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Abstract: We study the Schrédinger equation on R with a potential behaving as x% at
infinity, [ € [1, +00) and with a small time quasiperiodic perturbation. We prove that if
the perturbation belongs to a class of unbounded symbols including smooth potentials
and magnetic type terms with controlled growth at infinity, then the system is reducible.

1. Introduction

The present paper is a continuation of [Bam16] in which a reducibility result for the
time dependent Schrodinger equation

i = (Hy+eW(wt)y, x eR (1.1)

Hy = —0xx + V(x), (1.2)

with W a suitable unbounded perturbation was proved. We recall that reducibility means
existence of a time quasiperiodic unitary transformation conjugating (1.1) to a time
independent Schrodinger equation. The improvement we get with respect to [Bam16]

is that we deal here with a more general class of perturbations. For example we prove
here reducibility, if V (x) ~ |x|2’,l > 1,as x — 0o, and

W (wt) = ao(x, wt) — iaj (x, wt)dy, (1.3)

with a; functions of class C* fulfilling

dhaotx, 00| < (0P g <1, (1.4)

Pr<l—1if1<l<2

By <1/2 if 2<1 ° (1.5)

ohar(x, 00| = ()P, [


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-016-2825-2&domain=pdf
http://orcid.org/0000-0003-3229-1570

354 D. Bambusi

in the case / = 1, a; must vanish identically. The theory developed in [Bam16] only
allowed one to deal with the case of polynomial ag and ay, but a faster growth at infinity
of both ag and a; was allowed.

As usual, boundedness of Sobolev norms and pure point nature of the Floquet spec-
trum follow (see Corollary 2.9 and Remark 2.10).

We recall that previous results related to the reducibility problem for perturbations of
the Schrodinger equation have been obtained in quite a number of papers starting with
[Com87]. Actually, in [Com87] smoothing time periodic perturbations of the quantum
Harmonic oscillator were considered and the spectrum of the corresponding Floquet
operator was studied. The main result of that paper was the pure point nature of such
a spectrum. The ideas and the methods of [Com87] were subsequently developed (see
[DS96,DLSV02]) to prove the same result in the case of bounded time periodic perturba-
tions of quantum systems with superquadratic potentials. A slightly different approach
(much closer to the one adopted here) originates from the so called KAM theory for
PDEs [Kuk87,Way90] usually employed to construct invariant tori for nonlinear sys-
tems: when applied to linear systems with time quasiperiodic perturbations, it gives
reducibility (in the same sense of Theorem 2.4 below) of the system. In particular, in
[Kuk93] one can find an application to the quantum Harmonic oscillator with smoothing
perturbations and to bounded perturbations of superquadratic quantum systems.

The same ideas were subsequently developed in [BGO1] (exploiting the main lemma
of [Kuk97]) and in [LY 10] (who also improved the main lemma of [Kuk97]) in order
to deal with unbounded perturbations of superquadratic systems (see Remark 2.7 for a
detailed discussion of these papers). We also recall the works [Wan08,GT11] dealing
with bounded perturbations of the Harmonic oscillator. All these works only deal with
the case of one dimensional systems, while recently there have been some interesting
results in the case of systems in higher space dimensions [EK09,GP16].

We point out that the result obtained in the present paper contains, as special cases,
all the previous ones dealing with the one dimensional case (except [Bam16]). It is not
clear if the present method can also be used to deal with the higher dimensional case.

The idea of the proof (following [PT01,BBM14], see also [Mon14,FP15,BM16]) is
to use pseudo-differential calculus in order to conjugate the original system to a system
with a smoothing perturbation and then to apply KAM theory. In the present paper we
just prove the smoothing result (namely the result ensuring conjugation of the original
system with a time independent system with a smoothing perturbation), since afterwards
one can apply the KAM type theorem of [Bam16] in order to conclude the proof. From
the technical point of view the result is obtained by introducing a new class of symbols.
However, when working with such a class it becomes quite complicated to show that the
function used to generate the smoothing transformation is actually a symbol. The proof
of this property occupies the majority of the paper. We also would like to mention that
the class of symbols we use is a variant of the class introduced by Helffer and Robert in
[HR82b].

2. Statement of the Main Result

Fix a real number / > 1 and define the weights

A(x, £) = (1 +E2 4 |x|2’)l/2l, (x) == V1 +x2 2.1)
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Definition 2.1. The space S$”!™2 is the space of the symbols ¢ € C°°(R) such that
Vki, ko > 0 there exists Cy, k, with the property that

0810828 (x, )| < Cry sy [(x, )M R ()2l (2.2)

The best constants Cy, , such that (2.2) hold form a family of seminorms for the space
Smma,

To a symbol g € S™!'""2 we associate its Weyl quantization, namely the operator
g"(x, Dy), Dy := —id,, defined by

X

1 .
Gy () =" (x. DY () 1= 5~ /R 0 (i) podvas. @)

We will denote by a capital letter the Weyl quantized of a symbol denoted with the
corresponding lower case letter. The only exception will be the perturbation W (we
mainly think of it as a potential).

In the following we will denote by Sz := C*°(T", §™!-"2) the space of C*
functions on T" with values in $™!-"2. The frequencies w will be assumed to vary in the
set

Q:=[1,2]",

or in suitable closed subsets €. We will denote by |§| the measure of the set Q.

We denote by S%l ™2 the space of the symbols which are only N times differentiable
and fulfill the inequality (2.2) only for k; + k2 < N. This is a Banach space with the
norm

070 g (x, £)
lgllgnim == > sup (2.4)

vt (x.E)eR? [A(x, g:)];m—lk] (x)mz—kz .

We remark that for the space S”'!-""2 a family of seminorms is given by the standard
norms of CM(T"; S'""*) as M and N vary.

In the case [ > 1, the potential V defining Hy is assumed to belong to S%? to be
symmetric, namely

Vx)=V(—x), (2.5)
and furthermore to admit an asymptotic expansion of the form
V) ~ x4+ Vago () (2.6)
j=1

with V, homogeneous of degree a, namely s.t., V,(px) = p?V(x),Vp > 0.
We also assume that

V/(x) #0, Vx #0. 2.7)

Remark 2.2. The assumptions (2.5), (2.6) are used in order to simplify the proofs of
Lemmas 3.13 and 3.14; they can probably be relaxed. Assumption (2.7) can also be
weakened in order to deal with the case where the set of the critical points of V is
bounded.
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An example of a non-polynomial potential fulfilling the assumptions is
Vix) = (x)*.
In the case / = 1 we assume that
Vix) = x>

The unperturbed Hamiltonian Hy is the quantization of the classical Hamiltonian
system with Hamiltonian function

ho(x, &) := &2+ V(x). (2.8)

Remark 2.3. As a consequence of the assumptions above all the solutions of the Hamil-
tonian system A are periodic with a period 7 (E) which depends only on E = ho(x, &).

