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Abstract: We consider Carleson’s problem regarding convergence for the Schrodinger
equation in dimensions d > 2. We show that if the solution converges almost everywhere
with respect to a-Hausdorff measure to its initial datum as time tends to zero, for all
data H*(R?), then s > %(d + 1 — «). This strengthens and generalises results of
Bourgain and Dahlberg—Kenig.

1. Introduction

Consider the Schrodinger equation, i 0;u + Au = 0, in R9*! with initial datum u(-,0) =
ug in the Bessel potential/Sobolev space defined as usual by

H'RY) = (1 — A)72L2RY) = {GS «f: fe LZ(Rd)} .

The Bessel kernel G, is defined via its Fourier transform,; GS =({+]- |2)_“/ 2 In [8],
Carleson proposed the problem of identifying the exponents s > 0 for which

lim u(x,) =uo(x), ae x eRY,  Vuye H'RY), (1)
—

with respect to the Lebesgue measure, and proved that (1) holds as long as s > 1/4
and d = 1. Dahlberg and Kenig then showed that this condition is necessary in all
dimensions, providing a complete solution for the one-dimensional case [11].

The problem in higher dimensions has since been studied by many authors; see for
example [4,5,7,10,16,21,22,26,28-30]. The best known positive result in two dimen-
sions is due to Lee [17], who proved that s > 3/8 is sufficient for (1) to hold via bilinear
techniques. In higher dimensions, Bourgain [6] proved that s > 204_;1 is sufficient using
multilinear arguments.


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-016-2722-8&domain=pdf

342 R. Luca, K. M. Rogers

The solution is typically represented as u(-, t) := limy— o0 Sy (t)ug, where

1 N e 2
Sy (Du0(x) = =37 /R JWNTIe)Tg(E) e e, @)
and ¥ is a fixed function, equal to one near the origin, that decays in such a way that
the integral is well-defined. For convenience we take ¥ (§) = H?:l ¥ (&), where ¥ is
differentiable, supported in the interval [—2, 2] and equal to one on [—1, 1]. The limit
is usually taken with respect to the L2-norm, but here we will take all limits pointwise,
at each point that they exist. This coincides with the usual L2-limit almost everywhere
with respect to the Lebesgue measure, and will allow for a more refined analysis.

It was thought that the necessary condition of Dahlberg and Kenig could also be
sufficient in higher dimensions; see for example [14]. However, Bourgain proved a
stronger necessary condition in five and more dimensions. Combining their results we
obtain the following theorem.

Theorem 1. [6,11] Let d > 2. Then, for any

{1 d—2}
s <max{—, —,
2d

1 3)

there exists ugy € H*(R?) such that

lim sup |u(x, t)| = 00
t—0

for all x in a set of positive Lebesgue measure.

This was recently strengthened in [19]tos < 1/2 — 1/(d +2) when d > 3. Here we
give a constructive proof of this result as well as generalising to o-Hausdorff measure
(generalising also the d = 2 case of Theorem 1). The fractal measure version of the
problem had been previously considered in [1,3,9,18,20,25]; however, no nontrivial
counterexamples, beyond the Lebesgue measure case, had been given until now.

Theorem 2. Let d > 2 and d/2 < a < d. Then, for any

s <

2(d+2)(d+1—a), 4)

there exists ug € H* (R?) such that

lim sup |u(x, t)| = 00
t—0

for all x in a set of positive o-Hausdorff measure.

The range of o cannot be extended due to the positive results of [1]. There it was
proven that divergence can only occur on sets which are null with respect «-Hausdorff
measure when s > (d — «)/2 and o < d/2. This is optimal as the data may already
be singular on sets of Hausdorff dimension « if s < (d — «)/2; see [34], and here we
see that it is also optimal with respect to the range of «. Indeed we see that oy (s) =
sup,,eps dim{x € R? : lim sup,_, o |u(x, )| = oo} is not differentiable at s = d /4.

The analogous convergence problem for the quantum harmonic oscillator, where
the Laplacian is replaced by —A + |x|2, was introduced by Yajima [32,33]. Via an
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equivalence between maximal estimates with respect to fractal measures [18, Theorem
1.3], the problems turned out to be equivalent however, and so Theorem 2 also holds if
the free Schrodinger equation is replaced by the Schrodinger equation associated to the
harmonic oscillator.

In contrast to the earlier results, which relied on the NikiSin—Stein maximal principle,
the proof of Theorem 2 will be explicit, identifying the datum u( for which the solution
diverges. The necessary condition of Dahlberg and Kenig relied on the existence of
concentrated solutions, or wave-packets, that travel over large areas. On the other hand,
Bourgain considered sums of data, with different frequencies, carefully chosen to create
regions of constructive interference, recalling Young’s double slit experiment.

