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Abstract: We construct a class of self-similar 2d incompressible Euler solutions that
have initial vorticity of mixed sign. The boundaries between regions of positive and
negative vorticity form algebraic spirals, similar to the Kaden spiral and as opposed to
Prandtl’s logarithmic vortex spirals. Also unlike the Prandtl case, spirals are not initially
present.

1. Introduction
1.1. Main result. We seek solutions of the 2d incompressible Euler equations

Vi+V-(v®V)+Vr =0, V-v=0 in(x,7) € R* x ]0, oo[ (D)

with locally integrable self-similar initial data:

wx. ) X 160, @)

where w = V X v is vorticity and (r, ) are polar coordinates centered in x = 0.

Theorem 1. Given € > 0 and u € ]%, ool, there is an Ny € N so that a weak solution
of (1) and (2) exists for all initial data & satisfying the following conditions:

1. Periodicity: @ is 2W”-periodicfor N > Nj.

2. Dominant rotation: the Fourier coefficients satisfy

@M 0)] = € > | (). 3)
n#0
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Fig. 1. Left sample initial data with N = 4 (the paper proves existence for N sufficiently large, not necessarily
4). Center for t > 0, positive and negative vorticity patches roll into an algebraic spiral. Right detail of inner
spiral; note the densely packed almost circular turns

(The right-hand side and the integral in ®"(n) = fozn &(0)e Y g—g are assumed
absolutely summable.) While standard theory [5,6,16,18] could possibly be adapted
to provide mere existence in some cases, it appears unsuitable to obtain the detailed
structural information below, especially because the known uniqueness results require
® € L% [29] or slightly weaker assumptions [28,30] which are not satisfied by our
initial data.

In contrast to our prior work [10], where @ had to be (in particular) £>-close to a
nonzero constant, the present paper covers “large” initial data, allowing not only regions
of zero vorticity (a necessary prerequisite for studying evolution of vortex patches with
non-regular boundary [2—4]) but also flows with a mix of positive and negative vorticity
(Fig. 1). In such initial data, vorticity of each sign would be in open cones with apex in
the origin (Fig. 1 left).

If " (0) # 0, then the initial velocity has a net rotation around the origin, so intuition
suggests the cone tips will curl up into spirals (Fig. 1 center). Indeed we show:

Remark 1. In the setting of Theorem 1, for any # > 0 the boundaries between the
regions of positive, zero and negative w are algebraic spirals (Fig. 1 center and right),
parametrized by

N sin 6
~1

x(0) = f(©)0" |:C€)S 9:| as @ — oo. (4)

(f < g means there is a constant C < 00 so that | f| < Cg in some neighbourhood of
the limit point; f ~ g means f 2 g as well).

Flows with algebraic spiral rollup are important in applications since they are ubig-
uitous in physics [27, fig. 75, 84 and 92], in trailing vortices at aircraft wings, flow past
a sharp corner, Mach reflections [1], turbulent eddies, detaching boundary layers, the
Moore singularity of vortex sheets [23], etc. But prior to our work the mathematically
rigorous construction of algebraic spiral flows was unsuccessful; see [12,19,22] for var-
ious attempts and insights. Even numerical approximation is notoriously difficult and
unstable [13,20,21].

Since our initial data is self-similar, one would expect self-similar solutions as well,
and indeed we show:

Remark 2. The solutions of Theorem 1 have the form

ox, 1) =t"'oX), vix, 1) =", x=1"x (5)
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(the accent does not represent Fourier transforms). To understand the ¢ exponents,
observe that @ = V x v has dimensions of inverse time so that the initial condition
(2) fixes x ~ t#.

Finally, we control the asymptotic behaviour of the solutions:

Remark 3. The solutions of Theorem 1 satisfy

1 1
v<r'""i and w<r & asr\ Oandasr / oo, uniformlyin ¢ € [0, co[; (6)

v, w are continuous in X 7 0.

The periodicity and dominant-sign assumptions will be relaxed in later work, but
cannot be expected to be fully removable: for > 1, the initial vorticity w(x, 0) =
r= V&) ~ r~1/1 decays too slowly as r — 0o so that the Biot—Savart integral

Jr2 (;{:yy)lj w(y)dy (where (x, y)= = (—y, x)) is not absolutely convergent at |y| — 00;
definition in a principal-value sense requires a cancellation that occurs only for special
, such as 27/ N-periodic @ for N > 2.

Moreover, when dominance changes from positive to negative vorticity, then the
spirals we construct flip from counterclockwise to clockwise, with non-spiral borderline
cases expected. Hence (3) cannot be omitted entirely.

Finally, the numerical work of Pullin [20,21] (see Fig. 2) on self-similar vortex sheet
shows complicated bifurcation phenomena, in particular non-uniqueness (which is our
main motivation [9]), a field of major recent activity [7,8,14,15,17,24-26].

1.2. Self-similarity for the Euler equations. To motivate our ansatz (2) we consider
smooth solutions of the 2d vorticity equation

O=aw +v-Vo, v=Viale

(where V- A~ is the Biot—Savart operator on R?) and explore more general self-similar
scalings of the form

o, 1) = fHwo(g(t)x),
——

X

where f, g are smooth and positive on some nonempty interval of times ¢. Then

Vxo = fgVio,
ol / v v fg/v .
dow = flo+ fgx-Vyo = ffo+—Xx- Vo,
8
V=V¢A_1w=£V$‘ gld).
g_f—J

=v

The vorticity equation turns into

0= f'Hok
F(DoX) + 20

S VioX) + £(1)2V(X) - Vyd(X).
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(v,0)

Separation

Fig. 2. Pullin’s non-uniqueness example

We require the 7-dependent factors to be equal up to multiplicative constants:

/
f' = const - 2, 18 = const - f2.
g
The first equation has solutions
= —
F® Cit+Cy

for some constants Cy, Cop.

Case 1 (“logarithmic”): C; = 0. Then necessarily Co > 0. Dilation, reflection and
translation in space and time are symmetries of the Euler equations, and if we consider
two Euler solutions equivalent if they coincide after symmetry transformations, then we
can eliminate C and other constants: time dilation and time reversal yield

f(t)=1.

Then the second equation g’/g = const - f has solutions g(z) = C,e*' for constants
C> > 0 and «. By space dilation and reflection we may take C = 1:

gt) = e*.
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Case 2 (“algebraic”): C; # 0. Using time dilation and reversal we obtain C| = 1, then
a time shift yields Co = 0. Hence it is sufficient to consider

t—l
S ==

for t > 0. Then the second equation g’'/g = const - f has solutions g(t) = Cpt™*
for constants C; > 0 and . Again we may use invariance under space dilation and
reflection to take Cp = 1:

g=1t"

In summary, up to symmetries there are only two interesting families of f, g. (In
fact with some changes . — Fo00 formally yields the logarithmic case as a limit of the
algebraic one.)

If we add dissipative terms, then the family of similarity laws narrows down consid-
erably, for example for Navier—Stokes viscosity to u = % for the unsteady compressible
Euler equations to the acoustic scaling i = 1. For steady viscous flows we refer to the
discussion in [11]. However, while the incompressible Euler equations feature only a
single physical phenomenon (vortical motion), the compressible or viscous extensions
mix other effects (acoustic waves, laminar viscosity, turbulence,...) with separation of
time scales; physical observations show that in a large variety of physical flows either
the viscous or the inviscid effects and either the acoustic or the incompressible features
dominate the other in many regions of space-time. Hence imposing exact self-similarity,
while leading to more tractable problems, excludes many interesting asymptotic behav-
iours for those models.

Our primary motivation [9] is to work towards a proof of the nonuniqueness examples
of Pullin (Fig. 2, see [21]), which feature algebraic vortex spirals with u in a range from
slightly less than 1 to about 1.3. These examples are a special case of a more general
problem: how do algebraic vortex spirals, which are ubiquitous in physical flow [27, fig.
83], arise from flows without spirals?

In the exponential case the flow is qualitatively the same for all real ¢, so if spirals
are present at one time they are present at all times. But in the algebraic case

ox, 1) =t"'oX), x=1"x (7

with u > 0the limit# N\ 0 is distinguished. To converge to nontrivial initial data w (0, x)
we need that at least in some fixed x the right-hand side 7 ~!¢(X) converges to a finite
but nonzero limit, hence

0
o) ~ 1 = (|x]/]x])/* ks X|~" asx — oo along the ray spanned by x.
Now we obtain on such a ray that
@ (x, 0)] < lox, 0] =1~ o™ x)| ~ 1~ x| = x|~k

Thus the initial values, more precisely their asymptotics at infinity, determine the value
of .

