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Abstract: We study the critical behavior forinhomogeneous versions of the Curie-Weiss
model, where the coupling constant J;; () for the edge i j on the complete graph is given
by Jij(B) = Bw;w; /(Zke[N] wy ). We call the product form of these couplings the rank-
1 inhomogeneous Curie-Weiss model. This model also arises [with inverse temperature
B replaced by sinh(8)] from the annealed Ising model on the generalized random graph.
We assume that the vertex weights (w;);c[n] are regular, in the sense that their empirical
distribution converges and the second moment converges as well. We identify the critical
temperatures and exponents for these models, as well as a non-classical limit theorem
for the total spin at the critical point. These depend sensitively on the number of finite
moments of the weight distribution. When the fourth moment of the weight distribution
converges, then the critical behavior is the same as on the (homogeneous) Curie-Weiss
model, so that the inhomogeneity is weak. When the fourth moment of the weights
converges to infinity, and the weights satisfy an asymptotic power law with exponent
Tt with T € (3,5), then the critical exponents depend sensitively on 7. In addition, at
criticality, the total spin Sy satisfies that Sy/N®~2/T—D converges in law to some
limiting random variable whose distribution we explicitly characterize.

1. Introduction

Universality is a key concept in the theory of phase transitions, with application to a large
variety of physical systems. Informally, universality means that in the thermodynamic
limit different systems show common properties close to criticality. The theory based on
the renormalization group suggests that systems fall into universality classes, defined
by the values of their critical exponents describing the nature of the singularities of
measurable thermodynamic quantities at the critical point.

In the presence of heterogeneities, e.g. spin systems on random graphs used to model
interaction on a network [1,12,13,21] it is not clear a-priori to what extent universality
applies. From the point of view of the structure of the network, emerging properties of
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real networks have been identified in several empirical studies in different contexts—
social, information, technological and biological networks. Many of them are scale free,
with a degree sequence obeying power-law distribution, and small world, with short
graph-distance among vertices. As a consequence power-law random graphs, i.e., graph
sequences where the fraction of nodes that have k neighbors is proportional to k~°
for some T > 1, are often used as mathematical models for real-world networks. In
this paper we investigate universality for spin systems on power-law random graphs
displaying phase transitions.

The issue of universality is related to the network functionality. Indeed the occurrence
of a thermodynamic phase transition is associated to a change in macroscopic properties
of the networks, for instance the possibility to reach consensus in a social network can
be related to the occurrence of a spontaneous magnetization. Thus the investigation of
different universality classes for spin systems on random graphs is a relevant question
with immediate practical relevance for the network functionality.

Due to the random environment, when considering the Ising model on the random
graphs used to model real networks, a distinction is required between different averaging
procedures. Two settings are often studied in the literature: the guenched measure (graph
realizations are studied one-by-one so that they produce a random Boltzmann-Gibbs
measure) and the annealed measure (all graph realizations are considered at once and
they give rise to a deterministic Boltzmann-Gibbs measure). See [7, 18] for an extended
discussion of the two settings.

In the paper [11], the quenched critical exponents have been rigorously analyzed for
a large class of random graph models. More precisely in [11] it is proved that the critical
exponent § (describing the behavior of the magnetization at the critical temperature as
the external field vanishes), the exponent # (describing the behavior of the spontaneous
magnetization as the temperature increases to the critical temperature) and the exponent
y (describing the divergence of the susceptibility as the temperature decreases to the
critical temperature) take the same values as the mean-field Curie-Weiss model whenever
the degree distribution has a finite fourth moment. This includes for instance the case
of the Erd6s—Rényi random graph. For power law random graphs, it is proved that for
T > 5 the model is in the mean-field universality class, whereas the critical exponents
are different from the mean-field values for 7 € (3, 5).

In this paper we provide the analysis of the critical behavior but in the annealed
setting. Our results are fully compatible with the universality conjecture. The annealed
critical temperature is different (actually higher) than the quenched critical temperature,
but the set of annealed critical exponents that can be rigorously studied are the same as
the quenched critical exponents. In the annealed setting our results are stronger since we
are able to show that y’ = y. Here p’ describes the divergence of the susceptibility as
the temperature approaches to the critical temperature from below, and in the quenched
setting we were able to show only that y’ > p.

A main difference between the quenched and annealed case is that while the analysis
of the quenched measure could be done in great generality, the study of the annealed
case is much harder. Indeed the results of [11] are valid for all graph sequences that
are locally like a homogeneous random tree [2,8-10,22] and uniformly sparse. For the
annealed setting it is not enough to control the behavior of the model on the typical
graph realizations (namely rooted random trees). For the annealed measure one needs
to study exponential functionals of the graphs, i.e., questions on large deviations of
sparse random graphs that are largely unsolved. Thus we specialize our analysis of the
annealed critical exponents to a particular class of random graphs models. This is given
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by the Generalized Random Graph models, also called inhomogeneous random graphs
of rank-1 in the literature (see [4,20] for a non-rigorous study).

By exploiting the factorization of the Gibbs measure and the edges independence
we reduce the study of the annealed measure for the Ising model on the Generalized
Random Graph to the analysis of an inhomogeneous Curie-Weiss model. As we shall
see, for this model we are able to also study the properties at criticality. On a sequence of
temperatures approaching the critical value, we prove the scaling limit for the properly
renormalized total spin. As a result, our findings extend the analysis of the scaling limit
of the standard Curie-Weiss model [14—16] and provides new asymptotic laws for the
(properly renormalized) total spin.

2. Model Definitions and Results

2.1. Inhomogeneous Curie-Weiss model. We start by defining the inhomogeneous
Curie-Weiss model. This is a generalization of the classical Curie-Weiss model in which
the strength of the ferromagnetic interaction between spins is not spatially uniform. As
the standard Curie-Weiss model, it is defined on the complete graph with vertex set
[N]:={1,..., N}. See Table 1 at the end of the paper for a summary of the important
notation used in this paper.

Definition 2.1 (Inhomogeneous Curie-Weiss model). Let o = {o;}ic(n] € {—1, l}N be
spin variables. The inhomogeneous Curie-Weiss model, denoted by CW  (J), is defined
by the Boltzmann—Gibbs measure

eHN ((7) 2
= .1
un(o) Z. (2.1)
where the Hamiltonian is
1
Hy(@) =3 Z Jij(B)oioj + B Z o; (2.2)
i,j€[N] ie[N]

and Zy is the normalizing partition function. Here B is the inverse temperature, B is the
external magnetic field and J = {J;;(B)}i, je[n) are the spin couplings.

In the above, the interactions J; j(8) might be arbitrary functions of the inverse
temperature (in particular no translation invariance is required), provided that the ther-
modynamic limit is well-defined, i.e., the following limit defining the pressure exists
and is finite,

) 1
¢(B, B) := lim —logZy(B, B). (2.3)

In the following we will restrict to the ferromagnetic version of the model, i.e., we
will assume J;;(B) > 0. Since the coupling constants J = {J;;(B)}i je[n)] are positive
and possibly different for different edges, we speak of an inhomogeneous Curie-Weiss
model. We next state our hypotheses on the coupling variables. Each vertex i € [N]
receives a weight w;, We will take J = {J;; (8)};, je[n] such that

w,'wj

Jij(B) = 7

B. where Ly = > w. (2.4)
keln]
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In the case where w; = 1, our model reduces to the (homogeneous) Curie-Weiss model.
We will call the coupling constants in (2.4) the rank-1 inhomogeneous Curie-Weiss
model. In Sect. 2.3, we describe the assumptions that we make on the weight sequence
w = (W;j)ie[N]-

In [18] it is shown that the rank-1 inhomogeneous Curie-Weiss model arises in the
study of the annealed Ising model with network of interactions given by the rank-1
inhomogeneous random graph, also called the generalized random graph, which we
describe next.

2.2. Generalized random graph. In the generalized random graph [5,19], each vertex
i € [N]receives a weight w;. Given the weights, edges are present independently, but the
occupation probabilities for different edges are not identical, rather they are moderated
by the weights of the vertices. We assume that the weights w = (w;);[n] are strictly
positive (there is no loss of generality in supposing this, since the vertices with zero
weight will be isolated and can be removed from the network).

Definition 2.2 (Generalized random graph). Denote by I;; the Bernoulli indicator that
the edge between vertex i and vertex j is presentand by p;; = P (I,- = 1) the edge prob-
ability, where different edges are present independently. Then, the generalized random
graph with vertex set [N], denoted by GRGy (w), is defined by

Wi Ww;

= — 2.5
Pij ZN+wiwj ( )

where £y = lez 1 w; is the total weight of all vertices.

We have now defined two classes of models that depend on vertex weights w =
(w;)ie[n]- We next state the assumptions on these weights.

2.3. Assumptions on the vertex weights. We study sequences of inhomogeneous Curie-
Weiss models and generalized random graphs as N — oo. For this, we need to assume
that the vertex weight sequences w = (w;);ecn] are sufficiently nicely behaved. Let
Uy € [N] denote a uniformly chosen vertex in GRGy(w) and Wy = wy,, its weight.
Then, the following condition defines the asymptotic weight W and set the convergence
properties of (Wy)y>1 to W:

Condition 2.3 (Weight regularity). There exists a random variable W such that, as
N — oo,

Q) Wy —=> W,
(i) EIW3] = & Xien w7 — EIW?] < oo,

D . . .
where — denotes convergence in distribution. Further, we assume that E[W] > 0.

Note that, by uniform integrability, Condition 2.3(ii) implies that also E[Wy] =
& Y ieny wi — E[W] < o

Condition 2.3 implies that the sequence (GRGy (w))x>1 is a uniformly sparse tree-
like graph with strongly finite mean and with asymptotic degree D distributed as a mixed
Poisson random variable,

k
P(D=k)=FE [e—W%] , (2.6)
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see e.g., [19, Chapter 6].

Our results depend sensitively on whether the fourth moment of W is finite. When
this is not the case, then we will assume a power-law bound on the tail of the asymptotic
weight:

Condition 2.4 (Tail of W). The random variable W satisfies either of the following:

(i) E[W*] < oo,
(i) W obeys a power law with exponent t € (3, 5], i.e., there exist constants Cy, >
cy > 0and wo > 1 such that

cww T < PW > w) < Cpw "D, V> w. 2.7

To prove the results on the scaling limit at criticality we will strengthen our assump-
tions as follows:

Condition 2.5 (Tail of Wy and deterministic sequences). The sequence of weights
(w;)ie[N] satisfies either of the following:

@) E[W{] = 5 Xen wi — E[W] < o0,
(ii) it coincides with the deterministic sequence

N\ /@D
Wi = Cy (—) , (2.8)

i
for some constant ¢y, > 0and t € (3,5).

We remark that the above deterministic sequence is N-dependent (we do not make this
dependence explicit) and its limit W satisfies (2.7) since w; = [l — F 171 /N), where
F(x) =1 —(cypx)~ D for w > ¢,,. In the next section, we explain what the annealed
measure of the Ising model on GRGy (w) is.

2.4. Annealed Ising model. We first define the annealed Ising model in general on finite
graphs with N vertices, then we specialize to GRGy (w). We denote by Gy = (Vy, Ey)
a random graph with vertex set Vy = [N] and edge set Ey C Vy x Vy. We denote by
Qy the law of the graphs with N vertices.

