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Abstract: We study partition functions of 3d N/ = 2 U(N) gauge theories on com-
pact manifolds which are S' fibrations over S2. We show that the partition functions
are free field correlators of vertex operators and screening charges of the g-Virasoro
modular double, which we define. The inclusion of supersymmetric Wilson loops in
arbitrary representations allows us to show that the generating functions of Wilson loop
vacuum expectation values satisfy two SL(2, Z)-related commuting sets of g-Virasoro
constraints. We generalize our construction to 3d A = 2 unitary quiver gauge theories
and as an example we give the free boson realization of the ABJ(M) model.
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1. Introduction

Quantum field theories in three dimensions have played a relevant role in theoretical
physics and many branches of mathematics since Witten’s seminal work on Wilson loops
in Chern—Simons theory and Jones polynomials [1]. Chern—Simons theory and its refined
[2—4] or supersymmetric extensions feature prominently in topological string theory [5—
7], in the study of the low energy physics of string/M-theory through Hanany-Witten
brane constructions [8] or the celebrated ABJ(M) model for the effective theory of M2
branes [9, 10]. The application of field theory methods for studying 3d manifolds and knot
theory has recently produced many new results and connections between the two fields,
culminated in the discovery of the 3d—3d correspondence [11-14] (see also the review
[15]) relating 3d N = 2 SCFTs arising from M5 branes compactified on a 3d manifold to
complex Chern—Simons on the latter [16]. More generally, the embedding of 3d A/ = 2
Chern—Simons-Yang-Mills theories in string/M-theory has provided many insights into
their physics, including 3d Seiberg-like dualities [17-22] and mirror symmetry [23-25].
However, a better understanding of the rich dynamics and web of dualities of these field
theories is desirable, perhaps exploiting some large symmetry hidden in this class of
theories: this is the topic of this work.

In this paper we focus on a wide class of 3d N = 2 Yang-Mills-Chern—Simons (YM-
CS) unitary quiver gauge theories. A simple yet instrumental example for our analysis
is the U(N) theory coupled to 1 adjoint chiral multiplet, which has a distinguished role
also within the 3d-3d correspondence [14,26,27]. These theories can conveniently be
studied on compact backgrounds [28—-33] such as the squashed Sg, lens spaces L(r, 1)

and §2 x S'. The application of supersymmetric localization [34] to this class of theories
[35-47] has been a powerful tool for studying non-perturbative gauge dynamics over
the past few years. In fact, one of the main outcomes of the localization method is that
expectation values of supersymmetric observables can be exactly computed by reducing
path integrals to finite dimensional matrix models (Coulomb branch localization), which
can then be analyzed from different angles. Our goal is to use these results to show that
there is a universal algebraic structure underlying the supersymmetric sector of these
theories in any such background, which we call the W, ; modular double, or q-Virasoro
modular double for the single node quiver.

In order to explain our results it is enough to consider the reference example given by
the U(N) theory coupled to 1 adjoint chiral multiplet and possibly (anti-)fundamental
chiral multiplets, in which case the Coulomb branch partition function of the theory can
be schematically written as

z=73 de)_C Alx, £) e Vit
LeFN

where the continuous and discrete variables {x, £} = {x;, ¢;, j = 1, ..., N} parametrize
the localization locus, A(x, £) is the 1-loop contribution of the vector and adjoint mul-
tiplets, exp(}_ i Vixj. ) is the 1-loop contribution of (anti-)fundamental matter and
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classical CS action, while the sum is over the different topological sectors: F = (4, Z,, Z)
for S 2 , L(r, 1) and 5% x S! respectively. One of our main results is that 3d compact space
partition functions are free boson correlators of vertex operators ()(z)) and integrated
screening currents (S(x)) of a modular double version of the g-Virasoro algebra [48]
which we define, namely

N
Z::/ﬁN£<IIVﬂQQIIS@ﬂ>’

f j=1

leading to a dual 2d CFT-like description in the spirit of the AGT correspondence [49—
51] and similar to the proposal of [52,53] for the SQED. The origin of the g-deformation
has been proposed to lie in the little string deformation of the 6d (2, 0) theory [54].
The central object of our construction is the modular double screening current S(x).
We define it to be the operator which commutes, up to total differences, with two
commuting copies (i = 1, 2) of the g-Virasoro generators {T, ;,n € Z};—1 2 whose
q-deformation parameters are related by SL(2, Z) transformations, namely

[Th1, Tm2l =0, [T, S(x)] = total difference,
q1 = eZnie’ ¢ = e—2nig~5’
where g- is the standard g € SL(2, Z) action on the modular parameter €. In order to
avoid possible confusion, throughout this paper the index i = 1, 2 will be exclusively
used for distinguishing the two copies and nothing else. The g; are related to geometric
moduli of the gauge theory background (squashing or fibration parameters); in fact

€

L€ =
& 1—re

for the lens space L(r, 1), whereasr = 1, O for the particular cases Sg and S%x S! respec-
tively. The fact that the g-deformation parameters are related by SL(2, Z) is crucial: in
this case we can give S(x) in terms of the screening currents S(w); of the individual
g-Virasoro copies according to

S(x) =Y wlx, )1 wlx, )2 Sw(x, 0)1 & S(w(x, 0)2,

LelF

where the dependence of the summands on the gauge theory continuous and discrete
variables is through the “holomorphic” coordinate w(x, £); and its “conjugate” in the
sense of the SL(2, Z) pairing, which acts also on the position in a certain way

wx, ) =g wx, ).

From the gauge theory viewpoint, w(x, £); are supersymmetric Wilson lines (w;) at the
North (i = 1) and South (i = 2) poles of the S2 base

m:mmcfm—wmmv,
C;

evaluated at the localization locus and projected on a U(N) fundamental weight p

w, 01 =p (wx, 1), wx, 02 =p(w, 0)),
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whose expressions depend on the specific background. Here A denotes the gauge con-
nection, o the vector multiplet scalar and C; a supersymmetry preserving cycle.

The partition function is not the most general observable one can consider. Following
what we have just mentioned, an important class of observables that can be computed
through localization is given by supersymmetric Wilson loops. The evaluation of Wilson
loop vacuum expectation values (v.e.v.) at the North or South poles of the S? base of the
geometries we are considering amounts to insert

Trg, (w(x, 0))

into the Coulomb branch partition function, where R; is a representation of the U(N)
gauge group. Using the standard character decomposition, we can package Wilson loop
v.e.v.’s in arbitrary representations into the generating function

Z(t)= ), ) / dVx AGx, 0 eXi V0D T Teg, (v(z,) Ter, (w(x, 0)).

R1. Rz LeFN i=1,2

where the additional insertions Trg, (v(z;)) can be thought of as background Wilson
loops. The generating function is the natural object to consider from a matrix model
perspective, and we can give it a g-Virasoro interpretation as well: for YM theories it
can be identified with the highest weight state

N
Z(z), 1) = /dN)_c [[sGple).

j=1

In this language, (anti-)fundamental matter can be coupled to the gauge theory by shifting
the “time” variables z; (isomorphic to the creation operators in the free boson repre-
sentation of g-Virasoro), or equivalently by acting on the state with additional vertex
operators. Inclusion of CS terms can be dealt with similarly. Remarkably, our identi-
fication implies the existence of two SL(2, Z)-related commuting sets of g-Virasoro
constraints (or Ward identities) satisfied by the YM generating function

Th(z))Z(zy,7,) =0, n>0,

where T, (z;) >~ T, ; are differential operators in t;, which express the highest weight
condition of the YM generating function. A similar description holds when including
CS terms. This observation opens up the possibility of characterizing compact space
generating functions as solutions of two infinite sets of PDEs. Similar considerations
have been put forward in [12-14,55,56], where it is shown that the algebra of line
operators and their action on 3d partition functions gives rise to recurrence relations
quantizing classical spectral curves or knot polynomials, and in [57-60], where the
relation of line operators with difference operators/quantum Hamiltonians of integrable
systems is discussed.

Our results fit nicely with the observed factorization properties of 3d compact space
partition functions [13,58,61-67]. All the manifolds we are interested in admit indeed
a decomposition into a pair of solid tori (D2 x S 1)i=1,2, where the boundary homeo-
morphism is implemented by the g € SL(2, Z) element acting on one boundary torus
with modulus €. Gauge theory partition functions on the diverse compact spaces can
be recovered by SL(2, Z) gluings of partition functions on the solid torus D> x S!.
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Supersymmetric partition functions on such elementary background are known as 3d
holomorphic blocks [13]

= a0,

and for U(N) YM theories they have been shown [68] (see also the review [69]) to be
captured by free boson correlators of g-Virasoro screening currents and vertex operators

(H:) v
B = $a"w ([TH e [T S ).
c f /:1

Our construction then reveals the algebraic structure behind the observed non-trivial
decomposition [62,67]

z="Y" [d¥x T, on T W, 0):
LeFN

of compact space partition functions. Moreover, in many cases it has been shown that Z
can be completely factorized as

Z= Z (B§d>] (Bgd)z’
{c}

where the sum is over the supersymmetric massive vacua of the effective 2d theory on the
cigar or flat connections in complex CS through the 3d—3d correspondence. Our general
results explain this property from the existence of two commuting sets of g-Virasoro
constraints satisfied by the generating functions.

Finally, our results can also be read in the context of the BPS/CFT correspondence
and 5d AGT. Supersymmetric 5d unitary quiver gauge theories in the 2-background have
an interesting class of observables known as gg-characters, which have been recently
constructed in [70] (building on previous works [71,72]). In particular, it is shown in
[73] that the gg-characters generate quiver W, ; symmetry algebras and Ward identities
for 5d (extended) Nekrasov partition functions [74,75]. When 5d gauge theories can be
engineered by M-theory compactifications on toric Calabi—Yau 3-folds [76,77] or type
IIB (p, g)-webs [78,79], one can also use the refined topological vertex formalism [80—
82] to conveniently compute the 5d Nekrasov partition functions. Using this approach it
has been recently realized [83,84] that 5d gauge theories supported on (p, g)-webs form
arepresentation of the Ding—Iohara—Miki algebra [85,86], which is the building block for
constructing W, , algebras (at least in the A, case) as much as the strip geometry [87] is
the building block for constructing toric webs. In any case, the free boson representation
of the relevant symmetry algebra yields a matrix model description of the 5d Nekrasov
partition function [88-95], which at isolated points on the Coulomb branch describes
a 3d vortex theory [54,68,69,96]. We thus expect that our construction describes the
compact space version, or the non-perturbative completion in the sense of [97], of this
chain of dualities between gauge/string theory and quantum algebras.

The rest of this paper is organized as follows. In Sect. 2, we review some basics
in the theory of conformal matrix models and Virasoro constraints, and the analogous
constructions for the g-deformed case. We also review the g-Virasoro description of 3d
holomorphic blocks of U(N) YM theories, and propose the g-Virasoro interpretation of
the Wilson loop generating function. In Sect. 3, we discuss in detail U(N) YM theories
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on the squashed Slf , focusing on the Coulomb branch partition function and Wilson loop
generating function. We then discuss how these objects can be mapped to correlators
or highest weight states of the g-Virasoro modular double and we find two SL(2, Z)-
related commuting sets of g-Virasoro constraints annihilating the generating function.
We also comment on a few interesting limits of the gauge theory and the associated
constraints, such as the round $3 or special values of the adjoint mass. In Sect. 4, we
extend our analysis to the lens space partition function, the index and twisted index. In
Sect. 5, we discuss how CS terms can be described in the g-Virasoro side, leading to
“dressed” correlators and modified g-Virasoro constraints. In Sect. 6, we consider the
generalization to quiver gauge theories, with special focus on the ABJ(M) theory, and the
relation to quiver Wy , algebras. In Sect. 7, we summarize our results and comment on
open questions and interesting directions for future work, such as the possible 4d/elliptic
lift of our construction and the relation to 5d theories.

