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Abstract: In this paper we study the stochastic quantization problem on the two di-
mensional torus and establish ergodicity for the solutions. Furthermore, we prove a
characterization of the <I>‘21 quantum field on the torus in terms of its density under trans-
lation. We also deduce that the <I>‘2¥ quantum field on the torus is an extreme point in the
set of all L-symmetrizing measures, where L is the corresponding generator.

1. Introduction

In this paper we consider stochastic quantization equations on T?: Let H = L?(T?):

dX = (AX —ay : X°  +ap X)dt +dW (1), (L)
X(0) = x, '

where A : D(A) C H — H is the linear operator

Ax = Ax —x, D(A) = HX(T?).
s x3: ie., Wick power, whose definition will be given in Sect. 2, means the renormal-
ization of x3 @; > 0 and ay is areal parameter. W is the Lz(']I‘z)-cylindrical (F:)-Wiener
process defined on a probability space (€2, F, P) equipped with a normal filtration (F;).
This equation arises in the stochastic quantization of Euclidean quantum field theory.
For a, > 0, it is also called the Allen-Cahn equation in [BDW16] and the references
therein. Consider the measure

v(dp) = ce 29D (g,
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where g (¢) = %qﬁ“ — “—22¢>2, ¢ is a normalization constant and u is the Gaussian free
field. The latter will be defined in Sect. 2 as well as the renormalization : - :. v is called
the <I>‘2‘—quantum field in Euclidean quantum field theory. By heuristical calculations,
v is an invariant measure for the solution to (1.1), which has been made rigorous in
[RZZ15]. There have been many approaches to the problem of giving a meaning to the
above heuristic measure in the two dimensional case and the three dimensional case (see
[GRS75,G1J86,S74] and the references therein). In [PW81] Parisi and Wu proposed a
program for Euclidean quantum field theory of getting Gibbs states of classical statistical
mechanics as limiting distributions of stochastic processes, especially those which are
solutions to non-linear stochastic differential equations. Then one can use the stochastic
differential equations to study the properties of the Gibbs states. This procedure is
called stochastic field quantization (see [JLM85]). The CIJ‘Z‘ model is the simplest non-
trivial Euclidean quantum field (see [G1J86] and the reference therein). The issue of the
stochastic quantization of the @% model is to solve the Eq. (1.1) and to prove that the
invariant measure is the limit of the time marginals as # — co. The marginals converge
to the Euclidean quantum field.

In [JLMS8S5] the existence of an ergodic, continuous, Markov process having v as an
invariant measure has been proved, where v is constructed above with A changed to the
Dirichlet Laplacian on a bounded domain. In fact, they consider the Markov process
given by the solution to the following equation for 0 < ¢ < 11—0

dX = [—(—A¥X — (—A) (a1 : X3 : +arX)ldt + (—A) 23 dW (1),
X(0) = x,

which is easier to solve than (1.1) (corresponding to the case ¢ = 1) because of the
regularization of the operator A. Moreover, they prove that the associated semigroup
converges to v in the L?-sense. In [AR91] weak solutions to (1.1) have been constructed
by using the Dirichlet form approach in the finite and infinite volume case. In [MR99] the
stationary solution to (1.1) has also been considered in their general theory of martingale
solutions for stochastic partial differential equations. In [DDO03] again in the case of the
torus, i.e. in finite volume, Da Prato and Debussche define the Wick powers of solutions
to the stochastic heat equation in the paths space and study a shifted equation instead of
(1.1) in the finite volume case. They split the unknown X into two parts: X = Y| + Z1,
where Z; (1) = [*__ e""94dW (s). Observe that ¥ is much smoother than X and that
in the stationary case

k
xk=Y "oyl zZi (1.2)
=0

with C ,l( = % being a binomial coefficient and : Z’l‘_l : being the Wick product,
which motivated them to consider the following shifted equation:

3
Y, Iyl . 73— .
7:AY1—a1;C3Y1.Zl ttar (Y1 + Zy)

Y1(0) = x — Z1(0).

(1.3)

They obtain local existence and uniqueness of the solution Y; to (1.3) by a fixed point
argument. By using the invariant measure v they obtain a global solution to (1.1) by
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defining X = Y| + Z starting from almost every starting point. In [MW15] the authors
consider the following equivalent equation:

3
dy Iyl . 531 Z

— =AY — CY 277 i +ax (Y + Z

- alg ; a(Y +7) (14)
Y(0) =0,

where Z(t) = e'4x + fot e"=9AdW (s) and : Z¥—1=! : will be defined later. We call
(1.4) the shifted equation for short. They obtain global existence and uniqueness of
the solution to (1.4) directly from every starting point both in the finite and infinite
volume case. Actually, (1.3) is equivalent to (1.4). For the solution Y7 to (1.3), defining
Y(t) = Y1(t) + ¢4 Z1(0) — e'“x, we can easily check that Y is a solution to (1.4) by
using the binomial formula (2.2) below.

In [RZZ15] we prove that X — Z, where X is obtained by the Dirichlet form approach
in[AR91] and Z(r) = fé e=AdW (s) + €' x, also satisfies the shifted equation (1.4).
Moreover, we obtain that the @‘21 quantum field v is an invariant measure for the process
Xo =Y + Z, where Y is the unique solution to the shifted equation (1.4). It is natural
to ask whether this invariant measure v is the unique invariant measure for Xg. If v is
the unique invariant measure for X, then v is the limiting distribution of the stochastic
processes X¢. This problem is the main point in the stochastic field quantization as we
mentioned above in the <I>§ model on the torus.

This problem has been studied in [AKR97] and the references therein. It is proved
in [AKR97] that the stochastic quantization of a Guerra—Rosen—Simon Gibbs state on
S’(R?) in infinite volume with polynomial interaction is ergodic if the Gibbs state is
a pure phase, i.e. an extreme Gibbs state. This result also holds for the finite volume
case if one takes Dirichlet boundary conditions. Moreover, by [R86] we know that v
constructed above with A changed to a Dirichlet Laplacian on a bounded domain is a
pure phase, which implies that the stochastic quantization of the Gibbs state is ergodic.
However, the idea in [R86] and the results in [AKR97] cannot be applied for the torus.
In this case we don’t know whether v is a pure phase. We also emphasize that it is not
obvious that v is a pure phase even if v is absolutely continuous with respect to u. In
this case, the zero set of j—l‘i, i.e. {j—l‘i = 0}, which is hard to analyze analytically, may
divide the state space into different irreducible components, which immediately implies
non-ergodicity, i.e. the existence of two invariant measures. In this paper we study this
problem using the techniques from SPDE. We analyze the shifted equation directly and
obtain that v is the unique invariant measure of Xj.

We also emphasize that Dirichlet form theory is crucially used in [AKR97]. Hence for
the Dirichlet boundary condition case, one can only obtain that the associated semigroup
converges to the Gibbs state for quasi-every starting point. In our paper we analyze X
starting from every point in C* for some o < 0, which will be defined in Sect. 2. As a
result, we can conclude that the associated semigroup converges to v for every starting
point in C*.

Theorem 1.1. v is the unique invariant probability measure for the process Xo. More-

over, the associated semigroup P; converges to v weakly in C%, as t goes to 0o.

Remark 1.2. As in [DD03,RZZ15], one can replace the term — : X3 : by any Wick
polynomial of odd degree 2N — 1 with negative leading coefficient and obtain the same
results in an analogous way. Indeed, we can also obtain corresponding L? estimates by
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similar calculations as in the proof of [RZZ15, Theorem 3.10] and Lemma 3.4. Moreover,
we replace Y1 in (4.5) by Y12N =2 and do similar calculations without changing the Besov
space and can obtain the corresponding estimate required in the proof of Theorem 4.1
in an analogous way.

Remark 1.3. By [G1]86] we know that for ¢ (¢) given by a polynomial ¢* — A¢? with A
large enough, the quantum fields in the infinite volume case may have different phases.
Indeed, the two different measures in [GJS75] have been obtained by taking approxi-
mation of two different convergent sequences of measures obtained from the underlying
specification with two different boundary conditions (see [GRS75] and [R86]). The lim-
its v1 and v; of these two sequences are the same on locally measurable functions, but
they differ on the tail field on which they are uniquely determined (see [P76] and [R86]).
This will not happen in the finite volume case. We expect that v; and v, are two different
invariant measures for X in the infinite volume case if they have a similar property as
in [G1J86, Corollary 12.2.4]. However, so far one only knows one state in the infinite
volume case obtained in [G1J86, Chapter 11] satisfying the property in [G1J86, Corollary
12.2.4].