Definition 2.6 (Annealed Ising measure). For spin variables 0 = (o1, ..., oy) taking
values on the space of spin configurations Qy = {—1, 1} the annealed Ising measure
is defined by

Ow (eXp [’3 2.6, yeEn 919 + B 2icin 0"])
Onv(Zgy (B, B))

Py(o) = , (2.9)

where
Zoy (B.B)= D exp|B D oioj+B > o (2.10)
oeQy (i,j)eEN i€[N]

is the partition function.
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With abuse of notation in the following we use the same symbol to denote both a
measure and the corresponding expectation.

Definition 2.7 (Annealed thermodynamic quantities). For a given N € N we introduce
the following thermodynamics quantities at finite volume:

(i) The annealed pressure:

1
Yn(B, B) = NIOg(QN (Zy (B, B))) . (2.11)
(ii) The annealed magnetization:
Sy
My(B.B) = Py|— ), (2.12)
N
where the total spin is defined as
Sv= D o (2.13)
i€[N]
(iii) The annealed susceptibility:
d
xv(B, B) = 8—BMN(/3, B). (2.14)

2.5. Annealed Ising model on GRG. We now specialize the previous definitions to the
annealed Ising model on the Generalized Random Graph. By assuming the probability
pij of each edge in E is that given in (2.5), we can compute explicitly the average of the
partition function (2.10). Indeed, recalling that /; ; is the indicator of the edge between
vertex i and j, we can write

Ov (Zn (B, B) = Ov( D exp[B D lijoioj + B Y i) 2.15)
oceQy i<j ie[N]
and, by using the independence of the variables /; ;, we compute [18] that
O (Zy (B, B) = C(B) > eF Tiamied ujam Tsh)oi - (2.16)
O'GQN
where C(B) > 0 is a constant and the positive couplings J;;(8) are defined as

ePpij + (1= pij) )
e Ppij+(A—pijp))

1
Jij(B) = Elog( (2.17)
The r.h.s. of (2.16) can be seen as the partition function of an inhomogeneous Curie-
Weiss model with couplings J given by (2.17). Thus, the annealed Ising model on the
GRGy (w) is equivalent to such CW y (J), i.e., the two measures coincide point-wise on
the sample space. Our proof [see Eq. (4.63)] shows that the J;; (8) in (2.17) are close to
the form in (2.4) with B replaced by sinh(), so that the study of the annealed generalized
random graph reduces to the rank-1 ICW model. Preliminarily to the statement of our
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main results we recall the model solution given in [18]. By symmetry, we always take
B > 0. We denote by B, the annealed critical inverse temperature defined as

Be :=inf{ > 0: M(B,0%) > 0}, (2.18)
where the spontaneous magnetization is given by

M(B,0%) = Jim - lim My (B, B). (2.19)

Theorem 2.8 (Thermodynamic limit for annealed Ising on GRGy(w) and for rank-1
CWy(J) [18]). Let (Gy)ns1 be a sequence of GRGy(w) graphs satisfying Condi-
tion 2.3. Then,

(i) For all 0 < B < oo and for all B € R, the annealed pressure exists in the
thermodynamic limit N — oo and is given by

Y(B,B) == lim (B, B). (2.20)
N—o00
(ii) The magnetization per vertex exists in the limit N — 0o and is given by

M(B.B) := lim My(p.B). 2.21)

The limit value M equals: M (B, B) = 3%1#(/3, B) for B>0, whereas M = 0 in
the region0 < B < B;, B = 0. More explicitly, when B > 0or B = 0% and B > B

M@, B) = E |:tanh( sinh (B) )+ +B>], (2.22)

E[W]

where 7* = 7*(B, B) is the unique positive solution of the fixed point equation

_ sinh (B) sinh (B)
z=E |:tanh( E[W] WZ+B) E[W] W:|. (2.23)

(iii) The annealed critical inverse temperature is given by

Bc = asinh (1/v), (2.24)
where
2
V= BIw ]- (2.25)
E[W]

(iv) The thermodynamic limit of susceptibility exists and is given by

32
,B) := i ,B) = — , B). 2.26
X(B.B) = lim xy(B.B) = (8. B) (2.26)

(v) For the rank-1 inhomogeneous Curie-Weiss model CW y(J), (i)—(iv) hold with B
replaced with asinh ().
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Theorem 2.8 shows that a phase transition exists for the annealed Ising model on
the generalized random graph and the rank-1 inhomogeneous Curie-Weiss model. For
the rank-1 inhomogeneous Curie-Weiss model in the special case where w; = 1, The-
orem 2.8 reproves the classical result for the Curie-Weiss model. When the weights are
inhomogeneous, the critical value is instead given by 8. = 1/v.

Let us compare the annealed critical value in (2.24) to that in the quenched setting
as derived in [17]. There, it is proved that the quenched critical value B7" equals g =
atanh(1/v) > asinh(1/v) = B.. Thus, the annealed critical value is smaller due to a
collaboration of the Ising model and the graph properties.

In this paper, we analyze the block spin scaling limits at 8. and we study the univer-
sality class of the model. For this, we define the annealed critical exponents analogous
to the random quenched critical exponents as in [11]:

Definition 2.9 (Annealed critical exponents). The annealed critical exponents B, 8, y, y’
are defined by:

M(B.0%) = (B — Bo)P, for B\, Be; (2.27)
M(Be, B) =< B'/%, for B\, 0; (2.28)
X(B.0Y) < (B —B)7, for B 7 Be; (2.29)
X(B.09) = (B— B, for BN\ Be. (2.30)

where we write f(x) =< g(x) if the ratio f(x)/g(x) is bounded away from 0 and infinity
for the specified limit.

We remark that, as is customary in the literature, we use the same letter for the
inverse temperature 8 and for the magnetization critical exponent . In this paper they
are distinguished by the use of the plain, respectively bold, character.

2.6. Main results. We start by proving that the annealed critical exponents for the mag-
netization and the susceptibility take the values conjectured in [20].

Theorem 2.10 (Annealed critical exponents). Let (G y) x> be a sequence of GRGy (w)
graphs fulfilling Conditions 2.3 and 2.4. Then, the annealed critical exponents defined
in Definition 2.9 using B given in (2.24) exist and satisfy

| T€(3,5) E[W* < o0
B 1/(t =3) 1/2
8 T—2 3
y=y' 1 1

For the boundary case t = 5 there are the following logarithmic corrections for
B=1/2and§ = 3:

B — Be
log1/(8 — Be)

B

_ B\ B0
log(l/B)) or B\ 0.

(2.31)
The same results hold for the rank-1 inhomogeneous Curie-Weiss model CW y (J), the
critical exponents being now defined using . = 1/v.

M(p.0% = ( )" s e Mg B =
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Remark 2.11 (Comparison to the Curie-Weiss model). For the rank-1 inhomogeneous
Curie-Weiss model, we see that the inhomogeneity does not change the critical behavior
when the fourth moment of the weight distribution remains finite, but it does when the
fourth moment of the weight distribution increases to infinity. In the latter case, we call
the inhomogeneity relevant.

Remark 2.12 (Comparison to the quenched case). In [11], the first two and fourth authors
of this paper have shown that the same critical exponents hold for the quenched setting of
the Ising model on power-law random graphs, such as GRGy (w), under the assumptions
in Conditions 2.3 and 2.4. In [11], however, we only managed to prove a one-sided bound
on p’. Thus, our results show that for GRG, (w) both the annealed and quenched Ising
model have the same critical exponents, but a different critical value. This is a strong
example of universality.

Remark 2.13 (Extension of y = 1). The result y = 1 holds under more general condi-
tions, i.e., E[W2] < oco. See Theorem 3.6 below.

From the previous theorem we can also derive the joint scaling of the magnetization

as (B, B) \( (B, 0):
Corollary 2.14 (Joint scaling in B and (8 — B;)). For T # 5,

M(B. B) = ©((B— B)P + B'/?), (2.32)

where (B, B) = ©(g(B, B)) means that there exist constants c1, C1 > 0 such that
c18(B, B) = f(B, B) = C1g(B, B) forall B € (0, ¢) and B € (Bc, Bc +¢) with & small
enough. For t =5,

M (8. B) = 8((—10g f/(_ﬁﬁ_ ﬂc))l/z + (—1og(lf/3))l/3)' (2.33)

Our second main result concerns the scaling limit at criticality. The next theorem
provides the correct scaling and the limit distribution of Sy at criticality (for a heuristic
derivation of the scaling, see the discussion in Sect. 2.7). For GRGy (w), we define the
inverse temperature sequence

Be.n = asinh(1/vy), (2.34)
where
E[W2]
N — l 235
T EW,] (235)

so that B ;v — B, for N — oo. For rank-1 CWy (J), we replace §8 by asinh(8), so that
Be,n = 1/vy. Our main result is the following:

Theorem 2.15 (Non-classical limit theorem at criticality). Let (G y) y=; be a sequence
of GRGy(w) graphs satisfying Conditions 2.3 and Condition 2.5 and let § have the
respective values stated in Theorem 2.10. Then, there exists a random variable X such
that

Sy

D
m —> X, as N — o, (236)
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where the convergence is w.r.t. the measure Py at inverse temperature B,y = asinh(1/vy)
and external field B = 0. The random variable X has a density proportional to

exp(—f(x)) with

v %%;j xt when E[W*] < oo,
(x) = 2
f 2is1 (% (%xi‘wf—l)) — log cosh (;—jxi_l/(f_]))) when 7 € (3,5).
2.37)

The same result holds for the rank-1 inhomogeneous Curie-Weiss model at its critical
value Be.n = 1/vy.

We will see that in both the case where the fourth moment is finite as well as when
it is infinite,

. f)
Jim e =6 e
with
4
II_ZE{V‘/E]} when E[W*] < oo,
= T—1
(52) 7 (/) — ogeosy VM) dy when € 3.5).

(2.39)
This result extends the non-classical limit theorem for the Curie-Weiss model to the
annealed GRGy (w) and the rank-1 CW y (J).

2.7. Discussion. Random weights. Instead of choosing the weights w deterministically,
one can also choose the weights i.i.d. according to some random variable W, with
E[W?*] < co. In this case, Condition 2.3 holds a.s. by the laws of large numbers. Hence,
if Qy denotes the average over all graphs drawn according to the GRG conditioned on
the weights, then our results also hold a.s. When in the annealing also the average over
the weights is taken, then the model becomes unphysical, because the pressure becomes
infinite as is proved in [18].

Critical exponents. Theorem 2.10 implies that the annealed exponents are the same
as in the quenched case. Indeed, by (2.6), the condition E(W* < oo is equivalent to
E(K?) < 0o, where K is the forward degree of the branching process describing the local
structure of GRGy (w). Thus the conditions in Theorem 2.10 defining the universality
classes are the same as those in Theorem 2.8 in [11].

Scaling limit of block spin variable. In [18], it is proved that the classical central limit
theorem for the total spin Sy holds in the one-phase region of the annealed Ising model
1.e.,

Sy — Py(S
Sw=PNOSW) D0 ). wrt. Py, as N — oco. (2.40)
JN

In [17] we prove the analogous result in the quenched setting. More precisely, we prove
(2.40) for the quenched measure in the quenched uniqueness regime for all random
graphs that are locally tree-like. A prominent example is the GRGy (w) as studied here.

