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Abstract: We consider the one-dimensional random Schrodinger operator
H, = Hp+ 0V,

where the potential V has i.i.d. entries with bounded support. We prove that the IDS
is Holder continuous with exponent 1 — co. This improves upon the work of Bourgain
showing that the Holder exponent tends to 1 as sigma tends to O in the more specific
Anderson—Bernoulli setting.

1. Introduction

1.1. The Anderson model. We consider the Anderson model for random Schrédinger
operators
H, = Hy+0oV,, (1)

where Hy is the discrete Laplacian operator on £2 (Z), V,, is arandom potential (diagonal)
operator, with iid random variables on the diagonal, and o is the coupling constant, a
parameter regulating the amount of randomness in the model, so that taking o to be very
small decreases the randomness. This model can be expressed in matrix form as

0100 w_1 0

00
| 1010 0 w 0 0
Ho=1 9101 |*° 0 0w 0
0010 0 0 0 a

where the w;, referred to as single-site potentials, are iid random variables with common
distribution P.
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1.2. The result. Let u, be the integrated density of states measure (IDS) for H,,. We
have the following theorem:

Theorem 1. Consider the Anderson model under the conditions that P has mean 0,
variance 1 and support bounded by co. For all y > 0 the IDS, L, restricted to the
interval (—2+vy, —y)U(y,2 —y), is Holder continuous with exponent 1 — 496c80/y.
More precisely, for Ao € (=2+y,—y)U(y,2—vy), 0 <land A <1

Ho[ho, ko +A] < %A‘*“%“S"/ v,
o

1.3. Why the Anderson model. The Anderson model is used to consider a quantum
mechanical particle moving through a disordered solid, feeling potential from atoms at
the lattice sites, where the randomness of the potential corresponds to impurities in the
solid; see, for example, the discussion in [8]. The particle moving in d-dimensional space
is given by a function v, and its evolution by e~/"ovs,. With this view, the operator
prescribes the time evolution of the particle, and properties of the spectrum of H,,
¥ (H,), correspond to questions about how electrons move through the wire. A natural
question to ask is whether the generalized eigenfunctions are localized or delocalized,
which can be thought of as a question about the conductive properties of the solid. When
o = 0 we imagine a metal with no impurities, which we expect to be a conductor. Indeed,
the operator Hy has spectrum (—2, 2), and its generalized eigenfunctions are not in £2.
On the other hand, in 1-dimension, for any o > 0 one can show that the eigenfunctions
become exponentially localized, a phenomenon known as Anderson localization. See for
example the results of [6, 10], and [4], the latter covering the case of Bernoulli-potentials.

1.4. The integrated density of states. The integrated density of states (IDS) can be
thought of as the average number of eigenfunctions per unit volume in the spectrum.
It can be obtained by restricting the operator to a finite box, and then taking the limit
of the empirical eigenvalue distribution, see [8]. Understanding the IDS is a first step
in the study of the spectral properties of the random operator. When P is absolutely
continuous, much is understood about the IDS. The main tool mathematicians use in
this case is the celebrated estimate of Wegner [14]. It bounds the expected number of
eigenvalues in a small interval of the spectrum of a Schrédinger operator restricted to
a finite box. This bound depends on the infinity norm of the density, and so only exists
in the case where the distribution of the noise is absolutely continuous. The lack of this
tool in cases where the noise is not absolutely continuous results in a bigger challenge
to prove many expected results; even in the simple case where the noise has a Bernoulli
distribution, referred to as the Anderson—Bernoulli model, much less is known.

It is natural to ask further questions about the IDS, such as what kind of continuity
properties it has, and whether we can describe it more explicitly. One would expect that
the IDS should be Holder continuous for small coupling constants, and that the exponent
should improve, specifically approach 1 aso | 0, see [1]. This and more has been known
when the noise is absolutely continuous for some time. For example, Minami estimates
—bounds on the probability of seeing two eigenvalues in a small interval of the spectrum
of a Schrodinger operator — are even more refined than the Wegner estimate, can be
proved in the continuous case, and are used in [11] to establish Poisson statistics of the
spectrum. On the other hand, when the noise is not absolutely continuous, it is possible
for Holder continuity to fail if o is not small enough. For example, in [13] Simon and
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Taylor formalize a result of Halperin [7] to show that, when the noise is Bernoulli, for
any o > 0, the IDS cannot be Holder continuous with exponent greater than

2log2/arccosh (1+0).

Since the maximum exponent of Holder continuity is 1 anyway, this result has no content
for small sigma. On the other hand, for any o > 9/8 = cosh (21og2) — 1, the exponent
of Holder continuity must be bounded away from 1.

1.5. Holder continuity. In[12] Holder continuity is established in the Anderson—-Bernoulli
model for certain coupling constants, but the exponent in that paper gets worse instead of
better as o decreases. Bourgain [1] establishes that the Holder continuity doesn’t break
down as o decreases, and the exponent must tend to at least 1/5. This result is improved
in [2], where he gives a non-quantitative bound to show that the Holder exponent con-
verges to 1 as o | 0. Following his argument carefully it seems that his methods yield
a bound of the form

1 —c|log (o) |71/2.
In contrast, our result gives that the speed with which the exponent tends to 1 is bounded
by

1—co,

where our value of ¢ is explicit. In both our result and Bourgain’s the constant depends
on the energy being considered, in particular it gets large at energies near the edge of
the spectrum, but also near 0. However, our method applies to a wider class of noise
distributions than Bernoulli, specifically our main assumption is that P has finite support.
Our assumptions that [P has mean 0 and variance 1 are for ease of notation.

