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Abstract: We consider the orthogonal polynomials, { P, (z)},=0.1...., With respect to the
measure

lz — a|2cefN\Z|2dA(Z)

supported over the whole complex plane, where @ > 0, N > 0 and ¢ > —1. We look at
the scaling limit where n and N tend to infinity while keeping their ratio, n/ N, fixed. The
support of the limiting zero distribution is given in terms of certain “limiting potential-
theoretic skeleton” of the unit disk. We show that, as we vary ¢, both the skeleton and
the asymptotic distribution of the zeros behave discontinuously at ¢ = 0. The smooth
interpolation of the discontinuity is obtained by the further scaling of ¢ = ¢~V in terms
of the parameter n € [0, 00).

1. Introduction

Consider the ensemble of n point particles, {z j}?:l C C, distributed according to the
probability measure given by

1 n n
= [l —z,;|2-exp<—NZQ(z,;)) S ELED) (1)
"i<j j=1 j=1
where Z,, is the normalization constant, N > 0is a (large) parameter, Q : C — RU{oo}
is called an external potential and d A is the standard Lebesgue measure on the plane.
The statistical behavior of the particles has been studied [1] for a large class of
potentials in various contexts including random normal matrices and two-dimensional
Coulomb gas. For example, in the scaling limit where n and N tend to infinity while n/ N
is fixed, it is known [12] that the counting measure of the particles converges weakly,

l & AQ
]E—E Sz —zj) > —
Nj—] (z—zj) 1y (K
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where AQ = (8% + 83,) 0, xk is the indicator function of the compact set K C C that
we will call a droplet following [12], and the expectation value is taken with respect to
the measure in (1).

A connection to orthogonal polynomials can be provided by Heine’s formula. It says
that the averaged characteristic polynomial of the n particles is the (monic) orthogonal
polynomial of degree n, i.e.,

Py(x) = Pun@) =E] ]G —2z)
j=1

satisfies the orthogonality condition,
/CPn.N<z)Pm,—N@)e—NQ@dA(z) =y NSy (n,m =0,1,2,..0, ()

where £,y is a (positive) norming constant. From this connection, one might wonder if
the zero distribution of P, would tend to the averaged distribution of the particles. Though
this is the case with the orthogonal polynomials on the real line (that corresponds to the
particles confined on the line), in the cases of two-dimensional orthogonal polynomials
so far studied [2,3,5, 14—16], the limiting zero distribution is observed to be concentrated
on a small subset of the droplet, on some kind of potential-theoretic skeleton of K .!

A skeleton of K will refer to a subset of (the polynomial hull of) K with zero area, such
that there exists a measure that is supported exactly on the skeleton and that generates
the same logarithmic potential in the exterior of (the polynomial hull of) K as the
Lebesgue measure supported on K. One characteristic of such skeleton is that it can be
discontinuous under the continuous variation of the droplet K. A simple example [10]
comes from the sequence of polygons converging to a disk. The skeleton of the polygon,
which is the set of rays connecting each vertex to the center, does not converge to the
skeleton of the disk, the single point at the center. Such discontinuity can also occur, as
we will see, when the perturbed droplets have real analytic boundary.

In this paper we ask whether the zero distribution of P, also exhibits the similar
discontinuity under the variation of the underlying droplet or, equivalently, under the
variation of the external potential. We consider the external potential given by

0@ = 2+ 21
7)) =z —lo
N % g

When N is large and ¢ <« N, this represents a small perturbation of the Gaussian
weight. It corresponds to the interacting Coulomb particles with charge +1 for each, in
the presence of an extra particle with charge +c at a. By a simple rotation of the plane,
the above Q covers the case with any nonzero a € C.

We are interested in the scaling limit where N and n go to infinity while the ratio,
n/N, is fixed to a positive number. Below we will set N = n without losing generality
since the orthogonality (2) gives the relation

n\n/2 N N
Pn,N(Z;a)=<N) Py n Tl B

where P, y(z;a) = P, n(z) stands for the orthogonal polynomial with respect to the
external potential given by (3). Though we will mostly use N, we will keep n whenever
the expression holds true for general n # N.

, ¢>—1, a>0. 3)

1 In some cases, the skeleton is also called “mother body” [10,11].
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1.1. Limiting skeleton. The potential (3) has been studied in [3] with the notation:
Cthere = Chere/ N . Let us denote cgere by ¥ such that

c 5 1
y = — and Q(z) = |z|” +2ylog .
N |z — al

To state Theorem 1 let us introduce K, i, and Sy, and define u and S.
Let K, C C be the compact set, called a droplet, so that

1
D) _
My 4

is the unique probability measure that minimizes the energy functional,

XK,

1 1
I[u] =/Qdﬂ+§// log dp(z)dp(w).

|z — w]

Let S, = supp i, be the skeleton of K, , that is, the compact subset of C with zero area

such that the probability measure 1, generates the same logarithmic potential as ,ug,ZD) :

(2D)
UMr(z) =U"" (2),  z ¢ (polynomial convex hull of K,). 4

Here we denote U™ (z) = — [ log|z — w|dm(w) for a positive Borel measure m. We
note that such skeleton may not be unique in general. We give explicit definitions of S,
and 11, in Sect. 2.

We define the limiting skeleton S by

S={z€C: Re(logz —az) =logB —aB, Rez < B}, 5)
where
B = min{a, 1/a}.
From the equivalent representation of S in the real coordinates by
§={. ) e R4y = 220D, x < ],

it is a simple exercise to show that, S C clos D is a simple closed curve that encloses
the origin and intersects 8. We will denote the interior and the exterior of S by Int S and
Ext S respectively. See Fig. 1 for some illustration of S.

We define u to be the probability measure supported on S given by

| ]
du(z) = p(2)de(z) = E‘a _ Z]dz(z), zes, 6)

where d/? is the arclength measure of S. Alternatively, the same measure can be written
in terms of holomorphic differential by du(z) = 27i)~!(1/z — a) dz.
Theorem 1. As y — 0 we have the convergences,

K, —closD, p, - pn, S — S,

in the appropriate senses (i.e., respectively in Hausdorff metric, in weak-*, and in Haus-
dorff metric).

The proof is in Sect. 2.
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Fig. 1. The zeros of orthogonal polynomials with degrees 80 (blue) and 600 (red) for ¢ = 1. The left is for
a = /2 and the right is for a = 1/+/2. In both cases, zeros are close to the curves representing S (color figure
online)

Remark 1. In both examples: the one by Gustafsson [10] and the one from the above
theorem, the discontinuity occurs when the droplet becomes a disk. It is an interesting
question whether the discontinuity occurs with other shapes than a disk. We think that, at
least for an algebraic potential where the exterior of the droplet is a quadrature domain,
the discontinuity happens only with the disk. This is for the simple reason that the disk
is the only quadrature domain where the exterior domain is also a quadrature domain.

1.2. Strong asymptotics of Py and the location of zeros. Let us define

$4(2) = a(z — B) —1og§,
da(2), z € Bxt S,

()
¢@):{—¢u@,zelm&

Note that Re¢p =0 on S.

Let U be a certain neighborhood of S\{B} where Re¢ < 0. See Fig. 7 and the
paragraph below Lemma 4 for more details. Let Dg be a disk neighborhood of 8 with
a fixed radius such that the map ¢ : Dg — C given below is univalent.

Jﬁ@35=adi@—ma+og—m> for a> I,

l1—a 3
—Noa(z) = TN(Z —B1+0(z—-p)) for a<1l1.

{(z) =

Theorem 2. For a > 1and for any fixed nonzero ¢ > —1, we have
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z <Z*ﬁ> <1+O<N>>’ z € ExtS\(U U Dp),

N /27 (a? — 1)¢ eNaGz=h) _ c 1
_ﬂNl/’iEZF(C)) ez_ﬂ <i_5> (1+O(—)), z € IntS\(U U Dg),

VN
o=l (55) (00(3)

z € U\Dg,
BY V2 (a* — 1) NP (72— € oL
" N2=cal(¢) -8 <z—a " (Vﬁv>)’
c 2.
ZN<<§%¥%)t}%QD_J{Q»+%9(:%$>>, 2 e Dy.

