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Abstract: It is well known that a planar central configuration of the n-body problem
gives rise to solutions where each particle moves on a specific Keplerian orbit while the
totality of the particles move on a homographic motion. When the eccentricity e of the
Keplerian orbit belongs in [0, 1), following Meyer and Schmidt, we call such solutions
elliptic relative equilibria (shortly, ERE). In order to study the linear stability of ERE in
the near-collision case, namely when 1 — e is small enough, we introduce the collision
index for planar central configurations. The collision index is a Maslov-type index for
heteroclinic orbits and orbits parametrised by half-lines that, according to the definition
given by Hu and Portaluri (An index theory for unbounded motions of Hamiltonian
systems, Hu and Portaluri (2015, preprint)), we shall refer to as half-clinic orbits and
whose definition in this context, is essentially based on a blow up technique in the case
e = 1. We get the fundamental properties of collision index and approximation theorems.
As applications, we give some new hyperbolic criteria and prove that, generically, the
ERE of minimal central configurations are hyperbolic in the near-collision case, and we
give a detailed analysis of Euler collinear orbits in the near-collision case.

1. Introduction

For n particles of mass my,...,my,, let q1,...,q, € R? be the position vectors,
Pls--., Pn € R? be the momentum vectors. Setting di.j =l qi — q; |, the Hamil-
tonian function has the form

n 2
Il pjll mjmg
H=> %—U(ql,...,qnx Uv= > . (1.1)
—~  2m; , djk
=1 1<j<k<n
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U will be defined on configuration space

n
A={x=1....%) €R¥\A: > mx; =0},

i=1

where A = {x e R¥ :3i # j,x; = x ;) is the collision set. A central configuration is
a solution (q1, ..., qn) = (a1, ..., ay) of

U
_)‘ijjzg(Qh'-wq:ﬂ (1.2)
j

for some constant . An easy computation shows that A = U(a)/Z(a) > 0, where
I(a) = > mjlla; |? is the moment of inertia. Otherwise stated, a central configuration
with Z(a) = 1 is a critical point of the function U constrained to the set £ = {x € A |
Z(x) = 1}. Please refer [35] for the properties of central configuration.

It is well known that a planar central configuration of the n-body problem gives rise
to solutions where each particle moves on a specific Keplerian orbit while the totality
of the particles move on a homographic motion. Following Meyer and Schmidt [31],
we call these solutions as elliptic relative equilibria and in shorthand notation, simply
ERE. Specifically, when the eccentricity e = 0, the Keplerian elliptic motion becomes
circular and all the bodies move around the center of masses along circular orbits with
the same frequency. Traditionally these orbits are called relative equilibria .

As pointed outin [31], there are two four-dimensional invariant symplectic subspaces,
E1 and E», and they are associated to the translation symmetry, dilation and rotation
symmetry of the system. In other words, there is a symplectic coordinate system in which
the linearized system of the planar n-body problem decouples into three subsystems on
E1, E> and E3 = (E1UE,)™, where L denotes the symplectic orthogonal complement.
A symplectic matrix M is called spectrally stable if all eigenvalues of M belong to the
unit circle U of the complex plan, while M is called hyperbolic if no eigenvalues of M
are on U. The ERE is called hyperbolic (resp. stable) if the monodromy matrix M is
restricted to E3, that is, M|g, is hyperbolic (resp. stable).

There are many interesting results for the linear stability of ERE (cfr. [15,33,34,38,
39,41] and references therein). Many of them investigated the relative equilibria for e
small enough and as far as we know, only a few of them studied the linear stability of
ERE with e € [0, 1). To our knowledge, the elliptic Lagrangian solution is the only
case that is well studied. The Lagrangian solution, which was discovered by Lagrange
in 1772 [22], is the ERE of the equilateral triangle central configuration in the planar
three body problem.

It is well known that the stability of elliptic Lagrangian solutions depend on the
eccentricity e and on

27(mimy + myms + moms)

B = (1.3)

(m1 +my +I’I13)2

Long et al. used Maslov-type index and operator theory to study the stability problem,
and gave out a full description of the bifurcation graph (cfr. [17,18]). Moreover, Wang
et al. built up a trace formula for linear Hamiltonian systems and Sturm-Liouville sys-
tems, and used it to give an estimate of the stability region as well as of the hyperbolic
region [20,21].

In the study of the near-collision case, that is, when 1 — e is small enough, a blow-up
technique from Martinez et al. [28] is very useful to carry over our analysis. The authors
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Fig. 1. Phase portrait of (2.7) from [29]

considered 4D linear system depending on a small parameter o > 0 and the singular limit
for o — 0. Based on it, they computed the trace tr; = A + kfl, trp = A+ A;l, where

Ais Ai_l, i = 1,2 are the eigenvalues of monodromy matrix. Under a “nondegenerate
condition" they describe the asymptotic behaviour of log |¢tr;|, i = 1,2 and tr;. Their
study includes the ERE of Lagrangian equilateral triangle and Euler collinear central
configurations.

Motivated by the these results, we will use blow-up technique and index theory
to study the stability problem of ERE. The index theory we used will be based on
the Maslov-type index. The Maslov index is associated to a given continuous path of
Lagrangian subspaces and the Maslov-type index is assigned to a path of symplectic
matrices. We briefly review the Maslov index theory in Sect. 2.2 and give its relation
with the Maslov-type index. For the reader’s convenience, we now roughly describe the
Maslov-type index theory. Let Sp(2n) be the set of symplectic matrix in R** equipped
with the standard symplectic structure, and let I, be the identity matrix on R*" . Let
y € C([0, T], Sp(2n)) with y (0) = I, for w € U, roughly speaking, the Maslov-type
index i, (y) is the intersection number (by a small perturbation) of y and D, := {M €
Sp(2n), det(M — wl>,) = 0}. Please refer to [24] for the details.

By the blow-up technique, the limit of ERE, as e — 1, can be described by
two heteroclinic orbits ly, [, connected Py (cfr. to Fig. 1). Throughout of the paper,
we denote by y, the fundamental solution of the essential part of ERE, that is,
Ve(t) = JB@)y.(t),t € [0,27], v.(0) = id, where B(t) is defined in Eq. (2.2).
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Given a symmetric matrix R we shall denote by A1 (R), the smallest eigenvalue of R.
When the limit equilibrium P4 is non-hyperbolic, we have the following result.

Theorem 1.1. Let ag € &€ be a planar central configuration which satisfies
1
1(D*Ulg(a)) < =5 U ao), (1.4)
where D2U|g(ao) is the Hessian of U restricted to £ at ag. Theniy(y,) — ococase — 1.

. A —o? n
For i1 (D*Ulg(ag)) = —g —r1, let e = ymin{51, 1/8), & = 155 Ifé < &3,
then we have

. NEZONE
i) = 2% 1n (ﬁ) —6. (1.5)

From [24], it is well-known that, for any w € U, |iy, — i1| < n, then Theorem 1.1 shows
also thati,(y.) — ooase — 1, whichimplies there exists a sequence e (w) converging
to 1, such that the system is w-degenerate.

Itis well known that any 7T -periodic solution is a critical point of the action functional

n

r millg: () |I?
}'(q)=/0 [;T+U(q)]dt

defined on loop space W!>(R/TZ, A). Let now x, be the ERE corresponding to ag with
eccentricity e, and let ¢ (x.) be the Morse index of x, (meaning that it is the total number
of the negative eigenvalues of F”(x,)). Since the Morse index is equal to Maslov-type
index (cfr. to Lemma 5.3). We have ¢ (x,) is not less than the Maslov-type index i1 (y,)
coming from the essential part. Theorem 1.1 implies that, if ag satisfied (1.4), then
¢(x,) —> coase — 1[19].

The above theorem is related to the result of the interesting paper of Barutello and
Secchi [4]. They defined a collision Morse index for one-collision solution in n-body
problem with o homogeneous potentials, and proved that the collision index is infinite
under the condition (1.4) for the Newton potential. Their results show that a one-collision
solution asymptotic to ap which satisfied (1.4) cannot be locally minimal for the action
function. A Morse-type index theorem both for colliding and parabolic motions will be
given in [5].

The most interesting case, however, is precisely when Py is hyperbolic, in this case we
can define the Maslov index for heteroclinic orbits and half-clinic orbits. (Cfr. Equations
(3.2) and (3.4)). For half-clinic orbits, we mean a solution of Hamiltonian system x (¢)
defined on R* or R, where R* and R~ stands for the non-negative and non-positive
half-line, respectively and such that the initial condition x (0) belongs to a Lagrangian
subspace whilst x(¢) converge to an equilibrium point when ¢t — Zo00. Also in this
last case , we assign a Maslov index to both /y and /. and we shall refer to it as the
collision index. After defining the collision index, we shall prove Theorem 3.3 and we
shall refer to it as the approximation theorem. Let us now show that, under a suitable
non degenerate conditions for ¢ — 1, the Maslov index for y, is convergent to the sum
of the collision index on [y, [;. This is a main part (cfr. Sect. 3.1 for the details). In the
study of the stability problem, the Dirichlet, Neumann, periodic, anti-periodic boundary
conditions play an important role. Our key idea is to use the Maslov index corresponding
to these 4 kinds of boundary conditions for determining the stability.
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Throughout of the paper, we always let V/ = R/ @0, V] = 0®R/ be the Lagrangian
subspace in (R?/, wo) which correspond to the Dirichlet and Neumann boundary con-
ditions respectively, and we always omit the subscript if no confusion is possible. For
ERE, by using the approximation theorem, we get the following result.

Theorem 1.2. Let ag € & be such that A (D*U|g(ag)) > —%U(ao) and we assume
that aq is nondegenerate and collision nondegenerate. Let ¢ (ag) be the Morse index of
ao which is the total number of negative eigenvalues of D*U |g(ag). For 1 — e small
enough, we have, y,(2m)Vy h Vy,

w(Va, e Vg, t €10,27]) = k+i(Vg: 1), (1.6)
and y.2m)Vy, MV,
1V, ve() Vi, t € [0,27]) = 2¢(ao) +i(Vy: Ly), (L.7)

where h means transversal, k = 2n — 4, i (Vy; 1}) is the collision index on 1, defined by
(3.4) and v is the Maslov index.

The definition of collision nondegenerate index is given in Definition 3.2. The degenerate
problem on [y will be discussed in Sect. 3.2. We observe that, in contrast with respect to
the nondegeneracy condition along [y, we didn’t establish a useful criterion for detecting
the nondegeneracy along /;.

If the central configurations have brake symmetry (cfr. Definition 4.1), the collision
index of heteroclinic could be decomposed into the sum of index on half-clinic orbits
and this will simplify the computation. To our knowledge, the Lagrangian and Euler
central configurations both have brake symmetry. Another example is the 1 + n central
configurations, that is regular polygon configurations with a central mass. It will be
interesting to provide central configurations without this symmetry property.

As an application, we study the stability of ERE for minimizer central configurations.
For a central configuration ag, it is obvious that DU |&(ap) has a trivial eigenvalue 0,
which comes from the rotation invariant. The central configuration ag is called nonde-
generate minimizer if all the nontrivial eigenvalues are bigger than 0, while ay is called
strong minimizer if all the nontrivial eigenvalues are bigger than U (ag).

Theorem 1.3. We assume that ag is a nondegenerate minimizer that satisfies the collision
nondegenerate condition. If 1 — e is sufficiently small, then the ERE is hyperbolic.