Conversely, since smooth vorticity is known (under some additional assumptions)
to persist uniquely for all time in 2d [18, ch. 3 and 4], we need to consider nonsmooth
flows for formation of infinite spirals. We expect spirals to result from rollup of fluid
by localized concentrations of vorticity; a natural ansatz for such concentrations are §
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functions (point vortices) inducing v ~ r~!, or slower algebraic blowup like v ~ r1=1/»
(n > 0) corresponding to w (0, x) ~ rUl as r = x| = oco. We expect the behaviour
of the solution for such initial data to be asymptotic (at [x|] — 0 and 7 \ 0) to the
solution of (0, X) = r~1/#&(86), which is precisely our choice (2). This initial data and
the 2d incompressible Euler equations are invariant under the scaling

w(X, 1) < sw(st, s*x), V(x,1) < s 7*v(st, s*x) (s > 0),

so it is natural (but, in absence of uniqueness, not forcing) to expect corresponding
solutions to be invariant as well, which is precisely our choice (5).

1.3. Overview. The proof of Theorem 1 has three parts. In Sect. 2 we specialize the
incompressible Euler equations (1) to the case of self-similar solutions. Then we change
to a coordinate system b = (B, ¢) that is especially suitable for the construction of
solutions with spiral stratification. The equations simplify in several crucial ways that
are really the key to the overall solution. In the process we extract a 1d function £2(¢),
a parameter of the problem, that corresponds closely to the initial data @(¢) (see (21)
and Proposition 41). We linearize the equations around a special background solution
and Fourier-transform the resulting operator in ¢. The resulting system decomposes into
infinitely many ordinary differential equations, one for each Fourier mode.

In Sect. 3 we define carefully designed function spaces and invert the ODEs on them;
simultaneously we analyze the action of various constituent operators of the nonlinear
PDE on these spaces. Our particular choice of function spaces is the other nontrivial key
ingredient to the overall solution. We conclude that the system is invertible on certain
spaces that render the nonlinear PDE C!, so that the implicit function theorem yields
solutions near the background solution, for a range of £2. Since some of the function
spaces use negative norms, we are able to solve for “large” initial data. However, a
smallness restriction remains, and indeed Ny in Theorem 1 must be taken larger as ¢
approaches 0. (The existence of mixed-sign vorticity solutions only requires € < 1
though, hence a fixed Ny; although it is computable, we do not try to do so since we
hope to weaken the restriction in future work.)

Finally in Sect. 4 we argue that the function obtained in new coordinates has sufficient
regularity to be a weak solution of the original problem, prove that the variety of initial
data generated by £2 is as large as claimed in Theorem 1, and show that the regions of
negative and positive vorticity are bounded by algebraic spirals.

2. Equations

2.1. Coordinate changes. The solution of the problem begins with several changes of
coordinates. Since we are looking for low-regularity solutions, some outer divergences
will be treated as distributional derivatives, using the well-known formula

f=Vew & fdetV]x=Vy-(adjV)xw) (8)

where adj is the classical adjoint matrix, VI x the Jacobian of the coordinate transform
y — X. This formula is valid even if the divergence Vi - w is interpreted in the distribu-
tional sense, assuming x and w are sufficiently regular to make all products well-defined
in a distributional sense. Since some of the following coordinate changes are implicit
(i.e. depend on the solution of the problem in new coordinates), we cannot comment
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on the validity of each manipulation until Sect. 4 where solutions have already been
constructed; in the meantime the reader may simply assume all functions involved are
sufficiently smooth.

First, the divergence constraint Vx - v = 0 implies

v=Viy ©)

for a scalar stream function r; (x, y)* = (—y, x) is counterclockwise rotation by 90°.
We focus on the vorticity formulation

0= &+ Vy - (0v) (10)
with
w=Vy X V= A (11)
We seek self-similar solutions: with X = ¢t ~#x,
Y, x) =&, v, x) =N, o x) =1 o) (12)
using (8) the problem reduces to

0=Qu— Do+ Vi (@F —u%), V=Vid, &= Ag). (13)
To study spirals converging to a common origin it is convenient to use some form of

polar coordinates, namely
a=(a,0), a=logr, F=|[x|, 6=«X, (14)

where £ is the counterclockwise angle from the positive horizontal axis (see Fig. 3),
leading to

0= Qu— DD+ Wad)e — (Vo + pne*))a, € = Aaip. (15)

Finally we change to coordinates b = (B, ¢) so that dg is tangential to pseudo-
streamlines, i.e. so that the transformed vorticity equation has a (dg, dy) divergence
with zero 9y part. This scalar constraint does not determine the choice of (B, ¢); we
may impose another one: given the spiral behaviour it is natural to choose f and ¢ to be
angles:

0=pB+a¢. (16)
After calculating with a general ansatz a = a (g, ¢), the constraint implies
| .
a=t10g Y8 17)
2 T —pn

This solution-dependent change of coordinates is non-degenerate if and only if, using
the convenient abbreviation

dyp := 0p — 0p, (18)
we have

detap = —ay, #0 (19)
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Fig. 3. a = (a, 6) coordinates

Fig. 4. b = (B, ¢) coordinates

everywhere. Now the vorticity equation reduces to
1 . o
- ﬂ)l/fgoﬁw = dp(w¥y) (20)

which has the surprisingly simple solution

_ 1
&=y " R2(¢) 1)

where £2 is some function that can be chosen freely, as data. That is natural: we have a
choice of initial data @(6), another single-variable function; §2 will correspond closely,
but not exactly, to w (later investigated in Proposition 41).

The last remaining equation is the Poisson equation AYr = & which transforms by a
lengthy but elementary calculation using the adj formula for divergence (8) to

::g(w)

. y Vgp o Vo Volpe
w( ﬁ( 205 )I/IM 205 )
1
Voo Vo — Vo - W) L VeV - o
25 2u
=@ =:g©

+a¢.( (22)
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Although Eq. (22), a 3rd order nonlinear PDE for 1/Vf, looks intimidating, we can identify
some particular solutions that are inherited from the x, ¢ form. An important class are the
stationary ones with w (x) = w(r) so that v is purely angular, hence orthogonal to Vw so
that the vorticity equation 0 = v- Vw is trivially satisfied. The initial condition (2) yields

1 . oL
the special case w(r) = @r™ »* with ® = const # 0 and ¥ = (2 — ﬁ) 2Qr2 . These
solutions are not only stationary, but also self-similar in the sense (5). (We emphasize

that the solutions we are going to construct for nonconstant @ will not be stationary.) In
our new coordinates the trivial solutions corresponds to multiples of

1
2u —1

Yo =By, Vo= (23)

(to see this, transform (23) back to x coordinates to compare to the given w, ¥). I/V/()
solves (22) for data

_2u—1
u

$20

(24)

(this can be checked quickly by substituting @Do, £2¢ into (17) and using that all 94 yield
0).

_In Sect. 2.2 we scale the B-decay out of gb and F in (22) to reach new variables
F, ¥ (see (28)), then linearize F around . After defining function spaces ¥ for
solution candidates v (Sect. 3.4), WV for the data §2 (Sect. 3.8) and F for the values of
F (Sect. 3.6), we prove in Sect. 3.9 that for some neighbourhood Be(;{/)(W()) of Wo in

W the map F is C ! on Be(;f/)(W()) x W into F. In Sect. 3.7 we show that the Fréchet

derivative 3 F /8 (1, §20) is a linear isomorphism on ¥ into . Hence the implicit
function theorem shows there is a family of solutions for §£2p near 2.

To achieve a large-data result we strongly exploit the divergence form of (22). In
Sect. 3.2 we find a “near-maximal” multiplication algebra G for the nonlinear terms
g9, g@® ¢© in (22). This enables us to seek §2 in negative-norm spaces (namely
(D)%A(’]I‘) where A(T) is the Wiener algebra, (x) = (1 +x2)% and D = —idy). In fact
our techniques can solve the problem for some @ that are non-regular distributions, in fact
non-measure distributions. However, physically interesting cases (such as é functions)
do not seem to be included among the non-function distributions, so to avoid technical
bloat we state a result only for @ that are continuous functions.

A key difficulty of the problem is the asymptotic behaviour as 8 — oc0. To solve
the problem for nonconstant perturbations @ of the constant @, we need to perturb
the background solution 1} and hence the coordinate transformation from B, ¢ to X,
whose curves of constant ¢ are algebraic spirals. A perturbation that does not decay
sufficiently fast towards the spiral center will cause the curves to self-intersect (Fig. 5
right). This can easily happen since the spiral turns are very densely packed. Self-
intersection corresponds to a degenerate coordinate transform b — X which would
manifest itself in the equations (22) as denominators 1/3,3¢, crossing zero. The § — o0
problem will surface in many analytical details throughout the paper.