Here D_. be the Parabolic cylinder function or Weber function and is defined by [19]

2
e

V27 Je—ioo

Theorem 3. For a < 1 and for any fixed nonzero ¢ > —1, we have

N (Zia> (1 +0O <NIOO>> , z € EXtS\(U U Dp),

1+N 1 _ ,2\¢—1 ,Na(z—a)
a1 —a%) e 1
— 1+0( = , € Int S\(U U Dp),
N1=T'(¢) z—a ( N ¢ \( 2

() (o))

€+i00

SZ .
D_.(¢):= et T ds, € > 0. )

Py(z) = a1+N(1 . a2)c—1 eNaz—a) € U\Dﬁ’
— , 1+0(—=)),
NI=<I'(¢) z—a N
¢ 1
() (+0(5))
©d z € Dg.

2@\ 1 [, .
_(z—a> e <f(§(ZD+O<N>>>’

N

(10)

Here
-1 e

f@) = i ﬁ—sc(s—g)ds

3

where the contour L begins at —oo, circles the origin once in the counterclockwise
direction, and returns to —oo. The error bound O(1/N ) means O(1/N*) for arbitrary
integer k.

One can check that the branch cut discontinuity of (z/(z — a))“ in the last equation of
(10) is canceled by the discontinuity of f so that the asymptotic expression of Py in Dg
is analytic.

From Theorems 2 and 3, one can notice that the zeros of Py can appear when the
two terms in the asymptotic expressions of Py in U\ Dg cancel each other and hence
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must have the same order in N. Such cancellation may be expressed in terms of ¢4 as
we presently explain below.

c _ c / 2 _ 1\¢
( < ) — N9a@) (Z '3) 271(? D ) for a > 1,
=B 2=a/) al(c)N2(z - B)
. 2ve—1
Y = eN“’A(Z>u for a < 1.
7—a NI=<T'(c¢)(z — a)’

Taking the logarithm of the absolute values on both sides and after simple calculations,
we get

B 1\logN logl'(c) 1 2 — B\ V2r(a® - 1)°
_Re¢A(z)—<c—§>T— N +N10g (z—a) aG—p—z | a>1,
(11)
_(c—1logN logI'(c) 1 a(l —a?)c!
—Repa(z) = N — N + N m s a < 1.
(12)

As we will show in Lemma 4, Re ¢4 is positive (resp. negative) in U N Int S (resp.
in U N ExtS). For a > 1, since the dominant term in the right hand side of (11) is

(c—1) 1o]ng , the zeros will approach S from Ext S for ¢ > 1 and from Int S for ¢ < 1.

For a < 1, since the dominant term in the right hand side of (12) is (¢ — 1) lOI%N, the
zeros will approach S from ExtS for ¢ > 1 and from IntS for ¢ < 1. See Fig. 1.
We also remark, without proof, that the limiting distribution of the zeros is given by u
which is explicitly given in (6). This can be proven, for example, using the method in
[18] (Chapter III) and [17] (Theorem 2.3).

We remark that the case —1 < ¢ < 0 is essentially treated in [2]. We note that the
limiting locus of zeros remains the same for both the positive and negative ¢ (which
seems unexpected according to Remark 1.2 in [2]). It turns out that, as the value of ¢
gets bigger, we need higher order corrections in the Riemann—Hilbert analysis. To obtain
the result that works for an arbitrary value of c, therefore, we need an arbitrary order
correction in the Riemann—Hilbert analysis. This is done in Sect. 5 using the method
developed in [4].

We found that the limiting support of the zeros does not depend on c. Even for
¢ algebraically decaying in N (e.g., c = N~'90) the limiting support of the zeros
converges to S. However, when ¢ decays exponentially in N, say ¢ = e~V the right
hand sides of both (11) and (12) converge to

log ' (e ")

, 0
N—00 N =

and the zeros approach the curve in Int S given by the equation
Rega(z) =n. (13)

A similar “sensitive behavior of zeros under a parameter” has been observed in [13].

It is simple to observe that the family of curves given by (13) for 0 < n < oo
continuously interpolates between the curve S and the origin. In Fig. 11, we show the
curves satisfying (13) for n = 0.2 and n = 0.4, with the corresponding zeros (Figs. 2,
3,4).
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Fig. 2. Zeros of orthogonal polynomials when a = +/2, ¢ = 1 and N = 300. The red line is S and the green
line is the solution set of (11). The right figure is the enlarged view of the left figure (color figure online)
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Fig. 3. Whena = 1/+/2,¢ = 1and N = 100. The red line is S and the green line is the solution set of (12).
The right figure is the enlarged view of the left figure (color figure online)

To establish the behavior of zeros for scaling ¢, however, Theorems 2 and 3 are not
enough as the error bounds in the theorems are for fixed c. For c that scales to zero with
N we will prove Theorems 4 and 5 where the error bounds are uniform in c.

Remark 2. A simple way to understand the phenomenon is to recall the well-known
instability of roots of polynomials, for example, the zeros of P,(z) = z" + a/nF still
tend to the uniform distribution on the unit circle as n — oo (for any fixed positive
k) although the polynomial is a O(n~*) perturbation of the monomial. This simple toy
example already shows that a perturbation that interpolates between the two behaviors
would require to have a = e~ "*". In this perspective it is not unexpected to see the
exponentially small perturbations of the orthogonality measure in order to interpolate
the behaviors.

Remark 3. A main message of the paper is that the asymptotic zero locus can be quite
sensitive to the small perturbation of the underlying measure. In Fig. 5 we give another
numerical plot that supports such statement. The example considers the orthogonal poly-
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Fig. 4. The zeros of orthogonal polynomials with degrees 60 (blue) and 80 (magenta) for ¢ = e~"", where
n = 0.4 (blue) and n = 0.2 (magenta). The left is for a = /2 and the right is for a = 1/+/2. In both cases,
zeros seem to converge to the curves given by (13) of the corresponding values (color figure online)

0.05

-0.05

-0.10

-0.15

_020|||||||||||||||||||||||||||||||||||

-0.15 -0.10 —-0.05 0.00 0.05 0.10 0.15

Fig. 5. The zeros of orthogonal polynomials with degrees from {20, 40, 90} and with the orthogonality measure
given by xg exp(—nlz\z)dA(z) where K = (—o00, +00) x [—3i/2, +ico) C C. The plot suggests that the
limiting support of zeros is not the origin

nomials with the cutoff. Though the cutoff may be considered as a “small perturbation” to
the underlying Coulomb particle system, it seems to affect the polynomial significantly.

In the next section we prove Theorem 1 about the limiting skeleton. In Sect. 3, we
prove the asymptotic result for a > 1 and ¢ near 0. In Sect. 4, we prove the similar
result for an arbitrary c. In Sect. 5, we prove the asymptotic result mostly following the
arguments from the previous two sections. In the last section, we argue that the similar
method will give the result for the critical case of @ & 1, by showing that the local
parametrix satisfies the Riemann—Hilbert problem for the Painlevé IV equation.
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2. The Proof of Theorem 1

For the convenience of the readers we reproduce the useful definitions in [3].
For a < 1 for a sufficiently small y we define

K, = D(0,/1+y)\D(a, /7). (14)

where D(a, r) stands for the disc with radius r centered at a.
Fora < 1 wedefine S, to be the simple closed curve enclosing [0, a] and intersecting

a>+1—/(1—a2)? —4a2y
y = > a,
2a

such that the quadratic differential y, (z)%dz? is real and negative on S, where

Y 1+Vi|
Z—a z |

Yy (2) 1= (= 1)y [a +

Here, we denote the interior of the simple closed curve S, by IntS,,. We recall that x is
the indicator function.
For a > 1, the set K, is defined to be the closure of the interior of the real analytic
Jordan curve given by the image of the unit circle under f, given by
K

K
fy(l)):p‘)_ )
V—«o o

whose parameters p > 0,k > 0, and 0 < @ < 1/a are given in terms of @ and y below.
First, p and « are given by

1 +a%a? (1 =add = a%a?)
p=—F—"7, kK= .
2au

2aa

The parameter « is given by the unique solution of P, (@) =0suchthat0 <« < 1/a
where
a’+4y + 2) , 1

o v3
Py(X):=X —( > to g

The uniqueness is easily seen by P, (0) > 0 and Py(l/az) = —2y/a® < 0. We note
that, as y goes to zero, o goes to 1/a, k goes to zero and p goes to 1.
For a > 1 we define S, to be the smooth arc with the endpoints at

By :=(x,o—£+2i4//c,o and E
o

such that the quadratic differential y, (z)2dz? is real and negative on S, where

az —by)y/(z — Bz — By) P2
2

yy(@) = z(z —a) C =

2In [3] by is written as &/ p by mistake.
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For all values of a, we define the probability measure (1, supported on S, by

1
d//«)/ = Eb’y (Z)|dﬁy,

where d{,, is the arclength measure of S, .
For all values of a, we define ¢, by

¢y(Z)=/ yy(s)ds,

By

where the integration contour lies in the simply connected domain C\ ([0, co)U[8,,, E]),
where [8,, E] stands for the vertical line segment connecting 8, and E (fora > 1,
By, E] is a point on R*). One can consider ¢, to be defined over the whole complex
plane by analytic continuation over [0, co) U [B,, E] consistently for all y.

