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Abstract: In the present article we discuss the classification of quantum groups whose
quasi-classical limit is a given simple complex Lie algebra g. This problem is reduced
to the classification of all Lie bialgebra structures on g(KK), where K = C((h)). The
associated classical double is of the form g(K) @k A, where A is one of the following:
K[e], where ¢2 = 0, K ® K or K[j], where j2 = h. The first case is related to quasi-
Frobenius Lie algebras. In the second and third cases we introduce a theory of Belavin—
Drinfeld cohomology associated to any non-skewsymmetric r-matrix on the Belavin—
Drinfeld list (Belavin and Drinfeld in Soviet Sci Rev Sect C: Math Phys Rev 4:93—
165, 1984). We prove a one-to-one correspondence between gauge equivalence classes
of Lie bialgebra structures on g(K) and cohomology classes (in case II) and twisted
cohomology classes (in case III) associated to any non-skewsymmetric r-matrix.

1. Introduction

Let k be a field of characteristic 0. According to [4], a quantized universal enveloping
algebra (or a quantum group) is a topologically free topological Hopf algebra H over the
formal power series ring k[[/2]] such that H /A H is isomorphic to the universal enveloping
algebra of a Lie algebra g over k.

The quasi-classical limit of a quantum group is a Lie bialgebra. By definition, a Lie
bialgebra is a Lie algebra g together with a cobracket § which is compatible with the Lie
bracket. Given a quantum group H, with comultiplication A, the quasi-classical limit
of H is the Lie bialgebra g of primitive elements of H/hH and the cobracket is the
restriction of the map (A — A%!) /A (mod h) to g.

The operation of taking the semiclassical limit is a functor SC : QUE — LBA
between categories of quantum groups and Lie bialgebras over k. The quantization
problem raised by Drinfeld aims at finding a quantization functor, i.e., a functor Q :
LBA — QUE suchthat SC o Q is isomorphic to the identity. Moreover, a quantization
functor is required to be universal, in the sense of props.
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The existence of universal quantization functors was proved by Etingof and Kazhdan
[5,6]. They used Drinfeld’s theory of associators to construct quantization functors for
any field k of characteristic zero. Drinfeld introduced the notion of associators in relation
to the theory of quasi-triangular quasi-Hopf algebras and showed that associators exist
over any field k of characteristic zero. Etingof and Kazhdan proved that for any fixed
associator over k one can construct a universal quantization functor. More precisely, let
(g, &) be a Lie bialgebra over k. Then it is possible to define a Lie bialgebra gy over
k[[A]] as (g ® k[[A]], d). According to Theorem 2.1 of [6] there exists an equivalence
0 between the category LB Ag(k[[R]]) of topologically free Lie bialgebras over k[[%]]
with 8 = 0 (mod %) and the category H Ag(k[[1]]) of topologically free Hopf algebras
cocommutative modulo /. Moreover, for any (g, 8) over k, we have Q(gn) = Up(g).

The aim of the present article is the classification of quantum groups whose quasi-
classical limit is a given simple complex Lie algebra g. Due to the equivalence between
H Ao(C[[R]]) and L BAy(C[[Ah]]), this problem is equivalent to the classification of Lie
bialgebra structures on g ®c C[[/]]. For simplicity, denote O := C[[%]], K := C((h)),
g(0) := g®c 0 and g(K) := g ®¢c K.

On the other hand, in order to classify cobrackets on g(Q) it is sufficient to classify
cobrackets on g(K). Indeed, if g is a Lie bialgebra structure on g(Q), then it can be
naturally extended to g(K). Conversely, given a Lie bialgebra structure § on g(K), we
can restrict 28 to g(Q) for a sufficiently large n since g is finite dimensional.

From now on let G be a connected split algebraic group with a reductive Lie algebra
whose semisimple part is g. We will consider the adjoint action Ad of G on g. We
consider the equivalence classes of Lie bialgebra structures on g(K) with respect to
the following equivalence: two bialgebra structures 81, 6, are equivalent if there exists
an element ¢ € K* and X € G(K) such that §; = a(Adxy ® Adyx)d;; here ((Ady ®
Adyx)d) () = (Adxy ® Adx)(S (Ad}ll)). We will also use the term “gauge equivalence”
or “G-equivalence” if there exists X € G(K) such that §; = (Adx ® Adx)J,.

From the general theory of Lie bialgebras it is known that for each Lie bialgebra
structure § on a fixed Lie algebra L one can construct the corresponding classical double
D(L, §), which s the vector space L @ L* together with a bracket which is induced by the
bracket and the cobracket of L, and a non-degenerate invariant bilinear form, see [3]. We
consider L = g(K) and prove Proposition 1, which states that there exists an associative,
unital, commutative algebra A, of dimension 2 over K, such that D(g(K), §) = g(K) ®x
A. In Proposition 2 we show that there are three possibilities for A: A = K[e], where
e2=0,A=K@Kor A=K[j], where j> = h.

Due to the correspondence between Lie bialgebras and Manin triples, to any Lie
bialgebra structure § on L one can associate a certain Lagrangian subalgebra W of
D(L, 8) whichis complementary to L. Conversely, any such W produces a Lie cobracket
on L. The main problem is to obtain a classification of all such subalgebras W for the
three choices of A as above. We investigate separately each choice of A.

For A = K][¢], where &2 = 0, it turns out that the classification problem is related to
that of quasi-Frobenius Lie subalgebras over K.

In the case of A = K @ K, we introduce Belavin—Drinfeld cohomologies. Namely,
for any non-skewsymmetric constant »-matrix rpp on the Belavin—Drinfeld list [1], we
define a cohomology set H }9 p(rBp). This cohomology set will depend on a gauge group
G acting “naturally” on g. We will see that the choice of G is important. Therefore, we
will use the notation H llg p (G, rpp).One should notice that in all the cases with exception
for GL(n), the Lie algebra of G will be g.
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We prove that there exists a one-to-one correspondence between any Belavin—Drinfeld
cohomologies and gauge equivalence classes of Lie bialgebra structures on g(K). Then
we restrict our discussionto g = s/(n) and show that all cohomologies H é p(GL(n),rpp)
are trivial.

We also discuss the case of the orthogonal algebras g = o(n), where it turns out that
the cohomologies associated to the Drinfeld-Jimbo r-matrix are also trivial. We also
give an example where the cohomology corresponding to a certain non-skewsymmetric
constant »-matrix for o(2n) is non-trivial.

We finally proceed with the classification of Lie bialgebras whose classical double
is isomorphic to g(K[;]) with j2 = h. We restrict ourselves to g = sl(n) and show
that in this case a cohomology theory can be introduced too. Our result states that there
exists a one-to-one correspondence between Belavin—Drinfeld twisted cohomologies
and gauge equivalence classes of Lie bialgebra structures on g(K). We prove that the
twisted cohomology corresponding to the Drinfeld—Jimbo r-matrix and a certain class
of r-matrices (called generalized Cremmer—Gervais) is trivial.

In the last section of the article we compute Belavin—Drinfeld cohomology in certain
cases for g = sl/(n) and G = SL(n). In particular, we show that HllgD(SL(n), rBD) 1S
non-trivial for certain rpp. Finally, we formulate a conjecture stating that the Belavin—
Drinfeld cohomology associated to the Drinfeld—Jimbo r-matrix is trivial for any simple
complex Lie algebra g. We also define the quantum Belavin—Drinfeld cohomology and
formulate a second conjecture about the existence of a natural correspondence between
classical and quantum cohomologies.

2. Lie Bialgebra Structures on g(KK)

Let g be a simple complex finite-dimensional Lie algebra. Consider the Lie algebras
9(0) = g ®c 0 and g(K) = g ®c K.

We have seen that the classification of quantum groups with quasi-classical limit g
is equivalent to the classification of all Lie bialgebra structures on g(Q). Moreover, as
explained in the introduction, in order to classify Lie bialgebra structures on g(Q), it is
enough to classify them on g(K).

Let us assume that § is a Lie bialgebra structure on g(K). This cobracket endows
the dual of g(K) with a Lie bracket. Then one can construct the corresponding classical
double D(g(K), 8). Asa vector space, D(g(K), §) = g(K)®g(K)*. AsaLie algebra, itis
endowed with a bracket which is induced by the bracket and cobracket of g(K). Moreover,
the canonical symmetric non-degenerate bilinear form on this space is invariant.

Similarly to Lemma 2.1 in [8], one can prove that D(g(K), §) is a direct sum of
regular adjoint g-modules. Combining this result with Proposition 2.2 in [2], we obtain

Proposition 1. There exists an associative, unital, commutative algebra A of dimension
2 over K, such that D(g(K), §) = g(K) ®k A.

Remark 1. The symmetric invariant non-degenerate bilinear form Q on g(K) ®x A is
given in the following way. For arbitrary elements fi, f> € g(K) anda, b € A we have
0(fi®a, r®b) = K(f1, f2)-t(ab), where K denotes the Killing form on g(K) and
t : A —> Kis a trace function.

Let us investigate the algebra A. Since A is unital and of dimension 2 over K, one
can choose a basis {e, 1}, where 1 denotes the unit. Moreover, there exist p and g in K
such that €2 + pe + ¢ = 0. Let A = p* — 4q € K. We distinguish the following cases:
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(i) Assume A =0.Lete :=¢+ g Then ¢2 = 0 and A = Ke @ K = K[¢].

(ii)) Assume A # 0 and has even order as an element of K. This implies that A =
p2m (ap +arh+ ay R+ ), where m is an integer, a; are complex coefficients
and ag # 0.
One can easily check that the equation x
solutions +x = xqg + xih+x2h2+ -+ in Q.

H
Then e = —g + Tx which implies that e € K and A = K @ K.