2.2. Scaling and linearization. Itis convenienttoremove the 8 decay from all quantities,
leading to new versions with overbar, starting with

¥ =gy (25)
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p=2 p = 2 (detail) p = 2.3 (detail)

Fig. 5. The spiral Ry 5> 8 — B~ le!f perturbed to B~ 1e'P (1 + af%¢PP), with & = 0.5, 8 = 0.7. (The
spiral center is not drawn, leaving a white spot in the middle.) Integer frequency p: the perturbation is barely
noticeable near the center. Non-integer frequency p: physically unreasonable self-intersection

We write f for multiplication-by- f operators. ¢ = Fa and a¥ = F~'a represent the
Fourier transform and inverse transform of @ = a(f, ¢) with respect to ¢ € T, with
dual variable n, leaving the first variable 8 untouched. We abbreviate

0p = ol = fog +1 -2 (26)
=:B
0y 1= OB = o, + 20 — 1, F9,F =—Bg—in)+2a—1 (27)
=:A

Now (22) takes the form

0=TF = 21> (—3,8%) — dpg@ — sO02) (28)
— 008 N= — 0oV Dp0 Y - dp

@ =21+ X202\ g,y— 0¥ WY % 29
& ( +(2aﬂ¢)) ﬁw(awﬂ)aﬁw 2959 @9)
P @ + D3V - 350 — 3057 - 3,9 G0,

20pY

— 1 .
g©® = Z(a(p +1D)agy - (3p¥) 7 3D

At this point the reader should appreciate that no £ remain except inside 5¢ and 5,3.

This is far from trivial: that the resulting derivatives of ¥ can be estimated in spaces
without B decay is crucial for solving the problem. Note that d, = 94 — g, so that one

of dy, dg, 0, is redundant. However, 5(/,, 55 contain a ,3 here while 9y does not, so the
choice of operators and the arrangement of the terms is a key step in overcoming the
decay problem.

We seek nontrivial solutions by linearizing the equation around the trivial / = 1, and
£2 = £2¢ and taking the Fourier transform: another lengthy but elementary calculation
yields
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=:A; =A_
=, =uh_ =:B;
oF — PR —
FS 00 20F = (A= @i = D) (A= (@ =i = D) B+ D
=R
+(2u — 1)(A — B) (32)
—_—

=E

We observe the essential fact that the operator has decomposed into infinitely many
ordinary differential operators. Reason: we linearized around a function 1}0(/3 ,P) =
const - 8172 that is constant in ¢ which therefore does not appear in the variable
coefficients, so that Fourier transforms in that coordinate are effective.

We will invert this linearized operator by first inverting the 3rd order operator R and
then absorbing E as a perturbation (see Sect. 3.7).

3. Function Spaces, Estimates and Implicit Function Theorem

In this section we define function spaces for the domain ¥ and codomain F of the
nonlinear map F in (28) we are trying to invert, as well as several multiplication algebras
G, G_, Go for the nonlinear parts of that map. Then on these spaces we carefully estimate
the continuity of each differential operator constituting F.

3.1. Wiener algebras with regularity. Since the linearization (32) decomposed into ordi-
nary differential operators after taking Fourier transforms, it is convenient to analyze
these operators separately for each frequency n € Z on function spaces &, and then to
combine X}, into an overall space.

We utilize the following Wiener-type algebras, which are slightly nonstandard
because we need X, to depend on n. The reader may wish to note the definition and
propositions, but skip over the standard proof techniques on first reading.

Definition 1. Let (X),),ez be a sequence of Banach spaces. ¢! (&) is the space of
sequences u = (u,) with u, € &), for all n € Z with finite norm

@)l = D unll, -
nez
A straightforward adaptation of the standard proofs for n-independent A, yields
Proposition 1. ¢! (X,,) is a Banach space.

Let X be a Banach space, ) a linear space, T : X — ) linear injective. Then T X
is a Banach space with the induced norm

ITxll72 = llxlla

Alternatively, if T is a linear continuous operator on D’(IR,) (but not necessarily
injective; typically some differential operator), and X a Banach space continuously
embedded in D'(R.), then T X is a Banach space with the standard induced norm

lullrx = inf{lixllx : Tx =u}.
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Let X', ) be Banach spaces. [X, )] is the space of linear continuous operators on X
into ), with operator norm

1Tl x 3y :=1nf{C € [0,00[ : Vx € X : ||[Tx[ly < C x| x}

[X]=[4X, X].
Henceforth, if a, b are expressions that may depend on j, k, n, we write

a<b

if la] < Cb for a constant C < oo independent of j, k, n. We write a ~ b if b < a
as well. We write X < ) if a linear topological space X" is continuously embedded
in another linear topological space ). For Banach spaces X', ) which vary with j, k, n,
n-uniform continuous embedding means ||id||[x y; < 1, which we abbreviate as

X Y.

We use the standard notation (n) = (1 + nz)%.

Let X, be a sequence of Banach spaces. Assume that for some ¢ < oo the spaces
(n) 1A, are n-uniformly continuously embedded in a Banach space X which is contin-
uously embedded in D' (R;). (This is necessary because polynomial growth bounds on
Fourier transforms are needed to render the inverse transform well-defined in the sense
of temperate distributions; all needed results from their classical theory are adapted with
obvious modifications.)

Definition 2.
A () = (1) e ()Y (33)

(&, is permitted to vary with n, so s should be considered an index of smoothness only
when g = 0 above.)

Remark 4. A°(X,) with X,, = C for all n is the classical Wiener algebra A(T).
Proposition 2. A°(X,) is a Banach space.

Proof. F~'and (71)~* are injective, and £' (X},) is a Banach space by Proposition 1, so
A* (X,) with the induced norm is a Banach space. 0O

Remark 5. If T,, : X,, — ), is linear with

1Tz, v S 1.

then T (u,) := (T,u,) defines a continuous linear map on A*(X},) into A*(})),). In
particular, if X, < })J,, then

AN (X)) = AT (V).

If additionally T7,, is an isomorphism with

Ll NS
[ X0, V]

then 7 defines an isomorphism of .A°(X},) onto .4%()/,). Finally,
AN (X © V) = A(X) @ A (V). (34)

3
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Proposition 3. Let (X)), (), (Z,) be sequences of Banach spaces embedded in
D'(Ry). Assume that forall j, k € Zoandx € X;, y € YV the product x -y is well-defined
and in Zj., with

X Vi > Zik (35)

Finally, let s > 0.
Then for x € A°(X,) andy € A™*(),) the right-hand side of

(- ) =D XN —k) -y (k)
keZ

is absolutely convergent, so we may define the product x - y by it, and moreover

AN(X) - AT ) = ATH(Z) (36)
As (Xn) AS (yn) — -As(Zn) (37)

Proof. In Appendix 5.1. O

Remark 6. The regularity exponents 4-s cannot be improved, as simple examples show. In
more familiar terms, the standard definition of distributions 7" of order s times functions
u,

Yx €D : (T -u,x):=(T,u-x),

requires u - x € C*, hence u € C°.

3.2. The multiplication algebras G. Cp(. ..) represents the continuous functions that are
bounded (including up to infinity). If we omit the domain, then R, is implied.

For the remainder of the paper we choose some xg € C*° (EJr) so that xo = 1 near 0
and xo = 0 near co. Abbreviate

Xoo =1—x0

so that oo = O near 0 and xo, = 1 near co. Let § > 0; we will restrict the value further
later on. Abbreviate

(A = BCon f°Cs. (38)

If X, Y are Banach spaces embedded in the same linear Hausdorff space, then X N Y
and X + ) are also Banach spaces with the induced norms

lull xny = max{flullx, lully},
lull xry == inf{llxllx +1yly © w=x+y}

,B"SC;,, B“SCb < D'(R4),s0 ) ,éi‘SCb is a Banach space. Obviously

G- (B0 — ()¢ (39)

The following Banach algebras G. . are the spaces for the values of W@ @
in (28). These three expressions are nonlinear in ¢ and its derivatives, but F in (28)
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is linear in g@), g, ¢ By multiplying before taking divergence, we are able to
construct solutions of lower regularity.

We write C for subspaces of constant functions, usually functions of 8 (the domain
will be clear from the context). For an element v of some vector space V, Cv is the span
of v.

Definition 3. For n € NZ consider the following spaces of functions of g (with §j; = 0
unless j = k where 6 = 1):

Go =) B*Co® Cxo (40)
G" = () F*Ch ® Cxto ® 80, Cxoo = [ F53C ® Cxo ® 50,C  (41)
G" = [ F*Ch ® Cxo ® Croc =" (| f*C @ Cro® C (42)

The @ are direct sums because (consider the limits 8 \, 0 and 8 ' 00) xo0 and yq are

linearly independent and not contained in () f%3Cj,. For n §é NZ we set all these spaces

to {0}. (After inverse transforms this corresponds to the 2& perlodlclty in Theorem 1.)
Functions in G”" have the asymptotic behaviours

const bounded

—_—— —~
co +B°r0(B) as BN\,
coo +B 7 roo(B) asp /0.
—— —_——
const bounded
G" allows a coo term only in the n = 0 Fourier mode; QO does not allow it at all.

