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Abstract: We study generalized gauge theories engineered by taking the low energy
limit of the Dp branes wrapping X x T?~3, with X a possibly singular surface in a
Calabi—Yau fourfold Z. For toric Z and X the partition function can be computed by
localization, making it a statistical mechanical model, called the gauge origami. The
random variables are the ensembles of Young diagrams. The building block of the gauge
origami is associated with a tetrahedron, whose edges are colored by vector spaces. We
show the properly normalized partition function is an entire function of the Coulomb
moduli, for generic values of the Q2-background parameters. The orbifold version of
the theory defines the gg-character operators, with and without the surface defects. The
analytic properties are the consequence of a relative compactness of the moduli spaces
M, k) of crossed and spiked instantons, demonstrated in “BPS/CFT correspondence
II: instantons at crossroads, moduli and compactness theorem”.
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1. Introduction

This paper is a continuation of the series [Ne2,Ne3]. There we proposed a set of observ-
ables in quiver N = 2 supersymmetric gauge theories. These observables are useful in
organizing the non-perturbative Dyson-Schwinger equations. The latter relate different
instanton sectors contributions to the expectation values of gauge invariant chiral ring
observables. We also introduced the geometric setting to which these observables be-
long in a natural way. Namely, we defined the moduli spaces 9x ¢ of what might be
called supersymmetric gauge fields in the generalized gauge theories, whose space-time
X contains several, possibly intersecting, components:

X:U Xa. 1)
A

The gauge groups G|x, = G4 on different components may be different. The inter-
sections X 4 U X p lead to the matter fields charged under the product group G4 x Gp
(bi-fundamental multiplets). In this paper we shall be studying the integrals over the
moduli space My, ¢, which we shall compute using equivariant localization.

2. Review of Notations

2.1. Sets and partitions.

2.1.1. Sequences. For two sets X and S let X5 = Maps(S, X) denote the set of maps
from S to X. Foramap f : § — X we sometimes use the notation

(X5)sess 2

with x; = f(s) € X. Forexample, a sequence (a,),n € N would be denoted as (a,)nen
or (ay)n>1, if the context is clear.

2.1.2. Non-negative integers. are denoted by Z>¢ = N U {0}.

2.1.3. Finite sets. Let [n] denote the set {1,2,...,n} forn € N. For a finite set X we
denote by #X the number of its elements. Thus, for finite X and S

#X5 = @#x)*S (3)

2.1.4. Partitions. There are lots of sums over partitions in this paper. Let A denote the
set of all partitions. An element A € A is a non-increasing sequence A = (A1 > Ap >
<o > Ay > Ao+l = Agy+2 = -+ - = 0) of integers, with a finite number of positive
terms, sometimes called the parts of A. The number £(A) of positive terms is called the
length of the partition A, the sum
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L)
> hi =1l )
i=1

is called its size. We also identify the partitions A with the finite subsets of N> = N x N,
as follows:

A={0I0=G/.ij=z1L 1=<j=<i} ®)
The size |A| of the partition A is the number of elements #A of the corresponding finite
set. Not every finite subset of N? corresponds to a partition, only those, for which the
complement NZ\ is preserved by the action of the semi-group Z=q x Z=q on N? by

translations. Equivalently, the partitions are in one-to-one correspondence with finite
codimension monomial ideals in the ring of polynomials in two variables: A < 7,

T, C Clx, yl, Ty = U Cl, ylai=tyk
We denote by A[k] the set of partltlons of k,i.e.thesetofall A € A,suchthat |A| = k.

‘We have:
A= |_| A[k] (6)
k>0
The celebrated Euler formula:

Z #A[k] g* =

(7

n=1

2.2. Four and six. Let 4 denote the set [4] and let 6 denote the set of 2-element subsets
of 4 (we write ab instead of {a, b} to avoid the clutter):

=1{1,2,3,4}, 6_<4>_{12 13, 14, 23, 24, 34} (8)

In (8) we exhibit the lexicographic order of the sets 4 and 6 which is used below in some
formulas. For example, 12 < 14 < 23 < 34. For A € 6 we denote by A = 4\A its
complement. Let 3 denote the quotient 6/~ where A ~ A. Identify 3 = {1,2,3} C 4
by choosing a representative A = a4, a € [3]. Define the map: ¢ : 6 — 4 by

@9(A) =inf A €4, )

so that

0(12) =3, ¢(13) = p(14) =2, ¢(24) = ¢(23) = ¢(34) = 1. (10)
We also define the following map ¢ : 6 — Z: write A = {a, b}, a < b € 4, write
A ={c,d},c <d € 4,then e(A) = g4pcq. Thus,

e(12) =e(34) =¢e(14) =e(23) =+1, e(13) =e(24) =—1. (11)

It may seem surprising that ¢ takes values + 1 four times and — 1 only two times, but
in fact it is natural, since €(A) = £(A), therefore ¢ is defined on 3. Since a two-valued
function on a set of odd cardinality cannot split it equally, more classes are bound to be
good rather then bad (assuming the values + 1 and — 1 are identified with “good” and
“bad”).

It is useful to view 4 as the set of faces (or vertices) of the tetrahedron, while 6 is the
set of edges. The edge ab connects the vertices a@ and b. Alternatively the edge ab is the
common boundary of the faces a and b.
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2.3. Finite groups and quiver varieties.

2.3.1. Abelian groups. We denote by gy a finite abelian group. It is well-known that
any such I'yy is a product of cyclic groups whose orders are powers of primes:

d
Ty = X (Z/p’KKZ) .l eN, pe — primes (12)
k=1
An element of Iy, is a string t = (#1, .. ., #7) of integers defined modulo lattice 7, ~

te + p,lf Z. All irreducible representations L, of 'y, are complex one-dimensional,
labeled by a string of integers

v:(nl,...,nd>el"§3, n“eZ (13)

also defined modulo lattice n* ~ n* + p,lf Z:

t K
Tz, () = exp2n/—1 Y 7 (14)
K pr
We set v = 0 to label the trivial representation with all n* = 0,
Te,) =1 (15)

The set '}, is also an abelian group, isomorphic to 'y, with multiplication given by the
tensor product of irreducible representations. We shall be using the addition symbol for
the group law on I :

£v1+v2 = L:vl ® »Cvg s »C: = »C—v (16)

Let
Spavbzr‘g{,a {0, 1} (17)

be the indicator function of the trivial representation:
Spy (0) =1,  dpy (v) =0, v#0 (18)

2.3.2. Nonabelian subgroups of SU (2). Let y denote the affine Dynkin diagram of type
D, or E, respectively (see the Fig. 1):

E
1—2—3—2—1
J &—2—3—4—3—2——1

* 2
:
28 & —@—2

Fig. 1. Affine Dynkin diagrams of the D and E type
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Let Vert, be the set of vertices of y, Edge,, be the set of oriented edges (we pick
any orientation). For the edge e € Edge,, let s(e), 7(e) € Vert, denote its source and
target, respectively.

Let I')y C SU(2) denote the corresponding non-abelian finite subgroup. For y =
E6,7,8 the group I'y, is the binary tetrahedral, octahedral, icosahedral group, respectively.

