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Abstract: We study highest weight representations of the Borel subalgebra of the quan-
tum toroidal gl; algebra with finite-dimensional weight spaces. In particular, we develop
the g-character theory for such modules. We introduce and study the subcategory of
“finite type’ modules. By definition, a module over the Borel subalgebra is finite type if
the Cartan like current ¥*(z) has a finite number of eigenvalues, even though the module
itself can be infinite dimensional. We use our results to diagonalize the transfer matrix
Tv,w(u; p) analogous to those of the six vertex model. In our setting Ty w (u; p) acts
in a tensor product W of Fock spaces and V is a highest weight module over the Borel
subalgebra of quantum toroidal gl; with finite-dimensional weight spaces. Namely we
show that for a special choice of finite type modules V' the corresponding transfer matri-
ces, Q(u; p) and T(u; p), are polynomials in « and satisfy a two-term 7' Q relation. We
use this relation to prove the Bethe Ansatz equation for the zeroes of the eigenvalues of
QO (u; p). Then we show that the eigenvalues of Ty w (u; p) are given by an appropriate
substitution of eigenvalues of Q(u; p) into the g-character of V.

1. Introduction

The six vertex model is a well known representative example of quantum integrable
systems. Its integrability is attributed to a large symmetry under the quantum loop algebra
Uysly. This setting easily generalizes to an arbitrary simple Lie algebra g; with each
choice of U,y and its representation, an analog of the six vertex model is defined.
Algebra U, is a quantization of the algebra of loops g[x*1] with values in g. We may
then naively ask the following question: what if we replace the loop algebra in one
variable g[xil] with that of two variables g[xil, yil]?

Quantum version of loop algebras in two variables are the quantum toroidal algebras,
introduced by Ginzburg, Kapranov and Vasserot [GKV]. The last decade has seen novel
developments in connection with geometric representation theory and gauge theory, and
there is now revived interest in this subject, see e.g. [FHHSY,AFS,MO,NPS].
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In this article we are concerned with the quantum toroidal algebra of type gl,. We
denote it by €. Algebra € has a universal R matrix, which allows us to consider a family
of commuting transfer matrices Ty w («; p) analogous to those of the six vertex model
Tev(u; p). Here u is a ‘spectral parameter’, p is a ‘twist parameter’, V denotes the
‘auxiliary space’, and W denotes the ‘quantum space’ on which the transfer matrices
act.

In the original six vertex model, transfer matrices are operators derived from an
auxiliary space V = C2, which acts on the quantum space W = (C?)®N_All C? are
considered as two dimensional representations of U, (sl3). In the case of the quantum
toroidal algebra, the quantum space W is an N fold tensor product of Fock spaces
F(v)®N . The Fock module F(v) is an infinite dimensional space that has a basis labeled
by all partitions. The auxiliary space V is any highest weight representation of the Borel
subalgebra of quantum toroidal gl; with finite-dimensional weight spaces.

Besides the intrinsic interest on its own, this problem has a close connection to
a topic in conformal field theory (CFT). In a seminal series of papers [BLZ1,BLZ2,
BLZ3] Bazhanov, Lukyanov and Zamolodchikov introduced and studied a commutative
subalgebra inside the enveloping algebra of the Virasoro algebra. This subalgebra gives
commuting operators called integrals of motion (IM), which act on Virasoro Verma
modules. Dorey and Tateo [DT] and Bazhanov et al. [BLZ4] discovered a remarkable
connection between the spectra of the Q operators, which are certain generating functions
of IM, and spectral determinants of a certain family of one-dimensional Schrédinger
operators. Subsequently a g analog of IM was considered by Kojima, Shiraishi, Watanabe
and one of the present authors [FKSW]. They introduced a family of operators I,
n=1,2,---,in terms of contour integrals involving currents of the deformed Virasoro
algebra, and showed their commutativity by direct computation. As it turns out, their
first Hamiltonian /; is obtained from the transfer matrix T w (u; p), where 3 = J(1),
for the algebra € by taking the first term in the expansion as u — 0. Thus it is natural to
expect that the six vertex type model associated with € gives the same integrable system
defined by the g-deformed IM of [FKSW]. In the limit to CFT, Litvinov [L] put forward
a conjectural Bethe Ansatz equation which describes the spectrum of this system.

In our previous work [FIMM?2], we showed that the eigenvalues of /1 are indeed given
in terms of the sum of the Bethe roots. In this paper we use a method different from the
one in [FIMM2], and obtain the spectrum of the transfer matrix 75 w (4; p), and more
generally Ty w(u; p), in full. Namely we adopt Baxter’s method of 7 Q relation [Ba],
which we recall here.

In the case of the six vertex model, the transfer matrix T, (u; p) with a suitable
normalization is a polynomial in the spectral parameter u. Baxter showed that there is
another matrix Qg, (4; p), which depends polynomially in #, commutes with T¢, (4; p),
and satisfies the relation

Tow(u; p) Qe (s p) = a(u) Qey(q " 2u; p) + p d(u) Qev(q*u; p)

where a (1) and d (1) are known scalar polynomials. This relation can be viewed as the one
obeyed by eigenvalues of Tg, (u; p) and Qgy(u; p). Denote the eigenvalues by the same
letters. Then the T Q relation implies the Bethe equation 0 = a(&;) Qe (q_zg‘i; p) +

pd (&) Qev(q>¢i; p) for the roots {¢i} of Qey(u; p). Once Qey(u; p) is known, the
corresponding eigenvalue T, (#; p) is given in turn as

. Oeu(q%us p) _ C . dw) QOev(qPu; p)
T6v(1/£, P) —a(u)m(l+a6v(u, p)) ) Cl6v(u, P)—Pa(u) Qﬁu(q_zu; p)
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Unlike the case of quf\[/z, the T Q relation in the toroidal case is written in terms of
Q(u; p) and a new, auxiliary matrix J(u; p) different from T w (u; p). The relation
takes the form

3 3
T@u: p)Qu; p) =a) [ [ Qg us p) + pd) [ [ Q(gsuz p). (11)

s=1 s=1

where ¢ (s = 1,2, 3) are the parameters of the algebra € satisfying g1¢2q3 = 1. The
original transfer matrix T w (u; p) is then given by an infinite series

3
d sU;
Ty,w(u; p) = 0 p)Zl_[aw-Du,p - ats py=p I1 canip)

O(u; p) n e a(u) —l Q(q;lu; D)
(1.2)
Here X runs over all partitions, [J = (7, j) runs over the nodes of A and q q’ qu !

See Theorem 5.8 below. Construction of Q(u; p) and T(u; p), and formula (1.2) for the
transfer matrix eigenvalues, are the main results of this paper.

Our approach is based on representation theory. Bazhanov et al. [BLZ3] showed that
the matrix Qey(u; p) is a transfer matrix of an appropriate representation of the Borel
subalgebra of U,sl,. Frenkel and Hernandez [FH] generalized this construction to an
arbitrary quantum loop algebra U, g of non-twisted type, and obtained an expression of
the transfer matrix in terms of appropriate analogs of Qg¢,(u; p). In the present article,
we construct the operator Q(u; p) in the setting of the quantum toroidal algebra . We
are able to add the next step: we also construct an operator J(u; p) which satisfies the
two-term T Q relation (1.1), and therefore prove the Bethe equation for the zeroes of the
eigenvalues of Q(u; p), see Theorem 5.8.

Our construction is based on the study of infinite dimensional modules of the Borel
subalgebra on which the Cartan like generator ¥*(z) has a finite number k of distinct
eigenvalues. We say that such a module is k-finite. Operators Q(u; p) and T(u; p)
are transfer matrices constructed from 1-finite and 2-finite modules, respectively. The
two-term T Q relation (4.24) is a short exact sequence in the Grothendieck ring of
representations of the Borel subalgebra.

We provide a grading similar to the one constructed in [FH], see Propositions 4.6 and
4.14, and use it for proving that Q (u; p) and T (u; p) are polynomials, see Propositions
5.3, 5.4. Our construction of the grading and the proof of polynomiality are different
from those in [FH].

In order to express the eigenvalues of arbitrary transfer matrices Tv, w(u; p), we
develop the theory of g-characters for representations of the Borel subalgebra using the
approach similar to the one in [FR,FM]. We prove some properties of the g-characters,
see Section 4.5, and use it to study finite type modules. We give a classification of 1-finite
modules, see Proposition 4.17. We also give conjectures including the one on the cluster
algebra structure of the Grothendieck ring of the category of modules of finite type
in the spirit of [HL], see Sect. 4.6. Then the matrix 7y w (u; p) (or the corresponding
eigenvalues) is described by an appropriate substitution of Q(u; p) (or eigenvalues of
Q(u; p)) into the g-character of V, see Proposition 5.5 and Corollary 5.7.

Such a description in the case of quantum affine algebras was long anticipated and
finally proved in [FH]. The case of quantum affine algebras is treated in [FIMM3]
where many results are proved in parallel to the current paper. In particular, one also has
modules of finite type, the corresponding transfer matrices are polynomial, and the two
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term relation similar to (1.1) holds. It follows that in the case of quantum affine algebras
the eigenvalues of the Q operator satisfy the appropriate Bethe ansatz equations as well.

The text is organized as follows. In Sect. 2, we collect basic definitions and facts
concerning the quantum toroidal gl; algebra € and its Borel subalgebras. In Sect. 3 we
discuss modules over € and its Borel subalgebra B+, and the theory of g-characters.
Section 4 is devoted to the study of finite type modules over BL. In the last Sect. 5 we
introduce the transfer matrices, establish the Bethe ansatz equation and write the spectra
of transfer matrices. Several technical points are collected in the Appendix.

2. Quantum Toroidal gl

In this section we summarize basic definitions and facts concerning the quantum toroidal
algebra of type gl;.

2.1. Algebra €. Throughout the text we fix complex numbers ¢, g1, g2, g3 satisfying
g2 = q° and q1¢2q3 = 1. We assume further that, for integers [, m, n € Z, q{qg’qg’ =1
holds only if ] = m = n.

The quantum toroidal algebra of type gl;, which we denote by &, is a bi-graded C alge-
bra generatedbye,, f, (n € Z),h, (r € Z\{0}) and invertible elements C, C+, D, D,
with bi-degrees

dege, = (1,n), degf, =(—1,n), degh, =(0,r),
degx = (0,0) (x=C, ¢+, D, DY).

For a homogeneous element x € € with degx = (v1, v2), we say that x has principal
degree v and homogeneous degree vy, and write pdeg x = v, hdeg x = v;.

Elements C, C+ are central in €. Elements D, D+ count the degrees of an element
x € & DxD ! =g hdeexy ply(DL)~! = gPde¥x The rest of the defining relations
are given as follows. Using the symbols

gz, w) = (z — qrw)(z — aw)(z — q3w),
kr =1 =g =gl —4q3),

we have

1C"—-C~"
[hr» hs] = 8r+s,0 T
r Ky

1 1
[l’lr, en] = —— €epar C(—r—‘r|)/2 , [hr’ fn] — fn+r C(—r+|r|)/2 ,
r

le(2), f(w)]——(5( )llf (w )—5( )w (),

g(z, w)e(z)e(w) + g(w, Z)E(w)e(z) =0,
gw, 2) f(2) f(w) +g(z, w) f(w)f(z) =0,
[en, [en—1,en+111 =0, [fn» [fn—lv fn+1]] =0,
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forall n € Z and r,s € 7Z\{0}. Here we use generating series e(z) = ), .z e,z ",
f@) = ez faz " and yE(2) = Y4, ¥z " are given by

vE @) = (CHF exp(Y wrhir ™).

r=1

The relations between the /,’s and e(z), f(z) can also be written as the bilinear relations
g(CUED 22 wyy*(@e(w) + g(w, CTFV2)e(w)y™(z) =0,
g(w, CTED 2yt () f(w) + g (CTEDV22 w) f(w)y*(2) = 0.

It is easy to see that the elements eq, fo, i+ together with C, C 1. D, Dt generate
E.
Let & = @y, 1,ez80,,1, be the decomposition of algebra € into bigraded subspaces.

For p € Z, we set
Exp=EPCun. E<p=ED -

v =p vi=p
v EeZ Vo EZ

2.2. Elliptic Hall algebra. Algebra € is a quantum version of the Lie algebra of currents
gl [x*!, y*!] with a two dimensional central extension. It was originally introduced in
[BS] and was called elliptic Hall algebra, see also [M,FT,FHSSY]. We give here an
account of the definition in [BS] following [Ng2].

