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Abstract: In this paper, we study random walks g, = f,—1 ... fo on the group Homeo
(1) of the homeomorphisms of the circle, where the homeomorphisms f; are chosen
randomly, independently, with respect to a same probability measure v. We prove that
under the only condition that there is no probability measure invariant by v-almost every
homeomorphism, the random walk almost surely contracts small intervals. It general-
izes what has been known on this subject until now, since various conditions on v were
imposed in order to get the phenomenon of contractions. Moreover, we obtain the sur-
prising fact that the rate of contraction is exponential, even in the lack of assumptions of
smoothness on the fi’s. We deduce various dynamical consequences on the random walk
(gn): finiteness of ergodic stationary measures, distribution of the trajectories, asymp-
totic law of the evaluations, etc. The proof of the main result is based on a modification
of the Avila-Viana’s invariance principle, working for continuous cocycles on a space
fibred in circles.

1. Introduction

The objective of the paper is to study properties of (left) random walks on Homeo(S'),
that is to say long compositions f, o - - - o fo of homeomorphisms of the circle chosen
randomly independently with respect to a same probability measure v. The study of
independent random composition of transformations of a space X is the theory of random
dynamical systems (RDS). They appear naturally for example in the theory of iterated
forward systems (IFS), when one wants to study the action of a finitely generated group
or semigroup G: choosing v uniform on a set of generators, the theory of RDS allows one
to study the properties of “typical” elements of G. The RDS also correspond to a natural
family of skew-products on X: the ones of the form (w, x) — (Tw, f,(x)), where T is
a shift operator on a symbol space and f,, only depends on the first coordinate of w.

A standard starting point in order to study a random (or deterministic) dynamical
system is the question of the dependence to the initial condition. In the context of RDS
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of homeomorphisms of the circle, the conclusion put in evidence by various results, is
that in general the following alternative holds:

e cither the iterated homeomorphisms preserve a common probability measure on the
circle (which implies some “determinism” in the RDS)

e or the RDS has the local contraction property: given any point of the circle, typical
compositions of the homeomorphisms contract some neighbourhood of the point.

In the linear case (i.e., when the homeomorphisms are projective actions of elements
of SL,(R)), that dichotomy is a well known result of Furstenberg [9] (and moreover,
when the RDS has the local contraction property, these contractions are actually global
and exponential). In the general case, there are variations of the precise assumptions and
conclusions, but we can mainly distinguish two kinds of results:

—Smooth case: In the case where the probability measure v is supported on Diff (S1),
one can use the general theory of hyperbolic dynamical systems on manifolds. If the
quantity [ log" || f/[lcodv( f) is finite, we can define Lyapunov exponents. In this context,
various results of hyperbolic dynamics [2—4] imply that if there is an invariant probability
measure, then one can find a negative Lyapunov exponent in the system (one can see
this as a non linear analogue of the Furstenberg’s result stated above). Next, by Pesin
theory (or even simpler arguments), one can deduce that the random dynamical system
locally contracts, and even that the contractions are exponentially fast.

—Continuous case: In the general case of the iteration of continuous homeomor-
phisms, the theory of hyperbolic dynamical systems, smooth by nature, does not apply
any more. Though, coupling arguments of basic theory of the homeomorphisms of the
circle with probabilistic arguments, it is still possible to obtain analogue results with no
regularity assumption. The most canonical result (though the older one) of this kind is
probably the following theorem of Antonov:

Theorem. (Antonov [1]) Let fi, ..., fin be homeomorphisms of the circle preserving
the orientation, such that the semigroup G, generated by fi, ..., fi and the semigroup
G _ generated by fl_l, ey fnjl both act minimally on S' (i.e., the orbit of every point
is dense in the circle), and let v be a non degenerated probability measure on {1, . .., p}
(i.e, v({i}) > O0fori =1,..., p). Then:

e  Either for any initial conditions x, y in S', for viN-almost every sequence (in)n=0,
the distance between the trajectories f; o---o fi,(x) and f; o---o fi,(y) goes to
0. (synchronization)

e FEither there exists a probability measure invariant by all the homeomorphisms f;,
and because of the minimality of G it actually implies that f1, ..., fp are simul-
taneously conjugated to rotations. (invariance)

e Or there exists 6 in Homeo,(S") of finite order p > 2 commuting with all the
fi’s.(factorization)

Remark 1.1. When we are in the third case of Antonov Theorem, then one can factorize
the system by identifying the points of the same orbit of 8, in order to obtain a new topo-
logical circle, and homeomorphisms fl, ey fm of this circle induced by fi, ..., fi.
We deduce thatif f1, ..., f; does not have a common invariant probability measure,
then the random compositions of these homeorphisms satisfy the property of synchro-
nization (first point of the alternative) up to some factorization (as described below).

As a consequence of Antonov’s Theorem, it remains true that in the absence of a
common invariant probability measure we have the local contraction property. However,
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assuming no regularity for the iterated homeomorphisms has a price: additional structural
assumptions are required and no speed of convergence is assured: the finiteness of the
number of generators is only an assumption for convenience, and the proof of Antonov
remains valid without this assumption. The minimality assumptions, though, are much
deeper: the dynamics of a semigroup of Homeo(S!) preserving some common interval is
very different from the dynamics described in Antonov’s Theorem. And if one considers
a semigroup preserving two disjoint intervals, then one can check that, in general, none
of the alternatives of Antonov’s Theorem are satisfied.

Variants of this theorem exist: let us cite for example [15] where the authors proved
(independently of Antonov) that synchronization occurs (first case of the previous theo-
rem) under the additional assumption that G 4 contains a “north—south” homeomorphism,
and [6] where the assumption of minimality is replaced by an assumption of symmetry
(G+=G-).

The objective of the paper is to treat the study of a general random walk on Homeo(S1).
Adapting techniques coming from the hyperbolic theory in the continuous context, we
show that the distinction between the regular and continuous cases described above is
actually basically useless: there is no need to ask additional assumptions on a random
walk on Homeo(S!) to obtain the local contractions, and in fact, even the exponential
speed of contractions remains! Next we use this property of contraction to study deeply
the behaviour of the random walk.

We also deduce various results on the behaviour of random walks on Homeo(S!).
And the majority of these results actually holds for any random walk on a compact metric
space satisfying the local contraction property.

The key of the proof of the main result is to adapt the ideas of Avila and Viana in
[2] and Crauel in [4] (who themselves used those of [18]) to establish that an invariance
principle remains in the C-case: but instead of using the Lyapunov exponents, we will
use another analogue quantity, which measures the exponential contractions as well, but
which does not require derivability to be defined. That approach allows us to obtain a
criterion of the existence of exponential contractions for RDS of the circle, and more
generally for any cocycle on a space fibred in circles, so that one can hope that this
principle can also be useful in the study of non i.i.d. compositions of homeomorphisms
of the circle.

2. Statements of the Results

2.1. The main theorem. Before stating our results, we need to formalize the notions of
random walks and random dynamical systems:

Definition 2.1. Let (G, o) a topological semigroup.

e The random walk generated by a probability measure v on G is the random sequence
® = (f)nen of elements of G on the probability space (2, P) = (GN, vy,
defined by: for = (f;;)new in Q and n in IN,

Joo = fa—10:-0 fo.

e We denote by G (v) the smallest closed sub-semigroup of G containing the topo-
logical support of v. If G, (v) = G, the random walk and the probability measure v
are said to be non degenerated on G. It is equivalent to the fact that every open set
of G has positive probability to be reached by the random walk.
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e If G acts on a space X and if the probability measure v is non degenerated on G,
we say that (G, v) is a random dynamical system (RDS) on X. The skew-product
associated to the RDS is the transformation 7 on 2 x X defined by

T(@,x) = (T, fo(x),
where T is the shift operator on 2 and fy is the first coordinate of w.

For a given random walk, we will always denote by (€2, IP) the associated probability
space.

Obviously, any random walk on Homeo(S') is non degenerated on some sub-semigroup,
namely G4 (v). An interesting fact is that in the majority of the results that we will state,
we obtain properties on the random walk depending only on assumptions on G (v) and
not on v itself.

Here is the main theorem of the paper:

Theorem A. Let o — (f}})neN be a non degenerated random walk on a sub-semigroup
G ofHomeo(S"). Let us assume that G does not preserve any probability measure on S’
(i.e. there does not exist a probability measure invariant by every element of G). Then,
for any x in S, for P-almost every w in Q, there exists a neighbourhood I of x such
that

Vn € N, diam (f2(I)) < ¢",
where g < 1 depends on the random walk only.

We can obtain the same result for random walks on a semigroup of continuous
injective transformations of a compact interval I, since seeing I as a part of S!, such
an injective map can be extended to a homeomorphism of the circle. Thus, in some
sense, the surjectivity of the iterated transformations is not important. The injectivity,
though, is primordial: one cannot hope to obtain a contraction phenomenon by iterating
transformations of the circle homotopic to z — z2.

In the case where the semigroup G associated to a random walk on Homeo(S')
preserves a probability measure w, then the topological support K of u is a compact
minimal invariant by the group G generated by G, and hence we have the standard
trichotomy: K is either S', a Cantor set or a finite set (see for exemple [20, Theorem
2.1.1]). It is then standard that G is conjugated to a group of isometries if K = S', and
semiconjugated to a group of isometries if K is a Cantor set. This fact allows to obtain
an interesting classification of the random walks on Homeo(S Y

Corollary 2.2. Let w — (f)),eN be anondegenerated random walk on a sub-semigroup
G of Homeo(S'). Then one (and only one) of the following possibilities occurs:

(i) G does not preserve a probability measure, and the random walk has the local
contraction property in the sense given by Theorem A.
(ii) The random walk is semiconjugated to a random walk on the compact group O (R)
(group of the isometries of the circle) acting minimally on S'.
(iii) There is a finite set invariant by G.