2. Matrix Models, Free Fields and 3d Gauge Theories

In this section we summarize basic facts about the 8-ensemble and its free boson Virasoro
construction, while for a detailed review we refer to [98,99]. This elementary discussion
will allow us to introduce the main tools which also apply to the g-deformed S-ensemble
and g-Virasoro algebra, for details we refer to [88,100]. We then recall the g-Virasoro
interpretation of 3d partition functions on D? x S! given by [68], and we extend the
duality by mapping the Wilson loop generating function to the g-deformed S-ensemble.

2.1. Virasoro matrix model. Let us consider the matrix model

Z(m) =Ny / d"w Agw) VPXVUID Vi =Y Gt @D

n>0

where Ag(w) is the integration measure describing the interactions between the eigen-
values w, V (w|7) is the potential whose shape is described by the time parameters 7, A
is a normalization parametrized by 79 and g € C. We refer to such a partition function
as a Virasoro matrix model if it satisfies the Virasoro constraints

Ly()Z(x) =0, n € Zy, (2.2

where L, (1) are differential operators in the time variables satisfying the positive mode
subalgebra of the full Virasoro algebra

c
12

The fact that the matrix model partition function depends on infinitely many parameters
and that it is subject to infinitely many constraints forming a closed algebra, is a strong
indication that the matrix model can be defined as the (unique) solution to the Virasoro
constraint equations (with suitable boundary conditions).

A simple method to built the matrix model satisfying Virasoro constraints is exploiting
the free boson realization of the Virasoro algebra. Let us consider the Heisenberg algebra
(we display non-trivial relations only)

[Ln, L] = (0 = m)Lysm + —n(n> = D8pimo. n,m € L. (2.3)

[a,, an] = 2n(sn+m,07 [P,Ql=2, n,me Z\{0}, (2.4)
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and the Fock module F,, over the charged vacuum |«) spanned by the states

|l [l
[Tawle)t. []auwle)=o0. o) =e29)0), Pla) =ala), (2.5)

for any partition p of length |u| and given momentum « € C. The operators

1 1 1
== ) A ga: +§anP— S Qp(n+Day, n#0,
k#0,n

) (2.6)
_lZa a+P__lPQ Q —[_L
where : : denotes normal ordering (i.e. positive modes to the right of negative modes

and P to the right of Q), close the Virasoro algebra (2.3) with central chargec = 1—6 Q% .
Using the algebra representation

8 o o
Q~ 1, P~2— la) = e2Q|0) ~e™% . 1, (2.7)

a_, ~nt,, a,>?2
" " " T, a1y’

we get the differential representation

n

9 92
L, ~ L,(z) = Zktk + n>0. (2.8

=0 0Ttk =0 9Tn—k0Tk

Then the original problem (2.2) can be solved by finding a free boson operator S(w)
whose commutator with the Virasoro generators is a total derivative, namely

d
[Ly. S(w)] = d_o(w) 2.9
w
for some (n-dependent) operator O(w). In fact, by deﬁning1

z=J", J= fdw S(w), (2.10)

through the representation (2.7) we immediately get?
Zla) = Z(1), Lula) = L,(D)Z() =0, n>0, (2.11)

where the last equality follows from the screening charge conservation [L,,J] = 0
and the highest weight condition L,~ola) = 0.3 Notice that by packaging the Virasoro

1" A suitable choice of integration contour is to be understood.

2 This identification is usually achieved by an explicit projection onto the coherent state (0o |G(z), G(z) =
exp(% Y on=0 Tnan), with ase = o + 2/BN and (0| the dual charged Fock vacuum ((ag|op) = 84p)-
This projection is equivalent to the representation (2 7): 2% (@oo|G(T) = (@oo|G(T)ay, N1y {0eo|G(T) =
(000 G(D)A, 0o (o0 | G(T) = (o0l G(DP = 252 (oo |G(D).

3 For & = 0 there are the additional constraints n = — 1, 0 due to sly invariance of the vacuum |0).

I
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generators into the current (stress tensor) L(z) = )", ., L,z~"~2, the constraints (2.2)
are equivalent to the regularity condition (Ward identities)

Z?L(z|1) Z(z) = Pol(2), (2.12)

for a certain (r-dependent) polynomial Pol(z).
The central object of the free boson construction is the screening current S(w) defined
by (2.9), and its free boson representation is given by

S(w) = e_«/FZn#O gan : eﬂow\/ﬁp, (213)

This representation allows us to write down the matrix model explicitly, in fact

N N
[[Swp =[S : Apw), Apw) =[]k —w)?, (2.14)
j=1

j=1 k<j

and hence

Zjor) = / " w Ap) [P eV Lol FaeVBNQg) ~ 7(r),  (2.15)
J

with V(w|) =alnw+Y, o maw", Mo = exp /Bro(N + ﬁﬁ)’ where we used (2.7).

We conclude this brief review of Virasoro matrix models with three remarks. Firstly,
this 2d CFT construction can be easily generalized to other (quantum) algebras provided
that the free boson representation of generators and screening currents is known. For
instance, this is the case with W algebras and their g-deformation, which will be in fact
the main focus of this paper. Secondly, different looking matrix models may actually
be related by a simple redefinition of the time variables. Thirdly, the matrix model can
be enriched through the inclusion of vertex operators in the free boson correlator. In 2d
CFTs there is a distinguished set of operators called primaries, which in the free boson
representation are given by

H, (2) =: e % Tuzo 5o e1Q5P e (2.16)
Their OPE with the screening current is
H, ()S(w) =: H, (2)Sw) : (1 — wz~")YFr ;vFr, (2.17)

whose effect is simply to add a constant background to the time variables

—n

Ty = Ty — y—, (2.18)
n

and to change the normalization by a constant multiplicative factor. For this reason we
will be mainly interested in theories without vertex operators.

2.2. g-Virasoro matrix model. The g-Virasoro algebra is the associative algebra gener-
ated by {T,,, n € Z} satisfying the relation [48]
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f <3> T@OTw) — f (=) T@)T@)
Z w

_ _ 41
D () e (L)), e
(1=p) 2 ¢

n (1— tfn)
T =Y Tz " f@=)Y fi' = X0 a5 = 3

nez >0 nez

where

(2.20)
and ¢, t, p € C with p = ¢gt~!. This algebra provides a 1-parameter deformation of
the Virasoro algebra. In fact, upon setting r = ¢#, ¢ = e”, we have the small 7 € R
expansion

Q2
Ty = 28,0+ 2B (L,, + Tﬁan,o + O(hY), (2.21)

where the operators L,, close the Virasoro algebra (2.3) with central chargec = 1—6 QIZS.
The Heisenberg algebra (we display non-trivial relations only)

1 _n n _n n _n
[an»am] = ;(612 —-q 2)(t2 —t 2)(p2 +p z)8n+m,07 [P» Q] = 2» n,me Z\{O}’

(2.22)
gives a free boson representation of the g-Virasoro algebra according to
_" P o
TO=Y"T" = 3 MA@, Ap(e) =" DT %P p5 (223
nez o==1
where 8 = Int/Ing. The g-Virasoro screening current is given by*
S(w) = ¢ =2 n0 4,1/2 72 n eﬂQwﬁP. (2.24)
One can indeed verify that the defining relation
O(qw) — O(w)
[T, S(w)] = — (2.25)

holds true for a certain (n-dependent) operator O(w), implying the conservation of the
screening charge for a suitable contour, [T, f dw S(w)] = 0.

The g-Virasoro matrix model can now be constructed by exploiting the strategy
outlined in the previous subsection. The product of several g-Virasoro screening currents
yields

HS(wJ)— HS(w]) Apg(w; @)epg(w, 1; q)l_[wﬂ(N b (2.26)
j=1 j=1 J
with
(wew s oo

Ag(w; q) = 1_[ g cplw,m;q) = H(wkwfl)ﬂ

-1
kot (TWEW; s ) oo

®(tmwkw,71; q)
O muww; ' q)
2.27)

k<j

4 There is another screening current with ¢ — ¢~ 1, JB = — i, but we do not need it in this work.

VB
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or

_ 1 (gt wiwg )
Apws @epw: ¢) = [ Jow; HPA —wjw " Ik T (228)
k<j (twjw; ' )oo

where the g-Pochhammer symbol and ® function are defined in (A.1) and (A.5) respec-
tively. As before, we can now define the operator

z=J", J= dew S(w), (2.29)
and consider the state

dVw
Zia) =  —— Ag(w: 1;
|er) aniw sWw; @)eg(w, 1; q)

Z w
l—[ f(a+fN Qﬂ) Zn>0 )1/2,117H/2 "e\/ﬁNc‘)la)‘ (230)

J

Finally, the algebra representation

n n 1 n n n n a
a,~(q2—q ), > —(12 —1t"2)(p2 +p‘7)8 , € Zxg,
" T 2.31)

VBQ =1, P“’Tﬁ o) = e59]0) = 2 - 1,

yields the matrix model
~ Z(r) = d"w : - el VD
Zla) = Z(1) = N — Ag(w; g)cg(w, 1; g)e=~7 "7,
2miw

Vwlz) = B+ BN — Qp)lnw+ Y ", Np= s vl

n>0

(2.32)

Due to the conservation of the screening charge [T,, J] = 0 and the highest weight
condition T,~ola) = 0, the above partition function satisfies g-Virasoro constraints by
construction [88]

T'(zln)Z(x) =Pol(z) = T(0)Z() =0, n>0, (2.33)

where the operators 7,,(t) can be read from the modes T, using (2.31). Explicitly, we
have

oYfp o Be({A))) B (AL DY
L e TP R TG =0 (2.34)
n — s .
oBp o Bien (A, DB (A
Za::l:l q° 2" p2 Zk>0 - (k,kn)gkkg £, n<0
where we set
() an|n|!
Ay =0———, B,({An}) = Bu(A1,...,Ay), By=1, (2.35)

(L+pom)’
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with B,({A,}) the complete Bell polynomial defined by exp)_
Z =0 Bn({An}) n
n

As we have remarked at the end of the previous subsection, we can enrich the matrix
model with the inclusion of vertex operators. The g-deformation of the operator (2.16)
which is usually employed is [88] (see also [101] for a recent discussion)

n>0 n_’!lZ

(ryn/27r Vn/Z) —n

Hy(Z) — e =200 g n/2) e%ﬂQZ%‘/’EP, (2.36)

where we have introduced the new basis
Ap =@y (Pn/z + P_n/z)_l (2.37)
of the Heisenberg algebra. The OPE with the g-Virasoro screening current is

L _y _
(g2t 2wz l;q)oozﬂy’
-1

H, (2)S(w) =: Hy, (2)S(w) : (2.38)
5 @)oo

and thus the inclusion of such a vertex operator simply amounts to add a constant
background to the time variables

(g2tz7wz

=X —1n LY —1wn
2t 27 2127
Tn —> Tn — 4 ) + (4 ) s (2.39)
n(l —q") n(l —q")
and to modify the normalization by a constant multiplicative factor. However, for our
purposes it is also convenient to consider the “half” vertex operator

tyn/2
Vy () =: e = 2040 (qn/z,q—n/z)(,n/z,,—n/z) e%ﬁoz%‘/ﬁp, (2.40)

whose inclusion will shift the time variables by the last term in (2.39). With this definition,
we also have

H,(z) =V, (0)V_, ()" :. (2.41)

2.3. Gauge theory on D* x S'. In this subsection we review a relevant application of
the g-Virasoro theory for the study of 3d A/ = 2 gauge theories, and we also propose a
gauge theory interpretation of the g-Virasoro matrix model (2.32), extending the results
of [68,69].

