 <t < 1/3. Since dist(£21 + yo, d2) > 1 implies Ty, (m2, * m; * Eo(| flgp1)) €
Co(£2), by Condition (A2) and Lemma 4.1 we have

| Ra(may s my * Eo(| flo)  x @)
= [[RQT_y [Ty (M2 x my x Eo(| flo)]lx @)
< llzyy(m2r * my * Eo(| fle | x )
= |lmos * m; * Ty Eo(| fleD) I x (@)
= R {ma + EoRa (m; + EoRaty o /o) | Ix(@
< IRqty (Eo(l flo)llx(w)- (4.14)

Since Eo(| flo1) € Co(2), Conditions (A2)—(A3) yield [|RqTy, (Eo(| fle1)llx@) <
I fletllx@ < Il fllx)- Hence, by (4.14) we have

| Ra(mar + my x Eo(| flo)llx@ < I fllxw- (4.15)

Similarly, since supp > C Q'/? and dist(Q!/?, 3Q) = 1/2, by Lemma 4.1 and Condi-
tion (A3) we have, for0 <7 < ¢,

| Ra(mar * my * Eo(| flo2) |l x ()
= ||Rq {ma: * EoRa(m; * Eo(| f192))} I x )
< N fle2llx@ < I fllx)- (4.16)
From (4.15) and (4.16) we obtain the desired estimate (4.12) for 0 < t < %.
Next, we prove (4.12) in the case where €2 is bounded. We choose rp > 0 and zp € 2
such that B(zg, 2r9) C 2. Now we consider partitions of unity. Since €2 is bounded,
there are a finite collection of open sets {U;} 9':1 and smooth functions {¢;} ;V:l such that

N N
QclJu;. diamU; <rg, DY gj=1 in Q
j=1 j=1
suppe; CUj, 0<¢; <1 for j=1,2,...,N.
Here diam A := SUPy yeA [x — y|l. Let f € Co(f2). Since |Eof(x)| =
Y1 Eo(I flj)(x), we have
N

IRQ(my; xmy * | Eo fDllx@) < Y IRa(mar % m; * Eo(| flep)lx.  (417)
j=1

Since diam U; < rp, foreach j = 1,2, ... N, there exists y; € R" such that
Uj+y; C B(zo0,7r0)(C B(zo, 2ro) C ).

Let0 <t < %0 Then, since dist(U; + y;, 9€2) > rp, we see that Ty, (mzt * my ok
Eo(|f|(pj)) € Co(R2). Hence, in the same way as in the proof of (4.14) from Condition
(A2) and Lemma 4.1, we obtain

| R (mar % m; * Eo(| fle)llx (@) < IRaty; Eo(lflo)Ix (- (4.18)
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Since f € Co(£2) implies Eo(| fle;) € Co(£2), Conditions (A2)-(A3) yield
IRty Eo(lflej)lix@) < IEo(Ifle)lx@ < I flx-
Hence, by (4.18),

IR (mar * m: % Eo(| flg))Ix@ < I flx@- (4.19)

This estimate and (4.17) yield the desired estimate (4.12) for all 0 < ¢ < rp/3, which
proves Lemma4.2. O

We are now in the position to prove the second part of Theorem 1.

Proof of Theorem 1 (b). By Condition (A4) and Proposition 3.1 we have

1
I8l = C(elglcoy +1og” (e +-)lglxe ) (4.20)

forall g € X(2) N C*(Q) and all € > 0. Let f e Cp(R2),0 <t < €y where ¢ is the
constant given in Lemma 4.2, and let /2 be a function on R” defined by

h(X)1=(M2z*mz*|Eof|)(X)=][ (][ IEofI(Z)dZ>d
B(x,2t) B(y,t)

for x € R”. From Proposition 4.2 we see that Roh € CY N Co(R)(C C* N X()).
Substituting g = Rqh into (4.20), from Propositions 4.2 and 4.3, and Lemma 4.2 we
obtain