The breakdown of this work is as follows. In Sect. 2, we use the method of Transfer
matrices to view the eigenvalue equation for the finite-level Schrodinger operator as a
product of 2 x 2 matrices, and get some geometric intuition by viewing this matrix product
as a random walk in the (upper half) complex plane via projectivization. In Sect. 3, we
prove a deterministic result (Theorem 2) relating the number of eigenvalues in a small
interval of the finite-level Schrodinger operator to the number of large backtracks of
the imaginary part of a random walk (with drift) defined in Sect. 2. We also bound
the jumps of the real part of this random walk. In Sect. 4, we use the known Figotin—
Pastur recursion, most clearly laid out in [3], and a Martingale argument to bound the
probability of large backtracks of random walks like the one in Sect. 2 (Theorem 3).
Finally, in Sect. 5, we carefully choose some parameters and apply the results of Sects. 2
and 3 to bound the probability of the number of eigenvalues in a small interval of the
finite-level Schrodinger operator, and take a limit to obtain the main result.

2. Preliminaries

2.1. The transfer matrix approach. Consider the 1-dimensional random Schrodinger
operator in the Anderson model H,, = Hy+0o V,,. We will be working with the restriction
of this operator to a finite box, H,, ,. Since H,, is tri-diagonal, the eigenvalue equation

Hw,nd) = )\QS
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can be solved recursively in order to determine if a given A is an eigenvalue. Doing so
allows us to write down an equivalent formulation of the eigenvalue equation:

|:¢(Z:1] — Tn()») Tn(i)l L. Tl()\) |:¢1:| 2)

o)

where we set ¢,4+1 = ¢9 = 0 and the T matrices are given by

0 _|A—ow —1
d —[ 1 o]

Note that ¢, in this equation is unknown, and that by linearity we may let ¢; = 1,
which is allowed because ¢; can’t be 0, since if it were, the recursion would imply that
¢ = 0. This rewriting of the eigenvalue equation is a common technique when studying
the spectrum of Schrodinger operators in the Anderson model, often called the transfer
matrix approach. One immediate benefit of this approach is that we can use the transfer
matrices to define the Lyapunov exponent, y, (1), a quantity which captures the speed
at which the product of these transfer matrices grows, as follows

1
Yo ) = lim —log||T™]I.
n—-oon

The Lyapunov exponents of Schrodinger operators can give us information about the
operators themselves. For example, the authors in [5] give a theorem excluding Holder
continuity of the IDS for operators with large Lyapunov exponents.

2.2. The complex plane. To help with intuition, we will identify the objects we’re work-
ing with in the upper half of the complex plane (UHP). Specifically, we can view the
transfer matrices Tl-('\) as automorphisms of the UHP through projectivization. Given
some (complex) 2-vector

we think of its projectivization as the point

P = 2L

v2

in the complex plane. Then a 2 x 2 matrix

a b
(i
can be thought of as an automorphism of the plane as

Mov=2P|lMm|V _M
B || Plvl+d’

While the UHP will be the most useful model for us to think about our objects geomet-
rically, occasionally things will be easier to understand in the context of the disk. For
example, a certain automorphism of the half plane may be most easily understood as a
“rotation” if it corresponds to mapping the UHP to the disk with a Cayley transform,
applying a rotation to the disk, and then mapping the result back to the UHP. In such
cases, we may call such an automorphism a rotation for simplicity.
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2.3. More on transfer matrices. We will be investigating the spectrum by fixing a par-
ticular point, or energy in the spectrum, Ao, and looking at the spectrum near this energy.
For a fixed Aq, define 0, p, and z by

A =:2cos, 0<O<m
1 1

L= sz 2sind

2= (o+i/p)/2=¢".

To simplify notation we suppress the 1o when it appears in the transfer matrices, writing

TV 7, = [?»0 —ow, —1]_

and

1 0

Finding eigenvalues near Ao means solving equation (2) for Ag + A. If we define

o= 1]

then Ti(kom = T; O, and we can substitute this into equation (2), evaluated at Ag + A, to

get
Gt | _ é1
|: ‘Pn i| = TnQTn—lQ TIQ |:¢0]

which we can rearrange, and apply our boundary conditions ¢ = ¢,+1 = 0 to, to obtain
T~ () (@) [d?] = @lmthi2-TiglialisTi g [qﬂ 3)
n

with the notation Q4 being conjugation of Q by A (i.e. A~'QA). This expression is
convenient because all of the randomness on the right hand side is in the conjugation, but
A only appears in Q, which has no randomness. This allows us to easily view the process
as a random walk. To simplify notation, let W; = T;T;_1 - - - T, call the expression on
the left hand side of (3) vy, i.e.
-1 0
vy =W, [ ¢"i|

and let V,, be the expression on the right hand side of equation (3) so that (by reversing
the sides of the equation) we may rewrite (3) as

V, = |:Ul,n:| — QWn—l QWn—2 . le 0 |:%]:| = Us. 4)

UV2.n

The sequence {W,” s 7} defines a process in the UHP, and the sequence {P [Vi]};_,
defines a process on the boundary of the UHP plane. Each Vj is obtained by applying
the automorphism Q"+ to the previous point, starting at the point at infinity, given by

the projectivization of
8]



844 E. Hart, B. Virdg

Let s be the projectivization of Vj, in other words

sk =PVl = vix/v2k

w1

corresponds to the process W, 1o z in the UHP model, we will split this process up into
its real and imaginary parts so that

and, keeping in mind that the process

X, +iY, = W;l 0Z.

With the understanding of the process W,~ 1oz as a process in the UHP, and its separation
into real and imaginary parts, we are able to state our main theorems.

2.4. Main theorems. 1f Y is a real valued process, then whenever Y increases by B, we
call this a backtrack of Y by an amount B. Note that this terminology makes more sense
for processes with drift down. In particular it makes sense for the imaginary parts of
random walks in the UHP which converge to the boundary.