Partition functions of 3d /' = 2 gauge theories compactified on D? x S' are computed
by 3d holomorphic block integrals introduced in [62] (see also [102] for derivation

through localization)
drkG
Bgd _ ?g Z 3 (y),

2miw

where the integral kernel Y34(w) is determined by the specific theory with gauge group
G and the integration is over a basis of middle dimensional cycles {c = 1,...} in
(C*)™C  The vector multiplet contributes with the 1-loop factor’

T3 w) = [ | (wa: @)c. (2.42)
a#0

5 There can be anomalous terms in the 1-loop factors represented by quadratic polynomials. We will simply
omit these factors because they vanish for the theories we are considering in this section.
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where « is a root of the gauge Lie algebra, while a chiral multiplet in a gauge represen-
tation R contributes with

1
awm =[] ——— o Twm=[]@w,'m™" 9. 243

wom;
peR( o q)oo peR

where p is a weight of R, m is a global U(1) fugacity and the index N or D refers to
Neumann or Dirichlet boundary conditions. The € parameter

g =e" (2.44)

can be interpreted as the disk equivariant parameter (D> x §' ~ Rg x 81 or as the
modular parameter of the boundary torus (9 (D?*x S1) ~ T?2). Moreover, one can consider
additional 2d vector, Fermi or chiral multiplets on the boundary torus and contributing
to the integral kernel respectively with [103—105]

[Towa:a)., []O@m:q)*". (2.45)

a#0 pPER

These contributions are important to introduce the correct CS units and ensure local and
large gauge invariance [56,62,102].

As a concrete example we can consider the U(N) YM theory coupled to 1 adjoint
chiral multiplet and additional Ny fundamental and anti-fundamental chiral multiplets,
in which case the 3d holomorphic block integral can be written as

N —1.
B =¢' dNw (wrw; ,]‘I)oo 1—[ ,q 1—[ (qwjmf; @)oo qr)oo (2.46)
2riw (mawku); 3 q)oo (wjm: Doo

= k#j= j=1

where m, is the adjoint fugacity, m ¢, m s are the fugacities for the fundamental and anti-
fundamentals and we also turned on the Fayet-Iliopoulos (FI) parameter «1. Notice that
the multiplet content is proper of an N = 4 theory, namely the vector and adjoint chiral
multiplets form a V' = 4 vector multiplet, while the fundamental and anti-fundamental
chirals form a fundamental hyper multiplet, however supersymmetry is explicitly broken
down to A/ = 2 by mass parameters and superpotential terms which we do not discuss.

It was pointed out in [68] (see also the review [69] and [54,96] for the ADE gen-
eralization) that the matrix model above manifestly matches a free boson correlator of
q-Virasoro screening currents and vertex operators. In fact, by using the results reviewed
in the previous subsection we can immediately identify®

Nt N
B2 = b aw (ool [ Hy o) [ S le, (2.47)

=1 Jj=1

up to proportionality factors, provided that we identify
Gauge theory [ g [ma [ my | mny 1 K1
L

g-Virasoro M(; {qzﬁzfl (q_%t_gfz;qﬂ(aﬁﬁlv_%), (2.48)

6 Here we have to use that the g-constant cg (w; ) in (2.27) simply contributes with a constant multiplicative
factor to the integral along the contour chosen in [68].
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with s = g +2/BN + ¢ Vr- We see that the screening currents provide the vector
and adjoint integration measure, while each vertex operator provide the 1-loop potential
of a pair of fundamental/anti-fundamental chiral multiplets (the letter H refers indeed to
hyper multiplet, while the half vertex operator V introduced in (2.40) couples a single
chiral).

The correlator (2.47) is a particular projection of the state given in (2.32): we have
simply to shift the time variables 7, as in (2.39) and then set t,, = 0. Therefore the natural
question arises whether we can give a gauge theory interpretation to the more general
state (2.32). In order to answer to this question we have to include more observables
in the gauge theory. One kind of such observable is given by supersymmetric Wilson
loops along the S! at the tip of the disk.” Such insertions contribute to the integral kernel
Y34(w) with

Trr () = sp W), (2.49)

where R is an arbitrary U(N ) representation, sg (w) is the associated Schur polynomial,

w = ]_[j wj"/ is the Wilson line at the localization locus and {hj, j=1,...,N}are
Cartan generators of the gauge group. By using the Cauchy identity

A . . 1 fn
Y sr@spw) = e XTI — el v) g =Nk (250)
n
R K

we are naturally led to package Wilson loop v.e.v.’s into the generating function

(wiew} s 4o
Z@) = an(>y§2mw1_[ H ST (w)

—1 ket j= l(mawkwj 5 q)oo

N
_% d Apw) eXon=0Tn X5 Wi Y lnwj 2.51)

2711

which matches (modulo the remark in footnote 6) the highest weight state (2.32) by using
the representation (2.31). Our interpretation also implies that the generating function of
the theory on D? x S' satisfies the ¢-Virasoro constraints (2.33).

Starting from the next section, we are going to study 3d N = 2 gauge theories on
compact spaces. We are going to show that the g-Virasoro algebra still plays a prominent
role, but we have to introduce a new remarkable structure: the modular double.

3. Gauge Theory on S:b’

Supersymmetric gauge theories can be conveniently studied on compact spaces, and 3d
N = 2 YM-CS theories can be placed in a variety of backgrounds while preserving
2 supercharges of opposite R-charge [28-32]. Expectation values of supersymmetric
observables computed through Coulomb branch localization provide interesting exam-
ples of matrix models, and our goal is to show that we can use g-Virasoro/W algebras
techniques to study these theories. We will be focusing on single node U(N) theories
coupled to 1 adjoint chiral multiplet and possibly (anti-)fundamental chirals, postponing
the discussion of more general unitary quiver theories to Sect. 6. We will not discuss

7 Other defects includes boundary degrees of freedom such as walls, see e.g. [56]. We will consider such
insertion in Sect. 5 when discussing the inclusion of CS terms.
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superpotential terms which cannot be seen by the matrix model except for possible
restrictions on the parameters of the theory.

In this section we focus on gauge theories on the squashed S 2 geometry [35-38] (see
also the review [106]). The S g can be defined by the usual embedding S 3 ¢ R* endowed
with the metric

ds? = 0l (dx? +dxd) + 03 (dx3 +dx3), b> = Z—T w=w +uw, (3.1)

where w)  are squashing parameters.® For our purposes it is useful to keep in mind that
Sg can be obtained by gluing two solid tori D> x S! through the S € SL(2, Z) element
acting on the boundary torus with modular parameter €, namely

. : 1
— mie e—ZJTlS'G’ ce—> S-e=——. (3.2)
€

q

3.1. Generating function. Coulomb branch localization implies that the path integral
localizes onto trivial field configurations except for a constant profile of the adjoint vector
multiplet scalar X = ) . X jhj in the Cartan subalgebra, which is to be integrated over.
If we consider the YM-éS theory coupled to 1 adjoint chiral multiplet of complexified
mass M,° the partition function of the theory is given by'?

Z=Ny fRN dVX Ag(X) e VXD, (3.3)
1

_ $(Xx — Xjlw)
Astd) = ,g $1(My + Xy — X j|@)’ G4

where Ag(X) is the integration measure capturing the vector and adjoint contributions
and the double Sine function is defined in (A.10). The potential V (X) is determined by
the classical CS action (including the FI)

. i
VX) = — imKky 24 ik

X, (3.5)

w1w2 w12

where «; is the CS level and « is the FI parameter, while N is an overall normalization
constant. Notice that the theory with k» = k1 = 0 is a.k.a. the N' = 2* theory, namely
the pure A/ = 4 YM theory broken down to A/ = 2 by the adjoint mass.

Arelevant class of observables which can be computed though localization is provided
by supersymmetric Wilson loops in arbitrary representations of the gauge group, which
can be inserted along the great circles x3 = x4 = 0 (length 27 /w1) or x; = x2 = 0
(length 27 /w>) at the North or South poles of the Hopf base (see for instance [108]).
Such insertions amount to evaluate the v.e.v. of

2mi 2mi
Trg, (e w X ) = sp, (e X), (3.6)

8 In this parametrization the squashing parameters are assumed to be real. However, once the gauge theory
observables are computed by localization, w1 7 can be taken to be complex.

9 The real mass is MF = iMy — i%A, where A is the Weyl dimension. The latter is absorbed into the
complex mass due to holomorphy [107].

10°10 compare with the literature we have to use S>(w/2 —iX|w) = sp(X), where w] = wz_l =b.
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for an arbitrary U(N) representation R;. Using the identity (2.50) we are naturally led
to package Wilson loop v.e.v.’s into the generating function

27
Zap)= ), N / aVX As0) 2 VD TT sr, @sri @ )
Ri1, R, iR i=12

2711n
=/ dNX As(X) g2 VXP) 1_[ exp Ztn,Ze w Xi +1.iNko |, (3.7

RN i=1,2 n>0 ;

where we parametrized Ny = exp N«o(70.1 + T0.2). Therefore, the inclusion of Wilson
loops modifies the matrix model potential according to

Zmn
V(X) = VX|z;, 1) = V(X)) + Z (Z i€ Y%+ T())l'K()) . (3.8)
i=1,2 \n>0

Notice that the partition function Z is simply Z(0, 0). However, the generating function
is a much more interesting object to study as it contains more information than the
bare partition function. Moreover, the contribution of (anti-)fundamental matter can be
included as a background for the time variables and CS levels, which is the reason why
we will be mostly interested in the theory without (anti-)fundamental matter. In fact, a
fundamental chiral multiplet of complexified mass My can be coupled to the theory by
adding the following 1-loop term to the potential

V(Xtund. = —In S2(X + Mr|w). (3.9)

On the other hand, for generic squashing parameters (i.e. Im (wy/w1) # 0) the double
Sine function has the representation (A.13)

Zmn X

i 2 a) +a)1a)2
e (XX ) Y S

i= 12n>0n(1_ w)
(3.10)
It is therefore clear that a fundamental chiral multiplet can be simply coupled to the
theory by shifting the time variables and CS levels according to

—In$Hr(X|w) =

o M e i 0
K >Ky+—-, K\ >K1+———, Tyi > Tit—————, nh>0,
3 ’ 2 L
2 4 2 n(l —e nlna)i)
G.11)
W+t —3w? . . .
and In Ny — In Ny — Zwlwz (M} — Myw — ——&—). It is worth noting that the shift

of the time variables alone corresponds to gauging a tetrahedron theory [12,13] for each
weight, which automatically gets rid of the parity anomaly due to half-integer CS units.