In the case e = 0, Moeckel conjectured [2] that a relative equilibrium is linearly stable
only if it associated to a minimizing central configuration. Our results show that in the
case that 1 — e small enough, it is generally hyperbolic. By the way, we conjecture that
Theorem 1.3 is true also without the collision nondegenerate condition.

In the case ag strong minimizer the following result holds.

Theorem 1.4. The ERE of a strong minimizer ag is hyperbolic for any e € [0, 1).

A typical example of nondegenerate minimizer central configurations is the Lagrangian
central configurations, which is strong minimizer if 8 > 8. For Lagrangian orbits,
the conclusion of Theorem 1.3 was proved in [17] without the collision nondegenerate
condition and the result of Theorem 1.4 was proved by Ou [36]. Another easy example
is the 1 + 3-gon central configurations, that is, the regular triangular configurations with
a central mass. The three unit masses with unit distance away from the mass m, at the
origin. As a direct application of Theorems 1.3 and 1.4, we get the next result.
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Corollary 1.5. Let ag be a 1 + 3-gon central configuration with central mass m, for

m. € [0, %3) and we assume that ay is collision nondegenerate. If 1 — e is suffi-

ciently small, then the ERE is hyperbolic Furthermore, if m. € [0, *z/—f) then the ERE is
hyperbolic for any e € [0, 1).

Another conjecture of Moeckel [2] states that a relative equilibrium is linearly stable
only if it has a dominant mass. For example the Lagrangian orbits and ERE of 1 + 3-
gon relative to a strong minimizer have no dominant mass. Thus Theorem 1.4 can be
considered as a support of Moeckel’s conjecture in the case of e > 0, so we guess
Moeckel’s conjecture is also true in the case of ERE.

The collision index plays an important role in the study of the stability problem. We
shall give some conjectures for the collision index that are related with Long’s conjecture
for the Maslov-type index of ERE (cfr. Remark 5.6 for further details).

As a further application, we consider the ERE of Euler collinear central configurations
[14], which we simply refer to as elliptic Euler orbits. The linear stability of this kind of
orbit depends upon two parameters, e and 8, where the last one § € [0, 7] only depends
on mass mi, ma, m3. (Cfr. Appendix A of [28] and [27] for further details). To our
knowledge, the near collision case was first studied by Martinez et al. [28]. Long and
Zhou used Maslov-type index theory in order to describe the +1-degenerate curves;
they also analysed the stability problem. It is worth noting that by their methods is not
possible to explain the limit property of +1-degenerate curves numerically proved by
Martinez et al. [28]. Please refer to Figs. 7 and 8. Using the collision index, we explain
the limit property. We show that § > 1/8 is equivalent to condition (1.4). Theorem 1.1
implies the 1-degenerate curves don’t intersect [1/8, 7] x 1. In the case § € (0, 1/8),
the collision index is well defined, we analyse the near-collision phenomena by the
collision index. We can compute in detail for the collision index on [y, but unfortunately,
we can’t determine the collision index on /; by analytical method. Instead, we develop
a numerical method to compute the collision index. Based on numerical results A, the
collision index strictly proved the behaviour of the £1 in the near-collision case. Please
refer to Sect. 5.2 for the details.

This paper is organized as follows. We review the Meyer-Schmidt reduction and
Martinez, Sama,Simé blow up technique at Sect. 2.1. We give a brief introduction of the
Maslov index theory and we prove Theorem 1.1 in Sect. 2.2. The definition of collision
index is stated and the approximation theorem is proved in Sect. 3.1. The computation
of the collision index along [y and some basic properties of the collision index are given
in Sect. 3.2. In Sect. 4, we study the case of brake symmetric central configurations.
We give some applications in Sect. 5. In Sect. 5.1, we study the minimizing central
configurations and we prove Theorem 1.3 and Theorem 1.4. We use the collision index
to analyse the Euler orbits in Sect. 5.2. At last, for the reader’s convenience, we give the
details of the numerical method used to compute the collision index in Sect. 6.

2. Blow Up and Limit Index for the Non-Hyperbolic Case

This section includes some basic preliminaries. We first briefly review the decomposition
of ERE by following authors in [31] and the blow-up technique of Martinez, Sama and
Simé [29] in Sect. 2.1, then we review the fundamental property of Maslov index in
Sect. 2.2, and give the proof of Theorem 1.1.
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2.1. Reduction and blow up method. In 2005, Meyer and Schmidt strongly used the
structure of the central configuration for the elliptic Lagrangian orbits and symplectically
decomposed the fundamental solution of the elliptic Lagrangian orbit into two parts, one
of which corresponds to the Keplerian solution and the other is the essential part of the
dynamics, needed for studying the stability. For the reader’s convenience, we briefly
review the central configuration coordinates, by following Meyer and Schmidt [31].

Suppose that @ = (gi1,...,q,) € R?' with mass mi,...,m, is a central
configuration, and P = (p1,...,pn) € R, Let I ; be the identity matrix on
R/, by = (9’ _OI’) We denote by J, = diag(Ja,...,J2)mxm and M =

i Y
diag(my,my,ma, ma, ..., My, My)2,x2n- We assume that r — x(¢) is a periodic solu-

tion of ERE, then the corresponding fundamental solution is

V(@) = JanH'(x()y (@), y(0) = L. 2.1)

As in [31, Corollary 2.1, pag. 266], Eq. (2.1) can be decomposed into 3 subsystems
on Ei, E> and E3 = (E; U E)" respectively. The basis of Ej is (0, u), (Mu, 0),
©0,v), (Mv,0), where u = (1,0,1,0,...), v = (0,1,0, 1,.), and E; is spanned by
0, Q), (MQ,0), (0,J,9), J,MQ,0). For X = (g,z,w) € R? x R?2 x R * and
Y=(G,zZ,W)e R2 x R? x R?"~* we consider the linear symplectic transformation
of the foorm Q@ = PX,P = P~TY, where P is such that JP = PJ, PTMP = I,
([311, p263). Now B(t) = H" (x(¢)) in this new coordinate system has the form B(Q) =
B ® B, ® B3, where B; = B|E,. The essential part B3 () is a path of (4n —8) x (4n —38)
symmetric matrix.

In the rotating coordinate system and by using the true anomaly as the variable, Meyer
and Schmidt [31] gave a very useful form of the essential part

Ix —Jk/2
B = ( Loy I i ) €10, 2], 2.2)
k/2 k ™ Trecos(r)

where k = 2n — 4 and e is the eccentricity, ¢ is the true anomaly and

172 . U(Q)
D =P DUQP|, g, with &= 70" (2.3)
We denote by R := I; + D, which can be considered as the regularized Hessian of

the central configurations. In fact, for ay € £ which is a central configurations, then
T(ap) = 1. Withrespect to the mass matrix M inner product, the Hessian of the restriction
of the potential to the inertia ellipsoid, is given by

D?U|g(ap) = M~ D*U (ag) + U(ay).
Then we have
P~'D?U|e(ag) P = PT D*U(ao) P + Ul(ay), (2.4)

and thus

1 -1 12
R=——P 'D*Ulg(a)P|

2.5
U(ao) (2)

weRk -
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Thus the corresponding Sturm—Liouville system is

=V =202y + (2.6)

1+ecos(t) y=

In order to study the singular limit case e — 1, we use a change of coordinates as in
[29]. In fact, in the case of Newtonian potential, this can be interpreted as a McGehee
change of coordinates (cfr. [30,32]). Let ¢ = (1 + ecos(1)/2, O = —24 and change

the time variable to 7, where dt = gdt. Throughout the paper, we always use x' = 9=

and x = il—f. Then we have

1 1
¢ =-340, Q’=§Q2+q2—1. (2.7)

2
We observe that (2.7) is well defined for ¢ = O andits firstintegral is E = qz(%2+‘17 —1).
An easy computation shows that, for the orbits with eccentricity e, the first integral with

E = 922_ L — _¢. The system has two equilibria P+ = (0, ++/2) lying on the level set
E = 0. We distinguish the level set E = 0 into two orbits
lo={(q. Q) € R%lg = 0,1Q] <2}, (2.8)
and
L=1{(q. Q) €R%lg > 0, 0> +¢° =2}, (2.9)
On [y, we have
V2
qi,(t) =0, Q(r) = —«/Etanh(Tr), (2.10)
and the system on L, is
1 q°
| =—=q0, = — 2.11
qi, 2qQ 0, 5 (2.11)

The solution is given by

qi. (1) =2/ cosh(@), 01, (1) = \/Etanh(@). (2.12)

For convenience, we alsolet/;, = {(p, Q) € lp, Q < O}and/j = {(p., Q) € lp, Q > 0},
similarly, let I; = {(p, Q) € I, O <0} and I] = {(p, Q) € I, Q > 0}. Obviously,
lo=1, Uljandl, =1 UI].

Throughout of the paper, we always let y, (e € [0, 1)) be the fundamental solution
of (2.2). For simplicity, y, can also be considered as a function of 7. For ¢ # 0 we
consider the matrix S = diag(q%lk, q_%lk) € Sp(2k) and for 7 = 7(2m), we have
S(T) = S(0). We let 7.(t) = S(7)y.(r)S~!(0) and we observe that the associated
monodromy matrix is similar to the one of y,. A direct computation shows that

d A
E e — JBV(:" J/e(o) = 12](7 T € [07 T]a (213)
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p.

Fig. 2. An illustration of the sections used in the proof of Theorem 3.3
with
. I Q5 _
B= (Q koo QJW). (2.14)
Th+qlkp2 g Ik — R

The linear system (2.13) is well-defined also when e = 1. In this case, E = 0, the
system has two equilibria corresponding to P4, and the system can be considered as two
heteroclinic orbits.

Proposition 2.1. Py is hyperbolic if and only if .1 (R) > —%.
Proof. We observe that at points Py, the linear part with form Dy =

Iy :E“/Tilk . .. . . .

Jx /3 . Py is hyperbolic if and only if the eigenvalue of D4 is not
:|:le —R

on the imaginary line. Since R is diagonalizable by choose suitable bases, the results is

from simple computations. O

Given ¢ < 1/8, we define the following sections (see Fig. 2)

So=1{q O0<g<e0=0}, Z={q, 00<qg<e Q0=—2+¢},
S ={(q. Qlg=e.—V2 -2 < Q <e— 2,

T3={(q. Q)0 <~2—q <e Q0 =0}

Y=g, Qg =e,vV2—e < 0 <V2-¢2),

s =1q. Q0 <qg<e0=v2—¢)
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Ife = 1_262, E(@) := {(g, Q), E = —é} denotes the energy level set. A direct
computation show that E(é) intersects ¥;,i =0,...,5 simply, i.e. intersect at exactly

one point when ¢ < a3 e < 1/8. In this case, the Poincaré map P; : ¥;_1 +— %,

i =1,...,5is well defined. In fact, ¢ < &% ensures the intersection with >0, %3. For
the intersection of E(¢) and X, we observe that, since Q = —/2 + ¢, are solutions of

~ AL
G ((—v/2+6)/2+q%/2—1) = —¢,we get gl = 5(e(2V/2—&)£((e(2v/2—£))*—80)2).
Fore < 1/8,¢ < &3, we have qz <&? < qf, which guarantee the simple intersection.

Since E (&) is convex, this also ensure the simple intersection with X5, and we have the
simple intersection of X4, X5 by symmetry.