Lemma 1. As y goes to 0, ¢,, converges to ¢y := ¢,,—q uniformly over a compact subset
in C\{0, a}.

Proof. Itis simple to check that, as y goes to zero, 8, converges to 8 and b, converges

to a. Therefore y,, (z) converges to y,—o(z), by choosing the branch cutof y, at[8,, B, ]
that converges to 8. This convergence is uniform away from the singularities of y, at 0
anda. O

Lemma?2. Let I = {it : —2n < t < 0}. The mapping ¢, : S,,\{ﬂy,E} —
I\{O, =127} is invertible.

Proof. We prove this for a > 1 as the other case is similar. We get ¢, (8,) = 0 by
definition. We have

_ By 1
6,(B;) = fﬁ vy (s)ds = Efym)ds,

v

where, in the first integral, the integration contour can be taken along S, and, in the
second integral, the integration contour goes around S, counterclockwise while the

branch cut of y, is placed at S, (instead of at [B,, B, ]). The latter integration contour
can be deformed into three clockwise contours around oo, 0 and a, which leads to

— 2mi
¢y (B) ===~ (R:%g ¥y (2) +Res v, (2) +Res 3y (z)) :

By Lemma 2.19 in [3], we have Res;—oyy(z) = 1,Res;—oy,(z) = 1+ y, and
Res;—,y,(z) = —y and, therefore, we have ¢, (E) = —2mi. Since ¢, is con-
tinuous on S, (here we again place the branch cut of y, at [B,,f,]) we have
I C ¢,(Sy). Since ¢,, has no critical point in S, except at the endpoints, ¢,, is 1-to-1 and
I'=¢,(S,). O

Lemma 3. Let {K; C (C};?‘; | be bounded a sequence of compact sets such that K,

the set of limit points of {K J'},(;?il’ is also compact. If K ;’s are all connected such that

bj € Kjandlim; , b; = by then K is connected to b.
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Proof. If not, there exist open sets O; and O» such that K, is the disjoint union of
Koo [)O1and K [ O2. Since K  is compact and since both Ko, (] O1 and K () O2
are closed in the relative topology of K, both Koo () O1 and K (] O2 are compact
and, therefore, there are disjoint open neighborhoods of the two disjoint compact sets
(a property of a Hausdorff space). Without loss of generality, we can call the disjoint
neighborhoods by O and O;. Suppose by, € O». For j large enough we have K; C
01U 03 and b j € O3 and, therefore, K; C O3 because K is connected. This is a
contradiction. 0O

Proof of Theorem 1. Assume S, does not converge to S in Hausdorff metric. Then there
exist a sequence {p;} C S and {y;} — Osuchthatdist(p;, Sy;) > 2¢ for some € > 0.
Taking a limit point z € S of {p;} and choosing a subsequence if necessary we can
assume dist(z, Sy;) > € for all j’s. Such z cannot be B € S because {8y, € Sy}

converges to 8 as j goes to 0. Since ¢y; : Sy \{By;, ﬂ_yj} — I\{0, —2mi} is invertible
by Lemma 2, we can define '

zj = ¢;j1 0 9o(2) € Sy,

Let zoo be a limit point of {z;}, then zoo ¢ {0, a} because Sy, is uniformly away from 0

and a for sufficiently small y;. We also have zo, # B (and similarly, zo # B) because,
if not, |zj — By, | would go to zero while |¢y;(z;) — ¢y, (By;)| = |Po(2)| > 0.
Since (clos {z;}) N {0, a} = ¥ Lemma 1 says that

j—o00
|p0(z) — ¢o(zj)| = |@y,;(z;) — ¢o(zj)| —> 0.
Since a subsequence of {¢o(z;)} converges to ¢o(zx) by the continuity of ¢y, we have

$0(2) = ¢0(2c0)- 5)

Let Soo be the set of limit points of {S),; }. By Lemma 3 S is connected to . Since
S is the only component of ¢ ! (1) that is connected to 8 we have Soo C S. From (15)

and 7o, € S\{B, B}, We get z = zoo by Lemma 2. This is a contradiction because 7o
is a limit point of {Syj} and, therefore, dist(z, zoo) > €. This concludes the proof of
S, — S (Fig.6).

For a < 1, the convergence of K, to clos D follows from (14).

s s s 1 1 1 1 1 1 1 1
-1.0 -0.5 0.0 0.5 1.0 L5 2.0 -1.0 -0.5 0.0 0.5 1.0 L5 2.0 25

Fig. 6. Illustration of the convergence, S, — S and K;, — K, whena = 1/+/2. For y = 1/9 (left), Sy is
drawn with thick line and the rest of the set {z : Re ¢, (z) = 0} is drawn with the thin line; K is the shaded
region. Same for y = 0 (right)
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For a > 1, we need to show that 0K, = f, (0D) converges to dID. Recall that, as y
goes to zero, o goes to 1/a, k goes to zero and p goes to 1. Itfollows thatlim,, ¢ f, (v) =
v, which means K, — closDD.

For all a, the convergence of u, to p follows from the facts S, — & and
limy, o |y, (z)| = 27p(z) where p is defined in (6). O

3. Matrix Riemann—-Hilbert Problem

The following fact is from [3]:

Theorem. Let I' be a simple closed curve enclosing the line segment [0, a] C C and
oriented counterclockwise. Let the analytic function w, n on C\[0, a] be defined by

Z —a)c e Naz

z n

bl

wn,N(Z) = (

where we choose the principal branch. Then the Riemann—Hilbert problem,

Y (z) is holomorphic in C\T',

0 1

1 n
Y(z) = (1+(’) (E)) [ZO zg”} .7 —> 00,

has the unique solution given by

Yi(2) = Y_(2) [1 ‘””’N(Z)] . zeT,

Pow)on n(w) ,

Po oo
Y(z) = 2mi Jp w

-z
01 (2) ZL On—1(w wn,N(w)dw ’
i

w—2Zz

where Q,—1(2) is the unique polynomial of degree n — 1 such that

L' Qn—l(w)wn,N(w)dw — i (1 +0 (l)) .
2mi Jp w—2z " <

Lemma 4. For a < 1, there exists a neighborhood V of Int S such that Re ¢ (z) < 0 on
V\S and the boundary of V is a smooth Jordan curve. For a > 1, there exists a domain
V such that it contains Int S\{B} and its boundary, 9V, is a smooth Jordan curve that
intersects B. Also S is smooth except at B, where it makes a corner with the inner (i.e.
towards Int S) angle 7 /2. Lastly, Re¢p > 0 on (B, al.