For the proof of Theorem 1.1, we use an argument from an abstract framework
developed for application to SDEs with delay [HMS11]. In general by applying a theorem
in [HMS11] (see Theorem 4.1), we can reduce the problem of uniqueness of the invariant
measure to the convergence of solutions of (1.1) to solutions of an auxiliary system
when time tends to infinity. However, in our case we cannot consider the solution to
(1.1) obtained by Dirichlet form theory directly since it does not start from every point in
some Polish space and the regularity of the solution to (1.1) is too rough to be controlled.
Formally : X3 := X3 — 0coX, which makes it more difficult to analyze the Eq. (1.1)
directly. Instead we consider the shifted equation (1.4) and do the required a-priori
estimates for the solutions to (1.4). Correspondingly, we also construct an auxiliary
system for the shifted form [see (3.3)]. Moreover, to apply [HMS11] we have to construct
a suitable set such that the generalized coupling has positive mass on it and the two
solutions can converge to each other on this set when time tends to infinity.

As a consequence of Theorem 1.1 we can give a characterization of v in terms of its
density under translation:

Theorem 1.4. v is the unique probability measure such that the following hold

(1) v is absolutely continuous with respect to . with 2’—/‘1 € LP(S'(T?), ) for some

p>1;

- « .. . »y dv(z+tk s —1—
(ii) (“quasi-invariance”) % = ay(z) = a?k(z)afkl'az(z) forz e Hy "k €

C®(T?), t > 0 with
a% (z) = exp[—t{(=A + Dk, z) — %ﬂ((—A + Dk, k)]

and

3 1
, a i A—i L 0. (g A—i i 2—i L i (g 2—i
atakl 2(z) = eXp[—E EOCAI T v an EOCét Lo (k).
1= 1=



Ergodicity for the Stochastic Quantization Problems on the 2D-Torus 1065

Here H, =€ for some € > 0 is defined in Sect. 2 and in the following (-, -) means the

dualization between the elements in C*°(T?) and Hy 175, respectively. : 23 1is a fixed
version of the Wick power we define in Sect. 2. By [AR91, Proposition 6.9] we can
choose z —: z> : as a measurable map from Hz_l_€ to Hz_l_e.

Property (ii) is similar to the quasi-invariance (i.e. invariance up to a density) of the
usual Gaussian measure. Here a?k is the translation density for the Gaussian part and

ag,az :

a,."* corresponds to the polynomial part.

Similarly we obtain the following uniqueness result for the L-symmetrizing mea-
sures.

Theorem 1.5. v is the unique probability measure such that the following hold:

(i) v is absolutely continuous with respect to |1 with j—; € LP(S'(T?), n) for some
p>1
(i) [ Luvdv = [ Lvudv for u € FC;°, where

Lu(z) = %TF(D2M)(Z) +(z, ADu) — {ay : 2 —arz, Du(z))

forz e Hz_l_E and FC;° is as defined in Sect. 4.

Remark 1.6. From the proof of Theorems 1.4 and 1.5 we know that assuming (i) in
Theorem 1.4 to hold, it follows that (ii) in Theorems 1.4 and 1.5 are equivalent to the
logarithmic derivative of v along k being given by

Br = 2(z, Ak) — 2{a1 : 2° : —arz, k),

forz € Hy =€ k € C*°(T?2). Here the logarithmic derivative of a measure v along k is
a v-integrable function B such that the following integration by parts formula holds:

du
/ﬁdv: —/ﬂkudv.

Moreover, we can prove that v is an extreme point of the following convex set.

Corollary 1.7. v is an extreme point of the convex set M?, which denotes the set of all
probability measures on S'(T?) satisfying (ii) in Theorem 1.4.

Corollary 1.8. v is an extreme point of the convex set G, which denotes the set of all
probability measures on S'(T?) satisfying (ii) in Theorem 1.5.

Remark 1.9. (i) By [AKR97, Theorem 3.3] we know that v being an extreme point
of the convex set M is equivalent to v being C*°(T?)-ergodic, which is al-
so equivalent to the maximal Dirichlet form (&, D(&,)) being irreducible. For
the definition of the maximal Dirichlet form (&,, D(Ey)), we refer to [AKR97,
Section 3].

(i) Since the irreducibility is so crucial we recall here some characterizations of it
in terms of the semigroup (7;);~¢ and generator (L, D(L)) of (£,, D(E,)). The
following are equivalent:

1. (&), D(&)) is irreducible.
2. (T))i=o is irreducible, i.e., if g € L*(v) such that T,(gf) = g7, f for all
t >0, f e L?>(v) then g = const.
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3. If g € L?(v) such that T;g = g for all t > 0 then g = const.
4. [(Tig — [ gdv)*dv —, 0o O forall g € L2(v).
5. Ifu € D(L) with Lu = 0, then u = const.
Here we emphasize that we don’t know whether the maximal Dirichlet form is the
same as the minimal Dirichlet form defined in the proof of Theorem 1.4 below,
which is the issue of the Markov uniqueness problem. If the maximal Dirichlet
form is associated with a strong Markov process (i.e. is a quasi-regular Dirichlet
form in the sense of [MR92]), then it is the same as the minimal Dirichlet form
(see [RZZ15, Theorem 3.12]).

(iii) The fact that the maximal Dirichlet form (&, D(Ey)) is irreducible can also be
proved by a similar argument as in the proof of [BR95, Theorem 6.15] and by
using Theorem 1.4.

We also want to mention that recently there has arisen a renewed interest in SPDEs
related to such problems, particularly in connection with Hairer’s theory of regularity
structures [Hail4] and related work by Gubinelli et al. [GIP13]. By using these the-
ories one can obtain local existence and uniqueness of solutions to (1.1) in the three
dimensional case (see [Hail4,CC13]). Furthermore, very recently in [MW 16] Mourrat
and Weber have obtained global well-posedness of the solution to (1.1) in the three
dimensional case based on the paracontrolled distribution method.

This paper is organized as follows: In Sect. 2, we collect some results related to Besov
spaces and we recall some basic facts on Wick powers. In Sect. 3, we prove the necessary
a-priori estimates of solutions to (1.1). In Sect. 4, we prove Theorems 1.1, 1.4 and 1.5.

Note added in the revised version: After this paper had entered the refereeing process,
two papers, by Tsatsolis and Weber [TW16] and Hairer and Mattingly [HM16], appeared
on arXiv, addressing a similar problem as solved in this paper. However, their approaches
are entirely different from ours and are based on first proving the strong Feller property
for the process. In fact, the authors in [TW16] obtain the strong Feller property and
exponential ergodicity for p(®), model whereas the authors in [HM16] present a general
method to establish the strong Feller property for solutions of SPDE driven by singular
noise in the framework of the theory of regularity structures.

2. Preliminaries

2.1. Notations and some useful estimates. In the following we recall the definitions of
Besov spaces. For a general introduction to the theory we refer to [BCD11, Tri78, Tri06].
The space of real valued infinitely differentiable functions of compact support is denoted
by D(R?) or D. The space of Schwartz functions is denoted by S(R?). Its dual, the space
of tempered distributions is denoted by S’(R¢). The Fourier transform and the inverse
Fourier transform are denoted by F and F~!.