Following [29], we denote by 7, > 0 the time defined by Qy,(t;,) = —/2 + ¢ and
7, > O such that g;, (—7,) = . Itis obvious Oy (—1) = V2 —¢and q, (t1,) = €. 7
and 7, are finite and independent of e once ¢ is fixed. Let g0 = ¢(0) and 71, 72 be the
smallest positive time such that (g (t1), Q(71)) € X1 and (¢(12), Q(12)) € Xy . Itisclear
that go, 71 and > depend on é. Moreover go — 0, 11 — 7, and 7 /2 — 15 — 7, When
¢ — 0. Similarly, let 74, 75 be the smallest positive time such that (¢(t4), Q(14)) € 4
and (¢(t5), O(t5)) € X5. Wehave iy — 7 /2 — 1;, and 7 — 15 — 7;,. The next lemma
was proved in [29]; however, for the reader’s convenience, we proved it with a slight
sharp estimates.

Lemma 2.2. Fore < 1/8, ¢ < &3 we have

e 2 &
@ ﬁln(q(rl)) <n-1 < N ln(m), (2.15)
Y ode < 2 2 2.16
(b) /r1 q(r)r_ﬁ_8< g, (2.16)
© /t2 |0(1) +V2|dT < 2e. (2.17)
71

Proof. To prove (a), we observe that for T € [7], 12], V2 < () < —/2 + &. Multi-
plyingby —g(7)/2 we get %(ﬁ—s)q(t) <q'(r) < 4(](1) and hence Equation (2.15)
by a direct integration. To prove (b), please note that | flz qg(t)dt < ﬁ /, ;12 q'(v)dt <
ﬁq(rz). Equation (2.16) follows by observing that ¢(12) = ¢.

To prove (¢), let F(q) = +/2 — /2 — ¢2. Then F(q) < cq for ¢ < &, with ¢ =
ﬁ. From (b), we have

0 2ce
F(g)dt < . (2.18)
T] 2—¢

Please observe that, near P_, [, is graph of F(q) — V2.Lety = Q ++/2 — F(q), then
0 < y < e. By a direct computation it follows that

2
l

_ q
y —(—2 oy

where 01| < ¢. Thus we have —v/2y(1 +¢) </

— 2=y +y*/2=—V2y(1 +o1),

—\/Ey(l — &), then

IA

© 1 e
dr < b & 2.19
/tl Y Tiﬁ(l—s)y(rl)iﬁ(l—s) (2-19)
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From (2.18, 2.19), we have

/12 10+ 2ldr < /T2<y+ Flg)dr <

1

2ce

&
V—e) Va—s

<2e. (2.20)

O

2.2. The index limit on the non-hyperbolic case . We start by briefly reviewing the
Maslov index theory [3,6,37] in this subsection. Let (Rz”, o) be the standard symplectic
space, and Lag(2n) the Lagrangian Grassmanian, i.e. the set of Lagrangian subspaces
of (R?", w). For two continuous paths Li(t), L2(2),t € [a, b] in Lag(2n), the Maslov
index w(L1, L) is an integer invariant. Here we use the definition from [6]. We list
several properties of the Maslov index. The details could be found in [6].

Property I (Reparametrization invariance) Let o : [c, d] — [a, b] be a continuous
and piecewise smooth function with o(c) = a, o(d) = b, then

p(Li(1), L2(1)) = n(L1(e(7)), L2(0(7))). (221
Property II (Homotopy invariant with end points) For two continuous family

of Lagrangian path Li(s,f), La(s,7), 0 < s < l,a < t < b, and satisfies
dimLi(s,a) N Ly(s,a) and dimL (s, b) N Lo(s, b) is constant, then

p(L1(0,1), L2(0,1)) = n(Li(1,1), L2(1, 1)). (2.22)
Property III (Path additivity) If a < ¢ < b, then
w(Li(t), La(1)) = u(L1(2), L2(D)]ja,c1) + m(L1(@), L2(0)]ie,p))- (2.23)

Property IV (Symplectic invariance) Let y(¢), t € [a, b] is a continuous path in
Sp(2n), then

u(L1(2), La(1)) = pu(y () L1(1), y (1) L2(1)). (2.24)

Property V (Symplectic additivity) Let W;, i = 1, 2 be symplectic space, L1, Ly €
C(la, b], Lag(Wy)) and Ly, L, € C([a, b], Lag(W>)), then

(L1 (1) ® Ly (1), La(t) @ La(1)) = (L1 (1), La(1)) + (L1 (1), La(2)). (2.25)

In the case L(¢t) = Vp, L(t) = y(t)V, where y is a path of symplectic matrix we
have a monotonicity property (cfr. [21]).

Property VI (Monotone property) Suppose for j = 1,2, L;(t) = y;()V, where
vj(t) = JB;(t)y;(t) with y;(t) = I,. If B1(t) > B2(t) in the sense that By (1) — B2(¢)
is non-negative matrix, then for any Vp, V| € Lag(2n), we have

wVo, viVi) = u(Vo, 2 V). (2.26)

One efficient way to study the Maslov index is via crossing form introduced by [37].
For simplicity and since it is enough for our purpose, we only review the case of the
Maslov index for a path of Lagrangian subspace with respect to a fixed Lagrangian
subspace. Let A (1) be a C!-curve of Lagrangian subspaces with A(0) = A, and let V
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be a fixed Lagrangian subspace which is transversal to A. For v € A and small ¢, define
w(t) € Vbyv+w(t) € A(t). Then the form

d
o) = o t:()a)(v, w(t)) 2.27)

is independent of the choice of V (cfr. [37]). A crossing for A(¢) is some ¢ for which
A(t) intersects W nontrivially, i.e. for which A(z) € O1(W). The set of crossings is
compact. At each crossing, the crossing form is defined to be

LA, W, 1) = Qlannw- (2.28)

A crossing is called regular if the crossing form is non-degenerate. If the path is given by
A(t) = y(t)A with y(r) € Sp(2n) and A € Lag(2n), then the crossing form is equal to
(—yOT Ty @)v, v),forv e y ()L (A(t) N W), where (, ) is the standard inner product
on R,

For A () and W as before, if the path has only regular crossings, following [25], the
Maslov index is equal to

(W, A1) = m* (T (Aa), W, a)) + Z sign('(A(r), W, 1))

a<t<b

—m~ (I'(A(b), W, b)), (2.29)

where the sum runs all over the crossings ¢ € (a, b) and m*, m~ are the dimensions of
positive and negative definite subspaces, sign = m*™ —m™ is the signature. We note that
fora C!-path A (¢) with fixed end points, and we can make it only have regular crossings
by a small perturbation.

In contrast with the definition given in Eq. (2.29), the Maslov index defined in [37]
has the following form

1
nrs(A(1), W) = Esign(F(A(a), W, a)) + Z sign((A (1), W, 1))

a<t<b

+%sign(F (A(b), W, D)). (2.30)

We observe that, for the non-degenerate path (i.e. L) "W = 0fort = a, b),
w(W, L(t)) = urs(L(), W).

Note that for M € Sp(2n), Gr(M) := {(x, Mx) | x € R*"}isaLagrangian subspace
of the symplectic vector space (R*” @ R?", —w @ w). Let y (¢) be a path of symplectic
matrices, A = A1 ® Ay € Lag(4n), where A; € Lag(2n), fori = 1, 2, then following
[37] and by computing the crossing forms, we have

n(AL @ Az, Gr(y (1)) = (A2, y (D) A1). (2.31)

For a continuous path y () € Sp(2n) with y(0) = I,, the Maslov-type index
iw(y) € Z is a very useful tool in studying the periodic orbits of Hamiltonian systems
[24]. The next lemma [25, Corollary 2.1] gives its relation with the Maslov index.
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Lemma 2.3. For any y (t), we have

i1(y)+n = pu(A, Gr(y@))), (2.32)
and
io(y) = u(Gr(w), Gr(y (1)), w € U\{1}, (2.33)
where A is the diagonal Gr(Iz,), Gr(w) = Gr(wla,).

For V1, V> € Lag(2n) and a Lagrangian path t — A(¢), the difference of the Maslov
indexes with respect to the two Lagrangian subspaces is given in terms of the Héormander
index, i.e. [37, Theorem 3.5]

s(Vo, Vi; A0), A(1)) = u(Vo, A) — i(Vy, A). (2.34)
Obviously,
s(Vo, Vi; A0), A1) = s(Vo, Vi; e A0), e ¢/ A(1)), (2.35)

for ¢ > 0 small enough. The Hérmander index is independent of the choice of the
path connecting A(0) and A(1). Under the non-degenerate condition, i.e. Vi, V> are
transversal to A (0), A(1) correspondingly. Two basic properties are given below

s(Vo, Vi: A0), A1) = =s(V1, Vo: A(0), A(D)),
s(A0), A(1); Vo, V1) = —s(Vo, Vi A(0), A(D)),

If V; = Gr(Aj), A(j) = Gr(B;) for symmetry matrices A; and Bj, then
1. 1. 1.
s(Vo, Vi; A0), A(D) = ESlgn(Bo —AD+ 5“8”(31 — Ao) — ESlgn(Bl — A1)
1
—Esign(Bo — Ao), (2.36)

where for a symmetric matrix A, sign(A) is the signature of the symmetric form (A-, ).
A direct corollary shows that

[s(Vo, V1; A0), A(1))] < 2n. (2.37)

A sharp estimate for the difference of Neumann and Dirichlet boundary conditions has
been given in [26].

Let y be a fundamental solution of a periodic orbit, then y € C ([0, T], Sp(2n)) with
y(0) = I,, as we have mentioned in the introduction, the Maslov index wu(V,, yV,,),
w(Vya, v Va) and Maslov-type index i1 (y), i—1 () play an important role in the study of
stability problem.

We come back to ERE, and we recall that 7,(t) = S(7)y.(7)S~1(0), with § =

diag(q%lk,q—%lk) € Sp(2k). Please note that S(T) = S(0), and the path S(t) is

1 _1
contractible in Sp(2n). In fact, if we set Sy = diag (qg k. qa’ Ik) with go = (1 +

o cos(t))!/2, then S, is homotopy to the constant path Sy(t) = I by Sy for « € [0, e].
We have

Lemma 2.4. For e € [0, 1), suppose dim Gr(Sq (7). (T)Sa_l(O)) N A is constant for
o € [0, e, then u(Gr(ye), A) = (Gr(ye), A).
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From Lemmas 2.3 and 2.4, we get
ia)(ye) = iw(J;e)s VYo eU, ec [07 1) (238)

We first consider the Maslov index on [, . Let Wo(7) be the fundamental solution on
lp, that is

d A
E\Ilo(r) = JByWo(tr), Wo(0) = Iy, T €[—00,+00), (2.39)

2y
with By = Ql{)" 2 I,
< It —R

Proposition 2.5. Suppose A1 (R) = —(1/8 +ry) withr; > 0, then, we have

P Ve, YoV, € 10, 70D = [y (2.40)

where [Z] denote the maximum integer which is not bigger than Z.