(iii) Assume A # 0 and has odd order as an element of K. We have A = h>"* (qq +
ahi+arh*+- - ), where m is an integer, a; are complex coefficients and ag # 0.
Again the equation x2 = ap+aih+ah? + - - - has two solutions +x = xg +
x1hi+ x2h% + ... in Q. Since ag # 0, we have xo # 0 and thus x is invertible
inO. Let j = ™™ (2e + p)x~'. Then ¢ + pe + g = 0 is equivalent to j> = .
On the other hand, A = Ke @ K and 2¢ = #"xj — p imply that A = Kj @ K.
Therefore, we obtain that A = K[ j] where j2 = k.

2 = ap+arh+ak* +--- has two

We can summarize the above facts:

Proposition 2. Let § be an arbitrary Lie bialgebra structure on g(K). Then D(g(K), §)
is isomorphic to g(K) Qx A, where A = Kle] and 2=0A=K®dKorA= KI[j]
and j* = h.

On the other hand, it is well-known, see for instance [4], that there is a one-to-one
correspondence between Lie bialgebra structures on a Lie algebra L and Manin triples
(D(L), L, W), where D(L) = L & W is equipped with a bilinear symmetric invariant
non-degenerate form Q such that both L and W are Lagrangian subalgebras of D(L)
with respect to Q. For L = g(K), this fact implies the following

Proposition 3. There exists a one-to-one correspondence between Lie bialgebra struc-
tures on g(K) for which the classical double is g(K) @k A and Lagrangian subalgebras
W of g(K) ®k A transversal to g(K).

Corollary 1. (i) There exists a one-to-one correspondence between Lie bialgebra struc-
tures on g(K) for which the classical double is g(K[e]), €2 =0, and Lagrangian
subalgebras W of g(K[e]) that are transversal to g(K).

(ii) There exists a one-to-one correspondence between Lie bialgebra structures on g(K)
for which the classical double is g(K) & g(K) and Lagrangian subalgebras W of

9(K) @ g(K) that are transversal to g(K), embedded diagonally into g(K) & g(K).

(iii) There exists a one-to-one correspondence between Lie bialgebra structures on g(K)
for which the classical double is g(K[j1), where j* = h, and Lagrangian subalge-

bras W of g(K[j]) that are transversal to g(K).

3. Lie Bialgebra Structures in Case I

Here we study the Lie bialgebra structures § on g(K) for which the corresponding
Drinfeld double is isomorphic to g(K[e]), €2 = 0. Our problem is to find all subalgebras
W of g(K[e]) satisfying the following conditions:

i W g = gK[e]).
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(i) W = W with respect to the non-degenerate symmetric bilinear form Q on
g(K[e]) given by

O(f1+ef2, g1 +eg2) = K(f1.8) +K(f2, g1).

Proposition 4. Any subalgebra W of g(K[e]) satisfying conditions (i) and (ii) from
above is uniquely defined by a subalgebra L of g(K) together with a non-degenerate
2-cocycle B on L.

Proof. The proof is similar to that of Theorem 3.2 and Corollary 3.3 in [10].

Remark 2. We recall that a Lie algebra is called quasi-Frobenius if there exists a non-
degenerate 2-cocycle on it. It is called Frobenius if the corresponding 2-cocycle is a
coboundary. Thus we see that the classification problem for the Lagrangian subalgebras
we are interested in includes the classification of Frobenius subalgebras of g(K). This
question is quite complicated, as it is known from studying Frobenius subalgebras of g.
However, for g = s/(2) there is only one Frobenius subalgebra up to conjugation, the
standard parabolic one.

4. Lie Bialgebra Structures in Case II and Belavin-Drinfeld Cohomologies

Our task now is to classify Lie bialgebra structures on g(KK) for which the associated
classical double is isomorphic to g(K) & g(K).

Lemma 1. Any Lie bialgebra structure & on g(K) for which the associated classical
double is isomorphic to g(K) & g(K) is a coboundary § = dr given by an r-matrix
satisfying r +r*! = £, where f € K and CYB(r) = 0.

Without loss of generality we may suppose that f = 1. The corresponding r-matrices
in the case of an algebraically closed field have been classified up to the Ad(G)-
equivalence in [1]; the classification is given in terms of admissible triples. (Recall
that G stands for a connected split algebraic group with a reductive Lie algebra whose
semisimple part is g.)

Let us fix a Cartan subalgebra f of g and the associated root system. Fix a set of simple
roots I". We choose a system of generators ey, €_y, hy such that K (ey, e_y) = 1, for
any positive root «. Denote by §2¢ the Cartan part of §2. Suppose also that H C G is a
maximal torus with Lie algebra b.

Let us recall from [1,4] that any non-skewsymmetric r-matrix depends on certain
discrete and continuous parameters. The discrete one is an admissible triple (I, I3, 7),
i.e., an isometry t : I'1 —> I» where I, I» C I are such that for any o € I} there
exists k € N satisfying 7% (o) ¢ I'i. The continuous parameter is a tensor 7o € h ® b
satisfying ro + rgl = 20 and (t(¢) ® 1 + 1 ® «)(r9) = O for any o € I'|. Then the
associated r-matrix is given by the formula

rBp =71+ zea ®eq— Z Ze_a A €rk(q)-

a>0 ae(Spanl)* keN

Now, let us consider an r-matrix corresponding to a Lie bialgebra structure on g(K).
Up to Ad(G (K))-equivalence, we have the Belavin—Drinfeld classification. We may
assume that our r-matrix is of the form ry = (Adx ® Adx)(rgp), where X € G(K)
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and rpp satisfies the equations r + r2! = £ and CYB(r) = 0. The corresponding
bialgebra structure is §(a) = [rx,a ® 1 + 1 ® a] for any a € g(K).

Letustake an arbitrary o € Gal(K/K).Thenwehave (c®0)(6(a)) =[o(rx),a®1+
1®a]and (0 ®0)(8(a)) = §(a), which implies that o (rx) = rx +AS2, for some A € K.
Let us show that A = 0. Indeed, 2 = 0(2) = o' (rx) +o (r§') = rx +r%' +2182. Thus
A = 0and o (rx) = rx. Consequently, we get (Adx-1,(x) ® AdX_|0(X))(U(rBD)) =
rBD

Definition 1. Let r be an r-matrix. The centralizer C(G, r) of r isthe setofall X € G (K)
satisfying (Ady ® Adx)(r) =r.

Theorem 1. For any simple Lie algebra g and for any Belavin-Drinfeld matrix rgp we
have

C(G,rpp) C H,
where H is a maximal torus of G.

Proof. (1) Let us consider the map @ : g ® g — g ® g = End(g) induced by the
natural pairing between g and g* given by the Killing form, i.e.

DP(a@b)(u) = K(a,u)b.
Let X € C(G, rpp). We have
(Adxa ® Adxb)(u) = K(Adxa, u)Adxb = Adx (K (a, Adxu)b).

Thus, X € C(G, rpp) iff Adx®@(r) = @(r)Ady.

(2) The fact that Ady commutes with @ (r) implies that it commutes with semisimple
and nilpotent parts of @ (r). Our next aim is to compute them. The operator @ (e, ® ep)
maps e_, to eg and the rest of the Chevalley basis to zero. Hence, when o + 8 # 0 the
operator @ (e, ® eg) is nilpotent. Thus the operator A = @ (D e« (@) /\€—a) is nilpotent.

For any positive roota, wehave @ (rpj)ey = 0,@(rpjle—y = e_qand @ (rpj)hty =
%hia. So when « and B have opposite signs, @ (rp,) commutes with @ (e, ®eg). There-
fore, @ (rp ) commutes with A. Clearly, A(h) = 0. Hence, both A and @ (rp ) commute
with @ (s), where s =r —rpj — 2 ek N e—q € h®2.

So we have the decomposition of @ (rpp) into the sum of three commuting operators:
D(rpp) =P(rpy) +P(s)+ A. If D(s) = D (5)g + DP(s), is the Jordan decomposition
of @(s) then D = @ (rpy) + D (s)g is semisimple, N = A + @ (s),, is nilpotent, and D
and N commute. Thus, we have obtained the Jordan decomposition @ (rgp) = D + N.
Note that we have Dey, = 0, De_y, = e_ and Dhy € . It remains to show that the
centralizer of D lies in H.

(3) The zero eigenspace Vj of the operator D contains all positive root vectors and
no negative root vectors. Ady commutes with D and hence must preserve V. But it also
must preserve its normalizer, which is the Borel subalgebra b*. Similarly, considering
V) instead of Vj), we obtain that Ady preserves b~. Therefore, Ady preserves fj. So,
X € Ng(h), the normalizer of the Cartan subalgebra. Consequently, Ady induces an
element of the Weyl group W. It is well-known that W acts transitively and without
fixed points on the set of the Borel subalgebras containing f). But Ady preserves b*.
Therefore, Ady induces the unit of W and thus, X € H.

For any root o we denote by ¢“ the corresponding character of the torus H.
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Theorem 2. If (I'1, I, T) is an admissible triple corresponding to a Belavin-Drinfeld
r-matrix rgp then X € C(G, rgp) iff for any root « € I''\I» and for any k € N we

have e*(X) = efk(“)(X), i.e., €“(X) is constant on the strings of t.

Proof. Vectors eq ® e_, hq @ hg and ey, A es for y + 8 # 0 form a set of linearly

independent eigenvectors of Ady. Hence, X € C(G, rpp) if and only if Ady preserves

ey N eri(y) for y € I7. But this is equivalent to e*(X) = e’k("‘)(X) for any root

o € I'N\I» and for any k € N.

Theorem 3. Let rp be an r-matrix on the Belavin—Drinfeld list for g(K). Suppose that
(AdX_]U(X) ® Adx—lo.(X))(U(rBD)) =TBD-.