Proof. From the definition (7) of ¢, Re ¢ is harmonic function away from S and the
origin. Since Re ¢ (z) diverges to —oo as z goes to 0, Re ¢ (z) has to be negative every-
where in Int S—otherwise Re ¢ (z) has a local maximum in Int S, which is impossible.
For a < 1, since the only critical point, 1/a, of ¢ is away from S and since Re ¢4 is
harmonic in a neighborhood of S, Re ¢ is negative in the vicinity of S. Fora > 1, since
B is the only critical point of ¢4, the claim in the lemma about the local shape of S
near 8 and about 9V being intersecting 8 follows by the local analysis of the harmonic
function Re ¢4 (z). Specifically, Re ¢4 (z) is positive along the real axis on (0, 00)\{B},
and is negative near 8 in the vertical direction (i.e. imaginary direction) from . O
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Fig. 7. V and V; fora > 1 (left) and a < 1 (right), S is the black curve, V is the interior of the contour
enclosing the shaded region, Vj) is the interior of the contour enclosing the non-shaded region. These domains
are used to define the domain U at (16)

Fig. 8. Contours for the Riemann—Hilbert problem of ® when a > 1 (left) and a < 1 (right). I is the black
curves and U is the shaded region bounded by the blue curves

Using V from the above lemma, we define the domain U as below
U=V\V. (16)

Here V) is a small open neighborhood of [0, 8] such that its boundary, d Vp, is a smooth
Jordan curve that is arbitrarily close to [0, 8], see Fig. 7. The region U is the simply-
connected (when a > 1) or doubly-connected (when a < 1) open neighborhood of
S\Vp, disjoint from [0, a] and with a (piecewise) smooth boundary. We assign the
counterclockwise orientation on dU N ExtS with respect to the domain U and the
counterclockwise orientation on dU N Int S with respect to Vj.

From now on we let I" exactly match S inside U and away from a small neighborhood
of f. When a > 1, a part of the contour I"' goes outside U around the line segment
[B, a], see Fig. 8. Near § the reader should not be concerned too much about the exact
arrangement of I and U as it will become clear when we define the local parametrix.

Below we define the complex logarithmic potential of u (6) by

g(x) = /log(z —w)du(w),
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where the specific branch of the log is chosen below. As a function of z, this equals log z
(modulo 27ri) when z € Ext S by (4) and Theorem 1, and has continuous real part, since
the jump of g on S is purely imaginary. These properties and (5) determine the explicit
expression of this function as follows,

log z, z € ExtS,

8@ = az+logB —aB, z €IntS.

From the g-function above, we can write
¢(z) =az+logz —2g(2x)+¢, C=1logB —ap

sothat Re¢p(z) = 0Owhenz € S.

Following the standard nonlinear steepest descent method [7,8] applied to the matrix
Riemann—Hilbert problem for Y, we define Z as the final object after the multiple
transforms of ¥ given by

=Nt N Nt 1 0
2 =T @EONER | (2 Yoo | an
Z—a
where
1, when z € U NExtT,
*=1—1, whenzeUNIntl,
0, when z ¢ U.
Then Z solves the following Riemann—Hilbert problem,
Z:(2)=7Z_(2) i ! 0 e U
)=7Z_(z c ,  Z ,
: ()
NG
Z,(20)=72_(z - L , zel'NnU,
MD=2-@ | (e as)
[1 (354) e No@
Z:(2) =Z-(2) 0 , ze\U.
Z@)=1+0@", z— oo
We define
SN
(=5)
2= P 1— Be | z € BExtT,
o (=)
S RN
7 —
_ . , z€Intl,
(=0 o
L \z—a

that satisfies the Riemann—Hilbert problem,

Z—a\c
(; c( z ) , z€8,
_<z—a) 0

d><z)=1+0(3), oo

P4(2) = P_(2)

Z
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Note that, whena < 1 and z € Int S we have ®(z) = [21 10] Also note that @ is not the

only solution to the above Riemann—Hilbert problem—for any rational matrix function
R(z) with a pole at B8 such that R(co) = I, R(z)P(z) is a solution. We will use this
fact in the next section.

4. a > 1: When ¢ Near 0

From the definition of ¢4 at (7), we obtain

2
da(z) = %(z —B2(1+0G—B)).

Let Dg be a disk centered at 8 such that there exists a univalent map ¢ : Dg — C
as defined in (8). Under the mapping ¢ the contour S maps into [0, e>/4r] U
[0, e=3™/41];10,00)-

In this section we intend to find P : Dg — C?*2 such that

7%(2) = ®(2) (%)2 P (Z;a>2 . zeDy (19)

satisfies the jump condition of Z at (18), i.e., we require P to satisfy, in Dg,

[ o—0(?/27
Pi(z2) = P_(2) (1)@ f ., zel\U,

1 07
7)+(Z) = 737(1) _84(2)2/2 1 , Z € 8U N Ext F,

1 0] (20)
Pi@) =P-()| coppp || ©€UNLT,

0—17 01

Pi(z) = [1 o | P-@ [_10], zel'NU,
7)+(Z) — e_cni%’P,(Z)eC”i%, ze R,

and the boundary condition, P(z) ~ I on d Dg. The fourth equation of (20) comes from

@ in (19) and the last equation comes from the (conjugating) factors ((z —a)/ z)i(c/ a3
in (19). The jump contours, '\U and 0U N Int I', can be pushed arbitrarily close to the
real axis, so that the jump contours of P consists of R, iR and {¢ eii3”/4}o<t<oo. See
Fig. 9 for the illustration of the jump contours in Dg.

We want to transform P into a new matrix function, W, that has only constant jump
matrices from the right. Such transform may be given by

W) =) "S- PR -TE) 'S @1
using a diagonal matrix, 7', and a piecewise constant matrix, S, defined below,

2
exp (%03) , |arg ¢| < 3w /4,

T@) = (22)

exp (—Zog) . otherwise,
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s

1 0
e—2iem 1

0 e—2ic1r

[ezicn e2iem _ 1} [1 1 _ g2icm

9

J

Y| A

U

Fig. 9. Jump contours of P (20) in Dg (left) and the jump matrices of W (right)

and
I, Im¢ <O0Njarg¢| < 3m/4,
e, Im¢ >0N|arg¢| < 3m/4,
S = [_01(1), Im¢ < 0N |arg¢| > 37/4,
¢erios _01 é},lm;>om|arg;|33n/4.

Here we choose S such that ™1z ()3 satisfies all the left jumps of P, i.e.,

(S*1§003>+ — |:(1) _01} (S*1§w3)_, zel'NU,

(Sflé.ca_g) — efcrrio_g <Sflé.c<73> . z€ R,
+ _

(23)

such that W has the jump matrices only from the right. Furthermore, the jump matrices
of W are constant matrices because of the right multiplication of 7~ !in (21). The jump
on {r e*37/4}y_, o, disappears by the right multiplication by S~!. We summarize the

jump matrices of W below,

_1 1 — e2icn
0 1 } , {(z) e RT,
T 10 .
o-2icw 1} , {(2) € iRY,
_ r 2icmw ,2icmw
Wi(@)=W_(z)§ |e e 1
, ¢(z) eR7,
0 e—2ic71
r10
, ’(z) €iR™.
—11

The following fact can be checked by direct calculation.

(24)
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Lemma 5. For z € Dg we have

—_ g\ 3% -
o () (u) STl = (NPn@)
Z

wheren : Dg — C,

o oicn/2 (a—z)é (z;(z))”
ML) = "N Z z—B

is a nonvanishing N -independent analytic function in Dg.
Using the parabolic cylinder function (9) we define W : C\(R UiR) — C2%2 g5

— cri

D—C(C) i%,%)ZD—HC(K‘)
| . -5 <arg(¢) <0,
LD b @) e T D7)

— «/Ee””i 3crmi
D_t) -2 D .(-i0)
_ , 0 <arg¢) < 7,
—2EDD @) €7 De(—ig)
W) =y Ve - (25)
eiwnD—c(_;) _%D—l+c(_ig)

7 <arg(() <m,

| i Da1-e(=0) T De(=it)
eTD_o(=0) NS D_14e(i0)

, T <arg() < %’T
rd

|SEOD () e E D)

Lemma 6. There exists the asymptotic expansion of D_.(¢) given by

2 n—1 )
D_o(()=eT¢° (Z(—l)ss‘g);;)s+8n(§)), argsl <3 (26)
s=0 :

There exists a constant C > 0 independent of ¢ such that

($)n(ShH,

len(©)] = €| 205

4
s |arg§| < E

Here, (), is Pochhammer’s Symbol defined by (x), = I'(x +n)/ ' (x).