At criticality, i.e. for (8, B) = (B¢, 0), the limit in (2.40) is no longer true. A scaling
different from /N has to be used to obtain the scaling limit, and also this limit is not
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a normal random variable. In [15,16], Ellis and Newman prove that for the standard
Curie-Weiss model

S
NT}\;4 2) X, as N — oo, 2.41)

where X is a random variable with density proportional to exp{—%x“}. We extend
this result to the rank-1 inhomogeneous Curie-Weiss model, and thus to the annealed
Ising model. We prove that the scaling with N3/ is also correct when E[W*] < oo,
but different for t € (3, 5). Furthermore we show that when E[W*] = oo, different
asymptotic distributions arise in the scaling limit. We characterize them for the weight
deterministic sequence (2.8) in which the weights follows a precise power-law. Such a
sequence is rather generic in the sense that it produces an asymptotic weight that is also
power-law distributed. The analysis shows that the fluctuations of the total spin decrease
as the exponent T becomes smaller and the distribution seen in the scaling limit has tails
proportional to e ¥ .

Heuristic for the scaling limit. To obtain a guess for the correct scaling, we can use
the standard scaling relation between & and 5 as in [14]. On a box in the d-dimensional
lattice with side lengths 7, [n]d c 74, the exponent 7 satisfies

P (S2) ~ nt¥20, (2.42)

where Pn(d) is the expectation w.r.t. the Ising measure on this box and S, is the sum
of all spins inside the box, where it should be noted that there are n4 sites in the box.
Hence, to compare this with our setting, we take N = n and, with an abuse of notation,
let S, = Sy. If there is an exponent A such that Sy/N* converges in distribution to a
non-trivial limit, then it must also hold that Py ((S,/N*)?) = Py(S2/n***) converges.

Hence S,% ~ n?@* sothat d +2 — n = 2d. The standard scaling relation 2 — 5 = d%
[14] now suggests that we should choose

)
A= —. 2.43
d+1 ( )

We prove that this is indeed the correct scaling and we also show that the tail of the
density behaves like exp{—Cx8+l} as is conjectured on Z¢ (see [14, Section V.8)).

Near-critical scaling window. Theorem 2.15 is proved along the critical sequence S, n
approaching the critical inverse temperature 8. in the limit N — oo. A different scaling
limit might be obtained by working with a sequence near the critical one, the so-called
near-critical window, i.e., B, v + Ay with Ay — 0 at an appropriate rate. As is argued
in Sect. 4.5, it turns out that for the annealed Ising model the width Ay of the scaling
window is N~@=D/@+D and the scaling limit differs by a quadratic term that appears
in in the function f(x) describing the density of Sy /N%/ @+ in (2.37).

At criticality. As a consequence of the previous discussion, we also infer that if one works
at critical inverse temperature S, the scaling limit that will be seen to depend on the speed
at which vy approaches v. Indeed, from (2.24) and (2.34),one has 8. —B. v = O (v—vy).
For a natural example given by the deterministic sequence in Condition 2.5 (ii) one has
that when 7 > 5 then v — vy = o(1/N'/?) and thus the limiting distribution does not
change; on the contrary when € (3, 5] then v — vy = ¢ N~G=D/G+D (1 4 (1)) for
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some ¢ # 0, and thus the distribution changes since we are shifted in the near-critical
window. See again Sect. 4.5 for more details.

Organisation of this paper. In Sect. 3, we start by deriving the annealed critical expo-
nents in Theorem 2.10. In Sect. 4, we prove our non-classical limit theorems at criticality
in Theorem 2.15. We will prove our results only for the annealed GRGy (w), since the
proofs for the rank-1 inhomogeneous Curie-Weiss models are either identical, or simpler.

3. Annealed Critical Exponents: Proof of Theorem 2.10

We follow a strategy similar to that in [11], although the proof in our case is a bit easier
since the annealed magnetization is expressed in terms of the deterministic fixed point
7% in (2.23), whereas in the quenched setting the magnetization is expressed in terms of a
fixed point of a distributional recursion. The proof of Theorem 2.10 is split into Theorems
3.5 dealing with the exponents B and § (Sect. 3.1), Theorem 3.6 for the exponent y and
Theorem 3.7 for the exponent y’ (Sect. 3.2). Some lemmas and propositions containing
preliminary results are also stated and proved in Sect. 3.1.

Our analysis of the critical behavior crucially builds on the fixed point equation (2.23).
We apply truncation arguments together with monotonicity (see the proof of Proposition
3.3 for a prototypical example). We rely on Taylor expansion properties for the fixed
point z* in (2.23) as is customary for the Ising model. By truncation we mean that we
decompose the range on integration of various expectations with respect to the limiting
distribution W according to the size of the fixed point z* and using asymptotics for
truncated moments of W.

3.1. Magnetization: critical exponents 3 and §. We start by showing that the phase
transition is continuous.

Lemma 3.1 (Continuous phase transition). Let ((B¢, Be))¢>1 be a sequence with B¢ and
B¢ non-increasing, By > B and By > 0, and By \( B and By \( 0 as £ — oo. Then,
the solution of (2.23) satisfies

lim z*(B¢, By) = 0. (3.1)
£— 00
In particular,
lim z*(B8., B) =0, and lim z*(B8,0") =0. (3.2)
B\,0 B\Be

Proof. The existence of the limit (3.1) is a consequence of the monotonicity of z*(8, B)
and the fact that z*(8, B) > 0 for B > 0. Suppose that limy_, s z*(B¢, B¢) = ¢ > 0.
Then, it follows from (2.23) and dominated convergence that

L " _ sinh (8.) sinh (8.) . .
c= ell)rroloz (Be, By) = E |:tanh (\/—]E W Wc) \/—]E W W:| < ¢sinh(B.)v = ¢,

(3.3)

where we used that tanh(x) < x for x > 0 and B, = asinh(1/v). This contradiction
proves the lemma. O
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We next show that z* has the same scaling as we want to prove for M (8, B) by
proving the upper and lower bounds in Propositions 3.3 and 3.4 below. These then allow
us to obtain the theorem. But first we state some properties for truncated moments of W
in the following lemma:

Lemma 3.2 (Truncated moments of W). Assume that W obeys a power law for some
T > 1, see item (ii) in Condition 2.4. Then there exist constants ¢4z, Cq,r > 0 such that,
as { — oo,

ea—(r—l) C ea—(t—l) h — 1’
Ca,t <E [W" ﬂ{Wgz}] < |Car whena >t (3.4)
cr—1,r logt Cr—1.clogt whena =1 — 1.
and, whena <1t — 1,
E[Wljws=g] < Ca 0. (3.5)
Proof. The proof is similar to that of [11, Lemma 3.4]. |

In the following we write ¢;, C;, i > 1 for constants that only depend on $ and on
moments of W and satisfy

0 < liminf ¢; (8) < limsupc;(B) < oo, 3.6)
BN\Be B\Be

and the same holds for C;. The constants C; appear in upper bounds and ¢; in lower
bounds. Furthermore, we write e;, i > 1 for error functions that depend on 8, B and on
moments of W, and satisfy

limsupe; (B8, B) < oo and lim ¢;(B., B) =0. 3.7
B\0 B\0

Here, the subscript i is just a label for constants and error functions.
Further, we introduce the following notation that will be used extensively in the
following:
sinh(B)

a(f) = IR (3.8)

Proposition 3.3 (Upper bound on z*). Let 8 > B, and B > 0. Then, there exists a
Cy > 0 such that

7* < JE[W]sinh(B)B + sinh(B)vz* — C12*, (3.9)
where 8§ takes the values as stated in Theorem 2.10. For T =5,
z* < VE[WTsinh()B +sinh(B)vz* — C1z** log (1/2*) . (3.10)

Proof. We frequently use that tanh(B) < B. A Taylor expansion around x = 0 gives
that, for some ¢ € (0, x),

tanh(x + B) = tanh(B) + (1 — tanh?(B))x — tanh(B)(1 — tanh®(B))x>
- %(1 — tanh?(¢ + B))x> + tanh(¢ + B)(1 — tanh?(¢ + B))x>

3

1 4
< B+x—ox +§tanh(x+B)x3, (3.11)
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where we also used that tanh(x) < 1. If we now assume that x + B < atanh%, then
1 5
tanh(x + B) < B +x — Ex . (3.12)

We apply this result to (2.23) where x = a(8) Wz*, which we force to be at most atanh%
by introducing an indicator function as follows:

ZF<E[(B+a(B)Wz")a(p) W]

+E[{tanh (@(BW" + B) = (B+a(BIW)} () Wl pann |-
(3.13)

since tanh(B + x) < B + x. Hence, using (3.12),

. : 1
& < VE[W] smh(ﬂ)B+smh(ﬂ)vz*—ga(ﬂ)4E [W‘*n{w)wm,gfamnhé}] 2. (3.14)

For E[W*] < oo, this is indeed of the form (3.9) and we are done. If T € (3, 5), then it
follows from Lemma 3.2 that

-5
4 a(B)
3 [W ll{ot(ﬁ)Wz*+B§atanh%}:| = C41 (Qatanh—%—B)z* s (3.15)

which proves the proposition for t € (3, 5). The proof for r = 5 is similar and we omit
it. O

We now proceed with the lower bound:

Proposition 3.4 (Lower bound on z*). Let 8 > B. and B > 0. Then, there exists a
c1 > 0 such that

7* > JE[W]sinh(B)B + sinh(B)v z* — 120 — Bey, (3.16)
where § takes the values as stated in Theorem 2.10. For T = 5,
z* > E[W]sinh(B) B + sinh(B)vz* — c1z* log (1/2*) — Be. (3.17)

Proof. Asin (3.11) we can bound
1
tanh(x + B) > B+ x — §x3 — B(B + Bx +x2), (3.18)

where we have used that B — B2 < tanh(B) < B.For IE[W4] < 00, we can immediately
use this to obtain

7* > J/E[W]sinh(B) B + sinh(B)vz* — ¢12*> — Bey, (3.19)
where A
1 EIW

c1 = 3 sinh (ﬂ)IE[W]2’ (3.20)



Ising Critical Behavior of Inhomogeneous Curie-Weiss Models and Annealed Random Graphs 235

and

sinh (B)
E[W]

3/2
e1 = BJE[W]sinh (B) + B sinh(B)vz* + ( ) E[W31z*2. (3.21)

All terms in e indeed converge to 0 in the appropriate limit, because of Lemma 3.1.
For T € (3, 5), we rewrite z* as

7* = V/E[W]sinh(B)B + sinh(B)vz*

+E [{tanh («(B)Wz* + B) — (B+a(B)Wz*) }a(B) W (Iyw<1/2¢) + Lyw=1/24)) ] -

(3.22)
The case where W < 1/z* can be treated as above. This gives
EH tanh («(B)Wz* + B) — (B + a(B)Wz¥) ]a(ﬁ) Wﬂ{WSl/z*}]
1 EBIW*lw<iy] 43
> —g sinh (ﬂ)w * Bez, (323)

where

E[Wljw<1/:+]

ey = Ba(B)E[W Iy < /.+)]+B sinh(B) (B EIW <1 /241272

E[W]
(3.24)
By Lemma 3.2,
E[W* lgw<1/:] < Ca2"77, (3.25)
so that indeed (3.23) is bounded from below by
—27""7% — Be. (3.26)
with . c
¢2 = — sinh?(B) =2 (3.27)

3 E[W]?

Using Lemma’s 3.1 and 3.2, one can also show that all terms in e; indeed converge to O
in the appropriate limit.
It remains to bound the term where W > 1/z*. For this we use that tanh(x + B) > 0:

EH tanh («(B)Wz* + B) — (B + a(B)Wz¥) }a(ﬂ) WIl{W>1/z*}:|

E[W liw=1/4] ,

> — Slnh(ﬁ)WZ — Bes, (3.28)
where
e3 = a(BE[W l{w>1/:]. (3.29)
By Lemma 3.2, , ,
E[W Tiw>1/4] < C2,:2%777, (3.30)

again giving the right scaling. As a consequence (3.28) is bounded from below by
—37*72 — Bes with
Cz,r

E[W]?

c3 = %sinh(ﬁ) (3.31)
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Similarly,
3 <a(B)Cr2" 72, (3.32)

which indeed converges to 0. We conclude that (3.16) holds with ¢; = ¢ + ¢3 and
el =ey+e3. O

The upper and lower bounds on z* in the previous two propositions allow us to prove
that the critical exponents take the values stated in Theorem 2.10:

Theorem 3.5 (Values of 8 and §). The critical exponents 8 and § equal the values as
stated in Theorem 2.10 when E[Wz] < oo and t € (3,5). Furthermore, for t = 5
(2.31) holds.