Theorem 2. Let g € (—2,0) U (0,2),n e Ny A > 0ande > 0. Fix M, let0 < B <
Q2M)~', and assume that IAXkl/ Yy = | Xk — Xk—11/Yr < M for all k < n. Then the
number of eigenvalues of H, , in the interval [Ao, Lo + A] can be no more than 1 plus
the number of backtracks of the process log Y, + [(e + AB) / sin6 + 2M ] n that are at
least as large as log (€B/M\).

Theorem 3. Assume sin20 # 0. Let E (a)]) =0 F (wf) =1, lwj| < cp, and o <
2sin 6| sin 20|
496¢3
log Y, + kn has a backtrack of size B starting from time 1 is at most

. Also assume k < 60(3),0303/| sin 20|. Then the probability that the process
2p—B(1=248¢}0/25in 6] sin 201)

3. Random Schrodinger Operator and Random Walks
3.1. Walk on the boundary of the UHP. The process Vi can be viewed as a random walk
on the boundary of the UHP via projectivization. Since

v

Qov= 1—Av

there is reason to think of the matrix Q as moving points v on the boundary of the UHP
“to the right”. Since X is small, it certainly does this when v is not too large. If v is very
large, it is possible that Q o v < v, but in this case we will think of Q as having moved
v “to the right, past co”. In this sense, conjugates of Q also move points “to the right”
along the boundary of the UHP.

With this in mind, we view the process V, as a random walk on the boundary of
the UHP moving only to the right, so the notion of “how many times this process
passes a fixed point” makes sense. On the other hand, since (4) is just a rearrangement
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of the eigenvalue equation for the Schrodinger operator H,, ,, we make the following
observation: for a fixed n and A if

Q%1QWM.HQ[%}=U*

then Ao + A is an eigenvalue of H,, ,. This motivates the following well known fact:

Lemma 4. The number of eigenvalues of Hy, ,, in the interval [Lg, Ao + 1] is equal to the

. Wit Wi
number of times that the process Q, =l 2 k=2

from 1 to n.

... Oy (p) passes the point v, as k goes

Note: the idea here is that for a fixed n we plan to count the eigenvalues of H,, , by
considering each Q"¢ as one step in a process, and looking at the behaviour of that
process as k goes from 1 to n.

Proof. This proof from [9]. Let B = [Xg, Ao + A] X [0, n]. By interpolating linearly to
continuous time, we may consider the continuous map f : B — S given by

Wri— Wii— Wi—
[, = Q}L(y_iw_\_,_u) a i Q}L S 0,.(p).

Consider the loop given by going around the perimeter of B, i.e. from (Ag, 0) to
(Ao + X, 0)to (Ao + A, n) to (Lo, n) and back to (Ag, 0). Since B is simply connected, the
image of f istopologically trivial. Further, f ([Ag, 2o + A] X {0}) = f ({*o} X [0, n]) =
p. Therefore, f ({1} x [0, n]) and f ([Ao, Ao + A] X {n}) must have opposite winding
numbers. In other words, the number of times that the process

{Vk}z=1

passes the point v, is equal to the number of times that the process

Wy— Wy—
Q)L* ]Q)L* S 0= (P)

passes the point v, as A* is varied from O to A. By the observation above, the latter is
clearly the number of eigenvalues in [Lg, Ao + A]. O

3.2. Bounding By rotations. Define

v/ =Ry, 5)
where R is given by
A [=
R=—" cos 6 1 ’
sin2 @ -1 cosf

and W; is the piecewise constant interpolation of W), thatis W; = W|;,. Note that R is
chosen so that if we map the UHP to the disk using the version of the Cayley transform
sending z = ¢ to the center of the disk, then R is a rotation about z with speed A.
For this reason we may think of R as a “rotation” even in the UHP. In Theorem 5 we
find a relationship between Vj and V;, and in what follows we will use this relationship
to understand Vj through V;. This is useful because rotations are relatively simple to
deal with. This view of R as a “rotation” is also useful in explaining our view of what
happens in the projectivization of the V; process as the point moves past infinity.
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Theorem 5. The process Vi is upper-bounded by the process V; given by differential
equation (5), in the sense that the projectivizations of Vi and V; are each processes
following the point at infinity as it moves along the boundary of the UHP to the right,
and for any time t = k, the point in the V; process has moved at least as much as the
point in the Vi process has.

Consider first a simple version of the Vj process where the O matrices are unconju-

gated. Call this process Vi, so
5 ok |91
Viik=0 |:0] .

Then the V process can be described by the finite difference equation

Vi1 = OVi (6)

~ v’ . ¢
w=|nel=15)

Lemma 6. Solutions to the finite difference equation (6) are equal to solutions to differ-
ential equation (7) at integer times.

where we set

= |:_O)L 8i| Vi =1 AV;. @)
Proof. The difference equation (6) can be decoupled by considering the rows separately.
The first row gives U1 x+1 = 01 k. This means that Av; = 0 (where we have dropped the
k from this coordinate because the solution tells us that it’s autonomous). The second
TOW gives U2 k41 = —AD] k + U2 k. This means that Aty = —Av1, (where again we drop
the k because our solution from the first row means that this row is also autonomous). On
the other hand, the differential equation (7) is already decoupled, and encodes precisely
the same information: ¥} =0, ¥, = —A0;. O

We now consider the differential equation (7) instead of the difference equation (6).
We would like to work with the projectivization, specifically the process § = v;,1/v; 2.
Using the quotient rule, we obtain the differential equation governing s, which is:

§ =52 ®)

Note that 5 gives (through its solutions at integer times) the projectivization of the Vi
process. Ultimately we would like to bound the Vj process by the process given in (5).
To that end, we will consider what happens when we replace the matrix A in (7) by R.
If we replace A by R in Eq. (7), then with our understanding of R as a rotation, we can
use monotonicity to relate the solutions of the two differential equations.