The proof of this lemma is in A. Though the lemma only concerns |arg¢| < 7/2,

this turns out to cover every term that appears in W(¢) of (25) and leads to the following
lemma.
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Lemma 7. W(¢(2)) satisfies the jump of W (24) and the asymptotic behavior

F(©&) :=W() ;C"3e 4 For =1+ % + % +0 (g“%) 27

as |¢| goes to oo, where
0 Dmel™e _cletD) 0
T 2
C = [_ Fe+1) (()C) } and C = [ 0 C(c—l):| :
meiﬂc 2

Moreover, as ¢ — 0 and |{]| — o0, we get

(’)(cg“_z) Ofcc™3

FOF@) ' =1+ 28
(O)F1(¢) O<§_1> 0 (cc? (28)
FORO™ RO =1+0(:7), (29)
where
Zﬂeiﬂc
FO=1+-|""T@ | (30)
Slo 0
cc+) 1 1 272 (c+1)2
_ B 2 23 AT(c+1
\/ﬂe‘”‘ C 22

The error bound in (28) is uniform over ¢ € [—1/2,1/2] as ¢ tends to infinity, and the
error bound in (29) is for a fixed c.

Proof. The proof of the jump is an exercise using the following identities [6,20]:

Do) = "2 [ D 1(1§>+ez Dear(=io)].

_ RE .
C(c) =e€ CHID c( C) + F( ) Dc_l(—lé'),
oo .
D_.(¢) = e D_ (=0 + r(c) 2 De—1(i6).
The proof of the asymptotic behavior is based on Lemma 6 about the asymptotic behavior
of the parabolic cylinder function. By Lemma 6, letting n = 1, we have

clc+1)
§-2

le1( ) =C , |arg§|<72—[.

This leads to D_.(¢) = e~ /4¢—¢ (1+ O (c(c+1)/¢?)). Similarly, we can obtain the
asymptotic expression for D_1..(i¢), D_1—.(¢), and D.(i¢) and we get

o(*5) o(“er )
F@)=F@)+

O(l"(c+1)> O(c(c—l))
¢ g2

This leads to (28) using I'(c) = c N1+ O()). Similarly, the equations (29) and (27)
follow from Lemma 6. 0O
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Let H be a unimodular holomorphic matrix function on Dg. We define W by
W(z) = HW((2)), z¢€ Dg. (32)

Combining (21), (27) and (32), the expression in (19) can be written as

() %)%” P (5)

c
—503

_ .\ 503 _
— () (Z : “)2 S71¢¢% H@W() ST (2) (%)

—a\ 3% 2 o
:¢(Z)<Zza>2 S”C““H(z)f(z(z))mr%—%msr(;(z))(ZZ“) "

By (22), (23) and Lemma 5, we obtain

5 B —Coy B —Coy o3
c‘f“3e5“3ST<;<z>><ZZa> 2 =4‘“’3S<Z a) = (vPe) e

Z

The above equations lead to the following Lemma.

Lemma 8. When z € Dg, we have

_ 4\ 503 _,\ 503 o o
o0 (1) P (F21) T = (vhe)” Ho Fe@) (Vi) e
Z Z
(33)

Theorem 4. Fora > 1 and —1/2 < ¢ < 1/2, we get

e
ZN(( z )C m(QZ_l)c eN¢A(Z) <Z_,B>C
B

:—B) N/2<al(c) z—B) \z—a
PN(Z)Z 6N¢A

1
+0 NC+1/27 Ne+l/2 )’

N 2t \¢ 2@ 1 1
Z ((ﬁ) e 4 D—C(g(Z))‘FO(W,W ,ZEDﬁ.

The error bounds are uniform in ¢ € [—1/2,1/2]. The big O notation with multiple
arguments is defined by O(A, B) = O(A) + O(B).

z € U\Dg,

This theorem is similar to Theorem 2 except that the range of ¢ is restricted to
[—1/2, 1/2] and the error bounds are uniform in the range.

Proof. Using Fp in (30) we can define a unimodular meromorphic matrix function with
a simple pole at 8 by

R(iz) =1+ (34)

V2 (@ - 1) 1 [() 1}
N1/2=caT(c) z—p [00
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such that we can set

H@ = (NPn@) " R (NPn@) " Fiee)™, (35)

i.e., the above is unimodular and holomorphic at 8.
Now we define the strong asymptotics of Z that we will denote by

R(@®(), . z ¢ Dg,
Z%(z) == z—a\™ z—a) % (36)
®(2) ( ; ) P(2) ( - ) , z € Dg,

where the second line is given in Lemma 8. We get

_ So3 _ —$o03
72(2) (2%(2) 7 = 0(2) (Z - a)2 P(2) (Z : a) ol oR ()

- (Nc/zﬂ(z))”3 H(2)F(2) (NC/2U(Z)>7O3 R 37

—0

= (VP@)" HoFOH @ (V@)
where, in the last line, we define
F@Q) =FOFRE©™
Defining the error matrix by
£@)=2%) 27\ ().
we get
E:(EZN (D)
= 7%, (22(0)
= (N"1@) " HOFOH @ (N (@)
o(y) 0 (z=)

~o(yum) o)

—03

1
:”O<W>’ cedDp  (3®)

where, in the last equality, we use the asymptotic behavior (28) for F ©€) =
F(&)F, (c)_l, and the asymptotic behavior of H given below.

[1h@ Var (a* = 1) 1 I 2me™ c
. ()

v VNn2()alT(e)z—B ¢ T(o)
(39)

One can check that the jump of £ is exponentially small in N away from dDg using
Lemma 4 and (18). By the small norm theorem (e.g. Theorem 7.171 in [7] or [8]) we
obtain £(z) = I + O (1/N*'/2) and, therefore, Z*(2)Z7!(z) = I + O (1/N*1/2).
Note that the error bound is uniform over ¢ € [—1/2, 1/2].
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Using (17) we have (see (17) for the definition of x)

1 0
Y() = €¥03Z(Z) |:_ . ( z )CeNqﬁ(z) 1:| e*TN‘fageNg(z)m
z—a

1 00 ! c 0 =NE gy Ng(z)o3
=¥ (140 N1/2+c 7@ _, (—Z ) eNO@ €2 e ’
Z—a

Using (36), we calculate the strong asymptotics for z € (Ext SN U)\ Dg as an example.

1 0
P =@ =[( O(N1/2+C>> ZOO(Z)[ *( z )"ew(z) 1H e
7—a 1
1 0
= <I+O<Nl/2+c>>R( )<I>(z)|: L)CeN(/J(Z) 1:|i| eNg(Z)
“ 11
271 a 71 (L)C 0 1 0
= 1 f z—B . N
<’+O Nl/2+c)> [0 N1/2 ar<c>z ﬂ}{ 0 (z;ﬁ)c:| L(Z%a) N9 @ J “Z

_ 2=B\" V@ -1 s
__(1+O(N]/2+C>><< ) (Z—a> aF(C)N1/27C(Z—5)e >
- ! =B N

O(N1/2+L)<Z a> Z]

¢ V@ -1 s 1
Z(( ) (z—a) al(ONT2< - p)° +O(N1/2+">>'

A similar calculation will give the following for z € (IntS N U)\ Dg:

¢ - B\ N2m(@® 1) 1
- (25 o0~ (2) ()
N(Z) =e p— e c—a) aTON—G B +0 N1/7
For z € (ExtS\U) N Dg we calculate the strong asymptotics using (36), (27) and
Lemma 8 to represent P in terms of WV (25) and H (z) (35).

Py@) =YY@l =|[{1+0 1 VA ! c 0 eNe@
N 11 N1/2+c — % (Z%a) NO@ .
i .0'"6 7—a —%U3
= (I+O<N1/2+c) d>(z)( ) P(Z)< - ) i|“zN

- <1+0<N1/2+c>> Nc/zn(z) H(z)f({(z))(N‘/zn(z)> <I>(z)] N

11
i c 1 h(z)
:_<I+O<Nl/2+c>> N/2(> [0 1}

D_c() i@;? D_14e(it)

A Do (O) ¢ T Delit)

(40)
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2 — =~ 0
.50036%53 (NC/ZU(Z)> 3 |:(Z ( ﬂ) :|] ZN
c 2 1
= [(ﬁ) §(1)66%<D—c(§) h(z )} D_y c(§)> (‘ +O(W>>
1
+0O (W) ]ZN

Z 1
- [(Z5) coreF oo (s [

We used (39) at the last equality. Note that the above error bounds are uniform over
—1/2,1/2].
For the other regions we skip the calculations as they are similar. O

c

2

S =
SN—"

(41)

5. a > 1: Proof of Theorem 2

The proof of Theorem 2 is identical to the above proof of Theorem 4 except that we
use different R and H (hence different P). The construction of R and H will be more
involved and will be useful for the next case of a < 1 and, therefore, we will describe
the construction in a more general setting.