Let x, 6 € D be nonnegative radial functions on R9, such that

(1) the support of x is contained in a ball and the support of € is contained in an
annulus; '
) xé&)+ ZBO@(Z_Jé) = 1forall £ € RY.
(iii)  supp(x) Nsupp(@(2~7-)) = @ for j > 1 and suppd(2~-) N suppd(2~/.) = @
for i — j| > 1.
We call such a pair (x, #) dyadic partition of unity, and for the existence of dyadic

partitions of unity see [BCD11, Proposition 2.10]. The Littlewood-Paley blocks are now
defined as
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Aju=F Y xFu) Aju=F1O0Q)Fu).
Fora e R, p,q € [1, 00], u € D we define

lullgg, = (D @A ullLr))',
j=—1

with the usual interpretation as /°° norm in case ¢ = co. The Besov space Bg consists

of the completion of D with respect to this norm and the Holder-Besov space C%is given
by C*(RY) = BE, o (RY). For p, g € [1, 00),

BS ,(RY) = {u e S'®RY : ullgg, < oo}.
C*RY) ¢ {u € S'®RY) : flullpa, ey < 00},

The reason that C? is smaller is that some functions in {u € S'(R%) : ||u/| BY . (Rd) < OO}

cannot be approximated in C*-norm by smooth functions. We point out that everything
above and everything that follows can be applied to distributions on the torus (see
[S85,SW71]). More precisely, let S’ (Td) be the space of distributions on T<. Besov
spaces on the torus with general indices p, g € [1, oo] are defined as the completion of
C°(T?) with respect to the norm

1/q

lullgy vy = | D QUM julloa)? |
j=—1

and the Holder-Besov space C* is given by C* = BS, oo(']Td ). We write || - || instead of
I Il g, . (ra) in the following for simplicity. For p, g € [1, co)

B;‘,‘,q(ﬂl‘d) ={u e S/(Td) : “””B;i,q(Td) < oo}
C* G {ue S/(']I‘d) ulle < 00} 2.1

In this part we give estimates on the torus for later use. Set A = (—A)%. For s >
0, p € [1, +00] we use H), to denote the subspace of LP(T?), consisting of all f which
can be written in the form f = A™%g, g € L?(T¢) and the H 5 norm of fis defined to
be the L? norm of g, i.e. ||f||H,§ = |A° fllLo(ray-

To study (1.1) in the finite volume case, we will need several important properties of

Besov spaces on the torus and we recall the following Besov embedding theorems on
the torus first (c.f. [Tri78, Theorem 4.6.1], [GIP13, Lemma 41]):

Lemma2l1. () Letl <pi<py<ooandl <q) <q» <oo,andleta € R. Then

BS 4, (T?) is continuously embedded in Bg;;lz(l/p] ~1/p2) (d)y,

(i) Lets >0,1<p <oo,e>0. Then Hy* C B} |(T?) C B} |(T).
(iii) Letl < p; < pr < oo and let ¢ € R. Then H[‘;‘l is continuously embedded in
go—d/p=1/p2)

23
Here C means that the embedding is continuous and dense.

We recall the following Schauder estimates, i.e. the smoothing effect of the heat flow,
for later use.
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Lemma 2.2. [GIP13, Lemma 47]

(1) Letuce€ B;‘qu(Td)for somea € R, p,q € [1, 0o]. Then for every § > 0

‘A —5/2
lle u”ngz;S(ird) St ||M||B;§,q('[rd),

where the constant we omit is independent of t.
(i) Leta < B € R. Then

A B-a
I —eDulle 172 |lullp.

One can extend the multiplication on suitable Besov spaces and also have the duality
properties of Besov spaces from [Tri78, Chapter 4]:

Lemma2.3. (i) Letra, B € Rand p, p1, p2,q € [1, o0] be such that

1 1 1

—=—+—.

p P P2

The bilinear map (u; v) — uv extends to a continuous map from B . x Bgz,q

to Bgﬁlﬂ ifa+p > 0.

(ii) Leta € (0,1), p,q € [1, o0], p’ and q' be their conjugate exponents, respectively.
Then the mapping (u; v) — [ uvdx extends to a continuous bilinear form on
Bj ,(T%) x B, (T).

We recall the following interpolation inequality and multiplicative inequality for the

elements in H; (cf. [Tri78, Theorem 4.3.1], [Re95, Lemma A.4], [RZZ15a, Lemma
2.1]):

Lemma 2.4. (i) Suppose thats € (0, 1) and p € (1, 0). Then foru € H[i

1— .
ol < Wl N

(i) Suppose thats > 0and p € (1,00). Ifu,v € C(T?) then

[A* @)l Lperay S ||u||LP1('J1‘d)||ASU||LP2(11‘d) +[[vllzes ('ﬂ‘d)||ASM||LP4(Td)’
with p; € (1,00],i =1, ...,4 such that

1 1 1 1 1

P Pl P2 p3 pa

2.2. Wick power. In the following we recall the definition of Wick powers. Let u =
N, 3(=A+ 1)~ := N0, O).
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2.2.1. Wick power on L*(S'(T?), ) In fact u is a measure supported on S’(T?). We
have the well-known (Wiener-1td) chaos decomposition

LX(S'(T%), ) = @D Ha,

n>0

where H,, is the Wiener chaos of order n (cf. [Nua06, Section 1.1.1]). Now we define
the Wick power by using approximations: for ¢ € S'(T?) define

Ge = pe *x &,

with p, an approximate delta function,
_ . & _
pe(§) =¢ p(;)eD, p =1

Here the convolution means that we view ¢ as a periodic distribution in S’(R?). For
every n € N we set

Lol o= Py o),

where P,,n =0, 1, ..., are the Hermite polynomials defined by the formula
[n/2] "
— 1)/ x"2i
Py(x) = ;;( D DI

and ¢, = [ $2pu(dg) = [ [ G — E)pe(E2)dErpe(€1)dE1 = |Kel?, 5 1o Then
: ¢ :c€ Hy,. Here and in the following G is the Green function associated with —A
on T? and let K (¢, &) be such that K(t, &1 — &) is the heat kernel associated with A on
T? and K, = K * p, with = means convolution in space and we view K as a periodic
function on R
For Hermite polynomial P, we have for s, t € R

n
Pu(s+1) = Z C™ Py ()t ™, (2.2)
m=0
!
where C}' = oy
A direct calculation yields the following:

Lemma 2.5. [RZZ15, Lemma 3.1] Let« < 0, n € Nand p > 1. : ¢ :c converges to
some element in LP(S'(T?), u; C*) as ¢ — 0. This limit is called n-th Wick power of ¢
with respect to the covariance C and denoted by : ¢" :c.

Now we introduce the following probability measure. Let
Vv =cex —l cpt 0 —2ar : d% 0)d
= cexp ( 7 Tz(611 19T e 2ax 1 @7 i0)dE),

where c is a normahzatlon constant. Then by [G1J86, Sect. 8.6] for every p € [1, 00),
9(@) :=exp (=5 [ra(ar : ¢* :c —2a3 : ¢? :0)dE) € LP(S'(T?), ).
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2.2.2. Wick power on afixed probability space Now we fix a probability space (2, F, P)
equipped with a normal filtration (F;) and W is an Lz(’JTz)-cylindrical (F:)-Wiener
process. In the following we assume that F is the o-field generated by {(W;, h), h €
L*(T?), r € R*}. We also have the well-known (Wiener-Itd) chaos decomposition

L*Q,F, P)=PH,

n>0

where H/, is the Wiener chaos of order n (cf. [Nua06, Section 1.1.1]). In the follow-
ing we set Z(t) = fol =944 W (s), and we can also define Wick powers of Z(z) by
approximations: Let Z.(¢,§) = fot(lzs(t —s,& —-),dW(s)). Here (-, -) means inner
product in L2(T?).

Lemma 2.6. [RZZ15, Lemma 3.4] For « < 0, n € Nandt > 0, : Z!(t) ==

n 1
c2 P,(cs 2 Ze(1)) converges in LP (2, C((0, T1; C%)). Here the norm for C((0, T]; C*)
IS SUP; (0. 7] 8\ - la for 8§ > 0. The limit is called Wick power of Z(t) with respect to the
covariance C and denoted by : Z" (t) .
Now following the technique in [MW15] we combine the initial value part with the
Wick powers by using (2.2). We set V(t) = e'4x, x € C* fora < 0 and

Z(t) =Z(1)+ V1),
and forn = 2,3,
D ZM(1) = ZC,’;V(t)"—" cZk@) -
k=0

By Lemma 2.2 we know that V € C([0, T],C%) and V € C((0, T1,CP) for B > —«a

. B—a
with the norm sup, (o 711 2 || - ||g. Moreover,

B—a
t2IVOlp S lIxlle (2.3)

for B > —a. Then by [RZZ15, Lemmas 3.5] we have Zy € LP(C((0,T1,C%).
By (2.3) and Lemma 2.3 it is easy to obtain the following result:

Lemma 2.7. Let o < 0, x € C*. Then we have fort > 0 and any ¢ > 0

1Ze(Olle < 1Zlla + X llers
2 Z2(t) o < CLI 2 Z2@0) < o + 1S Nx el Z(0) g + 1 X 1121,

2 Z2(0) t llg < CIIl = Z3(0) o + 22 X1 Z () llg

e C 7200 - 2a—e 113
+ 17 xllall 2 Z7(0) ¢l + 17 ]l
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3. The Necessary A-Priori Estimates

Now we follow [MW15,RZZ15] and give the existence and uniqueness of solutions to
(1.1) by considering the shifted equation.