In this correspondence i € Vert, labels the irreducible representations R; € F;
of I'y. The edges Edge, show up in the tensor products: let 2 denote the defining
two-dimensional representation of SU (2). Then:

20Ri= P R ® P R (19)
ecs~L(i) ect~L(i)
where 2 is viewed as the representation of I'y C SU(2). The dimensions dim R; are indi-
cated on the corresponding nodes in the picture, the vector of dimensions is annihilated
by the affine Cartan matrix = 2—incidence matrix of y, cf. (19):

2dimR; = Y dimR) + Y dimRy (20)
ees~L(i) ect~L(i)

The trivial representation is colored pink on Fig. 1.

2.3.3. Walks on quivers. Let ig,i; € Vert,. A path p connecting i (the source of p)
to i, (the target of p) of length £, on the quiver y is the ordered sequence of pairs
pi =(ej,0i),i=1,...,£, where ¢; € Edgey, o; = %1, and

(1) the source of p: if o1 = 1, then s(e1) = iy, otherwise 7(e1) = i

(2) the end-point of p: if o¢, = 1, thenz(e¢,) = iz, otherwise s(eg,) = i

(3) concatenation: if o; = 1, 0,41 = 1, thent(¢;) = s(e;+1),1f0; = 1, 041 = —1, then
t(e;) = t(ej+1),ifo; = —1, 0441 = 1, then s(e;) = s(ej+1),if o7 = —1, 0441 = —1,
then s(e;) = 1(ei+1)

Let us denote the set of all paths on y connecting iy to i; by 73:; [7]. There is an obvious
associative concatenation map:

1 PRIy x PRIyl — PRIyl

pPXPp > p*xp, (ﬁ*P)i={ ﬁzljlz,, £p<i155£1l)f;;/=£ﬁ*p
21
and the inversion map
—: Pyl — Prlyl,
p = b bi=(e,1is—0r,41-), 1Si <4, (22)

2.3.4. Nakajima varieties. Define the Nakajima varieties 21, (v, w) associated with a

. . . Vert
quiver y and two dimension vectors v, w € Z:())r ¥ [Nal,Na2,Na3].

Let y be as before. To each vertex i € V_erty we associate two Hermitian vector
spaces Wj, V; of dimensions wj, vj, respectively. Let

u,m= X U (23)

ieVert,
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be the group of unitary transformations of V. = (Vj)icvert, - First, form the Hermitian
vector space:

H,w,w) =T € Hom(Vie), Viey) @ €D Hom(Wi, Vi)

ecEdge, ieVert,

= { (Be, I?e)eeEdgey » (i Jiievert,

g Vt(e) , Ee : Vt(e) - Vs(e) } (24)

L:-Wi— Vi, Ji:Vi—> Wi, Be: Vi@

which is acted upon by U, (v) via:

("‘w)weVerty . <<Be, Be)eEEdge , (£, Ji)ieVerty>
Y

—1 n o —1 —1
B <<ut(e)Beu5(€)’ u‘v(e)Beul(e))eeEdgcy 7 <Mi1i’ fity )ieVel'ty> =

For a path p € Piil" [v] define its holonomy B, : Vi, — Vj, in the obvious way:
i B, , o =+1
B, = E {Ee;, o — 1 (26)
This definition is compatible with the path multiplication:
Bp,Bpy = Bpyup, (27)

The action (25) preserves the hyper-Kéhler structure of H, (v, w), with the three sym-
plectic forms w7 ; x given by:

o= Y Ty, (dBe ANdB! —dBf A dée>

ecEdge,,
+ 3 T (ahnds —aif nar),
ieVert,
w4V Tog = Y Trw @hadly+ Y Ty, (dBe /\dée) (28)
ieVert, ecEdge,

Then perform the hyper-Kihler reduction with respect to the action (25):
My (v, w) = 4~ )/ Uy () (29)
where ji = (i1, [ KK iieVert, s
T VARAY (BBT B)

eet~1(i)

. (éeéj—BjBe),

ees—L(i)

pri+~=lpgi = L+ Y BeBo— Y BB, (30)

ect—L(i) ees—L(i)
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and we take (this is not the most general definition)

¢ = (&ly,. 0, O)icven, (31)

with all ¢ > 0. ~
Stability. Instead of solving three equations [i = ¢ one can actually solve only

uc = g ++/—lug =0, and then take a quotient of the set of stable points in /,L(El (V)]
by the action of

G,w= X GL;C) (32)
ieVert,
so that
M, (v, w) = pug' 0P/ G, (v) (33)

The stable points are the G, (v)-orbits of (B, B, I, J) s.t. the path algebra of y repre-
sented by the products of B, and B, acting on the image @; cVert, liWi generates all of

@ieVerty Vi:

Vi= Y Y By LW (34)

i’eVert, pePii, ¥

In other words: any collection V' = (Vi/)ieVerty C 'V of vector subspaces V' C Vj,
obeying:
S1) LW CV, forallie Vert,,

- (35)
S2)  Be(V{() C V)i Be(V/,)) C VY. forall e € Edge,

must coincide with V: V{' = V; for alli € Vert, .
A simple proof of the equivalence of (29) and (33) can be found along the lines of the
arguments of the section 3.4 and [Ne3]: in one direction, any solution to 7 ; = & - 1y; is

stable. Indeed, V' C V asin (35), and let P; denote the orthogonal projection V; — Viu-.
By (35) we have:
PiLi =0, PyBe(l—Pye)) =0,  PyoBe(1—Pie)) =0 (36)

Define be = Pi(e) Be Ps(e)s be = Pye)BePiey b, = (1 = Pi(e)) BePye), b, = (1 —
Ps(e)) Be Py (¢). Then

gdim (Vi/ V{) = Tr v, (Pii )

=Tr )t —jilii+ Y (bebz —blb, — l;’:l;;)

ect=1 (i)

+ 30 (bl = bl b)) | . (37)

ecs—L(i)
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hence, after obvious cancellations,

0< > adim(Vi/Vf)

icVert,

=—| X Tryuilie Yo Ty BfE £ Ty biv ] <o (39

t(e)
icVert, ecEdge,

whichimplies V;' = V;foralli € Vert, . Conversely, given astable solution (B, Be, L, J;)
to uc = 0 equations, run the gradient flow of the function:

1
f=3 > Ty (wri— iilvi)2 (39)

icVert,

which goes along the x;GL(V;) orbits. The end-point of the flow is either at f = 0
which would establish the rest of the equations in (29), or at the higher critical point.
There, the End(Vj)-matrices hj = i — ¢ily; solve:

ht(e)Be = Behs(e) s hs(e)ée = geht(e) s hiIi = 0’ Jihi =0 (40)

Therefore Vi/ = kerh; obeys both (S1) and (S2) conditions of (35), therefore h; = 0 for
alli € Vert,,.