In the light of Bourgain’s example, a physical interpretation of Carleson’s problem
could be to identify the lowest s (a measure of average frequency) at which an initial
state (or configuration of slits) can generate interference patterns, thus obscuring their
original state. Indeed, it seems reasonable to suppose that in the absence of interference
the initial state should be recoverable by tracing back from the later states. Inspired by this
interpretation, we take data similar to the Dirichlet kernels, see [2] and the forthcoming
Fig. 1, for which the corresponding solutions interfere with themselves periodically in
time. The constructive interference reoccurs in the same relatively small regions of space,
however we can energise the data so that the whole solution travels in a single direction.
We then use a quantitative ergodicity argument to show that this direction can be taken
so that the regions of constructive interference reappear in different places sufficiently
often.

The one-dimensional case seems qualitatively different from the higher dimensional
cases. In part this is due to the fact that a travelling wave, from which the Dahlberg—Kenig
example is derived, can fill the whole space in that case, beating our necessary condition
derived from interference patterns. We can think of no good reason to suppose that our
necessary condition should not also be sufficient in the higher-dimensional Lebesgue
measure case. If that were true, then our necessary condition in the fractal cases would
most likely also be sufficient, as (4) would then interpolate between two sharp results.

Finally, we remark that, by a standard density argument, Theorem 2 implies that alocal
maximal estimate can only hold fors > 1/2—1/(d+2). Then by an equivalence between
local and global estimates [24, Theorem 3], we obtain the following necessary condition.
Note that the regularity is twice that required for almost everywhere convergence. These
estimates can be viewed as mixed-norm Strichartz estimates, where the order of time
and space has been reversed compared to those first considered in [15,31].

Corollary 1. Let d > 2 and suppose that there is a constant Cg such that

<G ||MO||HS(]Rd)

|, ool

O<r<l L2RY)

whenever ug is a Schwartz function. Then s > dd?.
2. Proof of Theorem 2

Let0 <o < d;;“ and A := 2% with M a large integer to be fixed later. As we only

consider « > d/2, we have that o < 1/2. For j € N, define

) ={te2nd/D7 M < gl <M m=1, .. d}+Q<

7)
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where €1 > 0 is a small constant to be chosen later. Here Q(0, £) denotes the closed
cube centred at the origin with side-length ¢, and we denote its interior by 0(0, £). We
consider initial data
wo:= > fo;. 0;€s7" (5)
jeN
where, for 0 < § < o/4, we define fgj by

. ~ itdo—
oy ) = TN (), fy =TT g
Note that! [27] 2~ 179° so that || £} || s = AT =39 and so ug € H® provided

s < — —§.

2

d+l—o

Eventually we will let o tend to <5

range (4).
Consider now the ‘dual’ sets

and § tend to zero, covering all the cases of the

X} = {x €Oz x| <2} + 00, e20.7),
T/ :={te (G D7 0<r < 1},

where ¢; > 0 is a small constant to be chosen later. As shown by Barcel6, Bennett,
Carbery, Ruiz and Vilela in [2], we have

t . : .
— )t A ] J
‘SwN(ZﬂAj)f](x)‘ >0 forall (x.1) e X) x T/, ©6)

aslongas N > A/ and g1, &, are taken sufficiently small. This is true because the phase
in (2) never strays too far from zero modulo 27i, and so the different pieces of the
integral, corresponding to different pieces of 2/, do not cancel each other out at these
points (see Fig. 1 for a real-variable, one-dimensional and time-independent sketch).

Proof of (6) We first claim that
X-E€2l+(—i, 1) if §€2/ and x € X} (7)

and

t . )
m/|g|2e2+(—%,%) if €€/ and reT/. (8)

Indeed we can write

)\ja—l jo
Sml < 7=, vl <

&= 222079, 4 v, where v e Z9,
2

€l
2/d’
and

, . & ,
x =2 Dy t+w, where weZ¢, lo| <2370 w,,| < EZ)L_/,

1 We write a < b (a 2 b) whenever a and b are nonnegative quantities that satisfy a < Cb (a > Cb) for
aconstant C > 0. We write a ~ b whena <band b <a.
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Fig. 1. Constructive interference

form =1,...,d, so that

x-& =2nw-v+1M " Ve v+27227/ 0"y rw v
= hLh+Lh+1+1,.

Since I} € 2nZ and

1Ll < 27 Vjolly] sxﬂ“—“zﬂ“‘”% =e.