1
IR Lo @) = C<€||R9h||c'a(g) +log” (e + E) ||RQh||X(§2)>
8 1
< C((ellhllgaqee +1og” (e + <) I Rahllx (@)
» 5, 1
< C(e@) ™ Imy  |Eofll gy +10g” (e + 2)I f I xco)
(6(20 “|Ra(m; % |Eo f D)l Loo(g) +log? (e + )”f”X(Q)) (4.21)

for all ¢ > 0. By taking L°°(2)-norm of the both sides of inequality (4.3) with f
replaced by |Ey f|, we have

|Ra(m;*|Eo f)l o) < 2" [|RQ(masxm;x|Eo f)llLo@) = 2" IR L q). (4.22)

Substituting € := (2r)%/(2"*1C) into (4.21), from (4.22) we observe that

1
IR (m; * |[Eo fDI L) < Ci log? (e + ;)llfllxm)

holds for all 0 < ¢ < €g and all f € Cy(2), where the constant C; is independent of
t and f. This implies ||f|| ]og @ = < Cill fllx() for all f € Co(£2). Therefore, since

M B.co (£2)-norm is equlvalent to M. P 8(2)-norm, we conclude that

IIfIIM;}og(Q) = Cllfllx@ forall f e Co(£).
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Now, we consider the case where f € B C(Q)NX(Q). Clearly, there exists a sequence
{ fn} such that

fn€Co(), 0= f(x) <|f(X)] a.e.x € Q and f,(x) = |f(x)] ae. x € Q.
By the definition of M;,Og-norm, we see that for arbitrary € > 0, there are x € Q2 and
t € (0, 1) such that

il !
Io; —€e <
Mg*() |B(x, )| logP e+ 1/1) Jpieny

|Eof(¥)Idy.

Since Lebesgue’s theorem yields lim,—, o fB(“) |Eofun(y)|dy = fB(x,t) [Eof(y)|dy,
there is n¢ such that

1
Io; — €<
”f”Mﬁg(Q) |B(x, )| logf (e +1/1) Jp(x.n)
As shown above, it holds that || f;, "Mlﬁog(Q) < Cllfuollx@ =< Cllfllx). since fn, €
Co(2) and since | f;,(x)| < | f(x)| a.e. x € Q. Therefore, we get

£l pptoe ) = Cllflix (g forall f e BC(Q) N X(Q).
B

[Eo fro Iy = 1 ol -

This proves Theorem 1(b). O

5. Proof of Theorem 2

Proof of Theorem 2. (a) We now recall the Littlewood—Paley decomposition. Let ¢ be
the function given in Definition 2 and let ¢; € & be the functions defined by

GE) =P (E) — Y (26) and ;&) = p(£/27) for& e R".
Then, supp ¢; C {2/~ < |§] <2/*!} and

L=9E2"+ Y ¢E2)=9nE+ Y ¢j) fors R N=1,2,....

j=N+1 J=N+l1
(5.1
Using (5.1), we decompose f into two parts such that
o
FO)y=vyxf)+ Y ¢j* f(x). (5.2)
j=N+1
By Definition 2,
1N * fllso < NPy, (5.3)
holds. Since Bgo’oo(]R”) = CY%R") for 0 < & < 1, we have
[e¢) oo ) )
Doldi* fllo= Y 2%l¢j * flloo2™
j=N+1 J=N+l1
i .
<Ifllge . Y. 279 <Cllflla2 N, (5.4)

j=N+1
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Gathering (5.3) and (5.4) with (5.2), we obtain
I flloo < CQ™N| fllew + Nﬂllfllvﬁ)- (5.5)

Now we take N = [%] + 1, where [-] denotes the Gauss symbol. Then we

have the desired estimate (3.2)
(b) Now we prove the second part of Theorem 2. By Proposition 3.1, we see that
Condition (B4) is equivalent to the inequality:

1.8
I flloe < C(ell fllgw + (logle + Z)) Il fllx) (5.6)

forall f € BC* and all ¢ > 0.
Let g € BUC(R"). Then, ¥y x g € BC®. Substituting f = vy * g into (5.6), we
obtain

