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Abstract: We consider classical as well as weak solutions to the three dimensional
Vlasov—Poisson system. Without assuming finiteness of kinetic energy, we prove global
existence of classical solutions by assuming the initial datum is smooth enough and has
a compact velocity-spatial support, which will be specified in Theorem 1.1. We also
establish some propagation results for low moments of weak solutions.

1. Introduction

In this paper, we consider the three-dimensional Vlasov—Poisson system:

hf+v-Vyf+E-V,f=0, [0, x,v) = folx, v), (1.1)

U(t,x):—)// PUY) 4o ,o(t,x):/ @ xvdv,  (12)
R3 |x — vl R3

E(t.x) = -V, U1, x). (1.3)

In this system, the unknown f (¢, x, v) > 0 denotes microscopic density of particles
at time ¢ > 0 and position x € R3, moving with velocity v € R3, evolving in a self-
consistent potential U (¢, x). This potential is Coulomb potential or Newton potential
created by macroscopic density p(z, x), which is described by y = —1 and y = 1
respectively. E is the force field corresponding to the potential U. Since we will always
consider p(t, x) € L'nL33 (Ri), Eq. (1.2) can be written equivalently

A U(t, x) =4ryp(t,x), lim U(t,x)=0.
|x|—o00

Global existence for the Vlasov—Poisson system in two space dimensions was estab-
lished in [20,36]. The three dimensional case is more delicate, the existence of weak
solutions is well known according to Arsenev [1], Illner and Neunzert [13] and Horst
and Hunze [12]. Classical solutions were also studied extensively, Batt [3] gave a global
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existence result for spherically symmetric data and established an important continua-
tion criterion: a local solution can be extended as long as its velocity support is under
control. Then Bardos and Degond [2] proved global existence for small initial data.
Almost simultaneously, Pfaffelmoser [28] and Lions and Perthame [17] independently
established the global existence of classical solutions with general initial data. In [28],
careful analysis of characteristic flows and an appropriate decomposition of phase space
were used to control velocity support, which can obtain the global existence by the above
continuation criterion. In [17], they were devoted to propagating the velocity moments
of order higher than three, since by using it one can get the boundedness of velocity
support in any finite time. We refer to [4,6,7,9,21-23,29,32] for further improvements
and developments in both methods.

For the global existence of classical solutions, the above two celebrated methods
focus on velocity support or velocity moments, and both need the boundedness of kinetic
energy. However, we try to give an existence result without an assumption of finite kinetic
energy. To this end, we first fix some notations used in the present paper. We shall denote
by C(l) (R™) the function class of continuous differentiable functions f(y) defined on R”

such that lim f(y) = 0. The symbol C cl (R™) is the usual test function space of all
y—>00

continuous differentiable functions with compact support. Then, we can describe one of
our main results in this paper as follows.

Theorem 1.1. Let the initial datum 0 < fj € Cé NLY(R? x R3). If there exists a positive
constant o such that

sup{|x — av|: (x, v) € supp fo} < oo,
then there exists a unique global classical solution f to (1.1)-(1.3), and for any T > 0

sup {|x — ( +a)v|: (x,v) € suppf(t)} < oo.
t€[0,T]

Some weak existence results concerning infinite kinetic energy can be found in [15,
37]. Moreover, we refer to [5, 8, 19] for the Vlasov—Poisson system with point charges and
[24,33,34] for the Vlasov—Poisson system with steady spatial asymptotic. A complete
discussion of the literature concerning the Vlasov—Poisson system can be found in [10,
30] and the references therein.

This paper is arranged as follows: in Sect. 2, we give a new conservation law re-
lated to velocity-spatial moments of order two, and deduce a-priori estimates on the
whole time for solutions to the Vlasov—Poisson system. Section 3 is devoted to show-
ing a local existence of classical solutions and a continuation criterion: a local solu-
tion can be extended as long as its velocity-spatial support is under control. In Sect.
4, we prove the main existence result. In Sect. 5, the propagation of low moments is
considered.

We will denote by C a generic constant that changes from line to line and independent
of T'. If a constant depends on 7', we will give an interpretation. Cop, C1, . .. denote fixed
positive constants. For 1 < p < oo, || - ||, denotes either the norm of LP(R)% X R%) or
the norm of L?(R?), if the context makes it clear.
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2. Conservation Laws, A-Priori Estimates and Moments Lemma

Definition 2.1. Let f (¢, x, v) > 0 be a solution to (1.1)—(1.3) and o > 0. We define for
any k > 0:

Hi (1) = // Ix — (t + a)v* F (¢, x, v)dvdx,
R3xR3

My (1) = // v — — [ £(t, x, v)dvdx.
R3xR3 t+a

The kinetic energy and potential energy of this system at time ¢ are respectively defined

by
1 2
E(t) = —// |v|“ f(t, x, v)dvdx
2 J JR3IxR?

Ep(t) = ——/ \E(t, x)2dx = — // PUXPE )y
R3xR3  |x — |

The characteristic flow corresponding to the Vlasov equation (1.1) with a suitable
field E(t, x) [such as E € C(R;; Cg (IR3))] is defined by

and

XL — y (5,1, x, v), X(t,t,x,v) = x,
W =E(s, X(s,t,x,v)), V(,t,x,0)=0.

For the sake of simplicity, we often use the shorthand
(X(5),V(s) = (X(s,t,x,v), V(s,t,x,v)).
Following from
d
5[(8 +a)V(s) = X(s)] = (s + ) E(s, X(5)),

we obtain that for any s, > 0

Vis) — X(s) _ t+ao (v— X

s+o s+o r+o

)+ ! /S(r+a)E(r,X(1:))dr,
s+a ),
and then
‘V X(s) X /X
(5) — = _‘v——‘+ |E(s. X(s))|ds. YO <t <s<oo (1)
s+ I+a p

Firstly, we recall some interpolation inequalities.
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Lemma 2.1. Let g := g(x,v) € Lj:O(R3 xR}, andk > 1> =3, > 0. Then for any
t > 0 there exists a constant C depending only on k,l and || g||co Such that

3+

_ 3k
/W Ix — (¢ +a)v|'gdv < C(t +a) 5t (/R‘ X — (1 +a)v|kgdv) 2.2)

and

H/ lx — (¢ +oz)v|lgdv
R3

In particular,

3
k+3
‘/ gdv| <Cl+a) s (// |x—(t+a)v|kgdvdx) L4
R3 b3 R3xR3

Proof. For any R > 0, we have that

3+

30k « 3+E
<C(t+a)3+# // |x — (¢t +o)v| gdvdx .
34k R3xR?