2.3.5. Framing symmetries of Nakajima varieties. The Nakajima variety 9, (v, w) has
a symmetry group

U,w = X U(w) (41)

ieVert,

acting in an obvious way on the operators (/j, J;). The maximal torus 7, (w) C U, (W)
fixed point locus is the union

M, (v, W)™ = || XX sy (42)

v= > yha ieVert, a€lwil

ieVert, , aefw;]

i Vert . .
where v'* € 7, ¥ for each (i, @), i.e.

v = (b)) (43)
L JieVert,
and
8 = (8 j)jevert, (44)
We define the fundamental Nakajima variety
M, (v) = M, (v, ;) (45)

The Eq. (42) explains the importance of the fundamental Nakajima varieties.
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2.3.6. Nakajima—Young varieties. The Nakajima varieties 901, (v, w) with the choice
(31) have a holomorphic C* -symmetry (its compact subgroup U (1) acts by an isometry):
u € C* acts via

w-(Beo Beo o i) = (uBes wBe, uliud;) (46)

Define Nakajima—Young variety Y; (u) to be the connected component of the fixed point
set:

M,w~ = || Yw (@7)
peAl vl
with
A lv) =70 (M, ") (48)

denoting the set of connected components. We define the sets Aiy fori e Vert,:

Ay = LAl (49)
XEZ;’?V
For i € Al [v] we define:
Vert
nl=veZ,y” (50)

Each Nakajima—Young variety Y;, () carries a set of vector bundles:

Vi) — Y, () (51
where j € Vert,, n > 0, and
Vi = Y B,I©. (52)
PPyl Ly=n

The stability condition (34) implies, for any j € Vert,,:

o
Vi=D Vi (53)
n=0

It is easy to show that J = 0 on all Yg, (v; u), and Vji,o = C4;;. Let us clarify the
origin of the direct sum decomposition (53). The C*-invariance of the G, (v)-orbit of
(Be, Be, 1, J) means that the transformation (46) can be compensated by an element
(&j())jevert, :

8t(e) (”)Begs(e) (u)_l =uB,, gs(e)(s)geg,_(el) () =u ée ,
giwl =ul, Jgi(u)_1 =ulJ 54)

Then
Vi, =Ker (g6 —u™") C V; (55)
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are obviously mutually orthogonal for different n’s. The ranks uJ!’n (n) = rk\/jfn(u) are

important local invariants of Y;, (u). By definition:

o
Z vj"n(/L) = (56)
n=0
The K -theory class of the tangent bundle TYiy () o Yi, (u) can be expressed in terms of
those of Vj‘n:

[Rn] = [V

DY [Hom (th(e),n’ Vsl(e),n+l) ® Hom (Vsl(e),n’ th(e),n+l):|

n>0, ecEdge,,

_ Z [Hom (VJ‘n, VJ'n> @ Hom (V;n, ji’n+2)] .
n>0, jeVert,

" (57)
Remark. Inthe case of y = Ao, where Edge, = {e}, Vert, = {0}, s(e) =1(e) =0,
the fundamental Nakajima variety is the Hilbert scheme of v points on C2, ak.a. the
moduli space of noncommutative U (1) instantons on R*, while the Nakajima—Young
varieties are the connected components of the so-called graded Hilbert scheme of v

points.

2.4. The local model data. To specify the basic local model data we fix:

(1) The string
£ = (sa)aeﬂ (58)

of 4 complex numbers which sum to zero:
81+82+83+84=0 (59)

(2) The string nn of 6 non-negative integers ng > 0, A € 6. Let

N=| |inal ~{(A,@) | A € 6, € [n4]}. (60)
Aeb

(3) The string @ € CN of

2 na

Aeb
complex numbers ag o € C,a =1, ..., na, also denoted as
as = (aAv“)oze[nA] = (aAyl, ey aA,,,A) e C"A. (61)
(4) The fugacity
qeC, (62)

lql < 1.
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We also use the notations: for any a € 4,

9a(B) =€, Pu(B) =1—qu(B), qi(B)=¢ P, PI(B)=1-q;(B), (63)

and for any S C 4

asB) =[] 2B, asB=[]a:B). PsB=]] P8, PsB=][] Pi(®

aes aes aeS aeS
(64)

We shall often skip the argument § in the notations for g,, Pg, etc. The notation (64),
in particular, implies [cf. (59)]

ga=qp=1, Pa=PPPsPs=P;, q;=0q, (65)
and
P§ = (—1)lg§ Py (66)

‘We shall also encounter the relation
Py = P53+ Pg (67)

in what follows.

2.4.1. Geometry of the local model data. The meaning of the parameters g, £ is the
following. Define the gauge group G 4 corresponding to the stratum X4 ~ (CIZL‘ of the
singular toric surface X to be

Ga=U(na) (68)

Let T4 C G4 denote its maximal torus. Let U (l)g’ C SU(4) be the maximal torus
of the (4,0)-volume preserving unitary symmetries of Z = C*. The U (l)g-action
preserves X. The Lie algebra LieT4 ® C is parametrized by diagonal matrices a, =
diag (aa,1, ..., a4,0,) with complex entries a4 o € C. The Lie algebra LieU (1)} ® C
is parametrized by diag(e1, €2, €3, €4) with €1 + g2 + €3 + &4 = 0. Let

Tu=UM? x X T4 (69)
Aecb

2.4.2. Additive to multiplicative. Let It be two finite sets, ] = I, LI I_. Let M be a
space with an action of a Lie group G, and let &;, i € I be a collection of G-equivariant

vector bundles over M. Let w; € C. We combine them into the G x ((CX)I—equivariant
virtual bundle & = [EBEA & © Picr &-]. Let

Ch(&) = ) ePlie (70)

be the refined Chern character (with §; o equivariant Chern roots of &;), so that in the
non-equivariant setting

Chy(E) = ) Bchi(E),

k>0
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and define
F(B) =) eP"iChg(&) = ) ePriChy(&) (71)
iel, iel_
To f(B) we associate the equivariant characteristic class, a rational function of w;’s:
elfl=[]ew@E) J]ew@E" (72)
iely iel_
where
k&
(@) =) wheng 1 (&) (73)
k=0

is the usual G-equivariant Chern polynomial of £, evaluated at w € He. (pt) = C,

equivalently, it is the top C* x G-equivariant Chern class of £. We define the *-operation
on the expressions f(8):

frBy=) e PUiChg(Er) = Y e PUiChy(E) = f(—B) (74)
iel; iel_

This definition is consistent with the notations (63).