It is natural to wonder why we would not allow g@, g@, ¢© to live in the larger
space Cp. That is because we will, in light of (32), represent 1// as (B + 1) Tp-! g, and

when applying A + ito ¥ (as g(_‘ﬂ), W, g(_o) require us to be able to) we (formally) get
A+D(B+D'aATlg=B"1a4a""g

But B~! = (8 o — 0)~! is undefined on Cp because it has the characteristic exponent
s = 0. Formally the Green function representation is

B
B r(p) = / B F (B,

but for generic f € C, the B/~ will cause logarithmic blowup either at 8 = 0+ or at
B = oo, no matter how we choose the boundary “...”. B! is, however, well-defined on
NB +5¢y, (albeit not into). (If our linearized operator happened to have (B + $)~!witha

more convenient s instead of (B+1)"!, then the paper could be shortened considerably.)
From the definitions the following products are obvious:

Proposition 4. For all j, k € Z,
Gl G* <= gt 43)
gl gk gt (44)
Gl .gk S gt (45)
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(All embeddings are uniform in n (C;) because G", G; are independent of n while G"
has only two different values.)

We also note the following obvious embeddings (CZ° being C* functions of compact
support)

CEMRy) = [ FEC = Gy = " = G" < G > D'(Ry) (46)

The spaces G", G", G;; define the behaviour of ¢ (B, n) for each n separately. The

following spaces define the asymptotics of g™ as |n| — o0o. We require regularity %,
which will be motivated in Sect. 3.8.

Definition 4.
G = A2(G") 47)
G- = AN@G") (48)
Go 1= A2 (Gl) (49)

Using (37) and (43), (44), (45) we immediately obtain

Proposition 5.

Go-9 = Go (50)

G-G—¢G (5D

GG —=>G_ (52)
Proposition 6.

leg-cg (33)

Proof. The Fourier transform of 1 is 8y, which is = 1 for n = 0 (in G” by (41)), =0
for n # 0 (trivially in G"). The G_ norm is obviously finite. O

3.3. L and L~'. Now we start analyzing the differential operators in (32).

Definition 5. From now on consider

Z = f(dp — i) (54)
L:=Z7Z-35 (55)

where s, z € R.
Remark 7. Note Z 20 Bforz=0,2Z ) A for z = n.
If we regard these differential operators as defined on D’(RR.;), then
ker L = CB°e'? (56)
Proposition 7. Let s # 0. Then L is injective on Cp.

Proof. If not, then by (56) B°¢'*# € C;,. But for s # 0 that function is not bounded. 0O
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Definition 6. Let s # 0 so that L is injective on Cp (Proposition 7). For the remainder
of the paper, let L=1: LC, — Cp refer to the inverse of L : Cpy — LCp:

L7 'L =id onG, (57)
LL™'=id onLGCp. (58)

L is continuous on D’'(R;), so LC; is a Banach space with the induced norm, and
obviously

L :Cp — LCp is an isometry, 59)
L~ LCp — Cp is an isometry. (60)

If we apply the inverse on Cp, rather than LCp, we can use the following estimate.

Proposition 8. Let s # 0. Then

Cp — LCp, (61)
SO
L' 2 oncy, (62)
and we have the estimate
L—1H <s17L. 63
27 g, = (63)
Proof. Set
) B " dB’
wp=pes [ LD
oosigns ,B’Selzﬁ /3/
=w(h)
where

Oosigns — 00, s>0
0, s <0

so that (since f is bounded) the integrand is absolutely summable. It is easy to check
that u solves Lu = f. Moreover

B o
|M(ﬂ)|=|/35€’2’3/_ FBHB e ap|

oosigns
_ 1 )
P2 [ pap R gy
x=p"/B oosigns
: 1 ! 1 1
< [ repT T =0l [ x =, (64
oosign s oosign s

which yields (63), and || fll ¢, = 27" f ¢, = [L7"]¢,, 1 fllc, yields (61). O
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Proposition 9.

(Z=HF =P (Z—-5+F) onD [R,) (65)
Proof. Trivial calculation. O

Proposition 10. Letr € Rand s ¢ {0, r}. If

ue(Z—s+r)Cy (sufficient: u € Cp), and (66)

ueB7(Z—35C, (sufficient: u € B~"Cp), (67)
then

B(Z—5+F " u=(Z-5""fu+pePc (68)

where the scalar c is zero if sign s = sign(s — r) for all n.

Proof. By assumption s # 0 and s — r # 0, so (61) yields Cp, < (Z — s +7)Cp and
B~"Cp — B~"(Z —5)Cp so that the right conditions in (66) and (67) imply the left ones.
Letu € (Z —§+7)Cp and B u € (Z — $)Cp, then

Z-5HZ-5" fu D u Digz_—s+Hz-s+pHu
—— —~
e(Z—$)Cp e(Z—s5+7)Cp
65)

= (Z-HF(Z—-5+P"u

We remove Z — § from the left of both sides, having to allow a multiple of its kernel
element B%¢'%P:

(Z—=H""Bu=pZ—-5+"""u—cpe?

which is (68). Solve for the constant c:

¢ = e ith (/é_(s_r)(Z —S$+A \u—- g5z - s’)_lﬂ/ru) (69)
—_— —_—————
er eCh

If sign s = sign(s — r) # 0, then either as  — O oras f — +00 both 75 and =7
decay, whereas all other right-hand side factors are bounded, soc = 0. O

Proposition 11. Let s ¢ [—38, §]. Then

[z -5 | = dist(s, =5, (70)

”m,éiécb
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Proof.

”(Z—s’)‘lu (Z—=5""u

. = max .
NE*C, o= posc,

3—08 on—1 408 g—od
= max Z—5s uH
Jmax B ) BB o,
(68),r=08

ax [(Z—=§+08)~ 1%
sign s=sign(s—08)#0 o==*1

Cp

7—06

< max ||(Z —s'+08’)71‘
o==x1

[Cb] Cb

(6§3) ls—od]-1 =llull gos e, <lully gsc,
s—08#0

—1

<max |s — o UllA~ 4 .

<max s — o8 ully e,

—_—
=dist(s,[—8,6]) !

For the rest of the paper we fix some constant § with
0 <8 <min{l,2u — 1}.

Then m 2 21 — 1 £ nup yields for N sufficiently large and n € NZ that
dist(my, [—6, 8]) ~ (n), inparticular my # 0 and
signmy = sign(my + 8) = sign(my — §),
signm_ = sign(m_ + §) = sign(m_ — J);
dist(—1, [—6,8]) ~ 1, in particular
sign 1 = sign(1 + ) = sign(1l — §).

Lemma 1.
A7 e S
H * i ey
PEIITS
[N B*FCp]

Ll P
[N BECh]

Proof. Using A7' 2 (A —siy)~", (77) and (78) follow from (70) with Z =

72 .
s=ms (). Using Bi' 2 (B — (—1)~". (79) follows from (70) with Z =

s=—1. 0O

V. Elling

(71)

(72)
(73)
(74)
(75)
(76)

(77)

(78)

(79)

A and
B and

3.4. The space ¥ for solution candidates. The space ¥ houses the solution candidates

. Since our goal is to define the largest “convenient” multiplication algebra G
nonlinear terms, it is convenient to define ¥ indirectly:

for the
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Definition 7.
w" = B 'AZIG" (80)
We also use
W= BI_IA:I nﬁ’iacb (81)
v = By AZN(Cxo) (82)
w" = By AZ1 (50, C) (83)
and note (see (41))
vt =ul oyl @ v (84)
Proposition 12. ¥" is a Banach space, and
A_By :¥" — G" is an isometry. (85)

(32) (32) . 72) .
Proof. A-. ' = A—m_and B = B—(—1).Notem_ # 0 # —1, so by Proposition

7 A_ and B are injective on Cp, and by (61) A7]C;, < Cpand B*ICI7 <> Cp. Therefore

(40) A1 1 4—1pn @O 1

ATlgr < AT'Cp <~ Cpand B] AZ'G" < B[ 'A~ Cp — B be—>CbHence
A_ is also injective on the smaller space Aflg’l s and By is also injective on B 1Afgﬁ .
Thus A_ : A:lgﬁ — G" is bijective, hence an isometry with the induced norm that
makes A:lgf a Banach space; in turn ¥ = BflAjlgf is a Banach space with the
norm induced by By, and By : B[ 'AZ'g" — AZ'G" another isometry. Composition
of two isometries yields (85). O

Remark 8. Note that inverses (8 (0p —iz) — §)~! increase B decay at B — oo at all
B-frequencies except near z. For example

B
(Ié(aﬂ _ lZ’) _ S{)—leipﬂ (6=4) / ﬁsgizﬂﬂ/—s—lei(p—z)ﬁ’dﬂ/
oosigns
(now integrate by parts a few times and estimate the remainder into O)

1
— g—1,irB
= p(l(p—)

Soif p # z we gaina B ~1 over the input e'PP . But clearly the coefficient blows up as
p — z,and for p = z we have

+0(5™h)

B
(Blog —it) —H) e = ,BAe’Zﬂ/ - g lap
oosigns

so we have not gamed any decay.