53] < 203/ vl jw] < Vi "W"f” d%
d .

4] < |w||v|§§8281k_-’,

we have that (7) holds by taking €1 and &, sufficiently small. For (8) we write
t == where 7 €N, 0 <1 <A/(01720),

so that

e xzﬂf’ Dr@n2 2702 4 o> +4x a7y . p)
2w Al 27

=11+ 1 + II5.

Since 11 € 2n’Z, while

2 25—
D < L 3200=D o < 1 j2ie-n;00-20 61 _ €127
27 - 2n 4 8t
2I d
1 = 2000 D ejplju] < 200D YA et
2 2 2

we see that (8) is satisfied once €] and ¢; are taken sufficiently small.
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Now as long as N > A and & € 27 we have Uy () = l,l/(N_lé) = 1 so that

5 —J(do—3) e p
)fj( ) = —/ e E ds.
07

(2 pY (272

Then (7) and (8) imply that the phase is close enough to zero modulo 27i as long as
(x,1) € X(j) x T/ yielding (6). Here we have used that [£2/] ~ Ao 0O

By a change of variables, the modulations that we introduced in the definition (5) of
ug force the waves to travel in the following sense:

S (525 ) e @) = [Suycamatan (55 ) file = #7100 ©)

As A7 can be very large, we now look for an upper bound on the solutions associated
to fi, that is independent of the size of |x|. First we prove that when k > 2, we have

t B .
‘SWN(_mk@k)(m)fk(x)‘ <AB forall (1, eRIxTI.  (10)

When j < k < 2j, things are a little more difficult, and so we consider

k3

X )\'k(o' I)Zd+Q(O 82)\._k(1 25))

This is a slightly fatter version of X¥, without the restriction that |x| < 2. In this case
we are able to prove the same bound in a restricted region;

! —ks dy yk.s -
)Schmkek)(m)fk(x)‘ <A forall (x.r)e R\XE) x 17 (1)
aslongas N > A/ +7 %/ with A sufficiently large. Later we will see that this is sufficient.

Proof of (10) and (11) As before we write

ko—1 )\‘ka

€1
< lvml <

_— <
27_[7 |vm|_ 2\/3’

g = 272079y 4y where v € Z¢,

t =22V where TeN, 0<1<A/1720,
however for now we place no restriction on x;
x =MDyt w, where weZ 0<|wy| <KD,
As before, we have that

x-& =KDy pw) . k=) 4 y)
=27w-v+ 250 Vg v+ 272507y 4w v (12)

and the first term in (12) belongs to 27 Z. Similarly,

oy HE AZ’(” D (4r222 0=y 12 4 u)? + 4725077y - v)
T

=: 2nk2(k_/)(1_”)r|v|2 + 2—)\2/("_1)7:|v|2 + 27 A k2D 0=0) 1), Ly
T

(13)
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and again the first term belongs to 27 Z, since A = 21% with M integer. First we consider
the case k > 2j and prove (10). In fact, to help us with the proof of (11), we will suppose
less, only that

3 k=2j)(1=0) 1 %kfk(of28)' (14)

Using (12) and (13), we can write

—k(do —8) L

4 — iP1.m f [ P2 m+iP3,m
S%(-mk@w(m)fk ~ Tondir H D YN €T duy,,
=ly,eZ Jd

Ak“ <27 |v, |<Ak”

E

where

2 a0y, +u, + nkkek,m)
N

_ |
(,bl,m = 27T)¥k(1 G)Vmwmv ¢2,m = Wiy Uy — EAZ](U l)tvrzm

YNm = 1/f(

G3m = AKO=D gy v — 27 A KT2DA=) 1y,
We split each sum into two parts. Form =1, ..., d, we let &, denote
(vm € Z : 371 < 2mpuy| < 2k0, |AKe=Dgy, — 27 ) k2D =0)py, 1 K8y
As we are supposing (14), it is clear that #&,, < A= “and so trivially

Z ip1, m/ I/IN el¢2 mHP3.m dU < )\k(ﬂ 8) (]5)

Vv €Em

It remains to handle the contribution of the terms in the set £, denoting
(vm € Z: Ao < 27|, | < Ak, @K@ Dy, — 27 a k2DU=0) gy, | > k6

For this we use the cancelation in the integrals via van der Corput’s lemma; see for
example [27, pp. 344].

Lemma 1. Let ¢ € Cl(a, b) and |¢'(x)| = y > 0 with ¢’ monotone on (a, b). Then

b .
[ v O] <y s+ 1.