Proof. By changing the basis, we assume R = diag(ry, ..., x) where A; < Ay <
. < Arand A1 < —%. Based on the property V of the Maslov index, we have the
decomposition

k
w(Va, $o()Va) = D u(Vj, UV,

i=1

where \Ilé (1) satisfies the equation

d . . .
d—\I/(’)(r) = JzBi\Ifé(‘L'), ‘-IJ(’)(O) =10, tel0,+00), 2.41)
T

. Qi . .
with B; = ( i —/\%(R) ) Since Bi|y1 > 0, then MW (x)V}, V1, 1) > 0, thisimplies
4 i

that ,u(le, \L’(i)(r)le, T € [0, +10]) is nondecreasing with respect to tg. Moreover we
have

p(V, W@Vt el0,nh) = > Vi),

O<tj<719

where Vi(r;) = dimV] N Wi(r;)V). In order to compute the Maslov index
,u(le, \Il(i)(r)le, 7 € [0, 70]), we choose the basis e; = (1,0)7 of le and we let
e’i (r? = Wé(r)el. Then w(v} . \I/(")(r)Vl, Te [0, t0]) is equals to the number of zeros
of f'(t) = det(M'(1)), for M' (1) = (ey, €} (1)).

i _ fai@) bi(r) PN o
Let Wy (t) = (c,-(r) ity ) Then f'(r) = ci(r). From Eq. (2.41), we get that
¢; (1) satisfies the equation
d? 3 V2 1
S0 = (g tanhz(Tt) -7t x,»(R)) ci(1),

C,‘(O) = 0, i‘i(O) =1.
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Fori = 1, A;(R) = —5 — ri, then we have 3 tanh2( T) — JT + A1(R) < —r1. Using
the Sturm comparison theorem we know the number of zeros of ¢; (t) will be no less

than [‘{T—Tlro]. This is complete the proof. O

In order to proof the Theorem 1.1, we need the lemma below. We will give an
estimation of Maslov index on the period [71, 72]. Lete; = mm{zr 5 1/8},and y (z, 11)

be the fundamental solution of (2.13) with y (t1, 1) = I, we have

Lemma 2.6. For e < %81, e < &3,

2
N r e
WVa 7 Vit el = Y (£) -3, (242)
T e
. Y2y
Proof. Let B_ = jki 4 . Suppose | Qzﬁ —q| < &1 for some ¢; < 1, then
%Ik —-R
we have
A A 0 02y o7
B_BZ(Q+ﬁ k 4 k261k/2 > —e1 .
=TI+ qdip q

Let I§’8 L= B_ — &1 Ik, by the monotonicity property of Maslov index, we have
1w(Va, 9(r. t)Vas 7 € [11, 12]) = w(Va, exp((t — ) I Be)Vai T € [71, ). (2.43)

Since R is diagonalizable, by using the ¢-product, we can split le into the product
of k two by two matrices, where the first factor (which is needed for computing the

1-— &1 —ﬁ
4 . By the direct sum property

Maslov index) is given by By :=
—¥2 /847 — &

of Maslov index, we have
1w(Va, exp((t — 11)J Be,)Vas T € [11, 1)
> w(V,}, exp((r — 1)J BNV} T € [11, T2)). (2.44)

Let f(er,r1) = & — (r + e + r, B = diag(l, f(e1,r1)), P =

(I—ep72 0 | V2
( o a—en2)\o 1) ten

p! exp((t — rl)Jél)P = exp((t — rl)Jf?).
‘We have
1w(Va, exp((t — 11)J B1Va) = n(P~'Va, exp((xr — t1)J BP~1V)
> 1 (Vy, exp((t — 11)J BVy) — 2, (2.45)

where the last inequality is from (2.37). In the next, we will estimate p(Vy, exp((t —
11)JB)Vy; T € [11, 12]). A direct computation shows that f(s1,71) > r1/2if &1 <
2rr11+5’ and hence B > B, 2 := diag(l, r1/2). Moreover

Ve —n) 1. (2.46)

(Va, exp((t — 1) I By2)Vas T € [11, 12]) >
2 p(( 1 v/ 1 N
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Fore < 8—1 , then | QJ“[ —q| < &1, From (2.45, 2.46) and (2.15), we have

1w(Va, y(t, 1)Va; T € [11, 1)) = u(Va, exp((t — 71)J B1 Vs T € [11, 12])
> u(Va,exp((t — t)JI Br2)Vas T € [11, 12]) — 2
£
- \/r_lln(q(r]))

/4

—3. (2.47)

D1rectcomputeshowthatq (1) = 2(8(2«/§ &)— ((8(2\/5 8))2—86) 7) < 0
then

f28)

e 1 g2
1 -1 — —1In(g? >In(—). 2.48
2 (1) =@ - 3@ @ = () (2.48)
The result is from (2.47-2.48). O
Proof of Theorem 1.1. Under the assumption A1(R) = —rq, from Lemma 2.6, we
haveFore < 781,@ <e ,[,L(Vd, y(t,t1)Va; T € [11, 'Cz]) > ‘Fl (f) —3. Similarly
2
r &
W(Va, y(t, e Vas € [ra, 75]) = £1n( ) -3, (2.49)
m Ve
We have
2
Vi, y @OV 7 € 0.7 = 2Y 0 1y (=) - (2.50)
m N

The results now follows from the fact thati;(y) > u(Vy, y Vg) (for Lagrangian system,
we refer Sect. 5.1 for a detailed discussion). This complete the proof. O

3. Collision Index for Planar Central Configurations

This section is the main part of our paper. We give the definition of the collision index
in Sect. 3.1 and we prove the approximation theorem; we study the basic property of the
collision index and we compute in detail the collision index on [y in Sect. 3.2.

3.1. Collision index . In this subsection, we will consider the Maslov index on the half
line with a hyperbolic equilibrium. This is similar to the case of homoclinic orbit [10]
and heteroclinic orbit [16], and a detailed study to the half-clinic orbits is given in [5, 16].

To define the Maslov index of the half line, we firstly review some basic fact of
heteroclinic orbits. We consider the Hamiltonian flow induced by

z=JB)z, t € R. (3.1)
We assume the limit is hyperbolic, meaning that

JB(£00) = lim JB(1)

is hyperbolic. It follows that R>" = Vi +@VE where VﬂE ( Vui) is the stable subspace(resp.

u >’
unstable subspace) of the equlhbrla which is spanned by the generalized eigenvector
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of eigenvalue with negative real part (positive real part) of J B(£00). Moreover, both
the stable subspace VSjE and the unstable subspace VujE are Lagrangian subspaces of
(R, wp). The topology of Lagrangian Grassmannian Lag(2n) is given by the metric

p(V, W) =|Pv —Pw I,

where Py, Pw is the orthogonal projection to V, W and | . || is the operator norm.

Let y (¢, v) satisfy (3.1) with y (v, v) = I,,. In what follows we set y (¢) := y (t, 0).
Clearly y satisfies a semigroup property; that is, y (¢, v)y (v, t) = y (¢, 7). For v € R,
define

Vs(v) = (6] € R*" and lim y (1, v)§ = 0},

and

Va(v) = (1§ € R and lim_y (1, v)§ = 0).

‘We remark that

lim V;(v) = VS and lim V,(v) =V, .
V=00 V——00

It is well known that both Vi (v) and V, (v) are Lagrangian subspaces of (R?", wp). An
important property from [1] is the following: if V transversal to V,(0), then

lim y(t,0)V =V},
=00
Similarly, if V transversal to V,(0), then

lim y(t,0)V =V .
——00

Let R* := {£x > 0, x € R}. We will define the Maslov index of the half line R* or
IR™. We notice that the discussions for heteroclinic orbit works for the half-clinic orbit.
Firstly, we give the definition of nondegeneracy.

Definition 3.1. (i) The linear system (3.1) on R is called nondegenerate if there is no
bounded solution,

(ii) the linear system on R is called nondegenerate with respect to Vj, if there is no
bounded solutions on RT which satisfies z(0) € Vj.

We observe that for the system with hyperbolic limit, all the bounded solution must
decay to 0 as t — Foo [1].

We firstly give the definition of Maslov index on R*. For, let Vy, V| € Lag(2n) and
we suppose that the system is nondegenerate with respect to Vp, that is Vo th V(0).
Then y (¢, 0) Vp is a path of Lagrangian subspaces having limit V,\ and so, we define the
Maslov index on R* with Vy, V| by

iv(Vi, Vo) := u(V1, y(t,0) Vo, t € RY). (3.2)

In the case R, recall that V,,(¢) is a path of Lagrangian subspace and lim,_, _, V,,(t) =
V,,thenfor V € Lag(2n), we define

i (V)= u(V, Vu@t),t e R7). (3.3)
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We observe that the definition on R™ does not need the nondegenerate condition. Finally,
we will define the Maslov index on R which is fully studied in [16]. Supposing that the
linear system is nondegenerate on R, then lim,, o V,(t) =V, and lim;_, o, V,,(t) =
V,}. Thus we define

i(V):i=u(V, Vyu(@),t € R). (3.4)
Under the nondegenerate condition, it is obvious that
(V) =i_(V)+i.(V, V,(0)).

We come back to ERE. By assuming that A (R) > —%, we can identify [y, [, with R,
and identify [, I with R*. For Vq, V satisfying the nondegenerate conditions, i (V1)

on /g or Iy, i+(V1, Vo) on [y or If and i_(V}) on lg and on [ are well defined, and we
shall refer to as collision index.

Definition 3.2. The planar central configuration is called collision nondegenerate if the
corresponding system on /; is nondegenerate.

We identify R with /;, and let V,,(7) be the unstable subspace. Under the nondegenerate
conditions,

: +
'L'EI:EOO Vul(®) = VM ’

Let V,,0 be the unstable subspace on [, , then

rgrfoo VM’O(t) - V;F.

For Vy, Vi € Lag(2n), satisfying Vy M V,(0), then the Maslov index i (Vp, V1) and
i—(Vp) are well defined. As e — 1, we have the next approximation theorem which
plays a key role in our paper.

Theorem 3.3. Assuming A1 (R) > —%, we have: (1) If V,; h Vi, the system is nonde-

generate with respect to Vo on ly, and nondegenerate with respect to Vy on I, then, for
1 — e small enough, Vi h p.(7 /2)Vy and

rV1, Ye(m)Vo, T € [0, T/2]) = iv(Vi, Vo3 Iy) +i— (V1 1. (3.5)

(i) If V;f Vi, the system is nondegenerate with respect to Vo on I, and nondegenerate
with respect to Vi on I, then, for 1 — e small enough, Vi M y, (T))?e_l(T/Z) Vo and

1 V1, 2P (T /2)Vo, T € [T/2, T = is(Vi, Vo; ID) +i-(Vi; ). (3.6)

(iii) If VMdE M Vi, the system is collision nondegenerate, and nondegenerate with respect
to Vo, Vi on Iy, I§ correspondingly, then, for 1 — e small enough, Vi t y.(T)Vy and

V1, Pe(mVo, T € [0, T1) = i (V1, Vos [g) +i—(Vis I) +i(Vis 1) (3.7)

The proof is based on a series lemmas, we firstly give the next lemma which is from
[29].
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Lemma 3.4. Let us consider the linear system
x' = Dx + C(7)x, (3.8)

where D is k x k diagonal matrix and C(t) is a continuous matrix int € [0, 11, such
that fo IC(s)|lds < &, for some constant & which satisfies T 6[’3 < l and let y (t) be the
fundamental solution of (3.8). Then fort € [0, ], we have

y@®) =+ 0@)exp(D)(I +S), (3.9)

where [[0(0)]] < 24K 15| < 64k

Proof. From lemma 6 of [29] and for £ < 1/4, let A be an eigenvalue of D and V be
the corresponding eigenvector.Then there exists a solution ¢(#) of (3.8) such that

A

le ™ o) — V| <

1 -3¢
Lete;,i = 1,...,k be the canonical basis, Y () be the matrix defined by ¢, ..., ¢k
as column vectors. We define O(¢) := Y (¢t)exp(—Dt) — I, then || O(t)| < ?‘[3;? for

t € [0,7]. Obviously, y(t) = YOY H0) = I + 0@)) exp(Dt)(I + 0(0)~!. Let
= (I + 0(0))"! — I, then for O)| < 1/2, we have

100 6\/_8
S]] < m <200 =< 1 — 35

which complete the proof. O

Assume that A{(R) > —%, then Py are hyperbolic. We recall that we set D+ =

~ I, =+ V2 I
J B(P+) having the form Ji /3 4 . An easy computation shows that the
+ 5 I, —R

eigenvalues of Dy are real if A{(R) > —%. Choose basis such that R is diagonal-
V2
isable, that is R = diag(Ai,..., k) with Ay < -+ < A Let P| = ((I)" _)

k Ik
(\/1/8+le JI/8+RI
Py =
Iy —1I

), P = P P,. By adirect computation we get that

P'D_P =diag(ni,....nk. =11 ... —1k), (3.10)

where n; = /1/8 + ;. Let § = max({n;, 77]71; j = 1,...,k}, then easy computation
show that

max{|| P, [P~} < 2(1 +7). (3.11)

Based on Lemma 3.4, we firstly prove the important lemma below.
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Lemma 3.5. We assume that A1 (R) > —% and we let y(t, 1)) be the fundamental

solution of (2.13) with p (t1, T1) = Iot. Then for e < g9, é < &>, we have the following
estimate below

P(r, 1) = P(lox + A@)D(0) (I + S)P™L, 1 € [11, (3.12)

where the matrices A(t), S satisfy |A|| < %18, IS < c1e, for gg, c1 is constant and
dependenton R and D(t) = diag(e”‘(f’f‘), L e ey e’”"“*”)).