On this form, the statement is very close to Furstenberg’s one [9] in the linear case.
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2.2. General study of random walks acting on Homeo(S'). In this section, we use
Theorem A as a main tool to understand the behaviour of a general random walk @ +—
(f2)nen on Homeo(S1).

2.2.1. Distribution of the trajectories n — f,(x) We interest in the typical distribution
of the sequence (f}(x)),cv for a given initial condition x. This problem is naturally
related to the study of the stationary probability measures of v, that is the probability
measures p on S! such that P ® p is invariant by the skew-product T.Sucha proba-
bility measure always exists(we refer to [8] or [14] for details). If the random walk is
non degenerated on a subgroup of Homeo(S!), it has been proved that in general, the
stationary probability measure is unique (see [6]). In the case of a general random walk
on Homeo(S'), which is non degenerated on a semigroup only, it does not hold any
more, but we prove that the number of ergodic stationary probability measures (i.e. ex-
tremal stationary probability measures) is necessarily finite, and that these probability
measures give the typical distributions of the trajectories of the random walk:

Theorem B. Let w — (f})necN be a non degenerated random walk on a sub-semigroup
G ofHorneo(Sl) with no finite orbit on S1. Then:

o There is only a finite number of ergodic stationary probability measures (L1, . . ., [L4.
Their topological supports F1, ..., Fg are pairwise disjoints and are exactly the
minimal invariant compacts of G.

e ForeveryxinS', for P-almost every w in Q, there exists a unique integeri = i (w, x)
in {1, ...,d} such that F; is exactly the set of accumulation points of the sequence
(f2(x))new, and then we have

n—+00

| Nl
I Z Spnxy ——> Wi
n=0

in the weak-x topology of C(S', R)*.

Note that in this theorem, we relaxed the condition “no invariant probability measure”
to “no finite orbit”.

As a direct consequence of this theorem, we obtain that the stationary probability
measure is unique when the action is minimal:

Corollary 2.3. A non degenerated random walk on a sub-semigroup G of Homeo(S")
acting minimally on S' is uniquely ergodic, i.e. it admits a unique stationary probability
measure.

At our knowledge, this fact was never proved in full generality: until now some
additional assumption (smoothness, backward minimality, symmetry...) was required to
obtain the unique ergodicity. And actually, we obtain a slightly stronger corollary: the
action of any random walk of Homeo(S!) restricted to a minimal invariant compact F
is uniquely ergodic: if there is no finite orbits, that is a consequence of Theorem B, and
if there is a finite orbit, then F' is necessarily finite and the unique ergodicity follows
easily).
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2.2.2. Law of probability of  +— f!(x) We focus now in the law of the random
variables X;; : w — f}(x) for any given initial condition x and a large integer n, and
asking whether the law of X converges to some limit distribution when n becomes
large.

The sequence (X;,),eN is a Markov chain. A natural obstruction to the convergence
of the laws of a Markov chain are the “periodic configurations”, where there exists
subspace of phase states whose the return times are multiple of a fixed integer larger
than 2. (For example in our context, if it exists two disjoints closed sets Fj and F; such
that the generators of the semigroup send Fj into F> and F; into Fj, then clearly the
distribution of X; strongly depends on the parity of n.). That leads us to the following
definition of aperiodicicity:

Definition 2.4. A random walk @ > (f"),>0 on Homeo(S') generated by a probability
v is said to be aperiodic if there does not exist a finite number p > 2 of pairwise
disjoints closed subsets Fi, ..., F), of § ! such that for v-almost every homeomorphism
8 8(F) C Fiypfori =1,...,p—1land g(F,) C Fy.

Remark 2.5. If the action of G is minimal, the random walk is necessarily aperiodic since
otherwise, S! would be a non trivial finite union of pairwise disjoints closed subsets.

The next theorem states that for random walks with no invariant probability measure,
the only obstruction to the convergence in law of X; is the one described above:

Theorem C. Let w — (f})neN be a non degenerated random walk on a sub-semigroup
G of Homeo(S") with no invariant probability measure on S*, and such that the random
walk is aperiodic. Then, for every x in S', denoting by Wy the law of the random variable
X, o fl(x), we have the convergence in law

X X
My — K,
n—+00

where (* is a stationary probability measure of the random walk. Moreover, the con-
vergence is uniform in x in the sense that for any continuous test function ¢ = S' — R,

/wduﬁ—/ pdu*
St st

In particular, as a consequence of this theorem, Remark 2.5 and Corollary 2.3:

—0

su
b n—+00

xeS!

Corollary 2.6. Let (f))nen be a non degenerated random walk on a sub-semigroup G
of Homeo(S"), acting minimally on S* and with no invariant probabiity measure on S'.
Then, with the same notations as Theorem C, we have for every x in S':

X
My — MU,
n—+0o

where W is the unique stationary probability measure of the random walk.
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2.2.3. Behaviour of typical homeomorphisms x +— f2(x) Finally, for o typical we
focus in the behaviour of the homeomorphisms f;} when n become large.

Theorem D. Let w — (f}})n>0 be a non degenerated random walk on a sub-semigroup
G of Homeo(S"), such that G does not preserve a common invariant probability measure
on S'. Then, there exists a finite number p of measurable functions oy, . . . op:R2—S§ 1
such that: for P-almost every w in Q, for every closed interval I included in S' —
{o1(w), ..., 0p(w)}, diam(f) (1)) — 0 exponentially fast.

It is a global version of Theorem A, proving that for n large, the typical homeomor-
phisms f;} are close to be “staircase maps”, with a constant finite number of stairs.

It is also interesting to compare this result with Antonov Theorem stated in the intro-
duction. The hypotheses of Antonov Theorem are stronger than the ones of Theorem D,
since it assume forward and backward minimality and that the homeomorphisms pre-
serve the orientation. In counterpart, the conclusion of Antonov Theorem is in some
sense stronger: it does not give the exponential speed of the contractions, but gives a
more precise structure: it say that the applications o1, ..., o, given by Theorem D are
on the form.

{01,02...,0,,}:{01,9001...,9p_1001},

where 0 is a homeomorphism of order p commuting with all the elements of G. But
as we said in the introduction, such a rigid conclusion cannot hold in general in a non
minimal context.

2.3. Property of synchronization. In this section, we want to characterize in which situa-
tion the action of a random walk on the circle has the property of synchronization, which
means that for any couple of initial conditions x and y, for almost every realization of
the random walk, the distance between the corresponding trajectories of x and y tends
to 0. This property of synchronization has been studied in [9] in the linear case, and for
example in [10,11,13,15] in non linear cases.

Definition 2.7. If (X, d) is a metric space, we say that a random walk @ — (f})seN
acting on X is synchronizing if for every x, y in X, for almost every w,

d(f3 (). () —— 0.

We say that it is exponentially synchronizing if the previous convergence is exponentially
fast.

In the context of random walks acting on the circle, we prove that the synchronization
is equivalent to the proximality of the action. We recall that the action of a semigroup
G to a metric space (X, d) is proximal if for every x, y in X, there exists a sequence
(gn)nen in G such that

d(gn(x), gn(y)) = 0.

Theorem E. Let w — (f})neN be a non degenerated random walk on a sub-semigroup

G of Homeo(S') without a common fixed point. Then the following properties are equiv-
alent:
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(i) The random walk is exponentially synchronizing.
(ii) The random walk is synchronizing.
(iii) The action of G on S is proximal.

It allows for example to retrieve the main result of [15] in a non minimal context and
with an exponential speed of convergence:

Corollary 2.8. w — (f2),cN a non degenerated random walk on a sub-semigroup G
of Homeo(S") such that:

e G contains a map gy with exactly 2 fixed points a and b, one attractive, one repulsive.
e None of the sets {a}, {b}, {a, b} is invariant by the semigroup G.

Then the random walk is exponentially synchronizing.

That corollary follows rather easily from Theorem E: for any x, y in § 1 , one can find

h in G such that h(x) and A (y) are distinct from the repulsive fixed point of gg, so that

dist(gg o h(x), g o h(y)) ——— 0, which prove the proximality and we can apply
n—+00

Theorem E. The details are left to the interested reader.

Another application deals with the robustness of the property of synchronization
(that is to say, the persistence of the property to small perturbations): with Theorem E,
we can prove that the property of synchronization is robust among the semigroups
of homeomorphisms without a common fixed point. We restrict ourselves to the case
of finitely generated semigroups to avoid manipulation intricate topologies on sets of
semigroups/random walks.

Corollary 2.9. Consider anon degenerated random walk w +— ( f}) on a sub-semigroup
G of Homeo(S")? generated by d homeomorphisms of the circle fi, ..., fq without
common fixed points, and assume that w — (f)}) is synchronizing. Then there exists a
neighbourhood V of (f1, ..., f1) in Homeo(S")? such that for any d-tuple (fl, ce fd)
in'V, any non degenerated random walk w — (f) on the semigroup G generated by
{f1. ..., fa} is (exponentially) synchronizing.

It is natural to ask whether the property of synchronization is generic, but it easy to
see that it is not the case: if / is an open interval, the property

Vke{l,....d}, i) C I

is robust, and the existence of two disjoints such intervals is an obstruction to the syn-
chronization. However, in the case of a non degenerated random walk on subgroups of
Homeo, ('), Antonov’s Theorem holds (see [6]), and hence in this case, the property of
synchronization is generic, because the other alternatives (existence of a common invari-
ant probability measure or existence of a non trivial homeomorphism in the centralizer
of the group) are degenerated properties. Combining this remark with Corollary 2.9, we
obtain the following conclusion:

Corollary 2.10. Let d be an integer larger than 1. Then there exists an open dense subset
U of Homeo, (S such that for every (fi, ..., f1) inU, any non degenerated random
walk on the group generated by { f1, ..., fa} is exponentially synchronizing.
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2.4. Random dynamical systems on [0, 1]. We conclude by the study of the iterations
of continuous injective transformations of an interval. For example, we can apply our
results to obtain:

Corollary 2.11. Let o — (f)})nen be a non degenerated random walk on a semigroup
G of injective continuous functions from [0, 1] into itself, and let us assume that

() 200, 1) = 2.

geG
Then there exists q < 1 such that for P-almost every w:
vn € N, diam (£} ([0, 1])) < Cq"
for some constant C = C(w).