Here we describe how to construct R and P inductively such that the jump,
Z2(Z°)~!, of Z* is close to the identity up to O(N 1) for any given L > 0. The
inductive method that we describe here involves only algebraic manipulations—such as
the inverse of relatively small matrices.

We introduce several notations that we will use in this section.

Letusrecall that ¢ is aunivalent functionin Dg suchthat £ (8) = Oand N "% ¢(z)/(z—
B) is an N-independent and non-vanishing holomorphic function where (we include the
case, a < 1, for later)

) 1/2 fora > 1,
¢~ 11 fora<]l.

The lemma below generalize the definition of F that we used in the previous section.

Lemma 9. Let F be a unimodular piecewise analytic matrix function with the asymptotic
expansion around oo given by

}'_I+Q+C22+m,
¢ ¢

where C;’s are constant 2 X 2 matrices. For any positive integer L, there exists a positive
number of k and a decomposition

F(@&)=FQF() - Fi(0), 42)

such that, forall 1 < j < k, Fj is a rational function with only singularity at the origin,
Fj(o0) =1, Fj(¢) — I is nilpotent and

F@o)=1+0 (;*L) :
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Proof. Assume

C 1
FO =I+-2+0 . Co= |1,
é-m é‘m+l C21 C22
Since det F = 1, we have c1 + cp2 = 0. One can write C as the sum of three nilpotent
matrices, Co = N; + N, + N3, where

2 2
_ |enn —cyy _|0ci2—cy; . 0 0
Nl_[l —611]’ N2_|:O 0 } N3—[CQ1—10'

N\ ! N\ ! N3\ ! 1
f@(“;—m) (”rm) (“rm) :”O(w)'

Using induction, this proves the lemma. O

We get

Given {Fj}k=12...., we will define { H;} and {Ry} inductively. Let Hy = I. Assume
that Hy_1 is holomorphic and non-vanishing at 8, and Hy—1(z) = I + O(1/N%). We
define

~ ¢ 03 _1 ¢ —03
Fu@ = (Nn@) " Ho@RGC@H @ (V@) . @3)

If F satisfies the property described in Lemma 9, we have the following truncated
Laurent series expansion near f3,

mp
Floy=N 1+ )

j=—00

A/ ' —503
(z—p)/

)

for some positive integer m; and some constant matrices {A;}. Given {A;}, the lemma
below constructs { Ry} inductively.

Lemma 10. Given Fk (z) as above, the unique rational matrix function Ry such that its
only singularity is at B, Ri(00) = I and Ry (z) F,:l (z) is holomorphic at B, is given by

my )
Riz) = N2 [ 14y ——L | N2,
]Z, =B
where, for a sufficiently large N, B;’s are given by
~\ -1
[Bmkv Bmk,p M Bl] = _[Amka Amk,p MR} Al] (I + M) N

The 2my x 2my matrix M is given in block form by

Ap Ay Al
~ Ay Ao - Ady
M= L )
A, -+ A1 Ag

and, for a sufficiently large N, I + M is invertible. Moreover, det Ry = 1.
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Proof. Let
Amk Amk71 e Al
Amk ' An
M = ,
Ay

In order to make Rk(z)Fk_l(z) holomorphic at 8, we require all the pole terms of
Ry (z)f k_l (z) to vanish. We obtain

[Bmk, Bmkflv-'-vBl]'MZO» (44)

[Bmkv Bmk,p AR Bl](l + M) + [Amk, Amk,p MR Al] = Os (45)
where the first equation comes from the poles of the orders 2my, 2my — 1, ..., mg + 1,
and the second equation comes from the poles orders my, my — 1,..., 1.

We explain a useful bound on A;’s. If Fi(¢) = I+ O(~"™), then Fi(£(2)) =
I+O(N~"*%) on 0 Dg. Therefore, wehave A; = O(N ™" %) and | M| = O(N~"%),
Hence I + M is invertible for a sufficiently large N so that, from (45), we can obtain

~\—1
[Bmkv Bmkfla ey Bl] = _[Amk9 Amk,p e Al] (I+M) .

Let us show that (44) is satisfied. Since Fi(¢) — I is nilpotent, I?k_1 (z) — I is nilpotent
and, therefore,

" 2
i @AY
This implies M?=0and MM = —MM. Then,
~\ 1
[Bmka Bmk—l’ Tt Bl] M = _[Amk7 Amk—l’ ;Al] I+M) -M

:_[M]lstrow(L_Mv;‘M +)M

:_[M.(I_A/L-i-M +.,;').M]1strow
= —[MM - MMM +MM*M +- -]
=—[MM+M>M+M*M? +-- -]

1st row

Istrow

The “1st row” means the 1st two rows or, equivalently, the 1st row in the 2 x 2 block
matrix. Since Ry (Z)fk_] (z) is holomorphic at 8 and det fk_l (z) = 1, det Ri(2) is holo-
morphic at 8. Since det Ry (00) = 1, we have det Ry = 1.

Now we show that Ry is unique. Assume Ry also satisfies all the conditions satisfied
by Ry in the lemma. Then, Ry ﬁ,: Lis holomorphic away from 8, Ry (z)ﬁk ()~ '—> Ias

7z — 00, and Rkﬁk_1 = kak_l(ﬁkfk_l)71 is holomorphic at 8. Thus, Ry = Ry. 0O

Corollary 1. If Fi(¢) = I + O(c™™), then N3 R (2)N3% = I + O(N~%™) when
zZ € 3Dﬂ.

Proof. From A; = O(N™"%), B; = O(N~"%) follows. O
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Using Ry (z) from the above lemma, we define Hy(z) by

< —o3 ~_1 3 o3
Hi@) = (V@) Re@F @ (V@) Hemr ). (46)

Since Hy = I, by induction, Hi(z) is holomorphic at  and unimodular. By Corollary
1 we get

Hi(z) =1+O(N™™), ze Dg. 47)
Lemma 11. For z € dDg, we have

—0

72@ (22@) " = (NP@)" HOFOHR @ (N0)

Proof. We have

_ £0'3 _ _£0'3
72(2) (2%(2)) " =c1><z>(Z Z“>2 P(z)(z Z“) T el R )
- (Nc/zﬂ(z))g3 H(2)F(2) (NC/Z'?(Z)>_U3 R () (48)
= (V@) HOFOH '@ (Nn@)

The first equality is from (36), the second equality comes from Lemma 8, and the last
equality follows from (42) and

—o o
H=H = (N’“"/zn) "Reo R (NC/Z’?) CEUR (49)

which follows from the inductive definition of Hy at (46) with Hy = I. The theorem is
proved using Lemma 9 and (47). O

Proof of Theorem 2. Contrary to the proof of Theorem 4, all the error bounds will be
for a fixed c.

Here, we construct {R;} and {H;} inductively from the initial data Ry = R and
H| = H where R and H given in (34) and (35).

By (31) with (43) a calculation leads to,

R =(N@)" R @ (V@)

= N2 |1+ OO((;)) Oo(ﬁ) N72%.  ze€aDg.