We fix ¢ < 0 with —« small enough, in the following. For Z = (Z, : z%2:.73 D,
0 < < —a, define

1Zlg, i= sup (1ZOlla, 21 2 Z20) : llas 21 2 Z3(0) : o)

0<t<T
and
Qo={ZeC(0,T];C*%),: Z" :€ C((0, T]; C*) forn =2,3, | Z|lg;, < oo VT > 0}.
Then
P[Qo] = 1.

We also introduce the following notations: for Y € C ([0, T'],C#), Z € C([0, T]; C%)
with 8 > —«

W(Y,Z):=—-a1BY?Z+3Y : Z%:+: Z3 )+ (Y + 2).

By [RZZ15, Theorem 3.9] we know that the solution to (1.1) can be written as X =
Y +e'dx+Z =Y +Z, forx € C% where Y satisfies the following shifted equation:

dY = [AY —a\ Y +W(Y, Z))dt, Y(0)=0. 3.1

Here and in the following (3.1) and other equations are interpreted in the mild sense:
t
Y(t) = / eI Y3 + W (Y, Z)](s)ds.
0

As aresult, X is a mild solution to the following equation

dX =[AX —a1(X — Z)3 + V(X — Zy, Z)ldt +dW, X(0) = x. (3.2)
That is to say:
Theorem 3.1. For v € Qo,x € C%, there exists exactly one mild solution X (w) €
C ([0, 00); C%) to the Eq. (3.2) satisfying (X — Z,)(w) € C([0, 00); CP) for some B >
—a > 0.
Proof. For w € Qq, x € C*, by Lemma 2.7 we know that for n = 2, 3,

Zy € C([0,00); C*), :Z% :€ C((0, 00); C),

and forevery 7 > 0

sup [I1Ze @ llas 72270 2 Z2() s t72%0) 2 Z3(0) ¢ lla] < 00
0<t<T

Then [MW15, Theorem 6.5] implies that for @ € Qg there exist exactly one solution
Y(w) € C([0, o0); CP) for some B > —«a satisfying (3.2) in the mild sense. From this
we can conclude the result easily. O
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Remark 3.2. Here for o € Q¢ X is an w-wise mild solution to the Eq. (3.2), whose
definition is stronger than the usual (probabilistically) mild solution to the stochastic
differential equation (3.2).

Now we can define the semigroup associated with X and obtain an invariant measure
for X: Fort > 0, f € Bp(C%), define

Pif(x) = Ef(X(z, x))

for the solution X (¢, x) to (3.2) with initial value x € C%. Here E denotes to take
expectation under P. By Theorem 3.1 we obtain that X is a Markov process with (P;);>0
as the associated semigroup. By [RZZ15, Theorem 3.10] we know that v is an invariant
measure for X, where v is defined after Lemma 2.5. In the next section we will prove
that v is the unique invariant measure for X. To prove this, we introduce the following
equation, which has a new dissipation term compared to (3.1).

For given x¢, x; € C* consider the following equation

d - ~ ~ ~ - - ~
Y= AY =AY =Y +e(x —x0)) —a1 Y2+ W(Y, Zy,), Y(0)=0, (3.3)
where A > 1 will be determined later.

By similar arguments as the proof of [MW15, Theorem 6.5] and [RZZ15, Theorem
3.10] we can easily derive the following result:

Theorem 3.3. For xg, x; € C¥ and w € Q, there exists a unique mild solution Y €
C ([0, 00); CP) to the Eq. (3.3).

Define X := ¥ +¢'4x;+Z = Y + Z,, with Y obtained in Theorem 3.3. Then X satisfies
the following equation in the mild sense:

dX = [AX—2(X=X)—ay(X—Z, )} +W(X = Zy,, Z,)ldt+dW, X(0) =x;. (3.4)

Now we give the necessary a-priori estimates for the solutions to (3.1) and (3.3)
for later use. We will derive LP-norm estimates for the solutions to (3.1) and (3.3)
respectively. We can get the || - ||z»-norm estimate directly, but only with p depending
on «, which is not enough for later use. Hence we first obtain the || - || L »-norm estimates
from 1 to ¢ for every p > 1. Then we estimate [|Y (1)] g for 8 > 0 by the following
Steps 2 and 3.

Lemma 3.4. Suppose that Y is the solution to (3.1) with x = x¢. For every even p > 1,
there exist constants C(p), C(IZllg,, Ixoll«) > 0, y(p) > 1 independent of , t such
that for everyt > 1 and w € Qg

t t
1Yoy, + /1 1Y ()17 ,pds + /1 1YP=2VY 2 ()l 1 ds

t 3
< C(IZll g, Ix0lla) + C(p) / A+ xolZ P + 12152 + Y 1=z 2 13 P)ds.
1
n=2

Here C(||Z|| g, lxo0lla) means a constant depending on || Z| ¢, l1x0 ||«



Ergodicity for the Stochastic Quantization Problems on the 2D-Torus 1073

Proof. We write the proof for Y and Z directly which is a bit informal, but it can be

made rigorous by replacing Z by Z, and taking the limit as in the proof of [RZZ15,
Theorem 6.5].

Step 1 We first prove that for every even p > 1, ¢ > 1 there exists y(p) > 2 such
that

t t
||Y<r>||€p+[ ||Y”‘2|VY|2||i1ds+/ 1Y )17 ,ds < 1Y (DI,

+C(p) / <1+||xo||V<">+||Z||V<")+Z|| Z" |5 P)ds. (3.5)
n=2

Testing against Y?~1, we have that for r > 1, even p>1,

1 t
—IIY(t)Ilip +/ [(p = D(VY(5). Y ()P 2VY () + a1 ]|V ()7 2[| 11 1dss

- 1
/[”Y(S)”Lﬂ+ \I’(Y(S),ZxO(S)),Y(S)pfl)]d5+;I|Y(1)llfp

Now we have (VY (s), Y (s)?~2VY(s)) and ||Y (s)?*?|;1 on the left hand side of the
equality, which can be used to control the right hand side of the above equation. By
similar calculations as in the proof of [MW15, Theorem 6.4] and [RZZ15, Theorem
3.10] we deduce that there exists 19 > 1 such that

(WY (5), Zay(5)), Y(S)”_l)l

2 _
<C(p>(1+||zx0||V0+Z|| no e+ <al||Y||”+ + Y2 IVY I,

Lp+2
n=2

which implies that
1 1 !
—IIY(t)IIIij + —/ [(p — (VY (), Y ()P 2VY (5)) +ar[[Y (5)"2[| 1 1ds
<C(p) / (1+ ||zx0||V°+Z|| ) 12ds + — ||y<1)||§,, (3.6)

<C<p>f(1+||xo||V<">+||Z||W’>+Z|| 20 1 Pds + ~ ||Y(1>||Lp
n=2

Here y(p) = 3(p +2) Vv yp and we used Lemma 2.7 in the last inequality. Now (3.5)
follows.