Lemma 7. The solution to differential equation (8) is upper bounded' by the solution
to the differential equation (9), below, which comes from the projectivization of the
differential equation obtained by replacing A with R in the V; process:

A

§= (52—2§cos9+1 . 9
sinZ 0 ) ©)

1 To be more precise, we think of the one-point compactification of the real line, which is topologically a
circle. The solutions of the differential equations in the theorem can be lifted to the universal cover, which is
the real line, and this is where the upper bound holds.
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Proof. The derivative §' is strictly positive in both differential equations, which means
in both cases, the solution § is strictly increasing, so it suffices to show that §’ is always
bigger in (9) than in (8), or that the ratio

§2 —25cosf + 1)

52

A
arg (

is always at least 1. But we can use calculus to find that this ratio is minimized by
s = 1/cos 8, and has a minimum value of precisely 1. O

At this point we have shown that the simple version of the Vi process (Vy, where the
QO matrices are unconjugated) has its projectivization upper bounded by the solution to
the differential equation given above in (9). We will now show that this holds even in
the case where the Q matrices are conjugated.

Let s be the projectivization of the process defined by

N

In other words, by using s we are now reintroducing the conjugations.

Corollary 8. The solution to the differential equation governing s is upper bounded by
the solution to the differential equation governing the process corresponding to s but
with A replaced by the rotation matrix R. In other words, the result of Lemma 7 holds
true even in the case where the Q matrices are conjugated.

Proof. Conjugation of Q by a k-independent matrix W is equivalent to replacing the V
in the finite difference equation (6) by W V. This new finite difference equation encodes
the same information as differential equation (7) applied to WV

00

wv/ = [—A 0

]WVI.

In the projectivization, this means that conjugation of the Q matrices corresponds to
applying the transformation W to s in differential equations (8) and (9). Since W is a
fractional linear transformation, it respects order, so the results of Lemma 7 still apply.
Since W; is a piecewise constant function, by continuity of the solutions, the bound holds
even when conjugating by W;,. O

We may now prove Theorem 5:

Proof. Equation (8) with W applied to 5 is the equation governing the projectiviza-
tion of the process Vg, and Eq. (9) with W, applied to s is the equation governing the
projectivization of the process V;. By Corollary 8 the projectivization of V; bounds the
projectivization of V;. O

Theorem 5 allows us to consider V; instead of Vj with the effect that the point on the
boundary that we are following will always have moved to the right more than it would
have without the replacement. This is useful since R, and therefore RW are rotations,
so RY has a fixed point, W~ o z. To figure out where the point p gets moved by the
process V;, we need only follow the sequence of centers of rotations: W, Toi.
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3.3. Movement from a different perspective. We will now look at the process s; = P[V;]
from the perspective of the process W; o z. From this perspective, s; will have discrete
jumps at integer times. Write Wl_l oz = X; +1Y; where X, and Y; are real and coupled
in the following way: dY; = Y;dZ and d X, = Y;dU for some processes U and Z. Note
that U and Z are pure jump processes.

Lemma 9. V; satisfies the differential equation

R S T N R S IR U
' in2e | -1 cosé "= ¢no|—-1 0 !

where

1 —cos6
A= |:0 sin 6 j|

W — 1 —X,+Y;cotf
=10 Y,/ sin6 :

and

Proof. The first equality is nearly a restatement of the definition of V; from equation
(5), but with W; in place of W;, so to prove the first equality it is sufficient to check that

RWt = RWi_ The eigenvectors of R are

=[]

But W, ! 0z = X; +iY;, and we can compute W; o X, +iY; = z, 50

vl ]

which means that the eigenvectors of W; W,_l are also

z Z
HESH
so R and W, W,”! commute. Therefore R": W' — R.and RY = R The second
equality is true because
o 1%
-1 0f -

I [—cos6 1
sin @ -1 cos 6
Now let F; be V; seen from the perspective of the X; +iY;, so we have

Ft = AW[V[ = [Ul’l - lez’t}

Yivo,
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and we can compute d F; as follows:

o [ [ 5
r [ 2 e 332 v
—y :_jZU: Vo + AWV/dr
=Y :_ddZU: Vo + sii@ |:_01 (1):| F,dt.
Once again the differential equation is autonomous, so can be written compactly as:
dF = F [_dU} P [_0 1] Fdt (10)
dz sind [—1 O

and taking projectivizations, we define

_ Fy
St = —.

F
Remark 10. The process s starts at p and moves along the boundary of the UHP, however
it is not well defined because of the discrete jumps at integer times. To ensure that s is
well defined, we will always use the right-continuous version of the process.

Lemma 11. Fix A, M, €, and B < (2M)*1. Let X; and Y; be real processes coupled by
dY; = YidZ and dX; = Y:dU, where U and Z are pure jump processes. If |AX:|/Y; <
M (for all t), and the process log Yy, + [(€ + AB) /sin 6O + 2M B n has no backtracks as
large as log (eB/A), then the process § can never pass oo.

Proof. First define
L :=log(—5) =log (—Fy) — log F»

This doesn’t make sense for 5 > 0, but for the remainder of the proof we will only be
concerned with negative values of s, so this causes no problems. We can use (10) to find
the differential equation governing L. This differential equation will have three terms,
the first two of which come from jumps:

e dF1/dU = —F, and dF,/dU = 0. When F; — F| — F»dU, log(—F;) —
log(—(F) — F»dU)),sodL = log(—(F — F>dU)) — log(—Fp) = log(1 —dU/5s).
So dL has alog(l —dU/s) term.

e dF>/dZ = F> and dF)/dZ = 0. When F, — F, + FodZ, log(Fy) — log(F> +
F>dZ7),sodL has a —log(l +dZ) term.

e At non-integer values of )\t, L is continuous in ¢z, so we may use the quotient rule to

compute that dL has a 515 (s + 1/5)dr term.