Then o (rgp) = rgp and X 'o(X) € C(G, rgp).

Proof. Consider r = rpp which corresponds to an admissible triple (I, I», 7) and
ro € h®h.Denote Y := X 'o(X)ands := r—rg. Then (Ady ® Ady) (s+0 (ro)) = s+7p.
Following [7] p. 4347, let @(r) : g —> g be defined as in Theorem 1. Let

g} = |J Ker(@(r) — )"

n>0

Then

s=a'@g 9, 0= .
A0, 1

0 1 / 0 / _
In our case,n_ C gs+ro c b*’ ny © gs+r0 < b+’ gs+r0 c b’ gs+r0 + gs+r0 =b_ and

e4ry + G54p, = by Similarly for s + o (ro).
On the other hand, it can be easily checked that

®(Ady ® Ady)(r) = Ady 0 ®(r) o Ady .

Hence, Ady(ggw(m)) = GBiarys
Ady(b4) = b4 and Ady € H(K) since G is connected.

Let us analyse the equality (Ady ® Ady)(s +o (r9)) = s +rp. It follows that (Ady ®
Ady)(s) + o (rg) = s + ro. Taking into account that rg, o (rg) € H®2 and

(Ady ® Ady)(s) = Zea Re_q+ Z Zkﬁ'”eﬁ N e_n(py,

a>0 Be(ZI)* n>0

i = 0,1 and Ady (g, ) = y4p,- Therefore,

s+0 (ro)

for some integers kg ,, we deduce that o (r9) = ro. Thus, o (r) = r and Ady € C(G,r).

Henceforth we will assume that rgp is defined over K, i.e., ry € g(K) ® g(K).

In conclusion, ry = (Ady ® Ady)(rpp) induces a Lie bialgebra structure on g(K)
if and only if X € G (K) satisfies the condition X ~'o(X) € C(G, rgp), for any o €
Gal(K/K).

Definition 2. Let rpp be a non-skewsymmetric r-ma_trix on the Belavin—Drinfeld list
and C(G, rgp) its centralizer. We say that X € G(K) is a Bﬁlavin—Drinfeld cocycle
associated to rgp if X o (X) € C(G, rgp) for any o € Gal(K/K).
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We denote the set of Belavin—Drinfeld cocycles associated to rgpp by Z(G, rgp).
This set is non-empty, since it always contains the identity.

Definition 3. Two cocycles X and X, in Z(G, rgp) are called equivalent (X ~ X3)
if there exists Q € G(K) and C € C(G, rgp) such that X; = QX»C.

Definition 4. Let H ll; p(G,rpp) denote the set of equivalence classes of cocycles in
Z(G, rpp). We call this set the Belavin—Drinfeld cohomology associated to the r-matrix
rpp. The Belavin—Drinfeld cohomology is said to be trivial if all cocycles are equivalent
to the identity, and non-trivial otherwise.

We make the following remarks:

Remark 3. Assume that X € Z(G, rpp). Then for any o € Gal(K/K), o (X) = XC,
for some C € C(G, rpp). We get (Adg(x) ® Adq(x))(rBD) = (Ady ® Adx)(rep).
Consequently, (Adx ® Ady)(rpp) induces a Lie bialgebra structure on g(K).

Remark 4. Assume that X| and X» in Z(G, rpp) are equivalent. Then X1 = QX»C, for
some 0 € G(K) and C € C(G,rgp). This implies that (Adx, ® Adx,)(rgp) =
(Adgx, ® Adgx,)(rgp). In other words the r-matrices (Ady, ® Ady,)(rpp) and
(Ady, ® Ady,)(rpp) are gauge equivalent over K via an element Q € G (K).

The above remarks imply the following result.

Proposition 5. Let rgp be a non-skewsymmetric r-matrix over K. There exists a one-
to-one correspondence between H é p(G,rpp) and gauge equivalence classes of Lie
bialgebra structures on g(K) with classical double g(K) & g(K) and K-isomorphic to
drgp.

5. Belavin-Drinfeld Cohomologies for sl (n)

Our next goal is to compute H llg p(GL(n), rpp). Letus first restrict ourselves to the case
of g = sl(n) and the cohomology associated to the Drinfeld—Jimbo r-matrix rpy. In
this section we assume that G = GL(n).

Lemma 2. Let X € GL(n,K). Assume that for any o € Gal(K/K), X~'o(X) €
diag(n, K). Then there exist Q € GL(n,K) and D € diag(n, K) such that X = QD.

Proof. Leto € Gal(K/K) and 0 (X) = XD, where D, = diag(dy, ..., d,). Here the
elements d; depend on o. Then o (x;;) = x;;d;, for any i, j.

On the other hand, in each column of X there exists a nonzero element. Let us denote
these elements by x;,1, ..., x;,,. For j = 1, o(x;1) = x;1d1 and o (x;;1) = x;,1d1.
These relations imply that o (x;1/x;,1) = x;1/x;;1 for any o € Gal(K/K) and thus
xi1/xi;1 € K, for any i.

Similarly, x;2/xi,2 € K, ..., xin/xi,n € K, for any i. Let Q = (k;;) be the matrix
whose elements are k;j = x;;/x;; ;, for any i and j.

Thus X = QD, where Q € GL(n,K) and D = diag(x;;1, ..., Xi,n)-

Proposition 6. For g = sl(n), the Belavin—Drinfeld cohomology H é p(GL(n),rpy)
associated to rpj and to the group G L(n) is trivial.



Classification of Quantum Groups and Belavin—Drinfeld Cohomologies 9

Proof. Tt easily follows from the proof of Theorem 1 that the centralizer of rp; is
C(GL(n), rpy) = diag(n, K). Let us show that any cocycle is equivalent to the identity.
Indeed, let X = (x;;) beacocyclein Z(GL(n),rpy),i.e., X lo(X) e C(GLn),rpy),
for any o € Gal(K/K).

It follows that X 1o (X) € diag(n, K). According to Lemma 2, there exists Q €
GL(n,K) and D € diag(n, K) such that X = QD. This proves that X is equivalent to
the identity.

It turns out that the above result is true not only for rp ;. Given an arbitrary r-matrix
rpp on the Belavin—Drinfeld list, the corresponding cohomology is also trivial. First
we will take a closer look at the centralizer C(G L (n), rgp) of an r-matrix rgp. Due to
Theorem 1, the following result holds.

Lemma 3. Let rpp be an arbitrary r-matrix on the Belavin—Drinfeld list. Then
C(GL(n),rpp) C diag(n, K).
For sl(n) we are now able to give the exact description of C(GL(n), rgp).

Lemma 4. C(GL(n), rpp) consists of all diagonal matrices T = diag(ty, ..., t,) such
that t; = $iSi+1...Sy, where s; € K satisfy the condition: s; = s; if a; € I and
‘((Oll') = ;.

Proof. Let us assume that rpp is associated to an admissible triple (I, I, T), where
In,» C {ay,...,an—1}. Let T € C(GL(n),rpp). According to Lemma 3, 7 €
diag(n, K),thereforeweputT = diag(t1, ..., t,).Nowwenotethat7T € C(GL(n),rpp)
ifand only if (Adr ® Adr)(€rk(y) ANe—a) = €1k (o) Ne—q forany o € Iy and any positive
integer k.

For simplicity, let us take an arbitrary a, € I and suppose that T(ct;) = oj. Then
we get t;t z+1 = tj . Denote s; := tjt; | foreach j < n—1ands, = t,. Then
tj =8iSj+1...Sn and si=5j.

Theorem 4. For g = sl(n), the Belavin—Drinfeld cohomology HéD(GL(n), rgp) as-
sociated to any rgp is trivial. Any Lie bialgebra structure on g(K) is of the form
§(a) = [r,a® 1+ 1Q al, where r is an r-matrix which is G L(n, K)—equivalent to
a non-skewsymmetric r-matrix on the Belavin—Drinfeld list.

Proof. Let X be a cocycle associated to rpp which is a fixed r-matrix on the Belavin—
Drinfeld list. Thus X *la(X ) belongs to the centralizer of the rgp. On the other hand,
according to Lemma 3, C(GL(n), rpp) < diag(n, K).

Then we obtain that for any o € Gal(K/K), X 'o(X) is diagonal. By Lemma 2,
we have a decomposition X = QD, where Q € GL(n, K) and D € diag(n, K). Since
0(Q) = 0, we have X 'o(X) = (D) 'o(QD) = D' 0~ 'Qo (D) = D~ 'o(D).
Recall that X~ 'o(X) € C(GL(n), rgp). It follows that Do (D) € C(GL(n), rgp).

Let D = diag(dy, ..., d,,).Thendiag(dl_lo(dl), ce dn_la(d,,)) e C(GL(n),rpp).
Denote t;, = d_la(d) and T = diag(t1, ..., ty). According to Lemma 4, T €
C(GL(n),rpp) if and only if 1 l+1 =t ]_+ll Equivalently, a(d_ld,+1d d]_+1])

= d ' dind;d; ) 1t follows that d;'dj1d;d) € K. Lets; == did)

sy = dy. Then we get s;s le K

for any i and
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Let us fix a root o, € I7\1> and let Tj(Oli()) = «;. Then sjsigl e K, for any j.
Denote k;j := sjsl.gl.

n—j+l
On the other hand, d; = sjsj41...8n—150 = kjkj41 . ..k,,sio I Let

K :=diag(kiky ... kn, ko ... ky, ... k),

. : n n—l1
C .= dlag(sio, Siy cees Sig)-

Note that D = KC and K € GL(n, K). Moreover, according to Lemma 4, C €
C(GL(n), rpp).