Proof. Simple computation shows that J é(r) = D_ + C(7) with

| - Qtf@ Iy — qJi )2 —q¢°Ii
C(r) = o .
Ox =TI —qdkp2

Let W(z) = P~'9(t, 11) P, then
W)= P 'D_P+ P 'C(t)P)W(>).

Lete < g9, where g9 < 1/8 will be fixed later. It is obvious fflz g3 (1) < f;lz g (t)dr for

0 < g < 1.FromEgs. (2.16-2.17), we have f;lz q(t) < 2¢aswell as f;lz |0(T)++/2] <
2¢. Then we have

%) o 1 5
/ IC(D)lldT S/ (§||Q+\/§|| +2lgll + llg”Ihdz < 6e, (3.13)
T 71

1

and from (3.11) also that

12
/ IP~IC(x)Plldt < 24(1 + 7). (3.14)
T

1

Let g9 = (243 + 6/k)(1 + 7)?)~! and for ¢ < &, we denote & = 24(1 + 7)%e. Then,
6/ké
1-3¢

< 1. From Lemma 3.4, we have

3\/%5‘ C1 6\/Eg‘
-~ < =& [SI= - =<
1 -3¢ 2 1 -3¢

& < go implies

IA] < Clé, (3.15)

where ¢; = 242V/k(1 + 7)? only depend on R. This complete the proof. O

Given two subspaces, graphs of two linear operators, it is possible to introduce a norm
topology on the Lagrangian Grassmannian, equivalent to the gap topology, as below.
More precisely, if E = E~ @ E*, a sequence of operators (L,),eny C L(E~, ET)
converges to L if and only if their graphs converge to the graph of L. Another important
property is that, the image 7'V of a closed subspace V by an invertible linear operator 7',
is continuously depending on (7', V). From Lemma 3.5, P~ YV,) = Vyand P~L(V,) =
Vu.For V € Lag(2n) with V h V7, then 3Ly such that

P~V =Gr(Ly).
We give a equivalent metric

p(V.,W)=| Ly —Lw | .
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Itis obvious thatLVu— = O, since V,” th Vi, 803071 > Osuchthat V ih Viif [[Ly| < o7.
For o > 0, we always denote

B;(V,0) ={W € Lag(2n), p(V, W) < o}.

Lemma 3.6. Let V = Gr(Ly), i.e. V.= PV. Thenforany V e U(c) = {V : |Ly|| <
o}witho < landif ||All < o/6then (I + A)V € U20).

(A Ay x _ (I +A1+A)Ly)x
Proof. For A = (A3 A4)’ we have (I + A) (va) - ((A3+(1+A4)Lv)x '

Lety = (I + A1 + A2Ly)x and choose || Al small enough, then we have (I + AV =
Gr((As+ (I + A)Ly)U + A1+ A2Ly)™ Y. Since IA]| < o/6, an easy computation
shows that

| A2l + 111 + AallI Ly |l

I —|[ALl = A2l Lyl

IAI+ T+ [[AIDILy |

(A3 + I+ Ag)Ly)(I + A1+ ALy) 7' <

<20. (3.16)
I —IAl = ALy
O
Lemma 3.7. For any 0 < o < 1, we let ¢, := min{gy, 25’—”}. If e < ¢,V €

B;(V,,0/4)andeée < &3, then forevery T € [11, 1], we have P.(t, 1))V € B;(V, ,0).

Proof. From (3.12), P~ '9.(t, 7))V = (I + A(©))D(t)(Ipx + S)P™'V where V €
By(V,, o/4), P~V € U(c/4).Since ||S|| < Cie < 71 then we have (Ix+S)P~'V e
U(o/2) by Lemma 3.6. Obviously D(t)U (c/2) C U(o/2), using Lemma 3.6 again,
we have (Iox + A(t))D(t) (I + S)P’l V € U(o), which conclude the proof. O

Let W( be the fundamental solution on [y as given in Equation (2.39) and W, (z, v)
be the fundamental solution on /;. Let 0 < %min{p(Vu_, Vi), p(V,, Vi )} small
enough such that B, (V,~, 30) M V7, Vj. For this o, 301 > 0 such that B;(V, ,01) C
B,(V,”,0),and let &5, be the number corresponding to o1 in Lemma 3.7.

Choose ¢ < o1 small enough such that

max{p(Wo(z0) Vo, V), p(Vu(=11,), V), p(Wi(=71,, O) V1, V7)) <0 (3.17)
From Lemma 3.7, We have
Lemma 3.8. For this fixed €, ¢ < &3, p(y.(T) Vo, V,)) <o fort € (11, ).
Similarly, by the symmetric Fig. 2, for X4, ¥5, we have the following result.
Lemma 3.9. For this fixed ¢, é < &, p(e(0) P, (T /2)V1, V) < o fort € (¢, ).

Proof of Theorem 3.3. To prove (i), we will compute the Maslov index p(Vy, 7.(t) Vo; T
€ [0, 7 /2]) on the three time interval [0, 7], [t], 72] and [t2, 7 /2]. Form Lemma 3.8,
foré < &3,

w(V1, Ye () Vo, T € [0, 71)) = u(Vi, Yo(r) Vo, T € [0, 7y = i(V1, Vos [y).  (3.18)
Obviously

w1, Ye(0)Vo, T € [11, 2]) = 0. (3.19)
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Now we consider the path on [12, 7 /2]. Please note that for é < &>, p(7.(12) Vo, V) <
o by Lemma 3.8 and p(Wi(—7,,0)Vi,V,",) < o by (3.17), then P,(r2)Vo
W, (=1, 0)V1, which implies

W, (0, —71,)Ye(12) Vo (h V1.

Since y,(t — 1) uniformly converges to W.(t, —7;,), we have for ¢ < &3 small

enough,

w(Vi, 7e(0)Vo, t € [12, T /2] = u(V1, Y (z, =1 ) Vo, T € [-7,, 0D = i (V15 1)),
(3.20)

The result of (i) is from (3.18), (3.19) and (3.20).

The proof of (ii) is based Lemma 3.9 and is totally analogous.

To prove (iii), we compute Maslov index u(Vy, y.(t)Vo; © € [0, 7]) on the five
time intervals [0, t1], [t1, 2], [72, T4], [74, T5] and [ts, 7 ]. By assumption of collision
nondegenerate, the system is nondegenerate on /., that is lim;, .« V,(7) = V,}. So for
o small enough, V € B, (V,"), we have lim;_, 100 W(t, —7,,)V = V. If we consider
—1, as the starting point, this means the system is nondegenerate with respect to V. By
arguing as in step (i), we have for ¢ < &> small enough.

w(V1, Pe(T)Vo, T € [12, 14)) = (V1 Wi (T, —71,) (Ve (12) Vo),
tel-7u,ul=i(Vi;l,
L (Vi, Pe(T)Vo, T € [14, T5)) = 0,
and
n(Vi, 7e(0)Vo, T € [15, 7)) =i (V15 [y),
with (3.18-3.19), we get the result. O

3.2. Some fundamental property of collision index. We first compute the collision index

A Q
on [y. Recall that on line [y, B = ( Qlk al ) We can choose bases such that R =
Tl —R
. 1 £ )
diag(ry, ..., 1), and set B, = ( 0 4 ) Given any two 2my x 2my square block
x —r

Ay By

matrices M, = ( Ci Dy

by

) with k = 1, 2, the symplectic sum of M and M5 is defined

Ay 0 B 0
0 A, 0 B
ci 0 Dy O
0 C, 0 Dy

Mo My, =

It is clear that, B = érl O érk. We start by considering the two dimensional case.
The linear systems z = J B,z with the form

yz—%yﬂm (3.21)
X=y+ gx, (3.22)

4
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where z = (y, x)7. Assuming that r # 0, r > —% and by taking derivative with respect
to T on both sides of (3.21), we have

=—%y—%)’)+r}%
0 0
—(1—6—24"’))’
. 1 1 5 ﬁr

where the second equality is from the fact that x = }()’) + % y) by (3.21). Let

1 1 2 1 2 1
o= i gtanhz(%) +r= g(l — tanhz(%)) +(r+ g) >0. (3.24)
Lemma 3.10. If r > —1, r 0, then (i) for any t2 > 1, there is no nontrivial solution

of (3.23) which satisfies boundary condition y(t)y(t1) > y(t2)y(t); (ii) there is no
nontrivial solution satisfying y(0)y(0) =0andy — 0, y — 0 as T — 00, (iii) there
is no nontrivial bounded solution on R.

Proof. Suppose y is solution of (3.23), then multiply by y and by integrating over the
time interval [f1, ;] we have

5]
Y1) — y()3(1) + / (7 + fy?)dt = 0. (3.25)
1

The first conclusion now readily follows. By taking limit of (3.25) could get the second
conclusion. The third conclusion follows from the fact that any bounded solution must
decay exponential fast. O

Recall that V;;, V,, are Lagrangian subspaces corresponding to the Dirichlet and Neu-
mann boundary conditions. In the two dimensional case, let e; = (1, 07, e, = (0, DT,
Then it is obvious that Vy, V,, are the linear spaces spanned by e1, e2. An easy compu-
tation shows that z(0) = e; is equivalent to y(0) = 1 and y(0) = 0. In the same way,
z(0) = ey is equivalent to y(0) = 0 and y(0) = r. The second conclusion of Lemma
3.10. implies that for » # 0, the system is nondegenerate. However this is not true for
r = 0. In fact, let » = 0 in Egs. (3.21-3.22). Then there is a nontrivial solution satisfies
Z(0) = e> and Z(t) — 0. Thus we have

Lemma 3.11. Supposing r > —1/8, the system on l; is nondegenerate with V4, and it
is nondegenerate with V,, if and only if r # 0.

We firstly consider the Maslov index on [}, so we have the following result.