We will denote by @20 the flow of the Hamiltonian system (2.8).
We denote by )»3 the sequence of the eigenvalues of Hy. In what follows we will
identify L* with £* by introducing the basis of the eigenvector of Hy.

We use the symbol A(x, &) := (1+ho(x, E))[;T1 to define, for s > 0, the spaces H® =
D([AY (x, —19y)]%) (domain of the s- power of the operator A" (x, —idy)) endowed by
the graph norm. For negative s, the space H* is the dual of H™5.

We will denote by B(H*'; H*?) the space of bounded linear operators from H*! to
H2.

In order to state the assumptions on the perturbation we define the average with
respect to the flow of Ag:

1 T(E)
(W)(x, &, wt) := m/o W(CD,EO(X,E),wt)dt; (2.9)

then, for m € R, we denote
[m] := max {0, m}. (2.10)

Concerning the perturbation, we assume that W € SP-#2 and we define

p = B1 +[B2] otherwise 2.11)

x [Zm +(Bl+[B—11—20+1if (W)y=0andl > 1
Theorem 2.4. Assume
B <1 and Bi+[B] <2l—1,

then there exists C, €, > 0 andV |€| < €4 a closed set Q2 () C QL and, Yo € Q(¢€) there
exists a unitary (in L2) time quasiperiodic map U, (wt) s.t. defining ¢ by Uy, (wt)p = ¥,
it satisfies the equation

ip = Heop, (2.12)

with Hoo = diag(k?o), with )L;?O = A;?O (w, €) independent of time and

i
Pf—x§5CQM. (2.13)

Furthermore one has
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1. lir% Q- Q)] =0;
€—>

2.Vs,r > 0,3e5,, > 0and s, s.t., if |€| < €., then the map ¢ — U, (@) is of class
C"(T"; B(H**r; H%)),; when r = 0 one has so = 0.

3.3b > 0s.t. [|Uy(d) — 1l gpgsstrsipnt.ggs) < Cse”.

Remark 2.5. If W is the sum of different addenda, then Theorem 2.4 applies also if its
assumptions are fulfilled by each of the addenda separately. This is particularly relevant
in the case where the average of some of the addenda vanishes. Thus in this case the
value of B can depend on the addendum one is considering.

Corollary 2.6. If W is given by (1.3), then Theorem 2.4 applies under the conditions
(1.4) and (1.5).

Proof. The condition on f; is obvious. Consider the addendum —iaj (x, wt) 0y, which
has symbol

ai(x, 0§ + "B
and remark that, by Eq. (4.14) below, the average of the main term vanishes and therefore
for this term B is given by the second of (2.11) which is made explicit by (1.5). O

Remark 2.7. In the case of the quartic oscillator (! = 2) and perturbation of the form
(1.3), we have the bounds 8> < 2 and B3 < 1. We recall that [BGO1] had B> < 1 while
[LY 10] extended the result to the case > = 1; in both papers the magnetic part a; was
assumed to vanish identically. On the contrary, in [Bam16] we were able to deal also
with some cases with > = 4 and B3 = 2, but only when ag and a; are polynomial.

We also remark that here we assume that the functions a; are symbols, thus ruling
out cases like a; (x, wt) = cos(x — wt).

Remark 2.8. In the case of the Harmonic oscillator we cover the perturbations of the
class considered in [Wan08] and [GT11] (which however had to be bounded operators)
and also the perturbations considered in the counterexamples of [GY00,Del14].

Corollary 2.9. Under the same assumptions of Theorem 2.4, for any positive s there
exists Cy s.t. the following holds true: if €| < €5,0 and w € Q2 (€) one has

YOl < CsllYollys, VieR,; (2.14)
where we denoted by  (t) the solution of (1.1) with initial datum ¥y € H*.

Proof. The thesis follows from point 2 of Theorem 2.4, according to which the trans-
formation U,, is bounded as a map from H* to itself, and the fact that the flow of H is
unitary in each of these spaces. O

Remark 2.10. Since U,, transforms the Floquet operator K (on L?(T")® L*(R)), namely
ad
K =—-iw-—+(Hy+eW R
-3 5 (Ho +eW(9))
into
—iw - — + Hoo,

a9

the spectrum of K is pure point and its eigenvalues are )»j?o +w-k.
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3. Proof of Theorem 2.4

3.1. Some symbolic calculus. First we remark that §™1-"2 ¢ §mi+m2l.0,
In the proof we will also need the classes of symbols used in [Bam16], thus we recall
the corresponding definitions

Definition 3.1. The space ™ is the space of the symbols g € C*°(R) such that Vky, k, >
0 there exists C, x, with the property that
05 0 (x, 8)| < Ciy iy [, )" R (3.1)

In order to deal with functions p such that there exist a p with the property that
p(x,§) = p(ho(x, §)),

we introduce the following class of symbols.

Definition 3.2. A function j € C® will be said to be of class $” if one has

*p n
F(E) <(E17H). (3.2)

By abuse of notation, we will say that p € S™ if there exists p € ™ st p(x, &) =
p(ho(x, £)).

We will also need to use functions from T" to S™. The corresponding class will be
denoted by S,

We now give a reformulation of the results of sect. 4.1 of [Bam16] in the case of the
symbols of the classes S"*1-"2.

The application of the Calderon Vaillancourt theorem yields the following Lemma.

Lemma 3.3. Let g € §™"2, then one has
G =g"(x, Dy) € BC(H"™™; H*), Vs, Vs >mj+[ma]. (3.3)
Given a symbol g € §™1""2 we will write
() i i i—1 i—1
g~ ges L mD e mP <m0 G4
Jj=0

if Vi there exist N and ry € §r0 gt

N
8= Zgj+r1v-
j=0

Lemma 3.4. Given a couple of symbols a € S™'"2 and b € S™M - denote by
a¥(x, Dy) and b" (x, Dy) the corresponding Weyl operators, then there exists a symbol
¢, denoted by ¢ = afib such that

(ath)" (x, Dx) = a" (x, Dx)b" (x, Dx),

furthermore one has

(atih) ~ ch (3.5)

j=0
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with

NSRS KL ks gk T
9= 2 G (') (‘E) (0} Dl2a) (8> D¥1p) € gmremi—timatmy =,
k1+ky=j

In particular we have
{a; b}? := —i(atth — bta) = {a; b} + S+ 3 marmy =3 (3.6)
where
{a; b} := —0:adyh + 0:bd,a € §MHM—lmarmy =1

is the Poisson Bracket between a and b, while (3.6) means that {a; b}? = {a; b} +some
quantity belonging to §™1+m1—3L.ma+my =3

Definition 3.5. An operator F will be said to be a pseudo-differential operator of class

NG i
O™1-™2 if there exists a sequence f; € smims” with m(1])+[m(])] < m(] D im (2’ D
and, for any « there exist N and an operator Ry € B(H ™"; H*), Vs such that

N
F= Z £+ Ry. (3.7)

j=0

In this case we will write f ~ > 20 fj and f will be said to be the symbol of F;
the function fy will be said to be the principal symbol of F.