Summing up, we have obtained that if X is any cocycle associated to rpp, then
X =0D = QKC,with QK € GL(n,K), C € C(GL(n), rgp). This ends the proof.

6. Belavin-Drinfeld Cohomologies for Orthogonal Algebras

The next step in our investigation of Belavin—Drinfeld cohomologies is for orthogonal
algebras o(m). We begin with the case of the Drinfeld—Jimbo r-matrix. In what follows,
we will use the following split form of the orthogonal algebra o(n, C) and o(n, K):

on) ={A eglin): ATS+SA =0},
where § is the matrix with 1 on the second diagonal and zero elsewhere. The group
SO() ={X € SL(n): X'SX =S}

acts naturally on o(n). It follows from Theorem 1 that C(SO(n), rpy) coincides with
the maximal torus of S O (n). Our main result about Belavin-Drinfeld cohomologies for
orthogonal algebras is the following:

Theorem 5. Let g = o(m) andrpy be the Drinfeld—Jimbo r-matrix. Then H llg p(SO@m),
rpy) is trivial.

Proof. (i) Assume m = 2n and fix the bilinear form
m
B(X,y) = D XiYms1-i
i=1

onK".

Let X € SO(m, K)beacocycleassociatedtorp. Thus X o (X) € C(SO(m), rpy).
Recall that C(SO(m), rpy) = diag(m, K) N SO (m, K). Therefore X 'o(X) € diag
(m,K). By Lemma 2, one has the decomposition X = QD, where Q € GL(m, K)
and D € diag(m,K). Let us write D = diag(dy, ..., ds,) and denote by ¢; the
columns of Q. Then X = QD is equivalent to Q7 SQ = D~'SD~!, which in turn
implies that B(qi, gir)didy = 82"*17"". We get B(qi, qir) = 0if i +i’ # 2n+ 1 and
B(qi, q2n+1-i)didons1—i = 1. Let k; := B(qi, qan+1-;). Since Q € GL(2n,K), we
have k; € K. Because kl._1 = d;jdyp+1-i, it follows that D = Q1 D1, where

Q1 =diag(k;", ... kL 1.1,

B

Dl = dlag(d1k17 LR} d}’lk)’M dl‘[+17 ] d2}’l)'
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We note that X = (QQ1)D1, D; € SO(2n) and hence, D1 € C(SO(2n),rpy).
Then, clearly, we have Q Q1 € SO(2n, K), which proves that X is equivalent to the
identity.

(i) Now consider m = 2n + 1. By Lemma 2, we may write again X = Q D, where
Q € GL(m,K) and D € diag(m, K).

Let k; := B(qi, g2n+2—i) € K. Repeating the computations as in (i), we obtain
ki_l =didopr_i. Ifi =n+1, dy%+1 = kn_Jrl1 € K. This implies that either d,,+; € K or
dn+1 € jK, where j2 =h.

Actually we can prove that the second case is impossible.

Let us denote R = Q! and its rows by r1, ..., r2p+1. Then the relation XTsx=3¢S
is equivalent to RSRT = DSD, which in turn gives the following: B(r;, r;7) = 0, for
alli #1i', B(ri, ri) = didyp4r—; for all i.

Let us take an arbitrary orthogonal basis vy, . .., V2,41 in K2"*! and denote B (v, v;)
=A;.
The matrix V with rows v; satisfies VSV = diag(Ay, ..., A2y+1). This relation im-

plies that A; ... Azuy1 = (—=1)" det(V)? = ((v/—1)" det(V))?. Therefore Aj ... Ay
= [? is a square of some / € K.
On the other hand, if M is the change of basis matrix from r; to v;, then

MTdiag(Ay, ..., App)M = diag(didanyy, ..., d>2, . ..., dops1dy).
By taking the determinant on both sides, we obtain
2 _ 2 272
det(M)“Aq ... Aops1 = (d1don+1)” - . . (dndps2)"d;y,

which implies that dlf +1 1s a square in K, and consequently, d,,+1 € K.
Let us show that X is equivalent to the trivial cocycle. Consider

01 = diagtky ', ok L dper, 1, D,
Dl = diag(dlkls cee dnknv l»dn+2a cees d2n+1)-

We have D = QD and D; € SO(2n + 1,K). Thus X = (QQ1)D1, QQ; €
SO0Q2n+1,K), Dy € C(SOQ2n +1),rpy), i.e., X is equivalent to the trivial cocycle,
which completes the proof of triviality of H é p(SO@m), rpy).

Regarding Belavin—Drinfeld cohomology H 113 p (8O 2n), rgp) for an arbitrary rpgp,
we can give an example where this set is non-trivial. Let us denote the simple roots of
o(2n) by a; = €; — €41, fori < n, o, = €,_1 + €,, where {¢;} is an orthonormal basis
of h*. Let Il = {ay—1}, I = {&,} and t(ay—1) = o. Denote by rgp the r-matrix
corresponding to the triple (I'1, I», ) and s, where s € h A b satisfies (-1 — &y)) ®
D(2s) = ((an—1 + ) ® 1)§2.

Lemma 5. The centralizer C(SO(2n), rpp) consists of all diagonal matrices of the
form

T =diag(ty, ..., a1, £1, 1,070 o),

' fn—1>

for arbitrary nonzero ti, ..., t,—1 € K
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Proof. We already have the inclusion C(SO (2n), rgp) < diag(2n, K) NOoQ2n, K). Let
T € C(SOQ2n),rpp), where T = diag(ty, ..., t,, tn_l, . ..,tl_l). Since T commutes
with rg and rpy, T € C(SO(2n), rpp) if and only if (Adr ® Adr)(eq, A €q, ) =
ey, /€, ;- One can check that (Ad7 ® Adr)(eq, Aea, ;) =1, 2eq, Aeq,_,. Therefore
we get ;72 = 1 and the conclusion follows.

Proposition 7. Let ¢ = 0(2n), and rpp be the r-matrix corresponding to the triple
(I'1, I3, t) and some s € h A b, where I'T = {an—1}, Ih = {a,} and t(ay—1) = oy,
and ((ap—1 — ay)) ® 1)(2s) = ((ap—1 + ay)) ® 1)820. Then HéD(SO(Zn),rBD) is
non-trivial.

Proof. Assume that X ~'o(X) € C(SOQ2n), rgp) forall o € Gal(K/K). By the above
lemma, X o (X) = diag(t, ..., ty—1, £1, £1, 2. 17D,

On the other hand, since X !o (X) is diagonal, it follows from Theorem 5 that there
exist 0 € SO(2n,K) and a diagonal matrix D € § 0(2n,K) such that X = QD.
Let us write D = diag(sy, ..., S, sn_l, ...,sl_l). Since Q € 0(2n,K), for any o €
Gal(K/K), o(Q) = Q. We obtain X 'o(X) = D10 100 (D) = D~ 'o (D), which
is equivalent to the following: si_la(s,-) =t foralli <n—1,and sn_la(sn) = =+1.

Assume first that there exists o such that o (s,) = —s,. Then s, € jK. One can
check that X is equivalent to Xo = diag(1,..., 1, j, j_l, 1,...,1), which is a non-
trivial cocycle.

Ifo(s,) =s, forallo € Gal(K/K), then s, € K. In this case,

D =diag(st, ..., su—1, L 1,5, ', oo sp D) -diag(l, .o, Lsg, s, 1L 1D,

1

where the first matrix is in C (SO (2n), rpp) and the second in SO (2n, K). This proves
that X is equivalent to the identity cocycle.

7. Lie Bialgebra Structures in Case III and Twisted Belavin-Drinfeld
Cohomologies

Throughout this section we restrict our discussion to g = s/(n) and consider GL(n)
as the gauge group. Here we analyse Lie bialgebra structures on g(K) for which the
corresponding Drinfeld double is isomorphic to g(K[j]), where j> = h. Our aim is to
find all subalgebras W of g(K[j]) satisfying the following conditions:

O WeegK)=gEK[j].
(i) W = W+ with respect to the non-degenerate symmetric bilinear form Q given
by
Q(f1 +Jjf2. 81+ jg2) = K(f1,82) + K(f2, 1)

We begin with the following remark. The field K[j] is endowed with a conjugation.
For any element a = f] + jf>, its conjugate is a := f; — j f2. By the norm of an element
a € K[j] we will understand the element aa € K.

If A= A;+jB;and B = A+ j B, are two matrices in s/(n, K[ j]), then Q(A, B) =
Tr(A1 By + B1A»), 1. e., the coefficient of j in Tr(AB).

Lemma 6. Let L be the subalgebra of sl(n, K[j]) which consists of all matrices Z =
(zij) satisfying zij = Zn+1—in+1—j. Then L and sl(n, K) are isomorphic via conjugation
insl(n, K[j].
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Proof. Assume that Z = (z;;) satisfies z;; = Zn41—in+1—j. Then Z = SZS, where S is
the matrix with 1 on the second diagonal and zero elsewhere.

Choose a matrix X € GL(n,K[j]) such that X = XS. Then XZX-!
= XSZSX~! = XzX~!, which implies XZX~! € si(n, K). Conversely, if A €
sl(n, K), then Z = X1 AX satisfies the condition Z = SZS.

From now on we will identify s/(n, K) with L. Let us find a complementary subal-
gebrato L in s/(n, K[j]). Let us denote by H the Cartan subalgebra of L. If we identify
the Cartan subalgebra of s/(n, K[ j]) with K>"~D  then H is a Lagrangian subspace of
K2"=D_Choose a Lagrangian subspace Hy of K"~ such that Hy has trivial intersec-
tion with H. Let N* be the algebra of upper triangular matrices of s (n, K[j]) with zero
diagonal. Consider Wy = Hp @& N*. We immediately obtain the following

Lemma 7. The subalgebra Wy as above satisfies conditions (i) and (ii), where sl(n, K)
is identified with L as in Lemma 6.