Let us prepare some terminology. We say that an element v = (v1, 12) € Z>\{(0, 0)}
is coprime if vy, v, are coprime integers. We equip Z> with the lexicographic ordering
>: (v, 1) > (vi, vy) if vy > v}, orvy = vj and v, > V). For a triangle T with vertices
v, V', V" € Z?*, we write middle(7) = v if v > v/ > 1. We say that T is a quasi-empty
triangle if there are no lattice points in its interior and on at least one of its edges.

The elliptic Hall algebra A is generated by elements p, (v € Z*\{(0, 0)}) and central
elements ¢, (v € Z?) satisfying ¢p = 1, ¢,;,v = ¢,¢,v. The defining relations read as
follows.

r
[Prvs Psv] = — 87450 (€, —€—py)  if v iscoprime and r, s € Z\{0},
Ky

c
[pv, pv] = _th+v’ if —v’, 0, v form a quasi-empty triangle T oriented clockwise.
K1

Here M = middle(T'), and the symbol h,, is defined by setting

Z*l"
h - =¢ (_ )
E nvi Xp E KrPrv .
for all coprime v.

n>0 r>1
The generators p(y,,.,) correspond to the elements x"' y*? of the Lie algebra. The
following PBW type basis is known. For a non-zero vector v = (r cos 8, r sin §) on the
plane, we define its argument by argv = 6, where r > 0 and —w < 6 < m. We say that

a monomial ¢,p,m) ---p,w € A (v € 72,00 = (vii), véi)) € Z2\{(0, 0)}) is normal-

ordered if 7 > arg v > arg V@ > . > arg v™M > 7 andif arg v = arg p+D
@) (i+1)

then v;”" > v,
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Theorem 2.1. [BS] The set of all normal-ordered monomials is a basis of A.

The following result tells how the algebras & and A are related. Let &' = (e,, f,(n €
7), hy(r € Z\{0}), C, C1) be the subalgebra of & obtained by ‘dropping’ D, D

Theorem 2.2. [S] There is an isomorphism of algebras &' S A such that

1
en > Py s fo > Petmys Chay > — PO -
C €0,1) » CJ‘ = €(-1,0) »
wheren € Z, r > Q.

Hereafter we identify & with A by the isomorphism stated in Theorem 2.2.

The presentation of A clarifies some properties which are not obvious in that of &’.
Among other things, the natural action of SL(2, Z) on 72 lifts to an action of the uni-
versal cover SL(2, Z) on A by automorphisms, see [BS,Ng2]. We shall use a particular
automorphism 6 of € of order four [BS,M]

9:60 = /’l_l, h_1 = f(), fo = hl, h1 = e, (2.1)
ct—cC,Cc—cH™?t, Dt D, D (DH,

which corresponds to rotating the lattice clockwise by 90 degrees. Its square is an invo-
lutive automorphism

0% :en> fon, fat> e—p, hy>h_p, x> x"' (x=C,C*+, D,DY). (2.2)
Quite generally, we write x~ = 6! (x) for an element x € &. In this notation
et =hi, f&=h_1, hi=fo, ht =e,
ety =eC7l ef = ACY, fi = fC, [ =ea(CH T
We refer to
ens fus hr, C,CH, D, D" (2.3)
as horizontal generators, and
ek, fX n-, c,ct, b, Dt (2.4)

as vertical generators, see Fig. 1.

2.3. Hopf algebra structures. Algebra € is endowed with a topological Hopf algebra
structure (€, A, ¢, S) defined in terms of the horizontal generators. By “topological” we
mean here that the formulas for the coproduct and antipode contain infinite sums, but
the degrees of the terms in the sums increase with respect to an appropriate Z-grading.
In the case of horizontal generators, we use homogeneous grading.
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[~ bdeg : : :

pdeg fL hQL 1

f2 ﬁ17f1L fmhll fl,ef fa

h—Q h—beJ_ L4 hlveé_ h2

1 1 1
€_2 6—17f71 607h71 €1,€2; €2

1 i 1
= h=, )

Fig. 1. Horizontal/vertical generators and Borel subalgebras B (lower half), B (upper half), Bt (right half),

@L (left half). The elements C, C +. b, pt placed at the center e are common to all these subalgebras.

For x = C,Ct, D, D+, weset Ax = x @ x, e(x) = 1, S(x) = x~!. For the
remaining generators we define

Aey =7 e j®YIC"+1®ey, 2.5)
=0
Afa=Fn®1+Y U ,C"® fusj, (2.6)
j=0

Ahy=h, @ 1+C" Qh,, 2.7

Ay =h_,®C +1Qh_,, (2.8)

elen) = e(fu) = e(hyy) =0, (2.9)

Sen) ==Y C ™y i}, (2.10)
j=0

SUw) == V€7 fusi (2.11)
j=0

S(hay) = —h4, C*". (2.12)

Here we set YT (z)~! = ijo ijz:Fj.

Replacing the horizontal generators with the corresponding vertical generators, we
obtain another Hopf algebra structure (€, A, 1, §1). Both structures will play a role
in the sequel.
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2.4. Borel subalgebras. The lattice Z? is partitioned as Z> = {(0, 0)} U Z U Z, where
Z ={v = (1, e 7?2 | vi >0o0rvy =0,vy > 0}, Z = —Z. The corresponding
elements p,, generate subalgebras of &,

= (p, v € Z), C,C*+, D, DY,
§: (pl) (V 67)5 C9CJ_7D5 DJ_>7

which we call the Borel and the opposite Borel subalgebras, respectively, see Fig. 1. Both
(B,A,¢,8), (@, A, &, S) are Hopf subalgebras of (€, A, &, S). Using the presentation
of the elliptic Hall algebra, we see that algebra B is generated by e, (n € Z), h, (r > 0),
C,Ct,D, Dt and Bby f, n € Z), h_, (r > 0),C,C*, D, D+

Quite generally, a bialgebra pairing on a bialgebra A is a symmetric non-degenerate
bilinear form (, ) : A x A — C with the properties

(a,biby) = (A(a), b1 ® b2), (a,1) =e(a)

for any a, by, b» € A. With each such pair (A, (, )), there is an associated bialgebra
DA called the Drinfeld double of A. As a vector space DA = A ® A°P, where AP is
a copy of A endowed with the opposite coalgebra structure. Moreover A* = A ® 1 and

A™ =1 ® A°P are sub bialgebras of DA, and the commutation relation
> (@@, bay agbiy = Y (b aw) biyyag,
is imposed for a,b € A. Here a* = a ® 1, a~ = 1 ® a, and we use the Sweedler

notation A(a) = Y_ a1y ® a) for the coproduct.
In the present case, we take A to be the bialgebra (B, A, ¢). It has a bialgebra pairing
such that the non-trivial pairings of the generators are given by

1 1
(em,en) = _Sm,n . (he hg) = _SF,S ’
K1 rK

r

(C,D)=(C*+, DY)y =47 "

This pairing respects bidegrees in the sense that (a,b) = 0 unless dega = degb.
We identify A°P with B via the involution 6> : B — B given in (2.2). The Drinfeld
double of B is then identified with B ® B. Its quotient by the relation x @ 1 = 1 ® x
(x = C,C*, D, DY) is isomorphic to the algebra € [BS].

We can equally well use the ‘vertical® version of Borel and opposite Borel subalgebras

BL=6-1(B), B =6(B).

Algebra € is also a quotient of the Drinfeld double of (BJ-, AL, sl).

3. Modules

This section contains preliminary material on representations of & and BL. We shall
consider only modules on which C acts by 1. From here until the end of the paper, we
drop D from the algebra and use the same letters €, B, etc., to denote the respective
quotient by C — 1. This quotient is the quantum toroidal analog of the universal enveloping
algebra of a current Lie algebra.
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3.1. Category Og. Let V be an € module. Fora € C* and n € Z, we set
Vg ={veV I ygv=av), Vo={veV|Dv=g"},

and Vig.n) = V@) N V. If Vig.ny # O then we call (a, n) a weight of V. We denote by
wt(V) the set of weights of V. For a vector v € V,, we write pdegv = n.

We consider a full subcategory O¢ of the category of all £ modules. We say that V
is an object of O¢ if the following conditions are satisfied.

(i)  There exists a finite subset A C C* such that V = Dumeaxz Vians
(i) dim V(4 < ooforalla,n,
(i) V,=0ifn > 0.

Thanks to (iii), the coproduct A~ is well-defined on the tensor productof V, W € Ob O¢.
We write this tensor product module as V ® o1 W. Category O¢ is a monoidal category
with respect to @ 5 L.

Let te be the set of all rational functions W (z) € C(z) which are regular at z = 0, co
and satisfy W(0)W(c0) = 1. Let W¥(z) = Zj>0 \Iljf_jzH be the expansion of W(z) at

Zj:l = 00.

We say that an €& module V is a highest £-weight module with highest ¢-weight
W e te if it is generated by a non-zero vector vg such that

P =0 >0), ¥vE@v=¥E@)ve, DLy = .

The unique simple module with highest £-weight W belongs to O¢. We denote it by
L(W¥). Modulo a shift of grading by D, any simple object of category O¢ is of the form
L(V) for some ¥ € te, see [M].

We are interested in the Grothendieck ring Rep, € of category O¢. However, many
natural representations of € do not possess finite composition series. In order to address
this issue we pass to an appropriate completion of Rep, €. Namely, for n € Z, let F"
denote the additive subgroup of Rep,, € spanned by [V], V € Og, such that V,,, = 0 for
m > n. This gives a filtration Repy € = U, ez F", -+ D F'> FY> F~1 5... which
satisfies F™m F* ¢ Fm+n pm 4 pn ¢ Fpminmn) We get

Rep & = 1(11_n (Repy €)/F". (3.1)

n——0oo

3.2. Examples of highest €-weight modules. To write the examples of highest £-weight
modules we need the notation for partitions and plane partitions.

A partition is a sequence of non-negative integers A = (A1, Az, - --) such that 4; >
Aiy1 foralli > 1, and A; = O for i large enough. We write ¥ = (0, 0,0, ...). The set
of all partitions is denoted by P. We identify a partition A € P with the set of points
(i,j) € Z* such that 1 < j < A;,i > 1. For A € P, we set |A| = Zj>1 Aj and
L) =max{j > 1]1; >0} (A #9), L) =0.

For A € P,i € Z-(, we create a new sequence of non-negative integers A + 1; by the
rule (A +1;); = A; +§; ;. We also use the cut partitions:

()")fl—l = ()"17 e 7)"i—1107 03 o ')’ ()“)Zl+1 = ()“l+l’ e 7)\2()\)70» 01 o ')'

A plane partition is a sequence of partitions A = (A(V, 1@ ...), 2% e P, such that
A® 52 &+D for all k and A% = @ for k >> 0. We denote the set of all plane partitions
by P and forA € P weset A| =), A @]
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We identify A € P with the set of points (i, j, k) € 73 such that 1 < j =< )»Ek),
i,k>1.
For a plane partition A = ()»(1), SR )»(N)) we set

Wi = (D A& Oy 0,0,
WE = (A2, A% AN g )

and

A1 = 0O a0 1 W g, ).