The assumption [ ¢ 8([0, 1]) = ¥ is weak (and is actually equivalent to the con-
clusion if G does not fix any point of 7): for example, if you iterate randomly two
continuous injective functions fi, f> : I — [ such that fj has only one fixed point c,
and f>(c) # c, then the corollary applies, that is to say that random compositions of f;
and f> almost surely contract the whole interval [0, 1] exponentially fast.

Remark 2.12. Tt is actually possible to prove Corollary 2.11 by a straight elementary
proof, using the ideas of [16].

The previous corollary does not apply if we iterate homeomorphisms of the interval.
The techniques of the paper do not seem to be sufficient to treat such a random walk in a
general exhaustive way. However, we can still adapt our techniques to get some partial
information. Here is a variation of our main theorem in this context:

Corollary 2.13. Let @ +— (f2)u>0 be a non degenerated random walk on a sub-
semigroup G of Homeo([0, 1]), such that:

e there does not exists a non trivial subinterval of (0, 1) invariant by G.
e there exists at least one probability measure p on (0, 1) which is stationary for the
random walk.

Then, for every x in R there exists a neighbourhood I of x such that
Vn € IN, diam(f) (1)) < q",
where q < 1 does not depend on x.

Remark 2.14. From the proof of this corollary one can notice that if the second assump-
tion is satisfied but not the first one, then the conclusion of the statement still holds if
we restrict x to belong to the invariant interval / = (inf (supp(u)), sup(supp(u)))

This theorem gives the phenomenon of local contractions under the existence of a
stationary probability measure. With some additional work, one can hope to deduce
various dynamical properties from it as we do in this paper in the case of the circle.
As an example, let us state the following corollary, answering by the affirmative to a
question of B. Deroin in [5]: “If f, g are increasing diffeomorphisms of [0, 1], and if

. . Sp+Sgn .+ . .
the Lebesgue measure is stationary (for v = 2L ; £), is it necessarily the only stationary

probability measure without atoms?”
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Corollary 2.15. If a random walk on Homeo, ([0, 1]) admits a stationary probability
measure on (0, 1) with total support, then it is the only one. In particular, any ran-
dom walk on Homeo, ([0, 1]) acting minimally on (0, 1) admits at most one stationary
probability measure on (0, 1).

The existence of a stationary probability measure for arandom walk on Homeo ([0, 1])
(other that convex combinations of 8y and §;) can be ensured if the extremities 0 and
1 “repulse” the dynamics of the random walk. One can check for example that a sta-
tionary probability measure exists if the random walk is generated by a probability v on
Diff+1([0, 1]) whose finite support, such that flog [ f'(c)|dv(f) > 0forc=1,2.

However, without such an additional assumption, in general such a measure does not
exists. For example, when the random walk is symmetric in the sense that the associated
probability measure v is invariant under the transformation ¢ + g~!, it is proved
in [7] that there is no stationary probability measure. Thus, Corollary 2.13 does not
apply in this case. But it is interesting to notice that [7] develops techniques to obtain a
good understanding of the random walk in this particular case where ours methods do
not apply. In consequence one could hope that by adapting these techniques and those
of this paper it would be possible to manage the study of a general random walk on
Homeo([0, 1]).

2.5. Scheme of the paper. The paper is organized as follows:

e in Sect. 3 we present the core argument of our results: an invariance principle for a
general skew-product T ona space ©2x S! stating that either there is a phenomenon of
contractions in the dynamics of T on the fibres, either “there is something invariant”.
Applying the principle to the specific case where T is associated to a random walk,
we obtain Theorem A, and one can hope that it can also be used in non independent
contexts.

e In Sect. 4, we state various ergodic properties of the random dynamical systems on
compact metric spaces satisfying the property of local contractions. (This section
can be read indepedently of the others)

e In Sect. 5, we deduce the proofs of the other theorems stated in the introduction by
combining the results of Sects. 3 and 4.

3. An Invariance Principle

The objective of this part is to prove an invariance principle in the spirit of the works of
Ledrappier [18], Crauel [4] and Avila-Viana [2] for one-dimensional cocycles without
regularity (except the continuity).

Let (2, F, IP) be aprobability space and T : 2 — 2 be a IP-invariant transformation.
We look at the skew products on © x S! extending T, that is the measurable transfor-
mations T of the form (w, x) — (Tw, f,(x)), where f,, € Homeo(S"!). For w in 2, we
will use the notation

fo= Frreig 00 fur

so that the iterates of 7" are given by T"(w, x) = (T"w, fi(x)).
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3.1. Lyapunov exponent and exponent of contraction. Let us recall the definition of the
Lyapunov exponents of T when f, is smooth:

Definition 3.1. If f,, € Diff(S'), then the Lyapunov exponent of T ata point (w, x) €
Q x S!is defined as

Mw, x) = lim
n

log |(f3) ()]
—+00 n ’
if the limitexists. If i isa T -invariant probability measure such that (w, x) — log | f, (x)|
is f1-integrable, then the Lyapunov exponent is well defined fi-almost everywhere, con-
stant if i is ergodic, and the Lyapunov exponent of [i is defined as

A() = / Mo, x)di(w, x).
QxSs!

The Lyapunov exponent A(w, x) measures the exponential rate of contraction of (f})
at the neighbourhood of x. In order to have analogue informations without assuming
that f,, ¢ Diff' (S'), we define the following exponent of contraction:

Definition 3.2. The exponent of contraction of T at the point (w, x) is the non positive
quantity

)‘con(a), )C) = m m IOg(dISt(fa’}(x)’ far)L(y))

y—X n—+00 n

If i is a T-invariant probability measure, the exponent of contraction of [ is defined as
Aeon (L) = / Aeon(@, x)dji(w, X).
QxS!

Note that Aoy 18 T is f"-invariant, so that A, is constant fi-almost everywhere if 1
is ergodic.

The exponent of contraction has the advantage over Lyapunov exponents that it does
not need any assumption of differentiability. As a counterpart, the information provided
by this exponent is slightly less precise than the one provided by the Lyapunov exponents,
because it only measures the contraction of the cocycle, not the expansion, and actually
the maximal contraction only, so that one cannot hope miming an Oselede¢/Pesin’s theory
with this naive definition in dimension larger than one. In dimension one, though, this
exponent of contraction is a perfect tool to generalize the notion of Lyapunov exponent.
We have indeed in this case a simple relation between Lyapunov exponent and exponent
of contraction:

Proposition 3.3. Let (2, F, IP) be aprobabilityspaceandletf w,x) = (Tw, fu,(x))
be a measurable transformation of Q@ x S' with f,, € Diff'(S"), such that the func-
tion (w, x) +> log | f) (x)| is bounded. Then, for every T -invariant ergodic probability
measure [1, we have

)\con(/:L) = ll’lf()»(ﬂ), 0),

where A(j1) is the Lyapunov exponent associated to [i:

A1) = / log | £,(0ldji(@, x).
QxS!
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Proof. The inequality Aco,(1) < O is trivial. And as noticed in [4] Proposition 2.6,
one can adapt the techniques of Pesin on stable manifolds, to obtain the inequality
Acon (L) < A([L) (see also [17] for a proof in the particular case of independent composi-
tions of diffeomorphisms). So from now on, we focus on proving the converse inequality
Aeon(f) = inf (A(f1), 0).

We assume that Ao, (1) < 0. Let (w, x) be a point of  x S! such that

A = M, x) = lim 281Ue) (]

n—+00 n
and

Acon(/l) = Aeon(@, x) = lim lim log(dlSt(fa’)l ). far)l ) s

y—X n—+00 n

and let ¢ > 0. If y is close enough to x, then we have
Vn € IN, dist(f5; (x), foy () < &.

Then, denoting by () the modulus of continuity of log | |, we have for any z1, z» in
[x, ¥l

log ‘(f,ﬁ)/ (Zl)‘ —log ’(f;,’)/ (Zz)‘ = nilog ‘f}kw (f!j(m))‘ —log )f}kw (f!;(zz))‘
k=0

n—1
< ZaTkw(s).
k=0

In particular, by the mean value equality,

log |(f2) ()] 1 dist(£2(x), 200 | 15
4 T log( dist(x, y) ) o D artoe).

If w is a Birkhoff point of «.(¢), we deduce by letting n tend to +oo and y to x that
() < heon(f1) + / a,y (8)dP ()
Q

Since «,y (¢) tends to 0 as ¢ — 0 and is uniformly bounded, by dominated convergence
we obtain that A({1) < Acon(1). O

3.2. The invariance principle statement. Let us state the main theorem of the section.

Theorem F. (Invariance principle).
Let (2, F,P) be a standard Borel space, with P a probability measure, and let

T: (w,x) = (Tw, fu,(x)) be a measurable transformation of Q2 x S' with fo €

Homeo(S'). Then, for every T-invariant probability measure 1 of the form di(w, x) =
die, (x)dP(w), we have the following alternative:

o cither Aeon(t) < O (contraction),
e or for P-almost every w, it = (fu)slo (invariance).
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Remark 3.4. In the case that f,, is smooth, by Proposition 3.3 we obtain the known fact
that the Lyapunov exponent of /1 is negative unless maybe if we have the “deterministic
relation” ury, = (fu)«Me- In particular the Lyapunov exponent of a stationary proba-
bility measure of a random walk on Diff' (S') is negative unless the stationary measure
is actually invariant)

When the transformation 7 of 2 is invertible, the relation p7, = (fy)« /e 1S Only a

reformulation of “fi is T-invariant”, so that the invariance principle as we stated it only
gives information in non-invertible contexts (it is possible though to get an invariance
principle in an invertible context, applying the theorem to a modified system, see [18]).