Proposition 8. Any Lie bialgebra structure on sl(n, K) for which the classical double
is isomorphic to sl(n, K[ j]) is given by an r-matrix which satisfies CY B(r) = 0 and
r+ril =j0.

Proof. Let Wy be as in the above lemma. By choosing two dual bases in Wy and sl (2, K)
respectively, one can construct the corresponding r-matrix ro over K. It is easily seen
that r satisfies the system CY B(rg) = 0 and ro + rO = js2.

Let us suppose that W is another subalgebra of sl(n, K[j]) satisfying conditions (i)
and (ii). Then the corresponding r-matrix over K is obtained by choosing dual bases in
W and sl (n, K) respectively. We have r + 2! = a2 for some a € K[j]. On the other
hand, the classical double of the Lie bialgebras corresponding to r and rq is the same.
This implies that r and rg are classical twists of each other and therefore a = j.

On the other hand, over K, all r-matrices are gauge equivalent to the ones on the
Belavin—Drinfeld list. It follows that there exists a non-skewsymmetric r-matrix rpp
and X € GL(n, K) such that r = j(Adx ® Adx)(rgp). B

Denote by oy an arbitrary lift of the conjugation on K[j] to Gal(K/K). We recall,
see [9], that Gal(K/K) is generated by Gal (K/K[ J1) and oy.

Consider an arbitrary o € Gal(K/K). Since § is a cobracket on s/(n, K), (6 ®
0)(8(a)) =48(a)and (0 ® 0)(§(a)) =[o(r),a®@1+1Qal.

Let us assume that o € Gal(KK/K[j]). Exactly as in Sect. 4, it follows that o (r) = r
and if r = (Adx ® Ady)(jrgp) with X € GL(n, K), then o (X) = XD(0).

By the same arguments as in the proof of Lemma 2, the following result is established.

Lemma 8. Ler X € GL(n, K) Assume that for any o € Gal(K/K[J ), X" lo(X) €
diag(n, K). Then there exists P € GL(n, K[j]) and D € diag(n, K) suchthat X = PD.

Now let us consider the action of oy € Gal(K[;]/K). Our identities imply that
oo(r) =r+as2,forsomewa € K. Let us show that o = —j. Indeed, since r +r2! = js2,
we also have o (r) + o9 (r?)) = —j 2. Combining these relations with og(r) = r + a2,
we get @ = —j and therefore o (r) = r — j2 = —r?!.

Recall now that r = j(Adxy ® Ady)(rgp). It follows that X € GL(n, K) must satisfy
the identity (Adx-1,5,x) ® Adx-15,x))(00(rED)) = rélD. Using the same arguments
as in the proof of Theorem 3 in Sect. 4, we obtain
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Proposition 9. Any Lie bialgebra structure on sl(n, K) for which the classical double
is sl(n, K[j]) is given by an r-matrix r = j(Adx ® Adx)(rgp), where rgp is a non-
skewsymmetric r-matrix on the Belavin—Drinfeld list and X € GL(n, K) satisfies

(Adx-15,0x) ® Adx-14,(x))(rBD) = 5D
and, for o € Gal(K/K[ /1),
(Adxflg(x) 02y AdX*IU(X))(rBD) =TBD-

From now on we assume that rp p is defined over K (i.e. its Cartan part r is defined
over K).

Definition 5. Lg rpp be a non-skewsymmetric r-matrix on the Belavin—Drinfeld list.
Wecall X € G(K)aBelavin-Drinfeld twisted cocycle associated tor g p if (Ad x-1,,(x)®
Ady-14x))(rp) = rgpandforany o € Gal(K/K[,j1), (Adx-14x)®Adx-15x))(r8D)
=TBD-

__ The set of Belavin—Drinfeld twisted cocycles associated to rgp will be denoted by
Z(G,rgp).

Now let us restrict ourselves to the case rgp = rpy. In order to continue our inves-
tigation, let us prove the following

Lemma 9. Let S be the matrix with I on the second diagonal and zero elsewhere. Then
3 = (Ads ® Adg)rpy.

Proof. We recall that rpy is given by the following formula:

1
rpyJ :Zea®€_a+590

a>0

where £2 is the Cartan part of £2.

First note that (Ads ® Ads)(eij ® ej,-) = en+l—in+tl—j & €n+l—jn+l—i» which is
a term in r3),, if i > j (here e;; is a matrix with 1 on the (i, j) position and zero
elsewhere). On the other hand, since £2 is the Cartan part of the invariant element
£2, we get (Ads ® Adg)$20 = £2¢. This could also be proved by using the following:
20=n Z?:l eii ®e;; — I ® I, where I denotes the identity matrix of G L (n, K). Then
the identity 77!, = (Ads ® Ads)rp, holds.

Definition 6. Denote m = n/2ifniseven,andm = (n+1)/2if nis odd. By J we denote
the matrix with elements axx = 1 fork <m, ar = —j fork > m+1, ag p—x+1 = 1 for
k <m, ax n—k+1 = j for k > m + 1, and other elements vanish.

Lemma 10. Z(GL(n), rpy) is non-empty.
Proof. Indeed, oo(J) = JS,J € GL(n, K[j]).
Corollary 2. Let X be a Belavin—Drinfeld twisted cocycle associated torpj. Then X =

PD, where P € GL(n,K[j]) and D € diag(n, K). Moreover, oo(P) = PSD1, where
Dy € diag(n, K[j]).
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Proof. Since X isatwisted cocycle, forany o € Gal(K/K[j]),X‘lo(X) e C(GL(n),rpy).
Recall that C(GL(n),rpy) = diag(n, K). By Lemma 8, we have X = P D, where
P € GL(n,K[j]) and D € diag(n, K). Lemma 9 implies that S~1x~log(X)=: D, €
diag(n, K). Since X = PD, S'D~'P~loy(P)oog(D) = D,. Hence P~'og(P) =
DSDyoo(D™1).

Let D| = S7'DSDyoo(D™") € diag(n, K). Then og(P) = PSD; and D; €
diag(n, K[j]).

Definition 7. Let X| and X, be two Belavin—Drinfeld twisted cocycles associated to
rpp. We say that they are equivalent ifthereexist Q € GL(n,K)and D € C(GL(n),rpp)
such that X1 = QX,D.

Remark 5. Assume that X is a twisted cocycle associated to 7p . By Corollary 2, X =
P D and is equivalent to the twisted cocycle P € GL(n, K[j]).

cpe -1 . .
Definition 8. Let H ;3 ,(GL(n), rgp) denote the set of equivalence classes of twisted
cocycles associated to rpp. We call this set the Belavin—Drinfeld twisted cohomology
associated to the r-matrix rgp.

Remark 6. If X and X are equivalent, then the corresponding r-matrices 71 = j(Adx, ®
Ady,)(rpy)and r; = j(Adx, ® Adx,)(rps) are gauge equivalent via Q € GL(n, K).

Proposition 10. There is a one-to-one correspondence between ﬁ}; p(GL(n), rgp) and
gauge equivalence classes of Lie bialgebra structures on sl(n, K) with classical double
sl(n, K[j]) and K-isomorphic to drpp.

Proposition 11. For g = sl(n), the Belavin—Drinfeld twisted cohomology
E}g p(GL(n), rpy) is non-empty and consists of one element.

Proof. Let X be a twisted cocycle associated to rpy. By Remark 5, X is equivalent to
a twisted cocycle P € GL(n, K[j]), associated to rp ;. We may therefore assume from
the beginning that X € GL(n, K[j]) and it remains to prove that all such cocycles are
equivalent.

We will prove that X and J are equivalent,i.e., X = QJ D', forsome Q € GL(n, K)
and D’ € diag(n, K[j]). The proof will be done by induction.

Forn = 2, we have J = (; _lj) and let X = (Ccl Z) € GL(Q2,K[j]) satisfy

X = XSD with D = diag(d;, d») € GL(2, K[j]). This equation is equivalent to the
system a = bdy, b = ady, ¢ = ddi, d = cdy. Assume that c¢d # 0. Let a/c =
a +b'j. Then b/d = a’ — b'j. One can immediately check that X = QJD’, where

0= (Ci/ 16/) € GL(2,K), D' = diag(c, d) € diag(2, K[j]).

1 01
Forn = 3, consider J = | 0 1 0 | andlet X = (a;;) € GL(3,K[j]) satisfy
J0—j
X = XSD, with D = diag(dy, d»,d3) € GL(3,K[j]). This equation is equivalent
to the system aj; = djai3, a1 = diax3, az1 = diass, apx = dran, axn = dran,
azy = dhazn, ajz = diayy, axz = diazy, azz = dzaz;. Assume that arjararz # 0.
Let ayy /a1 = b1y + by13j and azi /a1 = b31 + b3z j. Then ajz/axz = by — b13j
and as3z/arz = b31 — b33 j. On the other hand, let b1y := aj2/az; and b3y := azy/an.
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Note that b, € K, b3 € K. One can immediately check that X = QJD’, where
b1 b1z b1z
0= 1 1 0 € GL(3,K), D' = diag(ay, ax, ax3) € diag(3, K[j]).
b31 b32 b33
For n > 3, we proceed by induction. Let us denote J € GL(n, K[j]), which was
defined above, by J,,. We are going to prove thatif X € GL(n, K[j]) satisfies X = XSD,
then using elementary row operations with entries in K and multiplying columns by
proper elements in K[ j] we can transform X to J,,.
We will need the following operations on a matrix

M = (mpq) € Mat(n) :

. uy(M) = (mpy) € Mat(n —2), p,g=2,3,...,n—1;
2. gu(M) = (mpy) € Mat(n+2), wherem , are already definedfor p, g = 1,2, ...n,
moo = Mp+1,n+1 = 1 and the rest mg , = mq,0 = Mp41,0 = Mg p+1 = 0.