In the next subsection we are going to show that the generating function (3.7) has a
neat g-Virasoro interpretation and that it satisfies two commuting copies of g-Virasoro
constraints.
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3.2. Free boson realization. To begin with, let us consider the matrix model correspond-
ing to the gauge theory generating function (3.7) without pure CS action, i.e. kp = 0.
We discuss the inclusion of CS terms in Sect. 5. As reviewed in Sect. 2, the simplest
strategy to derive the constraints satisfied by the matrix model is to look for its free boson
realization. We can in fact give such representation by means of two commuting copies
of the very same Heisenberg algebra (2.22) (we display non-trivial relations only)

n

[antvamz]—_(q, —4; 2)(t _t 2)(17, +pl )8n+mOs

[Pi, Qi1 =2, n,m € Z\{0}, (3.12)

where the subindex i = 1, 2 denotes the two copies. The g-Virasoro and gauge theory
parameters are related by

Gauge wy, wy, My
Copy 1 Copy 2
L 71
g-Virasoro | g1 =¢€¢ I @ = ® (3.13)
lﬂlw ZmMa i Bro 2mi ;
tp=e" “1 =e“ h=e @ =e=x
=58 pr=p

By introducing the fundamental weight variables (i.e. the Wilson lines evaluated on the
Jjth fundamental weight)

2mi

27i y . 271y .
w1 =en", (wy=en", (3.14)
the integration measure (3.4) is reproduced by the current
S(X) = (w)1(w)2 S(w)1 ® S(w)a, (3.15)

which is essentially the product of two commuting g - Virasoro screening currents defined
in (2.24). In fact

2riwy/B
I_IS(X )= Hs(wl)l ®S(w])2 As(X) e @12 E(BN~- 0p) 2 ; X

J J

(3.16)

where we recall the definition Qg = /B—1/+/B. Here we used (2.27), the representation
(A.13) of the double Sine function and the modular property (A.6) of the ® function
with € = w/w1, r = 1. Table (3.13) summarizes the g € SL(2, Z) gluing involved in
our construction

2rie

= gi=¢ , —2mig-e

q2=¢ )

(3.17)

€ —> g-€=

1—

which nicely reflects the geometric decomposition of Sg into a pair of solid tori D? x S!
each equipped with its own copy of the g-Virasoro algebra. Moreover, by parametrizing
X /w1 = x we also have the g € SL(2, Z) action on the coordinates

X—>8 x= %6 = () =%, (w)=e TEX| (3.18)

1
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We should notice that the above parametrization is adapted to the lens space description
SZ ~ L(1,1) of the next section, but we can recover the more familiar description
through the S € SL(2, Z) gluing by identifying € ~ € + 1.

We next define the operator

zZ=7JV, j:/dXS(X) (3.19)
iR

built from the screening charge 7. When acting on the charged Fock vacuum state |o)
defined by

o) =29 ®ei)0), a,;10)=0, Pjla)=ale), n>0, (3.20)

we get

2riw/B
Zo) :/ dNX Ag(X) e @12 (OH'IN Qﬂ)z X;
iRN

[(wh);
x ) exp <Z ﬁ a_,,,i> eVPNQi ). (3.21)

i=1,2 n>0 4 i

Using the algebra representation (2.31) we can finally write

27iw/B
Zla) = Z(zy, 7,) =/R dVX Ag(X) e @12 FrV/BN-0p) X, X;
1

x [T exp Zrnzzezgfm ’+r0,<N+7> . (322)

i=1,2 n>0

matching the gauge theory generating function provided that we identify

o

Kl =w o+ N — , ko=14+ ——. 3.23

1= oyBlet VBN = 0p). xo=1+ T (3.23)

In order to show that the matrix model (3.22) satisfies two commuting copies of

g-Virasoro constraints, we have to verify that the g-Virasoro generators T, ; in the

free boson representation (3.12) commute with the screening current (3.15) up to total
differences, namely

[Th,i. ST =00 + X)i — O(X); (3.24)

for some (n-dependent) operator O(X); and A; € C. Indeed, assuming that ./BP; has
integer eigenvalues,!! we can use the w;-periodicity in the i copy and the relation (2.25)
valid for the two copies

[Tu1, S(w)il = (w); ' (O(giw); — O(w);) 814, (3.25)
[Ty2, S(w)i] = (w); ' (O(giw); — O(w);) 82, '
to conclude that (3.24) holds true with

OX)1 = (w)20(w)1 @ S(w)2, OX)2 = (w); S(w)1 ® O(w)a, A2 =w21.
(3.26)

11 We can relax this constraint by modifying the zero modes without affecting the algebra.
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This non-trivial property of the screening current S(X) and the SL(2, Z) pairing justify
the name “modular double” that we are using for our construction. Finally, from the
interpretation (3.22) and the highest weight condition

Tuile) =0, n>0, (3.27)
we easily get g-Virasoro constraints through the representation (2.31) of (2.33)
T(zlti Z(x), 1) =Polz)i = Ti(zy) Z(z;,75) =0, n >0,

for a certain (7;-dependent) polynomial Pol(z); and where T), ; (z;) are the differential
operators given in (2.34).

3.3. Round S°: W1, and Virasoro limits. The g-Virasoro = W, ;(A1) algebra admits
several interesting limits in which it reduces to other known algebras, the most famous
one being the conformal limit discussed around (2.21). Other interesting limits are: the
Hall-Littlewood limit ¢ — 0 with 7 fixed [109] and recently discussed in [110] in the
context of the 5d AGT correspondence; the root of unity limit [111] recently discussed in
the context of the 4d AGT correspondence in [112,113]; the special values 8 = 1,3/2,2
in which case connections with Kac-Moody, topological and W1, algebras respectively
were discussed in [109]; the Frenkel-Reshetikhin limit # — 1 with g fixed (classical
q-Virasoro algebra) or ¢ — 1 with ¢ fixed [114], in which case the algebra becomes
commutative but inherits a natural Poisson algebra structure isomorphic to the Poisson
algebra obtained from the difference Drinfeld-Sokolov reduction of SL2 [115,116].

It would be very interesting to understand all these limits from the viewpoint of the
g-Virasoro modular double and 3d gauge theories on compact spaces, but the general
discussion is beyond the aim of this work. Also, we should observe that taking the
limits at the algebra level might be very subtle: in fact, it may happen that a particular
(naive) limit on one g-Virasoro factor is ill-defined on the other. In the following we will
simply ignore these subtleties and study instead a couple of particular limits where the
compact space generating function is perfectly defined and allows us to explicitly find the
constraints it satisfies by standard matrix model techniques. For concreteness, we will
focus on the Sg geometry discussed in this section, analyzing the matrix model (3.22) in
special limits of the deformation parameters. First of all, we consider the round $3 limit
corresponding to w; — w2 — 1 from a complex direction. In terms of the parameters

of the g-Virasoro algebra this limit corresponds to ¢, 12, ql/ S However, in this

limit the value of £, 2 ]/ 2 5 &27iB g still a free parameter and each copy of the
q-Virasoro algebra should reduce to the Wy (A1) algebra mentioned above. In order
to be able to study the matrix model exactly, we can take a further limit on 8 such that
t1 — tp — =1, in which case we expect to find a relation with the Virasoro algebra (a

different one w.r.t. (2.21) though).

B e % or t = 1: Virasoro limit. The first simple example is when 8 € %, in which

casetjp —> t = e*™iP 5 1. In this limit the measure (3.4) of the matrix model (3.22)
reduces to the following expression

Ag(X) = ((_1)ﬁ<2ﬁ—1>22ﬁ)N(N’1) [Tsin® (r(xc — X)), (3.28)
k#j

which can be derived from the reflection property (A.12). Therefore the matrix model
becomes
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Z(z):/ dNXl_[sm n(Xk—X ))
iR k#j

x e 2 Xiexp | V283D 1,e X 4\ /2B1oNko | (3.29)

n>0 j

where we set /2671, = T,,1+7 2 and neglected an overall prefactor which is not relevant
for our further discussions. Introducing the exponentiated variables x; = e?™1X; we can
rewrite the matrix model as

Z() = f dx 1_[ SRVEO T (g — ) e/ PP Enon 2ol (330
0 k#j

up to unimportant proportionality factors, and where we used k1 = 2/B (/BN — Qp+).
Now we can derive the constraints for this matrix integral using standard techniques (for
details we refer to [117-119]). We shift the integration variables x; — x; + 8,1x}?+1,

n € Z-o, and collect all the variations under the integral, leading to the following Ward
identities

Z\/»Tkkzxmhrzﬂzzxk n—k

k=1 k=1 ¢,j

+(4,3N+2/Ba+1+(n+1)(1—2,3))ny> —0, (3.31)
J

where ( ) denotes the matrix model average. Such identities are equivalent to the differ-
ential constraints L, (t)Z(t) = 0 where the L, (7) operators are

n—1 2
Ln(z) = Ztkk +y 0 +(2\/ﬁN+\/§a+L—(n+1)Qw)

K> Tn+k P 0T, 0T,k V2B 8'Cn-
(3.32)
We can also use
d o
2—Z7Z(t) = 2/2BNkoZ(1), =1+ —, 3.33
P (z) =2y2BNkoZ(z), ko INVE (3.33)
to rewrite
9 92 9 1 9
L k + +{2—+—=—-—(m+1 .
(@ = ];Tk 0Tp+k ];E)rkarn_k ( Aty /2P (n )Qzﬂ) Ty,
(3.34)

These differential operators represent the Virasoro operators (2.8) with zero mode P >~
I = 1—-602

Zam Wil and central charge ¢ = 1 6Q25.

B € % + % or t = —1: another Virasoro limit. Another situation in which we can

explicitly derive the constraints satisfied by the matrix model is when 8 € % + %. This

case corresponds to 12 — t = e*# 5 _1.1In order to find the limit of the measure

(3.4) of the matrix model (3.22) we use
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SH(X + 311, 1)
SX+n+ 1,1

1
2" cos" (X)), n=28-— 3 €7, (3.35)

and the reflection property (A.12), leading the following matrix model

Z(x) = / dVX T sin®(r (Xx — X)) cos P2 (e (Xx — X))
RN k<j

x X2 X exp [ 2833 1,0+ \/2B10NKq | (3.36)

n>0 j

up to proportionality factors, and where we set /281, = T,,1 + T,.2. Rewriting the
matrix model in terms of the x; = e?™1X; variables we obtain

Z(L) :/ dN l_[ (1+2af) l—[(-xk _-xj) (-xk + X )2(2/3 1) r(2n>0rnz x +TONK0)
0 k<
J

(3.37)

up to proportionality factors, and where we used k1 = 24/B(v/BN — Qpg+a). Performing

the shift x; — x;+¢&,x ;’” n € 2Z-¢, and collecting all the variations under the integral

we arrive at the Ward identities

V2B uk Zx’“k + Z (1 +(=DFB — 1))

k>1

xek n—k (2/Ba+2—2ﬁ)2x;>=o. (3.38)
7

The reason why these Ward identities can be derived for even n only is that the variation
of [T;z; Gk +x,)*~! contains

n+1 + xn+1

Z—kxk+x ZZ( Dixpxi™, ne2z, (3.39)
J

k#j k=0 t#j

while for odd n a similar simplification to the r.h.s. does not take place. The derived
Ward identities can be generated by the action of the following differential operators on
the matrix model

n—1

1
Ly() = Zrkk — ﬂ;(lu Dk - 1)

82
- — \/7 (3.40)
B‘Ekafn k 81’0 a":n

In order to interpret these operators, we can make the following identification between the
differential and free boson operators satisfying the usual Heisenberg algebra [a,, a,,] =
2n84m,0
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anﬂf“—””@ﬂ-”i, :/ 28 ..o
28 T, 1+ (=" —1)

B 2 B
P~2—+— —2,/=.
81’()+,,/2,3 2

Under this identification our operators become

(3.41)

1 1
L,(t)~L, = Z}(; S A,k +§a,,P, (3.42)
n

satisfying the Virasoro algebra with the central charge ¢ = 1 when extended to n € Z.