Concerning maps we will use the following definition

Definition 3.6. A map T" > ¢ — F(¢) € O™, will be said to be smooth of
class O™ if the functions of the sequence f; also depend smoothly on ¢, namely

OING)
fies" i"-m3"” and the operator valued map ¢ — Ry (¢) has the property that for any
K > 1 there exists ax > 0 s.t. for any N one has

Ry () € CK(T™; BOH ~**9K ; H*)), Vs. (3.8)

Finally we need (Whitney) smooth functions of the frequencies. Following [Bam16]
(and [Ste70]), we will denote by Lip, (Q B) the functions of w € Q with values in a
Banach space BB which have k derivatives of Holder class p — k. Here k is the first integer
strictly smaller then p and 2 C €2 is a closed set.

Definition 3.7. We will say that a function f : Q — S™m2 s of class Lipp" "2(Q)
if forall Ny, Ny it is of class Lip,(2; CN1(T"; mz' "2y). Similarly we will say that

f € Lip)) () if forall Ny, N, one has f € Lip,(2; CN1 (T"; Si ).
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3.2. Quantum Lie transform. Given a symbol x, we consider the corresponding Weyl
operator X. If X is selfadjoint, then we will consider the unitary operator e X The
following Lemma gives a sufficient condition for selfadjointness.

Lemma 3.8. Let x € S™° have the further property that 3, x € §m=10 Assume m <
1+1, then X = x"(x, Dy) is selfadjoint and e 7'¢X leaves invariant all the spaces H?.

Proof. We use Proposition A.2 of [MR16]. To ensure the result it is enough to exhibit a
positive selfadjoint operator K such that both the operators X K~ and [X, K]1K ~! are

bounded. To this end we take K to be the Weyl operator of the symbol A := (1+h¢) 5 e
S*1. From symbolic calculus it follows that X K 1 ¢ 099 which is thus bounded and,
by the additional property on the x derivative of x, one has {x; A} € §2"~!=1.0 5o that
[X,K1K ' € 0™~!=1.0 which is bounded under the assumption of the Lemma. 0O

Next we use the operator e "X to transform operators.
Definition 3.9. Let X be a selfadjoint operator; we will say that
(Liecx F) := X Fel€X (3.9)
is the quantum Lie transform of F generated by € X.

It is easy to see that defining

Fo=F; F:=—i[F-1; X], (3.10)
one has
dr . .
— Liecx F = ¥ Fre X, (3.11)
de
and therefore (formally)
. 1
Liecx F = kz;‘ Heka. (3.12)
>

We will use these formulae in situations where the series are asymptotic.

We will use the same terminology also when X depends on time and/or on w (which
in this case play the role of parameters).

We are interested in the way Hamiltonian operators change their form in the case
where X also depends on time. The Following Lemma is Lemma 3.2 of [Bam16] to
which we refer for the proof.

Lemma 3.10. Ler F be a selfadjoint operator which can also depend on time, and let
X (t) be a family of selfadjoint operators smoothly dependent on time. Assume that \ (t)
fulfills the equation

i = Fy, (3.13)
then ¢ defined by
g =Xy, (3.14)
fulfills the equation

ip = Fe(n)g (3.15)
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with
F.:=Lie.xF — Yx , (3.16)

€
Yx :=/ (Liee—epyxX)de. (G.17)
0

In the case where both F and X are pseudo-differential operators one can reformu-
late everything in terms of symbols. Thus, if f and x are symbols and x fulfills the
assumptions of Lemma 3.8 one can define

W= = ) @18)

and one can expect the symbol of Liecx F tobe >, . ek fkq / k!. A sufficient condition
is given by the following lemma: B

Lemma 3.11. Ler x € S™° and let f € S™"2 be symbols, assume m < [, then
Liecx F € O™V, and furthermore its symbol, denoted by liec, f, fulfills

. ek f
lieey f ~ D — (3.19)
k>0 :

Proof. First remark that fkq e §mikm=D.m>=k "Erom (3.11) and the formula of the
remainder of the Taylor expansion one has

Fk 6N+1
Lie.x F = Z—ek +

1
/ (1 + M)Jefluex FNHelueXdu,
0

so that, by defining Ry to be the integral term of the previous formula, we have Ry €
B(H ™, ’H%) withk = N(I —m) —m — [—N + my], which diverges as N — oo and
thus shows that the expansion (3.19) is asymptotic in the sense of definition 3.5. O

Remark 3.12. Let x € 50 be such that O X € §m=10 withm < [+1, then the operator
Yy defined by Eq. (3.17) is a pseudo-differential operator of class 0™ with symbol

€
b= / (liee—enyX)der = § +eS21=10. (3.20)
0

3.3. Main lemmas. The algorithm used in order to conjugate the original system to a
system with a smoothing perturbation is the one described in Sect. 4.2 of [Bam16]. In
order to make it effective in the present case we have to prove that the solutions of
the homological equations are symbols. In this sub section we present the homological
equations and give the Lemmas solving them; they will be used in the proof of the
smoothing theorem (namely Theorem 3.19), which will be given in the next subsection.
The proof of these lemmas is the main technical result of the paper and will be given in
Sect. 4.
From now on we will use the notation

a<b (3.21)

to mean “there exists a constant C independent of all the relevant quantities, such that
a<Cb".
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As the example of the period T (E) in the case V (x) = x2 (with integer) shows,
it is useful to deal with functions which have a singularity at zero. In order to avoid the
problems it creates we will regularize the functions at zero and solve the homological
equations only outside a neighborhood of zero.

The first homological equation we have to solve is the following one

p +tho; x} = (p), (3.22)

where (p) is defined by (2.9) with p in place of W. The problem is to determine x s.t.
(3.22) holds.
First we have the following Lemma.

Lemma 3.13. Let p € S™"™2 be a symbol supported outside a neighborhood of zero
(in the phase space), then (p) is a symbol of class S"™*"2 and is supported outside a
neighborhood of zero.

Concerning the solution of the homological equation we have the following Lemma.

Lemma 3.14. Let p € S™"™2 be a symbol supported outside a neighborhood of zero,
then the homological equation (3.22) has a solution x which is a symbol of class x €
SmHmA=l41.0v0ie the further property that d; x € S™*"M21=L0 and is supported outside
a neighborhood of zero.

Remark 3.15. In the above lemmas p can also depend on the angles ¢ and on the fre-
quencies w, but they only play the role of parameters, so in that case the result is still
valid substituting the classes S or Lip, with the same indexes to the classes S.