3+
(2.3)

/ |x — (¢t +ot)v|lgdv
R3

=/ |x—(t+a)v|’gdv+/ Ix — (r + @)v|' gdv
|x—(t+a)v|<R

|x—(t+a)v|>R

< ||g||oo/ |x—(z+a)v|1du+R’*k/ Ix — (t + )v[* gdv
|x—(t+a)v|<R R3

<C@t+a) R glloo + R’—k/ Ix — (t +a)v[Fgdv.
RS

_ 1 1
Letting R = (¢ + oc)ﬁ lglloo ™ (fgs lx — (7 + oz)vlkgdv) B3 we get(2.2). O

Remark 2.2. (1) If @ = 0, the above estimates also hold for ¢ > 0.
(2) Divide both sides of (2.2) by !, and then let « — +00, we can get that

3+

3tk
/R% l'gdv < C (/}R |v|"gdv) , 2.5)

which yields that

3+
3+k
‘/ lv|'gdv 56(// |v|kgdvdx) ) (2.6)
R3 3k R3xR3

It is well known that when fj € C, Cl (R? x R?), there exists a unique global classical
solution to the system (1.1)—(1.3). For such solution, we will give a new conservation
law, which is slightly different from the one obtained in [14,25]. However, using this
conservation law we can obtain some better a-priori estimates.
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Theorem 2.2. Let 0 < fy € CL(R? x R?) and f € C'(Ry x R? x R?) be the unique
classical solution to the three dimensional Vlasov—Poisson system (1.1)—(1.3), then for
anyt >0

If Oy = Ilfollp, V1= p=<oo. 2.7)

Moreover, for any o > 0 and t > 0 we have the following conservation law:

4 (l // Ix — (t +a)v|> f(z, x, v)dvdx + (¢ +a)25p(t)) = (t +a)E,(1)
2 JJR3xR3

dt
(2.8)
and

<t+a//

R3xR3

el
2 JJR3xR3

Proof. Note that the characteristic flow is measure preserving and f (s, X (s), V(s)) =
f(t, x,v), so (2.7) is deduced immediately. Now, we devote to proving (2.8). Using
(1.1)—(1.3) and Green’s formula we can obtain

d (1 ) o
E (§~/~/R3><R3 lx = +a)v] f(l’xv v)dv X)
= l// Ix—(t+oz)v|28,fdvdx—// (x — (t +a)v) - vfdvdx
2 J IR R?xR3
:l// Ix—(t+a)v|2(_divx(vf)—divv(Ef))dde
2 JJR3xR3
[, - asaw;orauax
R3xR3

:// (x—(t+a)v)-vfdvdx—(t+ot)// (x — (t+a)v) - Efdvdx
R3xR3 R3 <R3

—// (x — (t+a)v)-vfdvdx
R3xR3

:—(t+a)/ x-E,de+(t+0l)2/ E- jdx,
R3 R3

_’2 F(t, x, v)dvdx + ( + a)e,,(t))

‘ f(t, x,v)dvdx. (2.9)

where j = fR3 vfdv. Note that d;p + divyj = 0, so using Green’s formula again we
have

d (1 ' . 240 dvd
E(E//IR@XRB = @+ vl S, x, v)dv x)

=y(t+a) (/ - p(t, y)dy) -xp(t,x)dx+(t+a)2/ Udivy jdx
R? |x — |3 R?

_yﬂ// PUDPEY) 4t ) // - p( B 5 o1, v)dydx
R3xR3 IX—Y| vl

= —(+a)Ep(t) — (1 + a)2 -Ep().
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On the Other hand,

So, by denoting H(t) = % [[rs g3 Ix — (t + )2 f (£, x, v)dvdx + (t + @)?E, (1) we
have
dH (1)
dt

=t +a)&pH(1).

Then
Hn\ _  H@»  H@ _
(t+oc) __(t+(x)2 t+a //]1§ng3

Following from the above conservation law and asymptotic method, we can establish
some a-priori estimates even for much weaker initial datum. For such initial datum, we
can only get a distributional solution with rough regularity, this kind of solution will be
called weak solution in this paper.

Corollary 2.3. Let 0 < fy € L®°(R* xR¥) and [[ps, s (1+1x —a v[?) fo(x, v)dvdx <
oo for some a > 0, then there exists a nonnegative weak solution f to the Vlasov—Poisson
system (1.1)—(1.3) such that

IfDlleo = Nl folloo,  I1F N1 < I foll1, V£ =0. (2.10)

Furthermore, for all t > 0 there exists a constant C depending only on || foll1, || follco,
M;(0) and a such that

x |2
—‘ f(t, x,v)dvdx.
+a

O

Ma(®), 1E,@1, lle®lls = C. (2.11)
Furthermore if y = —1, we have for allt > 0
Mao), Ep0) = C+a)™, p®ly = Cr+a)s. (2.12)

Proof. From the proof of Theorem 3.2 in [25] and (2.7), we can easily get a weak solution
f with (2.10) by taking the limit of approximate solutions corresponding to regularized
initial data. Now we devote ourselves to showing (2.11) and (2.12). Actually, we only
need to establish these results for the corresponding approximate sequences, and then
take the limits. For simplicity, we skip the last step.

For y = 1, the Hardy-Littlewood-Sobolev inequality (Theorem 4.3 in [16] with
A =1,n =3, p=r = 6/5) and the Holder inequality give that

5/6
1€, < Cllo@I25 < Cllo®3s.

since || o (¢)]1 is uniformly bounded. Then using (2.4) with k = 2 we have
-9 373/6 -1 1/2
€01 = CleIS = C[a+ 3 03| s cova ™m0 @13)
Combining (2.8) with (2.13), we can obtain

1H(0)>£Ht t 25t>lHt—Ct Hy(1)'/?
7 H0) = 7 200) + (t+ ) p()_2 2(1) (t+a)Ha(1)'7,
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since £,(s) < 0fors > 0. So
Hs(1) < C(t +a)* + 2H»(0),
and then by (2.13) we obtain for all > 0

EOI=C, lp0lls = C.

For y = —1, it follows from (2.9) that

HO) _ HO
t+a = o

which implies that
t
H() < (—+1)H(0).
o

Remember that (2.13), we have the boundedness of £,(0) and then H(0). As a conse-
quence,

Myt) <Ct+a)™!, &) <C+a)'

Combining the above inequality with (2.4), we obtain

lp@lly < Clt+a) 75,
O

Remark 2.3.(1) The identity (2.8) holds also for « = 0, which was discovered inde-
pendently by Perthame [25] and Illner and Rein [14]. In their papers, by using (2.8)
and (2.9) with « = 0 they proved some time decay estimates for the repulsive
Vlasov—Poisson system. However, Corollary 2.3 gives some a-priori estimates for
both repulsive and attractive cases. It is worth noting that all these estimates are not
singular when ¢ — 0*.

(2) Dividing both sides of (2.8) by & and integrating on 7, and then letting o — +00,
we can obtain that the total energy is conserved, if proper assumptions of the initial
datum are given. So roughly speaking, (2.8) also contains

i(l / Zf(t Ydvd +5(t))—0
7 2/R3XR3|v|f , x, v)dvdx » =0.

(3) For the free transport equation

f+v-Vif =0,
[ft(oﬂx,v) = fo(x,v), (2.14)

we have

i(l// X — (t + o) )dd)—O
7\ R3xR3x a)v|f(t, x,v)dvdx ) = 0.
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Similar to [25], we have the following a-priori estimate:

// v —u(t, x)>f(t, x, v)dvdx
R3IxR3

1 2
= - Vi >
T (1 +a)? //ﬂ@W x = avl” fo(x, v)dvdx, Vi =0,

Jg3 vf (t.x,0)dv
p(1,x)

where the bulk velocity u(¢, x) is defined by u(t, x) =

As we know, a moments lemma is an important tool in kinetic equations, which
can improve the obvious integrability derived from conservation laws. The classical
one comes from Perthame [26], and is named “velocity moments lemma”, that is, the
solution of transport equation has three order velocity moments locally in space under
the assumption of finite kinetic energy. Inspired by the methods in [26,27] and some
new conservation laws like (2.8), we are able to give a new moments lemma, that is,

Theorem 2.4. Letae > 0,8 > 0,k > 1andT > 0.If0 < f € C'([0, T]; C}(R3 xR?))
is a classical solution to the following Vlasov equation

orf(t,x,v)+v-Vyif(t,x,v)+ F(t,x) - Vyf(t,x,v) =0.