Since B = ,38,3 +land A”! = /3(85 — in) — m_ that means ¥ functions gain
decay g2 compared to G" at frequencies separated from 0 and n, but only ="' near
them.

Such a function space with frequency-dependent weights at 8 — oo could be defined
more explicitly, but for our purposes that appears to be more cumbersome than the natural
representation B~ TAZlgn suggested by the form of R in (32).
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Definition 8.
W= AW (86)
Proposition 13. ¥ is well-defined and a Banach space.

Proof. By Proposition 12 ¥" are Banach spaces for all n, and ¥" = B 'AZlgr &
(73)

Bl_lAZIC;, (*’7—>N9) Cp < D’ so that by Proposition 2 with g = 0 and X = Cp, ¥ is a

Banach space as well. O

3.5. Continuity on ¥. Now we come to the continuity of various operators on ¥y'. In the
following result, observe that applying By to B, YA first cancels B !before there is
aneed to commute A through it. Hence a 8% term at 8 — 0 or § — oo is not produced.

Proposition 14.

lidliwp.gry S (1)~ (87)
I1Bllpwy.gn < ()~ (88)
IAB1 gy .gn <1 (89)

. p 40 41
Proof. Wi = Bl_lA:1 N B*Cy, and N Bric, L>) 9o (;>) G", so it is sufficient to show

R < m!
[N B£5Cp, G2 ]
0

[N AECy.GE1 ™

HABlB_lA:IH <1
! [N f*3Cy.Gm1 ™~

These follow from (78) and (79) by linear combinations B = By — land A = A_+m_
(72)
usingm_ < (n). O

In the next result we apply A without any helping Bj. As explained this turns the
XooB ! at B — oo produced by B !into XooBY. The result can in general only fit into
G", not the smaller G" or G.

Proposition 15.

ANy gn S 1 (90)
Proof. Consider § € ¥, i.e.

V=B+D N A-m)"e, g0 = G O1)
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We telescope A = B — i n,B , so that the prior estimate (88) reduces the problem to an
estimate for infv. Only n # 0 is nontrivial. Consider

X
—

infy =inf(B+1)~'A—m_)'g.
Foro = +1,

X = 208 p—08 A — -1 .
BB (A—m_)" &
* eCp
we apply (68) with Z = A, s =m_ — o and r = —o 6 to * to obtain

* eCyp
—_—PT

X =8%A—-m_+08"1p7%;

to justify this we argue that s = m_ — 0§ # 0 # m_ = s — r by (72), and that
g, B %%g € Cp so that (66) and (67) are satisfied. Note signs = sign(m_ — 08) =
sign(m_) = sign(s — r) (again by (72)) so that no c term appears. Now

X

infy =inp? B0 (B+ 1) 7 (A —m_+08)7 7%
——
k%

To ** we also apply (68), with Z = B, s = —oé and r = 1 — 0§, obtaining

infy =p°%B+08) linf(A—m_+08) "% + ¢, (92)

=u

=y
To justify the last step we argue that s = —06 # 0 # —1 = s — r by (71), and that

(72)
geCyandm_ # Oimply X = (A —m_)"'g € Cp, hence (66); justification of (67)
in the form u € (B + US)C;,, is to follow below. Note c_ is a constant (in 8), whereas
c+ = O since for 0 = +1 we have sign s = sign(—o ) = sign(—1) = sign(s — r).
We telescope

inf=B—A=(B+08) —1m_—(A—rm_+08) onD(Ry)
so that formally

Ry Ry

U= (B+08)(A—ri_+08) 1 —ih_(A—ii_+08) 1%
—(A—1m_+08)(A—m_+08)" 1% (93)

R3

. (72) .
We check each part: $7°%g € C, andm_ — 08 # 0 mean by (62) that R3 = g €
Cp is well-defined, and by (63) that (A — m_ + 68) "' 7% € Cp is well-defined, so
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61 ,
R, is well-defined and in Cp. Since § # 0 means Cp £—>) (B + 068)Cp, we see that
u = Ry + Ry + R3 € (B +06)Cp so that the steps to (92) are now fully justified.
We proceed to estimate 7, :

- =) (B +US)_IM

. . (71)
(use (B +06)"1(B+08) =idonCp by (57) with 8 # 0)
B A—h_+a8 10
—r_(B+08) YA—m_+08) 1%
— (B+08) 'p%%

We estimate the three terms:

[a—si_+ody7 o] S A%

[(B+od) % <

Hna_(B +o8) N A—m_+ad) 0| <

so that altogether

Irellc, S |62, < I¥]
b

Having estimated r, in (92), and c; being 0, it remains to estimate c_: (92) with
o = —1 shows

vy

=y
co=const=Bin(B+1)'A—m_)'g—p 0. (94)

=w
By now-familiar arguments w is well-defined and in Cp, with
lwlie, < ||

Since c_ is constant, it can be estimated by evaluating the right-hand side of (94) at any
B, say f = 1, and we obtain

le-| < llwlig, + lIr-llg, < [¥|

L2

n
11/8

Altogether we have that

inBY = (X0 + Xo)inB¥ 2 X0B'rs + Xoo (B 01 +c)

= X0,387+ + Xoo:BiaV— t XooC—
—_—

eN f*¢, €Cxoo

(42)

egn
with G" norm < HE|

e O
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Proposition 16.

IABllynr gn S 1 95)
Proof.
AB=AB|—A
IABIlpgs gm < IAB gy g + 1Al gn S 1
(89) (90)
<1 <t
grgn

O

Having dealt with the most difficult part ¥{', we examine the fairly trivial action of the
various differential operators id, B, A, AB on ¥".

Proposition 17.

Bygn =0 (96)
ABjgn = 97)
Ay = (98)
ABjjyn =0 99)
lidlipgn gy S (n)~! (100)
Yoew (101)

Proof. w" & Bl_lA:l (80, C), so for n # 0 the statement is trivial. Consider n = 0:

AoBy = A(B+1)1 = A1 =0,

which yields the first four estimates.

AB— D A i 0B+ =1
B D yp— H 1—2u
—_——
eCp
Def. 6 —1 4—1 . n -1 4-1
kO prlAT = = idv" =B A~ (30,C) = 80,C

1 —2u
41

Hence id maps ¥" into 3¢, C S'—>) G". (100) is trivial since ¥ is one-dimensional for

n = 0 and zero for n # 0. Moreover

1
2u — 1

80
=B 'AZ (—1) € B 'AZ (80, ) @ gn

so that

— @3 1
Vo 2 o )Y ew
2u —1

(the ¢ = A3 (¥™) norm is obviously finite). O
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Finally we examine the action of i, B,A, AB on 1110”. Cyo introduces terms without
decay at B\ 0. we remove the xo terms at the cost of new terms in ¥§' on which we
have estimates already.

Lemma 2.
”onnﬂ/éﬂcb =1 (102)
IAXoll A gsc, = () (103)
IABXoll A s, = ) (104)
Proof.

Bxo = Bogxo
Axo = Bdgxo — infxo
ABxo = B(dp — i) Bdpxo = Bdpxo+ B 95x0 — inf*0px0

2 00 548 - 548 an
dp X0, Ig X0 € C(R4) < [ B™°Cp, and likewise Bxo € [ B°Cp (note § < 1). O

Lemma 3.
B 'AZ yo = —mT' o +1 where Irllgp <1 (105)
Proof.
A_ o = —m_ X0 +  Axo
—— —— ——
eCp eCp %OA,C;, (123)Ch~'—>A,C},
7 _ _
(:>) X0 = —mfA_1X0+A_]AX0
m_#0
& Alyo=—mTlxo+ A im = Axo) (106)
~——
=g
where
) -1 . <
”gl”nﬂiéch < |m_"| ”AXOHHﬂiBCb Sl (107)
)
<! “%”W
Similarly

Bixo = xo+ Bxo
= x0=B"xo+B ' 'Bxo
~——
GC[,
& Bi'xo=xo+B;'AZ'A_B(—x0) (108)
S———’

=82
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p . p <
&2l jeac, < IABXolA sesg, + Im— 1B X0l gese, S () (109)
(72)
(l?)m) <) “23)1

~ ~

Combining (106) with (108) we get

1,1 (106) ,_ _ _ 108)  _ - _
B 'AT xo = B (—m T xo+ AT g) = —mT o+ By AT (—mT g + g1)
=r
Note
(107)
@1 —1
Iy = e =m='e2| . S
K N B*Ch (109)
O
Proposition 18.
lid /gy gry S (1)~ (110)
1Bliwg.gn S ()" (111)
IAB Iy g S 1 (112)
ANy gn S 1 (113)
IABllyy gn S 1 (114)
Proof.
. B .y el 4—
lidhwp. o ' |id B AT 0],
aos) |
S ImZ  xolley, + lidllpy grillrlley S (n)~
7 =1 @7 (105)
<Sim)! <m- <1
82) —14-1
I1Bllwe.gr = HBBl Ay Xo‘gg
(105) ! |
S ImZIBxoll A gese, + IBlwn gmllrllen < (n)~
N BECy [¥5.G51 s
(72) <
<Sm! “%2)1 <?<i)<n>—1 “?1
(82) .-
IAB1llyy.gm = HABlBl 1A+1X0‘Qn
0
(105) '
S ImZIAB + Dxoll A gese, + 1AB1llpwn gnllrllegn <1
N B=Cy [¥5'.Gg1 s
(72) (89) (105)
S L <1 <l
(103)