4. Other Compact Backgrounds

In this section we extend our results to other gauge theory backgrounds. Since the
analysis will be quite analogous to the previous one for the Sg background, but with the
important difference given by non-trivial fundamental groups, we will be more concise
in the presentation.

4.1. L(r, 1). The focus of this subsection is on gauge theories on the squashed lens
space L(r, 1) = Sg’ /7, [39-43]. The lens space can be defined as the S,f with metric
(3.1) and the additional Z, quotient by the action

. 27i . . _ 27i .
X1 +ixpg > e (x;+1ix2), x3+ixg > e (x3+1ixg). 4.1

It is also useful to keep in mind that L(r, 1) can be obtained by gluing two solid tori
D? x S through the g, € SL(2, Z) element acting on the boundary torus with modular
parameter €, namely

— eZme e 2mig, e’

4.2)

q € —> gr-€=

1 —re

Generating function. Coulomb branch localization implies that the path integral local-
izes onto flat connections and a constant profile for the adjoint vector multiplet scalar
X in the Cartan, which is to be integrated over. Flat connections are classified by
m1(L(r, 1)) >~ Z,, and hence labeled by integers £ € Zﬁv which are to be summed
over (we consider unordered sequences). If we consider the YM-CS theory coupled to
1 adjoint chiral multiplet of complexified mass M, the partition function of the theory
is given by

Z=MN Y / d¥X AL (X, 0 eX VXD, 43)
e iRN
where
S e Xk — Xl
a0 =[] g e (44)
oy 82, —(tp—t))(Ma + X — X j|@)
V(X’g):_ﬂxz_@gz-{-ﬂX. 4.5)

rwiw) r rwiwy
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Here «; is the CS level, « the FI while the generalized double Sine function is defined in
(A.14). Supersymmetric Wilson loops can be inserted along the non-contractible cycles
at the North and South poles of the Hopf base. Such insertions amount to evaluate the
v.e.v. of

2mi i
Trg, (e"”fxes"zr€> . S12==*1, (4.6)

where e= 7 ¢ i the holonomy of the gauge connection along the non-contractible cycle.

The generating function thus reads as

Z(r), 1)) = Z / dNX Ar(X, D) eZ V(Xj.tjlzy, fz)
LezZN

2min
V(X Lzt 1) = VX, 0) + Z <Z Tpi€ 7 (X+si0;0) +t0!iK0> 7

i=1,2

4.7

n>0

where we parametrized Ny = e"N*0(0.14%0.2) " A fundamental chiral multiplet of com-
plexified mass My together with 1/2 CS units can be coupled to the theory by shifting
the time variables according to

2min
e i

Tn,i = Tn,i t+

2win (4.8)

n(l —eZ miary

4.2. 8% x S! (index). In this subsection we consider gauge theories on the S x !
background associated to the superconformal index [44,45,66]. The S' period can be
parametrized by g = e". It is also useful to keep in mind that S> x §' can be obtained by
gluing two solid tori D? x S! through the id € SL(2, Z) element acting on the boundary
torus with modular parameter €

g=c > el 5id.e=e. 4.9)

Generating function. Coulomb branch localization implies that the path integral local-
izes onto monopole configurations on S> labeled by quantized fluxes £ to be summed
over (we consider unordered sequences), and constant gauge holonomy x around S to
be integrated over the maximal torus. The adjoint vector multiplet scalar is also constant
and proportional to the flux. If we consider the YM-CS theory coupled to 1 adjoint chiral
multiplet with global fugacity m, the partition function of the theory is

Z=No ) f Z 2 N, 0) eXi Vit (4.10)

vz N 2mix

where
— 5) z G-t
A, O =[[ma 70 —xxi'q A - xpxp g T x
k<j

—¢
11+2

(k—l
g T oo (my i q

(m_lxjxk_ q

,/é 0 )
Sty
(maxkx 6] T 7q)00(max]xk q 7 9o
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Vx,0) =kollnx +k;Inx +n1flng. 4.12)
Here «; is the CS level, «1 is the FI and we turned on also the holonomy ¢"' for the

topological U(1). Supersymmetric Wilson loops can be supported at the poles of S2,
and their evaluation amounts to computing the average of

Trr, (xsf‘q—%) . sio =+l (4.13)

The generating function of Wilson loop v.e.v.’s. is therefore

tez? (4.14)

Vi, bz, 7o) = V(x, 0) + anan_%lm +k0(T0,1 + 70,2),
n#0

where we set 7, = T,, Tp.2 = T for n > 0 and parametrized Ny = elVko(z0.1+70.2)
A fundamental chiral multiplet of global fugacity my together with 1/2 CS units can be
coupled to the theory by shifting the time variables
m £0 (4.15)
Ty, > Th+—————, n . .
nT T =gy

4.3. 8% x S! (twisted index). In this subsection we consider gauge theories on the A-
twisted S x §! background leading to the twisted index [46]. The metric is

ds? = d6? +sin? 0(dp — 2medy)? +dy?, (4.16)
where ¢ = e*™1 can be interpreted as the angular momentum fugacity. This background
is characterized by a flux for the R-symmetry connection. It is also useful to keep in mind
that % x S! can be obtained by gluing two solid tori D> x S through the id € SL(2, Z)
element acting on the boundary torus with modular parameter €

2mwie —2miid-€

qg=¢e —e , € —>id-€e=c¢. “4.17)

Generating function. Coulomb branch localization implies that the path integral local-
izes onto monopole configurations on S? labeled by quantized fluxes £ to be summed
over (we consider unordered sequences), and complexified constant gauge holonomy
x around S! to be integrated over the maximal torus. If we consider the YM-CS the-
ory coupled to 1 adjoint chiral multiplet with fugacity v and R-charge R the partition
function of the theory is given by (we refer to [46] for the J.K. contour)

PP 7§ 2mix = Aa(x, 0 X V00, (4.18)

LeZN

where
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. _ek_éj _ lk—Kj _ Kk—fj
Aa 0 =[]0 R A —xxi g T U —xjx g )
k<j
vl—R(xkxj—l)Zk—Zj
X _) 0GR TR ’
(vxpx; g 2 S 1+ —0;—R(VX X g 2 S+~ —R
(4.19)
V(x,0) =kllnx +k;Inx +n1€lng. (4.20)

Here k> is the CS level, | the FI and we turned on also the holonomy ¢™* for the topolog-
ical U(1), while the finite g-Pochhammer symbol is defined in (A.3). Supersymmetric
Wilson loops wrapping the integral curve of d, + 2w €dy can be supported at the poles

of §2. The evaluation of a Wilson loop amounts to compute the average of
Trg (xqs"%) . sio =+l 4.21)

The generating function then reads as

avy .
Z(t).15) = Z?{ s A p e Vi),
K. 47TLX
ezt (4.22)

Ve, 5) = Ve 0 + Y mxlg ™3 + (r0,1 + 10.2)k0,
n#0

where we also set 7, | = T, Ty,2 = T—, forn > 0 and parametrized Ny = eNVKko(m0.1+702)
A fundamental chiral multiplet with global fugacity my together with 1/2 CS units can
be coupled to the theory by shifting the time variables

!
f

_ 0. 4.23
Pald—gn "7 429

Thn —> Tpy

Free boson realization. The matrix models arising from the different backgrounds find a
unified description in terms of the Virasoro modular double. Let us start by identifying the
geometric parameters, fundamental weight variable w associated to the supersymmetric
Wilson loops, the adjoint mass, fugacity or R-charge as

g-Virasoro |  L(r, 1) S2 x ST (index) | S% x ST (twisted index)
i he 2mie
€ rel (& €
ql 27.[1 [0] .
q e ey e he e—2mie
2ri,) 2L ¢ L
(w)l e%zerwl X e—ﬁffx e—27TIE§x (4 24)
2mi,) 2AL ¢ .
(w)a e—$£em2 e—he%x—l 627116%)(
2ni ic R
n=ql erer " ny e¥ieTy
276 _ _27ie R
= qu erop 8 m; 1 e 2mie 7
(B1, B2) (8, 8) (8, 8) (B,R-B)

This table summarizes the g € SL(2, Z) gluings involved in our construction. If we
denote w/rw; = €, X/rwy = x for L(r,1) or x = e27iX for §2 x S, then the two
copies are related by
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g-Virasoro L(r, 1) 52 x ST (index) [S? x ST (twisted index)

q1 e2mie ehe e2mie
9 e—2mg-e e—hg-e e—2mg-e

(w), e@(ﬁeZHix e—he%eZHiX e—Znie%eZnix

(w)> e—@gle—%ﬂg-x e—hg-e g<ge—2nig-)( e—27rig<e gée—Znig-x

8- € lfre € €

g X = X — X

g0 4 7 —7
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. (4.25)

The matrix models are reproduced by the g-Virasoro modular double screening cur-

rent

S =Y _(w)i(w) Sw)i & Sw),

LelF

where we recall that F = (Z,, Z) for L(r, 1) and S% x S! respectively. In fact

[[stxi) =
J

LeFN ]

>[I ®Sw)a: Ax. O [ Ao £)).

J

(4.26)

4.27)

where the measure A(y, £) is the one appearing in (4.4), (4.11), (4.19) respectively, and

Ao(xj. €j) =

2riw/B («/FN—Q/S)XJ'

e w1

J

g VBt /BN=0p)
K RON=D+2 =6, (6=5H(N-1)

:L(r, 1)
: 8% x S(index)
Sz x S l(twisted index)

(4.28)

Here we used (2.27), (2.28), (A.15), (A.6), (A.2), (A.4). We next define the operator

z=gY, g= /Rdx 5G0),

yielding the state

J

Zj(w;%)i
2 m

n>0 4 i

an,,-> eVANQi ).

(4.29)

(4.30)

(4.31)

Using the algebra representation (2.31) we can finally match (4.7), (4.14), (4.22) iden-

tifying
L(r, 1) S? x ST (index)  [S% x ST (twisted index)
K 0 0 0
k1 |wov/B(/BN — Qg +a) 0 2JBa+R(N —1)+2|
Ko 1+ ﬁﬁ
1 - [-VBla+BN—0p] (1-N)(B-X)

4.32)
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In order to show that the generating function (4.30) satisfies g-Virasoro constraints,
we have to verify that

[T..i, S(x)] = total difference = Z Oehi + )i — Oe(0i) (4.33)
LelF

for some (n-dependent) operator Oy (x); and A; € C. Indeed, the relation (3.25) can be
used to conclude that (4.33) holds true with!2

Op(X)1 = (w)20(w)1 ® S(w)2, Op(X)2 = (w)1 S(w)1 ® O(w)s. (4.34)

Then two commuting sets of g-Virasoro constraints for the generating function (4.30)
follow by the usual algebra representation (2.31).