Assume that (t + ot)%F(t, x) € L([0, T1; L¥3(R?)) and sup Hi(t) < oo, then

t€l0,T]
T _ k+1
/ // Mfdxdvdt
0 JIRBED (g gy

2+k
< GT+20) sup He®)+Ck ) | (r+a> SCNFOlsadr - sup Hy(r) 3.
t€[0,T] 1€[0,T]

Proof. Denote the C! function ¢ as

X -2
¢, x,v) = ———|zI°,
(1+1]x|F)?

where z =x — (f +a)v and 0 < § < k — 1. Multiplying the Vlasov equation by ¢ and
integrating

// ¢0; fdvdx +// ¢divy (vf)dvdx +// ¢divy (Ff)dvdx = 0.
R3xR3 R3xR3 R3xR3

Then integrating by parts over R? x R3 we obtain

d
// ¢9; fdvdx = —// ¢fdvdx —// orpfdvdx
R3x[R3 dt J JR3xR3 R3x[R3
d x| —
= — ¢fdvdx + |z| fdvdx
dr J JR3xRr3 R3xR3 (1 + |x|ﬂ)ﬂ

. 8
+// L Y js fdvdx
R3IxR3 (1 4 |x|ﬂ)ﬁ |z|?
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and

// ¢divy (Vf)dvdx = —// V¢ - vfdvdx
R3xR3 R3xR3

2
: 8
// P =1 b favax - // — = 2 pdvdx
~rra w1 R (14 [x|fy7 12

o // e 2) = 627 o2 g,
r+o ) JrR3xR3 (1+|X|ﬂ)l+

On the other hand, we have from (2.3) and || f () |lco < || folloo that

// ¢divy (Ff)dvdx = —// Voo - Ffdvdx
R3xR3 R3xR3
— (t+a) // l|z| fdvdx+// bz 2Pt pgvan
BB (1 4 |x|f)7 RSB (14 x1)F T
z—(1+8)(t+a)/ |F|(/ Izl’sfdv)dx
R3 R3
> —(1+8)(t +01)||F(f)||f+3

)
s /]R NECT

+3

( / / Izlk f(t)dvdx) s

>—C( +8)(t+(x

Adding the above equations we have

0= // ¢8,fdvdx+// ¢divx(vf)dvdx+// ¢divy (Ff)dvdx
R3xR3 R3xR3 3xR3
2
> // ofdvdx + —— // M| °® fdvdax

dt R3 xR3 t+a ) rR3xRS (l+|x|/3)l3
o // e 2) = 627 o1

I+« R3xR3 (1+|X|ﬁ)1+

3
—C(1+8)(t +0) 3 |F(1)] s (// IZkadde)
k—3é R3xR3

2
> // ofdvdx + —— // 2" = - Z?| P fdvdx
dl R3xR3 I+« R3xR3 (1+ |x|/3)1+

(// Izlkfdvdx)m
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Multiplying ¢ + o on both sides of the above inequality, we obtain

// |Z|2+6
———— fdvdx
RS (14 |x|ﬂ>1+
<// ] |z| fdvdx — (t+ot)—// qbfdvdx
B (14 |x|ﬂ> o

FCA+8)(t +0) 5T |F(0)] g (// |z] fdvdX)k3
k=5 R3xR3

52// ¢fdvdx—i((t+a)// q)fdvdx)
R3 xR3 dt R3 xR3

843

6+30—k & k+3
+C(1+6)(+a) 3 [|[F(@)| i3 |z|" fdvdx . (2.15)
k= R3xR3

As a consequence, by choosing § = k — 1 we have

|k+l
/ / / L v
RIXES (1 4 [x|f)'*

< —(T +ot)//3 3¢>(T,)c,v)f(T,x,v)dva’x +oz//3 3¢>(O,)c,v)f(0,)c, v)dvdx

w2
+2/ // ¢fdvdxdt + Ck/ (t +a) S 1 ()llks3 (// | fdvdx) fa%; u
R3xR3

< (3T +2a) sup Hk(t)+Ck/ (t +0) 5T | F(0) rs3dt - sup Hi (1) 54,
t€[0,T] 0 €0, 7]

which yields our conclusion. 0O

Remark 2.4. (1) For the Vlasov—Poisson system (1.1)~(1.3), if 0 < fo € L' N L> and
H>(0) < oo with o > 0, the solution f stated in Corollary 2.3 satisfies

T —
/ // Mfdvdxdr <C(T,a, |l follpinre, H2(0)), (2.16)
0 JIRLRE (14 [x]f)

where 8, T > 0. Actually, from Corollary 2.3 we obtain that for any ¢ € [0, T'],
If ®lloo = Wl folloos ILf Ot = Wl foll, H2() = Cand [E@)]15 = Cllp(t)lls =<
C by the Hardy-Littlewood-Sobolev inequality (Theorem 4. 53 in [11] with a =
3/2,q = 15/4, p = 5/3). Then choosing k = 2,5 = 3 in (2.15) and integrating
on [0, T'], we obtain that (2.16) holds for the approximate solutions and then for f
by taking the limits.

(2) Except establishing the a-priori estimate (2.16) for the Vlasov—Poisson system
(1.1)—(1.3), Theorem 2.4 will not be used in the rest part of this paper. However,
like other velocity moments lemmas, it may have potential applications in some
nonlinear kinetic models.
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3. Local Existence and Continuation Criterion

Before showing the local existence of classical solutions to the system (1.1)—(1.3), we
give some known estimates of self-consistent field E (¢, x), which are slightly changed
versions of those in [3,10,30] (see e.g. (4.22) (4.23) in [10]). So, we omit their proofs.

Lemma 3.1. Let p(x) € L' N L®(R?) and let E(x) = [ps ﬁp(y)dy, then for any

xeR3and R > 0,
|[E()| <27R sup p(y)+R 2ol (3.1)
YEBR(x)

In particular, set T R||plloc = R_2||p||1, we have

1/3 2/3
I1Elloo < colloll} llol125. (3.2)

If assume further that p is Lipschitz, then for any x € R3and 0 < dy < d» < o0

0, EX)] < CLdy P llpll, +diLip(p) + (1 +In(da/d1)) sup p(M],  (3.3)
yede(x)

where 1 < p < oo. In particular, by choosing dy = 1 and d| = Wlp(p) we have

19x; Ellco = CL(1 + [[plloo) (1 +In(1 + Lip(p))) + [l ol p]- (3.4)

Next, we will need the remarkable uniqueness result established by Leoper [18].

Lemma 3.2 [18]. Let fo(x, v) be a bounded positive measure. For any T > 0, there
exists at most one weak solution to the Vlasov—Poisson system (1.1)—(1.3) such that

o(r, x) € L¥([0, T x RY).

Now we can establish the local existence to the Vlasov—Poisson system without
the assumption of finite kinetic energy, as well as a new continuation criterion: a local
solution can be extended as long as its velocity-spatial support is under control.

Theorem 3.3. Let0 < fjy € CéﬂLl(R3xR3) and sup{|x—av]| : (x, v) € supp fo} < o©
for a fixed @ > 0. Then on some time interval [0, T) there exists a unique classical
solution f to the system (1.1)—-(1.3). If T > 0 is chosen maximal and if

sup{|x — (t + )v| : (x,v) e suppf(t), t € [0,T)} < o0,
then the solution is global, i.e., T = oo.