(82) 1
1Alwg.on 'S | 4B A 0,



52 V. Elling

105
(5) @Ileollngﬂcb + ANy gnlirlley <1
<f<j>(n)7l (1%3><n) o, 199
IABl gy gn 2 HABB;IAjXO o
(125) Im=" IABxoll A gesc, + IABlwr gyl llgr <1
= \:_, ﬂﬂi‘scb 2 ,G"] vt S
(g)(m_1 (|g)<n> (2)1 (1%91

O

Remark 9. We have treated each direct summand of ¥”; combining the estimates easily
yields (remember (26),(27): the operator A is the Fourier transform of —p4d,, B the one
of dg and in the transform of d)

il gr) = Ny gy + lidlug 6oy + lidlgr g < ™' (115)
87) (110) (100)
Sim! RO < ()
. . (115)
= lidllw.g 1= Hld”[A%(lII"),A%(gZ)] < (116)

(84) _
IBllpwn gy =< IBllygy gmy + I1Blljwg goy + 1Bllwr goy < (n) )

(88) (111)

96)
<Smy! < ()71 =

0

[ll ,QO]

(84)
IABillpgn goy < I1ABllwy o1+ 1AB gy oy + 1ABllgn gy S 1 (119)

(2)1 (lg) (‘2)0
L . (119)
N Hﬂaw(ﬁaﬁ + 1)” ey = (120)
(84)
[Alwn gy = N Al g + 1A Tz gm + 1Al gn S 1 (121)
(2)1 (15)1 (‘2)0
- HBB‘” H 2 (122)
[v.G]

(84)
IABlljgn gny < 1ABlwy gny+ IABllgp gn + 1ABllpgr gn S 1 (123)

95) (114) ©7)
<1 <1 =0

~
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(123)

= Hﬂ 9p ﬂH[xI/g] & (124)
(115)
||8¢||[l1/,g_] < o0 (125)
(26) (1 8)
+ Qu —Dlid|ljy,g_; (126)
_,_,(116)
(116)
(118) < 00
<
Go—G—
_ 2 6)
963 l0.g.y < |66, ; +@u=Dloglyg <00 a2n)
\“,—/ —
(1;7) (125)
g"‘%gﬁ
ullwgr = [0, 5+ @ = Dlidlgo.gy < 0 (128)
a1s)
(122)
<00 656>
|G 036] g, = |B00B0s] o, + 0= ]|
+ + -
@y )ﬂwg]zmﬁ‘pﬂﬁ[w,g](u )ﬂ‘”[w,gJ
N—— —’
(124) (122)
< o0 < o0
+2ul fioy |, +2mCu = Dlidlgg <00 (129)
> ———
(116)
(Ilg) 0 g ig
Go—G -

3.6. The space F for values of F. F is the space for the values of F in (28). These

values arise from the outer divergence of g(®), g(®), ¢ No pointwise multiplications
occur outside these three terms, so we can regard the outer divergence as distributional;
F may contain non-regular distributions.

Definition 9.
F' = AG" (130)
Proposition 19. F" is a Banach space and
Ay G" — F"is an isometry. (131)

(32) (72)

Proof. L = A, "= A — my is injective on Cp, by Proposition 7 (using s = my # 0),

. . (46)
hence also injective on G" < Cp, 80 A, : G" — A,G" = F" is bijective, hence an
isometry and " a Banach space with the induced norm. O

Definition 10.
= A2 (F") (132)
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This definition is valid because (n)~!F", whose elements need not be functions, is
continuously embedded into the Banach space (8 + ﬂ_l)(Cb + 9Cp) (norm induced
by dg, B + B~") which in turn is continuously embedded in D’(RR.); the embedding of
(n)~'F" is n-uniform because AII = Baﬁ — inﬁ’ —m, withmy =2p — 1 +nu can
add at most one n growth which is absorbed by (n)~!. Hence ¢ = 1 can be used in the

runup to definition (33). We obtain

Proposition 20. F is a Banach space.
Proposition 21.

: -1
Hld”[ﬂﬁiacb,f"] ,S <n)

Proof.
T i =4
(NA=C, 7 [N A*3Ch,A,G"] [N A+Cp.G"]
(1) (7
D] e D
[N BF3Cy. N BFCH]
Proposition 22.
lidleyp.7m S (1)~
Proof.
G . .
Aixo G5y X0 — inBxo+ Bdgxo
& xo=-m; (Avxo+inBxo — Bdsx0)
(72) 3 1) (133)
<o Plrolgn = holey=1 < I5x0ln e, SI
’—/\T —— ——
= lxolz < i ™" ( 1A+ xoll 72 +  (n) IBxoll 7=
+ |1B3s x0]| 2 )
—————
133
< 7B x0ll gsc, St
<!
Lemma 4.

. ~1
lidll ey, 71 < (n)

Proof. Forn = 0:
AsXoo = (B3 — i) — 1h,) Xoo
(32 .
' (Bog — Qi — D)oo

nZO

(133)

(134)

(135)
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S Xoo = (1 —=2) " (A Xoo — B Xoo)

& ool <20 =17'C [[Asxcoll o + B3 xco | g) S 1
(41)
Flxsclign = ltsclleye=t L1

For n # 0:
Ar(B ™ xoo) = (B3 — int) — 1) (B xoo)
= —inyoo + (—=my — D)xooB ™ +8pxc0
& oo = (im) H((=my — DxooB™" + g xo0 — A+(XooB™H)

= ltoollpr = )7 (me+ 11 xooB ™|+ 95200 o + | A+CrocB™)|
P (Cow 1] Pl P LY VoA St

= (%3)<n>—1 (l%?)(n)’l (@)”Xocﬁ’l llgn <1
< )7
O
Proposition 23.
lidllign 7ny S ()~ (136)
Proof. Combine (133), (134) and (135). O
Proposition 24. 2 maps G" into F", with
i g gy S 1 (137)
Proof. Immediate from (136). O
Proposition 25. A maps G" into F", with
IAllign 7n) S 1 (138)
Proof. A = Ay+my,so
1Aligr 21 = I Asligr vy + Imallidlige om < 1
DR
Gh—gn
O
From (138), (137) and (136) we immediately get
Proposition 26.
[96]lig_ 7y < o0 (139)
05 ig.7) < o° (140)

lidllig. 7 < o0 (141)
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3.7. dF )3V is a linear isomorphism. Since we intend to apply the implicit function
theorem it is essential to show that our linearized operator R — E in (32) is invertible.
This rests on two ideas: first, R is a product of the three first-order ordinary differential
operators Ay, A_, By which are easy to invert. Second, £ = 0 for n = 0, whereas it is
small (relative to R) at large n. Here is one of the two points where the high periodicity
we require in Theorem 1 is essential. (In future work we will discuss the technically
more difficult inversion of R — E for nonzero non-large n; then the value of p will play
a bigger role.)

Proposition 27. For any n € NZ, R is an isometry on ¥" onto F".

Proof.
RE A, a_By;
combine (85) with (131). O
Proposition 28.
IEljwn 7y S N (142)
Proof.
EZ Qu-1)A-B)

For n = 0 we have A 2—_2 B, hence E = 0. For n € N7Z\{0},

IElpgn 707 S (1A llggn gy + 1 Bllggn gap llidllign 7o S (0)"F S N7

(121 (117) (136)
< NGO S ()7t
gpcgn

Proposition 29. For N R — E is an n-uniform isomorphism on W™ into F".
(142)

Proof. R is anisometry and [|E|l(gn Fn) =< % for N sufficiently large, so that R — E
is an n-uniform isomorphism. 0O

Proposition 30. For N sufficiently large, %(EO, 20) : ¥ — F is an isomorphism.
Proof. By Proposition 29, the Fourier transform —(R— E) of % (o 20) is n-uniformly

an isomorphism on ¥" into F", so %(WO, £20) is an isomorphism on ¥ = A% U48)

into F = A2(F"). O
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3.8. The space W for data 2. Now we define WV, the space for the data £2. We choose
negative regularity —% in ¢ direction. This is crucial for obtaining large initial data that
may change sign.

Definition 11. Let W" = C forn € NZ, )V = 0 for other n € Z.
W= A" OW") (143)

Motivation: say §2 was allowed to have regularity —o. Then its product with W, and
hence F (see (28)), have regularity —o at most. From F to G we gain one order of
regularity, to index 1 — o (put differently we gain two orders from F into ¥, then lose

one into G due to the various 9, dg in g@), g, g© which contain n). g is estimated

in G, so the two factors g(® and £2 have regularity 1 — o and —o. To well-define the
product we need (by Proposition 36) that (1 — o) + (—o) > 0, hence —o > —%.