Step 2 We prove that for even p > 1, with —2a(p +2) < 1,

1
sup [[Y(O)I7, + /0 IYP=2IVY Pl ads < C(p, 1 ZIlg,s Ixolle).  (3.7)

0<r<l
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By similar arguments as in Step 1 we have for0 <r <1

1 1 [
—||Y<t>||£p += / [(p — D{VY(s), Y(5)PT2VY (5)) + a1 ]|Y (5)"*?|| 11 1ds

<C(p)f ANzl 435 2+ 120

n=2
=Cp, IIZllg, lIxolla)-

Here we used Lemma 2.7 and —2«/(p + 2) < 1 in the last inequality. Now (3.7) follows.
Step 3 We prove that for 0 < 8 < + o

1Y(Dlp = CUIZIlg, . [Ixolle)- (3.8)

Since Y satisfies the mild equation, we have

1
1Y (Dlip SC/ (1—5)_§_%|IY3IIL2dS

+Cf(

+c/ (1 =)~ =021 Z3 + |luds,
0

Y Zgllpe + 1Y 72 g lds

B_1
where we used Lemmas 2.1, 2.2 to deduce ||e’Ax||,g < Ct727Z|x||;2 and || - 1 <

lly—1

Cl - BY . For the first term on the right hand side, we can use (3.7) for p = 6 to

control it by C(IZllg,, llxolle). Using Lemma 2.7 we can control the third term by
C(IZllg,, lIxoll). Now we come to the second term:

1
X
<C/ 1—-s
),
0

1
< CU1Zlle,. I7olla) / (

s Py IR TP VYl 2)1ds

4 .72 .
Zallgg  +11Y = 22 llge_1ds

[||Y2|| ||Zxo||a N Z3 : llalds

2 5 .52,
B;+1/2||Zxo”ot Yl gperall = 23« lladds
,00 ,00

1/2 1/2—
[esa b o A DI

1
< C(IZll g, 1x0lle) + CUIZI 2,5 1X0]ler) /O (IVYZ3, + Y2 2)ds
< CUZllg,, Ixolle),

where 0 < ¢ < % — B and we used Lemma 2.3 in the first inequality, we used Lemma 2.1
in the second inequality, and the fact that

-1l ﬁ+ P =Cl-l ﬂ+ L= CJ -l ﬂ+j+g,

2,00
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and Lemma 2.4 in the third inequality, and we used (3.7) for p = 2 and 4 in the last two
inequalities. Combining the above estimates (3.8) follows.

Combining (3.5) and (3.8) and using [|[Y (1)[[.»r < C||Y(1)] g, the result follows. O

The proof of Lemma 3.5 is similar to that of Lemma 3.4. But we should pay attention
to how each term depends on A, as ¥ depends on A.

Lemma 3.5. For every even p > 1, A > 1, there exist constants C(p), C(p, 1, | Z]l g,,
Ixollas 1X1lle) > O, ¥ (p) > 1 independent of w, t such that for everyt > 1 and w € Q

t t 1
/1 1Y)} ,ds < C(p) /1 A+ Nz + 11z,
i=0

3
+ D 0z P)ds
n=2
+C(p. A N1 Z1 gy xollas 12 fle)-

t t 1
/1 IVY ($)[122ds + 1Y (O]}, < C(p)a / A+ Il P + 12w
1 :
i=0

3
+ D 0z 15 P)ds

n=2

+C(p, A I Z1gys Ixolles Xt lle)-

Proof. Step I We first prove that for every even p > 1 there exists y (p) > 1 such that

! ! 1
f 1P @)L ds < ||Y(1)||i,,+C<p>/ A+ Y 20 + 1z ®
1 1 i—0
3

#3027 1 Pyds + CAIZIg, . xolla) (3.9)
n=2

Similarly as in the proof of Lemma 3.4 we have that for # > 1 and even p > 1

1 - ro
—IYoll7, +x/ 1Y ()7 pds
p 1
t
+ / [(p — (VY (s), Y(s)P2VY (5)) + a1 [|Y (s)7*?|| 11]1ds
1
t ~ ~ _ ~ t _
=— fl YUY, + (U (5), Zy, (), V()P ) 1ds + 2 /1 (Y(s), Y(s)P"yds

t
—A/ (€A (x1 — x0), Y ()P Nyds + %n?(l)uip. (3.10)
1



1076 M. Rockner, R. Zhu, X. Zhu

Now by similar calculations as in the proof of Lemma 3.4 and using (3.7) we deduce
that there exist y(p) > 1 such that

—1 rt . .
||Y<t>||”p+xf 1Y ()17 ,ds + 2 f1|||VY(s>|2YP—2<s>||L1ds

3 t
- - - —1
< C(P)/l A+ 1Ze 12 +Z Iz, - ||5+2)ds +)~P/1 ||Y(S)||LP||Y(S)||Zp ds
, _
+C)LP/- - llx0 —x1||a||Y(s)|| S lds + ||Y(1)||Lp

< C(p) f <1+||Z||V<">+Z|| Z" 5P+ |x 1L P)ds
n=2

t t
+AC(p) [1 ||Y<s)||ipds+§ /1 1Y ()17 pds
t
+C<p>x/ lxo — x1112ds + Y (DIF,, (3.11)
1

where we used Holder’s inequality and Lemma 2.2 to control [e*4 (xo — x1) || ce by

Cs’ﬁ%a llxo — x1llce for B > —a in the first inequality and we used Young’s inequality
in the second inequality. By Lemma 3.4 and the fact that A > 1, (3.9) follows.
Step 2 We prove that for even p > 1 with (—2a +68)(p+2) < 1

1
sup Y ()7, + /0 IYP=2IVY Pl ids < AC(p, 1Z1 gy, Ixolles It lle).  (3.12)

0<r<1

By similar arguments asin Step 1 wehaveforO < ¢ < 1,even p > 1with —2a(p+2) < 1
and ¢ > 0 small enough

~ t _1 t _ .
||Y(z>||ip+x/ ||Y(s>||£pds+” /|||VY<s>|2YP 2 ds

<c<p>f (1+ 12y, ||V°+Z|| |f’+2>ds+x/ 1Y &) lLe 17 )12 ds
+CAp fo $2|xo — x1lla 17 ()17, ' ds
t
<Cp, 1Zllg) / s@e=OWPED (] 4 |2y || Py ds
0
t )L t -
+AC(p) fo ||Y(s)||g,,ds+§ /O 1Y ()T pds

t
+C(p)A / 52|l xg — x1||2ds,
0

where we used Lemma 2.7 in the last inequality. By Lemma 3.4, (3.7) and the fact that
A > 1, (3.12) follows.
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Step 3 We prove that for 0 < 8 < % +a

1Y (g < C, 1 ZILey Ixolles 1x11le)- (3.13)

Since Y satisfies the mild equation, by similar arguments as in Step 3 in the proof of
Lemma 3.4 we have

1
~ _B_1 ~ ~
IIY(l)IIﬂSC/0 (=) 2 2 [V 2 + 21 Y | 2 + 1Y I 2))ds

1
B2 an =
+c/ (=) 5 (172 2 N
i ,
+1Y 2 Z3 Nl 1ds
1
e / (1= 5y~ =02 - Z3 1y + Allxolle + A1 o)
0

= Cp. 2 1 Zlgys Ixolla)s

where for the term in the first integral we used (3.12) and for the term in the second
and third integral we used similar arguments as in Step 3 in the proof of Lemma 3.4.
Combining (3.9) and (3.13) the first result follows.

The second follows from (3.11), (3.12) and Lemma 3.4.

In the following we give an estimate of the Wick power : Z¥ :, which is required in
the proof of the main results.
For y > 0 and K > 0 we introduce the following notations:
t
Exy={IZllg, < K/ UZIG+1: 2% 05+ 10 27 10ds < K(L+0), V1 = 1.
1
(3.14)

Lemma 3.6. For every y > 0, & > 0 there exists K > 0 such that P(Eg ) > 1 — ¢.

Proof. To prove this result, we first introduce the following stationary Markov process.
Define Z;(t) = fioo e"=9AGW (s). We also define

D27 = lim [(Z * 0)? — celin LP (2, C([0, 00), C%)),
e—

23 s= M I(Z% pe)’ —3ceZ1 % pel in LP(Q, € ([0, 00),€%),
€—

for p > 1 as in [RZZ15, Lemma 3.3]. (Z1,: Z% L Zf ;) are also stationary Markov
processes. Here pe and c, are introduced in Sect. 2.2. By [DZ96, Theorem 3.3.1] we
know that for every ¢ > 1 there exists € L>($2, P) such that

3
1 T
37 = 7/ [z +Z | :Z7 :4lds - n, asT — o0, P —a.s.,
0
n=2

which implies that for every ¢ > 0, there exists 21 C 2 such that P(21) < ¢/4 and

sup |37 (w) —n(w)| = 0, as T — oo.
wle
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From this we can deduce that there exists 7y independent of w such that for T > Ty
3r(w) < n(w) +1,Yo € QF,

which combined with n € L?(2; P) yields that there exists K; > 0 such that

T 3
P{fo NZ2 + 301 20 12 Mds < KiT VT > Ty} = 1 — /3.

n=2
Thus, there exists K> > 0 such that

T 3
P{/ NZiG + D Z1 2 1157 )ds < Ka(T +1),YT = 0} > 1 —&/3.
0

n=2

Now we give the relations of Z and Z;. By (2.2) and similar arguments as in the proof
of [RZZ15, Lemma 3.6] we have that