5. Inclusion of Chern-Simons Terms

In the previous sections we have reviewed how supersymmetric localization allows us
to compute partition functions or Wilson loop generating functions of 3d A" = 2 U(N)
YM-CS theories on various compact spaces. Focusing on theories with no bare CS level,
we have shown that such observables have a natural interpretation in terms of what
we called the g-Virasoro modular double. Exploiting the free boson representation of
this construction, we have derived two commuting sets of (infinitely-many) differential
constraints that the generating functions have to satisfy.

In this section we analyze the inclusion of a bare CS level and its g-Virasoro interpre-
tation. The main observation is that CS terms with integer levels can be represented in
the matrix models by “SL(2, Z)-squares” of ® functions (see comment around (2.45),
footnote 7 and [62] for more details)

(5.1)

172 172

o—Scs _ ﬁ (®(—q11/2(w,-)1; a1) ©(—q,">(w)a; qz))Kz’
O(=q,"": q1) O(—4," " q2)

j=1
where (w;); is a fundamental weight variable introduced in (4.24) and «» is the integer

CS level. In fact, by using the SL(2, Z) modular properties (A.6), (A.7), (A.8) of the ®
function and (A.2) we have

inx2
1/2 1/2 e m : S’?
O(—q, )11 1) O(—q, (wiiqa) | _im2 i
172 172 = € 192 ¢ r .L(l", 1) s
O(=q,""; q1) O(—4,""; q2) Y : 82 % S (index)
)CZ : S2 X Sl(twisted index)

(5.2)
reproducing the localized CS action on the various backgrounds. From the g-Virasoro
perspective, the inclusion of CS terms in the gauge theory modifies the external Fock

12 For L(r, 1) we require for simplicity that ./BP; /r has integer eigenvalues.
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states on which we evaluate the free boson operators by inserting additional vertex
operators creating particular coherent states'3

lo) = V2 a), (o] = @V, Vi=ViiQ®Vin,

(=D"hpp i
+3 -0 T —n/2)(tnr;2[7r7n/2)
Vii=e 9 T4 i Tl , (5.3)

where we recall the definition (2.37) of the operators 1, ;. We can check that the vertex
operators (5.3) have the desired property by considering their OPE with the g-Virasoro
screening currents (we drop a normal ordering constant)

Vi S(w); Vo i =V_; S(w); Vi (=g > (w)i: gi)- (5.4)

For instance, in the g-Virasoro modular double algebra associated to the Sg geometry
studied in Sect. 3 we have

_ Ty 5~ 2
VEZV2 o) = / aVX e 2 Ve TS V)
J

ik 2riny/B .

= /dNX AS(X) e_a)la)zz Zj X? e ©1@ (\/BN_Qﬂ-Hx) Zj XI X ®
i=1,2
> Wi K2 (—1)"
X exp Zﬁa—”ai _Z 2 —ap 7 —ajp, Anid
(n>0 qlfl/ —4; " n>0 (qtn/ —4; " )(tln/ - ti " )

eVBPNQi gy, (5.5)

where we dropped a proportionality factor. Using the algebra representation (2.31)
we finally get the matrix model (3.7) with ko # 0. We also see that while
(anti-) fundamental chiral matter can be included by shifting the time variables z; in the
potential ) j V(Xjlty, T,), the inclusion of CS terms shifts the power sums > j (w;.’)i.
Also, the inclusion of CS terms will modify the differential constraints satisfied by the
generating functions, which can be computed by action of the g-Virasoro modular double
currents on the “dressed” state V2 ZV*?|a).

5.1. Decoupling hyper multiplets. Another way to generate an integer CS term in the
gauge theory is to couple a pair of fundamental/anti-fundamental chiral multiplets (in
fact, a hyper multiplet) and then letting the physical masses go to infinity. In this limit
the multiplets can be integrated out and their contribution to the partition function sim-
plifies dramatically leaving behind an integer CS unit. Focusing on the Sg geometry
for concreteness, this can be explicitly seen from the 1-loop matter contribution to the
matrix model potential

V(X mater = —In (X + M|w) —In (=X + Ml@)a (5.6)

where M = —iMR + ZA, M= —iMR+ 7 A are the complexified masses with MR, MR
and A, A being the real masses and Weyl dimensions respectively. We can further
13 The operators V4 ; can be thought of as particular specializations of the vertex operator defined in (2.40)

when acting on the (dual) vacuum. While it is possible to use the more general vertex operator (2.40), we use
its specializations in order to avoid unnecessary clutterings.
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split MR = My + My, MR = —My + Ma, where My, M4 are the vector and axial
masses respectively. Upon specializing to My = 0 and A = A, in the decoupling limit
M 4 — £00 the matter contribution reduces to

. i
V (X) matter ~ sign(M ) X2, (5.7)
wiw)

where we neglected divergent background terms and used the asymptotic expansion of
the double Sine function

2

. T 2 o+ wiwy
In $(X|w) ~ signIm(X)) —— ( X" —owX + —— ), [|X| —> oc0. (5.8)
2wiw) 6
We can now recognize in the above contribution an induced CS level kp = —sign(My).

From the g-Virasoro viewpoint, the coupling/decoupling procedure of the chiral
multiplet pair involves the insertion of the modular double version of the vertex operator
(2.36), which for the Sg geometry reads as

2l 27i
Hy(Z) =H,(er 7)1 ®H,(e“2 "), (5.9)

and the large momentum limit Im(wBy) — Zoo. In order to see that we can take its
OPE with the modular double screening current, yielding

yBw(X+Z)

“’I‘”Z

H,(Z2)S(X) =: H, (Z)S(X) : .
g ! S22+ 12+ X — Z|w)$H(% + B2 — X + Z|w)

(5.10)

When acting on the charged Fock vacuum |«) we obtain

cinas ZBy+/Bya) 2t X (+/Bat )

$H(2+ Y82 4 X — Z|w)$H(2 + Y22 — X + Z|w)

2min

Hy(2)S(X)|a) =

(tyn/Z t—yn/Z)e2Z"’Z
nz _ 711/2 Aep,i

x ®6Xp Z nj_l 7:1/2 a- ”’+Z( n/2 _ 7n/2)(t )

i=1,2 n>0 41 n>0
eVPQU+T) |4, (5.11)

and upon shifting @ — o — /By /2 and taking the limit Im(wBy) — Zo00 we get an
effective contribution x; = sign(Im(wpy)) to the CS level in the matrix model potential.

It is worth observing that this mechanism is essentially equivalent to the one we have
discussed previously: in fact, on the one hand we can write

Hy (D)S(X) = [Hy (Dol Hy (D)]- S(X) [Hy (2)]+ OPE(X), (5.12)
where [ ]+ o denotes the positive, negative or zero mode part and OPE(X) is the normal

ordering function giving rise to the CS level in the limit; on the other hand we can split
[(H, (D] = V) (Z)V_y(Z)’l]i as in (2.41), and in the limit one of the component
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vertices is predominant over the other and the resulting action on the vacuum is essentially
equivalent to the action of V1 defined in (5.3).

5.2. Pure Chern—Simons and torus knots. Since through the inclusion of the vertex oper-
ators (5.3) we can introduce CS terms in our g-Virasoro matrix models, it is interesting
to investigate the relation of the latter to pure CS matrix models [120,121]. Focusing
again on the Sg geometry, we immediately see that upon setting 8 = 1/2 the generating
function (3.7) reduces to

] X —X;\ . Xk —X;
Z(1), 1) = (= / d"x HSIH( )sm (nu)
iR w2
imky x2 2miky . 2mn
X e‘”leZ Jjewim ijj 1_[ exp Zrl‘llze w; J +T01NK0 ,

i=1,2 n>0
(5.13)

corresponding to the generating function of Wilson loops in pure CS theory on Slf .
Physically, the value 8 = 1/2 corresponds to a massless adjoint chiral multiplet, and
hence its 1-loop contribution is trivial due to cancellations between opposite roots.

In contrast to Sect. 3.3, where we considered 8 = 1/2 as a particular case in the
round S3 geometry, here the algebra of the constraints is still given by the ¢-Virasoro
modular double.

A particularly interesting situation is when w; and w; are two coprime integers. In
this case the matrix model (5.13) corresponds to the Wilson loop generating functlon

for torus knots. Notice that in this limit the deformation parameters g; = 62 @1 and

g2 = ezni% both go to roots of unity. It is also known that the matrix integral (5.13)
satisfy usual Virasoro constraints in this limit [122].

5.3. Refined Chern—Simons. The g-Virasoro matrix model (2.32), or equivalently the
D? x S' generating function (2.51), is of refined CS type [2—4]. In fact, the vector
and adjoint multiplets provide the Macdonald integration measure Ag(w; g) (2.27).
Considering an S fibration over S with first Chern class «, the partition function of
refined CS theory reads as

Zis () = / AW A (@ ges) e 7 20, (5.14)

where we used the parametrization w = e" and q.cs = €% . In particular, k = 0, 1 corre-
sponds to §2 x S' and S3 respectively. Given the relation between the g-Virasoro matrix
model and refined CS, it is natural to ask whether there is any relation between g-Virasoro
modular double matrix models, or equivalently 3d compact space generating functions,
and refined CS. For instance, the S;’ partition function (3.7) with 1 = 0 reads as

imKy 2
7(0, 0) :/ dVX Ag(X) e wres 2 %] (5.15)
iR
In order to establish a clear relation with refined CS, let us start by taking the specializa-

tion Bw = brws, by € Z~q,inthe S 2 matrix model, in which case the measure simplifies
to
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ba-l nw +X; — Xy
AS(_) ey = = 2b2NIN=D 1_[ 1_[ sin (n—’)

j#k n=0 @1
b2—1 i _im
— (_Zibz)sz(N—l) 1_[ 1_[ (ea(”w?"xj*xk) e o (nwr+X; Xk)). (516)
Jj#k n=0

On the other hand, the Macdonald measure for B,.s € Z~o (which is a common special-
ization in refined CS) simplifies to

Bres—1
Apes @ ges) =TT [T a-ake™ "
Bres€Z>0 .
k#j n=0
:BICS 1
N(N— l)ﬁrcs(ﬂrcs )} 1 Wi-Wi n W—W;
= qics l_[ (Qrcse 2 _qrcs2 z), (5.17)
Jj#k n=0

implying that the S;’ matrix model collapses to the refined CS matrix model upon iden-
tifying gs = 2miwy /w1, Bies = b2, W = 2wiX /w1 and k = k3. Similarly, if we take
the more general specialization Bw = bjw; + bawa, b12 € Z~y, the Ag(X) measure
collapses to two copies of the Macdonald measure due to (A.11). We can in fact relax
any specialization of the parameters and consider instead the limit where the Sg’ is very
squashed, i.e. |1 /w2 | >> 1, in which case the double Sine function has the semiclassical
behaviour (assuming Im(w>/w1) > 0)

2mi

i 2mi @2 i1
$H(X|w) = e 3 B0 o X, 2ory (14 0™ ), (5.18)

and hence ol
As(X) = A,s(e””*e ‘”')(1+0(e ”’2)), (5.19)

up to proportionality factors. Therefore, the g-Virasoro modular double might give rise to
a doubled or non-perturbative version of refined CS. Moreover, it is known that the (large
N limit of) refined CS observables are captured by refined (closed) open topological
strings [2,4,123], and thus one can expect that the g-Virasoro modular double might also
play a role in the non-perturbative description of refined topological strings. This obser-
vation is in line with those of [61,97], and we will comment more on this aspectin Sect. 7.