For anode (] = (i, j, k) € Z3 we write qD = ng{qé‘. We also use

A(a) = ﬁ 1-g/'a (3.2)

s—1 1 —gsa

The most basic example of a highest £-weight module is the Macmahon module
M(u, K) [FIMM1]. The Macmahon module M(u, K) has a basis {|]A)} labeled by the
set of all plane partitions with the action of € given by the following explicit formulas.
Namely, we have

1
A=) = K172 1_M/LZ‘/Z]_[A (¢ Pusz)™". (3.3)

IfA+ ll(k) is a plane partition, then we have

K1/2 1— M/Z 1— q—l+lq—k+l
k
A+ L @) = ——— — - [T Algusz)”
1—gq; —M/Z 1—q;™"q; u/z O
—i —k;k)—l —k
x8(q3'q; " ay u/z), (3.4)
X -1 1=K 'u/z 1—¢q5" q u/Z
(Ae@n +1%) = - 3 _2k+1 [T Alg " u/z)”
— 41 l—q2 u/z 1—qs'q; Z ek
g
x8(q3'aq, " a4y tu/z). (3.5)
All other matrix coefficients are zero.

m_ n

For generic K € C* (i.e. K # g5'q{ for m,n € 7Z) the Macmahon module is
irreducible,

1— K lu/z
M@, K) =L (Ynu) - Yy (@) = Kl/zl——u/z/'

Clearly, the Macmahon modules M(u, K), u, K € C*, topologically generate the ring
Rep €. More precisely, every module in Rep € can be written is an alternating sum of
tensor products of Macmahon modules, so that for each n € Z<¢ all but finitely many
tensor products in the sum belong to the n-the filtered component F” of Rep €.
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Another important example of a highest £-weight module is the Fock module

1—q, u/z

Fu) =L (Ygw) . Yow@ =gq e

(3.6)
The Fock module F(u) is the smallest highest £-weight € module. It has a basis labeled
by partitions. The action of € is obtained from formulas (3.3),(3.4), (3.5) for the action

in the Macmahon module by specializing K = ¢ and forgetting all plane partitions
A=W A 0y with A@ £ ¢,

The Fock module can be described also in terms of the vertical generators. The
generators h,l act as a Heisenberg algebra on F(u),
r —r

T b0 (nseZ\OD. (3.7)

Kr

[hy, hi] =

For r > 0, h:-’s act as creation operators and 4L, ’s as annihilation operators. Module

F(u) is irreducible over this Heisenberg algebra. The generators e (z), f1(z) act by
vertex operators,

1 — -1 00 r

1 q"kr 1, DKr 1y
% E h —E h , (3.8
e (2) . uexp( )exp( T~ g _,z) (3.8)

r=1 2

o0 o0 r
2 K - K
fre =1 1" u ‘exp(i 1_’qr rz r)exp<z R hiﬂ’>~ (39
2 r=1 2

r=1 q

3.3. Dual modules. Along with O¢, we consider also a category OE. It is defined sim-
ilarly as O¢, replacing condition (iii) with

Gii) vV V,=0ifn « 0.

We define a lowest £-weight module with lowest ¢-weigth W € ve to be a cyclic €
module V = Evg such that

P =0 (v1 <0), Y@ =¥E@)vo, DLy = vo.

The unique simple module with lowest ¢-weight U € tg belongs to OY and is denoted
by LY ().

If V€ ObOg¢ and W € Ob O, then the tensor product V ®x1 W is a well defined
€ module. (Note however that the tensor product in the opposite order W @1 V is ill
defined.) For an element x € &, the antipode S+ (x) is well-defined on W € Ob OE.
This allows us to define an £ module structure on the graded dual space W* = @, W,
by setting (xw*)(w) = w*(SJ-(x)w), where w* € W*, w € W, x € &. The result
is an object in O¢, which we denote by WS, Similarly, (SH~1(x) is well-defined
on V € ObQO¢ so that v*SH ™ is defined. With the assignments Ob OE — ObOg¢,

L 11 . .
W — W* and Ob Qg — 0bOL, V > V#5777 we obtain contravariant functors
which are inverse to each other.
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Lemma 3.1. For ¥ € t¢e, we have
LYW)*ST = LY, Lw)y*SDT = Lvwh. (3.10)

Proof. Ttis enough to prove the first equality. Let W = LY (¥). Since W*S s simple, we
can write W*SL = L(®) with some ® € re. Let wo be the lowest £-weight vector of W

and w the highest £-weight vector of W*S" . There exists an & linear map Wt ® AL
W — C onto the trivial module C, sending wf)" ® wo to 1. On the other hand, by

Lemma A.9 we have A~y (2)(w ® wo) = (W (2)w§) ® (Y*(2)wo). It follows that
1=®(@)V(z). O

Remark. The Fock module F, considered in our previous papers [FFIMM1,FIMM1]
is the dual Fock module

1— . « -
FV(w)=L" (q_l%jjf) = (F(qaw)) 6D

3.4. Category Og1. Consider now modules over the Borel subalgebra B+, Category
Op1 is defined by the same conditions (i)—(iii) as for category O¢, with BL modules
in place of & modules. We denote by Rep B the same completion of the Grothendieck
ring of O 1 as for Rep &, see (3.1).
In order to define highest £-weight modules, we introduce the following subalgebras
of BL.
By =(p >0, m>0). BL=(py (<0, 1220) (3.11)
)

By = (h, (r > 0), C,C*+, D, D* (3.12)
We have Bé%f =BLNB, BL =BLNB,and the triangular decomposition holds:
Bl ~ Bt ® By ® By

Let v 1 denote the set of all rational functions W(z) € C(z) which are regular and
non-zero at z = 00. Let W*(z) = ZmZO Wtz " e C[[z~"]] be its expansion at 7 = oo.

A cyclic B+ module V = B~y is a highest ¢-weight module of highest £-weight
v e Tpl if

Byvo=Cuvo, ¥ (@vo= V", D vy = .

Similarly V = Bty is a lowest £-weight module with lowest £-weight ¥ € g if

Blvg = Cuo, ¥ (@vo = ¥ (g, Drvg = vo.

The unique simple module with highest (resp. lowest) £-weight W is denoted by L (W)
(resp. LY (W)). The duality relation (3.10) holds true for them as well.
We have the following result analogous to the one for € modules [M]:

Lemma 3.2. Let V be a simple B module. Then V € Ob Ogu1 ifandonly if V. = L(V)
for some ¥ € tg1. O
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Consider highest £-weight B+ modules

1
M*(u)=L(1—u/z), M~ (u)= L(1 - u/z).

Clearly, modules M*(u) and M~ (u), u € C*, topologically generate the ring Rep BL.
We call M*(u) (resp. M~ (u)) the positive (resp. negative) fundamental module.

We have the restriction functor Res : Og — Ox1 which sends an € module to its
restriction to BL.

Lemma 3.3. Functor Res : Og — Qg1 sends simple objects to simple objects. Hence
the notation L(W) has an unambiguous meaning for W € tg.

Proof. The following proof is adapted from the one given in Proposition 3.5 of [HJ].

Let V = @,czV, be an object in O¢g. Fix n, and consider the set of operators
em : Viy = Vye1 (m > 0). Since Homc (V,,, Vj,41) is finite dimensional, we have a linear
relation Z?:a cjejly, = 0 wherec;j € C(0 <a < j < b)and cqcp, # 0. Taking
commutators with 44; we obtain Z};:a cjejirly, = 0 for all r € Z. It follows that
operators e |y, (k € Z) belong to the linear span of {e;;|v, }m>0. By the same argument,
operators fi|y, (k € Z) belong to the linear span of { f,,,|v, }m>0-

It is clear now that any singular vector of V with respect to B is also singular with
respect to €. It is also clear that if V is cyclic with respect to € then it is cyclic with
respect to BL. The assertion of the lemma follows from these. O

Since tg1 # te, there are B+ modules which are not obtained by restricting &
modules. For example, positive and negative fundamental modules are not restrictions
of € modules.

We use the linear maps
sut L(W(z/u)) > L(W(2)), ta:L@V(z)) > L(V(2)), (3.13)

where W € tq1, u, a € C*, given as follows.
Both maps send highest £-weight vectors to highest £-weight vectors. In addition, s,
satisfies

hdeg x

Sy 0X =1u x os, (for homogeneous x € BJ‘),

and the map t, satisfies

Taoej‘zei‘ota (nel?)),
taohrl =a’hﬂ‘ora (r > 0),
T, 0 ct=a'Cto Tq.
We have t,0e, = e,07, (n > 0), 740 f, = afyot, (n > 0)and 7,09 " (z) = ay*(z)o1,.

Lemma 3.4. For any V € v 1, the conditions above define maps s, and t,. Moreover,
sy and t, are linear isomorphisms. O
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3.5. The q-characters. Let Z[C*] be the group ring of the multiplicative group C*. We
use the letter x, to denote the element a € C*, so that x,;, = x,x;. For an object V of
Og 1, we define its character by

x(V)y= > dim Vi xat".
(a,n)ewt(V)

The character x (V) belongs to the ring Xo = Z[{xs},ccx, 111t~ 1], and the map x :
Rep B+ — Xy gives a ring homomorphism.

The g-character is a refined notion of the character. It is defined to be the generating
function of the generalized eigenvalues of the commuting family of operators ¥ *(z). In
order to give the formal definition we prepare some notation.

For ¥ € g1 we set Vg ) = Vo N Vi), where a = W§ and

Vg = {v € V | 3N such that (¥} — wH Vv = 0 forall j > 1}.

If V(g 0y # 0, we say that (W, n) is an £-weight of V. The set of £-weights of V is denoted
by £wt(V). We say thatasubspace W C V is £-weighted if W = ®(w,n)eowt(v)(Viw,n) N
W).

We introduce indeterminates X, labeled by @ € C*, and set, cf. (3.2),

3
> X

A, = ]‘[ s @ (3.14)
s=1 Xq:a

Note that {A,},ccx are algebraically independent.
For an element W € vy 1, we define m(W) € X as follows.

[Tj=1 Xo; [T =bj/2)

Clearly m is a group isomorphism from the multiplicative group tg . onto the group of
monomials in {x,, Xail}ae(cx.
We define the g-character of an object V of O5.1 by setting

m(¥) = x,

Xg(V)= > dim Vi, m(¥)s".
(W,n)elwt(V)

It turns out that x, (V') belongs to the ring
X = ZUXZ " xadaecn 1M1 1]

consisting of formal series in #~!, whose coefficients are polynomials in le, Xq (a €
C*) and . To see this it is enough to prove it in the case V = L(¥) (¥ € tg1). This
will be done in Lemma 4.16. . .

Under the ring homomorphism : X — X givenby X, = 1, x; = x4, = ¢, the
g character specializes to the (ordinary) character, x, (V) = x (V).

Proposition 3.5. The g character map x, : Rep B+ — X is an injective ring homo-
morphism. In particular, Rep B+ is a commutative ring.
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Proof. The multiplicative property x, (V®x1 W) = x4 (V) x4 (W) follows from Lemma
A9.

To show the injectivity, let [Vp] — [Vé] € RepBl be an element in the kernel of x,
where Vp, Vj € ObOgp.1. Choose a term m(W)r" in x, (Vo) = x4(V;;) which has the
highest power of 7, and let vg € Vp and v, € V;; be eigenvectors of ¥*(z) corresponding
to the eigenvalue W(z). Then the submodule of Vy generated by vy has a quotient
isomorphic to L = L(W). The same is true for v(’) and VO’. Hence we can write [Vy] =
[L]+[V], [Vg] = [L]+[V'] with some V, V' € Ob Og.. Repeating this procedure,
we obtain a sequence of objects Wi, Vi, Vk/ € ObOg1 (k > 0) such that [Vy_1] =
[Wil+[Vi]. [V{_;] = [Wi] + [V/], and that the highest power of # in x, (Vi) = x4 (V})
is less than that of x4 (Vi—1). It follows that [Vp], [Vé] are both equal to [GxWi]. O

3.6. Examples of characters and q-characters. We give a few characters and g-
characters.

The character and the g-character of the one-dimensional module L(a),a € C*, are
given by the formulas x (L(a)) = x4 (L(a)) = Xq.

Denote the Macmahon plane partition function by xo:

e 1

===

The character and the g-character of the Macmahon module are given by
x (M, K)) = xgi2 X x0,

Xk
Xq (M(u K)) = Xgl1p2

Z M ]’[ A— (3.15)

Xu reP Oex

These formulas follow from formula (3.3) for the eigenvalues of 1//i () in the module
M(u, K).

Similarly, the character and the g-character of the Fock module are given by

1

xq(Tw)) = Zr MT] A_ (3.17)
Xu reP Oex

To compute the character and the g-character of the negative fundamental module,
we first prove the following.

Proposition 3.6. The negative fundamental module M~ (u) is a limit of the Macmahon
module modified by a one-dimensional module,

M~ () = lim_ (L(K_l/z) ® a0 M(u, K)) .
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Proof. Extending the B+ action on L (K ~!/%), we define the action of the generators of £
onitby settinge(z) = f(z) = 0and vE(z) = K ~1/2 Then all relations of & are satisfied
with the exception of wa' Y, = 1. We use this action on L(K -l 2) and the coproduct
A to define the action of all generators of & on M = L(K ~1/?) ®paL M(u, K).

The underlying vector space of M has a basis labeled by plane partitions. From the
formulas (3.3), (3.4), (3.5), we see that the matrix coefficients of f(z) acting in M are
independent of K, while those of e(z) and ¥*(z) are polynomials in K ~!. Hence all
generators have well defined limits as K — oo and give a structure of a B~ module on
M.

‘We note that the limit of Yo is zero, in particular it is not invertible, so we do not get
the structure of an £-module on M.