1¥n # gl = el # gllea + C10gte+ 0) Ty gl 67
Since ¥y x f = Yy+1 % Yy x f, we have
[N *gllge = VN4 * YN * gliga = CllYne * U * gllpe
= Csup2 1§, * Yvar * Y * glloo
J

< C sup 2Y||Yy * glloo < C2°N Yy * gllco- (5.8)
JSN+2

Concerning the second term on the right-hand side of (5.7), Condition (B3) yields

[N *glx = /1;@ N (Mg =y lxdy = /Rn [N Illglixdy
= I¥nllpliglx = Cliglix, (5.9)

where the constant C (= ||Y||1) is independent of N. (More precisely, the above esti-
mate is justified by the fact that the Riemann sum 2% sze(z/zk)n YN (@Zm)g(x — zm)

converges to ¥y * g(x) in BUC(R")(— X) as k — o0.) Thus, gathering (5.8) and
(5.9) with (5.7) we obtain

1.\8
ln * glloo = Ce2N [y # gl + € (Togle + ) lgllx

forall N =1,2,...andall € > 0. Letting e = from the above inequality we get

1
2C2eN”

I * glloo < Co (N + 1P llgllx forall N =1,2,...,

where the constant Co > 0 is independent of N and g. This implies

lgllvs = Collgllx

for all g € BUC(R").
(c) Next, we prove the third part of Theorem 2. From (B2)—(B3), we can observe that

Yy kg e L™ forallg € X. (5.10)
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Indeed, if X < L! (R"), (5.10) clearly holds. If X < S’(R"), by the standard

uloc
contradiction argument, we easily see that for all ¢ € S there exists a constant Ky > 0
such that
| <8¢ >|=Kylgllx forallg e X.

See e.g. the proof of Proposition 1.4 in [40, Chap.3]. Since ¥y is spherical symmetric,
we have Yy * g(x) =< g, Ty YN >=< T_xg, ¥y >. Thus, from Condition (B3), we
obtain

[Yn % g(0)| < Kyyllt—xgllx = Kyyligllx forallx e R",

which implies (5.10). Then, since ¥x * g = Y41 * Yy * g, we have Yy *x g € BC™.
By Condition (C) we have ||y * gllx < [I¥nll iligllx = ¥ llL1lgllx. Therefore, by
using the same argument as in the proof of the second part of Theorem 2, we get

ligllvs = Collgllx

forall g € X, which means X < Vg. 0O

6. Proof of Theorem 3
Proof of Theorem 3. For the sake of simplicity, we prove Theorem 3 only in the case
p > 3.

Since u € C((0, T); D(A))), without loss of generality, we may assume that ug €
D(Ap). It is well-known that the local existence time T of strong L? solutions can be
estimated from below as

Ty > C(p, Q)/lluoll >/ "=,

see e.g. [17]. Hence, if supg, -7 |lu(7) ||, < 00, then u can be continued to the solution
in the class S, (0, T') for some T’ > T. Therefore, in order to prove Theorem 3, it
suffices to show that

t
sup [[u(D)lp < Clluollp exp (CGXPC/ IIw(T)IIMlong> 6.1
0<t<t 0 1

forall 0 < r < T with some constant C = C(ug, p, 2, T) > 0 which is independent
of t.Recall that u - Vu = w X u + %V|u|2 and hence P(u - Vu) = P(w x u). Then, u
satisfies the following integral equation:

t
(I.LE) u(t) = e "uy— / e AP x u)(s)ds forall0 <7 < T.
0
By (LE.) we have

t
lu@llp = Clluollp+C/O () loollu(s) | pds,

which yields
t
sup [[u(s)ll, = Clluoll exp (€ /0 o (0)llocd) (6.2)

0<s<t
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for all 0 < t < T. In order to estimate fé lo(t)|lcodT, Wwe use the Brezis—Gallouet—