Since |wy,| < AK@—D and

-
ESRICE N, ’<1sz(0 Dyl-20) €1 _ A0 e

T 2/d 7 2Jd

we see that, for A large enough, |9,,,¢2,»| < 1. On the other hand, by the definition of
Er we have |0y, ¢3.m| > AK8 5o that

1 ks
|avm (¢2,m +¢3,m)| > 5)\ .
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Since || mlloo and ||dy,, ¥ N m |1 are bounded by absolute constants, we can take y =
%W in the lemma, so that

£l
S et [y iy, | < HEL AR S AR,
El ’ ~J ~J

vm €ES, TV

Combining this with (15), we obtain the desired bound

t _
‘SWN(MM@)(z M)fk(x)‘ < A Kdo=8); dk(e=8) _ 5 ~(@d=Dks < ks,

Now we consider the case k < 2j and prove (11). In this case we are allowed to
impose the extra condition

& &
?Z)L—k(l—%) < |wn| < ake=1) _ _Z)L—k(l—28)

for at least one m. Also we suppose that N > A/ + 71?7 so that Wy (- + 72%6;) = 1in
the support of £2%. Thus, using (12) and (13), we can write

¢ —k(do—§) f ” . P
m TVmP5.m
SwN(-mxkek)(m)f"(x) “Qmydir H/ eltin D et duy,
v €L
)Lko 1527'[|Vm‘<)L
where
1 .
bam = Vw0, + wyv, — —22 O D2
2
and

s = AKA=0)yy 5 (=2))(1=0)

Recognising the inner sum as part of the Dirichlet kernel, we note that

1
Z 2T Vmbsm | < (16)
= ~ sinT sl
o=l <27\, |<rko
Recalling, that for at least one m we have that
b4 b4
Esgk_k(g_z‘s) < |nkk(1_°)w,n| <7 — Eegk_k(o_z‘s), (17)

we use (16) in that case and bound the other sums in a trivial fashion, so that

< ATRAo=K@=00 | i s |

t
Sup (- 42k (m)fk(x)

Now given that we have already proven the desired bound (11) under the condition (14),
we can suppose the opposite; that

Ak=2)(1=0) L~ 825 —k(o—28)
4
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Recalling that s, = 7 AK0= Dy, — A *k=2D0=0) 1y by (17) we see that

—k(c—265) —k(5—25)

1 | | I
EoA < |T7T <TT eh
2 ¢5,m 2

T'hus,

—k(d k(d— —k
[Suamiteny (537 ) (0] S AHUm= k=D 8(0=20) — ko

which completes the proof of (10). [
Now let N > A/ + 72/ and consider first

thﬂj = Xé +10;.
Noting that ¥y = ¥y (- +7A/6;) = 1in £2/, and that
() EX)y xT! = (x—10;,0)€X]xT,
the combination of (6) and (9) tell us that
‘SwN(z M)fg (x)’ >0 forall (x,1)e Xl x T/, (18)
Now let j < k < 2j and consider

Xk6

k—j
Yy _XO + A" 16,

Noting that

e ®RNXE . YxTI = (x =216, 1) e ROXE) x T,

AK=J 16y

the combination of (9) and (11) tell us that

‘S (ZNAJ)ka(x)‘ $A7 forall (1) € (Rd\Xxk irge) % /. (19
Similarly for k > 2, since (9) and (10), we have that

! —ks d j
‘S (2 M)fgk(x)’ 28 forall (x,1) e RY x T, (20)

Consider now

Jo._ x/ J.—
Ly o=x,\ J x5, ad =] 6.
Jj<k=<2j teTJ

An immediate consequence of (18), (19) and (20) is that if x € I" J, there exists a time
tj(x) € T/ such that

(1) ‘SWN(;j;ﬁ)fgj(x)‘ > 08,
(i) ‘SwN (Lx).)fgk (x)‘ <A forall k> .

2w A
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Finally, we consider the set of x that belong to infinitely many I'/; that is
-nUr
neN j>n

Now for x € I', there exists an infinite subset J (x) C N with an associated sequence
of times #;(x) € T/ for all j € J(x) such that both (i) and (ii) are satisfied. Recalling
the definition (5) of ug, by the triangle inequality

s (250 p0)| 2 s (B20) iy 0] = 1411 = 141,

where

=50 (L) ) w0 s (20 e
k<j k>j

By (i) we have that

5 (220 2.