Proof. Let § be a positive constant and L(¢), R(¢) be positive and continuous functions,
which will be fixed later. Define

X ={g € Cp([0,80] x R* x R¥): lg@®) i = Il foll1, I1g(®)lloo < Il follo, £ € [0, 801,
. . X
8 >0, |Lip,g(®)ll o3 < L(t) and g(t, x,v) =0 if |v - ml > R(1)},

which is a closed and bounded convex subset of Cp ([0, 5g] x R3 x R3). Similarly, denote
that

Y —
Eg(t,X)=y/ —y3pg(t,y)dy, pg(t,x)=/ g(t, x, v)dv.
R3 |[x — ¥l R3
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For any g € X, we know that pg(z, x) € Cp([0, do] x R3) is Lipschitz on x, so from
the theory of Poisson equation Eg (¢, x) is C([0, &]; C (R3)). Furthermore, using (3.2)
and (3.4) with p = 1 we can get E4 (¢, x) € C([0, dol; Cll (R?)). Now the characteristic
flow is well defined, that is

[X(s,t,x, v) = V(s, t,x,0), X(t,t,x,v) =x, 35)

V(s t,x,0) = Eg(s, X(s,1,x,0)), V(t,t,x,0) =v.
We consider an operator 7 : g > f with domain X as follows:
ft, x,v) = fo(X(0,1,x,v), V(0,1, x,v)).
From the definition of characteristic flow, we have
a[f(ta X, U) tv- fo(ts X, U) + Eg(t’-x) : va(t’xv U) =0. (36)
Step 1. We show that the operator 7 maps X into itself. Remembering the assumption
of fo, we define Ry = sup{|v — = |: (x, v) € supp fo}, and then
X
fo=0, |v——=|= Ro.
o

By the definition of X', we have

V4 3
log (DL < ?”fO”ooR(Z) , (3.7
which is deduced from
4
v € R3 such that v — ——| < R(t)| = —~ R(1)>.
t+a 3

We point out that the main new ingredient when adapting the methods in [2,3] is the fact
that (3.7) holds not only for the velocity-compactly supported densities but also for the
densities stated in this theorem. Combining (3.7) with (3.2), we can get

1E¢ ()0 < collpe @11} 1o )IZL < CoR*(), (3.8)

where Co = ¢ (4?”)2/3 1foll 11 foll 2. Now we choose 8 = cor; and

t
R(t) = R0+C0/ R?(s)ds,
0

which means that

Ry
R(t)=—, 0<t<é.
1 — CoRot

For0 <s <t < §and (x, v) € supp fo, by (2.1) and (3.8) we know that

X(s,0,x,v) X $
[V(s,0,x,v) = ———[ < [v— 5' +/0 lEg(T)lloodT

Ss+o

S
< R0+CO/ R?(7)dt
0

t
< Ro+ Co/ R%*(t)dt = R(1).
0
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Note that f (¢, X(z,0, x,v), V(¢,0, x, v)) = fo(x, v), we obtain that
Ftx,v) =0 if [v— ——| > R().
t+o

By choosing 0 < §p < §, we immediately know that for any ¢ € [0, §o], R(#) < C and
then || E¢(¢)]| < C for the constants C only dependent on || foll1, || follco, Ro and 8p.
Then we choose a positive and continuous function L(z) on [0, dp] such that

ILip, f ()l poow3)y < L) if [ILip,g(D)llLoow3) < L().
Following from (3.5) we have

0, X (s,1,x,0) = 0,V (s, 1, x, ), 0, X(t,1,x,v) =id,
axv(s’ tvxa U) = aXEg(S’ X(S))axx(svt’x’ U)’ 8xV(tyt, x’ U) = O

and

8UX(Sat7-x’v)Zavv(satv-x’v)a aUX(tatax5v)=0’
WV(s, t,x,v) = dxEg(s, X(5)dX(s,1,x,v), 3V, t,x,v)=id.

Notice that (X (s), V(s)) = (X (s, t, x,v), V(s,t, x,v)), so we have

t
10,0 X ()| + 05,0 V()] < 1+/ (L4 119x Eg(T) llo0) (10x,0 X (T)] + [0x,0 V(D) Dd 7.

Gronwall’s inequality gives that

10x,0 X ($)] +10x,0V(s)| < exp [/Ot(l + IIBXEg(f)Iloo)dT] . (3.9)
Note that
Lip, f(z,-,v) = Sup 10x (fo(X (0,7, x,v), V(0, 1, x,v)))|
= é(IIBxX(O, Dlloo +110xV(0, ) l00)
= Cexp [/Ot(l + ||3ng(t)||oo)dr]
and then

1
In(l + [|Lip, f (D)l Loo3)) = C/O A+ 0 Eg(t)lloc)dT + C.

By (3.4) in Lemma 3.3 and the uniformly boundedness of || pg (#)||oc On [0, §o], we have

9xEg(D)lloo = C[1+In(1 +Lip, pg(1))] = C[1 +In(1 + [|Lip, g ()| oo wr3))], (3.10)
then
t
In(l +[|Lip, f (D)l Lor3)) = C (1 +/0 In(1 + IILipxg(S)llLoc(Rg,))dS) .
So there exists a positive and continuous function L(¢) on [0, 8o] such that ||Lip,

f(t)||Lw(R%) < L(t) if ||Lipxg(t)||Loo(R3) < L(t). Thus, the operator 7 maps X into
itself.
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Step 2. Next, we will show that

T: X {f €C(0,8]; CLR® x R})) N C([0, 8]; C} (R x R?)): Vr € [0, 6],
IF @Ol =l [1fOllee = Il folloo, 10x,0f () lloe < C1, and
Ftx,0) =0 if v — ——| > R(1)) (.11)
t+o

for the constant C; depending only on || foll1, || folloo, [19x,v follcos Ro and &p.

For any f € T X, there exists g € X such that f = 7 g. Firstly, we point out
that f belongs to C1([0, 8o]; C}(R? x R?)) and all the estimates in (3.11) hold. Note
that E,(t, x) € C([0, 81; C}(R3)), we have X, V € CI([0, 8] x [0, 80] x R x RY),
which means that f € C'([0, 8p] x R?® x R3). Remember that ||Lipr(t)||Loo(R3) <
L(¢t) for any ¢ € [0, §p] and TX C X, we only need to show that d, f (¢, x, v) has a
uniform bound. From (3.9) and (3.10) we get that dx , X, dx,, V are uniformly bounded
on [0, 8] x [0, 8] x R3 x R3, and the bound is only dependenton || foll1, || follcos Ro, S0-
So there exists a positive constant C only dependenton || foll1, || folloos |9v folleo, Ro, S0
such that

|8Uf(t7-x7 U)| = |av(f0(x(0s tv-xs U), V(()»t’-xv U)))I
< 19x fol19X (0, 7, x, v)| + 18 fol [0, X (0, 7, x, v)| < C1.

Then, we prove that f € C ([0, dpl; Co(R3 x R3)). Note that sup{|x —av|: (x,v) €
supp fo} < oo, we have

lim fo(x,v) =0<«<= lim fo(x,v)=0.
SR —0o o0

Forany f € TX, we know f(t, x,v) = fo(X(0,1t,x,v), V(0,t,x,v))and |V (0)] >
|[v|—|V(0)—v| > |v|-Cforany? € [0, 6p]. Sowecandeducethat lim f(z,x,v) =0.

|[v]—o00
Using sup{|x — (t + &)v|: (x,v) € suppf(¢), t € [0, o]} < oo, we can easily obtain
that f(z, x, v) € C([0, 8]; Co(R? x R?)). Moreover, for any ¢ > 0 there exists R > 0
independent of f such that

| f(t, x,v)| <e, if (¢, x,v)e€l0,8]x (Bg x Bg)°. (3.12)

Step 3. We prove that 7 X is relatively compact and the operator 7 is continuous. Firstly,
we show the relative compactness of 7 X. Forany f € 7 X and any ¢ > 0 we can choose
R > 0 such that

1
[f(t, x,v)] < R if (t,x,v) €[0,80] x (Br x Bg)*

by (3.12).For (¢, x, v) € [0, 6] x Bgr x Bg, by (3.6) and the boundedness of || 0y, f ()| c0»
we have

[0: f (2, x, 0)| < v - Vi f(t, x, 0)| +[Eg(t, x) - Vy f(£, x,0)] < C(R+1).