The following Sects. 3.3, 3.4 and 3.5 are dedicated to the proof of Theorem F. We
will keep the notations of the statement in these subsections.

3.3. Fibred Jacobian and fibred entropy. Following the ideas of [2,4,18], we define the
fibred entropy of /1 as follows:

Definition 3.5. The fibred Jacobian J = J() : @ x S' — R of i is defined by the
expression

d 1 * ®
J(w,x) = %(ﬂ,

where the derivative is taken in the Radon—-Nikodym sense. The fibred entropy h(jt) of
[ is defined as

) —/ logJdj if logJ € LY(2 x S', ),
h(ft) = Qxs!

+00 otherwise.

By definition, the mapping x — J(w, x) is the derivative of Radon—-Nikodym of
the measure (f, 1)* LT against (i, that is the p,,-integrable function such that we can
write

d(f Vet (x) = J(@, x) dite(x) + dfip(x) (1

where [, is singular with respect to fi,.
Let us state a classical general fact of geometric measure theory which allows to see
a Radon—-Nikodym derivative as, in some sense, a standard derivative:

Proposition 3.6. Let ;1 be a probability measure on S', and v be any measure on S'.
Then:

(i) For p-almost every x in st

v(I)
m
Iax, diam(I)—0 w(I)

dv ) =
=

(here and in the sequel, I represents an interval of S').
(ii) Denoting q*(x) = sup;s, %

/ log* ¢* (x)dp(x) < 2v(sh.
Sl
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This proposition is standard if v is the Lebesgue measure, as a consequence of Vitali’s
covering Lemma, and as noticed in [18], the proof adapts for any measure v if we use
Besicovitch’s covering Lemma instead of Vitali’s.

The key of the proof of Theorem F is to see the entropy & (f2) in two different ways.

e Firstly, one can see h({1) as a quantity measuring in average how much (f, Yl T o
differs from ., and obtain the following fact justifying that A() deserves its
appellation of entropy:

Proposition 3.7. We have the inequality
h(i) = 0,

with equality if and only if for P-almost every o, o = (fw)«Mo-

e Secondly, one can use Proposition 3.6 to see the Jacobian term J (w, x) as a kind of
derivative for some geometry: for fi-a.e. (w, x) in Q x S,

J(@.x) = lim 2TeUet, Jo0D
=5 a(lx YD)

It is then possible to think of —A(j1) as a kind of Lyapunov exponent, and obtain:
Proposition 3.8. We have the inequality

Aeon(1) < —h(f1)
Remark 3.9. With a slighter effort, we could actually prove the more precise inequality
Aeon () < —%, for a good definition of the fibred dimension d(fi), which would
thus belongs to the big family of inequalities relating Lyapunov exponent, entropy and
dimension (see for example [12,19,21]).

It is clear that Theorem F is a direct consequence of Propositions 3.7 and 3.8. Let us
begin by proving Proposition 3.7 (the easy part):

Proof. As a consequence of (1),

/ Jdj = / / J(@, %) i ()dP(@) < / / dit70(x)dP(@) = 1,
QxS! QJs! Q Js!

hence, by Jensen inequality,
“hiy= [ togsdp<to [ di=o, @
QxS! QxS!

so that i (f1) is non negative.
Moreover, if (1) = 0, then the Jensen inequality (2) is in fact an equality, so that
J = 1 fi-almost everywhere. Thus, replacing it in (1), we deduce that for IP-almost

every w, (fajl)*,uTa) = lw, hence ury = (fo)sho. O

We focus now on the proof of Proposition 3.8. In the following subsection, we dis-
mantle the problem and leave the core arguments for a separated treatment in the section
afterwards.
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3.4. Preliminaries: reduction of the problem. The objective of this subsection is to
check that it is enough to prove Proposition 3.8 in the case where we have some useful
additional properties on ft, namely:

e i isergodic.
e None of the probability measures s, has atoms on S'.

The reduction of the problem to the ergodic case is done by ergodic disintegration:

let us write
= / o do

with (1, ergodic and da some probability measure on the set of ergodic probability
measures. Then, writing diy = dty,»dPy and setting

d(fgljl )*MTw,a

Jo(w,x) = d
w,o

(x)

the Jacobian associated to f[i,, we have that J, = J [i,-almost everywhere, and as a
consequence,

hip) = —// log J djigda = —// log Jy ditgda = /h(ﬂa)da.
QxS! QxS!

Moreover, we also have
)\con(/:’v) = // . Acon(@, X) d:&ot(ws x)da = /kc‘on(ﬂa)dav
QxS

hence the inequality to prove is [ Acon(fle) de < — [ h(jia) do, which follows from
the inequalities in the ergodic case Acon(fle) < —h(fiy).

Thus from now on, we assume that [ is ergodic. The case where ., has atoms is
treated by the following general lemma:

Lemma 3.10. If [1 is ergodic, and if the set {w € e has atoms} has P-positive
probability, then there exists a family (E(w))weq of finite subsets of S', all of them
with same cardinal d, such that for IP-almost every w in 2, f,(E(w)) = E(Tw) and

/szé Z Oy

xeE(w)

Remark 3.11. The proof does not use the structure of S! so that the statement remains
actually valid for any skew-shift 7.

Proof. If @ is any function from S! into R and 1 a probability measure on S', we denote

el =) low)l

xeS!

Il = sup pu(fx}))

xeS!

so that, if ||¢||;1 < +o0:

/1 odu < el llmliee,
S
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with equality if and only if ¢ is supported on the set {x € S|u({x}) = ulli=}.
Now, in the context of the statement, let us set

E@) = {x € S'luo(teD] = ol

which is clearly finite and non empty if || |;0 > O (which occurs on a set of positive
probability by assumption). We are going to prove that these sets E(w) satisfy the
conclusion of the statement. Let ¢ : (w, x) — ¢, (x) be the function defined by:

1Eg@w(x)

if >0
Card(E@) ll eollzoe >

Po(x) =
0 if  |pollie =0

Notice that [|@y|[;1 = 1if || ell;o > 0 and O if not. On one hand, we have the equality

/ god/lz/ (/ §0wduw) dIP(a)):/ 1ol dP (@), 3)
Qxs! o \Js! Q

(using the easy computation f §1 Pod ey = |[Lolli), and on the other hand, we have the
chain of inequalities:

/ @ o ’fd/l = / (/ (1w 0 fw)dl/va)> dP(w)
QxS! Q \Js!

- / lota o fulli ol dP (@)
2 4
< /Q lorolln I 1olli=dP (@)

< / kol d P ()
Q

(using the general equality |[Y o fllj = |[¥ 1, valid for f € Homeo(S!), and the fact
that [lg, ;0 < D).

Combining (3), (4) and he invariance equality [ ¢di = [¢ o Td i1, we deduce that the
chain of inequalities (4) is in fact a chain of equalities. In particular, for IP-almost every

0 inQ, [¢(@re o fo)dite = 1970 © foli |14l hence 14, o f, is supported on
the set E(w). In consequence, for IP-almost every w € Q:

o YE(Tw) C E(w).

Thus, for P-almost every w in 2, Card(E(T w)) > Card(E(w)), and hence by er-
godicity d = Card(E(w)) does not depend on w (up to a negligible set), and d < +00
by assumption. In particular, f,, : E(w) — E(T w) is a bijection and for IP-almost every
w e Q:

E(Tw) = fo(E(w)).

Finally, that last equality means that the set £ = Uweg{w} x E(w) is T -invariant
up to a i-negligible set hence using the ergodicity of i and the fact that £ is not fi-
negligible by assumption we deduce that in fact 4(€) = 1, i.e. for P-almost every w



Random Walks on Homeo(S!) 1099

in 2, u,(E(w)) = 1. That means that pu, is supported on the finite set E(w), and by
definition all the points of E(w) have the same p,,-mass, so

1 1
szm Z szg Z Oy,

xeE(w) xeE(w)
which completes the proof. O

As a consequence, if the probability measures ., have atoms for a set of w of IP-
positive probability, then Lemma 3.10 implies in particular that for P-almost every w in
Q, urw = (fo)sMe, hence A(1) = 0, so that the inequality Ao, (1) < —h(i) is trivial.

3.5. Proof of Proposition 3.8. From now on, we assume that /& is ergodic and that the
fibred probability measures 1., have no atoms.
The main idea of the proof is to use the Birkhoff theorem to log J to see that the

ny—1
entropy h(f1) represents the exponential rate of decrease of d(f”)t)i*%

”T"M“’(# for I a “typical” small interval. However, it is more convenient to work with

a slightly modified version of J:

, and hence of

Definition 3.12. For ¢ > 0, we define the approximated Jacobian J, = J.({1) as

:uTw(fw(I))
Meo(T)

and the corresponding approximated entropy h. as

Jg(a),x)zsup{ Iax,uw(l)ge}.

he() = — Joustlog Jedfi  if log Je € L'(Q2 x ST, )
+00 otherwise.
Notice that J; is well defined thanks to the fact that ., has no atoms.
In the next lemma, we justify that the definitions of J (1) and h (/1) are legitimate,
in the sense that these quantities are indeed approximations of J (&) and ().