We have:
elf1= (=17 Pe[f*] (75)
where
FO) = "rk(@E) = Y k(&) (76)
iely iel_
Therefore,
e[Psf] = e[Psqs 10" (77)

The definition (72) is the generalization of the notation used in [Ne3], where we defined
€ as a map from the space of Z-linear combinations of exponents to rational functions:
-1

fxem -y e | = () (T - (78)

iel; iel_ iel, iel_

3. Partition Function of Spiked Instantons

In this section we define the statistical mechanical model. The random variables are the
strings of Young diagrams and the complex Boltzmann weights are rational functions of
the complex numbers (58), (61). The definition might look first a bit artificial. Its origin is
geometric. Namely, in [Ne3] the moduli space of spiked instantons M (k, 71) is introduced,
with 71 = (n4)ace. It has an action of the group H = x gc6U (n4) x U(l)g. The fixed
points of the maximal torus Ty are in one-to-one correspondence with the strings A of
partitions described below. The Boltzmann weight is simply the localization contribution
to the integral of 1 over M (k, i), multiplied by ¢*. This contribution is the product of the
weights of the TH-action on the virtual tangent space to M(k, 71), which is the difference
of the kernel and the cokernel of the linearization of the equations defining M(k, 1) at
the fixed point. The kernel is always a complex vector space, henceforth it is naturally
oriented and the product of weights is well-defined. The cokernel (the obstruction space)
is only a real vector space, hence the product of the weights depends on the choice of its
orientation. In what follows we specify the choice of the orientation with the help of the
choice of the order on 4 and 6. The resulting measure will not depend on this choice.
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3.1. The configuration space. The basic local model is a statistical ensemble. The ran-

dom variables are the strings

P ()L(A’O‘)) e AN
A€b,xe[ny]

of [cf. (60)]

ZnA = #N

A€6

partitions (4% € A. In other words, the configuration space is
AN,

Define, cf. (5):

Na(B) = Zef’“*‘v"‘ . Ka(B) = Z Z ePeaa@
a=1

a=1[OerA.®)

with
caod) =aaq+e,(i —D)+e(j—1), ford=(, j)
and [cf. (74)]
Ty = NAK:;+ qAN:;KA — Py KAK:
Let
[nal
ka=Ka0) =) |24
=1

o

and

A=) ka

A€b
It is well-known [Nel,NY,AGT] that
Ty =qaT}
is a pure character, i.e.
2naka
n= 3o
I=1

(79)

(80)

81

(82)

(83)

(84)

(85)

(86)

(87)

where 74 ; are integral linear combinations of a4 o, & € [n4], €4, &b, a, b € A. Let us
assume a,, € are sufficiently generic, so that 14,7 # 0,741 + 6z # O forany a € A,

I € [2npky].
Define, finally,

K@B) =) Ka(p)

A€6

(88)
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3.2. The statistical weight. The complex Boltzmann weight of A is given by the follow-
ing expression:

Zy=q¥e[-1n], (89)
where [cf. (9)]:
B => | PyayTa+PiNa Y Kp| — Pa ) KaKj (90)
Ac6 B#£A A<B

The definition (89) depends explicitly on the choice of the ordering of the sets 4 and 6,
since it enters the definition of the maps ¢ : 6 — 4 and the meaning of A < B in (90).
Morally,

e[~ ] ~e| =) PiNsK* | /e [PaK K*] o1
Aeb

so the Boltzmann weight is defined canonically up to a sign.
Note that for generic a4, € the measure (89) does not depend on the choice of the
order on 4 or 6:

€lgaTal = € [4;T;] = € [a7a4Ta] = € [45Ta] ,

92
6|:P4ZKAKZ:|=6 P3 Y KaKj ©2)
A<B A#B
where we used (86), (87), (67), and gagzqa = 1 for A = {a, b}. Define,
. e .
Zlnst — Z ZL — Z qk Z]l{nst (93)
reAN k=0

3.2.1. The origins: spiked instantons, tori and characters. The partition function Zist
is the Ty-equivariant integral of 1 over the virtual fundamental cycle of the moduli space
of spiked instantons [Ne3]. The latter is the space of solutions to certain quadratic matrix
equations, generalizing the ADHM equations [ADHM], on four complex k x k matrices
B,, their Hermitian conjugates BZ ,a € 4, and twelve rectangular matrices /4, J4, of
sizesng xkandk xny, A € 6, and their Hermitian conjugates. The definition (90) stems
from the equivariant localization. The strings of partitions A are the Ty-fixed points. The
matrices (By, 4, J4) of the construction [Ne3] obey, for such a fixed point:

[BaaBb]ZO» a7beéa ‘]A:()a Aeg (94)

the vectors
.. i — i—1
li, j:aiab) = By By~ Iap(Nap.o) (95)

witha € [ngp], 1 < j < lab.a) forming the basis of the vector space K, N,p o being
the eigenspace of T, action on the framing space N, (see [Ne3] for the notations and
more explanations).



BPS/CFT, QQ-Characters, Gauge Origami 877

The equivariant weights of the matrices contribute

T.=Y quKK*+) (K*Na+qaKN}) (96)
ac4 Aeb
with
K = Z K, 97)
A€6

while the equivariant weights of the equations they obey, and the symmetries one divides
by, contribute (with the minus sign)

T-=|(1+) geqs | KK*+) > qaK*Na (98)

ce3 A€6 acA

Moreover, the T part is defined canonically by using the complex structure of the space
of matrices (Bg, 14, J4). The T_ part is defined non-canonically, as the expression (98)
does not respect the symmetry between ¢,’s. The real (i.e. such that x* = y) character
T_ + T* is defined canonically. This subtlety has to do with the real, as opposed to
complex, nature of the equations defining the spiked instantons [Ne3]. So, €[7_] may
have a sign ambiguity, as \/€[T_ + T*]. Also, €[T_] and €[T] separately may vanish,
as some of the weights in (96) and (98) may vanish. It is easy to show that formally
e[T_ — T] = €[—Ty]. One simply uses (75) several times. The details of the choice
of the sign will be clarified elsewhere (it uses the residue definition of the localization
contribution, which was worked out in [MNS], it is similar to what sometimes is referred
to as the Jeffrey—Kirwan residue [JK] in the mathematical literature, see also [W]).
The resulting measure factor

€[Obsy ]
€[Defy]

where Defy, Obs, are the Ty-characters of ker Dy, coker Dy, respectively. Here D is
the linearization of the spiked instanton equations at the solution, corresponding to A.

The expressions N4, K 4, Ty, (B) etc. are the elements of the K-group K[TH], i.e. the
abelian group whose elements are the formal linear combinations

> nuwLy (100)

\
weTy

€elr- -Ti]= =€[-T)\] 99)

where n,, € Z,
Ly, (101)

are the irreducible representations of the torus 7}, i.e. the elements of the lattice T,_Y =
Hom (Ty, U (1)). We assign to the weight w = (w4.o) @ (w,) a function of (a, &), the
character of T,ﬁf in the representation L,:

Ly expf | D wantae+ ) waeq (102)

A,a a

Here w4 o € Z, w, € Z are defined up to a shift w, — w, + W, W € Z.
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3.2.2. More general definition. The definition (93) is fine as long as a and € are generic.

However, e.g. if for some ab € 6 theratio g, /e, € Q4 is a positive rational number, or
if for some & # B € [n4l, aa,« = a4, g, the individual contributions Z; to the formula
(93) have apparent poles. Actually, the poles cancel. Let us give the presentation of the
formula (93) which is applicable in these cases.