Wainger type inequality (3.1). Let 0 < o < 1 — 3/p. Substituting f = m into
(3.1) with g = 1, we obtain
1
o) llse = C(ello()ll¢w g +loge + )]s )
1
< c(e||u(s)||cl+a(9) +log(e + E)||w(s)||Miog) 6.3)

for all € > 0, where C is a constant independent of s and €. Let

h(t) := sup [[u(D)llp,

0<t<t
t
g(t) = /0 o (®) lood T

for 0 < t < T. Then, from (6.3), for any positive function €(s) on (0, T') we see that

t
gt < C/() E(S)”M(S)Hclﬂx(gz)dS"‘C/ log(e+?)||a)(s)|| logds
=: 1I1(t) + (). (6.4)

Letd =1— % — «. Since it holds that

- —tA
” f”C“‘O‘(Q) = C”e 4 f”cl 3/[)(9)”6 ! f”CZ 3/p(Q)
— —tA
< Clle™™ flYirylle™ ™ fllyang
—tA 10/2 —tA £0/2 —tA
< Clle™ £ g e FI)2 o e A £,

1 3
6/2 1-6/2 -~

< Cle ™ FIT g I+ A A £l 0 < C1+ WA

from (I.LE.) we obtain
s
()l crsa(gy < lle™ Aol croagy + C /0 le™C"DAP (@ x u) (1) [l c1ea(gdT
S 1+ 3
< cne*“uonmwc/o 1+ (s =) ") o x u(0)lpdr

SC||uo||D<A,,>+Ch(s>/O (146 -0 F ) o@lcdr. (65

Hence, for 0 <t < T we have

Ii(t) < CT( sup €(s))lluolip(a,)
O<s<T

t S +a 3
+C/ e(s)h(s)/ A+ —1) 2 5 |w@)|odt ds.  (6.6)
0 0

We now choose €(s) such that

)

6= Gl
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where § > 0 is a sufficiently small constant. Then, since —”T“ — % > —1, by Fubini’s

Theorem we have

3

t N e
1) = CToluollpa,y +8 [ [ 146 =07 lowlxdr ds
0
13 13 Clte 3
< CT8luolloi +3 [ ([ 146 =07 sl
T

t
< CTSIIMOIID(A,,)+C1(T)5/O o () lloodT. (6.7)

Since (6.2) yields h(s) + e < C(|lugllp +e) exp(Cg(s)), we see

log(e + ——) = log(e + S * 1)
e(s)
C+1
< log(1 + 5 ) +1log(h(s) +e) < C(lluollp. 8)(1 + g(s)).
Hence, we have
t
L) < C(luol p, 5)/0 IIw(S)IIMiog(l +g(s))ds. (6.8)

Gathering (6.7) and (6.8) with (6.4), we obtain

t
8(t) < CTélluolipca,) + C1(T)dg(t) + Clluollp, 5)/0 IIw(S)IIM{og(l +g(s))ds.

Therefore, letting § = 1/(2C1(T)), by the Gronwall lemma, we get

t
8(t) = Clluollpea . . lluoll ) exp (€ f 0(5)1]eds )
0
forall 0 < ¢t < T. This estimate and (6.2) yield the desired estimate (6.1). O
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7. Appendix

7.1. Relation between bmo and M iog . Inthis section, we consider the inclusion between
bmo(2) and M }Og(Q). We first recall the space Yyjo¢

||f||LP (R™)
Yutoe = {f € LLpe@®™); | £ 1Y := SUp ——“2— < o0},
p=1 p

which is a modified version of Yudovich’s space, see [45]. We will show

bmo(R") < Yyioc(RY) <> MPE(R). (7.1)
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Proof of (7.1). It is known that

I fllLr B, 1) < C-p -l fllomo®mn

for all f € bmo(R"), p € [1,00) and all x € R", where the constant C depends only
on n, see Stein [39, Ch.IV, Sect.1.3]. This estimate yields || flly,,,. < CIl f llbmo?) and
bmo(R™) — Y,1,c(R"). Using a similar argument to that in [35], we can observe that