So the differential equation governing L is

A
dL = - (+1/5)di ~log (1+dZ) +log (1 — dU/3)
1n
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and if we integrate both sides between #;” and , we get

n )L [5) %) dU
Lf—LQ:/ .—<eL +e*L>dt+/ log(1+dZ)—/ 10g<1—T>. (11
1 n sin@ P I s

1

Here, the second and third integral correspond to summing the integrands over the jumps
of Z and U. Also, note that both sides absorbed a negative sign. Now let r, = inf{zr : § >
—1/B}, and let 1y = sup,_,,{r : 5 < —€/A}. Then we have the following inequalities:
L’f > loge/A
L, <logl/B

so that
L’l_ — L;, >loge/A —logl/B. (12)
When #; <t < ) we have:
e/h>=e">1/p (13)
and
rje<e L <B. (14)

Since Y; is piecewise constant dZ = 0 at non-integer times, so Y41 — Yy = Y,dZ by
the definition of Z, meaning dZ + 1 = Y;,1/Y; at integer times. Hence

n
/ log (1+dZ) = log (Y,Z/Y,;> = log¥,, — log ¥, (15)
-
Since AU is upper bounded by M, —5 is lower bounded by 1/ on the interval we are
considering, and 8 < (2M)_1, we have |[dU/s| < MB < 1/2. For x < 1/2 we can use
—log (1 —x) < 2x to get

—/zlog(l —dU/5) < (L) — L1y 1) 2MB. (16)
t

We are now able to continue integrating in Eq. (11). Combining (12)—(16), (11) implies
that

A _
logep/h < (12 = 1) = (/A + ) +log ¥y, —log ¥~ + (Le2) = L7 )) 2MB
and by rearranging, we have:
log Y;, — log Y’f +(rp — 1) [(e + XB) /sin O] + (Ltzj — LZI_J) 2MpB > logeB/A.

For this inequality to hold, the process log Y, + [(¢ + A8) /sin 0 + 2M ] n must have
a backtrack of size at least logef/A between [f, ] and [f2]. So such backtracks are
necessary in order for s to move through the range between —e/A to —1/8, which is
necessary for § to pass oco. In particular, we get the condition that in order for 5 to pass
00, the process log Y, + [(e + AB) / sin 6 + 2M ] n must backtrack by at least logef/A.

O
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3.4. Proof of Theorem 2.

Proof. Define N, to be the number of eigenvalues of H,, , in the interval [Ag, Ag + A].
By Lemma 4, N, is equal to the number of times the process {P [Vi]}]_, passes the
point P[v,], and so from Theroem 5 we get that N, is less than or equal to the number
of times the process s; passes the point P[v,], which is no more than 1 plus the number

of times the process s; passes 0o.
By Lemma 11, in order for the process s, and therefore the process s; to pass oo, there
must be abacktrack aslarge as log €8 /X inthe process log Y, +[(€ + A8) /sin 6 + 2M B] n.
0

Theorem 2 gives a deterministic result relating the number of eigenvalues of a finite
level Schrodinger operator to the number of large backtracks of the imaginary part of a
random walk. It also relies on the existence of a bound on the jumps of the real part of
that random walk. We now prove that such a bound exists.

3.5. Bounding the real part.

Theorem 12. Let X,, and Y, be defined as in Sect. 2.3, with o € [0, 1], 6 arbitrary,
lwi| < coand co > 1. Then for all k > 0

[ Xie1 = Xul _ /5 o

Yi = 2 sin?f’
Proof. Define
_ I
i+ iy, ¥ +iy') = L] (17)
y
and also
"2 N2
p— + p—
dy(x +iy, x' +iy') = o =x) /(y ) )
yy
Lemma 13. d; is invariant under Mobius transforms, namely
dy(z,7) = do(Tz, T') (18)

forany T fixing the UHP.

Proof. 1t suffices to check the following 3 cases:
d> is invariant under shifts:

(x+d) — & +d))" +(y — y)?

dy(z+d, 7 +d) = ; =dy(z,7)
yy
d; is invariant under dialations:
2 "2 2 "2
as(x —x)y +a(y —
dr(az,az’) = ( ) bt dr(z,7)

ayay’
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d» 1s invariant under inversion:

dr(1/2.1/2) = da (- : ﬂ%)
2
(2P = NP+ (—y el + Y 12
yy'/1zl?|z|?
_ PP [ ¥ 2 @)y 2y (y’)z]
Y

24 ZRIZP O b zRPIE I

) 122 122 o
 H OO0 }

1
= o [P 1P =205+ 0]

1
=— ( +y
yy

_ /2+ _ v\2
_ x)yy/(y ) .

Lemma 14.

d
d* < dy(1+ f)

Proof. Write z = x +iy, 7 = x" +iy’. Since both d; and d; are invariant under shifts
and dialations of the UHP, we may assume that x = 0 and y = 1. Then

di(z,7) = |¥|

and
/ 2+ 1— N2
dz(az’)=%.

Now we can simplify:

2y)? =0

dy(z, z/)) _ oy = @100

dr(z,7) |1
2(zz)(+ )

so that
d
1+ 7)) = () =df
completing the proof. O

Now we have the following:

| X — XK1l

-1 -1
A =d (Wk oz, Wi oz)

< \/d2 (Welozwitoz) (14 (W oz Wihoz) 4). (19)
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But we can bound d; (W,;l oz, ijrll o z) as follows:

d (Wi oz, Wikoz) =do (W o2, W' T o)

=dy(z, Tj;, 02)
=dy(Ty41 02, 2).