Zint / S. 2(a. 8 (103)
(ka)ace. ZAkA—k Mg )

where Gieseker-Nakajima moduli spaces My (n) parametrize the charge k noncommu-
tative U (n) instantons on R* and framed rank n torsion free sheaves £ on CP? with
chy (&) = k, while S ;(a, €) is the equivariant characteristic class, given by [cf. (90)]:

534008 = [Tem, (P30, 000)
1_[ 1_[ aeA Capatea (Kp)
A#BE6O!E[}1A aAa (KB)caAa EA (KB)
(co (Hom(K 5, K4)))* [1ceq €oc (Hom(Kp, K )

= 104
XA;L Moo €. (Hom(Kp. Ka)¢r, (Hom(Kg. Ka) 7

with K4 bei_ng the tautological rank k4 bundle over My, (n4). Finally, ms = ¢; for
either a € A. The choice of a is immaterial. Indeed, the moduli space My, (n4) is a
complex symplectic manifold, as reflected by the symmetry T4 = g T} . It implies

Ceq (TMi, (na)) = ce; (TMy, (4)) (105)

for botha, b € A.
3.2.3. One-instanton case. As an illustration, let us consider the case k = 1. There are
> na
A

possibilities, with
Kp=38apel*4e,  A€6, aclnal (106)
Thus, the 1-instanton partition function is given by:

2 =3 3" Zaa. (107)

A€b a€lnyl
with
E;: —FE E;
ZA,a - AEA ’ l_[ (1 * (a as )(aA as SA))
o Aol — o A — a
a’€[nyl, o #a (108)
E,
X 1+ B
Bl;gyl;tlgl ( (aB,y - aA,O{) (aB,y —O0A 0 — 8B)>
where

es=Y & =—¢e5 Es=][]e (109)

seS seS
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3.3. The perturbative prefactor. We introduce a common, i.e. A-independent prefactor
in the statistical weight. The so completed statistical weight is equal to:

Wy = ZP"'(a, &) Zy, (110)
with
- - ’A _
ZP(q, ) = 1_[ ZR,e:z*(aA, £)
Aec6
,alb _
X l_[ ZFOC]r(; “ C(aab, Aac, 8)
{a,b,c}C4
VA _
< ] 2z’ (aa.az.8) (111)
Ac6,A<A

where
o for A = ab: define ma = g4(4), and

na

ZR?EQ:(GA, €)= 1_[ T2 (a4« — aA.8: €a, €5)
o,B=1
(112)

na
_1 .
X l_[ Ty (aaq — aap+ma;eaq, )
o,f=1

with the Barnes double gamma functions I'>(x; &4, €5) normalized in such a way so as
to have simple zeroes on a quadrant of the integral lattice spanned by ¢&,, &p:

Pa(xiea,ep) ~ [ +eali—D+er(G—1) (113)
i,j>1

it is defined by the analytic continuation of the integral formula

1 o0 —tx
_/ “o : (114)
o L) Jo 1t (1—e )l —e™')

from the domain Re(x), Re(g,), Re(ep) > 0.
[ ]

d
[a(x; &4, €p) = exp — s

Nab Nac

,albe =
ZFOelr(; “ c(aabv Qac, &) = 1_[ 1_[ Iy (aab,oz — Qac,p T €a t8c; 80) (115)
a=1 =1

where I'1 (x; &,) is essentially the ordinary I"-function:

Tisy) ~[Jx+yi -1, (116)

i=1
Again, it can be defined by the analytic continuation of the integral

L /OO ﬂts L (117)
L's)Jo t (1—e)

d
Ci(x; y) =exp — s

s=0
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from the domain Re(x), Re(y) > 0, giving

Ti(x;y) = —Vz”/y (118)
rr(s)
[
nA nA'
zhanaz 8 = [[T] (eaa—azs+es) (119)
a=1 =1

3.3.1. Anomalies and other definitions of perturbative factors. In [AGT] another nor-
malization for the perturbative prefactor is used: the second line in (112) would read, in
our notation, as

1_[ l_[ Dy (Gae — aap+€a3 €as€p)

I<a<B<na aeA

This normalization makes explicit the symmetry between @ € A, however the gauge
invariance, i.e. the Weyl symmetry of U (n4) acting on a4  is partly broken.

Unlike the instanton partition function Z'™ the perturbative factor does depend on the
choice of the order on 4 which is used in the definition of m 4 = £4(4). This dependence
will be analyzed elsewhere.

3.3.2. Subtleties for tuned parameters. When the equivariant parameters a, £ are ratio-
nally dependent, the torus Ty C Ty they generate is strictly smaller than 7TH. Accord-
ingly, the fixed points on the moduli space of spiked instantons need not be isolated, and
the formula (103) is used. It can be further localized to the set of torus-fixed points on
My, (n4), which are relatively well-understood in the case n4 = 1 [I,IY,L]. We shall
encounter these complications when dealing with gauge theories on C?/T" spaces, or

on the complex surfaces in the C*/ r'xr’ spaces, with finite SU (2) subgroups I, I/,
' c SU(Q2) of D or E type.

3.4. The main result. Here is the main fact about the partition function of spiked in-
stantons: the compactness theorem proven in [Ne3] implies Zgpiked(a, &) defined by

Zopiked (@, 8) = Y Wy (120)
has no singularities in the variables:
XA = — 0A,« (121)

with fixed
aA,ot = A0 — XA (122)

Remark. The reason we have to keep the majority of our variables fixed is the denomi-

nator I’ Vin the perturbative prefactors Zzpvei’z':. Without it the partition function would

have been an entire function of all az o’s.
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4. Orbi Folding

In this section we discuss the partition function of the generalized gauge theories defined
on the orbifolds with respect to a discrete (finite) group I'. Both the worldvolume and the
transverse space of the theory may be subject to the orbifold projection. Geometrically,
the action of I factors through the linear action in C*, which we assume to preserve the
Calabi—Yau fourfold structure:

Pocom : T —> SU4) (123)

This construction is motivated by the consideration of D-branes on C*/T'. As s explained
in [DM], the orbifold projection involves an action of I' on the Chan-Paton spaces:

pep T — XU (124)
Aeb

which amounts to the decomposition:

Nax= P Naw®Rw (125)

wel”

The global symmetry group H is reduced to the T'-centralizer: the subgroup Hr C H
which commutes with I'. The particular cases of this construction are the quiver gauge
theories, the theories in the presence of special surface operators, possibly intersecting,
and the theories on the ALE spaces.

The parameters of the partition function of the orbifolded theory are (@, ) € LieTy,. ®
C, where 4 is in the Cartan subalgebra of the centralizer of the image pcp(T) in (124),
while £ is in the Cartan subalgebra of the centralizer of the image of Pocom () In SU(4).
In addition, the fugacity q of the original model fractionalizes:

q— 9= qw)ger” (126)

4.0.1. Choices of discrete groups. Since we want the action of T to admit the invariant
complex two-planes supporting the strata (X4, G 4) of the generalized gauge theories,
at least for one A € 6, the choice of I" is reduced to the following three possibilities:

(1) The abelian case:
I =T, 127)

represented in U (1)2 C SU(4) with the help of the homomorphism pgeom =

diag(p,)aca:
2 /—1my m f’lK
P |: <e e ) :| = exp (271'\/—1 Z Kl a) (128)
K g
> nk=pln*  n“el, (129)

P4
acd

where nf, =0,...,p,l(” — 1, and
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The Chan-Paton representation (124) amounts to the choice of multiplicities n 4 y:

—lk K~k
o () [0 ) v
K

Vv
vel

(130)
where v = (n*), € F;{) labels the irreducible (one-dimensional) representations of
Isb- The centralizer Hr is equal to