On the other hand, by bounding the terms trivially and taking A sufficiently large, we
can arrange that the following holds:

1 tj(x)
ks _ * J
|A1|sk§_x = 5[Su (557 1,0
Finally, by (ii) we have that
A2l <D 7R <,
k>j
so that

‘u(x, tj(x).)‘ = lim ‘SWN(tj(x).)f(x)‘ > VRAR

2w A N—00 2w A
j( )

We see that, for any x € I, there is a sequence of times that satisfy

‘u(x tj(x))’eoo as ﬂ—)O.

T2 2 0]
Now, recalling that s < dT" — §, the proof would be complete if we could prove that

the a-Hausdorff measure of I" were positive, taking é and o sufficiently close to 0 and
d;‘&“ , respectively. For this we must choose the modulation directions 6 appropriately,
via the ergodic argument of the following section. In fact, in the final section, we do
not conclude that the a-Hausdorff measure of I" is positive, only that the 8’-Hausdorff
measure of I" is positive for any 8’ < 8 < «. However, this is sufficient as we could

have started the proof with an «’ > « that also satisfies
d
<
2(d+2)
and performed all of the previous arguments for this @’ > d /2. The d-Hausdorff measure
case is slightly different (we cannot choose an &’ > d), however in that case there is

a slightly more direct argument that allows us to conclude that the measure of I is
positive.

(d—o/+l),
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3. A Quantitative Ergodic Lemma

It is well-known that linear flow on the torus, in most directions, eventually passes arbi-
trarily close to every point. Here we show that this remains true when only considering
equidistant points on the trajectory, and we quantify how long we must wait to get near
to every point. To see that the quantification is sharp, we place a ball of radius e R*«~1/4
at each of the R'~% equidistant points. Even if these balls were disjoint their measure
would be less than ¢ R“~?, and so we would not get close to all the points of the torus
if § > k.

Lemma?2. Letd >2,0<¢e,§ < landk > #. Then, if 5 < k and R is sufficiently

large, there is a 0 € S~ for which, given any y € T¢, there is a ty € R%Z.N (0, R)
such that

ly —1,0] < eR*D/2,

Proof. Let ¢ : T¢ — [0, (2/¢)?) be smooth, supported in B(0, £/2), and such that
J ¢ =1, and write

Pr(Y) :=¢(RFTKy)-

It will suffice to show that there exists 6 € S?~! such that, for all y € Td, there is a
t € (RPZN (0, R) +[—5R™!, §R™!] satisfying

or(y —t0) > 0.

Letn : R — [0, 2/¢) be a smooth function, supported in the interval (—&/2, £/2), and
such that [ n = 1. Defining

nr(0) =R D> n(Rt—Rj)).
JEZ
0<j<Rl’5
and noting that 7y is supported in (R%Z N (0, R)) + [—%R’l, %R’]], it will suffice to
show that there exists 6 € S?~! such that, for all y € T,

/ka(y —10)ng(t)dt > 0.
Expanding in Fourier series;

or(y —10) = r(0) + D Pr(K) " e TN = GR(0) + D (1, , 6),
kezZ4
k#0

and noting that [ ng =~ 1 and gr(0) = [rs o = R*~!, it would be sufficient to find
0 e S? such that

| [ ety omwd] £ &7 ogR. y =1k e
R

whenever y € T?.
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For the proof of (21), we note that

IA

@(t,y, 0)nr(t) di or (k) THHO Ky p(2) dt
g EpNCTINE |

kez4
k#£0

RK*]

k=1 2d
ezt (1+ R 1K1)
k0

N

where the second inequality follows by integrating by parts in the formula for the Fourier
coefficients. Noting that the right-hand side no longer depends on y, in order to find a
6 € S~ such that (21) holds for all y € T, it will suffice to prove that the right-hand
side is similarly bounded after averaging over the sphere; that is

Rr—1

(1 +R*|k|)

In order to prove this, we note that

nR(t) — R(S ln(R lt) § e 2miR° jt
JEZ
0<j<R!™S

A D8 A D8
e 2wiR°(N+1)t _ e 2mi Rt

= RI(R ') (23)

e—2niR‘3t —1 ’

where? N := |[R'7%|. Nowas [7] <1and 1 — 8 > 1 — «, (22) would follow from

R¢~1 in(T NR%O - k
/ ‘Sm(” ) ‘d@ < log R. 24)
Sd

- K= 2d | gj 59 .
lkeZd (1 +RTl|k|) sin(r R°6 - k)
k#0
To see this, we parametrise the sphere, so that

sin(r NR%0 - k) -2 / sin(7r N R [k|t) 9. d=3
do =2IS 1—1t%) 2 dt. (25
/Sd 1‘ sin(7r R%6 - k) ‘ ! | ‘ sin(;r RO |k|t) ‘( ) 25

Changing variables and using a well-known property of the Dirichlet kernel (see for
example [23, pp. 3]), we get

/ ‘sm(rrNR‘3|k|t) RO [k] sm(nNt)

di < log N < log R,
sin(@ ROk |41 R3|k| s1n(m‘) ‘ ~ 08N ~ 0B

which is sufficient to conclude the proof of (24) when d > 3.