Lemma 3.13. We have
lim J. (7) = J ()
e—0

[-almost everywhere, and
elig%) he (1) = h(f). 5)

Proof. The first point is a direct consequence of Proposition 3.6 applied to u =
and v = (f, l)*MT&). To prove the second point, we write log J, = u, — v, with
us, = sup(log J;, 0), ve = sup(—log Je, 0), and we also write logJ = u + v in the
same way. We have that u, — u and v; — v fi-almost everywhere by the first point.
Moreover, using the second part of Proposition 3.6, we deduce that sup,_, u. € L' (1),
hence by dominated convergence,

lim ugdﬁzf udfi.
=0 Joxs! QxS!
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On the other hand, v, is non negative and increasing as ¢ decreases to 0, hence by
Beppo—Levi’s Theorem,

lim vgd,&:/ vdji.
=0 Joxs! QxS!

The claim follows. 0O

The following lemma is the key part of the proof of Proposition 3.8 (and hence of
Theorem F). It establishes some phenomenon of exponential local contractions under
the presence of entropy:

Lemma 3.14. Let us assume that h({i) is positive. Then, for j1-almost every (w, x) €
Qx S, forevery hin (0, h(j1)), there exists 8 > 0 such that for any interval I containing
x such that j1,(I1) < 6,

Vi e N, prno(£2(D) < e "y (D).

Proof. Let I in (0, h) be given. By (5) one can choose ¢ > 0 so that &, (1) > h. Let us
take a Birkhoff point (w, x) of log J, that is such that

n—1

1 .
lim Y "log Je o TX(w, x) = —he(f1).
k=0

n—+oo n

Note: Birkhoff’s Theorem is still valid even when log J. ¢ L'(/1), because one can apply
Birkhoff Theorem to the function sup(log J., —M) (integrable by Proposition 3.6) for
M arbitrarily large.

In particular there exists a constant Co = Cp(w, x) such that

n—1

Vn € N, 1_[ J. o T*(w, x) < Coe ™.
k=0
Let I be an interval containing x small enough so that
€
- 1+Co°
and let us set x, = f(x), I, = f(I). We claim that

Ho(l) <6

VneWN, () < e (). (6)
The proof of the claim is done by induction:
e For n = 0, the inequality is trivial.
e If the inequality is satisfied for k = 0,...,n — 1, then, fork = 0,...,n — 1 the
interval /i contains the point x; and satisfies p7«,,(Ix) < &, hence, by definition of
J€7
i Uist)  Bpiket o (ke (1))
Mk, (k) ke, (1)
and we deduce

< Jo(Trw, x) = Je o TH(, x),

n—1 n—1

ke gy (Tre1) A it

wrno(n) = po(D) [ [ =20 < o (D) [ ] Je 0 TH(@. x) < Coe™ o (D).
ke (1) o

k=0
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Thus, (6) is true, which completes the proof. O

The phenomenon of local exponential contractions given by Lemma 3.14 are mea-
sured in a “/i-sense”. It remains to justify that these contractions remain in the standard
sense: that is the object of the next lemma, where we prove that ., can be replaced by
other arbitrary measures.

Lemma 3.15. Let w — v, be any measurable function from Q into the set of probability
measures on S'. Then, for [i-almost every (w, x) in 2 x S U ywe have:

1.— T~ 10g(VT”w[f£(x)9 fa’;l(y)])
im lim
y—>X n—+00 n

< —h().
Proof. The case where v,, = 1, is a direct consequence of Lemma 3.14, that is

o Tm log(urnwl fo (x), fo (D]
im lim

y—=X n—+00 n

< —h(). (7
For the general case, let us set

O*(w, x) = sup Vo) .
Isx Mo(I)

By Proposition 3.6, log* 0* € L'(f1), hence the Birkhoff’s sums % Zz;é log* 0* o
A~ * Tk

T* converge fi-almost everywhere, hence in particular M
everywhere, which implies:

L <Van[f£(x), Jo W] )
prrwl f (), fo )]

tends to O ji-almost

1 R
< Iim lim -logt Q*(T*(w,x)) = 0.
¥

lim lim
y—=>xn—>+oo n y—=>Xxn—>+oo n
The statement is then a direct consequence of (7) and (8). O

Using Lemma 3.15 with v,, the Lebesgue measure, we obtain that A¢,, (1) < —h(f1).
That completes the proof of Proposition 3.8, and hence of Theorem F.

3.6. Exponent of contraction in RDS. We go back to the context of random walks on
Homeo(S!). In this particular case, Theorem F becomes:

Corollary 3.16. Let (G, v) a random dynamical system on S', and let pu be a stationary
probability of the system. Then

o cither heon (P x ) < 0 (contraction),
e or fiuu = u for v-almost every homeomorphism f (and so for any f in G) (invari-
ance).

Thus,we obtain information at typical points x € S' for the stationary probability
measures of the systems. But it is actually possible to deduce information at every point
x of the circle. To do this, we are going to use the following general fact of random
dynamical systems:
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Proposition 3.17. Let (G, v) be a RDS on a compact metric space (X, d), (2, P) =
(GN, vINY the associated probabilty space, and let xo be a point of X. Then, for P-
almost every w, the set I, x, of weak-x cluster values of the sequence of probability

measures (% Zflvz_ol S fn (XO))NE]N is constituted of stationary probability measures of
the RDS.

This proposition is the analogue of the standard Krylov-Bogolyubov Theorem for
RDS. The proof can be found in [5] (French), or it can be seen as a consequence of
Lemma 2.5 of [9]. We are going to use it to extract punctual informations on .., from
the informations on stationary measures:

Proposition 3.18. Let > (f!)nen a random walk on Homeo(S') and let xq in S'.
Then for P-almost every w we have

Aeon(@, x0) < inf  Aepn(P @ 1),
Menw,xo

where I, y, is defined as in Proposition 3.17.

The proof of Proposition 3.18 begins by noticing two elementary facts on the function
(@, x) = Aeon(@, X).

Lemma 3.19. The function ;cop is T-invariant (Acon © T = Acon), and for any w in 2,
the function x > leon(w, X) is upper semicontinuous.

Proof. The invariance property Acop, © T = Acon comes from the fact that an interval /
containing fo(x) is contracted by the sequence ( f7,) if and only if fo_l (I) is an interval
containing x contracted by (f).

The upper semicontinuity of A.,, comes from the fact that if A..,(w, x) < ¢, then
there exists an interval / containing x such that diam(f} (1)) = O(e ") and hence
Aeon(w, ) <conl. O

Then, Proposition 3.18 is actually a direct consequence of a much more general fact
of random dynamical systems:

Lemma 3.20. Let (G, v) be a RDS on a compact space X and let (2, P) and T be
defined as in Definition 2.1. Let ¢ : Q x X +— R be a measurable positive function such
that:

e foreveryw € Q,x — ¢(w, x) is lower semicontinuous,
o poT <gponQxX.

Finally, let xo be a point of X and for w in @ = GV, let [y, x, be defined as in
Proposition 3.17. Then, for P-almost every w in L,

¢(w, xg) > sup / edP Q).
ey, JQxX

Proof. Let F, the o-algebra generated by the n first canonical projections py : @ =
(fj)j=0 > [k, and set
o(x) = E[p(-, x)],
An = Elp(-, x0)|Fnl
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Levy’s zero-one law says that A, —+> ¢ (-, xp) almost surely. On the other hand,
n—+00

from the inequality

9@, x0) = @ o T"(w, x0) = (T"w, £ (x0)),

we deduce by taking the conditional expectation with respect to JF;, that for P-almost
every w,

An(w) = ¢(f,(x0)).
Hence, using the Cesaro theorem, for IP-almost every w,
N—1

N—-1
¢, x0) = lim ZA (@2 Tim Z<p(f (x0)) ©)

Now, we know that ¢ is lower semicontinuous thanks to the lower semicontinuity of
¢(w, -) and Fatou’s lemma: indeed, for any x in X,

lim ¢(y) = lim Efg(-, y)] = E[lim ¢(-, y)] = ¢(x). (10)

y—x y—x y—x
As a consequence, we can write:
= inf{y : X — R continuous |y < ¢},
and for every such continuous function v < ¢, we have by (9) and definition of I, y,:
oo,z T Z v = s [ v
ey J X

Since ¥ is arbitrary, we deduce that

¢(@, x9) > sup /@du= sup f pdPdp.
X QxX

elly x, eIy, x,
O

Let us conclude by deducing the following corollary, which is only a reformulation
of Theorem A in terms of exponent of contraction:

Corollary 3.21. Let w — (f))neN a random walk generated by a probability measure
v on Homeo(S1), and let us assume that there is no probability measure on S" invariant
by v-almost every homeomorphism. Then there exists Lo < 0 such that for any x in S',
for P-almost every w in Q,

Acon(w, x) < Ag
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Proof. By Corollary 3.16, Acon(IP ® 1) < 0 for any stationary probability measure 1,
hence Proposition 3.18 applied to —A.,, immediately implies that for any x in S!, & >
Acon(w, x) is negative IP-almost everywhere. To obtain a uniform negative bound, let
us notice that this negativity implies the negativity of Aco,(x) = fQ Aeon(@, x)dP(w).
Thus, X > Acon(x) is pointwise negative, and is also upper-semicontinuous by Fatou’s
lemma as in the computation (10), hence is uniformly bounded from above by some
negative number 1. Then, using Proposition 3.18 one more time, we obtain that for any
x in ! and P-almost every w:

Aeon(w, x) < inf Aepn(P @ ) = inf / Xcondﬂ < Xo.
nelly x nelly x sl

That achieves the proof of the corollary, and hence of Theorem A. 0O

4. Locally Contracting Random Dynamical Systems

In this section, we are going to study the properties of a general random walk on a
compact metric space. This section can be read independently of the remainder of the
paper, except that we are going to use Lemma 3.20 proved in the previous section, and
that we will use the notations given in Definition 2.1. Thus, throughout the whole section:

e (G, v)isarandom dynamical system on a compact metric space (X, d), thatis to say
that G a semigroup of continuous transformations of X and v a probability measure
on G.

e (2,P) = (G, vIN) is the associated probability space, w — (f)) the associated
random walk, defined by

fa',l:fn—lo'"Ofo

(with the implicit notation w = (f;;)nenN), and T . (w,x) > (Tw, fo(x)) the
associated skew-shift on 2 x X.