Proof. Proof for exponent . We start by giving upper bounds on the magnetization.
From (2.22) it follows that

M (B, B) = E[tanh («(B)Wz* + B)| < B +/E[W]sinh (8)z*. (3.33)
We first analyze 8 and hence take the limit B N\ 0 for 8 > B,. This gives

M(B,0") < E[W]sinh (B)z, (3.34)

where we write ZS = limp\ o z*. Since M (B, 0*) > 0 by the definition of f, the same
must be true for z;;. We will deal first with the cases T € (3, 5) and E[W*] < oo. Taking
the limit B \ 0 in (3.9) and dividing by z;;, we get for T # 5

Ciz8! <sinh(B)v — 1, (3.35)
and hence, observing that § = 1/(8 — 1),
2 < ¢ P (sinh(B)v — 1) . (3.36)

From a Taylor expansion of sinh(8) around 8, = asinh(E[W] /IE[WZ]) it follows that

sinh(B)v — 1 < cosh(B)v(B — Bc). (3.37)
Hence,
M(B,0%) < VEIWTsinh (B)C; * (cosh(Bm) (8 - )P, (3.38)
so that it is easy to see that
lim sup M(p,0") (3.39)

B (B— BB =

The lower bound can be obtained in a similar fashion. Starting from tanh x > x —x
and taking the limit B N\ O for 8 > B, in (2.22), we obtain

M(B,0%) > E[W]sinh (B)zj — sinh(ﬂ)vzgz. (3.40)
Again, starting from the lower bound (3.16), taking B\ 0 and dividing by z;

2

25> ;P (sinh(Byv — P, (3.41)
and, by a Taylor expansion around S,

sinh(B)v — 1 = cosh(BIV(B — Be) + O((B — ). (3.42)
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Using (3.36), (3.41) and (3.42) in (3.40) we obtain:

- B
M(B.0%) = VEWIsinh (B, ” [cosh(8)v(8 — )+ OB — ) |

- 28
—sinh(B)vC F [cosh(Bv(B — B+ OB — | G43)

which shows that also
M +
0 < lim inf ﬂ,
BNbe (B — Bo)P
concluding the proof for the exponent 8 in the cases © € (3, 5) and E[W*] < oc. In the

case T = 5 we can prove the upper bound for M (B, 0%) in a similar fashion, i.e., taking
the limit B N\ O for 8 > B, of (3.10) and dividing by z;j. This yields to

(3.44)

e sinh(B)v — 1 - cosh(B)v(B — Bc) - (B —Bec)
0= log(1/z§) = Cilog(1/z8) = log(1/z)’

(3.45)

where (3.37) has been used in order to obtain the second inequality and cosh(f) has
been bounded in a right neighborhood of B, to obtain the third inequality. Since x —
1/1og(1/x) is increasing in (0,1) and z§ < C(B — ﬁc)% for some C > 0,' form (3.45)
we obtain:

2 C(B— o)

75 < . (3.46)
O 7 Cilog(1/[C(B — Bo)'2])
The previous inequality together with (3.34), proves the upper bound
M(B,0*
lim sup 6.9 (3.47)
B\Be

_ /2
(m)l

The lower bound can be obtained in the same way. Indeed, from (3.17) in the limit
B — 0, we obtain, for some positive constants C and C

g2 SihBY =1 = (B=F) & (BB
O = Crlog(l/z%) = log(1/z8) — log(1/(B — Bo)’

(3.48)

where, once more, we have used that x +— 1/log(1/x) is increasing in (0,1) and the
bound zé > C(B — ﬂc)l/(z_g) for some C > 0 and any 0 < ¢ < 2.2 The previous
inequality plugged in (3.40) gives

M(B, 0"
lim inf (.07)

B\Be ( B — Be )1/2
log(1/(B — Bc))

0, (3.49)

1 The proof of 5 < C(B— ;‘36)% can be obtained by rewriting (3.45) as —132 log 232 < k(B — Be), for
some k > 0. Since w < —w log w for w < 1/e, we conclude that for 8§ — B > 0 small enough, the previous
inequality gives zgz < k(B — Be).

2 The proof of the inequality 15 > C(B — ﬂc)l/ (=) for 0 < & < 2 can be obtained starting from the
rightmost inequality of (3.48) combined with the fact that log 1/x < Agx~¢ forall x € (0, 1) and any ¢ > 0.
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concluding the proof fort =5. O

Proof for exponent §. We continue with the analysis for §. Setting 8 = S, in (3.9), we
obtain

Z*(Be. B) < (C1/E[W])“"#B'/3. (3.50)

Using this inequality in (3.33) with 8 = ., we obtain

_1
E[WIC, ® S8

M(ﬁC,B)SB-FW (3.51)
which proves that
ligl\s‘gp % (3.52)
since § > 1. Inequality (3.16) with 8 = B, gives
* —-1/8 1 v 1/8
2" (fes B) = ¢ (\/W —e1(Be, B)) B/E. (3.53)

This estimate, along with (3.50), will be used in the lower bound of the magnetization
at B = f. obtained by tanh x > x — x:

E
(72 B B~ B B B 350

JEIW

M(ﬁ(vB)ZB"_

giving, for B > 0 small,

1/8
E[W] ~1/8 1 1/8
M(B., B) > B+ ———(1 — 2B ———— —e1(B. B B
(Be. B) 2 B+ (1 = 2B)c, (E[W] e1(B ))

— (C1/E[W]) %8BS _ g2, (3.55)

Recalling that limp\ 0 e1(B¢, B) = 0 and é > 1, the previous bound gives

1igp\igf % > VE[W](cVE[W2]) ™% = 0, (3.56)

which concludes the proof for § in the cases T € (3, 5) and E[W?] < oc. The analysis
for T = 5 can be performed in a similar way as for §. 0O

Proof of Corollary 2.14 The proof can be simply adapted as in [11, Corollary 2.9]. O
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3.2. Susceptibility: critical exponents y and y’. We now analyze the susceptibility and
compute the critical exponents y and y’. We start by computing the former under more
general conditions than those of Theorem 2.10.

Theorem 3.6 (Value of y). For E[W?] < oo,

E[W]?
E[W?2]

ﬁh/I%C x(B.07)(Be — B) = tanh(B), (3.57)

so thaty = 1.

Proof. From Theorem 2.8 it follows that in the one-phase region, i.e., for 8 < S, or
B #0,

*

0 0z
X(B. B) = - M(5. B) = [(1+a<,e)waB

) (1 — tanh? (2(B)Wz" + B))] .
(3.58)
We can also compute the derivative of z* by taking the derivative of (2.23):
az*
9B

[(a(ﬂ)W+a(,3) WZZZ )(1 — tanh? (a(,B)Wz*+B))]. (3.59)

If we take the limit B \, Ofor 8 < S, then the tanh?(-) term vanishes, since by definition
of B it holds that z{; = limp\ o z* = 0. Hence, if we write

3
- lim = 3.60
98 — Am 55 BB (3.60)

then (3.59) simplifies to

*

92 _ = JE[W]sinh(B) + smh(ﬂ)v—g. (3.61)

oB

. azk .
Solving for % gives

a_zg . E[W]sinh(B)

= - . (3.62)
B 1 — sinh(B)v
Also taking the limit B \( 0 in (3.58) and using the above gives
E[W]sinh(B)
O =14 ——. 3.63
1, 07) 1 — sinh(B)v (.09

From a Taylor expansion around f., we get that

sinh(B.) — cosh(B.)(B. — B) < sinh(B) < sinh(B.) — cosh(B)(B. — B),  (3.64)
so that

]E[W sinh(f) K (B.0%) < E[W sinh(f)
E[W?2] cosh(Bc)(Be — /3) B - E[Wz]cosh(ﬂ)(ﬂc -B)’

since sinh(B.)v = 1. Hence, (3.57) follows. O

(3.65)

We now analyze p’:
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Theorem 3.7 (Value of y'). For W satisfying Condition 2.4 with E[W*] < oo or with
T € (3,95),
y =1 (3.66)

Proof. We split the proof into the two cases that cover the hypotheses of the theorem.

(a) Proof under the assumption E[W*] < 0o. We are now in the regime where 8 > B,
so that z; > 0. We start from (3.59), take the limit B “\ 0 and linearize the hyperbolic
tangent. In order to control this approximation, we define g(x) = x? — tanh?(x) and
remark that on the basis of our assumption on W, we have that E[(W2V 1)g(W)] < co.
It will be useful also to factorize g(x) = x*k(x) with k(x) = O(1) as x — 0, so that
we also have E[WOk(W)] < co. This gives

9% _ E [((x(ﬁ)W +a(,3)2W28_Z3) (1 — tanh? (cx(ﬂ)Wzg))}

0B 0B
— VEWISHh(B) — e + 23 (sinh(B)v — () ELW1557) +
+E [(%a(ﬂ)zwz +oz(,3)W) g (a(ﬂ)Wzs)], (3.67)
where
e = (S]gl?v(é))m E[w] g2 (3.68)

Solving (3.67) for % gives

0y E[WTSinh(B) — e, — E [a(B)Wg (a(B)W<{)]
9B 1—sinh(B)v +a(B)* EIW41zs? — E[a(B)?W2g (a(B)Wz5)]

(3.69)

To analyze (3.69) we use the lower and upper bounds in Propositions 3.4 and 3.3. Taking
the limit B ™\ 0 in (3.16) with § = 3, ¢ given in (3.20) and dividing by z{j, we obtain

o _ LEWP 1 B
z5 23E[W4]—sinh2(ﬂ) (sinh(B)v — 1). (3.70)

Taking the same limit B \ 0 in (3.14) and dividing by z;; we obtain also

<6 E[W)* (sinh(B)v — 1). (3.71)
B E[W4 ﬂ{a(ﬁ)Wz*gatanh%}] Sinhz(ﬁ)
By Taylor expansion,
sinh(8)v — 1 = cosh(B)v(B — Be) + O((B — Be)?), (3.72)

we conclude, from (3.70), (3.71), and the fact that ]E[W4 ll{a(ﬁ)WZ*Satanh%}] — IE[W4] as