Z(t) = Z,(t) — e Z1(0),
D22 = Z3() - =2 Z1(0)Z1 (1) + (€1 Z1(0)),
D230 1= Z3(0) : 43(" Z1(0)2 Z1 (1) — 3¢ Z1(0) - Z1(1)? 1 —('1 Z1(0))°,
which combined with Lemma 2.3 implies that for § > —a > 0
1ZOlle < 1Z1 Ol + 1 Z1(0)la-
1222t o < CU: ZT@) < o+ 1€ ZIOBIZ1 @) o + e Z10) 31,
12 Z3) : e < CLI: Z3@) = Nl + e Z1O G121 (1) [
+1le" Z 1 O)lIgll = ZF (@) : o + I Z1 ()11

Now using Lemma 2.2 we have
! 2 3
[z 22 sig e 2 s
1

T
< cfl NZ1OY + 1+ 1ZiOIZ + 12 Z3) 12 + 1 Z36s) < 1L1ds,

which implies that there exists K3 > 0 such that

T 3
P UZIZ+ Y15 2" s < KaT + D.VT 200 = 1= /2.
1 n=2

On the other hand, by Lemma 2.6 we have E||Z ||2/21 < 00, which implies that there exist
K4 > 0 such that

P(Zllgr < K4) > 1 —¢/2.
Combining the above results we obtain that there exists K > 0 such that

P(Egy) >1—e.
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4. Uniqueness of the Invariant Measure

In this section we will prove our main result: uniqueness of the invariant measure. We will
use an asymptotic coupling argument to prove it. We first present an abstract result based
on asymptotic coupling from [HMS11]: Let P be a Markov transition function on a Polish
space (X, p) and let X = XY be the space of all sequences in X with product topology.
Denote the collection of all Borel probability measures on X by M(X) and M (X)
is defined correspondingly. Take Py : X — M(Xs) to be the probability kernel
defined by stepping with the Markov kernel P. For ug € M(X), let uoPso € M(Xoo)
be the measure defined by fX Poo(x, )duo(x). Given w1, ur € M(X), consider the
generalized coupling given by

C(11Poo, 12Pos) i= {I' € M(Xoo X Xoo) : T o T, & 1;Po for each i € {1, 2}},

where IT; is the projection onto the ith coordinate. We also denote the diagonal at infinity
by

D :={(x,y) € Xooc X Xeo : lim p(xn, yn) = 0}.
n—o0
Now we recall the following asymptotic coupling argument from [HMS11].

Theorem 4.1. [HMS11, Corollary 2.2] Suppose that there exists a Borel measurable set
B C X such that

(i) for any P-invariant Borel probability measure i, (B) > 0,
(ii) there exists a measurable map B x B 3 (x,y) = I'y , € M(Xo x Xoo) such

that, for all x, y € B, Tx.y € C(8;Peo, 8yPoc) and Ty (D) > 0.

Then there exists at most one invariant probability measure for P.
Now we prove our main result by using Theorem 4.1.

Proof of Theorem 1.1. For a given stochastic basis (2, F, (F;);>0, P) and a cylindrical
Wiener process W as in Sect. 3, we use X (x¢) to denote the solution of Eq. (3.2) obtained
in Sect. 3 starting from xo € C%. Now we apply Theorem 4.1 to B = X = C* and
P = Pi(x,dy) and P : C* = M(CZ,) is defined as above, where P;(x, -) denotes
the marginal of X (x) at time ¢t = 1 for x € C%.

We also use X (x;) to denote the solutions of Eq. (3.4) obtained in Sect. 3 starting
from x| € C¥, which is used to construct the generalized coupling.

Girsanov transform 3

Set v = AX(x) — X(x) and let W) = W@ — [
v(s)ds, where

t
g = inf{r > 0,/ I X (xg,s) — X(xl,s)llizds > R}.
0
Since

L[ 2 1Ra2
Eexp| 5 lv(s)lI7.ds ) <e2™,
0

by the Girsanov theorem there is a probability measure Q on (2, F, (F;);>0) such

that under Q, W is a standard Wiener process. Moreover, it holds that P ~ Q on
Foo = O'(UtzO]:t)-
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Construction of the coupling
Let Z be the solution to the following linear equation

dZ(t) = AZ(t)dt +dW (), Z(0) =0,

and : Z* : can be defined similarly as : Z¥ : as in Sect. 2. Moreover, we use similar

notations as in Sect. 2: le =7+ e'“xy, and for n = 2, 3,

_ n
20 (1) = Zc,’;(e”‘xl)”—k VAR
k=0

Furthermore, we derive the relation between different Wick powers under P and Q
respectively. Since 7 = 7 +a with a(t) = — fot e(’_S)AlSSTRv(s)ds € C([0, 00); Cﬂ)
for some B > —a, we have that there exists , C Qo such that P(Q;) = 1 and the
following hold for w € €, in C((0, c0); C*)

7% :=:7%:+2Za +a?, (4.1)
and
723 .= 73 43Za*+3: 7% a+d’. “4.2)

We will prove (4.1) and (4.2) at the end of the proof.
Forw € Q(,by(4.1),(4.2)anda € C([0, 00); CP)weknow thatforn = 2,3, T € R

Z € C(0,T];C%),: 2" :c C((0, T]: C%), | Z] g, < o0

which by Theorem 3.1 implies that for w € € there exists a unique mild solution
)% (w) € C([0, 00), CP) to the following equation

A

dy

- — AV —a PP+ W, Zy), T(0)=0. 4.3)
Define
5 _ |V ety + ZN(w), ifw e Q)
X(x1, 0) = {0 otherwise.

Then we conclude that under Q, )A((xl) is also a mild solution to the Eq. (3.2) with
x = x1 and with W replaced by W, which combined with Theorem 3.1 and the Yamada-

Watanabe Theorem in [Kurz07] implies that under Q, X (x1) has the same law as the
solution X (x1) to the Eq. (3.2) starting from x;. Since P ~ Q, we have that under P

the law of the pair (X (xp), X (x1)) has marginals which are equivalent to the marginals
of the solutions to (3.2) starting respectively from xo and x;i. Set I'y) r, := law of

(X (x0), X (x1)) for xg, x; € C*. It follows that Ty, € C(8x,Poo» 8x; Poo)- It remains
to show that I'y , (D) > 0.

We have that X (x;) satisfies the following equation in the mild sense P-a.s.:

dX = [AR —ay(R — Zx)> + W(R — 2y, Zx)]dt +dW.
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By (4.1), (4.2) we have that there exists €2, C 526 such that P(£2;) = 1 and for w € 2,
X (x1, w) also satisfies the following equation in the mild sense :

=[AX —a1(X — Z ) + W(X — Zy,, Ze))dt +dW — v],<dt.

Then on {tg = o0} N Q7, X - le also satisfies (3.3). By Theorem 3.3 we obtain that
X - le =Y on {tr = 00} N 2, which implies that X =Xon {tr = 00} N Q). Here
Y is the solution to (3.3) and X (x) = Y + ¢'4x; + Z. Now to prove Iy, x, (D) > 0, it

suffices to estimate X (xo) — X(x1).

Estimate of X (xo) — X (x1) _

In the following we estimate X (xg) — X (x1) and we do all the calculations informally,
but all the calculations below can be made r1g0r0us by approximation as done in the proof
of [RZZ15, Theorem 3.10]. Set ¥; = Y+e'4xo, ¥ = Y+e'4xjandu = X—X = ¥, 7}.
By the binomial formula (2.2) we have that P-a.s. Y} and Y; are the mild solutions to
the following equations

d
Th=A4r— [a1 Y]+ W (Y1, Z)], Y1(0) = xo,

and

d -~ ~ ~ - -
=AY =Y - [ Y} +W(Y1, Z)], Y1(0) = x;

respectively. It is obvious that P-a.s. u is the mild solution to the following equation:

d . 8
Eu:Au—ku—[a]Yf—a1Y13+\IJ(Y],Z)—\IJ(Y1,Z)], u(0) = xp — x1.