2 |x] denotes the largest integer strictly smaller than x € R.
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When d = 2, (25) continues to hold, with |S°| = 2, but if R?|k]| is close to an integer,
the singularity in the integral will pick up one of the peaks of the Dirichlet kernel.
However, we can still estimate (25) by a constant multiple of

I—(NR®k])~! o NR3Iklt 1
10gN+/ (M (NROKD2dt+ | N =) 3dr
l—(R‘S\k\)’l SIH(JTR |k|t) l—(NR‘S|k|)’1

log N S11/2 N R'2=%1og R
NR°|k / — < logR+ ——=
o] VKD e g RT s

On the other hand, by an appropriate dyadic decomposition, we have that

< logN +

RK_I 1 Kk—1

4
ez (1+RT Ik1)
k20

<
4|k|]/2NR ’

so that altogether we obtain (22) with y = 1/2+ (1 —«) /4. Given that we have restricted
tox > 1/3, we have that y > 1 — k and so we are done. [

Remark 1. It might be possible to relax the restriction « > 1/(d + 1). Indeed, « > 0
suffices in higher dimensions and perhaps this could also be shown to be the case in two
dimensions by using a slightly less trivial bound which estimated the number of points
k € 7Z? such that R°|k| is within an (R®|k[)~" neighbourhood of an integer—a relative
of the Gauss circle problem. The restriction on « is harmless for our purposes and so we
do not pursue this further.

Definition 1. A set E is e-dense in F' if for every point x € F there is a point y € E
such that |[x — y| < €.

The following corollary allows us to choose directions 6; so that the sets U, .7 X '[jej
have large measure. The corollary is also optimal, in the sense that the statement fails for
larger . To see this, we can place balls of radius eR™1 atthe points of the following set
and assume that the balls are disjoint. Then the volume of such a set would be of the order

Ré+1—a=(d+2)o 4 quantity that tends to zero as R tends to infinity when o > d;ﬂ;“.

Corollary 2. Letd > 2,d/2 <a <dand0 < o < dzléa. Then, for any ¢ > 0 and
sufficiently large R > 1, there exists 0 € SY~1 such that

U [x e R77'Z4 : |x| <2} +16
1eR2=17(0,1)
is eR™d-dense in B(0, 1/2).
Proof. By rescaling, this is equivalent to showing that
U [xez? x| <2R"™"} +16
teR7ZN(0,R1=7)

is éR'~~7-dense in B(0, R'~9/2) for a certain # € S?~!. By changing R'~® — R,
that is to say, for any y € B(0, R/2) there exists a x, € 7% N B(0,2R) and ty €

RT57N (0, R) such that

|y — (xy +1,0)] < eR'~ a0,
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for a fixed 0 € SY~!, independent of y. By taking the quotient R? /Z¢ = T, this would
follow if for any [y] € T there exists ty € R7=2Z N (0, R) such that

[yl — [1,0]] < eR'~ @09, (26)

and this is a direct consequence of Lemma 2, by taking «k = d +1 — /(1 — o) and
=0/l —o0).

To see that it is enough to prove (26), we assume it is true and cover B(0, R/2) with
a family of disjoint copies of axis-parallel T¢. Denote the copy that contains y by T¢,
and let z, be the point in T;{ such that [zy] = [£,0]. Then x, := z, — £, € Z% and by
construction

ly =y +1,0)] = |[y] — [1,0]] < eR' @7,

Note that we also automatically have that
1— 4 1 -
lxy| < |yl + |ty +eR™ 4T < §R+R+£R dd-0) < 2R,

and so we recover all of the required properties. [

4. The Measure of I

J

We start with the Lebesgue measure case, or equivalently « = d. Note that X 9, isaunion

ks

Ak=J 10;,
cubes of side-length e, =129k The distance between the cubes is approximately
A(=DJ in the case of the former and A(°~D¥ in the case of the latter. Thus we see that
Fréi is a union of disjoint open sets whose Lebesgue measure | - | is bounded from below

by

of disjoint open cubes of side-length o4/, while X is a union of disjoint closed

-J —j k.8
|Q(x, e2277)| — )Q(x,szk HhnlY Xxk—-/'tek‘
j<k=<2j
2 27)
o sdal a3 A2k > ody—dj,

k=j+1

provided A is large enough (recalling o > 48). We call these sets pseudo-cubes and
denote them by Q(x, eo177). '
Now using the @« = d-dimensional version of Corollary 2 with R = A/ and d > 3,

we can choose ¢; in such a way that B(0, 1/2) C Ujcr; X/éj for all j sufficiently large.