Operator ¥*(z) have simple joint spectrum, and the non-zero matrix coefficients of
er, fu (r > 0,n > 0) remain non-zero in the limit. It follows that M is an irreducible
B+ module with highest £-weight (1 — u/z)~!, and hence coincides with M~ (u). O

Corollary 3.7. The character and the q-character of the negative fundamental module
are given by

x (M~ W) = xo,
1

Xqg(M~ () = o ST A;}Du. (3.18)
e Oex

Proof. By Proposition 3.6, x4 (M _(u)) is obtained by taking the K — oo limit of
product of xg-12 and (3.15). O

Proposition 3.8. The character of the positive fundamental module is given by
x(M*(w)) = xo.
Proof. We have M*(u) = (LY ((1 — u/2)~"))*S" by (3.10), and it is clear that
(LY@ =u/™)S) = (L =u/2™D)| = (L@ =u/7).

Hence x (M*(w)) = x(M~(w)). O

The g-character of positive fundamental module is very different from the g-character
of negative fundamental module. We compute it later in Proposition 4.7 (see also Corol-
lary 4.11).

4. Finite Type Modules

For a positive integer k, we say that a B module V is k-finite if ¥*(z) has k distinct
eigenvalues on V. Tensor product of a k;j-finite module and a k,-finite module is at
most k1 ky-finite. We say V is of finite type if it is k-finite for some k. Certainly finite
dimensional modules are of finite type. But there exist also infinite dimensional modules
of finite type.

Denote by ng the full subcategory of Og1 consisting of all finite type modules.
This category is the subject of this section.
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4.1. Modules with polynomial highest £-weight. Consider highest £-weight B+ modules
whose highest £-weights are polynomials in 77!

M =L(¥), W¥() ety NCz7. 4.1)

Abusing slightly the language, we say that M has a polynomial highest £-weight. Such
modules have special properties which play a key role in the subsequent construction.
Recall that the positive fundamental module M™*(u) has a polynomial highest £-
weight.
The first property is polynomiality of currents acting on M. Introduce the notation
for half currents

e-@=) ez, fo@=) fuz " eBHE
n=1 n=0

Proposition 4.1. Let M be as in (4.1). Then for each vector w € M we have
e-(@Qw, QweM®Cz™'], ¥ @DuweVv(E MeC™'L (4.2)
The second property is the existence of a tensor product with respect to A.

Proposition 4.2. Let V € ObOg be an € module, and let M be as in (4.1). Then the
coproduct A gives a structure of B+ module on the tensor product V.® M. Denoting
this module by V.@Qa M we have V. @a M =~V @1 M.

The third property is concerned with the structure of submodules of V ®x M.

Proposition 4.3. Let V € Ob O¢ be an € module, and let M be as in (4.1). Assume that
V is irreducible with highest £-weight vector vy. Then any proper submodule of V @ M
has the form V© @ M, where VO is an t-weighted linear subspace of V which does
not contain vy.

Proofs of these Propositions are technical, so we defer them to Appendix. Proposition
4.1 appears as Lemma A.11, Proposition 4.2 as Lemma A.12 and Corollary A.14, and
Proposition 4.3 as Lemma A.17, respectively.

4.2. Grading on M. Frenkel and Hernandez showed that positive fundamental modules
for quantum affine algebras as vector spaces admit a grading with favorable properties
(see [FH], Theorem 6.1). This was a key step in their proof of polynomiality of Q
operators. We show here that an analogous grading exists in the case of various modules
of quantum toroidal gl; algebra. In this section, our goal is Proposition 4.6 below which
constructs the grading for modules with polynomial highest ¢-weights.

In this subsection, we set

N
M=L(W), @ =]]d-uj/2), (4.3)
j=1

V =31 @1 - ®p1 F(un). 4.4)

We denote by wy, the highest £-weight vector of M, and by |@),, the tensor product
of |#) € F(u;). By Proposition 4.2, the tensor product V ® o M with respect to A is a
well-defined B module. We begin with some lemmas.
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Lemma 4.4. Let V< _ denote the subspace of V in (4.4) consisting of vectors of prin-
cipal degree < —1. Then the subspace S = V<_1 @ M isa Bt submodule of V@ M.

Proof. Since BL and B& do not increase the principal degree, it is enough to show that
‘BfS C S. The algebra Bf is generated by ¢, (n > 1), efr (r = 2) and [eg, e2]. We
show A(x)S C § where x is one of these elements.

First consider the case of ¢, (n > 1). We have forv @ w € §

Ale=(2)(v @ w) = (e(Dv @ Y (Dw)> +v ® ex (Dw,

where (), 7 anz™)_ = Y_,-0anz". The second term in the right hand side belongs
to S. The first term also does if pdegv < —1. Suppose pdegv = —1. We may assume
thatv = ) ®--- Q@ |) ® - - - ® |¥), where |[J) € F(u;) is a vector of degree —1. Using
(A.1) in Appendix, we find

N -1,
e(z)v € Clf)y x §(ui/z) l_[ %
] 9

j=i+l

On the other hand, Proposition 4.1 tells that ¢* (z)w is divisible by W(z). Hence the first
term vanishes.

Next consider A(eJ_-r)(v ® w) (r > 2). This vector is a sum of terms of the form
(A.22) applied to v ® w. We are concerned only with terms whose first component is
proportional to |#) . Then the first component produces a delta function 6 (i, /z 7l ), while

the second component contains ¥ (z jf). (Note that from the bilinear relation between
¥*(z) and e(z) we have (ad eo)* (V¥ (2)) € Bz "1y (2)BL[z™!] for any k > 1)
Hence all such terms vanish.

The case of [eg, €3] is quite similar. O

Lemma 4.5. There exists a linear operator ® € End M with the following properties.

@ preserves the principal grading, 4.5)
cI)oxzqz_szod) (x EBi‘ﬂSUI’VZ), (4.6)
DoY) =V (q22) 0 ® where YT (2) = W () 'yt (2). 4.7)

Moreover ® is diagonalizable. Its eigenvalues have the form q3' (m € Zx), and the
eigenspace of qg is spanned by wyy.

Proof. We retain the notation of Lemma 4.4. In the quotient (V ®4 M)/S, the image

of |#)y ® wys generates a submodule with irreducible quotient L(IT/), where W(z) =
qN\IJ(qzz). By (3.13), we have an isomorphism as a vector space

Py =5 o, L(W) — L(¥) = M.

Sq

By comparing the characters, we find that there is an isomorphism of BL modules
@y 1 (V@aM)/S —> L().

Let further ®3 denote the composition of the natural maps

M — Clf)y @ M — Vs M— (Ve M)/S.
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We set ® = const.® o & o @3, choosing const. € C* so that dwy = wy. By
construction @ preserves the principal grading, and we have

Qoe, =g, e,0P (r>0),

CDoeJ_‘, :q{lei‘,OQJ r>0),

® o [eg, 2] = q; *[eo, e2] 0 P,
V(z)

Doy (z) =¥ (g22) 0 P X V(@20

We have proved (4.5), (4.6), (4.7).

In order to prove that ® is diagonalizable, we use that the dual right module M* is
generated from the lowest £-weight vector w}, by B. We have wy, ® = wj,. Formula
(4.6) means that any non-zero vector of the form w;"v[xl -+ Xxg, where x; € 23i- are

k
. . . . i hdegx; .
homogeneous elements, is an eigenvector of ® with eigenvalue qzz"1 €% Since they

span M*, we conclude that ® is diagonalizable on M, and that all eigenvalues have the
form ¢3', m € Zx. In particular, the eigenspace for m = 0 is spanned by wy. O

Proposition 4.6. Let M be as in (4.3). Then it admits a grading M = @,,>0M[m] as
vector space, with the following properties: for all m > 0 we have

xM[m] C M[m —hdegx] (Vx € B}), (4.8)
YrMm] C Mm —n] (¥n >0), (4.9)
—N pdegy
yMimlC ) Mim—hdegy+jl (¥ye B, (4.10)
j=0
M[m] = @,<oM[m]N M, , M[0] = Cwy. 4.11)

Here x,y are assumed to be homogeneous elements, and we set \IJ(z)_ll//+(z) =
o7
ZnZO wnz *,

Proof. Let M[m] denote the eigenspace of ® relative to the eigenvalue g5'. Then
M = EBan:OM [m]. The properties (4.8), (4.9) and (4.11) are immediate consequences
of Lemma 4.5. Note that (4.9) implies

N
YrMm) C Y Mm —n+ jl. (4.12)
j=0

Let us prove (4.10). For each y € BL, statement (4.10) is reduced to the following
statement:

For all m > 0 and all homogeneous elements x € Bf we have (4.13)
—N pdegy
[x,yIMim] C > M[m — hdeg(xy) + jl.
=0

To see that (4.13) implies (4.10), take v € M[m] N M, and write yv = ), wy,
w; € M([l]. Without loss of generality we may assume that pdegy < 0. Since M is
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irreducible, for any /y such that w;, # 0 we can take an x € Bf; satisfying xv = 0 and
xwj, = wy. On the other hand, (4.13) implies

—N pdegy
wal =xyv=[x,ylv € Z M[m — hdeg(xy) + j].
1>0 j=0

Since xwy, € M[lp—hdeg x], we musthave m —hdegy < Iy < m —hdegy— N pdegy.
This implies (4.10).

Note that if (4.10) holds for y1, y, then it holds for y; y». Hence it suffices to consider
the case where y is a generator of BL.

Considerthecase y = f, (n > 0).If x = e, (r > 1), then [e,, f,] = /cl_l .. hence
(4.9) applies. Next we take x = efr (r>2)orx = [eg, e2]. If we set H = ijo Cyrt,
then from the bilinear relation between e’s and y¥*’s we obtain B+ H = HB+ and
adeg(BLH) C Bi H. With the aid of these relations we find that [e*,, f,] € B+ H

and [[eo, e2], fu] € 3i-H . Then (4.8) and (4.9) apply, and therefore (4.13) holds for
y = fp. In particular, if (4.13) is true for y then it is true also for [ fo, y]. Hence (4.13)
holds for all y in the subalgebra N+ = (P=vi.vy (V1,12 > 1)).

It remains to show (4.13) for y = wkl (k > 1), or equivalently for y = hkL k=1
which are simpler to work with. Let us consider the case x = eJ_-r (r = 2) by induciton

on r. The commutator [x, h,f] is proporional to efr + I r > k then (4.8) and (4.9)
apply, and if » < k then the induction hypothesis applies. To verify the cases x = e,
(n > 2) and [ey, e2], it is sufficient to note the following. Suppose that the second line
of (4.13) holds for x € Bf and y = hkL, then the same holds for [/, x]. This is because

[[h1, x], hi-] € Clhy, [x, hi 11+ Clx, e ] and e € N*.
Proof of (4.10) is now complete. O

Remark. Let (hy) ), denote the eigenvalue of i, on the highest £-weight vector of M,
and set i, pr = hy — (hp) - Then (4.9) is equivalent to

hyyM[m) C Mim —n] (Yn > 1).

4.3. 1-finite modules. We use Proposition 4.6 to study the structure of the module M.
We start with positive fundamental modules.

Proposition 4.7. Module M* (u) is 1-finite. We have
Xg (M () = Xy, x x(M* () = Xy X 0. (4.14)

Proof. For each n < 0, we take a basis of M (), by choosing a basis from each com-
ponent M[m] N M™*(u),, m > 0. In this basis, W(Z) = ¥*(z)/(1 —u/z) is represented
by a triangular matrix with 1 on the diagonal by Proposition 4.6. Therefore v*(z) has
only one eigenvalue 1 — u/z, and x4 (M*(u)) has the stated form. O

An analogues result for quantum affine algebras is known, see [HJ,FH].
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Remark. 1t is instructive to think of the result (4.14) as a formal limit of the g-character
of the Macmahon module. Namely, rescaling « to Ku in (3.15) and demanding the rule
Igimo Xku= [}imo Ak, = 1, we have formally

Xg(M*(w)) = Igiinoxlzll/zxq (M(Ku, K)).

Corollary 4.8. Let M = L(W), W =[], (1 — u;/z). Then M is I-finite. O
The positive fundamental modules have the following description.

Proposition 4.9. Module M~ (u) is the unique cyclic B+ module generated by vq satis-
Jying
Byvo=Cuvo, ¥ (@vo=(1—u/>vo, p_pvo=0 (1<n<I). (415

Proof. Supposel <n </,andletv = p_, ;vo. By (4.10) wehavev € Z?‘:O M[—1+]].
Since M[m] = 0 form < 0, M[0] = Cvg and n > 1, we obtain v = 0. Therefore the
relations (4.15) are satisfied in M™ (u).