Standard energy estimates yield

2; )5 + IVl + 2llul2s < —((W(Y1, 2) = W(F1, 2)),u),  (44)
where we used that
—(y} =13, u)<o.
Now we calculate each term in (¥ (Y}, Z) — W (Y}, Z)), u): For the first term we have
3arl((Yf = YHZ, w) = 3arw?, (Y1 + Y1) Z)]
< Csllellye (I Zlpg + 171 Zl57,)
%,

l ~
SCsIIAzulliz(llYlZIIng+|IY12|IBgm) 4.5)
< Cslull 2 (IVull 2+ lull ) WY1 Zl g+ IV1 2162 )
< Csllul?, (Y1 Z|3 Y1Z|3 1 1v 2
< Cslull (M ZIgy  + 1N ZIGe + 1D+ 21 Vul..

where Cy is a constant changing from line to line and we used Lemma 2.3 in the first
inequality and Lemmas 2.1 and 2.4 to deduce that

1
lu? ] pe < Csl|A*?| L4 = CsllAulafull e < Csl|A2ul?, (4.6)

3 1
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for % > s > —o in the second inequality and we used Lemma 2.4 in the third inequality
and Young’s inequality in the last inequality. For the second term we have

Bar|(Vy: 2% =Y1: 22 Lu)| < Csllw?l o) : 22 ¢ o
< Csllull2(1Vull 2 +llull 2N : 2% 2 e (@4.7)
< Csllul 20l = 22 - g + D) + i||Vu||iz,
where we used Lemma 2.4 in the first inequality, Lemma 2.1 and (4.6) to deduce that

2 2 L2
lu?ll e < lu? |l poe < Csl|A2ul7s,
) j’l

for% >85> —o,q>1, é = qil + qiz,qz < 4, q% -5 > %in the second inequality and
we used Young’s inequality in the last inequality.
For the last term we have
laz (Y1 — Y1, u)| < Cllul|7,. (4.8)

Combining (4.4)-(4.8) we obtain
2 2
5 g el + 2wl
< ull7-CslIN1 Zlgy  +1V1Z15e +1: 2% lig + 11 = llul72L.
Then Gronwall’s inequality yields that
2 2 '
lu@lly> < lu(DIl; - eXPf 2(=A+ L(s))ds.
1

Here we use Gronwall’s inequality starting from ¢ = 1 instead of # = 0 since ©(0) is not
in L.

Recall that for y, K > 0, Eg ,, has been defined in (3.14). By Lemma 3.6 we know

that for every y > 0 there exists K > 0, such that P(Eg ,) > 0. In the following we
estimate each term in L on Ek , with ¥ > 0 to be determined later: We have that on

Ek,y

t
/ IY1Z)|%e ds
1 4,00
! 2 2
SCs/ NYills s I Zllyds
1 B4,oo

t
2 2(1—
< Cs /1 UV IS+ 120121 2ds

' 28 L 20—k A n
< Csl( /1 IVY1I12 P ds) (/1 Y1l “”st> </1 ||Z||a”3ds)
C
+</1 1Y1172ds)? (/1 ||Z||ads) 1, (4.9)
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where %+$+% =1Lp>1i=123p>—apfo=p+i+e,e>02pp <2,

and we used Lemma 2.3 in the first inequality, Lemma 2.1 to deduce that

Y < Cs|lY 12 < Cs||Y 12 < Cs|lY
[ 1||B£w_ sll 1”3520/ = Gsll 1”35*]/ = Csll 1||Hfo

in the second inequality and Holder’s inequality in the last inequality. In the following
we estimate each term on the right hand side of (4.9): by Lemma 3.4 we know that for
any even p > 1 we have on Eg , with y > y(p)

t t t
/1 Y1)} ,ds < C(p)l /1 1Y ()T pds + fl lesAxoll? ,ds]

t
< C<p>/ (L NZIGP + 1 22 15+ 22 P
1

+ C(llxolle) +1) + CUIZ]l g, [1x0ller)
= C(p. lIxolla, K)(1+1),

where we used Lemma 2.2 to control ||e*4 x| .» < Css%|/x0|ls in the second inequality.
Similarly, by Lemma 3.4 we have that on Ex ,, for y > y(2)

t t t
/ ||VY1<s>||§'§°’“dsscun)[/ IVY ()12 2ds +1 + / Ve Axoll 757 ds]
1 1 1

t
< C<p1>/ [+ ol + 1 Z1ZP + 1 = 2% 2@
1
+[ 23 12 Pds + 1
t
+C / sTrembort) xo 12PP1ds + C (| Zll g, X0 lle)
1

Sc(plv ”xO”Dt’ K)(l + t)’

where we used Young’s inequality and 28pp; < 2 in the first inequality and Lem-
mas 2.1, 2.2 to deduce that || Ve* A x| 12 < Css~0+=0/2| x4 in the second inequality.
Choose

y=yQUA=B)p) V2p3VyRQ)Vy@d VAV yQ2(po—1)

for some pg satisfying pg > —%, which will be used later. Combining the above esti-
mates we obtain that on Eg ,,

t
f 11213 _ds < C(p1, pa, xollas K)(1+1).
1 5,00

Similarly by Lemma 3.5 we have for even p > 1 with y > y(p) thaton Eg
'
/ DASIHES
1
t ~ t A
< C(pI / 1Y ($)117pds + f lle* 1117y ds]
1 1

t
< C(p, lIxollas X1 lla) /1 L+ ZIZP + 1 2% 2P+ 2 Z3 )2 ds

+C(xilla) X +1) + C(p, A, 1 Zl gy s Ixollas l1xtlle)
S C(pﬂ ”'xO”Ot’ ”xl ||O(’ K)t + C(pv )"’ K7 ”x()”()t’ ”xl ||Ot)9
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and

t
> 2
/1 IV 71 ()25 ds

t
< C(p1, 11%0 |l ||x1||a)xf L+ UZIZPD 122 122+ )2 23 212D ds
1

+C(llxtlle) X +1) + C(p1, A, I Z1l g5 Ix0llers 11 [ler)
= C(p1. Ixolla, Ix1lles K)tA+C(p1, A, K, [[xo0llas [1x1 lle)-

Then we have on E ,,,

t
le@) 12, < a2, expl fl 2~ + L(s))ds]

e
< lu(ll72 expl—Art + C(p1. p2. [x0llas X1 lla. K)EAT
+ C(p]’ PZ, )"5 ”xO”Ol» ”x] ”0[9 K)]

By (3.7) and (3.12) we have ||u(1)||i2 < C(, llxolla, Ix1llas K) on Eg . Then we
choose A large enough so that there exist constants Co, C; > 0 such that

2 -C
lu@)1?, < Coe €1

— Oon Eg ,, ast — o0.

On the other hand by Lemmas 3.4 and 3.5 we know that for pg > —% on Eg , and
t>1

2po—2 52po—2
YO + 17O < Cpos 1xolles I1x1 e, K, ) (1 +1),

which by Holder’s inequality implies that

200—2 1% “2po—2 %
lu@lizre < lu@l 27202+ 1Y77°72@)17,) - 0on Ex . ast — oo,
Thus Lemma 2.1 yields that
|u(t)|le — Oon Eg,,, ast — oo.

From the above we also obtain that for fixed K > 0, there exists R > 0 such that
g = 0o on Eg . It follows that

Fxo,xl(D) > P(EK,)/) > 0.

Now by Theorem 4.1 the first result of Theorem 1.1 follows.
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4.0.3. Proof of weak convergence In the following we prove that for fixed x € C%,
P;(x,dy) converges to v weakly, where P;(x, dy) denote the distribution of the X (¢)
starting from x. We use similar arguments as the proof of [KS16, Theorem 2.7].

By similar argument as the proof of [RZZ15, Theorem 3.10] we have that the solution
X to the Eq. (3.2) is continuous with respect to initial value in C*, which implies the
Feller property of the semigroup easily.

Now for x € C% we prove the tightness of {P,(x,dy),n > 1}. By Lemma 3.6 for
everye >0,y eC* a <a < —% for po above, we can find a generalized coupling

Ity € C(8xPoos 8yPoo) as above such that

riy(D)=1-¢/2, Fi,y(nli)nolo X0 — Ynlle =0) > 1—¢/2,

and F8 o 1'[*1 = 8, Poo, Where 8P, denote the law of the sequence {X (n)} on Cg,

starting from x.Infact, I'¢ Yy is the law of (X (x), X(y)) as before and we choose Ey, k()
such that P(Ey k() > - €/2 and X depends on K (¢), which makes the coupling
dependent on €.

Define a measure on C, x Cg,

T(A) = / e (Av(dy), A e M(CL) x M(CL).