B — B, that 132 = O(B — B.). Using this, we can now evaluate the terms in numerator
and denominator of (3.69) as B — .. The first term in the numerator has a non vanishing
finite limit, while eg = O (8 — B.). The third term (ignoring the irrelevant multiplicative
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factor a(B) ) is E[Wg (@ (B)Wzi)] = a(B) 23 E[W3k («(B)WzE)] = O((B — Bo)).
Indeed, since k(x) < 2,
a(B)' 2 B[ Wk (@(BWzp) | < a(BE[ W] 52 = 08— 0. (3.73)
Let us now consider the denominator and define
D(B) :== 1 —sinh(B)v + a(B)* E[W*z52. (3.74)
By (3.70), (3.71) and (3.72),

2cosh(B)v(B — Be) + O((B — Be))
< D(B) < (a(B) — 1) cosh(B)v(B — Be) + O((B — Be)), (3.75)

where a(B) is a function that converges to 6 as B — f.. Thus, from the previous
display we obtain D(8) = O(B — B.). The fourth term in the denominator of (3.69),
again discarding an irrelevant factor and arguing as before, is E [Wzg ((x (,B)sz;)] =

a(ﬂ)4134 E [W(’k (oc(,B) Wzé)] = O((B — Bc)?). Therefore, summarizing our findings,
9z ~1

— =0 — . 3.76

9B ((B—=8)) (3.76)

From (3.58), the upper bound follows using (3.76):

x(B.0) = E[(Ha(ﬂ)W?’%)} < 1+/sinh(BEIWIOWB - B)" ). (3.77)

Similarly, for the lower bound we use that 1 — tanh2(x) > 1 — x2 for every x, we obtain

8 *
X(B,0) = E [(1 +a(5)W§) (1 —a(ﬁ)zwzzéz)}

azk azk
—1+E [a(ﬂ)w 82)} -E [a(ﬂ)2w2z32] -E [oz(,B)3W3232£}
= 1+ +/sinh(B)E[W]O((B — Be) ™)
—sinh(B)vO (B — Be) — a (B’ EIW?T0(1), (3.78)

again starting from (3.58), using (3.76) and 132 = O(B — B¢). From (3.77) and (3.78)
we obtain

0 < liminf x (8, 0%)(B — Bc) < limsup x (B,07)(B — Bc) < oo, (3.79)

(4

proving the theorem in the case that E[W*] < oo.

(b) Proof for W satisfying Condition 2.4 (ii). Now we generalize the previous proof
in order to encompass also the case of those W whose distribution function F(w) =
1 — P(W > w) satisfies Condition 2.4(ii). We start by defining

hg,B,z+(w) = tanh (ozwz* + B) aw — otw?z", (3.80)
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where the dependence of o on 8 has been dropped, and rewriting (2.23) as
¥ =E[hp g+ (W)] + &> E[W?]. (3.81)

Using integration by parts,

+00

E[hg.p.+(W)] =/0 hp g+ (w)dF(w) = —/0 hg g+ (w)d(1 — F(w))
= — lim_[hppew)(A = Fw)] + hppe+(0)(1 = F(0)

+/O+OO Wy g+ (w)(1 = F(w)dw. (3.82)

The boundary terms in the previous display vanish and therefore

E[hg B, (W)] :/O g g (W) (1 — F(w))dw. (3.83)

Taking into account that the power law of Condition 2.4(ii) holds for w > wg, we write
the previous integral as

E[hp.5.+(W)] =GB, B,z*)+ J(B, B, %), (3.84)

where

_ wo
G(p, B.") = /0 By oo (W)(1 = F(w))duw,
_ +00
J(B, B,z7") :=/ h}s,B,z*(w)(l — F(w))dw. (3.85)
wo
Therefore, (3.81) can be rewritten as
*=G(B, B, ")+ J(B, B, ) + &’ E[W?]. (3.86)

Now we take the limit B \ 0 in the previous equation. Recalling that z;j := limp\,0z* >
0, and since the following limits exist:

lim G(B, B,z*) = G(B,z}), lim J(B, B,z") = J(B, z}), 3.87
S (B, B,z") (B, zp) S (B, B,z") (B, z0) (3.87)
by bounded convergence, then we arrive to

25 = G(B.24) + J (B, 25) + > ZGE[W?]. (3.88)

In the next step we bound J (B, z(;). From the definition of J(B, B, z*) in (3.85), and
Condition 2.4(ii1),

+00

+00
cw/ hy g (wyw™ " Vdw < J(B, B, ) < CW/ hy g (yw™ "D,

wo wo
(3.89)
Applying the change of variable y = az*w leads to

+00
/ hfg’BYZ*(w)w_(f_l)dw

wo
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+00
= a"lz*“z/ [tanh(y + B) — ytanh®(y + B) — y] y~ " Pdy. (3.90)
o

woz*
Therefore, denoting

+00

i(B, B, %) = / [tanh(y + B) — ytanh?(y + B) — y] y T Dgy (391
awpz*

we can rewrite (3.89) as follows:
cwa™ TP I(B B 2*) < J(B. B.ZY) < Cya IR BN, (392)

Since, again by bounded convergence,

+00
fim 76, 8.2 = [ [tanh() = ytank ) = 3]~y = 18,5,
B\0 awozg
(3.93)
we obtain from (3.89) that
cwa™ 25T LB 28) < J(B.zd) < Cwa™ TR, 2). (3.94)
On the other hand, since tanh(y) — y tanh?(y) — y < 0 for y > 0, we also have
+00
k(r) = / [y tanh?(y) + y — tanh()ly~"Vdy < —I(B, )
1
+00
< / [y tanh?(y) + y — tanh(y)]y~ "~ Vdy =: K (7). (3.95)
0
Therefore, from (3.88), (3.94) and (3.95),
5= G(B. 25) — cwa™ 2T K (1) + a5 E[W2] (3.96)
and
25 < G(B. 28) — Cwa™ 2572k (1) + > Z5E[W2]. (3.97)

The next step is to control the behaviour of G(B, zjj) as f — B.. We start by showing
that G (B, z§)) is 0(133) as B — .. From the definition of G (B, z{)),

wo
G(B,z4) = / [—azz(’ﬁw - tanhz(azéw)azzéw +u tanh(ozsz)] (1= F(w)dw.
0

(3.98)
Since the function between the square brackets is negative for y > 0 and decreasing, we
have

wo
0> G(B,z8) > [—a’wozy — a’wozj tanh? (ewozl) + a tanh(@woez)] [ (1 — F(w))dw
0

4
> [—azwoz(”; — azwoz(”; tanhz(awoz(’ﬁ) +a tanh(awozj)] = —§a4w3z$3 + O(Z(’;S)
(3.99)

where the last equality is obtained by Taylor expansion.
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Thus, the previous inequality implies that G (8, zg) = O(z33). Again, from (3.96)
and (3.97) dividing by z,

1—?E[W?] > 2573 (G (B, z)zg™ " — cwa™ 'K (D)), (3.100)
and
1 — &?E[W?] < 2572 (G(B, 2)zs " — Cya™'k(1)). (3.101)

Since G (8, Z3)182_r = 0(135_1) and T € (3,5), the previous inequalities together

with (3.72) imply that 25" > = O (8 — B.) as B\ Be.
Next, we consider the derivative of z§. Again, taking the limit B N\ 0 for 8 > B of
(3.59) we obtain

9z oE[W]— aE[W tanh?(@Wz})]
9B 1 —a2E[W2]+a2E[W? tanh?(@Wz$)]

(3.102)

Since the numerator has a finite positive limit as § N\ B, (in particular, the second term
is vanishing), we will focus on the denominator

Dy(B) :=1 — &’E[W?] + «’E[W? tanh? (@ W z}))]. (3.103)
We start by decomposing the average
E[W? tanh? (@ Wz§)] = E[W? tanh? (@ W z) Ijw<ug) ] + E[W? tanh® (@ W z8) liw= gy ],
and analyze the two terms separately. The first one can be bounded as follows (109

0 < E[W? tanh? (@ W) ljw<wg)] < a?wgzi? (3.105)

showing that

E[W? tanh? (@ Wz§) liw <ug)] = 05D = O((B — fo)=0), (3.106)

with the exponent satisfying 2/(t — 3) > 1 since T € (3, 5). The second term can be
treated with the integration by parts formula

E[W? tanh? (@ W z5) lw = wg)] = — wgrgoo[wz tanh? (qwzd) (1 — F(w))]
+ wj tanh® (@wozg) (1 — F (wp))
+0o0 a
+/ — [w? tanh? (@wz{) (1 — F(w))dw.
wo Ow
(3.107)

Since T > 3, from Condition 2.4 we conclude that the limit in the previous display
vanishes. It is also simple to see that

wd tanh?(@wozg) (1 — F(wg)) = O(z52) = O((B — B T3). (3.108)

From (3.103) and using (3.104), (3.106), (3.107), (3.108), we can write

Da(B) = Da(B) + O((B — B) ™), (3.109)
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with
+00

D> () = (1—a2E[W2])+a2/ %[wztanh%awzg)](l—F(w))dw. (3.110)

wo

The second term in the r.h.s. of (3.109) is O((B — B.)*) with s > 1, therefore we can
forget it since the first term of D>(8) is O (B8 — B.). Now we focus on the second term

of Do (B).
By using (2.7) and applying the change of variable y = az*w, we can bound the
integral in the last display as

+00

3

/ %[wztanh%awzg)](l — F(w))dw < Cya™ 3257 M (1), (3.111)
wo

where
+00
M(7) ;:/ [2ytanh2(y)+2y2tanh(y)(l—tanhz(y))]y_(f_l)dy, (3.112)
0

and the bound in (3.111) is obtained thanks to the positivity of the integrand. The
convergence of the integral is ensured by the fact that this function is O (y*~7) close to
y=0withl >4—17 > —landis O(y ") asy — oo with —7+2 < —1.Ina
similar fashion, we can also obtain

+00

d

/ ﬁ[uﬂ tanh? (@wzd)1(1 — F(w))dw > cya™ >z5" >m(1), (3.113)
wo

with
+00
m(r)::/ [2ytanh2(y)+2y2tanh(y)(1—tanh2(y))]y—<f—”dy, (3.114)
&

for B sufficiently close to .. At this stage ¢ > 0 is an arbitrary fixed quantity that will
be chosen later (but independently of ). By (3.96) and (3.97),

GB,z)zs~" — (1 — «®E[W?)) L s G )27 — (1 — oPE[W?))

cwa™ 1K (1) -0 = Cwa®™ lk(r) a ’115)
which, substituted in (3.111) and (3.113), gives .
G )z ﬁg —(- azJE[WZ])%
<a? i[w2 tanh? (cwz)](1 — F(w))dw
ow 0
wo
M M
<GB, 75z 1% - - a%@[Wﬁ)%. (3.116)

By definition of D, (8),

m(T)
K(7)

_ 2 2 _m@ A
+ (1 —a"E[W7]) (1 K(r)) < D2(p)

G(B, z$)z$_1
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< G(B, zé)zé_l% +(1 — *E[W?)) (1 - IZ((:))) ) (3.117)

In the last step of the proof, we show that %((?) > 1. This can be done by properly

choosing the arbitrary quantity € in (3.114). We will prove the first inequality, the second
one can be obtained in the same way. Starting from (3.95) and (3.114), we introduce the
functions Kj(t) and m,(t) fora > 0,b > 0 as

+00
d
Kp(z) == / - [y2 — ytanh(y)] y~ =Dy, (3.118)
by dy
o d 2 2 —(t—1)
ma(t) = - [y tanh (y)]y dy, (3.119)
o dy

which coincide with K () and m(7) for b = 0 and a = ¢, respectively. By applying the
integration by parts formula the two functions can be written as