In order to iterate the procedure, when [ > 1, we will have to solve an equation of
the form of (3.22) with kg replaced by

hy :=ho +ef (hp), (3.23)
with f € §” and m < I, namely equation
p+{hi; x} = (p), (3.24)

Lemma 3.16. Let! > 1 and p € S be a symbol supported outside a neighborhood
of zero, then the homological equation (3.24) has a solution y which is a symbol of class
X € Sm1+[m2]—l+l,0 and axX e Sml+[m2]—l,0_

The third homological equation we have to solve is

dx _
—w -2 =p—p, 3.25
© e PP (3.25)
where p is a symbol and p is defined by
p(x,§) == &, 9)do. 3.26
P8 = o /T p(x.§.9)do (3.26)

Such an equation was already studied in [Bam16] and the solution was obtained in
Lemma 4.20 of that paper which is already in the form we need in the present paper. We
now give its statement (for the proof we refer to [Bam16]).

Fix 7 > n — 1 and denote

Qoy ={weQ: k-0l =ykl T}, (3.27)
then it is well known that
Q- Qoy| = v. (3.28)
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Lemma 3.17. Let p € 171/)21(90),), be a symbol, then there exists a solution y €
Lip}) (Q0y) of Eq. (3.25). Furthermore jp € Lip, (Qy).

Finally, in the case of the Harmonic oscillator / = 1, we will meet the following
homological equation

{ho. x} —x +p=(p). (3.29)

In order to solve it, define the set

Q= ’a)eQ : 'w-k+ko|>

14 n+l
ZTr k| (ko, k) € Z {0}] . (3.30)

Lemma 3.18. Let p € Lipy,"""*(Q1,), then there exists a solution x € Llpm”[m2 (Q1y)

of (3.29). Furthermore (p) € Llp’;l1 Hmal (L21y).

3.4. The smoothing theorem and end of the proof of Theorem 2.4.

Theorem 3.19. (Smoothing Theorem) Fix y > 0 small, p > 2 and an arbitrary k > 0.
Assume

Bi+[B]<20—1 and B <I (3.31)

)
then there exists a (finite) sequence of symbols x1, ..., xy with x; € Llpp e (R0y),

(]) + [m(”] < B1 + 821V}, s.t., defining
Xj:= X]’-”(x, Dy, wt), w e Qoy, (3.32)
such operators are selfadjoint and the transformation
W= e leXu(en | mieXn(en (3.33)

transforms He(wt) (c.f (1.2)) into a pseudo-differential operator H®) with symbol
he®) given by

W€ = ho+ ez +€Z +er (3.34)

where 7 € S is a function of hg independent of time and of w; 7 € Li pz’3 20+ (S0y)

is an w dependent function of hgy independent of time, and r depends on (x, &, ¢, »).
Furthermore one has

r € Lip,*"(Qoy). (3.35)
In the case | = 1 the set Qq, must be substituted by the set Q1.

Remark 3.20. We remark that Theorem 3.19 transforms the system into a smoothing
perturbation of a time independent system. By smoothing we mean here a perturbation
which is bounded as a map from H* to H*** with an arbitrary choosen «. We also remark
that the spaces H* are defined as the domains of the powers of Hy, so that they involve
both standard smoothness and space decay at infinity.
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Proof of Theorem 3.19 in the case | > 1. Denote

B:=pB+[B], m=B—1+1.

Let  be a C* function such that

n(E) = [(1) " o1 (3.36)
and split
W = Wo + Woo ,
Weo(x, &) = W(x, §)(1 — n(ho(x, §))) ,
Wolx, &) = W(x, &)n(ho(x, §)), (3.37)

then Wy, € ST"7%2 for any k1, k2, and Wy € SP1.P2 ig the actual perturbation that has
to be transformed into a regularizing operator.

The proof of the smoothing theorem 3.19 is based only on the solution of the homo-
logical equation and the computation of symbols of commutators, which (up to operators
which are smoothing of all orders) are operations preserving the property of symbols of
being zero in the region E < 1.

So, we forget Wo, and transform /¢ + € Wy using the operator X; with symbol yxi
obtained by solving the homological equation (3.22) with p = W, so that x; € S™Y,
with 8, x1 € 8”050 that by Lemma 3.8 the corresponding Weyl operator is selfadjoint
provided m <[+ 1 and Lemma 3.11 applies provided m < [ (implied by (3.31)).

Then the symbol of the transformed Hamiltonian is given by

WD = ho + e((Wo) — Wo) + €S H73 4 28Pm—1=1.0 4 2ghiem—L.pr=1 (3 3g)

+eWp + e2sPrrm—Lp—1 (3.39)
— ey + 252 D0 (3.40)
= ho+e(Wy) —ex1 +€pi, (341

with p; € §Pm—=1=1.0 4 ghrtm=l.po=1,
Consider first the case where (W) = 0. In this case we determine x> by solving the
homological equation (3.22) with p; in place of p, A simple analysis shows that

(p1) € §2ArHlp A —11-21+1 58 Yo € §h—1+1.0.

Sinceﬁ < I, liecy, has the property that, if f € §™1""2, then

I ; ;
liecy, f — f € ZS'”I/ m3’ , mgj) < mj and mg) < ms. (3.42)
J

Thus, the transformed Hamiltonian has the form
12 = ho+e(p1) —ex1 + 1ot (3.43)

where l.o.t. means terms with the property analogue to (3.42). Next we eliminate — x;.
To this end we determine x3 by solving (3.22) with —x in place of p;. Remark that
(x1) = 0 so that y3 € §A+HAI=21+2.0 transforms 112 into

a3 = ho+e€(p1) —exz+l.o.t.
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Then (if needed) we iterate again until we get
~ [OIR0)
A = hy+e(Py+ed> A
J

with B + 8] < B, ¥j.
Thus, both in the case (Wy) = 0 and in the case (Wy) # 0, we are reduced to a
Hamiltonian of the form

") .= ho + €f (ho, wt) + €pa, (3.44)

with f(ho,.) € SP and p> alower order correction in the above sense.
We now continue, following [Bam16], by eliminating the time dependence from f.

Thus take x4 to be the solution of Eq. (3.25) with p = f(hg), so that x4 € Zz?aﬁ (L20y).
Provided

B<l,

one gets that the corresponding Weyl operator is selfadjoint and the quantum lie transform
it generates, transforms symbols into symbols and has the property (3.42). Then the
symbol of the transformed Hamiltonian takes the form

h® = ho+ef(ho) +eps+l.0.t.

where all the functions are defined on £2¢,, and
(J) i ~
pzeZS’3 . BB < B 1.