We have
(D) = 1—¢/2, T°(lim [lxy — yully =0) = 1 —¢/2. (4.10)
n—o0
Since I'® o T ! = 8, Poo, % 0 T, &« vPs, we deduce that I? € C(8xPoo, VPoo).

Moreover we have for ¢ > 0 there exists § > 0 such that
(v, € Kg) <€/3, n=>1, (4.11)

if a compact set Ko C C% is chosen such that v(Kg) > 1 — 6.

Since the embedding C* C C is compact and by [RZZ15, Lemma 3.1] we have
that for every k € N, f ||¢||’éa, v(d¢) < oo, we can choose C large enough such that for

compactsets K| :={|| - o« < C}, Ko :={|| - lw <C+1}
v(K2) = v(Ky) = 1-34.

By (4.10) we know that there exists Dy such that T'* (DY) < 275 and ||x, — y, || converges
to 0 uniformly on D;. For n large enough, we have

I(xy € K) <T°({xy € K3} N D) +T(DY) <T(yn € K +T°(DY) <&,

where we used (4.10), (4.11) in the last inequality. Since I'® o 1'[1_1 = 8§y P we deduce
the tightness of {P,(x,-),n > 1}.

In the following we prove the weak convergence: If we assume that P, (x, -) does not
weakly converge to v, there exists some probability measure vg % v and a subsequence
Py, (x, -) converges to vy weakly. Fix a bounded Lipschitz continuous function f :
C* — Rsuch that [ fdvy # [ fdv and set U, = %ZZZI S (xm,). Now we want to
prove that U,, converges to [ fdv in probability with respect to 8, Pso. For every & > 0
as above and construct corresponding I'¢ such that (4.10) holds.
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By [KS16, Corollary 2.6] we have that U, converges to [ fdv in probability with
respect to VP, which implies that U, converges to [ fdv in probability with respect

to I'* o IT5 ! In fact, for every subsequence {n,} there exists another subsequence {n,,}
such that Un,[ converges to f fdv vPs-a.s. Since I'® o 1'12_1 < VPso, Unr, converges

to [ fdvT®oTl; -as.
Since f is bounded and Lipschitz continuous, by (4.10) we have

1 n 1 n
POl 1= > fCom) == > fOm)l =0) = 1—e/2. (4.12)
k=1 k=1

We have for every gp > 0

3x Poo (|Up —/fdl)| < &0)

= (U, ~ [ favi < e
1 & 1 1 &
> 1 _r8(|;Zf<xmk)—;Zf(ymk>|+|;Zf(ymk>—/fdv| > )
k=1 k=1 k=1
1 n 1 n
> 1= (= Y ) == D fOm)l = )
n k=1 n k=1
1 n
T Y o) = [ fav = D,
k=1

which combined with (4.12) and the fact that U, converges to | fdv in probability with
respect to I'* o IT; ! implies that

lim 8, Psc(|U, —/fdv| <eg)>1—c¢.
n—oo

Since ¢ is arbitrary we deduce that U, converges to [ fdv in probability with respect
t0 8 Poo-
Moreover, f is bounded, we have that

fUndBXPm — v/fdv.

On the other hand Py, (x, -) converges to vy weakly, we have

1 n
[ vndsiPo =23 [ s Py > [ g [ sav.
k=1

which is a contradiction finishing the proof of the second result.
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Proof of (4.1) and (4.2)
In the following we only have to prove (4.1), (4.2). Let a, = a * p.. By a similar
argument as in the proof of [RZZ15, Lemma 3.4] we have for p > 1

2= lim (23 — ¢¢) in LP(2, C((0, 00); C%), Q),
7% +27a +a?® hm (Z +2Zca; +a —¢e) in LP(2, C((0, 00); C%), P).

Since

A

72 4+2Zcac +a? —co =72 —

& Ce,

and P ~ Q, we obtain that (4.1) holds P-a.s. (4.2) can also be proved by taking the
limit as ¢ — 0 for the following equation

22 — 30323 = Zg + 3Zsaf + 3(282 —cg)ag + ag — 3¢, Z,.

0
In the following we will prove Theorem 1.4. First we introduce a space 7 C;°, which
will be used in the proof of Theorem 1.4.

Let E = H, 1= E* = H21+€ for some € > 0. We denote their Borel o -algebras by
B(E), B(E*) respectively. Define
FC¥ ={u:u@ = f(g<l1. 2)Es X2, 2)Es « - -, EXlms 2)E),
z€E i, l,....ln € E*,meN, f e C;P(R™)},

and foru € FC;° and | € L*(T?),

u d
—(z) = — - E
51 (2) dsu(z +8l)|s=0,z € E,

Let Du denote the L2-derivative of u € FC 5+, 1.e. the map from E to L?(T?) such that

9
(Du(z), 1) = 8—7(1) forall ] € L2(T?).z € E.

Proof of Theorem 1.4. First we prove that v satisfies (i) and (ii) in Theorem 1.4. (i) is
obvious from [G1J86, Sect. 8.6]. By [AR91, Theorem 7.11] the logarithmic derivative
of v along k is

Br = 2(z, Ak) — 2{ay : 2° : —arz, k),

forz € E, k € C°(T?), which implies (ii) by using [AR90, Corollary 4.8].
Let vg be the measure satisfying (i), (ii) in Theorem 1.4. From (ii) we calculate the
logarithmic derivative of vo: Foru € FC;°, k € C* (T?)

tk) —
/—dvo—/ lim 40 0@
t—0 t

_ lim/ u(z+tkt) — u(z)d

/(a tk(Z)_ l)u(z)

0]
t—0

t—>0

:/lim %u(z)d\}o,

t—0
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where in the second equality we used that u € FC;° and the dominated convergence
theorem, and in the last equality we used (i) and [GlJ86, Section 8.6] to deduce the
uniform integrability of a,¢. This implies the logarithmic derivative of vy is the same as
that of v. Hence by [AR91] the diffusion process X" obtained from the Dirichlet form
580 also satisfies (1.1) and vy is an invariant measure for X*0. Here 890 is the closure of
the pre-Dirichlet form

1
Ep(u, v) == 3 /E(Du, Dv);2dvy,

defined for u, v € F Cgo (see [AR91]). Moreover, by (i) we know that Lemma 3.6 in
[RZZ15] also holds for vy. Furthermore, the same argument as in the proof of [RZZ15,
Theorems 3.9] implies that X0 also satisfies the shifted equation (3.2). By the uniqueness
of the solution to (3.2) (see Theorem 3.1), we know that v is also an invariant measure
for the solution to (3.2). By Theorem 1.1 the result follows. O

Proof of Theorem 1.5.. First we prove that v satisfies (i) and (ii) in Theorem 1.5. As
mentioned in the proof of Theorem 1.4, (i) is obvious and the logarithmic derivative of
v along k is

B = 2(z, Ak) — 2{ay : 2 : —axz, k),

for z € E, k € C*®°(T?), which implies (ii) by direct calculations.

Let vg be the measure satisfying (i), (ii) in Theorem 1.5. From (ii) we calculate the
logarithmic derivative of vyg: We follow the proof of [BR95, Theorem 3.10]: By (ii) we
have [ Ludvy = 0 foru € FCy°. Hence for all u, v € FCp°

O:/L(uv)dvo :2/uLvdvo+/(Du,Dv)devo,

i.e.,

1
—/uLvdvo = E/(DM’ Dv);2dvp. 4.13)

Let g, € C;°(R), n € N, such that g, (1) =t on [—n, n] and sup{|g, ()| +[g, (t)| : n €
N, 7 € R} < co. Let k € C®(T?). Applying (4.10) to v := g, (k) we can take n — 00
according to the dominated convergence theorem, and since

L(ga(k) = g O IK]122 +gh () (2, Ak) —{a1 = 2+ —azz, k),

we obtain that
/aud /ﬂ P
—dvy = — .
Y 0 kudvg

Then we can conclude that the logarithmic derivative of vy along k is the same as that
of v. Hence by the same proof as that for Theorem 1.4, the result follows. 0O

In the following we only prove Corollary 1.7. Corollary 1.8 can be obtained similarly.

Proof of Corollary 1.7. Assume that v can be written as a convex combination of two
probability measures | and py in M¢. Then | and p, are absolutely continuous w.r.t.
to v with bounded densities and hence are also absolutely continuous w.r.t. the Gaussian
measure  with p-integrable densities for some p > 1. By Theorem 1.4 ;1] = py = v.
So, v is extreme in the set M%. O
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