Kp(t) = —b>7 T + b> T tanh(b) + (t — 1)/+Oo(y2 — ytanh(y))y *dy, (3.120)
b

mga(t) = —atanh(a) + (r — 1) /m y2 tanh?(y)y " dy. (3.121)

Since
ma(v) mo(r) [y y*tanh®(y) y "dy
a0t Kp(7) - K(t) 0 [y2 - ytanh(y)] y—Tdy

1, (3.122)

where the inequality can be proved by observing that y? tanh?(y) > y? — y tanh(y) for
all y > 0, then for any ¢ > 0 sufficiently small,

m(t)
>
K (1)
Since G(B, 25z~ = 0(z2) = O((B—B.)*) withs = 25 > 1and (1—?E[W?]) =

T

OB — Bc), with 1 — a’E[W?] < 0 for B > B¢ and close to B [see (3.72)], we conclude
that 0 < D2(B) = O(B — B.), for the same values of B. This proves that

(3.123)

9z ~1
0<——=0B—-F) ) (3.124)
aB
The previous equation together with zgt_3 = O(B — B.) allows us to conclude the proof

along the same lines of the case with E[W*] < oo. Indeed, the upper bound (3.77) is
still valid in the present case, since only the first moment of W is involved. For the lower
bound we argue as follows. Since, 1 — tanhz(x) > 1 —tanh(x) > 1 — x forx > 0, we
have

x(B.0)

v

E [(1 +a(,3)W8Z3) (1 —a(ﬁ)Wzg)]

dB
: * - 323 . « 823
=1 — /sinh(B)E[W]z§ + v/sinh(8)E[W] B smh(ﬁ)vzoﬁ

=1 — /sinh(BE[W]O((B — B:)"/ ) + /sinh(BYE[WIO((B — )™ 1)
—sinh(B)vO((B — B THOB - ™). (3.125)
The inequalities (3.77) and (3.125) imply (3.79) concluding the proof of the theorem. O
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4. Non-classical Limit Theorems at Criticality: Proof of Theorem 2.15

In this section we prove Theorem 2.15. For this, we follow the strategy of the proof for
the Curie-Weiss model (see e.g. [14, Theorem V.9.5]). It suffices to prove that for any
real number r

: Sy _Zeexp (rz — f(2))dz
ngnoo Py (exp (r—NB/(SH) )) = ffooo xp(—f@)dz 4.1

As observed in [18], the measure Py is approximately equal to the inhomogeneous
Curie-Weiss measure

~ 1 sinl U,U i0i ’
Pu@) =5 > s 2300 8 2 e ,:_ S goet r

N geQy O’GQN

_ 4.2)
where g (o) is any bounded function defined in 2 and Z,, is the associated normalization

factor, i.e.,
Zy = Z e 4

UEQN

2
ZtE[N w,U,) . (4.3)

We first prove the theorem for this measure ﬁN, which is the rank-1 inhomogeneous
Curie-Weiss model with 8 replaced with sinh(g).

For this, we use the Hubbard—Stratonovich identity to rewrite FN(exp (r %)) as

a fraction of two integrals of an exponential function in Lemma 4.1 in Sect. 4.1. We
next split the analysis into the cases E[W*] < oo and T € (3, 5) in Sects. 4.2 and 4.3,
respectively. For both these cases we analyze the exponents in the integrals and use
Taylor expansions to show that they converge in Lemmas 4.2 and 4.4, respectively. We
then use dominated convergence to show that the integrals also converge in Lemmas 4.3
and 4.5, respectively. The tail behavior of f(x) for t € (3, 5) is analyzed in Lemma 4.6.
Combining these results we conclude the proof of Theorem 2.15 in Sect. 4.4: we first
prove the theorem for PN and then we show that the theorem also holds for Py in
Lemma 4.7. Finally, in Sect. 4.5, we discuss how to adapt the proof to obtain the results
on the scaling window.

4.1. Rewrite of the moment generating function. To ease the notation we first rescale Sy
by N* and later set A = 8/(8 + 1). We rewrite Py (exp ( )) in the following lemma:

Lemma 4.1 (Moment generating function of Sy/N*). For B = 0,

s [ e e
PN(eXp (rm)) T X e NanGOgy (4.4)

where .
Gy(z;r) = —Z —E [log cosh (O(N(,B)WNZ + N)‘)] 4.5)

with

sinh

E[Wy]

ay(B) = (4.6)
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L. .. . 2 .
Proof. We use the Hubbard-Stratonovich identity, i.e., we write €’ R ) [e’ z ], with
Z standard Gaussian, to obtain

~ ~ S N o ~ 1sinhB (5 )2
ZNPN(exp (rN—A;)) = Z e VX ZicINI %i g2 Ty (Xic) wioi)

OGQN
= z eNA 2ieln) G’E[ “nhﬂ(zie[Nl wim)z]
O'EQN
inh
=2NE[ H cosh( SH; p Z+#)]
i€[N] N
=2NE[ Z,ewﬂogcosh( Sith A 4 z+)]. “

We rewrite the sum in the exponential, using the fact that Wy = wy,, where Uy is a
uniformly chosen vertex in [N], as

ZNﬁN(eXp (V%))
— ZNIE[exp {NE [logcosh (\/%WNZ N)‘) | Z]”
A

e exp {NE [log cosh (azv BIWy—= 4.8)

. Sl

By substituting z/+/N for z, we get

ZNPN(exp (rS—A;))
_2N\/7/ e N /2 exp {NE [logcosh (otN(ﬂ)WNz+ )]}d
> \/: / e NONEn g (4.9)
2 J o

In a similar way we can rewrite

~ N o0 .
7y = 2N,/2—/ e NONGE0 g, (4.10)
T J—00

so that the lemma follows. O

4.2. Convergence for E[W*] < oo. We analyze the asymptotics of the function
Gy(z;r):

Lemma 4.2 (Asymptotics of G for E[W*] < 00). For B = Be.n, B = 0and E[W*] <

oo,
) E[W] 1 E[W4
lim NGy(z/NY*:r)=— — 4, 4.11
Jim NGy(z/ r=—f— =t B’ (4.11)
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Proof. Taylor expanding log cosh(x) about x = 0 gives that

x2 1 6
logcosh(x) = — — Ex + O0(x°). 4.12)

We want to use this to analyze N Gy (z/N'/4; r) and hence need to analyze the second,

fourth and sixth moment of . / Sgﬁ,’ng’ Wy i + a7
The second moment equals, using that A = §/(8 + 1) = 3/4,

r\2T 2 r?
[ (e BeyWaggiza + 377) | = sinh fevon— + 205 BewBIWAI G + s
2
E
L [WN]+0(1/N), (4.13)
\/ﬁ N Vn

where we have used that sinh 8. y = 1/vy in the second equality.
For the fourth moment we use that by assumption the first four moments of Wy are
O(1). Hence, for all r,

r \4 sinh? Ben 4 e
[(“N(’gc N)WNN1/4 W) ]_ E[Wy]2 BV
1 1 1 1
+ O(N3/4+)\ + N2/4+2 + N 1/4+3% + W)
E W4 4
_ b ZN]  Lo(1/N). (4.14)
E[W7]? N

For the sixth moment, we have to be a bit more careful since E[W°] is potentially
infinite. We can, however, use that

N N
1 N 1
E[WS] = 5 Z wf < (max wi)ZN Z wi = (max w;) E[W}]. (4.15)
= 1
It can easily be seen that maxf\’:1 w; = o(N'*) when Wy £> W and ]E[W;}] —
E[W*] < co. Hence,
z \67 sinhPBey o 2% o(NVHE[W] Z°
E[(“N(ﬁc,N)WNN1/4) ] - ]E[WN]3 E[W ]N6/4 - E[WI%]3 N6/4
=o(1/N). (4.16)
In a similar way, it can be shown that
F \6
E| (an(Be) Wa i + 77) | = 0(1/N). (4.17)

Putting everything together and using that the first four moments of Wy converge by
assumption,

. . \/N Z r
N11_I>noo NGN(Z/N1/4; r) = Nh_r)noo(zﬂ — NE |:10gCOSh (aN(IBC,N)WNW + W)i|
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_ [Epwy 1 E(wY
= —7r " +EE[W2]2Z . (418)

O

From Lemma 4.2 it also follows that the integral converges as we show next:

Lemma 4.3 (Convergence of the integral for E[W*] < 00). For B = Be.n, B =0 and
E[W*] < oo,

4
0 . EW] 1 EW4 4

. o NG N1/A. 12 722
lim e NONGE/NTEN Gz = / e VEWA FEWIET gz, (4.19)

N—o© J_~o —00

Proof. We prove this lemma using dominated convergence. Hence, we need to find a
lower bound on NGy (z/N'/4; r). We first rewrite this function by using that

[ Sy (Ben)? W, (Nzwﬂ = % (ﬁ)2 (4.20)

Hence,

1 2\ z r
1/4. _ 2172
Gn(z/NV4 r) _E[zaN(ﬂc,N) w2 (71\11/4) — logcosh (aN(,sc,,\,)WN—Nl/4 +N)\)i|

1 2
=E [2 (aN(ﬁc,N)WNﬁ) ~ logcosh (w(ﬁc,N)WNNfM)}

~E [log cosh (oy (Be.v) W7z + 5 ) — log cosh (e (ﬂc,mwNﬁ)]
(4.21)
Since
a2 1 2 2
P 2( X2 — logcoshx) =1 — (1 —tanh“(x)) = tanh“(x) > 0, 4.22)

the function %xz — log cosh x is convex and we can use Jensen’s inequality to bound

E[% (aN(,Bc,N)WN NZ1/4) — log cosh (aN(’B‘ NI Wy N1/4)]

1
= 2 (e B BIWAI 3 )~ Togeosh (a (B BN )

Lo [E[Wy] z N2 JE[Wx] 2

As observed in the proof of [14, Theorem V.9.5], there exist positive constants A and &

so that . .
§x2 —logcoshx > d(x) := [sxz, for |x| = 4,

ex=, for|x|] > A. (4.24)

To bound the second term in (4.21), we can use the Taylor expansion

log cosh(a + x) = log cosh(a) + tanh(§)x, 4.25)
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for some £ € (a, a + x), and that | tanh(§)| < |&| < |a| + |x| to obtain
]E[logcosh (aN(,BC NIWy——= N1/4 Nk) log cosh (aN(ﬂC N)WNNV“)]

< EH log cosh (aN(ﬁc NIWy——= ) log cosh (aN(ﬂc NIWy N1/4) H

N1/4 N*

v NN I
(aN(ﬂLN) NN1/4 + )m - aN(IBcN) [ N]N1/4+)‘+W
E(Wyl lzr|  r?

v W + N3/2. (426)

Hence,

2
NGy (/NY4r) { E[Wy] e E[Wy] z }
e <exp o |zr| + TE Nd( —VN _N1/4) ,  (4.27)

which we use as the dominating function. Hence, we need to prove that the integral of
this function over z € R is uniformly bounded. We split the integral as

e [ oy (B e

—00 N N1/A4

[E[Wy] r? E[Wy] z
_/| T[UV;’VN]W<A6XP{ o Izr|+—N1/2 —Nd( o N1/4)}dZ
|E[Wy] r’ E[Wy] z
+/‘ [ElWy) o |oa exp{ o |zr| + N2~ Nd( o ]/4)}dz.
YN N

The first integral equals

E[Wy] r IE[WN]“
dz, 4.29
/VE[szVvN]m SAGXP{V N T R <) o *29

which clearly is uniformly bounded. The second integral equals

[E[Wy] r? E[Wy] ,
- N)td 4.30
/,/ E[\YIVVNJ le/4 >A CXP{ VN ler] + N1/2 ¢ VN ¢ \/_)} ¢ ( )

1 E[ Wyl 2 E[WN]yz)} &
- 1/4 y 5
N1/ ‘ /M:K,N] r|-a

IR r
where we have substituted y = zN'!/4. This converges to zero for N — oo, because the
integral is uniformly bounded.