An estimate using Hy = I + O(N ~1/2y in (47) gives the same result except the bound
at (12)-entry above may be relaxed to O(N~!). Then by Lemma 10 we have

rer=w (1o o]

e
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Using Ry = R with (34) we get

1 \/E(tﬂfl)c 1 1
RoRy =N2% | I+ O (%) VNaT(c) Z'B+O(N) N~2%,

o(w) o)

From (29) a further decompositions of F gives Fy = [ + O ({‘3) for k > 3. Then, by
Corollary 1, we get

R Ry = N2B(I + O(N /) N~2%,

and
V2r(a’-1)° 1
. o (L - - .
Ry R =N2% | I+ (1;]) " VNaT() _1’5+ (N) N72%, ze€dDg.
o(F&)  o(H)

Using Lemma 9, we can have F(¢) = I + O (¢ 1) for an arbitrary L. Using Lemma
11 with

R=Ri---R and H=H,=1+ON"?),

we get Z2° (ZSO)_l =I1+ON")on 0Dg. From the similar argument as in the proof
of Theorem 4, we obtain

Nt 1 1 0l .
Y(z) = e 2 93 (I +0 ( >> ZOO(Z) ( z )C No ) eTU3eNg(Z)"3
— % e 1

Z—a

uniformly over a compact set for an arbitrary positive integer L. The proof is finished
by calculations similar to (40) and (41). O

6.a <1
In this section, we consider the case a < 1 following closely the analysis of previous

two sections for the case a > 1.
From (7), we obtain

-1
¢az) = @=pA+0@z—p).
We define ¢ : Dg — C by (8) where Dg is a sufficiently small but fixed disc around
z = P such that ¢ is one-to-one. Under the mapping ¢ the contour S maps to the
imaginary axis (Fig. 10).
Inside Dg we want to find P such that

B o B —fo3
Z°°<z)=d>(z)(u)2 P(z)(z “) )
Z Z




Discontinuity in the Asymptotic Behavior of Planar Orthogonal Polynomials 329

Y A

Fig. 10. Jump contours of P (50) in Dg (left); the shaded region (everywhere except the negative real axis)
isU

satisfies the jump conditions of Z in (18), i.e.,

1 0
7)+(Z) = Pf(Z) €C(Z) 1l zZ € U N D/g,

7)+(Z) = [(1) _01 P—(Z) _01 (1)] ,zel'n Dﬂ, (50)

Pi(z) = e TBP_(2)eT,  z € (=00,al N Dg.
Let us define S by

1, larg¢| < /2,

§=50= 01 otherwise

-10]’ '
Here we choose S such that S~!¢ (z)%‘73 satisfies the left jump of P(z) from the second
and the third equations of (50). Then the matrix function,

W(z) = ¢(2) 23 SP(2) S~ ¢(2)7%, (51)
satisfies o
Wi@) = W (2) [(1) @ e ] . 2edUn Dy

Let H be a holomorphic matrix (that will be determined soon). A solution to the above
jump condition can be written by W(z) = H (2) F(£(z)) where
eS

-1
F&y=|" 2 /ﬁ so-0%|. (52)
0 1
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Here the contour L is the image of dU under ¢, and it begins at —oo, circles the origin
once in the counterclockwise direction, and returns to —oo.

Lemma 12. For z € Dg we have

— 203 c o3
o0 (1) s e = (i)
Z

where nn : Dg — C,

(e L <Z§(Z)>0/2
n(z) ;= v \z-p ,

is a nonvanishing N -independent analytic function in Dg.

By Lemma 12, (51) and W = HF we get

(D(Z)(z—a)Z >P(z) (z—a)_Z ;
z Z

— o) <Z - a)z”} 1€y (2 P g <z — a)_zas
Z Z

— 503 _ —£o3
oo (S4)7 s e Fe@ e s (20
Z Z

03 —03
= (V" 00) " H@ Fe@) (N@) o). (53)
This essentially proves the statement in Lemma 8 fora < 1.

Lemma 13. As || goes to 0o, F in (52) satisfies

1
FORQ ' =1+0 <W> (54)
uniformly over ¢ € (—1, 2) and
1
FOFR@Q ™ R =1+0 (W) (55)

where

_oafol 1 s*=let  sin(em) Tk —¢)
Fk(é‘)—l+§__k|:00:|’ Ck—ﬂ/;: < ds = j'[(—l)k_l . (56)

Proof. We only show the proof of (54) as the proof of (55) is similar. The only nonzero
entry of (}“Ffl - I) is the (12)—entry. For arg |¢| < m /2, we have

_1 1 e’ e’
(Fone™), =5 /cs%s—az))d”/cs%(zﬂs'
<o [N s = 5 [ 5
21 Jr |5¢(5(2) — $)¢(2) 21 Jp|se¢?
1 eSs
= m/ﬁ o |ds|.
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In the second inequality, we use | — s| > |¢| for Re¢ > 0 and s € (—oo, 0]. One can
prove that the last integral is finite by deforming the contour away from the origin so
that the integrant is bounded from above.

When | arg ¢| > 7/2 a similar argument using the deformation of integration contour
leads to the proof of the lemma. Note that the branch cut (—oo, 0) of s¢ and the integration
contour £ can be deformed, respectively, into {teigo}o<,<Oo for /2 < |6p| < 7 and the
corresponding contour around the new branch cut. We skipped the further details. O

Theorem 5. For a < 1 we get

c
N b4 1
z Z—a) <1+O<W R z € ExtS\(U U Dg),
b4 ¢ aQ —az)"_l eNeal) 1 eNea
P =N[[—) - ———~F— +0O , , - € U\Dg,
N@ =< (zfa) N=T(© (z—a) <N2—v NH) 2€U\Dy

N 2\ (@ 1 /a c 1
z ((:) _<Z—u) m(f({(z))+0<ﬁ))+0<m>>,Zepﬂ_

where

for= 5 [
=— | —ds.
2iw Jp o s€(s — &)
Here the contour L is the image of 0U under ¢, and it begins at —oo, circles the origin

once in the counterclockwise direction, and returns to —oo. The error bounds are uniform
over —1 <c < 2.

Proof. From Fi in (56) one can obtain R using Lemma 10 and obtain H; by (49):

a(l —a®>t 1 [0 1]

Ri(z) =1
W) =T+ "N =r @ 2 —a [00

(57)
Hi@) = (NP1@) T Ri@) (NP) " Fiee)™ = [3 hﬂ ’

where (using ¢; = 1/ I'(c) that appears in F)

z—a\ fa(l —a®> 1 1 ) 1 c
h(z) = — =0(—). 58
@ (Zi(Z)) ( NI=¢I'(¢) z—a ()T (c) (N) (58)
Setting R = R; and H = Hj, we can define Z* by (33) and (36). Defining the error

matrix by £ = Z>®Z~!, by the similar calculation as (38) with F=FF T and (54),
we get

1
ERE)=1+0 (W) , z€0Dg,

uniformly over ¢ € (—1,2). By the same argument as in the proof of Theorem 4 we

obtain
1
2= (1+0(3)) 70

The proof is finished by the calculations exactly similar to (40) and (41). To add a little
more detail, inside Dg we need to use (58) to obtain the final result. Below we write the
strong asymptotics before using (58) as an example.




332 S.-Y. Lee, M. Yang

((zia) _<§%2) <f@@D+hQ»eN¢QL+O(x%;))eNﬂU» z € ExtSN Dg.

We skip the computation. O

Proof of Theorem 3. The proof will be similar to the above proof and the proof of The-
orem 2.
By (56), (57) and (43) we get

B = (N@)" BB @ (V@)

. ) .
o (O o

(39)

From Lemma 10 and (59) we have

raer =i (1 [ O G i

Combined with R in (57), we get

, a(l —a®>e! 1 0 1 _
RoR =N [ 1+ N z-a C\N2 N™5%,
0 0

From (56) in Lemma 13, we have F, = I + O (;“3) for k > 3. By Corollary 1, we
obtain

Ri-- Ry = Ni%( + O(N 3)N"1%,

In fact, following the inductive construction of Ry and Hj in Sect. 5, one can find that
Ry’s are all upper diagonal matrix. Therefore, we get

a(l —a®»1 1 o 1
Re---R =N |1+ NT(©) z-a C\N2 NT2%, 7€ dDs.
0 0
Using Lemma 9, we can have f(;) =1+0 ({ _L) for an arbitrary L. Using Lemma
11 with
R=Ri---R and H=Hy=1+ON",

we get Z2° (Zio)_1 =I1+O(N")on 0 Dg. From the similar argument as in the proof
of Theorem 4, we obtain

MU} 1 ¢} I c 0 ;1\/60_3 Ng(2)o3
Y(Z)ZEZ I+O ﬁ Z (Z) _*( Z )€N¢(Z)] e 2 e /93

Z—a

for an arbitrary positive integer L. The proof is finished by calculations similar to (40)
and (41). 0O



Discontinuity in the Asymptotic Behavior of Planar Orthogonal Polynomials 333

7. Critical Case: a = 1

In this section we considera = 1+O(1/+/N). Here we only argue that the strong asymp-
totics can be obtained through the parametrix of Painlevé IV equation (as suggested in
[2]) following the similar steps described previously.
There is a disk D centered at 1 such that there exists a univalent map ¢ : D} — C
that satisfies
(€@ +x)* = Npa(z) — Noa (1/a)

where

x :=+/N¢a(a) — Noa(1/a) = /2N (a — )(1 + O(a — 1)).
Under the mapping ¢, we have ¢(a) = 0 and the critical point of ¢4 maps to —x; note
that ¢ (1/a) is the critical value of ¢ 4.
[ —Lo
Inside D we require that ®(z) (%) 2 P(z) (%) 2% satisfies the jump condi-

tions (18) of Z. With the boundary condition of P on dD; this leads to the following
jumps of P inside D; (Fig.11):

1 0
Pi(z) =P_(2) , ze€edUNIntT,
e Nea@ q
r 1 0
Pi(z) = P-(2) , z€dU NExtT,
| eNPa@ q
0-1 01
Pi(z) = P_(2) ,zeNU,
10 -10
7)+(Z) — e—cniagf])_(z)ecniog’ ze (0’ a]’
Pi)=1+o0(1), 7z €dDy.