Similarly, ri.=u jeT I;é is a union of pseudo-cubes whose centres are &) "7 -dense
E J

in B(0, 1/2). This fact, and the bound (27), easily imply |I’ J| > 1. Thus we see that
lim,_ o0 |An| 2 1, where A, = | jon I'J. On the other hand, as everything is contained

in the unit cube, it is clear that |A| < 1. Therefore, as {A,},>1 is a decreasing sequence
of sets (A, 2 A,+1), we can conclude that

ri=|( 4

neN

> 1.
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When d/2 < a < d we no longer have the upper bound on the measure of A; and so
we will require a different argument.

We recall now some properties of Hausdorff measures and outer measures. For any
E c R? and for any § € (0, oo] we define

Hy =inf { > 67 E |00 60, 6 < 8.

The a-Hausdorff measure of the set E is H*(E) := lims_,o H§ (E) and the Hausdorff
dimension of E is dim(FE) := inf{« : H*(E) = 0}. Thus if H*(E) > 0 then dim(E) >
a. We will also make use of the outer measure HS (E), which is at least sub-additive;

HEL(E) < D HA(E). if EC|JE,
J J

and satisfies HS (Q(-, 8)) = §%. Combining Theorem 3.2 and Corollary 4.2 of [12] (see
also [13, Proposition 8.5] for a simpler version), we obtain the following:

Lemma 3 [12]. Suppose that there exists a constant ¢ > 0 such that, for all § > 0 and
all cubes Q(x,8) C B(0, 1/2), we have the density condition

liminf H5, (E; N0 Q(x, 8)) > ¢,

Jj—o0o
where {E ;} > is a sequence of open subsets of B(0, 1/2). Then, for all B’ < B,

Hﬂ (nneN Uj>n Ej) > 0.
We will also require an elementary lemma regarding the following definition.

Definition 2. A* C B(0, 1/2) is a quasi-lattice with separation p <« 1 if, for any
x € pZ¢ N B(0, 1/2), there exists a unique a € A* such that |[x — a| < p.

Lemma4. Let 0 < € < p/4. If A is e-dense in B(0, 1/2), as defined in Definition 1,
then A contains a quasi-lattice A* with separation p.

Proof. Letx € ,oZd N B(0, 1/2). Since A is e-dense in B(0, 1/2), there exists a € A
such that
[x —al <e. (28)

The set A* then consists of these a € A satisfying (28), after discarding redundant
members in order to satisfy the uniqueness requirement. Note that this is possible since,
given two different x, y € pZd, it cannot be that the same a satisfies both |a — x| < €
and |a — y| < €, as this would imply |x — y| < 2¢ < p, which would contradict our
hypothesis. [

We again use Corollary 2, this time with a generic d/2 < a < d, to choose 6; such
that '/ = Ujeri I;éj is the union of pseudo-cubes whose centres are 21~/ 7-dense
in B(0, 1/2). Then, using Lemma 4 with € = ezk_f% and p = A=/, we can suppose
that I"/ consists of the union of pseudo-cubes whose centres are a quasi-lattice with

. G
separation A~/ d .,



356 R. Luca, K. M. Rogers

Take 8 € (dd?(oc + 1), @). Note that the interval is not empty as we can assume that

o > d/2, and this also implies 8 > d/2 > 1. We will prove that HF' (') > 0, for all
B < B, pfovi.ded that we take § and o c}ose enqugh to 0 and dzlg"‘, respectively. By
Lemma 3 it will suffice to prove the density condition

liminf H5, (17 N Q(x, 8)) > ¢8” (29)
Jj—00

forall § > 0 and cubes Q(x, §) C B(0, 1/2). That is to say, for sufficiently large j, it is
essentially more efficient to cover I'/ N Q(x, §) with a single cube of side 8, rather than
to cover it with the union of smaller cubes centred at the points of the quasi-lattice. Of
course the only real competitor is the cover that consists of the disjoint union of cubes
of side-length &1~/ placed on top of the pseudo-cubes. However this cover is costed at

Zaﬂ ( ) (e2r )P = efsdpi@=P

which diverges as j — oo. It remains to rule out all the other coverings.
Using the sub-additivity of Hgo and the fact that 'Hgo(Q(x, Ay = 85 A7PJ | the
Hgo—measure of any pseudo-cube Q(x, Py ) is bounded from below by

HE(0(x, e227)) — Hs (0 e2r D 0 [ XE2, )

j<k<2k
2j (30)
> Bt e h S AUk > B pi
k=j+1

as long as X is large enough and (1 — 28)8 — (1 — o)d > 0. This is satisfied, provided
that we take & and o close enough to 0 and d:rllé“ , respectively, due to the fact that we
took B > L5 (a +1).