Thus, 7 X is equicontinuous in [0, §o] X Bg X Bg and then 7 X is relatively compact.
Now we show that 7 is continuous. Let 7 g = f, the characteristic flow correspond-
ing to the field E; is defined by

X(s,t,x,v) = V(s,1,x,v), X(t,t,x,v) = x,
V(s, t,x,v) = E;(s, f((s, t,x,0)), V(t, t,x,v) = v.
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Then, forany 0 <s <t < §p
1X(s) — X ()| + |V (s) — V(s)l

! t
S/ |V (1) — V()|dt +/ |Ez(t, X (7)) — Eg(z, X(1)|dT
S[ ) s t ) [
S/ [V (r) — V(r)ldt +C/ |X(t) — X(7)|dt +/ 1EG—g) (D) lloodT
‘v ~ t
< C/ (IX(x) = X(@)|+|V(r) = V(r)Ddt + C/ 1 — o) ()12 dx,

which implies that forany 0 < s <t < §p

t
1X(s) — X ()| +|V(s) = V(s)| < Ce®' /O 1€ — o) (@)1 de.
So, for any ¢ € [0, o]

|ft, x,v) = f(t,x,v)|
= fo(X(0,t,x,v), V(0,1,x,0)) — fo(X(0,¢,x,v), V(0,1 x,0))|
< C(X(0,1,x,v) — X(O0,t,x,0)| +|V(O,1,x,v) — V(0,1 x,v)|)

t
- 2/3 . 2/3
< C/ 16 — @ dr < C sup 1§(1) — gL,
0 1€10,801

which gives the continuity of 7. Thus, Schauder’s theorem ensures that 7 has a fixed
point f in X. From (3.6) and (3.11) we can deduce that f is a classical solution on
[0, 80] to (1.1)—(1.3). The uniqueness follows from Lemma 3.2. Note that all the above
arguments hold on any compact subinterval of [0, §), so the solution f exists on [0, §).
Step 4. Lastly, we prove the continuation criterion. Assume that [0, 7') is the maximal
existence interval of the unique classical solution of (1.1)—(1.3). Let

R* = sup{|v — %I: (x,v) € suppf (1), 1 € [0, T)} < oo.
o

Any t9 € (0, T) can be viewed as the initial time. From the proof of local existence result
especially the computation in step 1, there exists §; = ﬁ such that the solution
can be extended to [0, 7o + §1]. Choosing 7y sufficiently close to 7', we can get the
contradiction. O

Remark 3.1. If the nonnegative initial datum f € C cl (R? x R3), the local existence and
uniqueness result was given in [3,30].
4. Global Existence of Classical Solutions

To prove Theorem 1.1, we can follow the approach in [17]. Specifically, we will propagate
velocity-spatial moments of order higher than three.
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Theorem 4.1. Let the initial datum 0 < fy € LN L®(R3 x R3) and assume that for
some o > 0 and some mg > 3

// |x — av]™ fo(x, v)dvdx < oo. 4.1)
R3xR3

Then there exists a weak solution f(t, x,v) to (1.1)~(1.3), and for any 3 < m < my
there exists a positive and continuous function C(t) such that

// lx — (t+a)v|" f(t, x,v)dvdx < C(¢).
R3xR3

Proof. Since the method in [17] is well known, our proof at the first two steps is given
roughly.
Step 1. We can deduce from (1.1) and (2.3) that for any n > 0

iHn(t) <n(t+a) // [E(t, x)||x — (¢ +ot)v|"_1f(t,x, v)dvdx
dt R3xR3

n 2+n
= n(t+a)¥ | E@)|ns3Hp (1) 3, 4.2)

which implies that

t n+3
Hy(t) < C [Hn(O) + (/ (s +a)3'+l"IIE(S)IIn+3dS) } . (4.3)
0

Step 2. By (4.3), to propagate the moments H,, (1) we need to estimate || E () || ,+3, Where
m > 3. Following from the inequality (28) and its proof in [17], we can get

IE@ Imes = Cllpo@llsmen + Cllo(#)llm+3, (4.4)

where po(f,x) = [ps fo(x — tv,v)dv and o (t,x) = fé(s — 1) [(Ef)(s,x + (s —
t)v, v)dvds.
Using Holder’s inequality, we obtain

2m+3 rr;iﬂ 2m+3
loo @ 30me2) < ool s TpoIly™ < Cllpo®) s
m+ 3 3

since m > 3 and ||po(t)]l1 < || foll1. Then, it follows from (2.4) that

”/ fo(x —tv,v)dv
R3

3
m 3+m
< C(t +a)_33W (//W . lx — (t +a)v|" folx — tv, v)dvdx)
3 R

3
n 3+m
< C(t+a) 3 (//]R3 e av|™ fo(x, v)dvdx)
X

< C(t +a)™ % Hy (0) %o

3+m
3

So, we have
_2m+3
|Ipo(t)||3<m++63> <Ct+oa)y ms3. 4.5)
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For the estimate of ||o (¢)];n+3, We divide the integral into two parts,
t
lo @ llmez = H/ S/ (Ef)(t —s,x —sv,v)dvds
0 R3 m+3
< s (Ef)(t —s,x —sv,v)dvds
0 R3 m+3
13
+ / s/ (Ef)(t —s,x —sv,v)dvds
0 JR? m+3
=11+ D, 4.6)
where 79 € (0, t) will be given later on.
Let v’ < 3 be close enough to 3 such that r’ > max{ 1?, 3}%:3), 6 —m}. Sor =
= > E’ and then Holder’s inequality and the boundedness of f give that
to 1/r 1/r
L <cC / s(/ |E(t—s,x—sv)|rdv) (/ f(t—s,x—sv,v)dv) ds
0 R? R m+3
l
§C/ =3/ B — 9|, / f(t —s,x —sv,v)dv 3ds. 4.7

It follows from the Hardy -Littlewood-Sobolev inequality (Theorem 4.5.3 in [11] with
g=r.a=3,p=+5)and (2.11) that

IEGC =9l = Cliptt =)l o =C (4.8)

since 1 < 3% < 3. On the other hand, there exists k € (m, mo] such that k+3 = m3

r/ b
since “’"j? < ' < 3.1t follows from (2.4), (4.1) and (4.3) that

l
H/ f(t—s,x —sv,v)dv :‘
m+3 %

3
__3k P (3+k)r’
< C(t+a) G lx — (@t +a)v|" f(t —s,x —sv,v)dvdx
R3xR3

= C(t + ) 3 Hy(t — 5)i5s

3+k

t—s 3+m

< Ct+a) s (1+/ (r+oe>3fk||E<r)||k+3dr) .
0

Remember the definition of k and ' > 6 — m, there exists m; € (3, m] such that
3(k+3) _

e = ””T+3 Using the Hardy-Littlewood-Sobolev inequality (Theorem 4.5.3 in [11]

withg =k +3,a = %, p= 3(6]:;(3)) and (2.4) again we have

r/

f({t—s,x —sv,v)dv

RS

TE@ k3 = Cllp(ll3un = CII,O(T)IImH3

%ml 3my

3 _omy
< C(T +C() 3+m1 H (t)3+m1 < C(-E +a) 3+ml H (-L-)m(3+ml),
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where the last inequality comes from the Hélder inequality and the boundedness of