In particular the l.o.t. is the lowest order term with a nontrivial dependence on w.
Denote now

hi = ho +€f (ho)

and iterate the construction with /1 in place of ig. At each step of the iteration one gains
[, in the sense that one passes from a perturbation (of a time independent Hamiltonian)

which belongs to some classes sPLB2 1o perturbations belonging to classes SPLBs with

B +1B5] < Bi+[Ba] — L.
Thus the result follows. 0O

Proof of Theorem 3.19 in the case | = 1. First remark that § < 1 implies 8; < 1 and

B> < 1. We make a first step by taking x; € Li pg to be the solution of Eq. (3.29) with
p = W. Remarking that in this case, for any symbol f, one has

{ho, f}* = {ho, [},

it follows that the transformed Hamiltonian is

Y = ho + €(W) + €2ry,
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with
r e Liplz)ﬂ_z’O + Lipferﬂl_l’O C Lipg(l)’o , BV =8+8 -1
Then we iterate getting
h® = ho+e(W)+€X(r1) +€’r,

with rp € Lipﬁ+/5(l>_2’0 + Lipﬂ(])“s(l)_l'o. If —2 > B — 1 the dominant term is the
first one and we put 8@ := () — 2 4+ B, otherwise we define 8 := 281 — 1. Thus
in particular we have 8 < (). Then we iterate and at each step we get a remainder

ry € Li pﬂ(N)*O, with a sequence V) diverging at —oo. We remark that, after some
steps, one will get 8 — 2 > ,B(N ) — 1, and therefore, from such a step one will have
simply BN+D = pN) _2 4 g,

Finally we remark that the average of r; is the first term in the time independent part
which depends on w. O

After the smoothing Theorem 3.19 the Hamiltonian of the system is reduced to the
form (3.34) to which we apply the methods (and the results) of [Bam16]. Precisely using,
Lemmas 5.1 and 5.2 and Corollary 5.4 of [Bam16] one has the following Lemma

Lemma 3.21. For any positive y and p there exists a positive €, s.t., if |€| < € then
there exists a set Q;,O), and a unitary (in L?) operator Uy Whithney smooth in » € Q)(,O),

Sfulfilling

’Q - sz;(’)‘ <y (3.45)
UFH"®U; = A9 +eRy, (3.46)

where a is a positive constant (independent of y, €). The operator A is given by
AO .~ diag(A;O)), (3.47)

with )»5-0) = )»5-0) (w) Whitney smooth in w fulfilling the following inequalities

kgp) — 28 = j% ’ (3.48)
2O xﬁo)‘ = |id = 4] | (3.49)
0 0)
AGD O
——— " <eid - . (3.50)
Aw
+d -d
©) _ 4,0 yAd+i® =5 . .
where, as usual, for any Lipschitz function f we denoted Af = f(w) — f (o).
Furthermore, Vs e, s.t., if |€| < €5 then
101 =1, @0 g sy €2 =B —U+1), (3.52)
Ro:= Uy 'RU; € Lip,(Q: C'(T"; B(H* ™ 1 H*))), VL. (3.53)

End of the proof of Theorem 2.4. Now Theorem 2.4 is obtained immediately by apply-
ing Theorem 7.3 of [Bam16] to the system (3.46). O
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4. Proof of the Main Lemmas

In this section we prove Lemmas 3.13, 3.14, 3.16 and 3.18.

To prove that (p) and x are symbols we use some explicit formulae for the solution
of second order equations in order to write in a quite explicit form the integrals over the
orbits of Ag.

Consider the Hamilton equations of /¢, namely

. A% .
f=-2 iz (@.1)
ox
It is well known that one can exploit the conservation of energy in order to reduce the
system to quadrature, namely to compute the time as a function of the position:

* d
£(x, x0) :/XO ﬁ. 4.2)
One also has that the period 7 (E) is given by
qm(E) dq
T(E) =4 /0 e (43)
where gy = qu (E) is the positive solution of the equation
E =Vigum). 4.4

Before giving the proof of the main Lemmas, we need some preliminary results. First,
in order to compute and estimate integrals of the form (4.2), (4.3), we will often use the
change of variables

q(y) =qumy. 4.5)

Furthermore it is useful to define the function
- =y
v(E,y) = —1 — V(C%(y)), 4.6)

1 _ U(E,y)

so that one has

= . 4.7)
/1—V%W NI
Lemma 4.1. The quantity qp has the form
au(E) ~ E'G(E), (4.8)

where the function G admits an asymptotic expansion in powers of u*> = E~V! and its
first term is 1.



368 D. Bambusi

2l

Proof. Consider equation (4.4), divide by E = p~“; using the asymptotic expansion

(2.6) it takes the form

1~ ZMZI Var2j(gm) = ZMZl_zjlizj Vai—2j(gm)
j=0 Jj=0

= > ¥ Vaaj(ngm)
j=0

="+ D 1 Vaaj(@).
izl

Thus one sees that § admits an asymptotic expansion in powers of u2. O

Lemma 4.2. For all Ey > 0, the function v(E, y) is a C*°([Ey, 00)) function of E and
one has
ok

1

Proof. Denote Vi (y) = V(qT(y)) and remark that, due to the definition of ¢(y), one

has Vg (£1) = 1, so that 7 is regular at y = £1. Furthermore, by Lemma A.1 (and its
proof), one has

VE() ~ G Iy + D 1 Vai2(@y), (4.10)
Jj=1

(with & = E~1/2') which shows that Vg (y) admits an asymptotic expansion in w. First
we remark that, by Eq. (4.10) and Lemma A.1, the thesis of the Lemma holds true for y
outside a neighborhood of +1. We discuss now the result for y near 1.

We use the Faa di Bruno formula in order to compute the derivatives of

V1=Iy*

1—Ve(y)

v

with respect to E. Denote f(x) := (1 — x)~ /2. Remark that

. l_x)_j
(])(x) — C‘( .
! DT —x
and compute
* koo - -
e/ Ve = 2 fP Ve >0 0 Ve. 0 Vi
/:l h1+...+hj:k
k hi i~
1 'V 3,V
= > > e EE 4.11)
1 —x“ 1-Vg 1—Vg
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We study the single fraction at r.h.s.. Compute the Taylor expansion of Vi( y)aty =1,
it is given by
~ 1 _ k= DF
Ve =1+ ZVOEE g =,
k>1

4.12)

from which we get
7 - _ k-1
ATERED WL/ [%V(k)(El/”q)(El/Zlq)k_o 1 ]

Ve _ (k-1
1-Vg sl %V(k)(El/Zlq)(El/Zlq)k(} k!)

which is regular at y = 1. To get a more usable expression and an estimate of this
fraction we remark that the single term of the sum in the numerator is a multiple of

IELO} VEly=1 = [0} VE]y=1.

and one can compute the r.h.s. exploiting the asymptotic expansion (4.10) of V. So one
gets that 9, Vi admits an asymptotic expansion in 2. Thus one can apply Lemma A.1
which shows that the single term in the sum in the numerator of the fraction is estimated
by E~*+1/D Inserting in (4.11) one gets the thesis. 0O

Lemma 4.3. The period T = T(E) is s.t. Ty € S'™!, where n is the cutoff function
defined in (3.36).

Proof. Due to the presence of the cutoff function it is enough to study the behavior of
T (E) at infinity. Making the change of variables (4.5) in the integral (4.3), we get

_ Aqm 4q VS, y)

exploiting the property (4.9) of the function v one immediately gets the thesis. O

(4.13)

We are now ready for proving that the average of a symbol is a symbol.