When w = 0 we have that Tk"ﬁo 07 =280

dy(Tis1 ©2,2) = do(Tewy 02, T7 0 2)
(()»0 —owir1)z — 1 Aoz — 1)
=d

El

z z
=dy (Mo —0OWks1 — 2, A0 — 2) -

By invariance under M&bius transforms, this is equal to
dy (—owp41 +1isinb, isinb)
which can be computed to get

_ _ (Cwps1)?
d(Wloz,Wloz>:—
2 k k+1 sinZ 0

Using this bound in (19) gives

[Xis1 — Xl - (oco)? (1 N (060)2>
Yy sin2 6 45sin% 6

and since we have sinf < 1,¢cp > 1,and o < 1, we get

| Xirt = Xil _ V503
Yy ~ sinZ6

4. Bounding Backtracks

4.1. The Figotin—Pastur vector.
Lemma 15. Let M be a real 2 x 2 matrix with determinant 1. Then

el

-2
Im (M_l Oi) =
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Proof. Write

so that we have

—ic+a
Im ((id — b) (a+ic))
a?+c?

1
a’+c?

"[s]

‘We want to understand the backtracks of the log Y; process, which means we we want
to follow the log of Im ((A W) lo i). Lemma (15) allows us to instead follow 1/||y;||2,

where
1
Ve = AWt |:0]

which is the well-known Figotin—Pastur vector for which a recurrence relation is known.

Define ry and o by
. cos(ay)
Yk = «/ﬁ (sin(ak)>

-2

O

so that
Y, =ri/sin6 = ||yl |?/ sin 6
(because det AW, = sin#) and recall that

7= eif

and
1 1

T 2sing |1 -22
Then from [3] we have the recurrence relations

0

rie1 = re(1420° w7, p? =20 w1 p sin Qo +20) =20 2wt p* cos (2ay +26)) (20)

and 5
S (2 Diap
Qi _ liog 2 O Wf+110 (Z € 1)
1 — owpsrip (1 — z2e?)

ey

and the non-recursive expression for r

k-1
rp = l_[ (1 + 20260?,02 +20wjpsin (201 +26) — 20—2605102 cos (2aj_1 + 29)) )
j=1
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4.2. Martingales. In what follows, we will use a martingale argument to bound the
probability of a large backtrack of the process log Y, + «n, with Y, as in the previous
section and « sufficiently small. We will use a function of Y,, which, raised to the power
of 1 — 4, is a supermartingale for an appropriate choice of §. This é will need to be big
enough to make the process a supermartingale, but it can’t be too large or else it will ruin
the bound we are trying to get. We find lower and upper bounds for §; the lower bound is
the more important bound, necessary to ensure we are working with a supermartingale,
where as the upper bound we choose is for technical reasons, specifically to bound a
Taylor expansion cutoff, and could be chosen differently if desired.

Lemma 16. Assume there are positive constants ci . ..c7 so that the following holds.
Let Xy be a sequence of random variables such that

EXilFe-) =02Bior, E(XHFior) < 02k,

where |Ag| < 6p%, |Bx| < 4p2, and |Xy| < ci0, and where Fy is the sigma algebra
generatedby wy, . . ., wy. Assume further that there exists a constant ¢ and some functions
Fi, G such that with AFy, = Fy, — Fi_1 we have

|By — AF —¢| < c3o0,  |Ax — AGp —¢| < cs0, (22)

and
[AFk| <c2,  |AGk| < cq. (23)

Then for k € [0, 1], o satisfying

o < max(4cy, ce, (c2 +c4)'/H) 7! (24)
and for § satisfying
20 (2« 1
— | = +tc3+es5+207 ) <6< = 25)
¢ \o3 2

with ¢7 as in (31), the following process is a supermartingale:

k
My = ¢ (=) Fee1=(1=8/2)Gi) 1™+ X0).
i=1

Proof.
E(T | Fr1) = Ty E(e? D@ Ft=1=3/DAGk0) (0% (1 4 X))~V | Fi_y)
We will write
L4a:=E(+ X0 Fop),  1+4b:= ¢ (-D@Fa=(1-8/AGi)

and it suffices to show that
(1+a)(1+b) <e™ .

First we get two bounds on a:
For 8 € [0,1/2] and |x| < 1/4, Taylor expansion gives |(1 + x)*~! — 1| < 2|x]|,
giving the bound
la] < 2cyo0. (26)
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Taking the Taylor expansion one term further gives
A+ T <1—=1 =8 —(1-=8/2)x)+3|x] .
Since | X| < cjo < 1/4 we get the more precise bound on a:
a<—0*(1=8)(Bi_1 — (1—8/2)Ay) +3c30°. (27)

Now we get a bound on b:

For |x| < 1 we have the two inequalities |¢* — 1| < 2|x| and ¢* < 1 + x + x2.
Note that by (23) we have |AF| + |AG| < c¢2 + c4. The first inequality gives that for
02 < 1/(ca + c4) we have the bound on b:

b < 2(c2 + ca)o’. (28)
The second inequality gives more precisely:
b<o?(1=8)(AFr_1 — (1 —8/2)AGr_1) +0*(ca +ca)”. (29)

If o < 1/ce, the last term is at most o3 (c2 +¢4)?/ce. To bound the product (1+a)(1+b)
we use the finer bounds for a +b and the rough bounds for |ab|. Combining (26,27,28,29)
this way, we get an upper bound of

1+0%(1 —8)(AFi_1 — Bi—1 + (1 — 8/2)(As—1 — AGk_)) + error (30)
where
error < (3¢5 + (2 + c4)?/ce + 4ci(ca + ca))o> = c70°. (31)
Now by assumption (22), the quantity (30) is at most

1+02(1=29) (c30 + cs0 — 8¢/2) +cy0°

where the term in the brackets is negative by the lower bound in (25), so by the upper
bound in (25) we get that
O'2 ~ 3
1+ 5 (c30 +c50 —8C/2)+c0” <1 —k <e *,

where the first inequality is equivalent to the left inequality of (25). This completes the
proof. O

We will assume (and heavily use) for the rest of the paper that
_ 2sinf|sin20| y <4sin29 1

—————, implying o < = ,

10¢) pyine 10c;  10p2c}

sinf 1 1
S 3 = 3 S .