Itis clear that u, (X) satisfies the twisted cocycle condition. However, its determinant
might vanish. To avoid this complication, we note that columns 2,3,...,n — 1 of X
are linearly independent. Applying elementary row operations (in fact, they are permu-
tations) we obtain a new cocycle X1, which is equivalent to X and such that u, (X1) is
a cocycle in GL(n — 2, K[j]). Then, by induction, there exist Q,—» € GL(n — 2, K)
and a diagonal matrix D;,_» such that

On—-uy(X1) - Dypo=Jy2

Letus consider X,, = g,-2(Q,—2)-X1-gn—2(Dy—2). Clearly, X, is a twisted cocycle
equivalent to X and u, (X,) = J,—».

Applying elementary row operations with entries in K and multiplying by a proper
diagonal matrix, we can obtain a new cocycle Y, = (ypg) equivalent to X with the
following properties:

L. u,(Yy) = Jp—2;
2. yp=ys=-=Yia1=0andy o =y3=-=Yun-1=0;
3. y11 = yin = 1, here we use the fact that if y,, = 0, then y, 414 = 0.

It follows from the cocycle conditionY, = Y,-S- diag(hy, ..., hy)thathy = h, =1
and hence, y,1 = V.

Now, we can use the first row to achieve y,1 = —y,, = Jj and after that, we use
the first and the last rows to get yx; = 0, k = 2,...,n — 1. Then the elements yg,,
k =2,...,n— 1 will vanish automatically. Thus, X is equivalent to J,,.

Example 1. For g = s/(2), the Belavin—Drinfeld list of non-skewsymmetric constant
r-matrices consists of only one class, rp;y = e ® f + %h ® h, where e = e12, f = e2]
and i = e1| — ex2. We can easily determine the corresponding class of gauge equivalent
Lie bialgebra structures on s/(2, K) with classical double s/(2, K[j]) and K—isomorphic
to drpy. Indeed, we have seen that the corresponding Lie bialgebra structure equals
8 = dr, where the r-matrix is r = j(Adx ® Adx)rpy and X is a twisted cocycle. On
the other hand, according to the above result, any such X is equivalent to

(1)
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Therefore a class representative is 8o = drg, where ro = j(Ad; @ Ady)rpy. A
straightforward computation gives
j2 1 h
=—+-hAe+—-fAh.
o=+ ghnergf
We conclude that any Lie bialgebra structure on sl/(2, K) with classical double
s1(2,K[j]) is gauge equivalent to the one given by a - drg, a € K.

Remark 7. In the case g = s/(2), it follows that the Drinfeld—Jimbo r-matrix multiplied
by a € K along with arg, ro = % + %h ANe+ %f A h, provides all GL(n) non-
equivalent Lie bialgebra structures on s/(2, K) of types II and III and, consequently, two
families of non-isomorphic Hopf algebra structures on U (s{/(2, C))[[/]]. Moreover, in
some sense these two structures exhaust all Hopf algebra structures on U (s/(2, C))[[/]]
with a non-trivial Drinfeld associator (see also conjectures below).

Remark 8. The next step would be to compute the Belavin—Drinfeld twisted cohomology
corresponding to an arbitrary r-matrix rpp. Unlike untwisted cohomology, it might
happen that even Z(G, rpp) is empty as we will see in the next section.

8. Twisted Cohomologies for s/ (n) of Cremmer-Gervais Type

In this section the gauge group G is always G L (n). We have seen that ﬁ}m (GL(n),rpy),
where rp is the Drinfeld—Jimbo r-matrix, consists of one element. We will now turn our
attention to other non-skewsymmetric r-matrices and analyse the corresponding twisted
cohomology set. Let us consider an arbitrary admissible triple (I'1, I, t), and a tensor
ro € h ® b satisfying ro + rgl =2pand (t(0) ® 1 +1 ® ) (r9) = O for any o € I7.
We recall that the associated r-matrix is given by the following formula

V:I"Q+Zea®e—a+ Z zea/\e—r"(a)'

a>0 ae(Spanl)* keN

Assume now that there exists X € Z(GL(n), r). Then r and r>! are gauge equivalent
since (AdX_IO'()(X) ® Adx—IUO(X))(r) = r21 .

Let S € GL(n, K) be the matrix with 1 on the second diagonal and 0 elsewhere. Let
us denote by s the automorphism of the Dynkin diagram given by s(«;) = «,,—; for all
i=1,...,n—1.Clearly, Ads(eq) = e_5() and Ads(e_,k(a)) = yrk(q)- Thus

(Ads ® Ads)(r) = (Ads ® Ads)(r0) + D e_s(a) ® esia)

a>0

+ Z Zeﬂ'(o‘) AN esrk(a).

ae(Spanl)* keN

On the other hand, since r and r2! are gauge equivalent, (Ads ® Adg)(r) and P2l
must be gauge equivalent as well. The following condition has to be fulfilled for all k:
s(@) = tXpB) if B = sth(a). We get st = v~ s, s(I)) = I (and s(I») = 7). In
conclusion we have obtained

Proposition 12. Let r be a non-skewsymmetric r-matrix associated to an admissible
triple (I'1, I, ©). If Z(GL(n), r) is non-empty, then s(I'1) = I» and st = L.



18 B. Kadets, E. Karolinsky, I. Pop, A. Stolin

The following two results will prove to be quite useful for the investigation of the
twisted cohomologies for arbitrary non-skewsymmetric r-matrices.

Lemma 11. Assume X € Z(GL(n),r). Then there exists a twisted cocycle Y
€ GL(n,K[j]), associated to r, and equivalent to X.

Proof. We have X € GL(n, K) and for any o € Gal(K/K[j]), X lo(X) e C(GL(n),
r). On the other hand, the Belavin—Drinfeld cohomology for s/ (n) associated to r is triv-
ial. This implies that X is equivalent to the identity, where in the equivalence relation we
consider K[ j]instead of K. So thereexists Y € GL(n, K[j])andC € C(GL(n), r) such
that X = ¥ C. Since (Ad -1, (x)®Ad x—15(x)) (1) = 2, (Ady—15 () @Ady—15,(y)) (1)
= r2!. Thus Y is also a twisted cocycle associated to r.

Recall that J € GL(n, K[j]) denotes the matrix with entries ax; = 1 for k < m,
apk = —jfork >m+1, ag py1—x = 1 for k < m, ax yy1—x = j for k > m + 1, where
m= [%]; other entries vanish.

Lemma 12. Let r be a non-skewsymmetric r-matrix associated to an admissible triple
(I, I, ©) satisfying s(I'1) = I3 and st = ls. If X € Z(GL(n), r), then there exist
R € GL(n,K) and D € diag(n, K) such that X = RJ D.

Proof. AccordingtoLemmall,X = YC,whereY € GL(n,K[j])andC € C(GL(n), r).
Since (Ady-1,,y) ® Ady-15y))(r) = r?! and (Adg ® Adg)(r) = r?!, it follows
that S~'Y ~loo(Y) € C(GL(n), r). On the other hand, by Lemma 3, C(GL(n), r) C
diag(n, K). We get S~'Y ~log(Y) € diag(n, K). Now Proposition 11 implies that ¥ =
RJ Dy, where R € GL(n,K) and Dy € diag(n, K). Consequently, X = RJDoC =
RJ D with D = DyC € diag(n, K).

We will now look for admissible triples which satisfy condition st = 7~ !s. Let us
consider the Cremmer—Gervais triple: I = {o1, a2, ..., a2}, > = {02, @3, ..., 0y—1}
and t(¢;) = ;4. Clearly, st = 7~ Ls. Denote by rcg the Cremmer—Gervais r-matrix
corresponding to the above triple and whose Cartan part is given by the following ex-
pression:

1 — n+23 —k)
V0=§§€ii®€ii+ z Teii®€kk-

1<i<k<n

We intend to describe ﬁgD(GL(n), rcg). Let us first analyse the case g = s/(3).
The centralizer C(GL(n), rcg) consists of diagonal matrices diag(a, b, ¢) such that
b% = ac. Consider

~
I
~. O =
oS = O

1
0
—J

Lemma 13. Let X € GL(3,K[j]). Then X = XSC, where C € C(GL(n), rcg) if and
only if X = RJdiag(p, q,r), with R € GL(3,K) and prq=*> =k e K.
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Proof. According to Lemma 12, there exist R € GL(3,K) and D = diag(p, ¢, r),
p.q.r € K[j] such that X = RJD. We get X = RJSD = RJDD~'SD =
X Sdiag(pr~—',q¢7 ", 7p~"). Let C = diag(pr—',gq~',7p~"). Then

C € C(GL(n),rcg) if and only if pr(pr)~!' = (gg~")?, which is equivalent to

prq_2 = prq_z, ie., prq_2 e K.

eps -1 .
Proposition 13. H 5, (GL(3), rcg) consists of one element, namely J can be chosen
as a representative.

Proof. Let X € 7(GL(3), rcg). According to the preceding lemma, X = RJdiag
(p,q.,r),with R € GL(3,K) and prq—2 = k € K. We distinguish the following cases:

Case I Letk =172, where [ € K. Then we have a particular solution to the equation
prq=2 =172, namely po = ro = 1, qo = I. By setting p = pop1.q = qoq1,r = ror1,
we see that diag(p1, q1,71) € C(GL(n),rcg) and diag(po, qo, ro) = diag(1,1, 1),
which commutes with J. It follows that X = RJdiag(l,/, 1) - diag(p1, g1, 1), or,
equivalently, X = RyJdiag(p1, q1, 1), where Ry := R -diag(1, [, 1). Consequently, X
is equivalent to J.