Together with the pointwise convergence proved in Lemma 4.2, this proves Lemma
43. 0O

exp {
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4.3. Convergence for t € (3,5). We next analyze Gy (z; r) for T € (3,5), assuming
Condition 2.5.

Lemma 4.4 (Asymptotics of Gy for T € (3,5)). Assume that Condition 2.5(ii) holds.
For B =Ben, B=0andt € (3,5),

Jlim NGy(z/NYTDpy = —zr BV, f( IE[ﬂz) (4.31)

where f(z) is defined in (2.37).

Proof. Define the function

1 2
g(w,z) = 3 (otw (Be,n)wz)” — log cosh (ay (Be,n)wz) (4.32)

so that we can rewrite, in a similar way as in (4.21),

NGy (z/Nr'Tl; r) — NE[g(Wy, z/NTT)] (4.33)

1
— NE logcosh( Wy < r)

Tty
VEIWR]  N©TT

1 Z
—log cosh ( Wy — )
E(Wg] N7

By the definition of Wy, we can rewrite

T— 1 N T—
Elg(Wy, z/NV™0) = = 3 gwi, z/NVCD), (4.34)

i=1

With the deterministic choice of the weights as in (2.8),

1 w;z 2 w;z
. /(=1 _ 1 IS —
g z/N"D) = 2 (ay(Ben) ey ) — logeosh (aw(Ben) 7 )
2
1 1 CwZ 1 Cwl

= - | ——=—-+7—-] —logcosh

2 j1/(—=1)
VEIWAH!

From this it clearly follows that, for all i > 1,

1/(t—1)
VEIWH!

(4.35)

1 1 CwZ CwZ

2
lim g(w;,z/NY/V) = ————""-) —logcosh L e
N—oo® " 2\ JEw?2il/c-D /Bw2]iV/ED )

(4.36)
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It remains to show that also the sum converges, which we do using dominated conver-
gence. For this, we use a Taylor expansion of log cosh(x) about x = 0 up to the fourth
order

2 4 2 4
_ (- 2 2 _ tanh2 X _x
log cosh(x) = > +( 2 + 2tanh” (&) + 6 tanh“(£)(1 — tanh (é))) o > 5 T
4.37)
for some & € (0, x). Hence,
N 4
1 Cwz 1 1 (cwz)
g(wz,Z/Nl/(r Dy < — — a0l =7 - .
/(t—1) 272 4/(t—1)
12 /E[Wﬁ] i 12 E[W4]%2+0(1) i
(4.38)
Since T € (3,5), itholds that4/(r — 1) > 1, so that
N 4
. 1 1 (cw2)
1 — . 4.39
Ninool; 2 EW2R +o(1) /-0 = (4.39)

‘We conclude that

N 00 2
. _ 1 1 cwZ 1 cw?
lim g(wj, z/NV/ =Dy = ( v ) —logcosh(')
New; ! ; /E[W ] il/(x=1) /E[Wz] il/(x=1)
- f( E[sz), (4.40)

v

where in the last equality we have used that E[W] = cw . This is in turn a conse-

quence of the following explicit computation giving an ugper and lower bound on E[ Wy ]
matching in the limit N — oco. An upper bound on the first moment is given by

1/(z— l) 772 N B e N -
E[W, — =1 - "V <eyN 11 i —Vdi
[Wn] ch( - ) ; < cw +/l i i
-1 1 _1=2
=szf2*0w,_2N i (4.41)
and a lower bound by
2 [N T—1 T—1 =2
E[Wy] > CwN_ﬁ/ i/ 4i = ¢, —Cpy——NTT I, (4.42)
1 T—2 T—2

From this it indeed follows that

. T—1
E[W] = ngnoo]E[WN] = er —

(4.43)

To analyze the second term in (4.33), we can use the Taylor expansions

log cosh(a + x) = log cosh(a) + tanh(a)x + (1 — tanh?(£))x>

= log cosh(a) + (a — tanh £ (1 — tanh? ¢)a?)x + (1 — tanh?(£))x?,
(4.44)
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for some & € (a,a +x) and ¢ € (0, a). This gives

1 1
NE[logcosh( Wy Zl +%) —logcosh( Wy Zl )]
E[Wg] N7 E[Wi] N7
E[W, , 1 2
=N [ N] Zl %—N]E[tanh{(l—tanhzg’)W,%]—zz—zLA
vw N N E[Wyl y== N
2 r?
+N1E[(1 — tanh (g))]W
E[W
_ N]zr+0(1), (4.45)
VN

where the last equality follows from A = ;—j andt € (3,5). O

Again it follows that also the integral converges:

Lemma 4.5 (Convergence of the integral for t € (3,5)). For 8 = B.. N, B = 0 and
T € (3,95),

/EW] _ Ew]

fim [ e NN /Oo e Vo f(V v Z)dz. (4.46)
N—oo ) _5o —00

Proof. We again start from the rewrite of Gy in (4.21). As before,

N
1 1 1 cwZ \2 1 Cwl
NEIg(Wy2/N 711 = 3 5 i) —logeosh ( E[W?] ) )
N

i1~ JEW2]"
(4.47)

where it is easy to see that the summands are positive and decreasing in i. Hence,

NE[g(Wy. z/N7T)]

>/N[1( ! i \?_jog cosh (—— ws Nday. (4.48)

> —(———7—"—+—) —logcosh|—————) |dy. .

2 1/(r—1>) ( 1/<r—1>)]

! VEIWRY VEW:Y

We want to use (4.24), and hence split the integral in the region where l\/ﬁ %|
[Wyl

is bigger or smaller than A. This gives

ASEWZ\ !
Cizz ( L‘w\le ) 1
E[Wi1 /1

NE[g(Wy.z/NTT)] > ¢

=

y

4Z4 N 1

S p— / 7\ -1 dy
2 ANEWL] 4
EW31J( ‘{w‘z‘N) ye

_ 6512 T—1 (A\/E[er])t—3_1

=&
E[W2]t -3 cwlzl
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-1 N_S;r B (A\/]E[WA%])(S‘E)

—1
E[W2]5—1 cwlzl

=kilz]” ) — ko2 — o)z + k312777, (4.49)

for the proper constants ki, k2, k3 > 0. Since 9 — t > 4,
o0 —ki| |—(r+l)+k 2+ ) 4_k | |9—r
e i 22 F0lDT=BIRE  dz < o0, (4.50)
—0o0

Together with the pointwise convergence in the previous lemma, this proves this lemma
for r = 0. For r # 0, the proof can be adapted as for the case E[W*] < co. O

We next analyze the large x behavior of f(x) arising in the density of the limiting
random variable:

Lemma 4.6 (Asymptotics of f for t € (3,5)). For t € (3,5),

fim L& _ (=2 Y logcosh ——— ) d 451
e 1 - \7 =1 . \gyzra—n —legcosh Ty dy <00, (4.51)

Proof. We first prove that the integral is finite. For this, define

1
h(y) = —y — logcosh y, (4.52)

so that 2(y) > 0. Then,

o 1 1 © 1
A —2y2/(r—1)_10gCOSh—yl/(r—l) dy = A h —yl/(r_l) dy. (4.53)

Since log cosh y > 0, we have h(y) < %y2, and hence

1 1
h (yl/(r—l)) = 2y2G=D" (4.54)

This is integrable for y — 0, because 2/(t — 1) < 1 fort € (3, 5).
Using (4.37), for y large,

1 11
h (—y1/<r—1>) = 13y (4.55)

This is integrable for y — oo, because 4/(t — 1) > 1 fort € (3,9).
To prove that f(x)/x*~! converges to the integral as x — oo we rewrite, with
a=(T-=2)/(r—-1),

xr(xl) = - 1Zh( [1/(— 1)) a (ax)r 12 ((l/(ax)r 1)]/(t_1))

i=1 =1

o0 1
:af—l/o h(yl/(r_l))dy(1+o(1)). (4.56)

O




256 S. Dommers, C. Giardina, C. Giberti, R. van der Hofstad, M. L. Prioriello

4.4. Proof of Theorem 2.15. We can now prove Theorem 2.15 for the measure Py:

Proof of Theorem 2.15 for the measure Py. Wecando a change of variables so that
NGy @) [T NGy (/N
/ e NONGEN gy = NI/ / e NGV G/ dz. (4.57)
—00 —00

Hence, using Lemma 4.1

© NG N1/G+D).
P, (exp (r Sy )) = oo e™MoME Dde (4.58)
N N8/(8+1) I e—NGn(z/NVED:0) 4, ’

It follows from Lemma 4.3 for E[W*] < oo and from Lemma 4.5 for 7 € (3, 5) that

JEW] _ /ELW]
ffooo le v f( v Z)dZ fLXJ xrff(X)dx

i (o0 - =L
v e U ysan ) = B [ W
d —0o0

*f( =z
J2e

(4.59)
where we made the change of variables x = E[Vﬂz in both integrals to obtain the last
equality.

As mentioned, this is sufficient to prove the convergence in distribution of % to

the random variable X (see [14, Theorem A.8.7(a)]).
For the case E[W*] < oo,

1L E(w*) 4
lim S () — lim 2 EwP” _ iE[Wﬁ (4.60)
oo x 1M xboo x4 REWPR ‘
For T € (3, 5), the proof that lim_, o {C](fs) = Cis givenin Lemma 4.6. O

It remains to show that the statement of Theorem 2.15 also holds for the measure Py, .
This follows from the following lemma:

Lemma 4.7 For E[W*] < coand T € (3, 5),

lim PN(exp (r%)) — ﬁN(exp (r%)) =0. 4.61)

N_, 00

Proof. As shown in [18],

3 o glo)e? Zijem o]
N

i
e2 2i,jelN] Jij0i0)

PN(g(U)) =

, (4.62)

O‘EQN

J”_l o (eﬂpij"'(l_l’ij)

= pij sinh B — p? sinh hg—1)+0(p).
e_ﬂPij+(1—Pij)) pij sinh f = pij sinh fleosh f = 1) + O(pjj)

(4.63)
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where we have used the Taylor expansion of log(1 + x) about x = 0 in the last equality.
Hence, using (2.5),

wiw; w;w; . .
% Zi,_je[N] ((ZN‘:wijwj _ éNj ) sinh ﬂ—p[.zj sinh B(cosh ﬁ—1)+0(p?/.))a,'aj
e ;

1
e? Zi,je[NJ Jijoioj —
1o witj
efsmhﬂZi,_/e[NJ Ty 0i0j
1y o Wiy .
eEN(©@) 2 ¥ P Lijem 7”10 (4.64)

Hence, we can rewrite (4.62) as

1. wiwi _
S eqy 8(O)EN@e2 M i T B (0(5)eEN(@))

PN(g(U)) = w;w - =4 E
D ocqy eEV@e bsinh B X, jern) 7010 Py (eEv (@)