Proof of Lemma 3.13. Remark that (p) is a function of E only. To compute it we first
make a change of variables in the phase space, namely we will use the variables (E, x)
instead of (x, £). Such a change of variables is well defined in the region & > 0 (or
¢ < 0)and for —gy < x < gum. In these variables the flow @, is given by E(¢) = E
and x () given by the inverse of the formula (4.2). Thus, using the definition of the
average and making the change of variables 7(¢q) in the integrals, we have

(P)E) = —— /” ra.vE-V) ,
T(E) VE =V(g)

/’” p(q, —E — V(q)
T(E) VE=V(g)

(4.14)

Consider the first term (the second one can be treated in the same way); making the
change of variables (4.5) it takes the form

i | P (q(y), EV2/1— VE(y>) i(E,y)
T(E)E'/? /_1 J1= [y

dy. (4.15)
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This quantity and its derivatives with respect to E can be easily estimate using Lemma A.3
and Lemma A.4. O

We recall a first representation formula for x. The next lemma is Lemma 5.3 of
[BG93] to which we refer for the proof (see also Lemma 4.21 of [Bam16]).

Lemma 4.4. The solution of the homological equation (3.22) is given by

1 T(E) ;
X = TE)/O 1(p — (p)) o @}, dt. (4.16)

To estimate the function ¥ we need some more preliminary work.

Lemma 4.5. Let p be a function, denote p := p — (p) and

s = [
s(x) = —_—
o VE- V@
Ry G (=) (*.17)
1o (x) = — =1g(—x), .
g « VE=V(@)
o Pa.NE=V@)
du'(q) := dq ,

VE=V(g)
plg,—VE=V(Q)
vE=V(q)

(ts is the time taken to go from —qu to x) then, in the coordinates (E, x) for the upper
half plane, the function x defined by (4.16) is given by

dpu=(q) := dq (4.18)

1 qm . _ _
XE) = o /_ 5@ @)+ 15 @ (@)

1 qam
+ 5/ du=(q) (4.19)
—qm
+/ du*(q). (4.20)
—qm

Proof. We use again the formula (4.2). In all the integrals £ will play the role of a
parameter, so we do not write it in the argument of the functions. We split the interval
of integration in (4.16) into three subintervals. For this purpose we define #3;(x) :=
% — tg(x), and remark that this is the time at which a solution starting at (x, &) reaches
(gm, 0). We write

T T
[0, T] =10, tpr (x)] U |:IM, tm + Eil U |:l‘M + E, Ti| s

and we study separately the integrals over the intervals.
The first integral is given by

™ v am t(qv x)ﬁ(Qs 2% E - V(‘]))
t —
/0 1p(P),, (x, §))dt —/X =70 dq

qm qam
_ / 5@t (@) — 15() / dit@),  (422)

421
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where of course 7 (g, x) is defined by (4.2). The integral over the second interval is given
by

—qm T
- / (5 — 150 + 5 (@) (@) 4.23)
qam
T [am am
= 5/ d,lf(cl)—fs(x)/ du~(q)
—aqm —am
qm
+ / 5 @du (). (4.24)
—qm
Finally the third integral is given by
T (T .
/ [E + (3 - ts(X)) + fs(éi)] du”(q) (4.25)
—4qm
= T/ du*(q)—ts(X)/ du*(q)+/ ts(@)du*(q). (4.26)
—4qm —qm —qm
Summing up we get
qam
/ (5@ (@) + 15 @dp~ (@) .27)
—qm
qm
i) / (it (@) +du~(@)) (4.28)
— am i
+2 / du= (@) +T / di* (@), (4.29)
—qMm —qm

but the integral in (4.28) is exactly the integral of p along an orbit of /¢ and thus it
vanishes, thus we get (4.19) and (4.20). O

Lemma 4.6. Let g € §™™2 be a symbol, consider the function

e [ BAETD),

s 4.30
o VE- Vi 1 (430

and the function
G(x.8) = GE* + V(x), ).
Then n(ho)G € S™Hm21=141.0 4pd n(h)a, G € Smi+m21=10,

Proof. Due to the presence of the cutoff function, it is enough to study the behavior of
G as E — oo. First we estimate the modulus of G (and of G). To this end it is better to
represent the integral in terms of integral over the flow of /(. Preliminarly remark that

lg(x, £)] < A (x, &) (x)™ < AmHm(x £y < (ho(x, £))™HM) (4.31)

Using the notation (4.2) one has

t5(x) T/2
IG(E,x)|=/0 8(®j,, (—qum, 0))dt 5/0 (ho (@), (—qar. 0))" 12N dy

_ T(E>7mlzlzm2] < pmHlma]=l+1

)
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To compute the derivatives of G and of G it is better to use the formula (4.30), to
make the change of variables (4.5) and to use the function v defined in (4.6), so that one
gets

g / U(E, »)g(q(), VE = Vg())
S JT=D

Ez~w
with u = E~1/2! From this formula one can easily compute

G(E,x) = dy (4.32)

nx
q 7 v(E, NE =V
3G = 85( lq 1)/ i U(E,y)g(q(y), v/ (q(y)))dy 433)
Ei~a) J- V1—|y*
WE =V
+E755% Do (ﬂ) (4.34)
VE—=V(x) q
_ pux ~
q /7 0ev(E, y) 8(g(y), VE —V(g(y)))
+ dy (4.35)
Ei~7 J-1 V1=
_ ux o
q /7 U(E, y)opg(g(y), VE —V(g(y)))
+ dy, (4.36)
Ei~7 J- J1=1y)2
where, in order to simplify (4.34) we used the definition of v.
Remark now that one has
3G G 3G
Vv’ 4.37)

— = —V'+—.
0x oE 0x

We study the contribution of (4.34) to G /9x, which is the most singular one. To this
end we compute

G ’ g(x,8) |: / ( X )]
—+V'x)@34)=——|14+guV'x)e | — )|, (4.38)
ox & qm

where, when explicitly possible we introduced the variables (x, £). We study now the
square bracket in (4.38) in order to show that (4.38) is regular on the line § = 0; we
denote by

YYEszquV%wa<JL) (4.39)
am

the second term in the bracket and we simplify it. First remark that the line (x, §) =
(x, 0), in terms of the variables (E, x), becomes the curve (V (x), x), which can also be
parametrized by E and in such a parametrization has the form (E, gy (E)). Expanding
at & = 0, one has
T(r,§):=TE +V).0)
= T(V(x),x)+9T(V(x), x)2£ + O (%)
= T(E.qu) + 205 T (E, qu)& + O(€?). (4.40)

Now, using (4.39) and the definition of ¢, one gets

T(E,qm) = =V (qm)3e(qm) = —V'(qm) =1

V'(gm)
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Inserting in (4.40) and substituting in (4.38) one sees that (4.38) is regular at £ = 0.
In conclusion we have

1
0. = V') o, (q—"f) Gx, £) (4.41)
qm E2
+g(x,§) [#} (4.42)
/ T (eV)(E, y(q) glg, VE - V(q))

1% d 4.43
HVan /-qM WEyaWE v 4 @Y
VM) /x 0Eg(q(y), VE — V(q(y)))dy. @.44)

—am E—-V(g(®))

Remark that (4.41) and (4.44) clearly have the same structure as 6, so these terms are
suitable to start an iteration which shows that the original quantity is a symbol. One has
still to deal with the other two terms. We start by (4.42).