Let M*(u) denote the cyclic B+ module defined by the relations (4.15). Then there is
asurjective morphism M*(u) — M*(u). Since M* (u) is spanned by ordered monomials
of p_n; with 0 </ < n applied to vy (see Theorem 2.1), we have

x(M* (W) < xo-

The right hand side equals x (M +(u)) by Proposition 3.8. Hence the two modules coin-
cide. O

Finally, we show that arbitrary tensor products of fundamental modules are irre-
ducible.

Proposition 4.10. Forany uy, --- ,un € C*, the tensor product M* (1) @ oL - - - @ pL
M*(uy) is irreducible. Hence it is isomorphic to L(]_[;-V:] a- uj/z)).

Proof. SetM = M*(u1)@up1-- Q@1 M*(uy).By Corollary 4.8, M is 1-finite. The dual
module MV = (M)"‘(Slrl is isomorphic to M~V (un) ®xL -+ - ®xL M~V (uy). By an
analog of Corollary 3.7 for lowest £-weight modules, we have x, (M) = m(¥)~'(1+
= ~), where W(z) = ]_[1/\]:1 (I —uj/z)and--- stands for a sum of non-trivial monomials
in the A,’s. ’

Suppose that M has a non-trivial submodule M,’". From the structure of x,(M")
mentioned above, we see that either M}" or M /M|’ has a singular vector of £-weight
@ (z)~ ! different from W (z) . Let M; C M denote the orthogonal complement of M’
From Lemma 3.1, we conclude that either M /M or M has the £-weight ®(z). Hence
M has two different £-weights W (z) and ®(z). This is a contradiction. Therefore M"Y is
irreducible, and hence M is irreducible. O

Corollary 4.11. Let M = L(V), ¥ = 1—[;\1:1 (1 — uj/z). Then the g-character of M is
given by
N
XgM) = x3" T Xu,-
j=1
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4.4. 2-finite modules. Now we proceed to discussing 2-finite modules. Introduce the
module

[T —q; 'u/2)
1 —u/z '

N*(u) = L(Yn+@) . Y+ (@) =

Our goal in this subsection is to prove Theorem 4.13 below.
We make use of a construction similar to the one used in the proof of Lemma 4.4.
Let J(u) be the Fock module (3.6) with the highest weight vector |#). Let F(u)<_> be

the subspace of F(u) of principal degree < —2. Set further M (u) = M*(q5 "y ® AL
M “(ql_1 u). By Proposition 4.10, M () is a 1-finite module L (W) with highest £-weight
W(z) = (1 —q5 'u/z)(1 — g 'u/z). We consider the module V = F(u) @ M (u) and
its linear subspace S = F(u)<—> ® M (u). In the following, |J) stands for the vector
|A) € F(u) for the partition A = (1).

Lemma 4.12. Notation being as above, S is a B+ submodule of V.

Proof. Obviously S is invariant under the action of BJ_-B(J)-. We show that By S C S.
Letv € F(u)<—2 and w € M(u). Then we have

e- (D@ w) = (e(DV® YT (Dw)s +v ® ex (Dw. (4.16)

The second term in the right hand side belongs to S. The first term also does unless
pdeg v = —2. If this is the case, then e(z)v € ((C(S(ql_lu/z) + C(S(qglu/z))ID). On the
other hand, by Lemma A.11 and the definition of M (u), 1p+(q3_lu) = 1p+(ql_lu) =0
hold on M (u). Therefore the first term vanishes and (4.16) belongs to S.

By the same argument as in the proof of Lemma 4.4, we see also that eJ_-r wv®w) e S
forr > 0and [eg, e2](v@w) € §. O

Theorem 4.13. Module N* (u) is 2-finite. Its q-character is given by
T, X 3 I, x
i=1 %qte g [licy Xgu | _ M=t %7

q; u — —
u u u
4.17)

Proof. Set N = V/S. As a linear space we have N = Ng @& Ny, where Ny = C|0) ®
M(u), N; = C|O) ® M (u) (we omit writing mod S). Let P, : N — N; (i =0, 1) be
the projection.

We have

V(0 @ w) = a @) @ ¥ (Dw, Y (@(D)Qw)=a@|D) ey @w,

where

(4.18)

1—g¢;! g
ao(e) = g2 12 a0 = a0 [ - ain/z

1 —u/z o1 —q._lu/Z'

1

Hence Ny, N are generalized eigenspaces of 1" (z) with eigenvalues
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3 -1 3
- (1 —qg; u/z) > (1 —qiu/z
Wye) = L=t WD) g ) T a/a), (4.19)
1—u/z 1 —u/z
respectively.
It is easy to see that forall x = e, (n > 1), et , (r > 2) and [eg, e2] we have
x(|®) ® w) =10) Qxw, (4.20)
Pix(|0) @ w) = |0) ® xw. (4.21)

Similarly we compute

@D 8w) =Y @0 fw), =10)® (¢ @ f@w),
Pof>@(I0 ®@w) = (v~ @0 ® f(Dw), = 1¥) ® (a5 () fDw) ,

where a; (z) denotes the expansion of the rational function ¢; (z) at z = 0. Let (h; ) 5y be

the eigenvalue of %, on the highest weight vector wg of M (u). Set ﬁr,M =hy — (hr)y
and

o0
Uy = exp(Z(l — qg)}_zr,Mu_r) , = U exp ZK, MU ’
r=1

Since ﬁ,y m’s are nilpotent, operators U; have a well defined action on M (1), and we can
write a; (z) f(z) = q_lU,-f(z)Ufl. Namely, for y = f,, with n > 0 we obtain

VD @w) =¢7'ID) @ UiyU; ' w, 4.22)
Poy(19) ® w) = ¢ e onU(;‘w. (4.23)

With a similar computation we have the same equations for y = ;" L (r > 0).

Now we show that N is irreducible. Let W C N be a non-zero B+ submodule. We
have the decomposition into £-weight spaces W = Wy @& Wi, W; = W N N;. Using
(4.20), (4.21), and the irreducibility of M («) which follows from Proposition 4.10, we
obtain either |#) ® wyg € Wy or |UJ) ® wyg € Wj. It is easy to see that one implies the
other, and hence both are satisfied. Since U,B{Ui_lwo = M(u), (4.22),(4.23) imply
that W; = N;,i =0, 1. Hence W = N.

Comparing the highest £-weight, we conclude that N = -1 (N («)). The assertion
about the g-character is clear from (4.19) and the proof above. O

Remark. Formula (4.17) is equivalent to an identity in the Grothendieck ring Rep B+,
3 3
IV imal = [Tt @ w1+ ([T @) -1, @24)
i=1 i=1

Here [V] means the class of V in Rep B, and V{d} stands for the module where D+
acts as ¢? D*. The short exact sequence corresponding to (4.24) reads

0 — (®_ M*(qi)){—1} — N*(u) ® M*(u) — ®;_,M*(g;'u) — 0

where ® = @4 1. |
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We show that the module N*(u) also possesses the grading similar to the one estab-
lished in Proposition 4.6 for modules with polynomial highest £-weight.

Proposition 4.14. Let N*(u) = Ny @ N; be the decomposition into £-weight spaces,
where Ny corresponds to the highest £-weight. Then there exist gradings No =
GBZLOZONO [m], N1 = G}fn":lN 1m] as vector space, with the following properties:

xNo[m] C No[m —hdegx] (x € B), (4.25)
m
xNi[m] C Ni[m — hdeg x] + Z Nolj] (x € Bi‘) , (4.26)
j=0
Vo Nilml C Nifm —r] (r>0,i=0,1), (4.27)
m—hdeg y—2 pdeg y m—2pdeg y—1
yNolm] C Yoo Nlil+ ) MLl (yeBh, (4.28)
j=0 j=1
m—hdeg y—2 pdeg y
yNi[m] C > Nl (vesh. (4.29)
j=1

Here x, y are assumed to be homogeneous, and
V@ Y=Y v
r=>0
where W;(z) are given by (4.19).

Proof. As in the proof of Theorem 4.13, We use the realization of N*(«) as a quotient
of F(u) ®a M), M) = M* (g5 'u) @1 M*(g; 'u). We have Ny = |4) ® M (u)
and Ny = |0) ® M (u). Using the grading M (u) = @;_,M[m] in Proposition 4.6, we
define

Nolm] = 4) @ M[m], Nilm]=|L)® M[m —1].

Then (4.27) holds by definition. From (4.8), (4.20) and (4.21) we obtain P;x N;[m] C
Ni[m —hdegx] fori = 0,1 and x = en, €L [eo, e2]. Take w € M[m — 1]. Using

—r

e(2)|0) = ad(u/z)|¥) (@ € C*) we compute

u/z
1—u/

Using (4.12), we get Pye, N1[m] C ZT:() Nol[j]. We have also

PyAle=(@)(ID) @ w) =« Z|@><X>1ﬂ+(u)w-

r—1

Py A(ade)'er)(I0) @ w) € > > Cl) @ (adeo)’ " ad Y (ad eg) ' ey - w
j=1p=1

+CI9) ® ) (adeo) 'y - w,

p=1

which implies Pye*, Ni[m] C ZT:_ol Nolj1. Arguing similarly for [eg, e2], we find that

(4.25), (4.26) are satisfied for x € 31‘. The general case x € Bi‘ follows from this by
applying ad A and using (4.27).
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It remains to show (4.28) and (4.29). From (4.10), (4.22) and (4.23), we obtain

m—hdeg y—2 pdeg y

PiyNi[m] C Y Nl (=01, y=fi, ¥,
j=0

Also, by a computation similar to the one for Pye, N1[m] given above, we can treat the
case P f, No[m]. Let us consider P; wf ’lNo[m]. For w € M[m] we are to compute

PIAS(z1), - [Af @r—1), Af ()] 1(19) @ w)

and take the coefficient ofz%zg e z(r)_lzr_l. Writing ad X = L(X) — R(X), where L(X)
(resp. R(X)) signifies the left (resp. right) multiplication, we obtain sums of terms

(T] a0 @)= J] a1 @)D @ Ar---Aj1ad f(zje1) - -ad f(zr1) f(zr) - w
k=j+1 k=j+1
(l=j=r—-D,

and ) ® Ay--- A,—11-w for j = r. Here a; (z) are the expansions of a;(z) in (4.18)
atz = 0,and Ay = a; (zx) L(f (zx)) — ay (z&) R(f (zx)). From these we can check that

Pyt Nolml € Y il o

4.5. More on q-characters. We discuss the combinatorics of g-characters.
The following lemma, which explains the role of A,, is a direct analog of Lemma
3.1in[Y].

Lemma4.15. Let V € ObQg and let W, d be L-weights of V. Assume that
(f(z) V(\p,,,)) N Vio.m) # 0. Then m = n — 1, and there exists an a € C* such that

m(d) = m(\IJ)Aa_l. Moreover, there exist bases {vi} and {w;} of the €-weight spaces
Viw.n) and V(o ), respectively, such that

F@ue =" Pei(da)sa/w +--- .
1

Here Py 1(0,) is a polynomial in 9, = 3/da of degree at mostk +1 — 2, and - - - stands
Sfor a sum of terms which belong to £-weight spaces other than V(e ).

A similar lemma holds for the action of e(z) with the replacement of Aa’1 by A, and of
equationm =n — lbym =n+1.

In the following, for W(z) = p(2)/q(z) € tg. with p(z), q(z) € Clz~'], we set
d(V) =deg,—1 p—deg,-14.

Lemma 4.16. Let ¥ € v and V = L(V). Then the q-character of V has the form

Xg(V) =m@) (1 + Y my) xg X0 (4.30)

1

where each monomial m; is a product of t_lAa_1 ’S.
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Proof. If d(¥) < 0, then V is a subquotient of a tensor product of several Macma-
hon modules M(u, K) and negative fundamental modules M ~ (u). The g-characters of
M(u, K) and M~ (u) have the required form, see (3.15) and (3.18). Hence the lemma
is true in this case.

If d(W) > 0, then V is a subquotient of a tensor product of several Macmahon
modules with a module which has a polynomial highest ¢-weight. Then the lemma
follows from Proposition 4.3. O

‘We have the classification of 1-finite modules.

Proposition 4.17. Let W € v and V = L(V). Then V is 1-finite if and only if V has
polynomial highest £-weight.

Proof. 1t suffices to prove the ‘only if” part.