6. Generalization to Quiver Gauge Theories

Our discussion on the g-Virasoro structures in 3d A/ = 2 YM-CS theories has so
far focused on a single node U(N) gauge group coupled to 1 adjoint and possibly
(anti-) fundamental chirals. The goal of this section is to show that our construction
admits a generalization to a huge class of 3d N = 2 unitary quiver gauge theories and
W, (I') algebras of [73].

Let us start by recalling some algebraic definition from [73]. A quiver I is a collection
of nodes I'p and arrows I'y, see Fig. 1 for an example. Given two nodes a, b € I'g and
an arrow ['1 © e : a — b, we can associate to the quiver the deformed Cartan matrix
Cab € |T'o| x [To

Cap=+p Noar— Y m =p~" > m,, 6.1)

e:b—a e:a—b
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Fig. 1. Portion of a quiver I". We explicitly displayed 2 nodes a, b € I'g, an arrow e € I'1 from a to b, and
several arrows with source or target in a or b

the Heisenberg algebra (we display non-vanishing commutators only)

1 n _n n _n n
[a¢,ab] = —(g7 —g™ D —1 D p2CM S mo, [PYQ =CY, nom e z\(0),

(6.2)
and the screening current

S (w) =:e Lo 72— : e\/ﬁoawﬂpa, (6.3)

whereq, t, p = gt~!, m, € C'*, while the " operation means replacing each parameter
with its n™ power, for instance

Cll=+p™u— Y m"=p™" > ml (6.4)

e:b—a e:a—b

With these data the W, ;(I") algebra can be defined to be the non-commutative associa-
tive algebra generated by the currents {T(z) = »_,.; T4 27", a € o} and given as the
commutant up to total differences of the screening currents in the Heisenberg algebra

[T¢, S?(w)] = total difference. (6.5)

For instance, the single node quiver I'g = {1}, 'y = {/} corresponding to the A; Lie
algebra diagram gives rise to the g-Virasoro = W, ; (A1) algebra reviewed in Sect. 2,
whereas the n-node quiver I'o = {1, ...,n}, "1 ={e,:a > a+1l,a=1,...,n— 1}
corresponding to the A, Lie algebra gives rise to the W, ;(A,) algebra of [124]. More
generally, for quivers associated to simple Lie algebras the construction of [73] agrees
with [114].

Following the discussion of Sect. 2.3, we can now associate to the W, ,(I") algebra
a3d V' = 2 unitary quiver gauge theory on D> x S', whose Wilson loop generating
function will be reproduced by the action of the W, ,(I") screening charges on a charged
Fock vacuum |«), o = {ay, a € '}, namely

[Tol ITol Ng

“ dMew, “
Z({z") Z’f | | riw | | | |S (wa,j)a). (6.6)
a=1 — a=1 j=1

It is important at this point to not confuse the I' quiver of the algebra with the unitary
quiver of the 3d theory. For instance, the A quiver associated to the g-Virasoro algebra
has a single node and no arrows at all, while the dual gauge theory involves a U(N)
gauge vector and 1 adjoint chiral multiplet, whose quiver description usually consists of

4 1o compare with [73] we have to set (¢)here = (92)theres (Dhere = (ql_l)there~
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A1 quiver 3d quiver

ad

Fig. 2. The quivers of g-Virasoro (left) and the corresponding 3d gauge theory (right)

a round node for the gauge group and a loop arrow for the adjoint, as depicted in Fig. 2.
In order to determine the dual 3d gauge theory description for the general case, the key
point is to understand the measure arising from the product of several screening currents

[Tol Ng ITol Ng [T'ol
[TTT8"@ap) = [T]]8"wa: 1'[c,z<wa,1 q)A,g(u)a,q)]'[wﬂ(N“
a=1 j=1 a=1 j=1

[T'ol Ny

(tmewg, kwa_ i q)oo
1_[ ] 1_[ —B(Na—1)

a]
Cﬁ(wavme» (I) 1<j#k<N, (mewa kwa]a CI)oo

<[T 11
a=1ea—a j=1
Na Ny (tmw,u)_‘;q) _

< T TINTIT =

I<a<b=|lg| j=1k=1e:a—b (mewb>kwll,j’ D)oo

1 -1,
y 1—[ (gmg wprw, ;5 4)oo — 67)
B C L PR T S ) I

From this expression we can immediately read off the corresponding 3d A/ = 2 gauge
theory: it is a I' quiver YM theory with U(N,) gauge nodes each coupled to 1 adjoint
chiral multiplet, 1 bi-fundamental hyper multiplet (actually a pair of fundamental/anti-
fundamental chirals) for each arrow connecting different gauge nodes and 1 adjoint
hyper multiplet (a pair of adjoint chirals) for each loop edge. The generating function
of the theory is identified with a highest weight state of the W, ,(I") algebra and will
satisfy the associated constraints

T(z|lz)Z({z"}) =Polz) = T,/@HZ{z"Hh=0, n>0 (6.8)

by construction. (Anti-)fundamental chiral multiplets or CS levels for each gauge node
can be added on top of this construction as insertion of addition vertex operators, and
may be represented by auxiliary square nodes or integer labels respectively.

As it should be clear from the previous sections, if we want to discuss 3d theories on
compact spaces we should construct the modular double of the W, ,(I") algebras. In the
g-Virasoro = W, ; (A1) case, our construction of the modular double only relied on the
property (6.5) of the screening currents, and therefore we can generalize our analysis
to arbitrary W, ,(I') algebras following the recipe given in Sects. 3, 4 for the various
geometries. As an application, in the following we will consider the simple but important
example of the (mass deformed) ABJ(M) theory on S3, where the relevant quivers are
shown in Fig. 3.
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I' quiver 3d quiver

Fig. 3. The “ABJ(M) quiver” of the algebra (left) and the gauge theory (right)

6.1. ABJ(M) theory. The ABJ theory [10]isthe N/ = 6 U(N1)i, x U(N2)—, CS theory
with 1 bi-fundamental and 1 anti-bi-fundamental hyper multiplets, where the subindex
denotes the CS level. In the case N1 = N> the theory specializes to the ABJM model [9].
Using the notation of Sect. 3, its S 2 partition function reads as (see for instance [125])

171»(2 Np 2 Ny
Zagy = No/ H dV X, e ey = X2k 1 X350

a=1,2

. . Xaj— X k . Xa '_Xak
X | | | | 2i)?sin (7 =Ll 4% Y gin (gLl X
( ) < w] w2

a=121<j<k<N,

N 2
M $2(4+ X0k — X1,j + $o)

X 5 (6.9)
st S2(§ + Xok — X1 — o)

In order to describe the partition function (or the generating function) of the ABJ the-
ory through W, ,(I') techniques, let us start by considering a two node quiver I' with two
oppositely oriented'> arrows connecting the two nodes as in Fig. 3. The corresponding
product of screening currents is a simple specialization of (6.7)

2 Ng N,
[TIT8"@wap = H [18"@ap) : Apwy: @)ep, q)l_[]_[wﬂ(N a=1)
a=lj=1 a= 1j:1 a=1 j=1

—1. -1 -1,
y l_[ —2/31\’2 1—2[ (tm12w2,kw1’ja Doo  (gmy, W2,k Wy s 9)oco
1 1, -1 1 ’
k=1 (Mmpw2gw i q)eo (g1 Imy, W2 kWY 55 oo
(6.10)
where we set m, = m; for the arrow e : 1 — 2 and m, = my; for the arrowe : 2 — 1.

In order to describe the theory on Sg’ we consider the modular double construction of
Sect. 3, namely we define

S4(X, j) = (wa ])l(wa ])2 S (wq ])1 ® S (wq 1)2’

a,j

iy, i gy . (6.11)
(Wq, )i = &% . (me)i=ew 7, ee{(12),2D}, i=12,

with the SL(2, Z) gluing as in table (3.13). Here M, are interpreted as the complexified
masses for the bi-fundamental hypers, namely iM, = M, f{ +i% A where A is the Weyl

15 The orientation does not actually matter for the ABJ(M) theory.
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dimension, which we take to be A = 1/2. The corresponding product of screening
charges yields the operator

2 Ny
f [Tavx, TTTTs" Xa)
a=1,2 a=1 j=1
. 2 N,
_17Tw/3N1N2 _ a
=e @19 (M2 MZI)/ l_[ dN“X : l_[ HSH(XQ,]-) :
a=1,2 a=1 j=1
2riny/B a _ _ Na .
x 1_[ e oo (( 1) ﬂ(N2 Ny) Qﬁ)2j=1xa,_/ AS(L)
a=1,2

N
1—1[ l—[ So(w — M1 + Xo p — X1, jl@)S2(Bo+ M2 + Xo ) — X1, @)
Sr(w —wB — Moy + Xok — X1, jl@)S2(Miz + Xo o — X1, jl®)

(6.12)

j=lk=1

We now include CS terms as discussed in Sect. 5. The W, ;(I") generalization of the
vertex operators (5.3) is given by

nsa
=D )L:tnl

3000 = a2
a __\yja a a (q;""—q; I
Vi=Vi ®Vi, Vi, =e : !