Let {Q(x, 6)} be a covering of I'/ N Q(x, §). We partition this in subsets

By :={Q(xm, 8m) : O(xm, dm) intersects k pseudo-cubes}, k=1,..., N,

where N is the number of all the pseudo-cubes that intersect Q(x, §). Note that

lim - —
j—o00 84202

(€29

Now using the fact that the separation of the pseudo-cubes is much greater than their
side-lengths, by slightly enlarging some of the covering cubes if necessary, we can
suppose that if a cube Q(x,,, 8,,) is involved in covering two different pseudo-cubes,
then it covers them both completely. More specifically, by enlarging the side-lengths
by a factor of at most (1 + 217/ (1=2)), a cube that just touches two pseudo-cubes then
covers them completely. Then if the original cover were so efficient as to not satisfy
(29), then, given that the multiplication factor converges to one as j tends to infinity, the
slightly enlarged cover would also fail to satisfy (29). After this enlarging process, we
then discard the redundant members of 1, keeping only those which are required for
the cover, i.e. those which are involved in covering a single pseudo-cube without the aid
of a much larger covering cube. Finally, we partition further these smaller members of
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the partition B using the equivalence relation Q(x,,, §) =1 Q(x¢, 8¢) if Q(xp, Sm)
and Q(xg, 8¢) intersect the same pseudo-cube.
It is clear, by the geometry of I"/, that

Sm > (lﬁ —1- 282)A_j% if Q(x, 8m) € By withk > 1. (32)
Moreover we note

#B1/ =1 fork=1

Zka > Ns, where Ny := 4B, for k = 1

k>1

(33)

where B1/ = is the quotient set {[Q (Xn, 6m)]=, : Q(Xm, Om) € B1}.
Given Q(x¢,8¢) € By all the Q(xp, 8m) € [Q(x¢, 8¢)]=, are a covering of the
pseudo-cube associated to the class [Q (x¢, 6¢)]=,. Thus, recalling the lower bound (30)

for the H’go—measure of the pseudo-cubes, we have

> oh = MG ey = Ciefa (34)
0 Com ) [0 (e8],
so that
> 8 = civigha b (35)
Q(xm»sm)EBl

Thus, using (32), we obtain

. apf .
Sf = > 8 = CiNiegA + > Nk — 1 2ep)f A",
m k>1 k>1

Q(xln>‘sm)EBk

Now using the elementary inequality ki —1— 2e0 > C zké , valid for k > 1 and small
&, and

U

> (N; — N7,

> Nk = (> nik)

k>1 k>1
which follows by (33), this yields Zm 85, > G(N}), where

G(N) i= CINe£ AP+ Cop=Fi (N — N) 1.
Thus the proof would be complete if we could show that

lim G(N) > C28F forall N e [0, N3]. (36)

J—>00
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Proof of (36) By (31) we see that

lim G(0) = Coa~ 47 (842%) 7 = C,8P 37)

J—>00

and on the other hand, using that « > £, we have
lim GWG) = C18%2% el a =P = Cyefs90.0~PJ = o0 (38)
j—o00

In order to understand how G behaves in the interior interval (0, As), we calculate

Co L1

ONG(N) = Creha=Pl — — 4=
N5 —N)' =7

and note that

i aof . B
InG(0) = C1£2’3)Fﬁf — ng)\‘_jﬂj./\[ad I

Using the asymptotic expression (31), we see that the second term of the right-hand-

side behaves, for large j, as —ngrSﬁ’d)F“j . Comparing this with the first term on
the right-hand side (recalling that « > f), we see that dyG(0) > O for sufficiently
large j. Then, since there is only a single stationary point in (0, ), when N = Ny —

c 1_182_ B ng)ﬁ)\ﬂ ngj , the function G increases until this point, and then decreases
until it reaches the value G (\Ns). However we have already seen in (38) that this quantity
diverges and so, for large j, the minimum is attained at N = 0. Thus (36) follows from
(37), and the proof is complete. [
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