The analysis of the square bracket in (4.42) (the only nontrivial part) has to be done
by analyzing separately a neighborhood of £ = 0. Such a region can be analyzed by
exploiting the expansion (4.40), which allows to show that it is a symbol in such a
neighborhood. The other region is trivial since the function is smooth in that region.
Doing the explicit computations one easily shows that it is a symbol.

We come to (4.43). We wrote it in that form, since exploiting it one can compute its
derivative with respect to x. An explicit computation shows that, mutatis mutandis, such
a derivative is given again by (4.41)—(4.44). The main difference is that (4.42) has to be
substituted by

g(x, §)IET(E, x/qm) [ 1+T(x, 8)
V(E, x/qm) § ’
which is again a symbol.

To conclude the proof we estimate the different terms of (4.41)—(4.44). The estimate
of all the terms, but (4.42) is obtained by the same argument used to estimate G which
gives that all such terms are bounded by (x )2/~ 1jmi+mal=3i+1

In order to estimate (4.42) we consider its main term in the expansion in inverse
powers of E:

)

1/21 / 2
T(E,x) = V'(x) |:—x ok } - Ywx W

El/2 20E E
so that

1+7(E,x)
§

E_|x|21
EE

|

It follows that

[(4.42)] < A=D1
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Proof of Lemma 3.14. First remark that, from Lemma 4.6, nts € S7I+1.0 and noa,ts €
S50 Tt follows that 1 (4.19) € S™*ml=l+1 and 5 (4.20) e §m+ml=l+1.0 i
N0y (4.20) € §™1+m21=L0 which gives the thesis. O

Proof of Lemma 3.16. The proof is based on the fact that the flow of / is essentially a
rescaling of the flow of hg. Precisely, q);u leaves invariant the level surfaces of 7o and
on a level surface hy = E one has

— g +ef (BNt
@), = @ ) (4.45)
So, we apply the formulae for the average and for y getting the result. We give the
explicit proof of the fact that the solution x is a symbol. From (4.16) with @;” in place
of @} we have
0
1 Ty

t 1 Thl
- [ ipedtdr=—
X Th1 0 pe hi (1 + 6f/)2Th1 /0

1 1 Ty
= —/ p o} dr,
L+ef' Ty, Jo 0

t(L+ef)po®, (1+ef)dr

Now this is just (1 + €f’)~! times the solution of the homological equation with the
original unperturbed Hamiltonian %¢. Since, by the assumption (1 +¢f’)~! is a symbol,
which is a lower order correction of the identity, the thesis follows. O

4.1. Solution (3.29). The homological equation (4.1) will be relevant only when ! = 1,
where we assume that V (x) = x2 is a Harmonic potential.

Lemma 4.7. (Lemma 6.4 of [Bam97]) The solution of the homological equation (4.1)
is given by

X, E ) i= D xu(x, §)e?,

keZ"
where
1 e .
Xo = m/o 1(p —(p)) o Dy, dt (4.40)
1 A2 -kt t
Xi(x, &) = m/o e Pr(Py (x, §))dt, (4.47)
and py, is defined by
- ~ikd 7.
Pr(x,8): 2y /Jl‘” p(x, & @e ¢

Lemma 4.8. Let p € S""™2, fix a € R and consider

2
I(x, €) :=/ e p (@' (x,8))dt. (4.48)
0

One has I € S™*m210 ywimh 5 p e §mi+mal=10,
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Proof. First we write the integral using the action angle variables (A, 8) for the Harmonic
oscillator. Thus we make the change of variables

X :«/Zsine, ézﬂcos@;

In these variables the flow is simply & — 6 + ¢, so we have
27
1(A,0) = / e p,(A, 0 +1)dt
0

— e—la@ / elatpa(A, l)dt

0
2

= ¢ 0 / €' p(VEX +x%cost, —/E2 +xZsinr)dt,

0

where p,(A, 0) = p(\/Zsin 0, v/Acosb).

Now using a technique similar to that used in the proof of Lemmas A.3 and A.4, one
can see that the integral is of class §"1*1"2],

In order to conclude the proof we have to check the prefactor. The prefactor can be

written as
£ —ix\*
Al/2 ’

which is easily seen to be a symbol which is bounded and has the property that its x
derivative is bounded by A~!/2, from which the thesis immediately follows. O

Proof of Lemma 3.18. The result follows using the previous Lemmas once one has a
lower bound of the small denominators. This is easily obtained by remarking that, in
21, one has

ela)-kT _ 1‘ —

(kT w-kT
2 sin >2 — ko
2 2

=|w- -k — kol >

4
T+ kT

A. Some Technical Lemmas

Lemma A.1. Let f be a function of class C*, and consider f(1/EYY). For E — oo
one has:

k

ok 1 1 1
. £
dEK [f(E”l)] Ek+t Z ,T : (Ez) (A1

By a < b we mean |a| < |b| and |b| < |a|, at least for sufficiently large values of E.
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Proof. We use the Faa di Bruno formula which gives

k

8h1/L 8/1ju
(J) R
e <2 SN 2L g gy

j=1 hi+..+hj=k

where we denoted . = E —1/l The indexes h; always fulfill #; > 1. On the other hand
one has

ELn (.
qEM T Eh+1/D
substituting in the previous formula one gets the result. O

Lemma A.2. Let W(y, x) be a C* function fulfilling

Wy 0| = @), (A2)

denote
Wy, My)

VIR

(M) = (A3)

then one has
akr1
‘ < (M)lmI=k, (A.4)

oM

Proof. The difficulty in estimating the integral is that when y = O the quantity My does
not diverge. One has

W(y,My) [P EW(y, My)y* :
BM" —14/1- |y|21 1 1=y

We fix a small a and split the interval of integration: [—1, 1] = [—1, —a] U (—a, a) U
[a, 1]. The integral over the first and the last intervals are estimated in the same way.
Consider the one over [a, 1]. One has

(A.5)

y| < (Ma)"*.

oWy, Myt | / (My)"Fyk
a 1— [y e VT2
Over the interval (—a, a) one has /1 — |y|?/ > 1/2 provided a is small enough. Thus

one has

¢ PEW(y, My)y* a _

/ 2y 5/ (My)"*|y|*dy
—a 1— |y —a

Ma kd
:2/ @ (L) 5
0 M) M
2 Ma
/ (q)" *q*dg = MU+
0

= Mkl
which immediately gives the thesis. O
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Lemma A.3. Under the same assumption of Lemma A.2, one has I (Eq) € S,

Proof. First remark that, denoting M = E %c}, by Lemma A.1, one has

Zak IE79lG _ET,

= gk
Zk: E7 1 Z]:alé 1 EVY
S g pT B

Now, from the Faa di Bruno formula one has

k
I =S 100 > M. oM

hi+..+hj=k
k
SSane Y Mo MM
j=1 hi+..+hj=k EM EY E

from which the thesis follows. 0O

By working as in the proof of the above lemmas one gets also the following useful
result.