Hr =UM? x X X Umay), (131)
vel'y, A<€6
its maximal torus
=0 XX T, a2
vel'y Acb

with T, , C U(na,y) the maximal torus of diagonal matrices.
Define [cf. (60)]:

Nrp= || [rasl={(Av,0)|Ac6 vely, aclnaul}l  (133)

Ae€6,vel'

The abelian x ALE case:
'=TaxTIy (134)

represented in SU (4) with the help of the homomorphism

P = PPy .
Pgcom = P2 = Piby . : (135)
pa=p; T2 €UQR)xn

with

Py [ (EZnﬁpr;"‘) X h] = l_[ eznﬁm"pgl’;h{ eU),a=1Lr

K

K

(136)
where pf =0, ...,p,l(’( — 1, and
—ly o =l
034 [ (eZHx/jlmxl’x ) % h] — 1_[ e_Zﬂ’\/?lpr[ P Ty (h) (137)
K K

with T3 the defining two-dimensional representation of SU(2) > I'y,.
The irreducible representations of the group I' = 'y x I'y, are the tensor products:

Re =Ly Q Ri, (138)

labelled by the pairs w = (v,i), v € F;j, i € Vert,. With the choice (134) of T
the only non-trivial Chan-Paton spaces are N> and N34. The choice of the Chan-
Paton representation pcp in this case amounts to the choice of multiplicity spaces
N12,w, N34, w, i.e. the dimension vectors

ng =dimNp & , Weg = dimN3y  , (139)
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3)

The centralizer
Hr=UM?2 x X Ug) x U(wg) (140)

welY

where U (1)}2, cU (1)3 consists of the diagonal matrices of the form:

e\/jlﬁl
—1p
eV=1m e SU®M), (141)
oY1) |,
Define [cf. (60), (133)], for T' = I'yy x I'y:
Nr =Nj UNp (142)
with
Ni= || hel={@.o)|lwelV. achsl}. Np= || Ny .
wel™ ieVert,
Ny~ = || twisl={Gv.p)|vely, Belwl} (143)
vel'y
The ALE x ALE case:
F=TapxTy xTyn (144)
represented in SU (4) with the help of the homomorphism

’ 1" -Th (K 0
e (p(t) 0" pi 'Tz(h”)> €S

with i’ € Ty, h” € T',r, p € T'y.. The irreducible representations of T are the
tensor products

Reg =Ly ® Ri’, ® Ri’,’, (145)
labelled by w = (v,i,i”), where v € T, i’ € Vert,, i” € Vert,, and R’, R”
are the irreps of I/, ', », respectively. Again, with the choice (144) of I the only
non-trivial Chan-Paton spaces are N> and N34. The choice of the Chan-Paton repre-
sentation pcp in this case amounts to the choice of multiplicity spaces N12,w, N34, w
i.e. the dimension vectors

ng =dimNp & , Wey = dimN34 5 , (146)
for w = (v, i, i”) e T'V. The centralizer
Hr = Uy x X Ulng) x Uwg) (147)
welY

where U(1),/,» C U (1)3 consists of diagonal matrices of the form:

eﬁﬂ . 12
/T 1, e SUM4), (148)
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Define [cf. (60), (133), (142)], for T = Ty x T,y x Ty

. _
Nr =Nj U Np (149)
o s
withNf = || Ny Ng= |] Np~,and
. i’eVerty/ i”EVCl‘IV//
N = | ] tiwl={@.i.i a)|very. i"eVert,, aclnyyil}.
vel",j), i”GVel‘tV//
i, — o el (VAR
Ny~ = | ] [wy il ={ i1, p)|vely i eVert,, pelwiil}

vel'y, i'eVert,,
(150)

In what follows the expressions N, K 4 etc. are promoted to A4, K4 etc. which are
valued in K[TH.] ® K[I'], i.e. they are the formal linear combinations:

Y tuw Lly®Re (151)
weTl_Yr, wel'v

where L., are the characters of Ty, and Ry are the irreducible representations of T.
Likewise, the “tangent space” character T, is promoted to 74 € K[TH, | ® K[T].

4.0.2. Orbifold partition functions. The definition of the partition function in the orb-

ifold situation is the following. The random variable is a string A of objects, which

now involve both Young diagrams and connected components of the Nakajima—Young

varieties, specifically:

(1) In the abelian case the random variables are again the Young diagrams (partitions)
LAY e A now labeled by triples: :

o (A(A,v,a)> e AN 152
—a A€6, vel'y, acna ] (152

(2) In the abelian x ALE case the random variables are the collections of two types
of objects: Young diagrams as before, and the connected components of Nakajima—
Young varieties:

N _ (/\(w,a)) ;< <w,ﬁ>)
Labxale ( welVY, aelng] # welY, Belwg]

N S\ NE
e AN x X (A)) (153)
ieVert,
with A (@ e A, w e TV, p@v.h ¢ Aiy, forie Vert,,veI').
(3) Finally, in the ALE x ALE case the random variables are the collections of con-
nected components of Nakajima—Young varieties:

N _ ( (w,a)) ;(~<w,ﬁ)) 154
Lalexale < H welY, aclng] " welY, elwg] (59

with £ (@@ ¢ Ai};,(g’), a@h) e Ai:,,(g”), with w = (v,i,i"),v € T, 1 €
Vert,/, i € Vert, .
We first describe the case of abelian orbifolds, and then proceed with the somewhat

more restricted case of the non-abelian orbifolds. In the latter case our formulas are less
explicit.
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4.1.

Abelian orbifolds. We define the statistical model, which is parametrized by the

following generalization of the data of the Sect. 2:

ey
2)

3)

“4)

&)

The string & = (&4)ae4 of 4 complex numbers ¢4, a € 4 which sum up to zero, as
in (59)
The String pgeom = (04)aca of 4 irreducible I'yp-representations p, € Ty obeying

> pa=0ery (155)

acd

In other words, p is a homomorphism 'y, — U (1)3 C SU(4), so that

Osva = €D Lo, (156)

acd

We shall also use the notation pg with S C 4 for the sum:

ps =) ps. (157)
seS
so that py = pg = po and
A Osua = EP Loy (158)
Sc4

The string n of 6 ['yp-representations

Na= D Nav®Ly. Ach (159)

\2
vel'y

with the multiplicity spaces N4 p = C"4.» of dimensions n4 y = dimNy4 .

The string a = (aA»"ﬁa)ae[nA“,],vel“avb € CNra of

> naw=#Nr, (160)

A€6,vel'
complex numbers ag p o, @ € [14,].