I f(T)l1. As a consequence, by noting that =+ 3+k 31”;1‘1 = —1 we have

H/ f(@t—s,x —sv,v)dv '
R3

m+3
P

3+

& 3my t—s 3+m
<C(t+a)y m3{ 1+ sup H,(r)"Em) / (‘L'+O[)_1d‘l,'
7€[0,t—s5] 0

I|=

k r—s % 3+2k
<C(+a) ms |1+ (ln(l + —)) sup  Hy, (T)Gmm | (4.9)
o

7€l0,1—s]

Following from (4.7)—(4.9), we have that

2-3/r _ k. 3+2k
I < Ct; (t+a) =31 1+ (In(l +t/oz))3+m sup H,, (t) Grmm
s€[0,7]

2-3/r 342k
< Ct, (t+a)” ey [1+In(l+1/0)] %+m 1+ sup Hy,(t)Gmm ). (4.10)
s€[0,1]

For the estimation of />, we firstly compute f(Ef) (t—s, x —sv, v)dv. Using Lemma
1.13 in [30] we can obtain

/ [Ef|(t —s,x —sv,v)dv
R3
1/3 -
< CHEG —s.x = s) 32 g, (/R F&—s.x - s, v)dv) L=

1/3
<Cs?|E@t — S’x)”L?/z(Rﬁ) (/R‘ ft—s,x—sv, v)dv)

1/3
Cs2 (/ f({t—s,x—sv, v)dv) , “4.11)
3

® = < Cllp®)]1 (see Theorem 1 of Section V.1.2 in [35] with ¢ =

I,n=3,p=1andg = 2) Here, L3/2(R3) is the weak L3/2-space which is defined

as the space of all measurable functions 7 on R3 such that ||4|| 132 sup T|{x €
w >0

R3 : |h(x)| > t}|*/3 < oco. Consequently, by (4.6), (4.11) and (2.4) we have

t 1/3
/ s (/ f{t—s,x—sv, v)dv) ds
1o R3
/ 1/3

S C(t +a) 3+m / _le([ — s)3+m ds

fo

since ||E(t)|| 32

®3) =

L <C

m+3

ds
(m+3)/3

/ f@t—s,x—sv,v)dv

< C(t + o) % In(t/1g) sup Hy(s) ™. (4.12)
s€[0,7]
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By (4.6) (4.10) and (4.12), we obtain

2-3/r ke ek 342k
lo@®llms < Cty (@t +a) m3[1+In(1+1/a)]3m | 1+ sup Hy(s)Grmom
s€[0,1]
+C(t + o) T In(t/10) sup Hy(s) . (4.13)
s€[0,1]
So, it follows from (4.4), (4.5) and (4.13) that
2-3/r ok 34k 32k
m+ i m
HE@) sz < CL27" (0 + @) a5 [1+1In(1+ /)3 | 1+ sup Hy(s)Bomm
s€[0,1]
LC(t+a) T (/1) sup Hp(s)™1 +Ct+a) m.  (4.14)

s€[0,t]

Step 3. Now we estimate H,, (t). Combining the above estimate with (4.2), we have

d 2-3/r m—k 34k 342k 2m
EHm (1) < Cyy (t+a)ym3[1+In(l+1t/a)]3+m [ 1+ sup Hpy(s)CGrmm ) Hy, (t)3+m
5s€[0,1]

1 24m —1 2+m
+Cn(t/tg) sup Hy ()T Hy (1) 5o + C(t + @)~ Hyp (1) 5o .
s€l0,¢]

For simplicity, H,,(¢) will be still used to denote sup H,,(s). By the definition of %,

s€[0,1]

3 _ k—-m
we have 2 — =i and then

d 0\ 34k 1+
—(H,t)+1) < C (—) [1+In(1+12/a)]3m (Hy () + 1)+
dt t+a

+C In(t/t9) (Hp(t) + 1) + C(Hp (1) + 1), (4.15)
3+2k 1

whereu:m—m > 0. If forany t > 0

t 3/r=2
3(Hp () + DF < (—) ;
r+a

then let t — oo, we have 3 < tlim 3(H,(t) + 1) < 1, which is a contradiction. Thus,
—> 00

there exists t* > 0 such that

¢ 3/r—2
3(Hy () + DHH* > (—) . V> ¥,
t+o

and

t 3/r=2
3(Hy () + DH* < (—) .Vt < t¥, (4.16)
t+a

since the left side is increasing on ¢ and the right one is decreasing. So we have
3(t+a) T2 (Hy () + D > 27720 Ve > 1t
For any fixed t > t* we choose #y € (0, t) such that

1072 =3t + )T (Hy (1) + DY,
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which means that

Tl

S(Hy()+ 1) 75 +a) <27 (1 + ),

[0 = 3_2r

since 3/2 < r < 15/4. Then putting this 7 into (4.15), we have that for any # > r*
d 3+
E(Hm(t) +1)<C [(1 +1In(1 + t/a));T,:z +In(Hy, (1) + 1)] (Hu(t)+1). (4.17)

Note that t* < (3ﬁ — 1)’101 < «, since

£ 3/r=2
3(Hy, (%) + DH* = (t* " ) > 3.
o
So, it follows from (4.17) that any > «,

34k
Hy(t) < (Hyp () + )¢ @70 =DltnAtja)Fon (4.18)
Now, we need to show H,,(«) < C. For any ¢ € [0, «], we have from (4.15) that

%(Hm(r) +1) < Cty " (Hp (@) + D™ (Hy (1) + 1) + C(|In o] + 1) (Hy () + 1).

By choosing 7y € (0, ) such that

2-3 2.3 -
ty " =oa [+ Hy()]™H,

we can obtain that for all r € [0, «].
d
E(Hm([) +1) < C(Hp (1) + D1 +In(H, () + D].

So Gronwall’s inequality gives that H,, (o) < C.Combining this estimate with (4.18), we
find a positive and continuous function C(¢) such that H,(r) < C(t) for all
t>0. O

Remark 4.1. The case of « = 0 was considered in [6], where the propagation of spatial
moments of order higher than three was obtained with an additional assumption that
JJr3wrs IVI° fodvdx < oo for some arbitrarily small ¢ > 0. Since the singularity of
t — 0% is removed in all a-priori estimates for the case of « > 0, we can give a more
direct result, which is very similar to the one in [17]. However, the upper bound C(¢)
for the velocity-spatial moments is better than the one for the velocity moments in [17].

Proof of Theorem 1.1. Following from the a-priori estimate (2.7), || f (£)||1 and || f (¢) || o
are uniformly bounded for any ¢ > 0. And by (2.4), we have ||p(t)|l» < CHz(r)'/>.
Then by using Lemma 4.5.4 of [11] with p = 2, a = 3/2 and the estimate (3.7), we
know that

2 1
IE(®llso < Cllo@)5 o0& < CH3 (1) R(1),
where R(t) is defined by

R(t) = sup{|v — ——| : (x, v) € suppf(1)}.
r+o



Global Existence to the Vlasov—Poisson System and... 871

For 0 <s < T and (x, v) € supp fo, using (2.1) we have

X(t,0,x,v)

t

X

V0,5, 0) — ZLOXD —|+/ IE(@) lood
r+a o 0

t
< R(0)+C/ H;(t)'PR(v)dr.
0
Since f(t, X (¢,0,x,v), V(¢,0,x,v)) = fo(x,v), we know forany 0 <¢ < T
t
R(1) < R(O)+C/ H;(v)' 3 R(1)dr,
0

which means that
R(t) < R(0)eC Jo H3'Pds (4.19)

From the above theorem we have sup H,,(t) < Cr for some m > 3, and by conser-
te[0,T]
vation of mass we also have

Hs(t) = (// +// )Ix—(t+ot)v|3fdvdx
[x—(t+a)v|>1 [x—(t+a)v|<1

< // (x = (t + )v]™ + 1) fdvdx < Hn(®) + | foll1.
R3xR3

So, sup H3(t) < Cr.Combiningitwith(4.19), wehave R(¢) < Crforany0 <t <T.
1€[0,T]
Thus, Theorem 3.3 gives our conclusion. 0O

5. Propagation of Low Moments

According to the continuation criterion in Theorem 3.3, the key to prove the global
existence is controlling the velocity-spatial support. The above method utilizes the fact
that such support can be bounded through propagation of high order velocity-spatial
moments, which follows the Eulerian approach in [17]. However, a more direct way is
the Lagrangian approach due to Pfaffelmoser [28]: fixing a (x*, v*) € suppf(¢) and
estimating fOT |E(s, X (s, 1, x*,v*))|ds by appropriately splitting (¢, x, v) € [0, T] x
R? x R3 into suitable subsets. Using this method one can get a much better estimate
than (4.19) for the velocity-spatial support.