(It is worth investigating whether a reformulation of the problem might overcome
this limitation.)

Proposition 31.
£20eW (144)

Proof. 1" = 8, € W" for all n, and the A_%(W”) norm is obviously finite. Hence
multiples of 1, including £2p, are in W. O

Lemma 5.
Wi gh < gitk (145)
Proof. Let j,k € Z.1f j ¢ NZ, then W/ = 0;if k ¢ NZ, then G = 0; either way
Wi .Gk =0.Let j,k € NZsothat j+k € NZ. Then W/ - GF = € . gk = gk ‘&
gj+k. O
Proposition 32.
W.G— F (146)

In particular

W s F (147)
(53) .. . .
Proof. 1 € G, so (147) is implied by (146) which we prove now:

WG = A" S0 . AR Gh ((%) At D Ay = F
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3.9. F is continuously differentiable. So far we have estimated linear maps: various
derivatives applied to 1. Now we combine these into nonlinear terms by multiplication.

We point out an essential problem: we have defined ¥ as B[ 1A:1 of G", not G". This
is because G" allows terms with asymptotics ¢8° (¢ # 0 constant) as f — oo at all n;
A~ would map this into a term 02,3_1 + 0(,3_1) and then Bl_1 =(B— (—i))_l, which
has characteristic exponent —1, would produce 387" log 8, not c387!. After taking

derivatives and multiplying (nonlinearity) the log 8 would cause havoc and prevent
closure.

But now when we apply the inverse R~! = B fa~t AL ! to defects f we need to

ensure that A} ! f isindeed in the smaller space G" . This required the choice 7 = A,G"
in (132). The price to pay is that the outer divergence of F (28) must map into A,G" as

opposed to a larger space A+G". Since the factors that constitute W, g(w, W involve
0,y which lives in G" (as discussed in the context of (90)), this appears difficult.

However, we make a crucial observation: the key difficulty in (28) is 8¢ g(‘ﬂ) (since 9y
on g@ does not involve ,3 hence cannot lose decay, and similarly g 2 is harmless).
Fortunately the values of g are indeed in the smaller space G : 9, appears only in

one particular fraction in @ (see (29)), which has a crucial cancellation that eliminates
all n # 0 occurrences of +¢xoo(B)BY. This is proven in detail in the last part of the
following proof.

Definition 12. Let B(W)(wo) be the ball in ¥ of radius €y, around EO (which is € ¥ by

(101), so the ball is well-defined). Let Be,, mw) (£20) be the ball in W of radius €5, around
20 (which is € W by (144)).

Proposition 33. Let o € {—1/(2u), —1}. For €y sufficiently small, Ve B(w)(wo):

infdp¥ >0, ¥ > @9 € CHBY W) §) (148)
inf@, + Dagy >0, V> 1/@y+Dagy € C' B W) G (149)
supdpy <0, ¥ > 1/3p9 € C'(BY (Fp): G-) (150)
V> 9,9/ 0y + Dag¥ € C (B (¥0); G-) (151)

Proof. (148): G is a unital Banach algebra ((53), (51)); Taylor expansion of x — x“
around x = 1 yields (for either «) an analytic function f : U — G on a neighbourhood

UcgGofl (2_) 8(/,1/;0 By (128) 5(/) is C! (in fact linear continuous) on Bé,/, )(1/10) into

G, so we can restrict €y so that 8¢, maps BEV, (EO) into U and thus f o B(p is C! on
(W)(I//O) into G.

(149): analogous, expanding x +— x~ (27126)

1

around —2pu By + 1)8,31//0 and

observing that (8 + 1)8,3 e CI(B(W)(WO); 9.
(150) G_ is also a umtal Banach algebra ((53), (52)), so we can expand around

5,3% —landusea,g 1 CI(B“”)(%) Go);
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(151):
— = QD <.z . . . s, 2 <, .
(0, + 1)dg oo 2/1Bg + By (Pag + 1) — 24(Bd, + 24 — 1)
=3,
@V @y + Dgy = @) " - (21B3sY + By (Bdg + DY) — 24
— —_— —— ~—
(l_éf)]g (léB)go (léo)gO (5€3>g7
€Go
(SEO)Q()‘—>Q,

Hence ¥ (5(4,%)_1 (5(/, + 1)5,3% is C! (Bé,lf)(Woﬁ G_). Moreover the expression is
= —2u at ¥ = ¥ (see above), hence invertible in G_ on some neighbourhood U of
—2. We restrict €y, > 0 further to stay in that neighbourhood. 0O

Note that the troublesome 5¢, factors have been rewritten as a combination of
By, AB1Y and v, without Ay This enables us to map into G” and achieve closure of

the estimates. If the fraction was replaced by (5(;7$)’1 alone or (5(p + i)5,3$ alone, this
closure would not be possible.

Definition 13. Henceforth we restrict €y so that the preconditions of Proposition 33
hold.

Proposition 34. For €y, > 0 sufficiently small,

V> g @ e C'BY (o) 9) (152)
V> g0 e C' B W) 9) (153)
V> g@ e BY Vo) G-) (154)

Proof. (152): inspect g in (30) and observe that every term is C! in ¥ € Bé(:f)(wo)
into G by (150) and (125) to (129).

(153):inspect g© in (31): every termis C! into G, by (129) and (148) (using Definition
13).

(154): inspect g in (29). The only factor using 5(/, is the fraction in (151) which is
C! into G_. Every other factor uses only g, 3, 350, hence is clearly into G_: 1/3 gy
by (150), the rest by (126), (125) and (127). G_ is an algebra by (52). O

Proposition 35. ¥ > F(/, 22) is C' on BY)) (W) x W into F.

Proof.

(154) _ (152) _
ecrg_.r € c'(Bgv‘f)(wO);g,) 1001 G ) € C](BS(Z)(V/O);Q)
=28, o - e —= ==
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-0 - 2@ )
S——" ~—~—
ew (m)

CLBE W19

(14())
CUBE) W) x Wi F)

3.10. Implicit function theorem.
Proposition 36. For N sufficiently large and €y, € > 0 sufficiently small, there is a C !
map H : Be(gv)(.Qo) — Bé(f)(wo) so that

FH(2),2)=0 (155)

forall 2 € B (20). H(R) is real if 2 is real.

Proof. By Proposition 35 FisC'on B (wo) x W into F. Moreover F(l//o, £20) = 0.

By Proposition 30 dF /3y (1, §20) is a linear isomorphism on ¥ into F. Hence the
implicit function theorem for Banach spaces yields existence and C! regularity of H.

It is obvious from inspection of (28) that F maps real E §2 into real distributions,
so the implicit function theorem yields a real-valued H (§2) forreal £2. O

Definition 14. For the remainder of the paper we take

W= H(). (156)

4. Solution Properties

Having completed the hard step of constructing v, it remains to show that it is a weak
solution and has the properties claimed in the introduction.

(125) to (129) 47)

(3,. 0. id)(3p. id)w S G D Ab gy €D AS ¢y > (R, x ).

(157)
Using 8ﬁ 8¢ — 0, that means
Vpp. Wps- Vo € Clgy(Be x T), g, ¥ € Cly g By x T) (158)
(we do not control 1}¢¢).
By Definition 13,
v . — — (148
b, = 23,7 "o, (159)
Vpp = B0, + 1)aﬁ1p D0, (160)
1s0)

Vg =B o5y (161)
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In particular for x = B, ¢ we have

an Vg _
4 = 21} (ﬂ¢>
;

)Ry x T

Hence b = (B, ¢) — a = (a,0) is C!, and

160
detab(g) g()(g) lﬁﬁw( 0)
295 (i61)

sob > ais a C' diffeomorphism, as well as onto R x T (same proof as in [10,
Section 7.4]).
a > X is obviously a diffeomorphism and maps R x T onto R?\{0}.

Since X — band b — 1} are both C!, we obtain
V= Vi € CUR\(0})

Definition 15. Henceforth we restrict 2 € B(W) (£20) to be an element of the Wiener
algebra A%(T) and hence of CO(T) as well.

Thus

. (21 (15)
5 g, 2 & Clop (R x T) = CURA\(0)

and altogether
V. € CO ) (R*\{0}) x 10, oa[).

Since v € C0, in contrast to our prior work where v € C!, some (elementary) care is
needed with the nonlinear part of the vorticity equation.