We are going to study the properties of such RDS satisfying the property of local con-
tractions:

Assumption A. For every x in X, for P-almost every w in €2, there exists a neighbour-
hood B of x such that

diam(f}(B)) —— 0.

Remark 4.1. By Theorem A, Assumption A is satisfied when G is a subgroup of Homeo..
(S") without invariant probability measure. It is also satisfied if X is a manifold, G a
semigroup of diffeomorphisms of X and such that all the Lyapunov exponents of the
random walk are negative.

4.1. Preliminaries on random sets. In this part, we state some general results on the

RDS, concerning the structure of the sets invariant by 7. We do not use Assumption A
in this part.
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Proposition 4.2. Let £ = U, co{w} X U(w) a subset of Q x X backward-invariant by
T (i.e. T~Y(E) C &) such that U(w) is open in X for every w in 2. Let us assume that

PeuwE) >0

for every stationary ergodic probability measure . Then actually,
PowuwE) =1

for every probability measure i on X (not necessarily stationary).

Proof. Firstly, the set of the stationary probability measures is the convex hull of the
set of the ergodic ones, so that the inequality (P ® ©)(€) > 0 remains valid for any p
stationary. Then, by applying Lemma 3.20 to ¢ = 1¢, for any x¢ in X and for almost
every o in €2, we have with the notations of the lemma:

le(w,x9) > sup (P x w)(€) >0,
Menw,xo

hence (w, xo) € £. The result follows. 0O

The second proposition shows that the fibres of a T-invariant set cannot have many
connected components (that will be the main ingredient for the proof of Theorem D).

Proposition 4.3. Let £ = Uycqf{w} x E(w) a subset of Q x X totally invariant by T
(T~Y(E) = E). Then, for every stationary ergodic probability measure [, for P-almost
every w in 2, E(w) has only a constant finite number d of connected components of
u-measure positive, and all of them have same measure é

Proof. In order to prove this proposition, we extend (canonically) the skew-shift T
on G% x X, in an invertible context, allowing to look at the “past” of the RDS. This
procedure is standard, we resume in the following lemma the properties of the extension
we use (we refer to [17] for the details).

Lemma 4.4. Let @ = G% and P = vZ. The transformation T: (w,x) > (Tw, fo(x))
admits an invariant ergodic probability measure i on Q x X of the form dji =

di,(x)dP(w), with:

e the function w > [, depending only on the negative coordinates of w,
o JarodP) =p
o for P-almost every w in Q, ure = (f0)sMo-

This process will allow us to prove the following general lemma:
Lemma 4.5. Let (E(w, X))(w,x)eQxx be a family of Borelian subsets of X such that
V(@,x) € 2@ x X, E(T(@,x)= fo(E@,x).

Then the function (w, x) — u(E(w, x)) is constant (P ® w)-almost everywhere.



1106 D. Malicet

Proof. Letus extend canonically (w, x) — E(w, x) to Qx X (by setting E(( fx)kez, X)
‘= E((fi)keN, x)). Forevery (w, x) € Q@ x X, E(w, x) = (fo)_l(E(T(w, x))), hence

to(E(@, X)) = (fo)stto(E(T (@, X)) = pro(E(T (o, x))).

The function (w, x) — e (E(w, x)) is hence T -invariant on € x X. By ergodicity of [,
there exists a constant ¢ such that for fi-almost every (w, x) in Qx X, pto(E(w, x)) = c.
Since 14, only depends on the negative coordinates of w and E (w, x) only depends on the
non negative coordinates of @, we deduce by integration of this equality over the negative
coordinates of w that for (P ® p)-almost every (w, x) in @ x X, u(E(w, x)) =c. O

Proposition 4.3 follows by choosing E(w, x) to be the connected component of
x in E(w) (with the convention E(w,x) = ¥ if x ¢ E(w)), satisfying the relation
E(f"(w, x)) = fo(E(w, x)). For any ergodic probability measure u of the RDS, by
Lemma 4.5, for P-almost every w, the function x — u(E(w, x)) is equal to some
positive constant ¢ ;-almost everywhere, which means that all the connected components
of U(w) which are not p-negligible have the same p-measure c. In particular there is
only a finite number of them, namely % O

4.2. Stationary trajectories. We prove in this part that the property of local contractions
implies that the number of ergodic stationary probability measures is finite, and the
trajectory of every point almost surely distributes with respect of one of them.

Definition 4.6. We say that a ball B is contractible if there exists a set Q' C Q of
P-positive probability such that, for @ in @', diam(f?(B)) — 0.
n—+00

Assumption A implies that every point contains a contractible neighbourhood.

Lemma4.7. If B C X is a contractible ball, then there exists at most one ergodic
stationary probability measure pu such that u(B) > 0.

Proof. Let w1 and uy be two ergodic stationary measures such that w(B) # 0 and
u2(B) # 0. By Birkhoff’s theorem one can find x and y in B such that for P-almost
every w in €2, for every continuous ¢ : X — R,
N-1

¢(fo (X)) —— / pd
0 N—+oo Jx

z| =

(1)
1

=

N—-1
Y e(f() —— / pdps.
"m0 N—+00 X

Since B is contractible, one can choose such an w for which diam( £} (B)) tends to 0 as
n tends to +oo. Then, for every continuous mapping ¢ : X — R, ¢ (f)}(x)) —(f(y))
tends to 0 as n tends to +00, hence we conclude from (11) that

/wdm =/¢duz,
X X

sothat u; = up. 0O
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Proposition 4.8. If the RDS (G, v) satisfies Assumption A, then it has a finite number
d of ergodic stationary probability measures {{L1, ..., q}. Their respective topologi-
cal supports Fy, ..., Fy are pairwise disjoints, and are exactly the minimal invariant
compacts of G.

Proof. Each point of x is the centre of a contractible ball, hence by compactness, we can
cover X by a finite number of contractible balls By, ..., By. By Lemma 4.7, for each i,
there is at most one ergodic probability measure @ such that (B;) # 0. Hence, there
are at most d stationary ergodic probability measures.

Let{u1, ..., nq}bethe setof the ergodic probability measures and let F; = supp(u;)
be the topological support of w;. If x € F; N F;, then if B a contractible ball centred
at x, we have ;(B) # 0 and u;(B) # 0, hence by Lemma 4.7, u; = ;. The sets
Fi, ..., Fy are hence pairwise disjoint.

If F is a minimal closed invariant subset of X, then there exists a stationary ergodic
probability measure p; supported in F. And since F; = supp(u;) is invariant by G, we
have F = F; by minimality of F.

Conversely, let i be in {1, ..., d}. The closed set F; = supp(u;) is invariant by G,
hence it contains a minimal invariant closed subset F'. By the previous point, F' = F
for some j, but since the F1, ..., Fy are pairwise disjoint, necessarily i = j and hence
F; = F is a minimal invariant subset. 0O

Proposition 4.9. Let us assume that the RDS (G, v) satisfies Assumption A and let
Uiy ..., g and Fy, ..., Fg be as in Proposition 4.8. Then for every x in X, for P-
almost every w in 2, there exists a (unique) integer i = i(w,x) in {1,...,d} such
that:

o The set of cluster values of the sequence (f}}(x))n>0 is exactly F;.

o The sequence of probability measures % Z,}lvz_ol 3 fn(x) weakly-* converges to u; in
C(X,R)*.

Proof. Let us consider &) to be the set of the points (w, x) such that there exists a
neighbourhood of x contracted by (f,}),, and let

& = {(a),x) eé|— Z 8 pn(x) %) U{CU} x Ui(w)
we2
and
= {(w.x) € & |Acc {f1(x).n e N} = F; } = | {0} x Ui(w).
we2
Then:

o & andé& are totally invariant by T.
If w belongs to w and B is a ball such that diam( f5(B)) tends to O when n tends
to +00, then either B N U;(w) = @ (resp BN U;(w) = @) or B C Ui(w) (resp
B C U, (w)). In consequence, U; (w) and U, (w) are open.

e By Birkhoff Theorem, for (IP ® u;)-almost every (w, x) in 2 x X,

N—1
1 C(X,R)
¥ 28w o
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Inparticular, Acc { /7 (x),n € IN} D F;,andif x belongsto Fj, Acc { f(x), n € IN}
C F; by invariance of F;. Thus, (P ® ui)(&) = (P ® ui) (&) = 1.

In consequence, one can apply Proposition 4.2 to the sets £ = U;&; and § =U;& and
get:

vxeX, (Px8)E) =(Pxs8)E) =1.

The claimed result follows. 0O

4.3. Dynamics of the transfer operator. We study in this part the sequence of the iterates
of the transfer operator P of a RDS applied to a continuous test function ¢. We prove
that under the property of local contractions, this sequence (P"¢), Iy always converges
uniformly in the Cesaro sense to a harmonic function, and that it actually converges
uniformly in the standard sense if the RDS is aperiodic (in the sense of Definition 2.4).

The transfer operator P of the system is defined on measurable bounded functions
¢:X —> R, by

Py = / @ o fdv(f).
G

The iterates of P are given by

pn¢=/ ¢o [ dP(w).
Q

so that the dynamics of P represents the evolution of the law of the random variables
o= fl(x).