Case 2 Suppose k is not a square of an element of K. In this case, without loss of
generality, we can set/ = j and k = h. We want to prove that J - diag(1, j, 1) = R'JC’,

for some R’ € GL(3, K) and some C’ = diag(x, y, z) withxy =2z = 1. Equivalently, J -
diag(x~ !, jy~!,z7HJ~! = R’.Since R’ = R’, we get Jdiag(x !, —ji_l,Z_l)j_l =
Jdiag(x~ 1, jy=1, z7HJ ! Thus diag(x !, —jy !, z71) = diag(x~", jy~ 1, z71). We
obtained that x = 7 and y = kj, with k € K. Hence, we have to find x and k so that
xX = k2h. Clearly, itis sufficient to find @ € K[ ;] with norm & (recall that the norm of an
elementa € K[j]istheelementaa € K). The latter is trivial because we can for instance
choose @ = /—1. Thus the existence of R" € GL(3,K) and C' = diag(x, y, z) is

proved and therefore we conclude that X is equivalent to J.

The above result can be generalized to sl(n),n > 3. Letus first note that the centralizer
C (GL(n) rcg) consists of diagonal matrices diag(pi, p2, ..., pn) such that p;1; =
p2p1 ~i foralli. Letm = [’”’1]

Lemma 14. Let X € GL(n, K[j]). Then X = XSC, where C € C(GL(n), rcg) if
and only if X = RJdlag(dl,.. ,dp), with R € GL(n,K), dy,...,d, € K[j] and
dp_iv1 = dir'=2q~ fori < m, where r, q are such that r" =3 = q7.

Proof. According to Lemma 12, there exist R € GL(n, K), D = diag(dy, ..., d,),d; €
K[j]suchthat X = RJD.Weget X = RJSD = RIDD~ 1SD XS(SD 1SD) On
the other hand, SD~1SD = dlag(dld_l,dzd L ,d, d; ) Denote p; = dd_

n+l—i*

Obviously, pp+1—i = (pi)~ ! But diag(p1, p2, ...,p,,) belongs to C(GL(n), rcg) if

1+i—n

and only if p;+1 = php| " foralli. It follows that p Py = (p2) "1 (p1)! 2 must
be fulfilled for all i. Fori = 1 we get pgfl = p’ff 1! (note that if this identity holds
then the other identities also hold for all l) This identity is also equlvalent to Py 3=

2 pz. Set p1 = gr, p» = g. Then r" 3 = ¢g. We obtain d,,_;j,1 = d;jr'2q~", for
all i < m. Let us note that if n = 2m — 1, we have d,, (ﬁ)’1 = rm’zq’l. Since the

norm of 7 ~2¢~! is 1, this condition is self-consistent.

Remark 9. 1t follows from the above lemma that X = RJ, where R € GL(n,K), is a
twisted cocycle associated to r¢g. All such cocycles are equivalent to J.
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ope —1 .
Proposition 14. H ; ,(GL(n), rcg) consists of one element, namely J can be chosen
as a representative.

Proof. Let X € Z(GL(n), rcc) Accordmg to the prev1ous lemma, X = RJdiag

(dy,...,dy), where d,_js1 = d;r' “lfori <m,andr"=3 = = gq. We are looking for

Qe GL(n, K) and C € C(GL(n), rcg) such that X = QJC. We get R/ID = QJC.

By taking the conjugate, we obtain RJSD = QJSC, which implies SD~!'SD =

SCISC. Let C = diag(cl, e ) With ¢y = cécl_i for all i. Therefore ¢; must
z 1 n—i—1

fulfill the system d;d__

it
n+l —i 12nz
)

—1
C’ Cn+l —i*

Equlvalently, = —L; must hold for all

i. Substituting c; = xy, c2 = y, we immediately obtaln xX =rand x"3yy~! = ¢.The
first equation clearly has a solution in K[ j]. Since ¢ /x”~ has norm 1, Hilbert’s Theorem
90 implies that there exists a solution y € K[ /] to the equation y/y = ¢/x" 3. Thus we
find a solution to the system which in turn provides us with amatrix C € C(GL(n), rcg)
that satisfies SD~'SD = SC~!SC. Finally we note that if we let Q = XC~'J~!, then
0 € GL(n,K) because of the way C was chosen.

The Cremmer—Gervais case can be further generalized. We call a triple (I, I, 7)

generalized Cremmer—Gervais if I' = {ay, ..., ax}. Without loss of generality, such a
triple has one of the forms:

Type 1: I = {1, ..., o}, Ih = {cy—k, ..., ctp—1} and 7(&j) = otp—4i—1-

Type 2: It = {ay, ..., o}, [2 = {a@p—p, ..., @y—1} and T(o;) = oy

Let us recall that a necessary condition for Z(SL(n), r) to be non-empty is that the
corresponding admissible triple satisfies s(I")) = I and st = 7~ s, where s is given
by s(o;) = ay—; foralli = 1,...,n — 1. If the triple is generalized Cremmer—Gervais
then this condition is satisfied.

Theorem 6. Let v be a non-skewsymmetric r-matrix corresponding to a generalized

Cremmer—Gervais triple (I, I, ). Then HLD(GL(n), r) consists of one element, the
class of J.

Proof. First let us describe the centralizer C(GL(n), r).

For type 1,i1e. I = {1, ..., 0}, Ih = {an—k, ..., ¥p—1} and 7(ot;) = Ap—fti—1,
the centralizer C (G L(n), r) consists of matrices diag(py, ..., pn) such that pi_lpfl =
Pn—k+i—1p,:_lk+,- foralli <k.

For type 2,i.e. I'1 = {1, ..., 0}, D = {an—k,...,ay—1} and t(e;) = o0;—;, the
corresponding C (G L(n), r) consists of matrices diag(pi, ..., pn) such that p; p;_ll =

DPn—i ijiH for all i < k. We note that k < [%], since otherwise 7 has fixed points.

Let us assume that X € Z(GL(n), r) for a triple (I, I3, t) of the first type. Then

= RJD, where R € GL(n, K) and D = diag(dy, ..., d,) is such that SD~'SD €
C(GL(n) r). Let p; da’nJr1 _;- Then pyy1—; = pi_l. On the other hand, since
diag(p1, ..., pn) € C(L(n),r), we have pi,lpfl = pn,k+i,1p;_lk+l. forall i < k.
This further implies pip;_lkﬂ. = Pk7i+lp,:+11_i forall i < k. Thus we get p;py_;,1 =
DPk—i+1Di, which is equivalent to p;/pr—;+1 € K. Equivalently, % e K for
i <k.

Let us prove that X is equivalent to J. For this, it is enough to determine C €
C(GL(n), r) which satisfies SD™'SD = SC~'SC. Let C = dlag(cl, ...,cn). The

preceding condition is equivalent to the system c¢;c, +11 = = d; d; +1_j» Where i < n.
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On the other hand, since C € C(GL(n), r), we have c,-,1cf1 = cn,kﬂ,]c;_lk” for
i < k.Itfollows that c;c—g+1 = C1Cn—k+i and Ck—j+1Cn—k+1 = C1Cn—i+1. Consequently,

Cr_: o d . d .
CiCpn—it] = Ck—i+1Cn—k+i. Furthermore, < ”%:‘ il — "d’”k ’_’;4 L =: A;. We note that
n—K+i %1
dldll+| —i

i € Ksince Td o € K, fori < k. Thus we have obtained that the norm cx—;+1/c¢;
n—K+i
should be A;. Now ifcg,..., [ | are fixed, then we can determine c[ s Ck since

we can solve equations of the type xx = X;. The remaining unknowns Cn—i4] are
determined by the relation cx_;+1¢y—k+1 = c1¢y—i+1. Thus we have proved the existence
of C € C(GL(n), r) and in conclusion X and J are equivalent.

Now let us consider X € Z(SL(n), r), where the triple (I'7, I3, t) is of the second
type. Again we have a decomposition X = RJD, where R € GL(n, K) and D =

diag(dy, ..., dy) is such that SD™ 1§D € C(GL(n) r). Let pi = = did. n+1 ;- Since
diag(pi1, ..., pn) € C(GL(n), r), we have pl-pH_1 = Pn— ,-pn ;4 forall i < k. Since
Pns1—i = i\, we easily get p;/pis1 € K, or equivalently, - & e Kfori <k.

Let us show that X is equivalent to J. As in the preceding case the problem isreduced

to solving the following system cic, +11 l = d; d,, +11 ;» for i < n. On the other hand,
since C € C(GL(n),r), cic 1 = Cp— ,cn ;1 foralli < k. We immediately get that the

normof ¢;/cy—i 1S A; 1= dd—’“, which belongs to K since d-dlj% e Kfori <k.If
n—iln+1—i i+1n—i+

we fix ¢; and solve equations xx = A;, we can determine c,,—;. The remaining unknowns

Ck+1, - .., Cn—k can be arbitrarily chosen satisfying the condition c;c,.|_; = = d; dn_ i

Thus C ex1sts and therefore the twisted cohomology set consists of the class of J.

9. Other Gauge Groups and Conjectures

9.1. Computation of HllgD(SL(n), rgp). The group SL(n) is a subgroup of GL(n)
consisting of matrices with determinant one. Let H be the subgroup of diagonal matrices
in SL(n). Simple roots are given by the formula ¢% = d; dHl, where diag(dy, ...,dy,) €
H. We will first prove the cohomology triviality for the Drinfeld-Jimbo r-matrix.

Lemma 15. The Belavin-Drinfeld cohomology H }3 p(SL(n), rpy) is trivial.