Lemma 6. Let ¥ C R? be open. With all derivatives in the D'(X) sense, let v = V=
withy € CH(X) and & =V x v = Ay € CO(X). Then

Vx[V-(v®V)]=V- (Vo). (162)

Proof. Let 6° be a standard mollifier. Consider ¥® := % 6% which is well-defined
outside X'\ Bs(X) which converges monotonically to X as § \, 0. Set !? = 1 = —¢?2!,
el = ¢22 — (0. We use the Einstein convention; subscripts are derivatives:

vel (=9 =y x0° >y inC’X)and
Yo =19 x0° > y; inC(¥),
wel' )=y =AY’ =wx0° - w =y inCO2)
and therefore
Vv — Yuy, and
Yy = Yy inCO(X)
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so that (all remaining limits in D'(X))

WYk = WiV p)im
WoVoIm = WGrk¥pIm
VX[V (v@® V)] = =&/ @0 )im = =& (T yee ) im = e Wi p)im
— " WY km
= P WV pm + e W VipIm
= " (WYY + (‘/”ff’f ) pme”™"

[N —
=0

= e WYY pIm = (@) =V - (Vo)

Proposition 37.  defines a solution of
0=Vx(v+Vx - (Vv@V)) (163)
Proof. First we observe that
Vx-v=0
is simply a consequence of our definition
v=Viy.
Moreover, it is easy to check that all our coordinate changes correctly treated the outer
divergences as distributional, while all other derivatives are defined in the classical sense
(with results in C°). Hence we may also trace from (28) back to the original curl constraint
(11) which then shows
Vx xV=0w on(R*\{0}) x R, (164)

Moreover we may trace from our definition

back to (21), i.e.

which yields a weak solution of (20), i.e.
1 v Ly
0=01- ﬂ)%ﬁw — 9p(@Vy), on (R*\{0}) x Ry

which can then be traced back to the original divergence-form vorticity equation (10):
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0 = 0;w + Vx - (wv)

WD 5V x v+ Vy - (VX V) v )
—_—

eco  eCo
(162) 2
=V x (3tv +Vx - (V® V)) on (R“\{0}) x Ry.
O

Hence the solution we constructed does define a weak solution in the interior; now
we discuss the initial data and asymptotics.

Proposition 38. As t \ 0, w(t, -) satisfies our initial condition (2), with convergence
in CO(R*\{0}) (i.e. locally uniformly), and

@ = h|g=0,¢=0 (165)
where
hi=w8 (166)
with
gy 1L
B o= (2B (167)
—uUdpY
Proof.
02l o Fe DTG Fe
and
S) s (D), OV 126 L, apY 1
r=ttr =t = : 168
ik (25)(ﬂ)( ) (168)
‘,_4
(150)
~1
SO
1 ﬂ‘(ﬁ‘
rito = (= )zﬂ(a )~ WQ=h e Cb(IR+><T) (169)

=
(168) shows that holding x and hence r = |x| fixed while taking ¢ ~\, O corresponds to

B\ 0, and then x fixed also means £x = 6 . B+ ¢ — ¢. So we find our initial
data on the ray with angle 6 by considering (8, ¢) = (0, ). Since h € Cp(R4+ x T) is
¢-uniformly continuous at 8 = 0+ that means (with (165))

o, x) X 7 i66) in COR2(0)).
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Proposition 39. Our solutions satisfy (6).

Proof. For v this is as in [10, Section 8.3]; for w we observe

169) 1 — —
0w <r
——
eCp

==

O

Proposition 40. If % < W, then our v = v(t,X) is a weak solution on R* x [0, oo[
(including origin); lf% <pu< % then it is a weak solution on (IRZ\{O}) x [0, col.

Proof. As in [10, Section 8.3]: integrate (163) against a test function supported in
(]RZ\{O}) x [0, co[ and use Proposition 38 for the boundary integral over + = 0. For
u > 5 observe that the asymptotics (6) are strong enough to remove x = 0 from of the
support of any test function. 0O

Having shown that our solution satisfies the initial condition as well, we turn to
discuss the variety of initial data.

Proposition 41. For N sufficiently large there is an €; > 0 so that

(i) £ +— o maps BG(ZV)(.QO) N A% onto a superset of BGW) (o), and
(i) & e A°W") ifand only if 2 € A2OWV").

Proof. (1) We want to show that at £2 = £2¢
26D Hp- 0 (170)
is a local diffeomorphism in the norm of W, which is regarded as a space of functions

of ¢ alone. We have already shown C! prior to our application of the implicit function
theorem, so it is sufficient to show study the Fréchet derivative is an isomorphism.

F] wm(”) (B +1— 33 1_1 -1, (171)

5% 7)(23) " (B, —1+2,L) 1_1 —1 and (172)

@, +i)5ﬂ(27)(3) (B3, +2M)(ﬁaﬁ+1—2u) ! —=-2u. (73
SO

Write d /d $2 for a derivative with  as function of £2, as per (156), but 9/952 and 9/3vy
for yr, 2 varied separately. Then

dé 170 _L
4o a0 g (2
d2 02=2) ——

>0

v

dg)m::zo,ﬁ:o - $20.

(o))
25 g
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The first term is clearly an isomorphism on W, so it is sufficient to show the second
term can be made small: §2¢ is a constant, which multiplies all spaces used; we inspect
the operators in the other factor. We have already shown in the context of the implicit
function theorem argument (Proposition 36) that dy//d$2 at 2 = 20, V¥ = ¥ is
bounded on W into ¥. Next,

0w (174) —0pYr 1 A71)(172) 1 _1_
Gwaz L 20V L5, L3, o
0y 21 pd,y 950 | B, 2

this operator is bounded on ¥ into G by (126) and (128). Moreover

"@p +0,):

1 (26)

F@p+0,)F~ =inp,

so the operator is bounded into the closed subspace of G functions g w1th g™ 0) =0.
Evaluation at 8 = 0 on that subspace (regularity %) into W (regularity — 5 1) has arbitrarily
small operator norm for N sufficiently large. Thus the second term in (170) can be made
arbitrarily small, which completes the proof of (i).

(i1) On one hand

® = W|g=0 - §2;

_ .
on the other hand at 2 = §2¢p we have wig—o = u ?* = const > 0, and since

1 . . . . ..
w)g=0 € A2 depends continuously on £2, it remains uniformly positive for 2 near £2o,
and then

1
Wip=0

2= - .

. . S B . . .
Since wig—o and its inverse are in A2, @ is in ACif and only if 2is. O

Proof of Theorem 1 According to Proposition 41 there is an €5, > 0 so that we can obtain
a weak solution for any initial data @ with

o= |d— o)y =100 —dol+ D> ()72 & )
neNZ\{0}
<(N)

2

Focus on the ones with @ (0) = @y. Then it is sufficient to satisfy

. 1 (N)iey |
> 1atm)] < (N)2eg = 21" 0)]
neNZ\(0} ol
Given € > (asin Theorem 1 take Ny so large that N > Ny implies (N) %e,;)/|c?)0| >e L
Then we have solved the problem for all 2W’T-periodic @ with

MO =€ D &)

neZ\{0}

and @™ (0) = &y # 0.
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This is extended to arbitrary @” (0) # 0 by applying to the solutions the well-known
Euler scaling symmetry

w(Xx, 1) < sw (X, st)
Hence we have constructed solutions for all initial data satisfying (3). O
To justify (4), observe that

Py = — L
2) OpY) 82,
B
" 159

>0 >0

w=(

Hence sign w = sign §2 in any (X, ) € (IRZ\{O}) x R;. £2 = £2(¢) has constant sign
on curves of constant ¢ and varying 8; for each fixed ¢ > 0

t Y 1 _
r=(" (L) ~ g
B —u
——
~1
while 6 = B + ¢. Hence these curves are parametrized (for fixed ¢ and & — o0) by
_ p—u |cos@
0 — x(0) =06 |:sin9:| )

~1

as claimed.
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5. Appendix

5.1. Wiener algebras.

Lemma 7.
(n) < (k) + (n —k) (175)
Proof.
(n) < max{l, |n|} = max({L, |k + (n — k)|} < max{L, |k| +|n — k[}
< (k) +(n — k).
O
Lemma 8.
(n) < (n —k)(k) (176)
and

) S =k k) (177)



Self-Similar 2d Euler Solutions with Mixed-Sign Vorticity 67

Proof.

< (k) - {n = k) + (k) - (n — k) ~ (k)(n — k)
This is (176); exchange k with n to obtain
(k) S (n—k)(n)
and divide by (n) (k) to obtain (177). O

Proof of Proposition 3 Let x € A*(&,) and y € A75(Y,).

S
DT =y R 5
nez keZ
S —s A A
< D W e =b]y  [Y®],
nez keZ
ZZ =k ¥ =0, Oy Ry,
neZ. keZ
< llxllascey Iyl a-scx,) < o0 (178)

In particular the series S on the left-hand side is convergent, hence x - y is well-defined,
and

X yla-sz,) = [ D20 G- @ <D D -k -y <k>

nez Z, nez keZ
(178)
< ZW‘YZ||xA<n—k>-yA<k>||Zn S Ixlas g 19145
nez keZ

which is (36). Using (176) instead of (177) we get (37). O
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