(4.65)
Combining this with the Cauchy-Schwarz inequality gives
~ P =N EN(U) _ P ( EN(U))
O
JT%\/PN ebn(o) — pN( EN(a))) )
( EN(U))
\/ﬁN(exp (Zr%))\/ﬁN(eZEN(U)) _ ﬁN(eEN(a))Z
- Py (eEN@)) -
(4.66)

From (4.59), it follows that the first square root converges as N — 00. We next analyze

Ey (o) and show that Ey (o) — 0 in probability w.r.t. Py. We also show that Ey (o) is

uniformly bounded from above, so that the lemma follows by dominated convergence.
We first analyze the contribution of the O( p?j) terms in Ey (o). Note that

3 3 2
3 _ Wiy o wiwj \" _ L 3 4.67
2 Z](£N+wiwj) = 2 ( y ) E%(Zw’)' “on

i,je[N] i,je[N i,je[N] ie[N]

For E[W,%] — E[W?] < oo it holds that max; w; = O(W). Hence,

2 2
( Z w?) < (max UJ[)Z( Z wf) = o(NHE[W2)? = o(£3), (4.68)

i€[N] i€[N]

because £y = O(N). Hence,

En(o) =+ B B Ninh g — p? sinh B(cosh B — 1) + O(p3) )i
2 J J

Iy +wiw; L
i jelN] N\ "N T N
w2w4

2 2
_ ! i _wiwi Y g A
B 2 Z (ZN(ZN'FU),‘U}J') Slnh'B+(£N+ ) SlnhIB(COShﬂ 1))0’10'1 +o(1)

i,je[N] Wiw



258 S. Dommers, C. Giardina, C. Giberti, R. van der Hofstad, M. L. Prioriello

2w2
=—7smhﬁcosh;3 > —5tojoj+o(l)
i,j€[N] N
1 w? \?
:—Esinhﬁcoshﬂ( > ﬁo,') +o(l), (4.69)

ie[N]

where the third equality can be proved as in the analysis of p?j Hence, E (o) is indeed

uniformly bounded from above, so that eEn(@) g uniformly bounded.
It remains to prove that Ey(oc) — O in probability w.r.t. Py. We define Yy =

w?
ZiG[N] 75 0i» SO that
1
Ey=—3 sinh B cosh B Y2 + o(1). (4.70)

We analyze the moment generating function of Yy the same way as Sy/N*. That is, we
use the Hubbard—Stratonovich identity to rewrite

1 sinh 8 2
erYNez N (Zle[NJ w; ;)

ﬁN (erYN) = ZJEQN

1 sinh B
3 ez“z",\, ey wioi)?
oeQy
w? sinh B
> o E erzie[Nl NETW 101+ NEWy] 2iein) Wioi Z
[ AV
sinh B .
2oeay E [ev WEW] 2iel wtmzi|
a N
NIE[lo cosh( Wi]%’+/ Sinhf Z) |Z]
Ele ] " NEWN1TY NEwy1 YN

E[CNE[logCOSh( N;E::‘E}‘}Vif WnZ ‘Z]i|

foo e—22/2+NE[logcosh (r N]E[%Nﬁ /N?Jf:[[ﬂ;va] WNz)]dZ
=== . “4.71)

[ e ~22/2+NE[ log cosh (/ w5if; Wi )

—00

We do a change of variables replacing z/+/N by z, so that

2
w sinh
—N22/2+N]E[logcosh QW‘%}V]+ ]EEHTA/?]WNZ)]

dz

()= ﬁ
e—N12/2+N]E[logcosh( ]EsEr“)VN] Wnz )]dz
—00
w Snh P
N]E[WN] IEF“V;g] WNz)—logcosh ( J};E;V]S] WNz)]

~NG y (z:0)+NE[ log cosh (r
dz

fsooo e NG (:0) g,

2
W : .
1/(8+1). sinh sinh z
. C—NGN(Z/N /@+1):0)+NE[ log cosh (r NE[%Nrf /]E[WA/fJ WN 17D )—log cosh ( li]E[W;;J WN TS )]d7

[, e NON N0,y

4.72)

where we did another change of variable in the last equality.
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In Lemmas 4.2 and 4.4, we proved that NG y(z/N 1/ (8“); 0) converges for 8 = .
We Taylor expand the remaining term,

w2 sinh 8 Z sinh 8 z
NE| 1 h N w —1 h w
[1og s (rNE[WN1+ E[Wy] NN1/<6+1>) og cosh ( E[Wy] NN1/<8+1>)]

B sinh B z w3
= E[tanh ( Bl Wy NT/GHD )rE[WN] + 0(1)]. “4.73)

For E[W}] — E[W?] < oo, which includes power-law distributions with T > 4, we
can use that | tanh(x)| < |x|, so that

sinh B z w2 silhf  |zr|  E[WR]
)E[mh( E[Wy] WNNI/(5+1))rE[WN]]) =\ E[Wx] NG E[Wy] o). (4.74)

For t € (3, 4] we use the deterministic choice of the weights asin (2.8) and§ =17 — 2
to rewrite

- 2
‘E[tanh ( ]El[nv};/ﬂ] Wi Nl/zm]))rE[W‘;yN]]‘

sinh 8 z wi2
_’N Zt h( E[W,] ’N1/<r—1>)’E[WN]

sinhB  cyz re2  (N\YCD
-y o (3 Jawil7) |
E[Wy]il/G=D/E[Wy]

|r|Cw 2/(t—1)—1 2/(t—1)—1 sinh B |rZ|Cw j73/G@=1)
<_—%N +N / (4.75)

For t > 3 the first term is o(1). For 7 € (3, 4),

N N
NE=D=13 =3 N—%/ 3@

: 1

i=2

—1 T—
T (N,rfs B N—1/(r—l)) =o(l), (4.76)

whereas for T = 4

N N
NED=IN =36 N’%/ i/ = NTF log N = o(1). (4.77)
i=2 1
Hence, in all cases the integrands in the numerator and denominator of (4.72) have the

same limit. In Lemmas 4.3 and 4.5 it is proved that the integral in the denominator
converges. Since

sinh 8 z w2 rE[W3]
] tant E[WN]WNNI/(8+1)) ]E[WN]] =T - 0D @79
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it follows by dominated convergence that the integral in the numerator has the same
limit. Hence,

lim B, (erYN) —1, (4.79)

N—o00

from which it follows that Yy — 0 in probability w.r.t. Py. Hence, also
smh B cosh g Y2 — 0 in probability w.r.t. Py. Since o(1) also converges to 0 in
probablhty, SO does the sum:

1 ~
Ey = —5 sinh 8 cosh 8 Y§ +0(1) — 0  in probability w.r.t. Py. (4.80)
O

Remark 4.8 (Sharp asymptotics of the partition function). It follows from the changes
of variables in (4.9) and (4.57) that

Zy(Be, 0) = AN/ DN (1 4 o(1)).

For E[W*] < oo, this exponent equals 1/2 + 1/(8 + 1) = 3/4, whereas for 7 € (3,5),
itis 1/2+1/(8+1) = (t +1)/(2t — 2). Thus the partition function has finite-size
power-law corrections (in agreement with [6] where the classical Curie-Weiss model is
considered).

4.5. Scaling window. Instead of looking at the inverse temperature sequence By = B¢ N

§—1
we can also look at By, = B..n +b/N 51 for some constant b. The analysis still works
and the limiting density instead becomes

272
exp {écosh(ﬂc) LW~

> E[WP X fx )] (4.81)

To see why this is correct we look at the following second moment, which shows up in
the expansion of G, see (4.13):

61
1 sinh(B..ny +b/N &1) z r 2
EE[(\/ E[Wy] WNNI/(6+1) * Na/(3+1)) ]

2
- 2N2Z/(5_+1) sinh(Be,y +b/N 1) { N} +sinh(Bey + b/N‘E%)]E[WN]%
+o(1/N). (4.82)

In the first term, we Taylor expand the sine hyperbolic about S, y, which gives
Sinh(Be.y +b/N 51) = sinh(Be.y) + cosh(Bey)b/N 51 + O (1/N2‘§%1') . (483)

For the other term, and also for the other terms in the expansion of Gy, it suffices to note
that

\/sinh(ﬂc,,v +b/N ) = /sinh(Bey) + O (1/N‘fs%f) . (4.84)
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Hence, (4.82) equals

2 2 2
< < b E[Wy] zr E[Wy]
+ cosh(Be,N) —5= + = +o(1/N)
2/(8+1 2/(8+1 . 1
2N2/@+D) 2 N2/(@+D) N & E[Wy] E[WI%]
2 2 2
< bz E[W2]  zr E[Wy]
=SNG T 2N S Cosh(Ben) = E[W,] N—N +o(1/N). (4.85)
N

E[W3]

In the expansion of Gy (z/N 1/G+D). 1) the first term in (4.85) drops as usual, whereas
the second term in (4.85) remains. After multiplication by N (cf. (4.18)), one has

2
—NGy(z/NY@ED, py = = osh(ﬁ»E[W”] —f ELW]
VEIWZ]

c
2 E[Wy]
z the above converges in the limit N — oo to the

z | +o(l). (4.86)

E[Wy]
E[wW3]
exponent in (4.81), as required. O

Using the substitution x =

Table 1. List of symbols used

Symbol Definition Description

N Number of vertices

[N] {1,...,N} Set of first N positive integers

B Inverse temperature

B External field

Hy Hamiltonian

ZN Partition function

¢ limpy 0o % log Zy Pressure of inhomogeneous Curie-Weiss model
w; Weight of vertex i

w (Wi, ..., wy) Sequence of weights

In le: | Wi Total weight

GRGy(w) Generalized random graph with weights w and N vertices
Dij % Probability of an edge between vertices i and j in GRG y (w)
Wn Weight of uniformly chosen vertex

w Random variable chosen such that Wy 2, w
v E[W2]/E[W] Size-biased weight

N IE[W,%,] JE[Wx] Its finite volume analogue

T Power-law exponent

On Law of the random graphs

Py Annealed Ising measure

2N % log On(Zy) Annealed pressure

SN Z,N: 10 Total spin

My Py(Sn/N) Annealed magnetization

XN % My Annealed susceptibility

v, M, x limy_ o0 of YN, My, xn, respectively

Be asinh(1/v) Annealed critical inverse temperature

Be,n asinh(1/vy) Its finite volume analogue

B.8,y,y Critical exponents, see Def. 2.9

z Fixed point of (2.23)

Py Curie-Weiss approximation of Py, see (4.2)
ZN Curie-Weiss approximation of Zy, see (4.3)
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Limit distribution at . instead of . . In the above, we look at the inverse temper-
ature sequence Sy = P, n and then take the limit N — oo. Alternatively, we could
immediately start with 8 = B.. The scaling limit that will be seen depends on the speed at
which vy approaches v. Indeed, from (2.24) and (2.34), one has 8. — B..x = O (v —vy).

We investigate this for the deterministic weights according to (2.8), and first inves-
tigate how close vy is to v. By [3, Lemma 2.2], vy = v+ (N™7T + o(N~") with
n = (r —3)/(r — 1) and ¢ an explicit non-zero constant. Thus, for 7 > 5,
vy = v +0(N~1/2). Hence, the results stay the same (see the previous discussion).

. _ =1 _d-1
When t € (3,5),instead, vy = v+ (N T+0o(N7") = v+ N~ & +0o(N 1), s0
we are shifted inside the critical window (see the previous discussion). Hence, in this
case the limiting distribution changes. 0O
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