) (6.13)
where we have introduced the basis

—nle—1 % 0]\ — 0]« —
)‘Z,i = aﬁ,i(Ci[ n])bulpizv Pi,i = P?(Ci[ ])ba]’ K,i = O?(Ci[ ])bal’ ne Z\{06}
(6.14)

of the two commuting (i = 1, 2) Heisenberg algebras satisfying (we display non-trivial
relations only)

n

1 = _n n _n
[a n,v)\b 1= ( —q; 2)(ti2 _tl‘ 2)5a,b(8n+m,0’
[PY. Q) 1= [Pk,,Qf’] =84, n,m € Z\{0}. (6.15)

We can now consider the dressed operator

[Tz ] v

a=1,2 a=1,2
2 N,
inwBN| Ny a 4 a
——arar — (Mi12—M>)) N, . K P
_ o / T a%x, : T T8 an | ()
R,—12 a=1 j=1
g x2 . 2modB (1) JB(N,—Ny)— Na X
X 1_[ e wlwzz a/e wjwy (( )\/B( 2 l) Qﬁ)z_]:l a,j AS(Xa)
a=1,2
Ny

1—[ 2 So(w— Moy + Xo e — X1,j1@)S2(Bo+ Mz + Xox — X1, j|@)
Sa(w —wf — Moy + Xok — X1, jl@)S2(Mi2 + Xo 1 — X1, jl@)’

(6.16)

j=lk=1

where the equality holds up to constant proportionality factors. The action of this operator
on the charged Fock vacuum |¢) defined by
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o ={og,a=1,2}, |a)= ®i:17262“ a“Qi<"|0), aZ>0|O) =0, P?@) = agla),
(6.17)
yields the state

[Too%z [T 09"
a=1,2 a=1,2

_imwpNI Ny _ 171/(2 Na > 2711;(1 Na
—e  wm M2 le)/ 1_[ dN“X H e vron 2=1 Xajgwray j=1 Xa.
iR
a= a=1,2

N

l—[ Sa(w — My + Xo j — Xy jlo)S2(Bo+ M+ Xo ) — X1 j|@)
iy S2(@ — o — Moy + X j = Xy jle)Sa(Mi2 + Xok — X1 jl@)

il i 4 (—1)"
X ® exp (Z Y Y] al,; — Z n/z n/2 n/2 n/2) Sy

xef NaQf |0y, (6.18)

up to proportionality factors, with «{' = w/B((—1)*/B(N2 — N1) — Qg +a,). Using
the representation

_% a a % _% 9
at, ;> (‘L q; T )‘n,i—;(ti - )Btb s Wi =T
n,i
d
C= — n>0, (6.19)
aTO,i

this state describes the generating function of the mass deformed ABJ theory coupled
to two additional adjoint chiral multiplets and FI parameters

[T V9% 2 TT (V)% 1) = Zass(B. (M), i} {zd . 24D

a=1,2 a=1,2

(-1 —nj2_(=1)"3
H exp Z Ztnt Sba Z(wa j 'fl )ba Di ! ln/2 _,n/2 ),

i=1,2 a,b=1n>0 ; 3
(6.20)
where
171/(2 2 2711/(1
( / 1_[ dNaX 1_[ e a)|a)2 Jj=1 ujemlmz Z/ 1 llj A (X )
a=1,2 a=1,2
N
xl_ll S2(@ = Moy + Xo.k = Xu1.j|@)S2(Bow + Miz + Xo.k — X1 j|0)
jml ke Sa(w — B — Moy + Xo o — X1 jl@)S2(Mi2 + Xo 6 — X1 jlo)’
NO e m“:ﬁIZ)lzNQ(MlZ M»1) 1_[ eZab ]rol(Sabea+(C )haaa)

i=1,2
(6.21)
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We can now specialize to B = 1/2, which effectively removes the adjoint chiral multi-
plets and reduces Ag(X,) to pure vector contributions (see Sect. 5.2)

N,
a o Xaj— Xak
As(X )‘ﬁ—l = | | SZ(Xa,j _Xa,k|Q) = | | | | 2isin (T[ ajw‘ - )
a =5 i

J.k=1 i=1,21<j<k<N,
(6.22)
Moreover, if we set
1 _ 2 _ 1,2 0 Mir = My, = 6.23
Ky =—ky =kz, ki =ki=0, Mp=My = (6.23)

Za
the CS levels have opposite signs, the FI parameters are set to zero and the bi-
fundamentals are massless, and hence we are effectively describing the ABJ theory.

This W, (I') modular double description would allow us to write explicitly the Ward
identities satisfied by ABJ generating function by acting with the algebra generators.

7. Summary, Comments and Outlook

In this work we have shown that a wide class of 3d A/ = 2 unitary quiver gauge theories
on compact spaces hides a modular double W, ; symmetry, which we defined. Our argu-
ment was based on the realization of supersymmetric Wilson loop generating functions
as Fock states obtained through the action of vertex operators and screening charges
of the modular double on a vacuum state. Our interpretation implies the existence of
two SL(2, Z)-related commuting sets of W, ; constraints (Ward identities) annihilating
the YM generating functions, corresponding to highest weight conditions. As recently
stressed in [84], these type of deformed Ward identities may be regarded as a further
step towards a proper definition of ¢g-CFT theories, a deformation of ordinary 2d CFTs.
While most of the studies have so far focused on the chiral description, our work shows
that it is possible to consistently couple different chiral sectors into well-defined modu-
lar invariant objects [52,53]. This is familiar in 2d CFTs, where the invariance w.r.t the
Moore-Seiberg groupoid puts severe constraints on the physical theories [126]. From
this perspective it is not totally surprising that the structure of the modular double is
dictated by the compact space geometries: in fact, localization on spaces with bound-
aries (see [102,127-129] for recent discussions) is notoriously more complicated than
on closed spaces where there are no ambiguities due to the boundary (indeed, most of
the gauge theory dualities have been tested by using compact space observables).

There are a number of further directions worth studying, physically and mathemati-
cally. First of all, the W,, ; modular double symmetry of 3d A/ = 2 quiver gauge theories
on compact spaces that we have considered represents a new tool for studying these the-
ories, which should supplement the existing large N [130,131] or Fermi gas techniques
[132-135]. Moreover, it is very likely that the 3d dualities mentioned in the introduction
(see also [136] for recent new results) have a natural and simple interpretation in W, ,
language, perhaps along the lines of [137] in the more familiar 4d AGT context. It is
also interesting to observe the appearance of W-like symmetries in these theories, which
are usually associated to area-preserving diffeomorphisms of membranes (a possible
connection between W, , algebras and the physics of membranes was already pointed
out in [109]).

Secondly, the 5d gauge theory origin of the quiver W, ; algebras immediately raises
the question whether our 3d gauge theory inspired construction of the modular double
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can describe the parent 5d theories on compact spaces as well. While in the chiral case
(i.e., 5d theories on R* x S') the answer is clearly affirmative according to the results of
[54,68,73,96], in the non-chiral case (i.e., 5d theories on compact spaces) the answer is
not straightforward (the rank 1 case was studied in [52,53]). First of all, the free boson
realization of W, ; explicitly breaks the ¢, t symmetry of the 5d theory, which is however
restored in the large N limit (i.e., sending the number of screening currents to infinity
or going to the affine case). Secondly, 5d partition functions on §* x S' [138-140],
S5 [97,141-146], Y P-4 [147,148] and toric Sasaki-Einstein manifolds [149] exhibit an
SL(3, Z) factorization property rather than just SL(2, Z). How this symmetry enhance-
ment can emerge from 3d considerations is highly non-trivial and we leave this topic for
future research. Here we just observe that the large N limit we have just mentioned is
essentially the geometric transition in open/closed topological strings [6,121,150,151].
Interestingly enough, the $3 and S° partition functions have been proposed [97] to give
a non-perturbative definition of open and closed topological string partition functions
respectively, which is consistent with the expectation that our construction can describe
5d theories on compact spaces as well.

Thirdly, the W, ; modular double algebra might also be useful to study 4d super-
symmetric gauge theories in all those situations where 3d theories appear as boundary
conditions or interfaces [12,13,15,152—154]. In particular, S-duality domain wall in 4d
N = 2theories of class S [155] are realized by 3d N = 2 U(N) YM theories on Sg [156—
160], and their partition functions are modular kernels of Liouville [161-163] or Toda
theories [160]. Moreover, our construction of the W ; modular double should easily lift
to the elliptic case [164,165]. In fact, as shown in [164], 4d holomorphic blocks [67] of
4d N = 1 U(N) theories on D? x T? are captured by correlators of vertex operators
and screening charges of the elliptic Virasoro algebra. Since 4d compact space partition
functions (including N/ = 1, 2 supersymmetric indexes [166—169], see also [170] for a
review) can be decomposed into holomorphic blocks as much as in 3d [67,171-173],
we expect that elliptic matrix models provided by Coulomb branch localization on 4d
manifolds with the topology of 83 x SY L(r, 1) x S* and $% x T2 [40,174-179] can
naturally be studied with the same techniques developed in this paper and [118]. This
perspective might also reveal interesting connections between the elliptic W algebras
and elliptic integrable systems arising in that context [180-182].

Finally, there are mathematical aspects that deserve further investigations. For
instance, our construction of the W, ; modular double shares many similarities with
Faddeev’s U, (sl>) modular double [183] (see also [184]). In that case there are two com-
muting copies of U, (sl,) whose g-deformation parameters are related by S € SL(2, Z)
and a unique simultaneous R matrix for both copies; in our case there are two commuting
W+ algebras with g-deformation parameters related by SL(2, Z) elements and a unique
simultaneous screening current S for both copies. Interestingly enough, they are exactly
the representations of the ¢, (sl2) modular double that are relevant in the construction
of the Liouville modular kernel, which has also a 3d gauge theory interpretation as we
mentioned. Therefore, we also hope that our results may help to clarify the precise rela-
tion between U, (sl) and g-Virasoro algebras (and their modular doubles), which is still
not very well understood, as well as the role of W, ; algebras in ordinary 2d CFTs.
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A. Special Functions

We summarize the special functions and their properties used throughout the paper, for details we refer to
[185]. The (multiple) g-Pochhammer symbol is defined by

k
X k n
(X3 q1s -+ 4qn)oo = €Xp *} = l_[ (lfqul“'quf ). (Al)
im0 kITiz (=g ) iy >0

The last expression is valid for |g;| < 1, but it can be continued to other regions by means of

1
(5 Qoo = ————7—- (A.2)
T @ g oo
The finite g-Pochhammer symbol is defined by
(55 gy = e n (1 - xg). (A3)
(G"x; q)oo _
and satisfies |
5 —n =@ ")y (A4)
The © function is defined by
O q) = (x: Doo(gx ™ oo (A5)
The modular properties we are interested in are
O 2miX o 27[16)9(6,:1){6 27?/5 : e,zéﬂ%gl)
_ %”/Z(r—é)e*iﬂ(Bzz(X\1q€)+Bzz(l+%ll,,:f_l))’ (A6)
forr € Z, ¢ € Z;, and
_t _L _ _ _1
0 2x: )0 2x"5q7) = (g7 20", (A7)
-4 [ o+1
O@ 2x;9)0@2x;q7 ) =(—x)"", (A.8)
for £ € Z. Here By (X|w) is the quadratic Bernoulli polynomial
2 2
1 w\2 W] + w5
BpXlw)=—[(X-%) - . w=ow]+w). A9
22 (X|w) w10 (( 2) 5 ) w=w]+w (A9)
The double Sine function S» (X |w) is defined as the ¢-regularized product
njw) +nywy + X
$H(X|w) = . A.10
2(Xle) 1_[ njwp +nywy +w— X ( )

ny,ny>0
Two important properties of the double Sine function are the quasi-periodicity
b1—1

S (X +X
2 (X|w) = (= )brbagbi+hs 1_[ sin (7 12LE2
S2(bywy +bran + X|w) @2

}’Ll:O
by—1

<1 sm( ”2“’2”‘), (A.11)

ny=0
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and the reflection
$H(X|w)$ (0 — X|@) = 1. (A.12)

For two generic complex numbers w such that Im(%) # 0, the double Sine function has the factorized
expression

. 27 . 27 s
55(Xla) = % B2 (Xl0) <evﬁ‘x;ezﬂlﬁ) (CT’Z‘X;CZ’“%> , (A.13)
o0 o0
The generalized double Sine function Sy ¢ (X|w) is [67]
$(X|w) = SH(X + w1 (r — [U])|o, ro)) $2(X + w2l |lo, roz), (A.14)

with [£], the positive integer part of £ mod r. For two generic complex numbers w such that Im( %) # 0, we
also have the factorized expression

Sy 1 (X|@) = e~ F A 0=109) F (B (Xlorop+By (X4rop|o.rwn)

27 o 27y i@
x (e7@1 (X+a)]€); ezm’”’l Yoo (€702 X wzl); 62711“1)2 )oo. (A]S)
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