Lemma A.4. Let g(y, &) be such that

[okg . )] <M,

consider

1(E) = /1 80 VE-VEO)
S VT ’

then one has I € S™.

Acknowledgements. This paper originated from a series of discussions with quite a lot of people. In particular
I warmly thank P. Baldi, R. Montalto and M. Procesi who explained to me in a quite detailed way their
works. During the preparation of the present work I benefitted from many suggestions and discussions with
A. Maspero and D. Robert. In particular D. Robert brought to my attention (and often explained to me) the
papers [HR82b,HR82a]. I also thank B. Grébert for some relevant discussions on the Harmonic case.

References

[Bam97] Bambusi, D.: Long time stability of some small amplitude solutions in nonlinear schrodinger
equations. Commun. Math. Phys. 189(1), 205-226 (1997)

[Bam16] Bambusi, D.: Reducibility of 1-D Schrodinger equation with time quasiperiodic unbounded

perturbations, I (2016). arXiv:1606.04494 [math.DS]

[BBM14] Baldi, P., Berti, M., Montalto, R.: Kam for quasi-linear and fully nonlinear forced perturbations
of airy equation. Math. Ann. 359(1-2), 471-536 (2014)

[BGI3] Bambusi, D., Giorgilli, A.: Exponential stability of states close to resonance in infinite-
dimensional hamiltonian systems. J. Stat. Phys. 71(3—4), 569-606 (1993)


http://arxiv.org/abs/1606.04494

378

[BGOI]
[BMI16]
[Com87]
[Dell4]
[DLSV02]
[DS96]
[EK09]
[FP15]
[GP16]
[GT11]
[GY00]
[HR82a]
[HR82b]
[Kuk87]
[Kuk93]
[Kuk97]
[LY10]
[Mon14]
[MR16]
[PTO1]
[Ste70]
[Wan08]

[Way90]

D. Bambusi

Bambusi, D., Graffi, S.: Time quasi-periodic unbounded perturbations of schrédinger operators
and kam methods. Commun. Math. Phys. 219(2), 465—480 (2001)

Berti, M., Montalto, R.: Quasi-periodic standing wave solutions of gravity-capillary water
waves (2016). arXiv:1602.02411 [math.AP]

Combescure, M.: The quantum stability problem for time-periodic perturbations of the har-
monic oscillator. Ann. Inst. H. Poincaré Phys. Théor. 47(1), 63—-83 (1987)

Delort, J.-M.: Growth of sobolev norms for solutions of time dependent schrodinger operators
with harmonic oscillator potential. Commun. Partial Differ. Equ. 39(1), 1-33 (2014)

Duclos, P, Lev, O., St ovitek, P., Vittot, M.: Weakly regular floquet hamiltonians with pure
point spectrum. Rev. Math. Phys. 14(6), 531-568 (2002)

Duclos, P., St’ovitek, P.: Floquet hamiltonians with pure point spectrum. Commun. Math.
Phys. 177(2), 327-347 (1996)

Eliasson, H.L., Kuksin, S.B.: On reducibility of schrodinger equations with quasiperiodic in
time potentials. Commun. Math. Phys. 286(1), 125-135 (2009)

Feola, R., Procesi, M.: Quasi-periodic solutions for fully nonlinear forced reversible
schrodinger equations. J. Differ. Equ. 259(7), 3389-3447 (2015)

Grébert, B., Paturel, E.: On reducibility of quantum harmonic oscillator on R4 with quasiperi-
odic in time potential (2016). arXiv:1603.07455 [math.AP]

Grébert, B., Thomann, L.: Kam for the quantum harmonic oscillator. Commun. Math.
Phys. 307(2), 383427 (2011)

Graffi, S., Yajima, K.: Absolute continuity of the floquet spectrum for a nonlinearly forced
harmonic oscillator. Commun. Math. Phys. 215(2), 245-250 (2000)

Helffer, B., Robert, D.: Asymptotique des niveaux d’énergie pour des hamiltoniens a un degré
de liberté. Duke Math. J. 49(4), 853-868 (1982)

Helffer, B., Robert, D.: Propriétés asymptotiques du spectre d’opérateurs pseudodifférentiels
sur r". Commun. Partial Differ. Equ. 7(7), 795-882 (1982)

Kuksin, S.B.: Hamiltonian perturbations of infinite-dimensional linear systems with imaginary
spectrum. Funktsional. Anal. Prilozhen. 21(3), 22-37, 95 (1987)

Kuksin, S.B.: Nearly Integrable Infinite-Dimensional Hamiltonian Systems, Volume 1556 of
Lecture Notes in Mathematics. Springer, Berlin (1993)

Kuksin, S.B.: On small-denominators equations with large variable coefficients. Z. Angew
Math. Phys. 48(2), 262-271 (1997)

Liu, J., Yuan, X.: Spectrum for quantum duffing oscillator and small-divisor equation with
large-variable coefficient. Commun. Pure Appl. Math. 63(9), 1145-1172 (2010)

Montalto, R.: KAM for quasi-linear and fully nonlinear perturbations of Airy and KdV equa-
tions. Ph.D. Thesis, SISSA—ISAS (2014)

Maspero, A., Robert, D.: On time dependent Schrédinger equations: global well-posedness
and growth of Sobolev norms (2016) (Preprint)

1., Plotnikov, J.F., Toland: Nash-moser theory for standing water waves. Arch. Ration Mech.
Anal. 159(1), 1-83 (2001)

Stein, E.M.: Singular integrals and differentiability properties of functions. Princeton Mathe-
matical Series, No. 30. Princeton University Press, Princeton (1970)

Wang, W.-M.: Pure point spectrum of the floquet hamiltonian for the quantum harmonic oscil-
lator under time quasi-periodic perturbations. Commun. Math. Phys. 277(2), 459-496 (2008)
Wayne, C.E.: Periodic and quasi-periodic solutions of nonlinear wave equations via kam the-
ory. Commun. Math. Phys. 127(3), 479-528 (1990)

Communicated by W. Schlag


http://arxiv.org/abs/1602.02411
http://arxiv.org/abs/1603.07455

	Reducibility of 1-d Schrödinger Equation with Time Quasiperiodic Unbounded Perturbations, II
	Abstract:
	1 Introduction
	2 Statement of the Main Result
	3 Proof of Theorem ??
	3.1 Some symbolic calculus
	3.2 Quantum Lie transform
	3.3 Main lemmas
	3.4 The smoothing theorem and end of the proof of Theorem ??

	4 Proof of the Main Lemmas
	4.1 Solution (??)

	A Some Technical Lemmas
	Acknowledgements.
	References