The data (a; £) parametrizes the Cartan subalgebra of the centralizer Hr, . Define,
for A = (ab) € 6,a,b€4,a <b:

Na= D) D ePtareag, = 3" Nau(B)Ly (161)

vely a€lnay] vel'y
The string g = (qu)ver of [Cab| =[], p,l{ fugacities

weC, vely (162)

obeying |qy| < 1.
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Define, for S C 4:

Psu(B) =) [](—¢") srv (—v+2pa>, Ps= ) PsyLp, (163)

JCS ael ael vel'V

Define, for A € ANFab, A € 6, A = (ab) as before:

Ka= 3o > ) Pl bmlo) £y 6o Gon

vely " a€lnaz] (i, j)er(A.v.0

= Y Kav(BLy (164)

Vv
vel'y

4.1.1. The abelian orbifold model statistical weights. Define,for A = {a, b},a < b € 4,
cf. (163)

3 Tawly = NaKi +qaKaNi ® Ly, — KaKiPa. (165

vel'}
The statistical weight of A is given by the following expression:
zir = | T a | e[-1"] (166)
vel
where

ky

oA (167)

A€6,a€lna vl

Cab
L= Y | Por—vTav+ D [PisNaw | D Kpvw
A€6, vel' ) v'el B#A

*
— P4yKp v (Z KB,v+v’) )) ) (168)
B>A

and the full abelian orbifold partition function is defined as

2@ p &) = 2P0 @, p,8) Y2y (169)
A

where the prefactor is given by the following formulas:
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4.1.2. The abelian orbifold gauge origami perturbative factors. Define:

rt,lab = = pert, A, Tap _
et @, p,8) = [ ZRls, ™ (aa. pg o3 ©)
A€b

pert,albc,Tap _
x l—[ ZfOld ! (aab’ Qac, pav pb’ pC78)
fa,b,c}c4
pert, A, Tap _
X 1_[ Zeross  (aa, a4, 0, ) (170)
AEQ,A<A

where (A = ab):

pert,A,T'ap -
Zy 2y, V(aa, p,E)

r AA v — QA o 3 Eas€b
2,Tap / .
v p.

AAv,a — QA o T EpA) 5 Eas €D
/ .
V=V + Py4) 5 Pa> Py

=11 11

v el a€lnayla’elng 1 Ty ry

(171)

where the projected double gamma

AN, s Gi—1 il
F”“b(x p )’V [T (/G = Dy — ) e eDmio=D)

) : /’ 1
p,p Lzl
172)
can be easily expressed in terms of the ordinary I';’s,
°
salbe, Ty =
Zfoellg a‘ ¢ b(aabv aac’ pa 8)
-1 II TII rr (aab,v,a — Gacw,p+Eat e Ea )
- »Hab v—v +p,+ ;
v,V erY, a€lnasy] Beln . ] Pa Pe Pa
173)
where
- ey (v+pGi=—1)
X5y L -y oy, (el
Tiry, ( ) p> [Te+ya—1)Te (174)

i=1

can be easily expressed in terms of the ordinary gamma-functions,
L]

pert,A,I'ap _
Zeoss U (aa, a4, 0,8)

= l_[ H 1_[ (aA’,,,a —azypt 8/3_‘)51“5,(“7\:’*/’& (175)

v.v'elY aclnay] pelng ]
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4.2. The abelian x ALE case. Fix I'yp, y of D or E type. Let I' = I'yp, x I'y,. The
irreps of T are labelled by the pairs w = (v,i), v € I'jj,i € Vert,. Fix the discrete
data: the dimension vectors n = (N ) gervs W = (Ww)gerv, and the two characters
P, P, : Tap = U(1). The orbifold gauge origami in this case depends on the following
continuous data:

(1) Two complex numbers €1, €2, and ¢ = €1 + &3.
(2) Two sets of Coulomb parameters: a = (ayiy) € CNr, b=(byig) e CNr

Ayia € C, a € [nyjl, bv,i,ﬁ e C, B € [wyl (176)
(3) The string g = (4w ) v of |T| fugacities:
iw €C, |awl <1 (177)
The geometric action I' — SU (4) defines the following three representations:
Cl=Lpsp, Cr=Lp-p, Ci=L_p®2, (178)

which obey
Cl®Cl® A*C3, =Ry, (179)

the trivial representation. Write Py = P12P34, with:

1
Pio=1-qiCl —qxCl+ e Loy, Pru=1—-q"2C3,+q 'L 2, (180)
Finally, define
N=Y" Y foeRy., W= > ) flospy (181)
wel'Y a€lng] welY aelwy]

o The random variables A,y ... in the I'-orbifold gauge origami model were defined in
(153). The statistical weight of A, .1 is an integral over the product of Nakajima—Young

varieties:
ﬁdbxdle >< >< >< Y;/ (Mv,i,&) ) H’v,i,& € A;/ (182)
vely ieVert, aelwy i
Define
K= Z Z eﬂav'i’a‘Ii : £v+pl(z+1 —2)+p,(i—j) @ R;,
vel'y ieVert, a€ln, ] (i, j)erd @
(183)

wel

so that, in particular

Tl2 v,0 = Z Z ( v+y’ l’Cv/ it qu i ICv+v’ i Icv+v’ 1’C

ieVert, vel'y

+q1 Ky 4y, Kﬂl’fﬂ it 5]2’Cv+v’,i’C —p,+v i + qICv+v’ 1’C2p T+ i) . (185)



BPS/CFT, QQ-Characters, Gauge Origami 889

Define:

v= > > > Zeﬂbmq*%Ch(V{n(w,i/,&)) Ly_np, ® Ry (186)

i,ieVert, vely, a€lwy ] n=0

Ty =WV +q ' WYL 5 =PV = Y TouwRw (187)

wel”

We view N, W, K, V, Ti2, T34 as the K[Ty, ] ® K (I')-valued linear combinations of
Chern characters of vector bundles over Xlabxale’ aswellas P =1 — ql(C{, Py =
1— qz@é.

The measure (89) dressed with a partial perturbative contribution, the orbifold version
of (175), is generalized to

Z{f?rossziabxale = 1_[ qu / € [_ [RO] aabxale + [LORO] aabxale:l ’
welv XL\b xale
(188)
where [cf. (57)]:

[Rol 7,

Labxale

= [Rol (=g Loy N*W + Tiz + PuNV* + P1 Tz + PiWK* — P4KV¥)
—a R Y Y (MoK

vel';, ecEdge,
- ’C""'Plaf(e)}cj,s(e) - q K:"—Pl’f(e)K:::k,s(e)

+q1Kv—p, 10K o) + 42’Cv+nr,t<e>’q,s<e>) :
[LoRol7Z,, =[LoRolT34 = Tx,

Labxale Aabxale (189)
and [Ro](...) denotes taking the I'-invariant part in (...), i.e. the contribution of the
trivial representation of I', while [LoRo]7 [cf. (101)] denotes the T, x I'-invariant
part. Geometrically, the T x I'-invariant [LoRo]734 is the tangent space to the variety
Xy so its contribution is subtracted from the measure as the rest is being integrated

Labxale

over XL,& bae (OLE that LoRg = LRy as 'y, action is contained in Th). Finally,

kei= Y | Do D Sy (VHmli+i—2)+p, i —j)—v)

vely \@€lny ;] j)ert i

Y D sy (v ey =)l (i a) (190)

i'eVert, aelw, y]n>0

Of course, this formalism also applies to y = Ay In this case the formulas (190),
(188) reduce to the e3 = &4 limit of the abelian orbifold case of crossed instantons
[Ne3].
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4.3. The ALE x ALE case. Fix [y, and two quivers y’, y”of D or E type. In this
section I' = T'yp x [y x Ty, with its irreps w = (v,1,i"), v € [, i’ € Vert,,
i’ € Vert,.