Here U and I" are given similarly by those for a > 1 except the segment [S, a] becomes
apointat 1, see Fig. 12. We will show that such P can be written in terms of the solution
of the Painlevé IV equation. To achieve this, we want to transform P into a new matrix
function, W, with only constant jump matrices from the right. Such transform is given
by

W) =e ¥7¢@5%5 . P@) - TS, zeD, (60)
using a diagonal matrices 7, a piecewise constant matrix S and a constant £, defined
by
(="

2

N v 2
T() = exp (;(—1) ¢A<z>ag> = exp[ (c@?+2xt + ) 03]

Ce=x>+Nou(l/a), S:S(Z):[(l)(l)]'[—ol (1)] ’
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0.5

0.0

0.5

—10F

1 1 1 1 1
-1.0 -0.5 0.0 0.5 1.0

Fig. 11. The zeros of orthogonal polynomials with degrees 40 (blue) and 300 (red), c = 1 and @ = 1. The
solid line inside the disk is S (color figure online)

where

b— 0, ze Extl,
“l1, zelntl.

Here we chose S such that §~! ;(z)’%“3 satisfies all the left jumps of P, i.e.,
(sc@57) =] %ol (5c@57) . zernu,
+ —-10 _

(Sflé.f%a_g) — o CTio3 (Sflé.f%a_g) i 7 € [—00, 0].

+ -

Consequently, W has the jump matrices only from the right. Furthermore, the jump
matrices of W are constant matrices because of the right multipliction of 7" in (60),
and the jump on I disappears by the right multiplication by S~!. We obtain the jump
condition of W by

[1 0] N

i IORS

02 @ e iR,
Wi =W_(2) "1 0]

531 ,¢(z) e RT,

o't] iR,
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Fig. 12. Contours for the Riemann—Hilbert problem of ® when a ~ 1. I is the black curves and U is the
shaded region bounded by the blue curves

der _ 1 and s4 = —e 2", The boundary condition at

where s1 = 0,50 = 1,53 = ¢
a Dy gives
( 2

W) = @5 (1 +o () “F#¢@)s - cap,

Here we used that £, = O(1) fora =1+ O(l/\/ﬁ). According to page 34 of [6] (or
[9]) the Riemann—Hilbert problem for the Painlevé IV parametrix—W, following the
notation in [6]—exactly satisfies the jump condition above and the boundary condition:

2
W(E,x) = (I + \p,;(x) + \IL;z(x) +0 ({%)) o(5rt) oo o, oo,

when
(1 + 5253)€279% 4 [s154 + (1 + s354) (1 + 5150)]e 27O% = 2cos 27 0.

In our case we get ® = ¢/2, ® = —c/2. It means that, using the same strategy
to Sect. 4 and 6, we could get the similar result about the asymptotics of orthogonal
polynomial in terms of Painlevé IV equation:
dPu 1 (du)* 3 802
ar_ (& + 2wl +Axu + 2+ 2x% — 40 u — —,
dx?  2u \dx 2 u

where the solution u is related to the Riemann—Hilbert problem by

d
u(x) = —2x — Tx log (W_)(x)12).
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A. Proof of Lemma 6

By [19] we can write

) 1 ¢?
D_o(t) =2"Pe My (S22,
() e 7' 3
where U has the following asymptotic expansion as || — o0.
-5 n—-1 =S (c c+l 2
c 1 ¢ {7\ 2N 2\ 6, (F), (¢ ™
U _! _’ A = A - A 3 g + A 9 ~
(2 2 2) (2 g 2 sacy el ). lanedl<g

The error term &, is bounded by

1
6 () =2mma DT (1),
21 nl(g2)"? 1£2]
where
1 1—2c t—c+l| o(1+9)
o = s o =|—-, = + X
l—0o ;2 4 (1—0)2
We have 1
e e]~ (8 ($)n (S0
len(0) =2720¢I° &, <7)‘§C W .
where

__rhien ‘ ?—c+1 ‘+|1—2c|(|c2|+“4i>
T —n—2e) “P\ a2 =11 —2en| T (A= —2e)® )

For |£2]/|1 — 2c¢| big enough, we have C < 22,

B. Lax Pair: How the Numerical Calculation is Done

~ ~ ~ =a\ L
Define Y (z) by Y(z) = Y,(z) = Y(2) |:( z 2) eNaz 0n:| , then the Riemann—Hilbert
Z
problem for 17(z) is

Y(2)is holomorphic in C\T",

~ ~ 11

T =7y ieT,

~ ~ 2cmi

Vo=7o| ° —

o 1|

Y(z) = (1 +0 <l>) <%)C ezN_Z 0:| , 2 — 00.
< 0 1
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We observe 17,, (z) and )~’n+1 (z) have the same jump matrices. Since det Y (z) = 1, the
inverse of Y (z) exists in C\(I"' U (0, @)), and we can define

df;n (Z)
Z

An(z) = Y@

The matrix function A,(z) is meromorphic and can be determined by identifying the
singularities. For z — oo, writing (we know that ¢, below is not related to the charge
“c” in the potential)

> 1a, b (ﬂ)c 0
Yn(z)=<l+_|:n ni|+,..) Z oNaz ’
z | Cn dn 0 1

—Na 0] 1 n  Nab, _
AH(Z)=[ 0 0}+z|:_NaCn 0 }"'O(Z )

Similarly we get the following for z — 0.

we get

~ a1
V(z) = ["‘” ﬂ”} (I +0(2)) [( ) = 0]
Yn NMn 0 "
1 |—c—= (c+n)Bnyn (c+n)a,Bu
An(0) =z [ —(c+nm)yunn n+(c+n)Buyn

Therefore, we obtain

_ —Na 0 1 —c—(c+m)Bpyn (c+n)ayfy
A"(Z)_|: 0 0i|+z|: —(c+n)yYunn n+(c+n),6nyni|

1 (c+n)(1+Buyn) Nab, — (c+n)a,pBy
z—a |—Nacy+(c+n)yann —n—(c+n)Buvn |’

+

Defining M, (z) = ~n+1 (z))7n (z)71 we obtain, by the similar procedure as above,

My (2) = [Z Fltnal = "’"} .

Cn+l 1

The compatibility of the Lax pair,

d¥,(2) >
= AT (2),
dz
Yii1(2) = Mp(2)Yu(2),
gives
dM,(z)
Anrt @My (2) = ==+ My (2) An(2).
This gives the following recurrence relation:
ey = a, ¢ A Bava) o bn __L
n+1 n @B s n+l By s Vn+l B, s
p _ Axn+a®Nby  (c+manfy by (1+Bayn)
n+l = aN N Oln,Bn )
¢
,3n+1 =

(1+c+n)((c+n)anBy —aNby) a2’
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where

¢=a’N —c— a(l+2(c+n))a, B, + (azN —c—a(c+ n)ozn,Bn) Bn¥n

+(c+n)(c+n+Da B +aN?b2 (1+ Buyn)?,

ap=0, bp=a, ay=1, /30:1+a2N, 10 = 0.

The last line contains the initial condition of the recurrence relation. We used the above
relation to generate the orthogonal polynomials numerically.
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