Suppose d(¥) < 0. From (4.30), V is 1-finite if and only if it is one-dimensional.
It is easy to see that one-dimensional modules are exactly L(a), a € C*. Hence the
assertion is true in this case.

Let d(W) > 0. We can write W(z) = W (z)W2(z) where W (z) € te, ¥V (2) €
tgl N Cl[z7!].Set W = L(W¥;) and M = L(¥,). In view of Proposition 4.3, V is a
quotient of the module W ® o M by a submodule of the form W @, M, where W©
does not contain the highest £-weight vector of W. We may assume that the poles of
W (z) do not overlap with the zeroes of W;(z). Then by Lemma 4.15 we must have that
WO N w_, = 0. Therefore, if V is 1-finite, then ¥;(z) = 1. O

4.6. Conjectures on finite type modules. Introduce the module

(=g u/2)(1 =g u/2)(1 = g3 % u/z)
1—u/z '

N ) = L(\I‘Nf,j.k(u)) - U@ =

We have N*(u) = N1+,1,1-
Lemma 4.18. Forany i, j, k € Z~, the module N;"j,k (u) is of finite type.

Proof. Let F(u) = L((l — qz_ku/z)/(l — u/z)). By [FFIMM?2], this module has a
basis of plane partitions with at most k layers: A = (A1), ... A% @ @, ...). Let M =
M*(uqé) N M*(uq{). We consider the tensor product V. = F(u) @ M.LetS C V
be the subspace spanned by vectors of the form |A) ® v, where v € M and A is such that

either )\51) > jor Af}r)] > 0. Then, arguing as in Lemma 4.12, we see that § C V is a
submodule. Clearly V' /S has finite type. 0O

Conjecture 4.19. The completed Grothendieck ring of ng is topologically generated
by [N;j,k(u)] withi, j,k € Zso, u € C*, and [M*(u)], u € C*.

Next, we discuss the grading. Recall that we constructed the grading for modules with
polynomial highest £-weights, see Proposition 4.6, and for N* (u), see Proposition 4.14.
This grading has the following property. The annihilation operators and the modified
current W+(z) respect the grading given by their homogeneous degrees. The action of
creation operators is not graded, but it changes the grading in a controllable way. We
expect that such a grading exists for all finite type modules.

An interesting question is to compute the formal character of a finite type module
with respect to this grading.
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Conjecture 4.20. For positive fundamental module M = M™ (1) we have

oo j—1

> dim Mylmhe "t =T [ ——— = /rl.

j=1i=0

Finally, we suggest a cluster algebra structure on the category (‘)gf in the spirit of
[HL]. For generalities on cluster algebras, we refer to [FZ].

Recall that a quiver I is an oriented graph. It is given by a set of vertices I'¢, a set of
arrows I'1 and maps s,t: 'y — D', called source and target, respectively. We will assume
that I' has no loops and no 2-cycles. That is for any o € I'j we have s(«) # f(«), and
for any o1, g € ['g, we have 1 (1) = s(a2) implies s(o1) # #(2).

Given a domain R, a cluster is a pair (I', ¢), where I" is a quiver and ¢ is a map
¢ : o — R. The image of c is called the set of cluster variables.

Let R = Rep ng be the Grothendieck ring of the category of finite type modules. A
mutation of the cluster (", ¢) in the direction y € I'g is a new cluster with the following
properties. The new quiver has the same set of vertices I'g. The set of new arrows is
obtained from I'; by the following three steps:

(i) for each subquiver y; — y — y» add a new arrow y; — y»;
(i1) reverse all arrows with source or target y;
(iii)) remove all 2-cycles.

The new map ¢, : I'g — R is given by ¢, (y1) = c(y1) if y1 # y and

oeyy= ] ct@)+ [ ct@)|ia 4.31)

ael’l, s(a)=y ael’y, t(a)=y

for some d € Zx>o. If such d and the new cluster variable ¢, (y) € R exist, they are
unique, and we say that the cluster (I, ¢) can be mutated in the direction y € Ty.

We define the quiver as follows: I'g = 73 and (i1, j1, k1) — (i2, jo, ko) if and only
if (i2, jo. k2) € {1+ 1, j1. k), (1, ji+ 1 k1), (i1, jiski+ D} ForO = (i, j. k) € Z*
we set qD = qéq{qé as before.

Then for a € C*, we define the seed — or the initial cluster — (T, ¢) by sending
vertices of our graph to the positive fundamental modules:

co: 72— RepOLY, O [M*ag?)l. (4.32)
Lemma 4.21. The cluster (I', co) can be mutated in any direction J € T'g. The new
cluster variable is the class of the 2-finite module [N* (an)].

Proof. The mutation equation (4.31) in the case of the lemma coincides with (4.24). O

We also note that by Proposition 4.10 a product of any modules in the initial cluster is
irreducible. We have the following conjecture motivated by [HL].

A B+ module V is called prime if it cannot be written as tensor product of two modules
both of which are not one-dimensional. A B+ module V is called real if V @1 V is
irreducible. A B+ module V is called normalized if V; #0and V, =0forn € Z-y.
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Conjecture 4.22. (i) The cluster (I, co) can be repeatedly mutated in any sequence of

directions. Each mutation corresponds to a short exact sequence in category ng

(ii) Every cluster variable obtained through a sequence of mutations is an irreducible
prime real module.

(iii) Every irreducible prime real normalized module appears as a cluster variable.

(iv) Any tensor product module corresponding to a cluster variable in the same cluster
is irreducible. In particular, both terms in the left hand side of mutation equation (4.31)
correspond to irreducible modules.

5. Bethe Ansatz

5.1. Universal R matrix. As was mentioned in Sect. 2.4, algebra € is a quotient of the
quantum double of its Borel subalgebra B+, and hence is equipped with the universal R
matrix. For a technical reason (see Remark after Proposition 5.1 below), we use the R
matrix R associated with the opposite coproduct AP = ¢ o AL, where o(a ® b) =
b ® a. Its main properties are as follows.

RAVPx) =AT(X)R (x€8), (5.1)
(AJ"OP ® id)R =Ri3R3, (id ® AJ"Op)fR =Ri3Ri12, (5.2)
R12R13R23 = Ro3R13R1 2, (5.3)

where, as usual, the suffixes i, j of R; ; stand for the tensor components, e.g., Rj > =
R® 1.
Element R has the form (see [BS,Ng])

R =qg"™R RoR_.
The factors R4 can be written as
N3, .
Re=1+> Y xD @y , eBI&B_, (5.4)
nze =t
\Jl 1)2 , _J_
=1y Y ey, e BLEB, . (5.5)
v1>0 =1
vy >0

where the suffixes vy, v, indicate bidegrees. The middle factor Ry is given by

Ry = exp(— i ricyhy ® h_r). (5.6)

r=1
Finally g~ is defined formally by
g~ = qci®dl+dl®cl’ 5.7)
where C+ = qCL, D+ = qu. In what follows we consider tensor product modules

V @y WwithV € ObOg1 and W € ObOg. Formula (5.7) gives a well defined
operator on such modules.
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5.2. Normalized R matrix and polynomiality. In this section, we take u to be an inde-
terminate.

We define s, : & — E[u™!] by setting 5, (x) = uM4€*x for any homogeneous
element x € €. We set also

Rw) = (s, ®id)(R) € BB [[u]].

In formula (5.5) for R, the first tensor component of each term acts as annihilation
operator on modules from O 1. Likewise, in formula (5.5) for R_, the second tensor
component of each term acts as annihilation operator on modules from O¢. Therefore,
if V€ ObOg1 and W € Ob g, then each coefficient of the formal series R(u) is a
well defined operatoron V ®@,1 W.

Suppose further that V is a tensor product of highest £-weight B+ modules, and W is
a tensor product of highest £-weight € modules. Denote by vy € V the tensor product of
highest £-weight vectors, and by wg € W the tensor product of highest £-weight vectors.
We write the eigenvalues of %, on these vectors as (h,)y, (h,)w, respectively. Suppose
that CL acts on V as a scalar C f; and on W as a scalar C d_v From the remark above, we

see that R(u) (vo ® wo) = fv,w(u)(vo ® wp), where

fv.w (W) = (Cip)PeEm0(Cp P9E™ exp(— Y " u"rice (hr)y (h—r)yy).- (5.8)

r>0

We have

ieww@) = fv,w@) fis,w@),  fv.wew,W) = fv.w, @) fv,w, ).

For example,

In+@). 5w (W) = exp(Z 1;{% (%)r) ’
r

r>0
fF@).5m) (W) = eXP(— > S qéiilr &) (%)r)
r>0

We define the normalized R matrix Ry,w («) € End(V ® W)[[u]] by
Ryw)(v@w) = frww) 'R (veow) (veV,weW).

In the next two Propositions we study the polynomial nature of the Ry w (u) and its
growth order at u — oo. This will be used in the next subsection to discuss the polyno-
miality of the transfer matrix.

For vectors w; € W* and w, € W, introduce the notation L, 4, (u) for the matrix
coefficients in the second component,

V1 Loy, )02 = 01 @ iRy, w(@)va @ wa  (v1 € V¥, 03 € V).

We regard V*, W* as right B+ modules. The intertwining property (5.1) of the R matrix
implies that

Lwl,h,lw2 (u) = (Ca/_)_rl’wlhrl,wz (u) + [hﬁ_, Lwl,wz (u)](CvLV)fr , 5.9)
Loy () = ulLuwy oy (), €Yy + Loy e, () ()" (5.10)

+ Lo~ €L 1L
+> Loy, gt uwn V] (C)" = (Cip)"u > Lyt (0
jz1 j=l '
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forall r > 0 and n € Z. Here we write [A, B], = AB — pBA.
We shall say that a linear operator on V' is polynomial if it acts as a polynomial in u
on each subspace V,,, with degree possibly depending on 7.

Proposition 5.1. Notation being as above, consider the special case V.= M*(1), W =
F(v), C%; =1, CVLV =gl Let V = @5 M[m] be the grading in Proposition 4.6,

and denote by u’ the operator u8| = u" X idpm). Then Loy, w, (1) is polynomial

M[m]
for any wy € F(v)*, wy € F(v). Moreover we have

m+s

U Loy s ™ Mm) Cu® -y " MIj1@Clu™"] (s = —pdegwn).  (5.11)
j=0

Proof. Consider first the case w1 = (4] and wy = |@). We have ri,(h— )y = (1 —
g3)v~". From (5.6), (5.8) and (5.7) we obtain

Ly ) =g~ eXp<— Z(%)r(l - qﬁ)flr,v) :

r>0

where ﬁ,’v = h, —_<hr)v- Thanks to (4.9), on each degree subspace, the operator
> so/v) (1 —q5)h,y is afinite sum and is nilpotent. Hence L (g, ) (1) is polynomial.
Since

ulhyyu="Mm] C u™" M[m —r], (5.12)

operator uaL(g|,|@) (wyu=? is independent of u, and (5.11) holds true for this element.

Since W = JF(v) is generated from |#) by {hf‘ }r=0, formula (5.9) allows us to compute
L p|,w, (u) for all wp € W inductively. Formula (5.10) with n < 0O then allows us to
compute Ly, , () for all wy € W* and wo € W, because W* = F(v)* is generated
from ({J] by {ej-}ngo (note that e, (n > 2) and [eg, e2] are generated by eJ_-, (r >0
and ad eé‘ = ad hy). In general, L.y, y, (1) is expressed as D a; (u)x; L g, gy (u)y; with
some x;, y; € B and a; (1) € C[u]. Hence Ly, ,w, (1) is polynomial. Using

m+r

Whtu= " Mim) Cu” Y MLjlu™" " (r > 0),

J=m

uae,fu_aM[m] C époM[m]+ M[m — l]u_1 (n<0),

we can show (5.11) by induction. When n = 0, we have to be careful with the first term
in the right hand side of (5.10). In this case we write it as u[Ly, ., (), h1,v] and use
(5.12). O

Remark. While matrix elements of EM+(1)’35(U)(M) are polynomials, its inverse
EM+<1),§(,,) ()~ ! has infinitely many poles. In fact, its diagonal matrix entry on the

vector vg ® |A) is given by []m, (1 — un/v)_l. O

Next we consider the 2-finite module N*(1). Recall the grading N*(1) =
@;’fZON[m], N[m] = No[m]@® Ni[m], given in Proposition 4.14. Let u9 be the operator
gy =" - w1
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Proposition 5.2. The operator (1 —gau/v) Ly, w, (1) is polynomial for any wy € F(v)*
and wy € F(v). Moreover we have the expansions as u — 00

m+2s

1 Loy ™ - Ni[m] € ™ Y7 Nyl 1, (5.13)
j=1
m+2s m+2s—2

1 Lupy oy ™" - Nolm] € u® Y~ Noljlllu " 1+u®~" " Ni[jlllu™"1]
Jj=0 j=1

(5.14)
where s = — pdeg w.