Yiioe = M}Og(R”). Indeed, forall0 < ¢ < 1l and all p > 1, we see

][( ) LfFO)Idy < IBG, O Y2 fllerse.ay < CP - p L F 1 e
B(x,t

n

2 log(1
< Cer V0 b 1y
Thus, letting p = log(e + 1/t), we have

][ Lf)ldy = Clog(e + 1/DI f ¥,
B(x,t)

forall 0 < ¢ < 1, which implies ||f||M§0g(Rn) < Cllfllv,. and Yyoc — M}Og(Rn). 0

Since ”f”M}og(Q) < IIfIIM}og(R,,) < C| fllmorny for any extension f of f from €2 to
R", we also have

. 1
1 £ oz gy = CllFlomocsy, e, bmo(R) = My*(R).

7.2. Relation between the regularity conditions (1.6) and (3.4). As mentioned in In-
troduction and Remark 3 (iii), both of (1.6) and (3.4) guarantee the regularity of weak
solutions. Here we will show that there are no inclusion between (1.6) and (3.4) in the
following sense. There exists a function in the energy class which satisfies (3.4), but not
(1.6). On the other hand, there also exists a function in the energy class which satisfies
(1.6), but not (3.4). More precisely, we have:

Lemma 7.1. (a) There exists a vector function uy on R3 x [—1 /2, 0) such that

uyp € L®(=1/2,0; L2R¥) n L2 (~1/2,0; WL2(RY)),

0
f_ Ol s, 41 < a.2)
0
I
lim supr—<3/ﬂ+2/q—2>{/ (/ |1 (v, 1)]? dy)q Pdt} "Z  (13)
r—0+ —r2 B(0,r)

forall1l < p,q < oo. Here w1 = rot uj.
(b) There exists a vector function us on R? x [—1/2, 0) such that

uy € L®(—1/2,0; L2 (R*) N L*(—1/2,0; WH2(RY)),

0
[ 12Ol 4t = 00 foralle > 0. (7.4)

0 / 1/
lim supr’“/"*z/"*”{/ (/ w2 (y, 1) dy)q pdt} “—0 15
—r2 B(0,r)

r—0+

for p = q = 2. Here wy = rot us.
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Proof. (a) Clearly, there exists a function ¢ = (¢!, $%, ¢°) € CeS, (R?) with ¢! > 11in
B@O,1).Let0 < 6§ < 1,

)

=200 2 for(x,t) € RP x [—1/2,0).
lt](log pp)?

w1(x, 1) :

Fix —1/2 <t <0.ForO0 <r < |t|1/5,wehave

1 1 Sligll
w1 (y, 1)|dy < =
|B(x, r)|log(e+1/r) JB(x,r lo

— | < — .
a1/ 11 e Jt](log !+

Let |#|'/5 < r < 1. Since |t]?/° < log%’ we have

It

1 1
.0y = o [l nidy
|B(x,r)|logle+1/r) Jpex.r |B(x,r)| Jr3
N L N (L o N &l A 1
T BG N e og p® Hrlog gp)® T leldog gp)® T lel(log )t

where C is a constant independent of ¢. Hence, we obtain

|1 (t)||Miog(R3) =< forall —1/2 <t <0,

Cc—
1] (log 7)1+

which implies (7.2).
Let r > 0 be sufficiently small and 1 < p < oo. Since [[¢(-/|t|*>)|LrB0.r) >
I /112 e 0. = I go.1e2/5) | Lr (B.r))» We have

1150, 1e1275) | P (B(0.r))

7] (log 77)?