Lemma 4.10. [f the RDS (G, v) satisfies Assumption A, then for every continuous ¢ :
X — R, the family (P"¢),cN is equicontinuous on X.

Proof. Lete > 0, and let § > 0 be such that
Vx,y € X*,d(x,y) <8 = |px) —p(y)| <.

Let x be in X. Thanks to Assumption A, we can find a ball B centred at x and a subset
Q' C Q of probability more than 1 — ¢ such that:

Vn e N,Vo € @/, diam(f}(B)) <.

We deduce that for every integer n and every y in B:

[P"p(x) — P"p(y)| < /Q lo(f (X)) — @(fo (Y)IdP(w)

< eP(Q) +2[lgllocP(2 — Q)
= (1 +2]l¢lleo)e.

Thus, (P"¢),eN is equicontinuous at x. Since x is arbitrary and X is compact, (P"¢),eN
is equicontinuous on X. O
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Proposition 4.11. We assume that the RDS (G, v) satisfies Assumption A, and we keep
the notations of Proposition 4.8, i.e. .1, ..., kg and Fy, ..., Fy are respectively the
ergodic stationary probability measures of the RDS and their topological supports.
Then:

e The vector space Ey = {¢ € C(X,R) | Pe = ¢} of the harmonic continuous
functions of the RDS has finite dimension d, and one can find a basis (uy, ..., uq)
of Ey such that u; is valued in [0, 1], u; = §; j on F; and Zi u; =1onX.

e For every continuous ¢ : X — R, we have

1 Z prp e

N—>+oo

where r is the element of E given by
d

yo =Y (/X godm> i (x).

i=1

Proof. Letg : X — R be a continuous function, and let x be in X. With i (w, x) defined
as in Proposition 4.9, we have for IP-almost every w in Q:

N—1

1

NE (f(x)) — /Xfpdui(w,x)~
n=0

Integrating in w, we deduce by dominated convergence that

— Z P"o(x) —— Zul(x)f pdui, (12)

nO

where u;(x) = P(w € @ | i(w, x) = i). Since the sequence (N ZN | P”go) " is
ne
equicontinuous by Lemma 4.10, the convergence (12) is in fact uniform in x.

The only non trivial property to prove on the functions u; is their continuity. For a
given i, we choose ¢ continuous such that ¢ = d;,j on K ;, so that (12) becomes

= i P
W= Jim Z

where the limit is uniform. The continuity of u; follows. O

We will strengthen the result in the case of aperiodic systems. Let us recall the
definition of aperiodicity given in Sect. 2 in the case of the circle:

Definition 4.12. The RDS (G, v) on X (resp. the random walk w — (f)),en) is said
to be aperiodic if there does not exist a finite number p > 2 of pairwise disjoints closed
subsets Fi, ..., F), of X such that for v-almost every homeomorphism g, g(F;) C Fi4q
fori =1,...,p—1and g(F,) C F1.

Remark 4.13. As already noticed in the particular case of the circle in Sect. 2, if arandom
walk w — (f)}),ew acts minimally on X and if X is connected, then it is automatically
aperiodic.
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We can state our result, which studies the convergence of the sequence (P"),cN:

Proposition 4.14. We assume that the RDS (G, v) satisfies Assumption A, and we assume
also thatitis aperiodic. Then, keeping the notations of Proposition 4.11, we have actually

d
[RIES
Pn(ﬂmlﬁzz</x¢dﬂi)ui
i=1

The aperiodicity of the system is used to obtain the following fact, whose proof is
postpone:

Lemma 4.15. If  — (f})u>0 acts minimally on X and is aperiodic, then for any
positive integer p, @ +—> (fa[)m)nzo also acts minimally on X.

Proof of Proposition 4.14. Let ¢ : X — IR be a continuous mapping. Thanks to
Lemma 4.10, the only thing we need to prove is that (P"¢),c has only one cluster
value in C(X, R), namely Zi (f wdui) u;. Thus, let ¥ = limg_, 1~ P"* ¢ be a cluster
value of (P"¢),.

Firstly, up to extracting the candidate limit  ; ( [ od pl,,') u; to ¢, we can assume that
fsl odu; =0fori =1, ...d, so that we want to prove that ¢ = 0.

Secondly, we can reduce the problem to the case where ¢ = : indeed, up to
extracting a subsequence, we can assume that m; = ngy; — ng tends to +00 when k
tends to +o0o. Using that P is contracting for || - ||, We have

[P™ Y — Ylloc < I1P" (W — P @)oo + | P — ¥ lo P 0 (13)
Thus, from now on we assume that:

° / odu; =0fori =1,...4d,
s!

pregy e

k—+00

9

and we want to prove that ¢ = 0. We begin by treating the restriction of the problem to
a minimal subset F; = supp(u;). We will use the following remark:

Lemma 4.16. For any continuous ¢ : X — R and any positive integer k, we have
I Pkg0||Lz(m) < @l z2(y,) withequality if and only if for P-almost every w, o, (pofa]j =
pof a]j, on Fj.

Proof. The inequality is just a consequence of the Jensen inequality P¥(p)? < PK(¢?)
and of the P*-invariance of 1, and in the equality case of the Jensen inequality,we have

that for almost every w, o', ¢ o falﬁ =g@of a]j, wi-almost everywhere, hence on F; by
continuity. O

By the lemma, the sequence (|| P"¢]| Lz(m)) is non increasing. For any integer p,
writing that

1P @l 120y < NP™ Poll L2y < NP7l 120,)»

and passing to the limit, we obtain that | PP¢|l;2(,,) = l@ll12(,,), and hence by the
lemma, for IP-almost every w, ¢ o f) = PP¢ on F;.
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As a consequence, we obtain that for IP-almost every w in €2
0o fit=P"p s pon £,
k—+

In particular, if B is a contractible ball of F;, then ¢ is constant on B. By compactness, ¢
only takes a finite number of values on F;. We deduce that fixing an integer p = ny with
k large enough, we have ¢ o f) = ¢ on F; for P-almost every w. Hence ¢ is constant
on F; by Lemma 4.15, and this constant is necessarily f edp; = 0.

We now go back to the whole space: we know that ¢ is identically zero on each
F;. And for any x in X, for almost every w, all the cluster values of (f]}(x)) belong
to a minimal set F; (Proposition 4.9), hence ¢(f)!(x)) — 0, hence by integration over
w, P"¢p(x) — 0, and in particular,

p(x) = li;n P*p(x) = 0.

Thus ¢ is identically zeroon X. 0O

Proof of Lemma 4.15. If F is a closed subset of X, let us set

oF) = J r.

Jesupp(v)

We want to prove that if F is a non empty closed subset such that ®”(F) C F then
F = X. Set

F={F CXclosed, F # 0,07 (F) C F},

and let F' be an element of 7 which is minimal with respect to the inclusion. Then:

e for any integer k, OK(F) € F (obvious);
®F(F) = F by minimality of F, since ®”(F) € F and ®FP(F) C F};

e for any integer k, ®%(F) is minimal with respect to the inclusion in F: indeed, if
G € Fand G C ©F(F) withk < p, then @ %(G) € F and ©’~%(G) C F, hence
©P~k(G) = F by minimality, and hence ®*(F) = ©7(G) C G.

We conclude that the sequence (OK(F)); is periodic (of period less than p), with elements
that are pairwise disjoint or equal (by minimality). Let p’ the period of the sequence. Then
the finite sequence F, ©(F) ..., or-Y(F)isa sequence of pairwise disjoint closed sets
such that any f in supp(v) sends each set into the following, and the last one into the first.
Because of the assumption of aperiodicity, p’ is necessarily equal to 1. As a consequence,
®(F) C F, which means that F is invariant by any f in supp(v), and hence F' = X by
minimality of the random walk. O

4.4. Global contractions. The following theorem shows that from the local phenomenon
of contractions given by Assumption A, we can obtain a phenomenon of global contrac-
tions, in the sense that almost surely, the number of domains of attraction is finite: this
result is close to a result of Y.Le Jan [17].
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Proposition 4.17. We assume that the RDS satisfies Assumption A, and we assume more-
over that X is locally connected. Then there exists a positive integer p, such that, for
P-almost every w in Q, there exists p connected open sets Uy (w), ..., Up(w), pairwise
disjoints, such that:

o the union U(w) = U(w) U ---UUp(w) is dense in X,
e foreveryiin{l,..., p}, foreveryx,yin U;(w),

d(fy (), fo(y) = 0.

Proof. Let us consider the set

E={(w,x) e 2x Sl|(f£) contracts a neighbourhood of x} = U {w} x U(w).

we
By Proposition 4.8, there is a finite number of stationary probability measures (i1, .. ., itq.
Foreachiin {1,...,d}, let U;(w) be the union of the connected components of U (w)

which have a positive u;-measure. For IP-almost every w, the set U; (w) is an open subset
with p;-measure 1, and has by Proposition 4.3 a finite constant number p; of connected
components. We write U (w) = Uj(w)U---UUy(w). As a consequence of Corollary 4.2
applied to € = | wealo}) x U (w), we know that P ® 1(£) = 1 for every probability
measure u, and hence that U (w) is dense for P-almost every w. Thus, for IP-almost
every w, U () is a dense open subset of X with a finite number p = >; pi of connected
components (and hence in fact, U(w) = U (w)). The result follows. O

We conclude with a criterion ensuring the synchronization of the RDS.

Proposition 4.18. If the RDS satisfies Assumption A, then the following assertions are
equivalent:

1. the random walk w — (fJ) is synchronizing, i.e. for every x, y in X, for P-almost
every w in Q,d(f)(x), fi(y)) —— 0
n—+00
2. the random walk w — ()}, f1) admits a unique stationary probability measure on
X x X;
3. The action of G on X is proximal, i.e. for every x,y in X, there exists a sequence
(gn)n of elements of G such that d(g,(x), g,(y)) — 0.