Lemma 3.12. Suppose r > —1/8 and r # 0. Then

i (Vi I =i (VI3 =0, (3.26)
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Proof. By the definition of Maslov index, we only need to show that there is no nontrivial
solution. If not, we assume that Z(t) is the solution of the Eqs. (3.21-3.22). Then
Z(t) »> 0as T — —oo and then y(7)y(r) — 0. Let f; — —o0 in (3.25), we have

%)

—y(1)y() + / 3%+ fyHde = 0. (3.27)

—00

Please note that y(t2)y(f2) = —%yz(tz) +7rx(f2)y(t2). Then for t, € R™, Z(f) € Vy
or V,, implies y(#3)y(t2) < 0, so we get the result. O

We continuous to compute the Maslov index on [ .
Corollary 3.13. Suppose r > —1/8 and r # 0, then
i+(Va, Vas 1y) =0, (3.28)
and

1 ifre(—4.0),
iv(Vi, Vis 10_) = (3.29)
0 ifr>0.

Proof. The proof follows from Eq. (2.29). Please note that Lemma 3.10. implies that
there are no nontrivial solutions which satisfy Z(0) = ey, e; and Z(T') € V,, for some
T > 0. There is a crossing for i+(V,, Vy; [y) at T = 0. An easy computation shows

that the crossing form I'(V,,, Vj,, 0) is positive for r € (—%, 0) and negative for r > 0,
which implies the results. O

To compute the collision index i+(Vy, Vy; ly) and i (Vy, Vy; 1), we will use the

. V2
Hormander index. We observe that, in the point (0, Q_), JB,(—o0) = ( ‘1‘ ’;/E)
i
and hence the eigenvalues Ay = :I:(% +r)% with eigenvector e, = (% + (% +r)% ,DT.
The unstable subspace V, is spanned by e and stable subspace V™ is spanned by e_.

. =2
Similarly, at (0, Q4), J B, (+00) = ( ‘1‘ «;E ), the eigenvalues A+ = :I:(% +r)% with
T

eigenvector e} = (—% + (é + r)%, 1T The unstable subspace V. is spanned by e}
and stable subspace V' is spanned by e*. The Hérmander index could be computed
by (2.35), (2.36), or we just choose simple Lagrangian paths connected A (0), A(1) and
compute the difference. For reader’s convenience, we list the result below.

S(Vd, Vl’ls Vd? Vui) = 11 (330)

S(Vd’VYlvan Vu_) =O9 (331)
1 if re(—4.0),

SV, Va, V, . V) = (3.32)
0, if r>0,

s(Va, Vo, Vi, Vi) = s(Vg, V7, Vg, V) = 0. (3.33)

Figures 3, 4, 5, 6 illustrate the Hormander index (3.30-3.33), where y is the horizontal
coordinate, x is the vertical coordinate and the anticlockwise rotation is positive rotation.
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15 T T T T T T T T T

S (Vg VpVy¥y) = r>-1/8

1
S (V¥ V. ¥.) =0

nn'u

15 1 ! 1 1 L 1 1 1 1

! 1 1 L 1 1 1 1

1 08 06 04 02 0O 02 04 0B 08
Fig.4. s(Vg, Vi, Voo, Vs ) and s(Vg, Vi, Va, Vs )
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From Lemma 3.11., the system is nondegenerate for r # 0, so y(t)Vy — V, and

y(©)V, — V, as T —> +oo. We have

i (Va, Vai lg) = iV, Vas Ig) +s(Va, Vo, Va, V1),
L+ (Va, Vs ly) = iV, Vs lg) + sV, Vi, Vi, V).

Thus from Egs. (3.30-3.31) we have
Corollary 3.14. Suppose r > —1/8 andr # 0,

iv(Va, Vas 1)) =1,

(3.34)
(3.35)

(3.36)
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S (VyVaYe Vo)

1 re(-1/80)

Vd

_15 1 1 1 1 1 1 1 1 1
-1 08 06 -04 02 0 02 04 06 08 1

Fig. 5. s(Va, Vg, Vi . Vi) forr € (=§.,0)

20 . : . . . . . . :
S (Y, VN, V) =0 r>0

_20 1 L 1 ' 1 1 1 1 1
-1 08 06 -04 02 0 02 04 0B D08 1

Fig. 6. s(Vy, Vg,V , V) forr >0

and

1 ifre(—3.0),
i+(Va, Va3 ly) = (3.37)
0, ifr>0.

We come back to the higher dimension. We denote by ¢ (R) the number of total
negative eigenvalues of R. It is obvious that, ¢ (R) = ¢ (ap) which is the Morse index
of the central configuration ag. By property V of Maslov index, we have
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Corollary 3.15. Supposing L1 (R) > —1/8, R is nondegenerate, then we have

i (Vg la') =0, i_(Vy l{)’) =0, (3.38)
i+(Va, Vas lg) =k, i+(Va, Vs ly) = ¢ (R), (3.39)

and
i+(Vi, Vai lg) =0, ix(Viy, Vs ly) = ¢ (R). (3.40)

We then consider the linear system on /,, and recall that under the collision nonde-
generate condition i (V) is well defined.

Proposition 3.16. Under the collision nondegenerate condition, we have
i(Vasle) = i(Vas L) + 9 (R) (3.41)
Proof. Pleasenote thati(V,; ;) =i(Vg; 1) +s(Vy, Vg, V7, V;), we only need to show
s(Vu, Va, V7, V1) = ¢(R). (3.42)

We choose basis such that R = diag(ry, ..., r,) and consider the 2-dimension linear
system z = J> By (r)z; (3.42) is from (3.32). O

Now we give the proof of Theorem 1.2.

Proof. Since R is nondegenerate, V,, V; M Vui, from (3.7),
gl_f)nl wVa, Pe(Va, T € [0, T =i (Vg: I§) + i+ (Va, Vas [y) +i(Va: 1),

from (3.38-3.39), we have
lim 1¢(Va, Ye(Va, T € [0, T =k+i(Vg: Ly).
e—>

Then, (1.6) follows from Lemma 2.4 and the fact that y, (27) = P.(7).
Similar,

31_I>n1 Vi, Pe @)V, T € [0, T = i (Vi3 I§) + i (Vip, Vs [g) +i (Vs 1), (3:43)

(1.7) is from (3.38), (3.40-3.41) and Lemma 2.4. O

It is worth noticing that in several cases we can’t analytically compute the collision index
and for this reason, we now introduce a numerical method which can be useful in this
situation. A

We first consider the case for R*. We choose V € Lag(2n), such that B(t)|y > 0
for © € R*. Then the crossing form I'(A(z), V, 7) > 0 and we have

p(V,y@Vo)y = D v,

0<tj<00

where v(t;) = dim V N y(z;)Vy. For the Lagrangian system, we can always choose

V4 = V and then I§(t) lv, = I, > 0. We can get the Maslov index from the Hérmander
index, in fact

nVi, y(@Vo, T € [0, TT) = u(Va, y (©)V0, [0, TD +s(V1, Va, Vo, y (T) Vo).
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Under the nondegenerate conditions, limr_, o y (T)Vp = V,f, then we have
w(Vi, y(m)Vo, Tt € RY) = w(Vg, y(1)Vo, T € RY) +5(V1, Vg, Vo, V,)).

The cases of R™ and R are similar, so we just make —7 be the starting time, where
T > 0 is large enough.

Remark 3.17. For computing the Maslov index wu(Vy, y(t)Vp), we start by choos-
ing a basis {£1(0),...,&,(0)} of Vp and, by using a numerical integrator, we get
&) = y(@®)&(). For j = 1,...,n, let e; the basis of Vg, t > M(t) be the
path of 2n x 2n matrices defined by M(¢) = (e, ..., en, E1(2), ..., &,(2)) and we
set f(t) = det(M(t)). Then pu(Vy, y(t)Vp) is equal to the total number of zeros of
f(t). Since t — | f(¢)] is exponentially increasing, this method works well for not so
large time. Instead, we use the robust numerical algorithm based on exterior algebra
representation. We refer the interested reader to the following papers [7-9] in which the
authors compute the Maslov index for homoclinic orbits (cfr. Sect. 6).

4. Collision Index for Brake Symmetry Central Configurations

In the next, we will consider the case that the central configuration with brake symmetry.
We start with the following Definition.

Definition 4.1. The central configuration with normalized Hessian R is said with brake
symmetry if there exists a k x k symmetry matrix N which satisfies N> = I;, NJ = —JN,
RN = NR.

To our knowledge, the Lagrangian configuration [17], Euler central configuration [27]
and the 1 + n central configurations have the brake symmetry property [34,40]. It could
be interesting to find an example without having this symmetry property.

In the brake symmetry case, let N =di ag(N, —N), and denote
g:x(t) —> Nx(T—r). 4.1

Obviously, g2 = id andg~—J% = —J%g; liromthe fact Oqu(Tz =q(T-71),0(r) =
—Q(T — 7), easy computations show that NB(7 — t) = B(t)N, and consequently

A ~

¢B = Bg. 4.2)

Let E* = ker(g = I), then
d A d n d A~
ker(—]d—t — B) = ker((—]d—r — B)|E+) @ ker((—]d—T — B)}E,). 4.3)

Moreover, by the generalized Bott-type iteration formula for Maslov index [18, (Th 1.1)]
or [26], we have

i1(7) +k = p(VE(N), p(0)VF(N), T € [0, T/2]) + n(V—(N), p(x)V " (N),
T €[0,7/2)), 4.4)

i—1(7) = p(VHN), (@) V= (N), T € [0, T/2]) + n(V—(N), p(x)VF(N),
T €[0,7/2)), 4.5)
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where Vi(N ) = ker(N F by), k = 2n — 4. Similarly, we can decompose of Dirichlet
and Neumann boundary condition as follows

1w(Va, 7(@)Va, T€[0, T =pu(VH(N), p(t)Va, T€[0, T /2D +u(V ™ (N), 7 (1) Va),

t€[0,7/2]), 4.6)
1V, (@) Vi, T€[0, T1) = (VF(N), P () Vi), T€[0, T /2D +u(V(N), () Vy),
T €[0,7/2)). 4.7)

For the iteration formula of brake orbits we refer the interested reader to [23]. Then we
consider the collision orbit, and let IC be the space of bounded solution of z = J B(7)z

on /;, and K= be the space of bounded solution on /. which satisfies z(0) € Vi(N ).
Similar to (4.3), we have
Lemma 4.2. For the brake symmetry central configurations, on L., we have

K=K,®Kk-_. (4.8)

Proof. Please note that on /4, ]\A/é( T) = B(r)N if z(7) is one solution then Nz( 7)

is another solution. Let z4(7) = 2(z(r) + Nz( 7)), then z+ € K+, which implies the
result. O

Obviously, there is standard brake symmetry on [y, that is No = diag(l, —1Ir),
then V+(No) = V; and V_(No) = V,. Let Ky be the space of bounded solution of
:=JB (7)z on Iy, and K%+ be the space of bounded solution on /, which satisfies
2(0) € VE(Np). We have on o,

Ko=K2® K. (4.9)

On [y, the nondegenerate condition is clear. Now, from (4.9) and Lemma 3.11, we
have

Proposition 4.3. The system on ly is nondegenerate if and only if R is nondegenerate.