Proof. Let X € ZY(SL(n),rpy). We have X = QD, where Q € GL(n,K), D €
H(K). Then D~ 'o(D) € H(K) for any o in the absolute Galois group of K. Thus
det D =k € K. Let D' = diag(1, 1, ..., k). Then X = (QD’)I (D'~ D) is the desired
decomposition, which provides an equivalence between X and /.

Given an r-matrix on the Belavin—Drinfeld list, let t : ] — I be the corresponding
admissible triple for s/(n). Let «;,, ..., o, be a string for 7, r(a,-p) = Qi If r(a,-p)
is not defined, then anyway we define the corresponding string, which consists of one
element {c;,} only. Moreover, for any Belavin-Drinfeld triple we will also consider a
string {c, } with weight n. For any string § = {o;,, ..., «; } of T, we define the weight
of Sby wg = Zp ip.Letty, ..., 1, be the ends of the strings with weights wy, ..., wy.
We note that some indices in wr, ..., w, are missing unless /7 is an empty set and
w, = n is always present. Let N = GCD(wy, ..., wy).

Theorem 7. The number of elements of H }, p(SL(n),r)is N. Each cohomology class
contains a diagonal matrix D = A1 Aj, where A € C(GL(n),r)and Ay € diag(n, K).
Two such diagonal matrices D1 = A1Ay and Dy = By By are contained in the same
class of HéD(SL(n), r) if and only if det(A1) = det(By) in K*/(K*)V.
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Proof. LetX € SL(n, K) be a representative of a cohomology class of H 113 p(SL(n),r).
Then we can find Q € SL(n, K) and a diagonal matrix D such that X = Q D. Therefore,
det(D) = 1 and X ~ D. Using the fact that HéD(GL(n), r) is trivial we can find a
decomposition D = AjA; such that A; is diagonal and has K-entries while A, €
C(GL(®),r).

Let two diagonal matrices D1 = AjAj and D, = Bj B be equivalent. Then we have

A1BT'Cy = AT ByCy, €y € diag(n. K), Cy € C(SL(n), r).

We see that AjB;'C; = A;'B,C, = K € C(GL(n),r) N GL(n,K). Then
A K" = BiCcTY, Dy = (ALK 1) (A2K). Since det(C;) = det(C,) = 1, it follows
that the class of D uniquely defines det(A;) in K* modulo the subgroup generated by
determinants of elements of C(GL(n),r) N GL(n, K).

Let K = diag(ky,...,k,) € C(GL(n),r) N GL(n,K). Then it is easy to check
that det(K) = s;,"s,” ...s;." (wWhere s, = kp/kp+1,sn = ky) is the Nth power of an
element of K.

Conversely, let D = diag(d;, ...,d,) € Z(SL(n),r) and D = A1 A, as above. It
is sufficient to show that if det(A;) = u for some u € K*, then D ~ I. There are
integers m; such that > m;w; = N. Set again sp = dp/dps1, spn = dy and choose a
string. If 7, is the end of the string, set s; = s, = u”'» along the string. Solving the
corresponding system for {d;}, we find dy, da, . .., d, € K (each d; will be a power of
u), such that the corresponding diagonal matrix C = diag(d;, ..., d,) has determinant
u™ and by construction C € C(r, GL(n)) N GL(n,K). Then D = (A1C~ 1 (CA») and
D~ 1.

9.2. Computation of ﬁ,lg p(SL(n), rcg). In this section we will compute Belavin-
Drinfeld twisted cohomology for the Cremmer-Gervais r-matrix when the gauge group
is SL(n). The definition of this cohomology is exactly the same as in the G L(n) case.

Lemma 16. Any element of Z(SL(n),rcg) is equivalent to an element of the form
ahy,J, where a € K, h,, = diag(h™, 1,1, ..., 1).

Proof. By Proposition 14, an arbitrary cocycle can be written as RJC, where R €
GL(n,K),C € C(GL(n), rcg). Wecanwrite C = xCi,wherex € K,C e C(SL(n),rcg).
Also we have R = yh,,Ry, where y € K, R; € C(SL(n), rcg). Therefore RJIC =
Riah, JCy ~ ah,,J.

Lemma 17. If a1hy,, J is equivalent to axhy,, J then my = my (mod n/2) if n is even
and my = m (mod n) if n is odd.

Proof. The condition oy h,,, J ~ azhy, J is equivalentto oz by, J = Rotyhyy, JC, where
R € SL(n,K), C € C(SL(n), rcc). This in turn is equivalent to &, ! Rhyy, = JC1J 71,
where C; = onoez_lC € C(GL(n),rcg). Since hy,, R, J are defined over K[j], we
see that C is defined over K[j]. Let Cy = diag(c1, ..., ¢;) (recall that all elements of
C(SL(n), rcg) are diagonal). Applying conjugation we get JC1J ! = h,;lthm2 =
h;}Rhmz = JSC;SJ!. Thus SC;S = Cy, i.e., ¢; = Cn+1—i. From the structure of the
centralizer we have ¢;/ciy1 = Cp+1—(i+1)/Cn+1—i SO Ci/Cis1 = Cis1/c;. It follows that
the norms of all diagonal elements are equal to y € K. If n is odd then considering the
central element we get that the norms of all diagonal elements are in fact equal to 2, for
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some y € K. Finally we have #2771 = det(h;“thmz) =det(JC;J™ 1) = yk, where
k = n/2 for even n and k = n for odd n. The result follows.

Theorem 8. ﬁg p(SL(n), rcg) consists of k elements where k = n/2 for even n and
k = n for odd n.

Proof. Note that if X € SL(n) commutes with all elements of the centralizer then the
condition A ~ B implies AX ~ BX.Indeed, from A = RBC we get AX = RBCX =
RBXC. Note that the matrices /,, commute with the centralizer. Therefore, to prove the
theorem we need to show that ahy J ~ BJ, for some scalars «, B (the scalars are defined
uniquely in such a way that the cocycles are elements of SL(n)). We will consider the
cases of odd and even n separately.

Let n be even. We need to find R € SL(n,K) and C € C(SL(n), rcg) such that
ahyJ = BRJC. Let us denote C; = Ba~'C € C(GL(n), rcg). Then the equation
becomes hyJ = RJCy. Take Cy = diag(j, —j, j,...,—j). Then R = thCI_IJ’l.
detR =1, R = it JS(—C)SJ~! = hJC1J~" = R. Therefore R € SL(n, K) and
we are done.

Now assume 7 is odd. Again we need to find R € SL(n, K) and C € C(SL(n), rcg)
such that ahyJ = BRJC.Let C; = ,Ba’lC € C(GL(n),rcg)- Then we get hyJ =
RJC).Take Cy = /. Then R = hJCy'J~" det R = 1.Finally R = i JSC; ' SJ~! =
R.

9.3. Belavin—Drinfeld cohomology conjecture.

Conjecture 1. Let g be a simple Lie algebra and rpj the Drinfeld—Jimbo r-matrix. For
any connected split algebraic group G which has g as its Lie algebra, H é p(G,rpy)is
trivial.

9.4. Quantization conjecture. Let L be a finite dimensional Lie algebra over C and § a
Lie bialgebra structure on L(K) such that § = 0 (mod ).

Let (Ur(L), Ap) be the corresponding quantum group, in other words the dequanti-
zation functor Q sends (U (L), Ap) to (L(K), 8). Let G be a connected algebraic group
with the Lie algebra L. We assume that G acts on L by the adjoint action. Consider

G (K). Let us define the centralizer C (K, §).
Definition 9. The centralizer C (K, §) consists of all X € G(K) such that for any [ € L
(Adx ® Adx)8(Ady' (1)) = 8.

Definition 10. We say that X € G (K) is a Belavin—Drinfeld cocycle associated to § if
for any o € Gal(K/K) there exists C € C(K, §) such that o(X) = XC.

Two cocycles X1 and X», associated to §, are equivalent if X1 = QX,>C, where
Q € G(K) and C € C(K, §).

The set of equivalence classes will be denoted by H 1; p(G, ).

Now let us define quantum Belavin—Drinfeld cohomology. The quantum group
(Ur(L), Ap) is defined over O = C[[h]]. We extend the Hopf structures of Up(L)
to Up(L, K) = Up(L) ®g K and Up(L, K) = Un(L) ®x K. By abuse of notation, Ay,
denotes all three comultiplications.
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Definition 11. Let P be an invertible element of Up(L, K). We say that it belongs to
C(Un(L), Ap) if

(P® P)AR(P 'aP) (P~ '@ P! = Ap(a)
for alla € Up(L).
Denote
Fp:=(P® P)Ap(P™") € Up(L, K)®%

Definition 12. P is called a quantum Belavin—Drinfeld cocycle if for any o € Gal(K/K)
there exists C € C(Up(L), Ap) such that o (P) = PC.

Two quantum cocycles P; and P, are equivalent if P, = QP;C, where Q is an
invertible element of Up(L, K) and C € C(Up(L), Ap).

Remark 10. On Up(L) consider the comultiplications Ay, p, (a) = Fp Ap(a)F ;1 ! and

Ap.p(@) = Fp,Ap(a)Fp. Clearly, Ap p,(a) = (Q ® Q)App(Q'a0) - (07! ®
0~ 1. Since Q € Up(L(K)), it is natural to call A n.p, and Ay p, K—equivalent comul-
tiplications on Up (L(K)).

The set of equivalence classes of quantum Belavin—Drinfeld cocycles associated to
Ay, will be denoted by Hq]_ sp(AR).

Conjecture 2. There is a natural correspondence between H 113 p(G,8)and H ql_ 30 (AR

Acknowledgements. The authors are grateful to V. Kac, P. Etingof, V. Hinich, and G. Rozenblum for valuable
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