Fix the discrete data: the dimension vectors 0 = (g ) gerv, W = (Wg) eV, ONE
character p : Ty — U(1), equivalently a representation £, € I' )i . The orbifold gauge
origami in this case depends on the following continuous data:

(1) A complex number ¢ € C.
(2) Two sets of Coulomb parameters [cf. (149)]:

a=(apa) €CNF, b= (bgyp) e CNr, (191)

where a o € C,a € [ng], by g €C, B € [wel.
(3) The string q = (qw )5 of |I'| fugacities:

v €C, 9wl <1 (192)
The geometric action I' — SU (4) defines the following two representations:
Ch=L,82, C3=L_,®2 (193)

Define:

1 1 —
Pio=1-q2Ch+qLlrp, Pu=1-q2Ch+q 'Ly, (194)
e The random variables A, .. in the T'-orbifold gauge origami model were defined
in (154). The statistical weight of A, is given by the integral over the product of
Nakajima—Young varieties

lexale

Aterae = >< >< >< Y;;/(,u("’i/’i”;“)) x >< Y::N(ﬁ(v,i’,i”;ﬁ))

ue]"avb i’eVerty/,i”eVeny// ae[nv,i’,i”] ﬁe[w‘,yi/’iu]
(195)
with ©(@@ ¢ A;,,, a@-p e A;/,,. Define
N = > Y ePuiie £, ® R @ R, (196)

A .
vely, i'eVert, /i eVert, » a€ln, y j

K — Z Z eﬁu"-i’i"i"‘q%Ch <‘/ll’/n (M(V"i/’i,/;a))> £V+I’lp ® R]/’ ® Rl////

0

ii'e Vert, , n=
o€ ["v,i,i”]

i’ € Vert_ s
v ey

S Ko R (197)
wel”

Tio = NK* +N*1Cq£2p — P12 KK*, (198)
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and

W = > Y efiivaL, @ Ry ® R, (199)

velyy i'eVert,, i’ Vert, aelw, i1

v= > ) ffuiiagich (\Zi” (ﬂ(“’i“i”?ﬁ))) Lonp®R; @R/

i,n
i’ € Vert_, n>0
i’ EVVenrry// ae [wv,i,i“]
Ve ravb
=Y VoRg. (200)
welY
Toa = WY+ WV Ly — PaVV*, (201)

a K[Ty1® K (T)-valued linear combination of vector bundles over Xy, where the

ale’

vector bundles over XLa oxale denoted with some abuse of notation by Vl} " u("’i,*i”?“) s
(/;/ ) (ll(v,i',i"?ﬁ)> are the pullbacks of the bundles Vl‘, . <M(V,i’,i”;a)> N Y;, (M(V’i/’i”;a))

Vg, . (ﬁ(“’i/’i”;ﬁ)) — Y;,, <I~L("’i/’i”;ﬁ) ) under the projections to the respective factors
in (195).

The measure (89) dressed with a partial perturbative contribution, the I'-orbifold
version of (175), is now generalized to

pert _ k _
ZF,CFOSSZLalexale - 1_[ q ¢ L € [ [RO] TL&lexale + [LORO] aalexale:l ’
A,
Ag]

welv le xale
(202)
where [cf. (57)]:

[Rol7a,

Lalexale

= [Ro] (—q Lop NW + T12 + PyuNV* + T4 + PoWK* — ’PQICV*)
~ [Rol (4 HCHNK + g CHWV* — g 3CLAK" - g3 CHVV*)

- Z Z Z <’CV~,I‘(e/)vs(e,/)lci,s(e’),t(e”)+IC"J(9/)wf(3,/)]C:Jk,s(e’),s(e”)>

vely ¢'cEdge,s ¢”€Edge,»

- Z Z Z (Vv,s(e’),t(e”)V:,z(e’>,s(e”)+Vv,t(e’)J(e”>V:,s<e/),s(e”))

vel'y ¢’€Edge,/ e”€Edge, n

[LoRol Ty = [LoRo) (Ti2 +T24) =Ty (203)
and
kyif = Z Z Z Z Sry (v +np—v) Vin(y i i)t
v/el";\l;3 n>0 i’eVerty/ ae[nv/yi/';]
+ Z Z 51—*21\63 (v/ —np — V) Uii,n (llv’,ij”;&) (204)

i”eVerty// acfw, ;]
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To compute the measure (204) we use (19) to write:

[Rol ( ®2'® /C]C*)
= Z Z Z (’Cv,s(e’),s(e”)’q,r(e'),z(e”) + ICVJ(e/)vs(eﬁ)’C:,s(e’),l(e”)

vel ¢'€Edge, s e”€Edge, n
+ R0 s, K 1) s + ICV»’("/)J(‘«’”)K:,s(e’),s(e”)> (205)

and similarly for 2’ ® 2” ® VV*. To compute, e.g. the contribution [Rg] (P12 WK*) to
(204) we also use (19):

[Rol (Pi2WK¥)

- Z Z Z (W"l 1"Kv+p it g l”]Cv+2p1 1”)

N i
verab i EVerty// i eVerty/

Z (WVJ(e)vi”ICLp,s(e),i” + WV,S(E)J"ICLp,t(e),i”) (206)
ecEdge,/

4.4. The main fact. For all ', let us denote by

Y > e (207)

welY a€lng wl

XA =
Zwel‘V NAw

The partition function of the orbifold gauge origami, defined by (169) in the abelian
case, by

Z(!;OSS (g’ E’ €1, €2; ﬂ) = Z Z{"‘e?rosszldbx.ﬂe (208)

A

Labxale

in the abelian x ALE case,

Tt
cross(a b & CI) Z Zi)‘ecross Larexale (209)
A,

Lalexale

in the ALE x ALE case, has no singularities in the x 4 variables, with G4 & = a4 @ — X4
fixed. Again, this follows from the compactness theorem proven in [Ne3].

5. Conclusions and Outlook

The partition function of the gauge origami model, can be viewed as the expectation
value inthe N' = 2* U (n4) theory on (sz of an operator. In the crossed case, NANp = 0,
A N B # (, this operator is the qq-character of the Ko—type [Ne2]. In the orbifolded
crossed case this operator is the qq-character of the g, -type. The orbifold partition
functions in the abelian case describe the X—type quiver gauge theories on the A-type
ALE spaces in the presence of various surface defects invariant under the rotational
symmetries of the maximal 2-deformation. In the abelianxALE case these partition
functions describe either the qq-characters of the D or E-type quiver gauge theories,
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possibly with the surface defects, or the X—type quiver gauge theory on the D or E-type
ALE space, possibly with a novel type of surface defect (which collapses to a point-
like defect in the orbifold limit of the ALE space), and a qq-character. Finally, in the
ALExALE case we are dealing with the D or E-type quiver gauge theories, on the D
or E-type ALE space, with the qq-characters and novel surface defects.

The physics of these defects will be discussed in the companion paper [Ne7].

The regularity of these expectation values will be used in the forthcoming publications
[Ne8,SX] to derive the KZ and BPZ equations [BPZ,KZ] on the partition functions of
supersymmetric gauge theories with and without surface operators.
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