5¢; 10pc¢; 10pco

(32)

The last inequality, combined with the fact that ¢, an absolute bound on a random
variable of variance 1, satisfies

co>1
gives

1
ocop = 15 (33)
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Lemma 17. If E(w;) =0, E(a)ﬁ) =1, |wj| < co, then there exist functions Fy and Gy
satisfying

202

| sin 26|

|Fil < 40°, |Gyl <
so that for o satisfying (32), k € [0, 1] and § satisfying

3
N c.o,oa <5< l
o2p? [sin26] = — 2

we have that with

k—1
e = l_[ (1 + 20‘20)?/)2 +20wjpsinaj_1 +26) — 2020)?/)2 cos(2aj_1 + 20))
j=1

the following process is a supermartingale with respect to Fi = o (w1, ..., ®k)
o Fim1=(1=8/2)G_)o* (1-6) (e ¥kp)0—D. (34)

Proof. First compute

E (20%)?,02 +20wjpsinoj_1 +26) — 20%)?,02 cos(Qoj_1 + 29)|]—'j_1)

=202p*(1 — cos(aj—1 +26)) (35)
and define
Bi_i = 2p%(1 — cos(2a;_1 +26)). (36)
Clearly
|Bi—1| < 4p>.

Moreover, the random variable in (35) is absolutely bounded above by

do2ctp? +20¢ =cj0 < — < —, note:cy] < —¢
4 0p 1 =25 4 1= 5 0P

where the inequality comes from (33). Write ¥ = Zl;zl €%%i and sum (21) between 1
and k — 1 to get

C()j+1i,0(Z292iaj _ 1)2

l+owjip(l — Z2e%ejy’

k—1
o eZial — ZZ(E _eZic{k) +o Z
j=1

Call the sum on the right >, By (33), oplwj| < 1/10, and the denominator is bounded
below in absolute value by 4/5. The terms in % are thus bounded above in absolute value
by 45/05‘) = 5cop. Rearranging gives

eZial _ ZZe2i(xk +O'i
1-2z2

Y=
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and multiplying everything by —2p2z%> = —2p2¢*? and taking the real part of both
sides gives

k 2ia 2, 2iay S
2 i _ 2 2€ —z%e ) , 0%
—2p ;cos(2a1+20)_—2p Rez - —2p“Rez —2
Call the first term on the right hand side Fi. We have
40° 3 4p° 3
AF| < =4p’ =: 0, Frl < ——— =4p°.
| k|_|1_zz| P 2 |k|_|1_Z2| 4
Moreover we have
oAY
|Bx — AFy —2p%| = |2p* Re zzl IZ(I < 10cop*o =: c30.
b4

Now compute
E ((2020)5/)2 +20w;psin(a;j_1 +26) — 207w’ p” cos(2a;_ + 29))2|f,»_1)
=E (4a4w§p4(1 —2cos(2aj_1 +26) +cos>(2a;_1 +26))
+80 w3 p* (sin(ej_1 +26) — sin(2erj 1 +26) cos(2ar; 1 +20))

+402w§ sin®(2aj_1 + 26’)|5’:j—l)

IA

E<16o4w§c§p4 + 160 wicop’ +40°w? p* sin® o1 + 29)|f,~_1)
160403,04 + 16(7300,03 + 262,02(1 —cos(daj_1 +40))
17.603cop® + 207 p(1 — cos(daj_ +40)) (37

IA

where the first inequality comes from bounding the sine and cosine terms, and from
|w;| < co (by definition), and the second inequality comes from (33). Now define

Aj_1 = 17.60cop’ +2p? — 2p? cos(daj_1 +46) (38)
which is upper bounded as
A < 17.6600,03 +4,o2 < 1.76,02 +4p2 < 6,02

using (33). Write ¥ = Zl;:l e*%  and square both sides of (21), then sum from 1 to
k —1to get ’

—C()§+1,02(Z2€2iaj _ 1)4
(1+owjnip(l — z2e%%i))2

2 _e4i0(| — 24(2 _e4iak)+UZ(U

k—1
j=1

+ zeZiakZZ

wis1ip(Z2eH % — 1) )
1 — owprrip(l — Z2e%e) /)

Call the sum on the right £. The terms in £ are bounded by

05’2t /(4/5)* +4cop/(4/5) < 8cop
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again making use of (33) multiple times. Rearranging gives

dioy _ 4 iy 3

e e +o%

> = < (39)
1—2z4

and multiplying everything by —2%z* and taking the real part of both sides gives

k dicy _ 4 diay
2 2pad48 T2 2pe 4 0%
—2p ;COS(4(X1~ +460) = —2p*Rez ——a - 2p°Rez*— o (40)
Call the first term on the right hand side G;. We have
4p? 2p? 2p?
[AGk| < o= =ics, |Gkl = —
[T —z% | sin 26| | sin 26|

Moreover we have

AY
|Ar — AGy —2p%| = 2p*Re #2225 L 17 60cop’

11—z
AY
< 2,02<7|Rez41 k4 | + 17.6000,03
-z
8o cop’ 3 26c0p>
< +17.60c¢ < o =:c50.
= Tsin 26| 0" = Tsin20] .
‘We now collect constants:
12 3 4 202 26¢0p>
c] = —cop, cx=4p>, c3=10cop", €4 = ———, 5= — ,
L= geop, = G 0P = Thn20) @7 Tsin20]
10¢]
522102’ 0

C6 "= . A~
2sin 6| sin 26|

We now apply Lemma 16. The condition (24) on o is easily satisfied by (32). For the
condition (25), we use the inequality 1/2 < p < 1/|sin26] and 1 < ¢( to get the bound

c3+cs+ 6c? +2(cy + 04)2/C5 +8ci(ca +cq))
< % (10+ 26 + 6(%2)3 + 1—20(4+ 2)? +2%(4+ 2)) .
The constant above is less than 242. The claim follows. O
Lemma 18. For a positive supermartingale X;
P=P@tst. X, > BEXq) < 1/B.