Recently, some remarkable propagation results were given by Pallard [22,23]. He
combined the above two approaches to propagate velocity moments of order higher than
two. The critical issue is that the upper bound of fOT |E(s, X (s))|ds can be independent of
the velocity support of f(¢) but depend on sup f f]R3 W3 1V |7*0 £ (1)dvdx. And the up-

t€[0,7T]

per bound was further proved to dependjuston 7, &, [| foll1, | folloo: [ [g3 g3 [vI* fodvdx
for any k > 2. Then spatial moments of order higher than two were also propagated in
[23], where a similar but weaker estimate was obtained for the self-generated field, we
put both estimates (Proposition 3 in [22], Theorem 4 in [23]) together into the following
lemma.
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Lemma 5.1 [22,23]. Suppose given a nonnegative fy € Cg R? x R?) and let f €
CHRy x R? x R?) be the unique classical solution to (1.1)—(1.3). Then for any k > 2
andT > 0

T
sup/ (s, X (s, 1, x, v))Ids < C(T.k, | foll, ||fo||oo,// i fodvdi)
0 R3xR3

X,V
5.1
and

46 1
sup/ SIEGs, X (s, 1, %, )Ids < C(Ts e, k. | foll1. [ folloo. // Ik fodvdx)s e
t R3xR3

X,V
5.2)
wheree > 0and0 <t <t+56 <T.

Note that (5.1) is stronger than (5.2) for integrability of |E (s, X (s, t, x, v))|. Now,
we point out that a similar estimate like (5.1) can be established without boundedness
of kinetic energy. Before doing this, we give a new notation for simplicity.

Definition 5.1. we define for any ¢+ > 0 and § > 0

t+6
0(,9) = sup/ |E(s, X(s,1,x,v))|ds.
X,V t

It follows from (2.1) that

X(s) X
Vis) — < ‘v - —‘ + 0, 8), Vse(ti+5] (5.3)
S+o r+uo
In particular,
X(t+9) x
V(it+8) — —| < ‘v - —‘ +0(t,9).
t+8+a t+o

Notice that we use the forward characteristics but not the backward characteristics, and
Q(t,8) < Q(t,80) + Q(t + 69,8 — 8p) for 0 < §g < 6.

Theorem 5.2. Let the initial datum 0 < fy € Cé N LY (R3 x R3) and assume that
sup{|x — av| : (x, v) € suppfo} < 0o
for some o > 0. Let f be the unique classical solution to (1.1)—(1.3), Then for any

k > 2and 0 < ¢ < 1 there exists a positive constant C depending on M (0), || foll1,
Il follsos k» & and & such that for any t > 0

0(0,1) < Ct2(1+1)2*. (5.4)

Lemma 5.3. For any t > 0,8 > 0 and € > 0, there exists a positive constant C
depending on M>(0), || foll1, |l folloo, & and € such that

0(t,8) < C[80(t, 5)* +8Y2(1 + Mo (1))'?]. (5.5)
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Proof. For any fixed (, x*, v*) € [0, 00) x R3 x R3, 8 > 0, we devote to estimating
the following integral:

t+4 t+4
p(s, x)
/t |E(S X(S t, x* , U ))|dS < / ‘/R} mdxds

146
/ // SEXO) s
RIxRY X — X*(5)[?

where (X*(s), V*(s)) = (X (s, t, x*, v*), V(s, t, x*, v*)). Similar to the decomposition
in [14,21-23,32], the integral area is divided into three sets:
G={(.x,v)e,t+8) xR*xR>: [v—V*s)| <P
or [v—x/(s+a)| <P},
B ={(s,x,v) € (t,1+8) x R} x R : colon|x — X*(s)|
<r(s,x, VNG,
U=(t1+8) xR xR}\(GUB),

-1
with P = 50(1,8) and r(s, x,v) = L (1 +lo— £ 2“) v — V*(s)|~". When
o = 0, Mo () is singular for small times. So Ha(¢) instead of Mo (t) was used to
control Q(t, 8) in [23] and r was given by r(s, x,v) = L |v — fﬂ_z_e v — V*(s)| !

correspondingly, however, the final estimate is also singular for small times (see Proposi-

tion 1 in [23]). Since M».(t) is good enough for &« > 0, we can establish the estimation

of Q(t, &) paralleled to Proposition 1 in [22]. Now we give precise computation.
Denote

p(s, x) =/ f(s,x,v)dv.
[v=V*(s)|<P or |[v—x/(s+a)|<P

Following from (2.11), we have | o(s, -)|[l5/3 < C. And using Lemma 4.5.4 of [11] with
p =5/3,a = 3/2 we obtain that

t+8
:/// TN s < / / P s
¥ — X*(5)P2 RS [ — X*(s)12
t+6
< c/ 155, I3 NBGs. lIek ds
t

< CP*3s. (5.6)

ForIp = [[[, P (;f(f))lzdvdxds, we decompose B into two parts as that in [23]:

X
Bi=BN{s,x,v:lv———|>|v—V*@s)|}, B»=B{NB.
s+a

—1
Since r(s, x,v) < L (1 +v— V*(s)|2+€) lv — V*(s)|~! when (s, x,v) € By, by
integrating in the space variable first we obtain that

1+5
/// fls, %, ) ———————dvdxds < C/ / L dvds < CSL.
By |x — X*(s)|? r IR (L4 v = V() 2) v — V()|
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On the other hand, using variable substitution w = v — == and then do a similar

S+o
computation as above, we have that

t+6
L
/// fls,x,v) dvdxdsfc/ / . dwds < CSL.
By 1Xx — X*(5)|2 o Jre (L4 w29 |w]

Thus, there exists a positive constant C depending on € such that
Ip < CSL. (5.7)

Note that the characteristic flow is measure preserving and f(s, X(s), V(s)) =
f(t, x,v), we have

1+4
/// Js. %, v)zd dxds = // (/ ly(s, X(s). V(Sz)ds) f(t, x,v)dvdx.
u lx = X*()] R3xR3 |X(s) — X*(s)]

Using the classical method to deal with the ugly set U (see e.g. the proof of (33) in [23]),
we can deduce from (5.3) that

2
/z+5 1y (s, X (s), V(S))ds <c 1+|v— t+a| +e .
01X = X*()”? L

Asa consequence,

/// o) L2 7 _dvdxds < CL™V(1 + Moy (1)). (5-8)
U lx = X*(s)[? B

It follows from (5.6)—(5.8) that
1+6
/ |E(s, X (s, 1, x*, v*)|ds < I < C[8Q(t, 8)** + 8L + L™' (1 + Mpye (1)) ].
t
By the definition of Q(¢, §), we have
0(1,8) < C[8Q(t, )* + 8L+ L™'(1 + Mase(1))]-