1
1-6/(5 148

|11-6/5) (log 77)

- P3/p

Irl(log pip)?

lwy ¢, O llLeBO,r) =

for — /2 <1 <0
for —r2 <1 < —r3/2,

Hence, for 1 < g < oo we have

—6rm2sa-o] [ q Va
r { s lor (-, f)”Lp(B(o,r))dt}
-

SR '
. ,,f<3/p+2/q72>{ ? ! dt} /e
= (1-6/Gp) (log L )5
_r52 |t]4 p (10g Itl)q
c

— 1 1
r2070) (log Lys

— 00 asr —> 0+.
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In the case ¢ = 1, we have

(3/p+2/1-2) 0 3/ - rir
p—G/p+2/1- {/ w1 (-, t dt} >r p/ —dt
. lw1 (-, OllLeo.rpdt| > 2 Tri(og \Tll)a

_52
C 1 1, s
> — —dt =C(log-) ~° —> 0o asr — 0+,
(log ;*5_/2)6 —r2 |t| r

since 1 — § > 0. In the case ¢ = oo, we have

C
—-@3/p-2) -@3/p-2) .
r sup w1 (. Olleory =7 sup = L(r).
—r2<1<0 52 <0 |H]170/GP) (log I%I)&

»=G/p=2) _
W -
C/(rl/z(log(l/r))5) — oo as r — 0+. Therefore, forall 1 < p, g < oo, (7.3) holds.

H¢”LP(]R3)
1¢]1=6/GP) (log 77)?*

For 6/5 < p < oo, clearly L(r) =0co.For1 < p <6/5,L(r) =C

Since [|o1(-, Dl Lrwr3) = it is straightforward to see that

w) € L®(—1/2,0; LS5 (R3) N L2 (~1/2,0; L2 (R?)).

Hence, letting u; := rot (—A) "'y, wehaveu; € L>(—1/2,0; L2 (R3)NL>(—1/2, 0;
W12(R3)), which proves the assertion (a).
(b) Let

D,

wy(x,t) = ]

where ¢ is the same vector function as in the proof of (a). Then, for r = |¢|,

1
S0,y l02(y, D)ldy - S 14Y — !
|B(0, r)|log(e + 1/r) — |B(O, |t])|log(e + 1/t])  |t|log(e + 1/]t])

which yields ||w2(-,t)||M for all —e < t < 0. Hence we

1
¢ (B(0,e)) = TiTlog(e+1/IiD
obtain (7.4). Since [[w2(-, D)l Lr w3y = |¢3/P—1 @1l Lrr3), it is straightforward to see
that wy satisfies (7.5) for p = ¢ = 2 and belongs to L*°(—1/2,0; LS/S(R3)) N

L%(—1/2,0; L2(IR%)). Hence, us := rot (—A)~'w; is the desired function. O

References

1. Beale, J.T., Kato, T., Majda, A.: Remarks on the breakdown of smooth solutions for the 3-D Euler
equations. Commun. Math. Phys. 94, 61-66 (1984)

2. Borchers, W., Miyakawa, T.: L? decay for the Navier—Stokes flow in halfspaces. Math. Ann. 282, 139—
155 (1988)

3. Borchers, W., Sohr, H.: On the semigroup of the Stokes operator for exterior domains in L7 -spaces. Math.
Z.196, 415-425 (1987)

4. Bradshaw, Z., Farhat, A., Grujic, Z.: An algebraic reduction of the ’scaling gap’ in the Navier—Stokes
regularity problem. arXiv:1704.05546 (preprint)

5. Brezis, H., Gallouet, T.: Nonlinear Schrodinger evolution equations. Nonlinear Anal. Theory Methods
Appl. 4, 677-681 (1980)

6. Brezis, H., Wainger, S.: A note on limiting cases of Sobolev embeddings and convolution inequali-
ties. Comm. Partial Differ. Equ. 5, 773-789 (1980)


http://arxiv.org/abs/1704.05546

972 K. Nakao, Y. Taniuchi

7. Caffarelli, L., Kohn, R., Nirenberg, L.: Partial regularity of suitable weak solutions of the Navier-Stokes
equations. Commun. Pure Appl. Math. 35, 771-831 (1982)

8. Chae, D.: On the well-posedness of the Euler equations in the Triebel-Lizorkin spaces. Commun. Pure
Appl. Math. 55, 654-678 (2002)