Proof. Let us notice that the random walk o — (f}, f2) on X x X also satisfies the
property of local contractions, so that the previous propositions of the section apply to it.
We will denote by G the semigroup associated to w + (f,2, f2), and by D the diagonal
of X x X.

1 = 3 is trivial.

3 = 2: By Proposition 4.8, if there are two distinct ergodic stationary probability
measures, then their respective topological supports F; and F> are two disjoint closed non
empty subsets of X x X invariant by G. Let (x, y) be any point of F;. By assumption, one
can find a sequence of elements g, in G such that the distance between g, (x) and g, (y)
tends to 0. Since (g, (x), g, (y)) € F1, taking a cluster value of the sequence we deduce
that F intersects D at some point (71, z1). In the same way, F> intersects D at some
point (z3, z2). Choosing then a sequence (4,) in G such that d(h, (z1), h,(z2)) — O,
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any cluster value of (h,(z1), h,(z1)) is also a cluster value of (h,,(z2), h,(z2)) and hence
belongs to F| N F,, which is absurd.

2 = 1: By Proposition 4.8, there is a unique minimal non empty closed subset F
invariant by G. Since D is G-invariant, F C D. By Proposition 4.9, for every (x, y) in
X x X, for P-almost every w in €2, the set of cluster values of ((f(x), f}(¥))nen is
exactly F. In particular, it is included in D, hence d(f}} (x), f1(y)) = 0. O

5. Proof of the Main Results

We are going to combine Theorem A proved in Sect. 3 and the results of Sect. 4 to
deduce Theorems B, C, D, E and their corollaries.

5.1. Behaviour of random walks on Homeo(S").

Proof of Theorem B. If we are in the first case of Corollary 2.2, then the result is a direct
consequence of Proposition 4.8 and 4.9. If not, then we are in the second case since
G has no finite orbit. That means that G is semiconjugated to a minimal semigroup
of isometries, and it is classical in this case that the stationary probability measure is
unique: assuming up to the semiconjugation that G is a semigroup of isometries acting
minimally, if 1 and p, are two ergodic stationary probabilities, one can find Birkhoff’s
points of 1 and uy arbitrarily close, and then the trajectories of these points remain
close, so that ¢1 and 17 are themselves arbitrarily close, hence equal. Thus the stationary
probability measure 4 is unique, and the convergence of % 2,11\/;01 S fn(x) toward p is
for example a consequence of Proposition 3.17. O

Proof of Theorem C. With the notations of the statement, the distribution wu;, is
given by [@dui = P"¢(x) where P is the transfer operator of the random walk,
so that Proposition 4.14 implies that (u;;), converges in law, uniformly in x, to the
stationary probability measure u* = Zflzl u; (x)u; (keeping the notations of Proposi-
tion4.14). 0O

Proof of Theorem D. As a consequence of Proposition 4.17, for IP-almost w in €2, the
set U(w) of the points having a neighbourhood contracted by (f}), is dense and has
a finite constant number d of connected components, so that S' — U(w) is finite of
cardinal d. To obtain the exponential contractions, it is enough to copy the proof of
Proposition 4.17 replacing U (w) by the set U’(w) of the points having a neighbourhood
contracted exponentially fast by (f/),. O

5.2. Synchronization.

Proof of Theorem E. The only non trivial implication is (iii) = (i). Let us assume that
the action of G is proximal, that is, for any points x, y there exists a sequence g, of
elements of G such that dist(g,(x), g,(y)) — O.

Firstly, let us justify that we are in the first case of Corollary 2.2:

If G is semi-conjugated to G, then G satisfies the same property of synchronization
as G, so that G isnot a group of isometries, and so we are not in second case.
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If G leaves invariant a finite set having at least two points, then the action of G on
this finite set cannot be proximal, which contradicts the assumptions. And G cannot fix
a singleton by assumption. Hence we are not in third case.

So we are in the first case, thatis, the random walk satisfies the property of contractions
given by Theorem A. For any x, y in the circle, one can find a sequence g, in G such that
(gn(x))n and (g, (y)), tend to a same point c. By Theorem A, one can find a neighborhood
of ¢ having positive probability to be contracted, hence we deduce that there is a set of
o with positive probability such that dist( £ (x), f/}()) tends to O exponentially fast as
n tends to +00.

Let € be the set of (w, x, y) in @ x S! x S! such that dist(f(x), £ (y)) tends to 0
exponentially fast as 7 tends to +00. We obtained that for any x, y in S!, P® 8 e (E) >
0, hence by Proposition 4.2, we have actually P ® §(,, ,)(€) = 1, which means that the
random walk is exponentially synchronizing. O

Remark 5.1. In the previous proof we could use Proposition 4.18 to deduce the property
of synchronization. However, it does not give the exponential speed.

Proof of Corollary 2.9. Let K be the compact minimal invariant by G (necessarily
unique because of the synchronization property).

Lemma 5.2. There exists g in G having a robust fixed point and such that g|g # 1dxk.
(We say that g has a robust fixed point if every small C°-perturbation of g has a fixed
point)

Proof. Let x be any point of K. By Theorems A and B, one can find ® € 2 and a
neighbourhood Iy of x such that diam(f}} (/o)) — 0 asn — +oo and (f}(x))peN is
dense in K. Thus we can find some integer n such that f"(Ip) C Io —{x}. Then g = f}
satisfy g(Ip) C Io (which implies that g has a robust fixed point) and g(x) # x. O

Let g be as in the lemma, and I be an open interval intersecting K such that g has no
fixed point on the closure of /. Let x and y be in S'. For almost every w, the trajectories
(f2(x)) and (£ (v)) are by assumption asymptotically identical, and are dense in K. We
deduce that we can find /& in G such that 4 (x), h(y) € I. By compactness, one can find
hi, ..., hpin G such that for any x, y in st hi(x), hi(y) € I forsomeiin{l,..., p}.

Now, let fl, el fd be small CO-penurbations of the generators f1, ..., f4, G be the
semigroup generated by these new generators, and g, i1, ..., h » € G be corresponding
perturbations of g, i1, ..., h). If the perturbations are small enough, the properties
e Vxel gx)#x,

e ¢ has a fixed point,

o Vx,yeS'3ie(l,...,pHhi(x), hi(y) e,

are still satisfied. The two first properties imply that (g") converges to a constant on /,
and hence using the third one we deduce that for any x, y in S there exists i such that
dist(g" o fzi (x),8"o ﬁi (y)) = 0asn — +00. Thus, we can use Theorem E to conclude
that every random walk which is non degenerated on G is synchronizing. O

5.3. Random dynamical systems on [0, 1].

Proof of Corollary 2.11. Indentifying I = [0, 1] with an arc of S', we can prolong
arbitrarily any injective map of I to a homeomorphism of S'. Thus, the result is a
consequence of Theorem E, once we have proved that
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e There is no point of I fixed by every element of G;
e There exists a sequence (g,) is G such that

diam(g, (1)) —— 0.
n—+00

The first point is straightforward, since a point fixed by G belongs to () gcc 8U ) = 0.

Let us prove the second point. Let us denote, for g in G, [a(g), b(g)] = g([0, 1]),a =
Sup,c a(g) and b = infeeg b(g). If a < b, then [a,b] C ﬂgec[a(g),b(g)] C
N 2€G g(I), which is a contradiction. Thus @ > b, so that one can find g and % in
G such that a(g) > b(h), which implies that g(I) N h(I) = @. Since g2 =gogis
increasing and has no fixed point on A (1), we deduce that the sequence (g"),, converges
on k() to a constant. In consequence, the sequence g, = gz" o h satisfies the second
point. That concludes the proof. O

Proof of Corollary 2.13. 1dentifying the points O and 1 gives a circle so that we can
apply results of Sect. 3 on the random walk.
Let xo be any point of (0, 1). For w in €2, let

1 N-1

MNo = > 80
n=0

We want to prove that for almost every w in €2, the sequence (i4y »)velN has some
weak adherence value which is not invariant by G, in order to use Proposition 3.18 and
Corollary 3.16. In this view, let us note that the probability measures invariant by G are
necessarily convex combinations of §p and ;.

Let u a stationary probability measure of G on (0, 1), that we can suppose ergodic.
Since supp(u) is invariant by G, we deduce that the interval [inf (supp(w)), supp(u)]
is also invariant by G, hence is equal to [0, 1] by assumption, so that O and 1 belong
to supp(u). In particular one can find a Birkhoff point a of u in (0, xo) and an other
Birkhoff point 4 in (xo, 1).

Let / a compact interval of (0, 1) such that u (1) > %. Then for almost every w in €2,
the sets A, = {n € N|f)(a) € I} and B, = {n € IN| f] (b) & I} have density smaller
than }1. But obviously, since a < xog < b the set C,, = {n € IN| £ (xp) & I} is contained

in A, U By, hence this last set has density smaller than %

In consequence, for almost every w in €2, an adherance value ' of (Un. o) NeN
satisfies u/(I) > %, hence ©’ is not a convex combination of 8§y and 81, hence is not
invariant by G and

Aeon(@, x0) < Aeon(P x /L/) <0
by Proposition 3.18 and Corollary 3.16. O

Proof of Corollary 2.15. By Corollary 2.13, every point x has a contractible neigh-
bourhood / (in the meaning given in Definition 4.6), and then there exists exactly one
stationary ergodic probability measure w, such that u, (/) > 0: at most one because of
Lemma 4.7, and at least one because (1) is positive.

Then, x — ., is constant on contractible intervals, hence is locally constant, hence
constant. This constant is the only ergodic stationary probability measure supported on
(0, 1), and necassarily is . 0O
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