Since R satisfies brake symmetry, let V¥ = ker(NFI}), soitis obviousdimV* = %

Let VE = JVE@ VEbe symplectlc subspace thus R* = V*@® V. Set RE = R|y=,

1% T Ik
L1 R
satisfies Wo = Wy, © lIJO|‘;,. Furthermore we have

and denote éi = ( , we get B = B+ S B,, and the fundamental solution

iV, Wi lg) =i(VIy, Wl ) +i(Viv_, Wiv_: 1), (4.10)
for V, W = Vi(ﬁ) or V;, V,. Please note that
VI pe = Va, VIW)]je = Vo, V- (W)]ge = Vo, Vo (N)[po = Vg (@.11)
From (3.39)-(3.40), we have
i (VEN), Vas Ig) + i (V™ (N), Vas Ig) =k, (4.12)
i (VEN), Vi 15) + i (VT (N), Vs I5) = 2¢(R), (4.13)
i (VHN), V(N 1) + i (VT(N), VI(N)s Ig) =k +$(R).  (4.14)
i (VT (N), VHIN); Ig) + i (VE(N), VT (N): Iy) = ¢ (R). (4.15)
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For the brake symmetry central configurations, we get the following approximation

theorem.

Theorem 4.4. Let A1(R) > —% be nondegenerate with brake symmetry property, and
satisfying the collision nondegenerate conditions. Thus we have

lim (V. 7e(0)Va, 7 € 10, T1) = k+i- (V7 (N): [0) +i- (VN 1), (4.16)
e—

fim g (V. Pe(0)Va, 7 €10.T1) = 26 (R) +i- (V" (N): [5) + 1 (VF(N) L), (417)
e—

lim i_j(Pe) = lim i1(Pe) = ¢(R) +i_ (V" (N); [7) +i_(VF(N): I]). (4.18)
e—1 e—1

Proof. Since R is collision nondegenerate, from (4.8), the system is nondegenerate with

respect to Vi(ﬁ ) on I, and also from the condition that R is nondegenerate, then the

system is nondegenerate with respect to Vi(]\A/ )s Vu, Va only . From (i) of Theorem 3.3,
we have

lim p(V, Ye(MW, T €[0,T/2]) =i(V, W;ly) +i(V; 1)),
e—

for V, W is Vi(I(’), Vi, V4. From (4.4-4.7), we have
lim 1 (Va, 7e(t)Va, 7 €10.TD) = i (V). Vi Ig) + 5 (V™ (N), Vai Ig)
+Hi_ (VH(N); D) + i (VT (N): 1)),
lim (V. 7e(0) Vi, T €10, T]) = iy (VF(N). Vi [g) + i (VT (W), Vi Ig)
(VI D) +in (VTN D),
lim i1 (%) = i (VEN), VI ) + 1 (VE(N) 1)
+i (VT (N), V(N Ig) +i- (VT (N); 1) — &,
lim iy () = i (VE (N, VI ) + i (VEN): L)
+i (VIN), V(N 1) + i (VT (N); 1),
Then (4.16—4.18) is from (4.4-4.7) and (4.12-4.15). O

Comparing of (1.6) in Theorem 1.2 and (4.16), we have

Corollary 4.5. Let A1(R) > —1/8. If R is nondegenerate, has the brake symmetry
property and if the collision nondegenerate condition is fulfilled, then we have

(VN ) +i (VI ) = i(Vas L), (4.19)

Itis clear thati (Vy; I,) > 0. We shall now prove thati_ (V* (N); [} ) is also nonnegative.
We consider the Maslov index on R™, supposing the system is nondegenerate with respect
to Vi, and Vi M V7, then for —1 large enough,

uVi, Vu(t), T € (=00, 0]) = u(Vy, y(z, 10) Vu(r0), T € [10, 0]).
From the property (IIT), (IV), for y (—s, 0), s € [0, c0)
w(Vi, y(z, 1) Vu(t0), T € (70, 0)) = u(y(=s,0) V1,V , s € [0, 00)),
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we have

pn(Vi, Vi(t), 7 € (=00,0]) = —pu(V, ., y (=) V1, T € [0, 00)).
By the nondegenerate condition, we have lim7_, o y (—7T)V]| = Vi, then we have
nVi, Vi(t), 7 € (=00,0D) = s(Vy, V. V1, Vi) — u(Va, y (=1) V1, T € [0, +00)).

In the case of ERE, an easy computation shows that

i\m(—r) = —JB(—1)V, (1), (4.20)
dt

where W, (7) = W, (7, 0) is the fundamental solution on /,. If the central configuration

satisfies the brake symmetry, that is N f?(—t) = E(I)N , then, direct computation shows
that

U, (—1) = NV, (1)N, T € [0, 00).
So we have
1w(Va, Ui (—0)V1) = n(Va, NW,(0)N V), T € [0, 00)).

Please note that if —é(r)|v < Ofort € R, then the crossing form I'(A(¢), Vg, 1) < 0,
we have

pVa, Up(—T)V) == D" w(r)) <0,

O<tj<00

where v(7;) = dim V; N W, (—1;) V.

Please note that, in the case V| = Vdj @ V,,(k_j ), where Vg{ € Vy, V,,(k_j ) e V, , from
(3.33), we have

s(Va, Vo Vi, V) = 0.

Since V*(N) is a direct sum of Dirichlet Lagrangian subspace and Neumann Lagrangian
subspace, by (4.11), we have

Lemma 4.6. On [, we have

i (VEN)) = Z u(rji)zo, 4.21)

O<t+j<00

where v(rf) =dimV; N \11+(—rji)vi(1§7).

5. Applications

We give applications for the collision index. In Sect. 5.1 we consider the ERE of minimal
central configurations and prove some hyperbolicity results. At Sect. 5.2, we study the
stability of Euler orbits.
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5.1. Minimal central configurations. In order to give a hyperbolic criteria, we first
review some results on Morse index. Consider the linear Sturm systems

d
- E(P(t)ii +Qy)+ Q" 1)y +R(1)y =0, (5.1

as P, R, Q are continuous path of matrices in R2" and satisfy P(t) > 0, R(t) = R(t)".
This linear Sturm system (5.1) corresponds to the linear Hamiltonian system

= JB(t)z,z € R*", (5.2)
where
_( P'0 P!
50=(_grr N 07 61000 - k) G
Let

L(t, x(t), %(1)) = %((Px +0x) - x+07T% - x+Rx-x), (5.4)

and F(x) = fOT{L(t, x(t), x(1))}dt on Wh-2([0, T], C"). We denote
D(w,T) = {x € Wh2([0, T],C"), x(0) = wx(T)}, w € U.
Obviously,
Wy 2 ([0, T1,R") C D(w, T) C W"2([0, T],C").

Let £ = F"(0) := —4(P(1) % + Q1)) + QT (1) % + R(t), and more precisely, set
Ly, Ly, Lgtobe the operator with form £ under the Neumann, o and Dirichlet boundary
conditions separately. Let Ax(L) be the k-th eigenvalue of £. From the monotonicity
property of the eigenvalues [12], we have

M(Ly) £ (L) < M(La). (5.5)

Let ¢ be the Morse index of £ which is defined to be the total number of negative
eigenvalues, which is equal to the dimension of maximum negative definite subspace of
F.Let ¢4, o, ¢ be the Morse index of Ly, L,,, L, separately. From (5.5), we have

bd < b < Pn.
Proposition 5.1. The system is hyperbolic if ¢, = ¢4 and L, is nondegenerate.

Proof. Please note that the system is hyperbolic, thatis, o (y (T))NU = @is equivalent to
L, which is nondegenerate for Vo € U. Supposing ko = ¢, = ¢4, wehave A, (L) < 0
by (5.5). On the other hand, £, is nondegenerate which implies Ax,+1(L,) > 0 and hence
Ako+1(Ly) > 0, which implies the result. O

Please note that ¢,, = 0 implies ¢y = 0, so we have
Corollary 5.2. The system is hyperbolic if L, > 0.

From Theorem 1.2 of [18] or P172 of [24], we list the relation of Morse index and
Maslov index below.
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Lemma 5.3. Let y be the fundamental solution of (5.2), then we have

P (L) =iu(y), V(L) =vu(y), Yo el, (5.6)

¢a(L) +n=puVa,yVa), ¢on(L) = pn(Va,y V). (5.7)

Proof of Theorem 1.3. Please note that the central configuration g is non degenerate
minimizer which implies A1 (R) > 0, i.e. (R) = 0 and R is nonsingular. Under the
collision nondegenerate condition, from (1.6)—(1.7), for 1 — e small enough

1(Va, ve()Va, t € [0,2]) — k = lim pu(Va, ye()Vir. 1 € [0, 27]). (5.8)

From (5.7), we have ¢y = ¢,. The nondegenerate of L, is from Theorem 1.2, so the
result is from Proposition 5.1. O

A typical example is the Lagrangian equilateral triangle central configuration. It is
obvious that R = diag((3++/9 — B)/2, 3 — /9 — B)/2) satisfies the brake symmetry
with N = diag(1, —1). This fact had been used to decompose the — 1-degenerate curves
in [17]. It is proved in [17] that for any B8 € (0, 9], 1 — e small enough, £, is positive,
and consequently hyperbolic. By the approximation formula (4.17) and the nonnegative
property (4.21), we have

Proposition 5.4. If the Lagrangian central configurations is collision nondegenerate,
theni_(V—(N);Iy) =i_(V*(N); 1) =0, and hence i (Vy; 1) = 0.

We continue by studying the case of strong minimizer, so please note that a central
configuration is strong minimizer if it satisfies A1 (R) > 1. The next lemma is important
in the proof of Theorem 1.4.

Lemma 5.5 (see [20, Proposition 2]). If§ > 1w € U, then A(e, §) = —%—H%

a B cos(t)
is positive operator for all e € [0, 1) on its domain Di(w, 2), where Dy (w,2w) =
{y € W22([0, 2], C")|y(2m) = wy(0), y(27) = wy(0)}.

Now we can proof Theorem 1.4.
Proof. For the ERE, we have
2

d d
L=— -2y —
a2 gt s

then £ > £ := — %Ik —2Ji2 % + 1)-\4—16(01?0)51(/;) . We only need to show £ > 0 with domain

Dy(w, 21) for any w € U. Let R(?) = ((s:?rf((tt))llllz _czlsrzt(;)h{k ), then

s MRy

RLRT = I — I+ ————.
iz * Tk 1 +ecos(t)

Since A1 (R) > 1,we get the result from Lemma 5.5. O
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It is obvious that for the strong minimizer if it is collision nondegenerate, the approxi-
mation theorem implies i (Vy, ;) = 0.

In the special case, the ERE of Lagrangian central configurations is hyperbolic for
B > 8, e € [0, 1), which had proved directly in [36]. As another example, we consider
the 1+ 3 central configurations, and let m; = my = m3 = 1 and mg = m, the essential
part R = I4 + D with

1 0 _ 3/3uB+mc) 0
2 2(1+/3m¢)
0 1 0 3/3me(3+m,)
D= 2 2(1++/3m¢) (5.9)
— | _3/3mBmy 0 V3(3+me) 0 ’ ’
2(1+«/§mc) 2(1+«/§mc)
0 3/3m.(3+my) 0 V3(B3+me)
2(1++/3m,) 2(1++/3m,)

was computed in [31]. Please note that there is a typo in (39) of [31]. Let

1 3/3m¢(3+m.)
Do — 2 T 20+vame)
+ = 3/3m:(G+me) V3B+me) ’
2(1+v/3m¢) 2(1+/3m¢)

then D = D_ ¢ D,. Obviously the eigenvalues A4 of D+ is same, direct computation
shows that

he(me) = %(1 + fsmc)‘l[«@mc + —3€+ Ly (27(m§ +3me) + (3~/§2— 1)2)%]_
(5.10)

Obviously A+(m¢) > 0 for m, € [0,+00). Let m(0) = %2, mo(—1) = 84683 ihen
A_(mc(0)) =0and A_(m.(—1)) = —1, moreover
A_(my) >0 if me € [0, mc(0)),
-1 <Xi_(m:) <O if me € (mc(0), me(—1)), (5.11)
—% <Ai-(mc) <—1, ifm € (m.(—1),+00).
Since A1(R) = 1+A_(m,), itis obvious that Theorems 1.3 and 1.4 imply Corollary 1.5.