9. Chemin, J.-Y.: Perfect Incompressible Fluids. Oxford Lecture Series in Mathematics and Its Applica-
tions. Oxford Science Publications, Oxford (1998)

10. Engler H.: An alternative proof of the Brezis—Wainger inequality. Commun. Partial Differ.
Equ. 14(4), 541-544 (1989)

11. Fan,J., Jiang, S., Nakamura, G., Zhou, Y.: Logarithmically improved regularity criteria for the Navier—
Stokes and MHD equations. J. Math. Fluid Mech. 13, 557-571 (2011)

12. Farwig, R., Sohr, H.: On the Stokes and Navier—Stokes system for domains with noncompact boundary
in L9-spaces. Math. Nachr. 170, 53-77 (1994)

13. Farwig, R., Sohr, H.: Helmholtz decomposition and Stokes resolvent system for aperture domains in
L9-spaces. Analysis 16, 1-26 (1996)

14. Ferrari, A.B.: On the blow-up of solutions of the 3-D Euler equations in a bounded domain. Commun.
Math. Phys. 155, 277-294 (1993)

15. Fujiwara, D., Morimoto, H.: An L, -theorem of the Helmholtz decomposition of vector fields. J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 24, 685-700 (1977)

16. Giga, Y.: Analyticity of the semigroup generated by the Stokes operator in L, spaces. Math. Z. 178, 297—
329 (1981)

17. Giga, Y., Miyakawa, T.: Solutions in L, of the Navier—Stokes initial value problem. Arch. Ration. Mech.
Anal. 89, 267-281 (1985)

18. Grujic, Z., Guberovic, R.: A regularity criterion for the 3D NSE in a local version of the space of functions
of bounded mean oscillations. Ann. I. H. Poincare 27, 773-778 (2010)

19. Gustafson, S., Kang, K., Tsai, T.-P.: Interior regularity criteria for suitable weak solutions of the Navier—
Stokes equations. Commun. Math. Phys. 273, 161-176 (2007)

20. Ibrahim, S., Majdoub, M., Masmoudi, N.: Double logarithmic inequality with a sharp constant. Proc.
AMS. 135, 87-97 (2007)

21. Iwashita, H.: Ly — L, estimates for solutions of the nonstationary Stokes equations in an exterior domain
and the Navier—Stokes initial value problems in L, spaces. Math. Ann. 285, 265-288 (1989)

22. Kato, T.: Strong L”-solutions of the Navier-Stokes equation in R™, with applications to weak solu-
tions. Math. Z. 187, 471-480 (1984)

23. Kato, T., Ponce, G.: Commutator estimates and the Euler and Navier—Stokes equations. Commun. Pure
Appl. Math. 41, 891-907 (1988)

24. Kozono, H., Ogawa, T., Taniuchi, Y.: The critical Sobolev inequalities in Besov spaces and regularity
criterion to some semi-linear evolution equations. Math. Z. 242, 251-278 (2002)

25. Kozono, H., Taniuchi, Y.: Limiting case of the Sobolev inequality in BMO, with application to the Euler
equations. Commun. Math. Phys. 214, 191-200 (2000)

26. Kozono, H., Wadade, H.: Remarks on Gagliardo—Nirenberg type inequality with critical Sobolev space
and BMO. Math. Z. 259, 935-950 (2008)

27. Kubo, T., Shibata, Y.: On some properties of solutions to the Stokes equation in the half-space and
perturbed half-space. In: D’ Ancona, P., Georgev, V. (eds.) Dispersive Nonlinear Problems in Mathematical
Physics. Quad. Mat., vol. 15, pp. 149-220. Dept. Math., Seconda Univ. Napoli, Caserta (2004)

28. Kukavica, I.: On the dissipative scale for the Navier—Stokes equation. Indiana Univ. Math. J. 48, 1057—
1081 (1999)

29. Matsumoto, T., Ogawa, T.: Interpolation inequality of logarithmic type in abstract Besov spaces and an
application to semilinear evolution equations. Math. Nachr. 283, 1810-1828 (2010)