Proof. The proof is similar to that of Proposition 5.1.
Denote by (h,); the eigenvalue of 4, on N;, and set h,; = h, — (h,);. Then we have

Ly ) =g~ eXp<— Z(%)r(l - qﬁ)fzr,o) :

r>0
1—u/v _ 1 u\’” _
L (R 1 g
1 —qou/v v

It follows from (4.27) that (1 — gau/v) L), 4 () is polynomial, and that u”u’h, ;u=?
is independent of # on N;. Hence (5.13), (5.14) are true in this case.

The case of general wy, w; can be verified by using (5.9), (5.10) and the relations
which follow from Proposition 4.14,

m+2r m+2r—1
W htu=" Nolm] C w® Y Nolj1® Clu™'1+u* ™" Y~ Ni[jl®Clu™"],
j=0 j=1
m+2r
uahf‘u_aN1 (m] C u* Z NMj1®Clu™ ",
j=1

uaefnufaNo[m] C zleo[m —1], (n>0)
m

Wel,u Niml Cu™ ' Nilm — 11+ ) " No[j1@Clu™"1 (n > 0),
j=0

uaﬁr,iufaN,-[m] Cc u"Ni[m —r].

5.3. Bethe ansatz. For an object V € Og1, the twisted transfer matrix associated with
the ‘auxiliary space’ V is a formal series defined by

_dt . =L -
Ty p)=Trv, (p7 @id-Re) e B (lu, plllp~".
Here Try 1 means that the trace is taken on the first tensor component. Clearly we have

Tviev, (u; p) = Ty, (u; p) + Ty, (us p)
Tyiev, (s p) = Ty, (u; )Ty, (u; p),
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hence the assignment V + Ty gives a homomorphism of rings from Rep B to

— 1 _
B [lu, plllp ']

Element Ty (u; p) gives rise to a formal series of operators which act on any given
‘quantum space’ W € Og¢. It is convenient to use the normalized R matrix and define

Ty.wu; p) =Try 1 ((p™¢ @id)Ry.ww) € End(W)[[u, pll,

so that Ty (u; p) | w= fv.w@)Ty w(u; p). Note that Ty w (u; p) acts on each subspace
of W of fixed principal degree.
From now on, we choose

W= g’u(l}]) ®AJ- ®AJ_ ‘:TF(UN)‘

Note that C1 acts as ¢~ on W. We set

N 1 D N "
a(u) = i]]q_ (1 - v_,> d(u) = l_[(l - E)’

i=1 !
and introduce the notation

Owu; p) = Tyrvqy,w s p), Twu; p) = a()Tn+qy,w; p).

In what follows W is fixed, we drop it from notation and simply write Q(u; p) and
T(u; p).

Proposition 5.3. On the subspace W_j. of principal degree —k, Q(u; p) is a polynomial
in u of degree at most k.

Proof. Let Q,(u) = Try+q)_, §M+(1),W (u) denote the trace over the subspace M*(1)_,
of fixed principal degree —n. We have Q(u; p) = Y o2, p" Qn(u). Since

Ry w (@) = Rae 1y 5wy @) - Ry, 5y) (W),

each matrix element of EM+(1),W (u) is a polynomial in u by Proposition 5.1. Moreover
(5.11) implies that for each vector w € W_; the degree of O, (u)w does not exceed k.
Therefore Q(u; p)w is also a polynomial in u of degree at most k. O

Proposition 5.4. On each subspace of W of fixed principal degree, T(u; p) is a polyno-
mial in u.

Proof. This follows from Proposition 5.2. O

Since the map V > Ty is a ring homomorphism, relations in Rep B+ implies those
for the transfer matrices. It allows us to express any transfer matrix 7y w (u; p) via the
operator Q(u; p). The recipe is as follows.

Proposition 5.5. Let W € vy and V = L(V). Then its q-character x4(V) has the

form (4.30). In x,(V), drop )_((I)nax(d(w’o) and replace each X, by fu+1),w(a)Q(a; p),
each x, in m(\V) by a4

with fv .w )Ty, w(u; p).

, and each t=' by pg". Then the resulting series coincides
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Proof. In general, if V = L(¥) with W(z) = a[[;(1 —ai/2)/ ]_[j(l — bj/z), then by
Lemma 4.16 its g-character takes the form

xg(V) = xa (Z l_[(tA ) l) max(d(¥).0)

bj 8§ ae8

Since x, is injective, we have an identity in Rep Bt

[1,[M* (@] 2 [M*(gsa)]
V]i=|[L e —18}, 5.15
V1= O 0,01 2 (QSHI[MW‘ sl 619

valid modulo F™" C Rep, B+ for any given m < 0. This identity means the one obtained
by clearing all denominators. Upon taking trace over both sides, we note that the degree

shift {—d} produces a power (pg™)?. Note also that C f; = a~! brings about a=¢
through g"~. We obtain the assertion. O

Lemma 5.6. By the above rule, the term t~! A;l is replaced by

d ] sU;
i p = p 10 [ Qi

a() {1 0(¢5'us p)’

Proof. We compute the scalar factor. Substituting «, (h,) p+) = —1/r into (5.8) we
find

3
N T Smr.w(gsu) N .
P4 ————————=pq exp(— ) Kk (h_)yu
gfwa),w(qs_lu) ( ; w )
= pg™ (W) W)y,
d(u)
a(u)’

O

For example, if V = (1) is a Fock space, then from (3.16) and Lemma 5.6 we
obtain

Tty w (s p) = Q(qu ”’)Z]"[a(q ui p
u; reP Oer

We remark that a formula for the operator T (1), w (u; p) in the language of Shuffle
algebras was obtained in [FT2].
In particular, Proposition 5.5 allows to compute the spectrum of 7'(V) from that of

Qu; p).

Corollary 5.7. Let w be an eigenvector of Q(u; p). Then the eigenvalue of Ty w (u; p)
is given by the recipe of Proposition 5.5, replacing Q(u; p) by its eigenvalue Q,(u; p)
onw. O
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Finally, we show that zeroes of eigenvalues of Q,,(u; p) satisfy the Bethe ansatz
equation.

Let w € W_; be an eigenvector of Q(u; p) of principal degree —k. By Proposition
5.3, Qy(u; p) is a polynomial of degree at most k, so it has the form

Ow(u; p) .

k
— = | | —u/&i(p;w)),
0w(0; p) E

where some of ¢; (p; w)’s may be co. We conjecture that all roots are in fact finite.

Theorem 5.8. The zeroes i (p; w), i = 1, --- , k, of the eigenvalue of Q,(u; p) satisfy
the Bethe ansatz equations

3 3
a(i(p; w)) [ Qulay & (ps w); p) + pd(&i(p; w)) [ | Qulgsti(p; w); p) = 0.

s=1 s=1

Proof. By Proposition 5.4, T(u; p) is a polynomial. Equation (4.24) in Rep B~ implies
that

3 3
T(w; p) Qs p) = aw) [ | Q(a;"ws p) + pdw) [T Q(gsus p).
s=1

s=1
We apply this relation to w and substitute # = ¢; (p; w). The theorem follows. O
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Appendix A

We collect here technical lemmas used in the main text. Recall that we drop D and set
C =1 throughout.

A.1. Coproduct At on horizontal generators. The following is an analog of a standard
calculation in quantum affine algebras.

Lemma A.9. The following equalities hold.

Atey= Y e p®@Yp+1®e, modE€x®Ec 1 (n>0), (Al

0<p<n
= Z enp®Y, +1®e, modE5,®Ec_1 1 <0),  (A2)
n<p=<0
Afo= > Vi@ fap+fu®1 mod € ®Ecy (n20), (A.3)

0<p=n
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= > Y, ®fup+/i®1 modEs®Ecy (n<0), (Ad)

n<p<0
Atyr= " yreyy, modés ®Ec i (n>0), (A.5)
0<p=n
Ay =Y ¥ ,®Y, modéx®Ec (n<O0). (A.6)
n<p=<0

Proof. Since the calculation is well known for quantum affine algebras, we will be brief.
1L

Weuse ey = ey, ep = hfl, len, h1] = ens1, [h—1, 4] = €,_1, and the relations
Atet =3 et @yl (CH' +1@er (nel),
j=0
Athi=h @1+e1®uifo+1®h modEr®E< a,
Ath_1=h_1 ®1+kieo ® fr1+1®h_y mod Exr ® Egs.

Noting further that «[e,, fol = ¥,F (n > 0) and k([ f-1, e—p+1] = ¥, (n > 0), we
obtain (A.1) and (A.2) by induction.

The automorphism 62 in (2.2) is an anti-automorphism of coalgebras with respect to
AL, Applying 62 ® 62 to both sides of (A.1), (A.2), we obtain (A.3), (A.4).

From (A.1) and (A.3) we compute

[Ate,, At fol = Z len—p, fol ® ¥, + Vg ® [en, fol mod €31 ® E<1,

0<p<n

which leads to (A.5). Finally we get (A.6) by applying 0% ® 62 to (A.5). O

A.2. Polynomiality of currents. In this subsection we prove Proposition 4.1.
Recall the subalgebras B given in (3.11). In the following computation we use also
auxiliary subalgebras

Nt = (e, (neZ), CH),
NE = Py (01 < 0,02 > 0)), NZ=NBj.

Algebra B~ is generated by f,, (n > 0) and ¥, - (r > 0). Algebra Bi‘ is generated by
elements ¢, (n > 0), eJ_-r (r > 0) and [eg, e>]. Likewise Nt is generated by f,, (n > 0),

e (r > 0)and [ fo, fo].

. . 1 . .
We make extensive use of formulas expressing ¥, —, enL in terms of the horizontal
ones,

Yt = (~cH) T ad foad fo) TR (= 2), (A.7)
er ==D"HCH) @ fo) T A (r= 1), (A.8)
et =(adeg) le; (r=1). (A.9)



320 B. Feigin, M. Jimbo, T. Miwa, E. Mukhin

In addition we have WT‘L = K1 fo. We should note that the generators egp, f—1 do not
belong to B+, only the commutators with them do. Namely we have

adegN") CN*, ad fo(Ng) CNg, ad fo(Ng) € B (A.10)
We begin with a technical lemma.

Lemma A.10. Let r be a positive integer.
(i) For any £ > 1, there exists an N € Z~q such that for all m > N and x,, =
ems fm, ¥,h we have

[Xm.ef1€ Y NE- fi+Y N&-yt. (A.11)
j=t izt
(ii) For any a € C* and £ > 1 we have
[V @.efle Y Ne-v*@) N - fj +Ng -9 @) - (Ne N€xpn). (A12)
j=t
Proof. In algebra &, we have the quadratic relations

[Iﬂ;, fal = é(lﬂ;,f]fnﬂ + fn+2¢:172) - E(w;,;fzfmz + fa+l w;;,]) + [Iﬂ;,fy Sua3l,
(A.13)

[fms fn] = é(fm—lfiﬁl + fn+2fm—2) - g(fm—2fn+2 + fn+1fm—l) + [fm—Sa fn+3] s
(A.14)

which hold for all m, n € Z. Here we set & = Z?:l gi, € = 21‘3:1 qi_l. We can apply
the same equations repeatedly to terms of the form W;,_ i Jn+js fim—j fnsj in the right
hand side. For any given £ > n + 1, we obtain as a result

+2 +2
Wk ] € C¥men ifi+ D Clfivm; (A.15)
j=t j=n+l

and a similar equation wherein all ¥/’s are replaced by f;’s. From these, along with
the relation [e,,, f,] = Kl_llp+ it is clear that (A.11) holds for r = 1, ell = CJ-fl,

m+n>
provided m is sufficiently large.
By induction, suppose statement (i) is true up to r, and consider eﬂ;rl = —Cfo. eﬁ-].
We write
L. Lfo. €11 = [, fol. €1+ Lo, L. €11 (A.16)

We apply relations of the type (A.15) to the first term in the right hand side of (A.16),
and use the induction hypothesis. Given an £, we can choose an ¢’ so that

(Do, fol e 1€ Y NS - fj+ Y Ne-yf+ Y Ne-[fj, e+ ) Ne-[¥}, ¢

e e izt e

CY Ne-fi+) Neyif

jzt j=t
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holds for m large enough. We proceed similarly with the second term of (A.16), using the
induction hypothesis, relation of type (A.15), and (A.10). With a suitable ¢” we obtain

Lfo, Dom, e 1€ D NS - fi+ ) NE-yi+ Y Ne-[fo, fil+ ) NE - [fo, ¥]]

jZe// jze// jze// jzl//
L. r Z Loyt
C Y NG fi+ ) Ny
j=t j=t

for m large enough. This proves (i).
To show (ii) for r = 1 it is enough to use

[V (@), ful € Y _Cyr@fi+ Y, Cliva. (A.17)

j=>t j>n+1

The induction step is also very similar to the argument given above. The only thing to
note is that [ fo, NJ<- NEs_ra]l C NJ<- NEs_,. O

The following is the content of Proposition 4.1.