Choose L = 8§ YV2(1 + Moy (1))'/2, we get the desired result. O

Proof of Theorem 5.2. Following from Lemma 5.3, we can obtain the conclusion by
adapting the method used in [22,23], so we only give a very sketchy proof.
Similar to the proof of Proposition 2 in [22], using Lemma 5.3 we can deduce

0(0.1) < Clt(1 + Mare (1)]2 + Ct(1 + Maye (1)) 7 (5.9)

by the forward characteristics. Note that the characteristic flow is measure preserving
and f (s, X(s), V(s)) = f(t, x,v), we get from (5.3) that

M) = / / v e vdvd
R3xR

// V(@ 0,x,v) = (t 0, x, ”)| F(t, X (1,0, x,v), V(£,0, x, v))dvdx
R3xR

< // (lv— —|+Q(0 ) folx, v)dvdx
R3IxR3
< 26M(0) + 251 foll1 (0, ). (5.10)

Then following the proof of Proposition 3 in [22] we can get our conclusion. O



Global Existence to the Vlasov—Poisson System and... 875

Now we give some corollaries of Theorem 5.2. Using (5.4) and (5.10) we can prop-
agate the corresponding velocity-spatial moments of order higher than two.

Corollary 5.4. Let the initial datum 0 < fy € L' N L®(R3 x R3) and assume that for
some o« > 0 and some k > 2

//R% R3 |x _Olv|kf0(x’ v)dvdx < Q.
3 % R3

Then there exists a weak solution f(t,x,v) to (1.1)—(1.3) such that for some positive
and continuous function C (t)

// Ix — ¢ +a)v* £z, x, v)dvdx < C(t), t>0.
R3xR3

Combining (5.4) with Lemma 3.2 we have a uniqueness result. We refer to [17,22,
23,31] for other uniqueness results.

Corollary 5.5. Let the initial datum 0 < fy € L' N L®(R3 x R3) and assume that for
some o > 0 and some k > 2

\//]R3 R3 |)C _(X"U|kf0(x’ v)dvdx < 0OQ.
X

Moreover, if for some 0 < ¢ < 1

supess{ fo(y — 1v, w) : |y — x| < Ci3(1+03*, lw — v| < C13 (1 +1)7*)
€ Lin ([0, 00); LY (R} L' (R)))),

where C is the precise constant in (5.4). Then the weak solution f(t, x, v) to (1.1)-(1.3)
is unique and satisfies for any T > 0

sup [lo(®)lloo < +00.
t€[0,7T]

From (5.1) and (5.4) we can simultaneously propagate velocity and velocity-spatial
moments.

Corollary 5.6. Let the initial datum 0 < fo € L' N L®°[R3 x R?) and assume that for
somea > 0, [[p3, s (0" +|x—av|') fodvdx < cowithm > 2,1 > Oorm > 0,1 > 2,
then the solution f(t, x, v) of (1.1)—(1.3) satisfies for any t € [0, T]

// (|v|m+|x—(t+oz)v|l)f(t,x,v)dvdx
R3xR3

< C(T, [ follrs [ folloos (0™ + |x = vl foll1, ).

The last corollary almost reaches the natural cases: [ = 2 orm = 2 for a > 0, so
we focus on the remaining case, « = 0. Form > 3,/ > Oor/ > 3,m > 0, these
propagation results were proved by Castella [6]. Then with an additional assumption
of the initial datum, the propagation was established for the case of m > 2,1 > %
in [9]. As a consequence of (5.1) in [22], the conclusion also holds for the case of
m > 2,1 > 0. So there is an open question stated in [23], that is, how to propagate the
velocity (0 < m < 2) and spatial (2 < I < 3) moments. At last, we try to give a partial

answer of it.
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Theorem 5.7. Let the initial datum 0 < fy € L' N L®°(R3 x R3) satisfy

// (™ + |x|") fox, v)dvdx < +00
R3xR3

2
with2 <l <3and0 <m < # + %, m < 1. Then there exists a weak solution f

to the Cauchy problem (1.1)—(1.3) such that for any T > 0 and any t € [0, T] we have
// (1™ + |x — ") £ (2, x, v)dvdx < C(T. | folly. | folloo. I1(101™ + 1) fox. v)111).
R3xR3
Proof. Firstly, we use Theorem 1 in [23] to get that
// lx — vl (¢, x, v)dvdx < C(T, |l follr. Il folloo. 1" fo e, v) 1)
R3xR3

Then we bound [ [gs, g3 [v|™ fdxdv for m < 1. From (2.5) we have

d
—// [v|™ f (¢, x, v)dvdx Sm/ (/ |v|’”_1fdv)|E|dx
dt | Jr3«R3 R3 \JR3

24m

3
< C/ ( fdv) |E|dx.
R3 R3

Using (2.2) we obtain that for some 0 < k <[ (which will be chosen later)

3
k+3
[ fdv s Ct 75 (/RS Ix — tvlkfdv) .

So, the above estimates give that

d
—// [v|™ f(t, x, v)dvdx
dt | Jr3«R3
24m

_ @+m)k X k+3
< Ct &3 |x —tv|" fdv |E|dx
R3 \JR3

24m

_ (2+m)k k = lt{k;m
<Crm Ix — ok fdvdx ) IE@] 3
R3xR3 T+—m

Q2+m)k 1+k—m
<Cr W ED) 5.11)

T+k—m

Using the Hardy-Littlewood—Sobolev inequality (Theorem 4.5.3 in [11] with a = %,
p =", g =30y and (2.6) with [ = 0, k = m, we get that

3
m+3
VE@ s < Cllp@)llmss < C (// Ivl’"fdvdx) .
6—m 3 R3XR3

Similarly, for2 <n <



Global Existence to the Vlasov—Poisson System and... 877

3
n+3 3n

VE@) 300 < Clo®)llas < C1 5 (// I — vtl”fdvdx) <o,
6—n 3 R3xR3

3m+3) _ _k+3  _ 3(n+3)

If we further choose k such that === < 7= < ==~

we have

3(1-6)

300 m+3
IE@) 4s < ||E(r>||um ||E<r>||3<,,+3) < Cr7mws ( / / Ivl’”fdvdx) :
Tek=m R3xR3

—m

where 6 € [0, 1]. Put this estimate into (5.11), we can obtain

B(m.k)
// ™ £(t, x, v)dvdx| < Ct =m0 (// fdvdx)
R3xR3 R3XR3

for some 0 < B(m, k) < 1 and

Q+m)k 3n(l+k—m)
k+3 (n+3)(k+3)

a(m, k) = (5.12)

312 l
32 T
2(1—m) (m2+m+3) -

Now we need to choose k and n such that a(m, k) < 1 for0 <m <

ForO0 <m < %,bychoosingk = 0andn = 2wecangeta(m, k) =

X 902—m)
. For % <m< 25, letr = 1+kk+—3m’ then from (5.12) we have
a(m,k)=m—1+—+ T 3)2(267rn£nm_rni)3m 9
So, we fixr = 1fk+—3m = 3(6"+3) then & = 1 and we can obtain

3n?

=m——0 . 2
o(m, k) = m (n+3)2+n+3

<1,

where 2 <n < [.
Forg <m <

3(1+3)
o1 °

312
TGt =t

thena(m, k) < 1. 0O

k+3

from the above arguments we fix n = [l and 7= =

Remark 5.2. From the above proof m can be at least in (0, 25] for any [ > 2. And if

1+5/7 T 3)2 + l+3 > 1, so m can be any point of (0, 1]. Butif/ < 3,
this method can not be used to propagate the velocity moments of 1 < m < 2.

[ > we know that
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