Remark 5.6. Inspired by the recent results obtained in [17], we conjecture that the non-
degenerate minimal central configuration is collision nondegenerate and satisfies

i(Vg; 1) =0. (5.12)

In a private communication with the first named author, Prof. Y. Long posed the
following conjecture.

A smooth T -periodic non-collision solution of the planar N-body problem, with
N > 3, is a smooth global minimizer of the action functional on the space of all
T -periodic orbits having non-trivial winding number if and only if it is an elliptic
motion corresponding to the global minimal central configuration of the potential
restricted to the inertia ellipsoid.
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We observe that, Long’s conjecture implies that, for any e € [0, 1) the Morse index
for the ERE of any non-degenerate minimal central configuration is 0. In the case of
brake symmetric central configurations, Long’s conjecture, imply our conjecture in the
collision nondegenerate case. This conjecture is still open, and in the case ¢ = 0, an
interesting result from Chenciner and Desolneux shows that the minima of the action on
the zero mean loop space, is the relative equilibrium corresponding to a minimal central
configuration. [11].

5.2. Stability analysis of Euler orbits. The Euler orbits have been studied in [27,28], in
this case, R = diag(—§, 26 + 3), where 6 € [0, 7] only depends on mass m1, my, ms.
Please refer to Appendix A of [28] for the details. Although there is no physical meaning
for § > 7, we will assume § > O to make the mathematical theory complete.

We will use the index theory to study the stability problem. Let ys . be the fundamental
solutions of B(t) which s given by (2.2), thatis ys ., = J2B(#)ys.e.t € [0, 271, ¥5..(0) =
14. For § = 0, the system degenerates to the Kepler problem, and it has been studied in

[19], which proved that yp (277) with normal form ( (1) } ) ¢ I» and

0, if w=1,

iw(Y0,e) = (5.13)
2, if we U\{l}.

The Maslov-type index in the case 6 > 0 has been studied by Long and Zhou [27],
then we review firstly their results. For any j € N, there exists 1-degenerate curves
I'j = Gr(gj(e)), and we also let I'y = Gr(po(e)) with go(e) = 0. Then ys . only
degenerates at U?‘;l I'janddimker(ys,(2m)—14) = 2if (8, €) € U?i] I"j. The Maslov-
type index satisfies

i(ys,e) =2j+3, if g¢jle) <8 =gjule), jeNU{OL (5.14)

Similarly, for Vj € N, there exists pair —1-degenerate curves Tji = Gr(lpj-E (e)).
Let sz. (e) = min{lp;?(e), v (e)} and w; (e) = max{tp;(e), n (e)}. Moreover, we
set w(l) = 5 = 0, then for k € N we have

2j,  ifsew vl
i-1(Vs.e) = (5.15)
2j+1, if §e (w;,zpj.].

Direct computation shows that w;.r 0 = wj_ (0), but it is not clear if, for ¢ > 0, there
exist other intersection points. There is a monotonicity property for Maslov-type index,
that is forw € U

lo(Vs1,e) < lw(Vsye), 1f 81 < 6. (5.16)

The +1 degenerate curves satisfies

O<yi<¥i<@ <P <¥s<- Y <y <<y <yj<---. (5I7
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Moreover for the region between the +1-degenerate curves, ys.(27) is elliptic-
hyperbolic and for the region between the pairs of —1-degenerate curves ys .(2) is
hyperbolic.

As a continuous work of Long and Zhou [27], we use the near-collision index to
study the limit case. From Theorem 1.1, we have

Theorem 5.7. I § € (1/8,7], lete = § min{32=, 1/8), & = 152 Foré < &3, we have

. 2 1.1 &2
i1y =~ = H*n (ﬁ) 6. (5.18)
Hence
sup({lim,1¢;(e), im, 1%/ (¢), j € N} < 1/8. (5.19)

Proof. Since R = diag(—4,25+3), thenfors > 1/8, A;(R) < —1/8. Now Eq. (5.18)
follows from (1.5) of Theorem 1.1. To prove (5.19), let Sj = meﬁlgoj (e), then there
existse; — 1 suchthatlim; o ¢;j(e;) = Sj.lfgj > 1/8, then we choose §, € (1/8, Sj),
for [ large enough, 8. < ¢;(e;), by the monotone property (5.16), so we have i1 (ys,.¢,) <
2j + 1, which contradict to (5.18). The proof for lime— l/fji (e) < 1/81is similar. O

Let N = diag(l, —1), then NR = RN, we will compute the collision index for
6 € (0, 1/8) by the decomposition property. By the brake symmetry, from (4.3) we have

dimker(ys (2m) + 1) = dim(V"(N) N y5..2m)V(N))
+dim(VH(N) N ys..2m) V™ (N)).
We always set w,j to be the degenerate curve in the sense that V+(N YNys 2m)V™ (N )
nontrivial and similarly v,” to be the degenerate curve in the sense that V=(N) N
V5.0 RQm)V™ (N) nontrivial.
We get the collision index on I, numerically from (4.21) and the step in Remark

3.17. With the help of matlab, we have
Numerical result A: For the Euler orbits is collision nondegenerate for § € (0, %),

and on [
(VI D) =i (VO (N): L) = L. (5.20)
It is obvious that ¢ (R) = 1 for § € (0, %), then from (4.18), we have
Corollary 5.8. For § € (0, %), under the condition of numerical result A, we have
lim iy (y) = lim i1 (y) = 3. (5.2
From (3.39-3.40), easy computation shows that for § € (0, %),
i(VHN), V(N Ig) =1, i(VZ(N), VI(N); 1) = 0.
So for 1 — e small enough,

1(VEN), ys..V ™ (N)) =2, (5.22)
u(V=(N), 5. VN = 1. (5.23)



Collision Index and Stability of Elliptic Relative 839

Theorem 5.9. Under the assumption of numerical fact A, for the 1-degenerate curve,
we have

lim1 pjle) = lim1 wﬁl(e) =1/8, for jeN, (5.24)
e— e—
lim wf(e) =0, limy; (e) =1/8. (5.25)
e—1 e—1
Proof. To prove (5.24), from Theorem 5.7, we only need to show
inf{lim ¢; (e), lim ¥, (¢), j € N} > 1/8. (5.26)
e—1 e—1

The proof of (5.26) is similar to (5.19). Let Sj = lim ¢;(e). Iij < 1/8, then we choose
e—1

e; — 1,suchthatg;(e;)) — S,-.Chooses < 1/8—<§j,f0rllargeen0ugh, pjler) < 5j+5,

so we have

1(V5;4e.0) > 11(Vpjen.e) =27 +3, (5.27)

which is contradict to (5.21). It is totally similar that lim y[fﬁl(e) > 1/8for j e N.
e

—1
Direct computation shows that for § € (0,1/8), /J/(V_(N),yg’()v"'(ﬁ)) =
u(V+(N), ys.,0V~(N)) = 1. By monotone property,

A A 1, if 8,y
n(VI(N), y5..V~(N)) = (5.28)
2, if 8 € (Y, Y1l

From (5.22), we get lim._.| ¥/ (¢) = 0. The proof for lim,_.1 ¥ () = 1/8 is from
(5.23) and the step is similar. O

This theorem shows that the system is hyperbolic for 6 € (0, é), and 1 — e small
enough. To explain the results, we use the pictures which are taken from [29] (Fig. 7,
Fig. 8).

‘\ . \\—~\\ ]
\\ \\\\ \\\\\ N
08 - \\ N T~
\ N\ N\ ™~
\\ AN N
06 \ \ \ N

04 - \
\ \
\
\
o2l -1-curve 1-curve \\
|
0 { I \ I I L L
0 1 2 3 4 5 6 7

Fig. 7. Stability bifurcation diagram
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Fig. 8. A magnification of Fig. 7 for 1 — e small

6. Numerical Results for Collision Index

As shown in Remark 3.17, in order compute the collision index, we only need to count
the zeros of a determinant function. We use the exterior algebra representation from
[7-9] to do the computation. For reader’s convenience, we give a brief review in the
four-dimensional case, here.

Consider the linear system

x=A()x, x eR* 1 €0, +00), (6.1)

where A(+00) is hyperbolic. Let A%(R*) be the vector space of 2-vector space in R*.
Supposingej, j =1, ..., 4isbasis of R* thené; = e1 Aea, 67 = e Ae3, €3 = e] Aea,
é4 =ey Ne3, 5 =er A ey, 66 = €3 A ey is basis of AZ(R*). There is a induced system
from (6.1)

y=AP )y, ye AZ®RY. (6.2)

Suppose A = (a;,;), then A®@ could be expressed by (a;, ;) (cfr. [9, Equation (2.8)] for
the expression). Let o be the sum of the eigenvalues of A(co) with positive real part.
Let y(t) = e “"y(1), then

dy N

— =A% @) —olyy. (6.3)
dt

To compute the Maslov index w(Vy, y () Vo), we choose a basis £1(0), £ (0) of Vy,
and let $(0) = y(0) = £1(0) A &(0) = Z?:l v;(0)é;. Then y(t) could be computed
by matlab from Equation (6.3). Let y be the fundamental solution of (6.1), then y (7) Vg
could be expressed by y(r). We choose ey, e; to be the basis of Vy, then it is obvious
that V; Ny (t) Vp is nontrivial if and only if e; A ez A () = 0, which is equivalent to
Y6(t) = 0. So we can draw the picture of J6(7) and count the number of zero points to
get the Maslov index.
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We will compute i (V* (N); [y ) for Euler and Lagrangian orbits. From Lemma 4.6,
we only need to count the points of V; Ny (—I;E) Vv (1\7 ). From (4.20), the linear system
with form with % () = —J B(—=t)x(1), let A(t) = —J B(—1), then we can get A® (7).
We choose ey, e4 to be the basis of V+(1\7) and e, e3 to be the basis of V’(I\AJ). Let
37 (1) be the solution of (6.3) with initial condition y(0) = &3 and y~ () be the solution
with initial condition y(0) = é4, then i (VEN): [;) just is the zero points of }A)gt (7).

We firstly give some numerical pictures for Euler orbits:
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It is obvious that there is only one zero point in Figs. 9 and 10, and we have computed
it for many value of § € (0, 1/8) and for time large as T = 1000. All the pictures shows
that there is only one zero point. This is why we gave Numerical result A.

If § > 1/8, Theorem 1.1 shows that the collision index is infinity, which is corre-
sponding to the picture of Figs. 11 and 12 that the number of zero points growth in direct
proportion to the time.

For the Lagrangian orbits, Proposition 5.4 shows that the collision index is zero,
which corresponds to the following pictures showing no zero point (Figs. 13, 14).

It is quite difficult in a concrete situation to establish if an orbit is collision non-
degenerate. However, if the collision index depends on one parameter having a jump,
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then there is a collision degenerate point. During our computations, we found that the
Kepler case (6 = 0) is collision degenerate. We guess that every nondegenerate central

configuration satisfying the condition A1(R) > —1/8 is collision nondegenerate.
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