Lemma A.11. Let M = L(W), ¥ € tg1 N Clz™ 1. For any v € M we have

env = fpv = Yiv = 0 for sufficiently large n, (A.18)
ifa € C* is azero of ¥(z), then ¥ (a)v = 0. (A.19)

Proof. We prove the assertion by induction on — pdeg v.
When v = vy is the highest £-weight vector, (A.18) and (A.19) are evident except
for f,v. Let us show f,vg = 0 for n > deg, -1 W (z). To see this, note that e, f,vo =

Kl_lw,lernvo =0 (m > 1), and that eJ_-mfnvo =0 (m > 2), [eg, e2] fv = 0 for degree
reasons. Hence f,,vg = 0 by the irreducibility of M.

Assume that (A.18), (A.19) hold true for v’ € M with pdegv’ > —I, and take v € M
with pdeg v = —I. There are two cases to consider, v = f,v' (r > 0), or v = ,+’Lv’
(r > 2), for some v'. In the following let x,, stand for one of e,, f;, U0

If v = f,v/, then x,,v = [x,,, f ]V + fx,v'. For large n this vanishes by (A.15), its
analog for [ f;,,, fu], and the induction hypothesis. We have also

yHa) frv' € Yt @' + Y Cyt@ fiv'+ Y Chiytan
j=t j>r+l

for any €. The right hand side vanishes if £ is chosen large enough.

Consider the case v = :r’J‘v’. Since (CJ-)’_lw;r’l = —Kk1lf-1, ej-_l], we have

(€ Mg, v 41 € Cllxn, fo1l, €21+ CLA-1, [, €711,
Take any £ > 1.If x,, = e, then [x,, f_1] € Cy}_,. Ifx, = f, or y, then [x,, f_1] €

n
2 jons2 Cxnmjo1 i+ <o Cfjxn—j—1. Ineither case, using Lemma A.10 (i) we see

that if n is large enough then

[Dn. forloe 10/ € D ONE - fiu + Y NE -yt (A.20)
j=t j=t
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Since [ f—1, Ng] c BL, we have also

[t Bons 10" € Y BEfi0/ + ) Byt + Y NE[for, fi10

j=t j=t j=t
+ > NI Y (A21)
j=t

We can choose ¢ large enough so that each term in the right hand side of (A.20), (A.21)

vanishes. Hence x,, ;" Ly =0 for sufficiently large n.
It remains to show (A.19). By using quadratic relations and (A.17), and arguing as
above, we find

W@, g, € Y Byt @B fiv' + Byt @) (BTN Es )V
j=t

for any £. Hence if £ is large enough, then the right hand side vanishes by the induction
hypothesis. 0O

A.3. Coproduct A and 1-finite modules. We restate and prove Proposition 4.2 as the
following lemma.

Lemma A.12. (i) Algebra B+ is a left coideal of & with respect to A: A(B+) c EQBL,
where ® means the completed tensor product with respect to the homogeneous degree.

(ii) Let V be an € module, and let M = L(\W) with W € t51 N Clz™ Y. Then A(B1)
has a well-defined action on V & M.

Proof. The images of horizontal generators by A are given by

Ae, :Ze’l*i ®1//l7+1®e,, (n > 0)
j=0

Afp=fr®1+Y V7, ® furj (1=0).

Jj=0

Thanks to Proposition 4.1, these series terminate on each vector of V ® M. We study
the images of the vertical generators e;-, ¥, L

Ifr > 0,then Aet, = (ad Aeg) ! Aej by (A.9).Itis the coefficientof 20 - - - 29 |z
in the multiple commutator (ad A; + ad By) ---(ad A,—1 + ad B,—_1)(A, + B;,), where
Aj =e(z;) ® ¥*(z;) and B; = 1 ® e(z;). We write ad X = L(X) — R(X) where
L(X) (resp. R(X)) means multiplication by X from the left (resp. from the right).
Expanding the product, and taking coefficients of terms of the type B, we obtain a
linear combination of terms of the following form:

YEX(e) (i <)

+ + +
e(Zjl’)"'e(Zj;é)@XOYl X1Y2 "'Yk—le_l X V() G = 7).

(A.22)
Here 0 <k <r,1 < ji <--- < jk <7, j{,..., j; is a permutation of ji, ..., jk,
X, = (ad eg) s+ =51 (o = 0, jeas = 1), Y = L(Y*(2;,)), Yo = R(WH(z;,)). Since
(ad eg) N1) © N1, coefficients of (A.22) in the remaining z;’s belong to EQB.
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There is nothing to show about eé‘ = h; and 1/f1+ L= k1 fo.
We show next that Ae;- with r > 0 belongs to EQNL. If r = 1 it is clear from
ei = CHf1.1f r > 2, then Ae;- is proportional (with C as coefficients) to

fo®1+VYy ® fo+ Y ¥, ® fj, Aej 1.
j=1
Since ad fo(NJé) - Né, we see by induction that all terms belong to € ® NJS-.

Finally Ay, L (r > 2) is proportional to

[f@1+vy © fi+) v, ® fj, Agy].

Jj=0

Since ad f_ (NJé) C B+, all terms belong to € @ B+. O

A.4. Coproduct A and A*. The following is an analog of Proposition 3.8 of [EKP],
which relates the Drinfeld coproduct with the standard coproduct for quantum affine
algebras.

Lemma A.13. In the completed tensor product ERE, we have the identity
A% (x) = ("> ReRo) ™' - AT () - g Ry Ro = R - AT (x) - R
forany x € €.

Proof. The second equality is a consequence of the intertwining property (5.1) of R.
Since both sides are algebra homomorphisms, it suffices to check the identity on the
generators x = e, fo, h+1.

Let us consider the case x = ¢g = hj_-l. Recall that the factor R_ has the form (5.5).

Since pdeg hfl =1, we find
R_ALor(pt R = R (hil ®1+CL® hfl):R:‘ (A.23)
€ep®@1+E¢H®E.

Similarly, using (5.5) we compute
Ry 'Ry g AL (L )RRy € Ry ((CL)_l ®ht +E51 ® 8):}20 (A24)

=Zw;~r®e_j+8>1 ® E.
j=0

In the last line we use the identity
Ryt (CH T @) Ro =¥ (D) ®e@),

which follows from (5.6). Comparing these equations we find that (A.23), (A.24) are
both equal to



324 B. Feigin, M. Jimbo, T. Miwa, E. Mukhin

Zl//;®e,j+eo® 1 = A% (ep).
Jj=0

The other cases are proved in a similar manner, using

Ry f@OCH-Ro= )@Y (2).
O

Corollary A.14. Let V be an object of O¢, and let M = L(V) with ¥ € tg1 N Clz~11.
Then we have an isomorphism of B+ modules

V®AM:V®ALM.

Proof. We show that the element o (R_), where o (¢ ® b) = b ® a, has a well defined
action on V ® M. To see this, let M = @,,>0M[m] be the grading of vector space
mentioned in Remark at the end of Subsection 4.3. Take vectors v € V and w € M[m].
Then o (R)v ® w is a sum of terms of the form y, _ v ® x", , w (see (5.5)). For
them to be non-zero we must have v + pdegv < 0 and m — vy + Nv; > 0, where
N = deg,-1 V. Hence the sum is finite.

Setting F = o(R_) we have FA(x) = A+(x)F (x € Bt) by Lemma A.13.
Therefore F : V QA M — V @41 M gives the desired isomorphism. O

A.5. Submodules of V ®a M. In this subsection we prove Proposition 4.3. In the fol-
lowing, we assume that

V=LWy), Yyere, (A.25)
M=LWy), Wyectg NClz7']. (A.26)
Note that M is 1-finite (see Corollary 4.11).

Lemma A.15. Let v € Vy be a non-zero vector of £-weight V. Then e, v, f,v are sums
of €-weight vectors with £-weight different from V.

Proof. This follows from Lemma 4.15 and its analog for e(z). O

Lemma A.16. Let W C V QA M be a submodule. Then we have

(1®x)W CW (Vx € BY), (A.27)
(@)W W, QO ¥, fuj))WCW (¥p=0). (A.28)
j=0

Proof. Without loss of generality we may assume W # 0. To see (A.27) for x = e,
(m > 0), let w € W be a non-zero £-weight vector. We have

WoAea(@) w= ()Y @) -w+(l®e-(2) w.

ByLemma A.15, the first term is a sum of terms of £-weight different from that of w, while
the second term has the same ¢-weight because M is 1-finite. Hence (e(z) Ryt (Z)) _w,

(1 R e~ (z)) - w both belong to W. Similarly, for » > 2 we have

W > A((adeo)rflel)w =1® (adeo)rqq W,



Finite Type Modules for Quantum Toroidal gl 325

where - - - is a sum of terms which involve at least one ¢; in the first component. In view
of Lemma A.15, we conclude that (1 ® eJ_-,)w belongs to W. Furthermore it is clear that
if 1®@x)W C Wthen (1 ® [h1,x])W C W. This proves (A.27).

Proof of (A.28) is similar where we use Af>(z) = f>(2) @ 1+ (1//_(z) ® f(z))>. O

Lemma A.17. We retain the assumptions (A.25), (A.26). Let mq be the highest £-weight
vector of M. Then any submodule W of V @ M must have the form W = VO @ M
where

VO =—(weVv | vem e W)

The highest £-weight vector vy € V belongs to VO if and only if V = V(.

Proof. First we show that
VO QM,cW (¥n<0) (A.29)

by induction on n. By definition (A.29) is true for n = 0. Assuming it forn > —N, we
takem € M_y.

Consider first the case m = f,m’. We set pg = max{p | f,m’ # 0}. There exists
an x € B such that xf,,m’ = mo. By (A.28), we have 27026’7 e fprjm' € W
for v e V. Applying 1 ® x to both sides and using (A.27), we find inductively for
p=po,po—1,-- thaty " ;v e VO (0 < j < po)andv® fm' € W (0 < p < po).

Next we consider the case m = ¥;"m’, pdegw’ = —N + r. Setting w’ = v ® m’
where v € V(@ and we have

W Alfon e w' = [fo1® 1, At Tw' + Yy ® f-1, Aei Tw'
+ Z[W:] & f—1+j, Aeﬁl]]w/-

Jj=1

From the previous paragraph we see that the first and the third terms belong to W. The
second term has the form [, ® f—1, (tpo_)’_1 ®ef-_1]u/+- -+, where - - - denote terms
containing at least one f; in the first component. Arguing similarly as in Lemma A.16
we obtain that (1 ® [f_1, e ;)w’ € W. This shows VO @ y:lm’ € W.

Let us show that V© @ M = W. Let w € W be an ¢-weight vector, and let
w = vazl v @ my (v, € V, m, € M) be an expression where {v,} and {m,} are
linearly independent sets. We show that v, € V© for all » by induction on N.

Assuming pdegm < pdegm, (r > 2), we choose an x € Bi‘ such that xm| = my.
By (A.27), we have Zflzl v ® xm, € W. For degree reasons we have xm, = a,mg
for some a, € C, hence Zivzl arv, € VO where we seta; = 1. If N = 1, then we are
done. Suppose N > 2. By (A.29) we have Zﬁvzl a,v, ® mp € W, so that Zivﬁ v ®
(m, —a,m) € W. Since {vr}ﬁ\’:2 and {m, — arml}ﬁ\]:2 are linearly independent, the
induction hypothesis applies and we obtain v, € V© for 2 < r < N. This in turn
implies v; € V(©.

Finally, (A.28) implies f> (z)V©® < vO From the proof of Lemma 3.3, we obtain
that f 2)VO < VO Therefore vy € V© if and only if vO =y,

The proof is now complete. 0O
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