Proof. Let T be the first time that X, > BEXo, and let pr = P (X(za7) = BEX).
Then by optional stopping

EXo = E(Xcar) Z E(Xonr: Xoar = BEX0) = prBEXo.

Butpr + P. O
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4.3. Proof of Theorem 3.

Proof. We consider the functions F, G, in Lemma 17. To simplify notation, let f; s =
(Fr—1 — (2 —46/2) Gk—1), and note that
3

| fr,s] <

=:¢c/2.

2] ¢/

Lemma 15 tells us that Y, = sin 6, and under the conditions of Lemma 17 (which are
satisfied by assumption), the process

_ (1-9)
o fies02(1-0) (rke—,(k)(‘S D _ <efk’302 .Yk e,(k>
sin 6
is a positive supermartingale. Note also that due to the invariance of the supermartingale
property, the sin@ can be dropped from the right side of the above expression. Now
choose
K cg po
= + - .
o2p? | sin 26|
Then by our bound on « we have that

8

3
_ 248cy po
| sin 26|
and by our bound on o we have that
§<1/2

so that the conditions of Lemma 18 are satisfied. Then Lemma 18 gives
P (Eln : (ef"-‘wz Yne’(”)l_(S > (ef‘v‘“’z Y1e’(e3_5‘72)1_5> < ¢~ (B=toah)(1-8)

Taking logs, the event above is equivalent to
{3n:log¥, —log¥ +x (n—1)> B —co® + (f1,5 — fus) o}
which is a subevent of
{3n :logY, —logY; +k (n — 1) > B}.
So the probability that the process log Y, + kn has a backtrack of size B starting from

. . =2
time 1 is at most ¢~ (B—¢0)U=8) Byt
67(37502)(175) < 673(175)6502

and the bound on o gives

3.2
2 _ 12p°c - 12
~ |sin26| ~ 4962

so that .,
e’ < 2.

Now by k < 6c3p363/| sin 26| and our choice of §, we have

248}
¢~ BU-9) < e_B 1= swarsin01

meaning the probability that the process log Y}, + «n has a backtrack of size B starting

from time 1 is at most 2¢~B(1=248¢50/2sin0|sin20])
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5. Proof of Theorem 1

Proof. Assume that PP has support bounded by co. Recall that N, is the number of
eigenvalues of the operator H,, , in the interval [Ag, Ao + A]. Let 19 € (=2, 0) U (0, 2),

neN,A>0andleto < %, so it satisfies the conditions of Theorem 3.
0
Vsocg 3 3
Further, let M = pyesen < 1/2,¢ =l and B = 0. We may assume that A < o7,

because otherwise the bound is trivial.
Choose k =€ (A + B) /sinf + 2Mp. Then

K < (03 +0%)/sing +03 <30%/sin6 < 6¢3p°3/|sin 26|

By our choices above, and by Theorem 12, the conditions of Theorem 2 are satisfied.
So by Theorem 2 we have that

N, <1+ the number of backtracks of size at least log (¢8/A) of logY, +«kn
n
<1+ Z 1 (log Y, + «n has a backtrack of size log (¢8/)) starting at k) .
k=1

Taking expectations and dividing both sides by n yields
1 1
—EN, < —(1+nP (logY, + «n has a backtrack of size log (¢f/1))) .
n n

Now set B = log (¢8/A). Applying Theorem 3 gives

lENn < l+26—3(1—248680/2sin0|sin29\)
n n

3 . .
A 1—248cyo /2 sin 0] sin 20|
+2 | —
ep
2 .3 . .
+ _3)\1—248600'/2 sin 0| sin 26| )
n o

1
n
1
S —_
Taking the limit as n — oo yields
o

Now we use that
2 sin 6 sin 26| = |2(cos 6)2 sin® 6|
= |rol(4 — 23)/2

1
5 120112 = 120l 12+ [Aoll

v

120l 12 = |20l

so we have
(o, Ao +A) < %11—243080/|Koll2—l>»o||‘
o

And note that
[20l12 = [Aoll = min(|Aol, 2 — |Aol)
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sofor Apin (=2+y,—y)U(y,2 —vy),
|A0l12 — |20l = ¥
giving
(R0, Ao+ 4) < %)\1—248080/)/.
Now the condition on o gives

496¢3o < 2sin @] sin 26|
= 2sin% 6|2 cos O]
= |Ao|2sin% 0

4-23

= |A
|0|2

so it is equivalent to
24 — 13) = 992c}0. (41)

If this condition is violated, we have that

992c3o 992c3o
> > 2+ [2oll = 2
1 120112 = [2oll

meaning
1 - 496c80/)/ <0.

This means that by allowing an extra factor of 2 in the constant of the exponent of A, the
bound on the IDS is trivially satisfied for A¢ violating (41). In other words, if we loosen
our bound on the IDS from

2 248c30/holi2—1holl
i oo+ 1) < 5 07 IAOIETIA0

to

2 1496c30/Inoli2—1holl
i (hos do+ ) = AT ol

we may drop the condition on Ag. This completes the proof. O
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