30. Miyakawa, T.: On nonstationary solutions of the Navier—Stokes equations in an exterior domain. Hi-
roshima Math. J. 12, 115-140 (1982)

31. Morii, K., Sato, T., Wadade, H.: Brézis—Gallouét—Wainger type inequality with a double logarithmic term
in the Holder space: Its sharp constants and extremal functions. Nonlinear Anal. 73, 1747-1766 (2010)

32. Ogawa, T.: Sharp Sobolev inequality of logarithmic type and the limiting regularity condition to the
harmonic heat flow. STAM J. Math. Anal. 34, 1318-1330 (2003)

33. Ogawa, T., Taniuchi, Y.: A note on blow-up criterion to the 3-D Euler equations in a bounded domain. J.
Math. Fluid Mech. 5, 17-23 (2003)

34. Ogawa, T., Taniuchi, Y.: On blow-up criteria of smooth solutions to the 3-D Euler equations in a bounded
domain. J. Differ. Equ. 190, 39-63 (2003)

35. Ozawa, T.: On critical cases of Sobolev’s inequalities. J. Funct. Anal. 127, 259-269 (1995)

36. Planchon, F.: An extension of the Beale—Kato-Majda criterion for the Euler equations. Commun. Math.
Phys. 232, 319-326 (2003)

37. Shirota, T., Yanagisawa, T.: A continuation principle for the 3-D Euler equations for incompressible fluids
in a bounded domain. Proc. Jpn. Acad. Ser. A 69, 77-82 (1993)



Brezis-Gallouet—Wainger Type Inequalities and Blow-Up Criteria for Navier—Stokes 973

38.

39.
. Stein, E.M., Shakarchi, R.: Functional Analysis. Introduction to Further Topics in Analysis. Princeton

41.
42,
43.
44,
45,

46.

Simader, C.G., Sohr, H.: A new approach to the Helmholtz decomposition and the Neumann problem in
L9 -spaces for bounded and exterior domains. In: Galdi, G.P. (ed.) Mathematical Problems Relating to
the Navier—Stokes Equation, Series Advances in Mathematical Sciences and Applications, vol. 11, pp.
1-35. World Scientific, River Edge (1992)

Stein, E.M.: Harmonic Analysis. Princeton University Press, Princeton (1993)

Lectures in Analysis. Vol. 4, Princeton University Press, Princeton (2011)

Sohr, H.: A regularity class for the Navier—Stokes equations in Lorentz spaces. J. Evol. Equ. 1, 441—
467 (2001)

Taylor, M.E.: Pseudodifferential Operators and Nonlinear PDE. Progress in Mathemat-
ics. Birkhduser, Boston (1991)

Vishik, M.: Incompressible flows of an ideal fluid with vorticity in borderline spaces of Besov type. Ann.
Sci. Ecole Norm. Sup. 32, 769-812 (1999)

Weissler, EB.: The Navier-Stokes initial value problem in LP. Arch. Ration. Mech. Anal. 74, 219—
230 (1980)

Yudovich, V.I.: Uniqueness theorem for the basic nonstationary problem in the dynamics of an ideal
incompressible fluid. Math. Res. Lett. 2, 27-38 (1995)

Zajaczkowski, W.M.: Remarks on the breakdown of smooth solutions for the 3-d Euler equations in a
bounded domain. Bull. Pol. Acad. Sci. Math. 37, 169-181 (1989)

Communicated by W. Schlag



	Brezis–Gallouet–Wainger Type Inequalities and Blow-Up Criteria for Navier–Stokes Equations in Unbounded Domains
	Abstract:
	1 Introduction
	2 Function Spaces and Preliminaries 
	3 Main Theorems
	4 Proof of Theorem 1
	5 Proof of Theorem 2
	6 Proof of Theorem 3
	Acknowledgements.
	7 Appendix
	7.1 Relation between bmo and M1log
	7.2 Relation between the regularity conditions (1.6) and (3.4)

	References




